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GAMMA PRIOR DISTRIBUTION SELECTION FOR BAYESIAN
ANALYSIS OF FAILURE RATE AND RELIABILITY

by

R. A. Waller, M. M. Johnson, M. S. Waterman
Los Alamos Scientific Laboratory

H. F. Martz, Jr.
Texas Tech University

ABSTRACT

We assume that the phenomenon under study is such
that the time-to-failure may be modeled by an exponen-
tial distribution with failure rate A. For Bayesian
analyses of the assumed model, the family of gamma
distributions provides conjugate prior models for
X. Thus, an experimenter needs to select a particular
gamma model to conduct a Bayesian reliability analysis.
The purpose of this report is to present a methodology
that can be used to translate engineering information,
experience, and judgment into a choice of a gamma prior
distribution.

The proposed methodology assumes that the prac-
ticing engineer can provide percentile data relating to
either the failure rate or the reliability of the phen-
omenon being investigated. For example, the methodology
will select the gamma prior distribution which conveys
an engineer's belief that the failure rate A simul-
taneously satisfies the probability statements,
P(A<1.0xl0"3) = 0.50 and P(X<1.0xl0~5) = 0.05. That
is, we use two percentiles provided by an engineer to
determine a gamma prior model which agrees with the
specified percentiles. For those engineers who prefer
to specify reliabilitypercentiles rather than the
failure rate percentiles illustrated above, we can use
the induced negative-log gamma prior distribution which
satisfies the probability statements, P(R(t_)<0.99) =
0.50 and P(R(t0)<0.99999) =0.95 for some operating
time t^. Also, the report includes graphs for selected
percentiles which assist an engineer in applying the
procedure. -«OTICE-mjiiue i
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I. INTRODUCTION

A widely used assumption in reliability analyses is that the time-to-

failure variable T is exponentially distributed with failure rate X. That

is, the time-to-failure variable T has density function

Ae~At , t > 0,
f(t|X) =

0, otherwise.

When conducting a Bayesian reliability analysis, conjugate prior models [5] for

th'e failure rate A are given by the family of gamma density functions

, A > 0

MX) -{ ear(a) (i)
\ 0, otherwise.

A particular Bayesian analysis requires that values be assigned to the prior

parameters, a and 6. The purpose of this report is to present- two methods by

which engineering experiences, judgments, and beliefs can be used to assign

values to a and 6. One method relies on expertise and knowledge concerning the

failure rate A while the other technique assumes information about the reli-

ability, R(t) = e~ . Both methods require an engineer to provide two percen-

tile values which are used to solve a pair of simultaneous equations to deter-

mine values for a and 3. Since the solutions do not exist in closed form, we

present graphs which aid the engineer in applying the procedure.

The subsequent development is divided into three sections and three appen-

dices. Section II presents the development based on failure rate percentiles.

The technique using reliability percentiles is given in Section III. Section IV

provides discussion of the procedures which considers some of the consequences

that follow fiom the assumption of a gamma prior model. Appendix A provides

a table and graphs for applying the results in Section II. Tables and graphs

for application of the results in Section III are given in Appendix B. Justi-

fication for mathematical results given in Section IV is provided in Appendix C.



II. TECHNIQUE FOR FAILURE RATE PERCENTILES

In this section, we suppose that an engineer can best summarize his ex-

periences, judgments, and beliefs about the performance of an item by making

statements about the failure rate A. The type of information desired is called

a percentile. The pth percentile, say A , is that value of A such that the

probability that A is less then A is p. In symbols we use hfA) in Eq. (1)

to write

• / "

P(A < Ap) = | h(A)dA = p. (2)

0

In practice there exists a set of values for (ot,3) which satisfies Eq. (2)

with any given value of p. Therefore, the method we propose requires that the

engineer provide two distinct percentiles that generate a pair of simultaneous

equations. Explicitly we ask that the engineer provide two percentiles of A,

say A1 and A_, such that X. < A_ and

P(A < A2) = ? 1 ,

(3)
P(A < A2) = p 2 .

Clearly, the specifications of Aj and A_ are made with reference to the prob-

abilities, p and p 2, where p^ < p_. The simultaneous solution of Eq. (3) will

select the pair of values for (a,$) which determine the gamma prior that sum-

marizes the engineer's information.

A specific outline of the methodology is as follows:

Step 1: The engineer specifies the values for A , A , p , and p. which

best represent the totality of his experiences, judgments and

beliefs about the failure rate \. These values provide Eq. (3).

Step 2: A search procedure is used to determine a and 6 for Eq. (1)

which simultaneously satisfy the conditions of Step 1.

The table and graphs in Appendix A present values of a and 3 for selected

choices of A- and p_ where



P(A (4)

By overlaying transparencies of the two graphs which present the specific

choices of A,, A?> p1, and p~ of interest, we can determine graphically the

desired values of a and 0.

Example: Suppose we are studying the reliability of an item for which the

available engineering information indicates that the failure rate A is such

that

P(A < 1.0 x 10"5) = 0.05 and

P(A < 1.0 x 10'3) = 0.50 .

By overlaying transparencies of the graphs in Figs. A4 and A 7 we determine that

a = 0.505 and g = 0.004 in Eq. (1) provide a gamma prior distribution which

possesses the percentile properties given by the stated conditions. The selec-

ted prior is described by

h(A) =
,-0.495 -A/0.004
A e
(0.004)0'505 r(0.505)

, A > 0 ,

and is graphically represented in Fig. 1.

0 0000 0 0025 0 0050 0 • 0075 0 010

A

Fig. 1. A gamma prior distribution with a = 0.505 and 0 = 0.004.



III. TECHNIQUE FOR RELIABILITY PERCENTILES

An alternative approach to the failure rate method in the preceding sec-

tion is to use percentiles of the reliability. This procedure would be pre-

ferable to the previous method when the engineer providing the percentile

information is more knowledgeable about reliability properties than failure

rate characteristics of the item under study.

To begin the development we transform the gamma density for A (Eq. (I))

into a negative-log gamma distribution for the reliability, R = R^t) = e

The resulting density is

p(r) =

,0, otherwise

(5,

The density in Eq. (5) has been used by Springer and Thompson (1965, 1967),

Mann (1970), and Mastran and Singpurwalla (1974). Locks (1973) provides a

discussion of the negative-log gamma distribution. Thus, the prior distri-

bution induced on the reliability by assuming a conjugate gamma prior for the

failure rate occurs frequently in the literature. Our purpose here is to

present a methodology that allows a reliability engineer to use available in-

formation as a tool for selecting values of a and S to be used in a Bayesian

reliability analysis.

From Eq. (5, it is clear that there is a different prior on R for each

choice of time ... Yet for analysis, it is convenient to reparameterize the

density in Eq. (5) by using Y^tB. With that change, the densxty of interest

becomes

Mr) = y-
(-ln rf~l rY , 0 < r < 1 , (6)

0, otherwise .

The pth percentile of the reliability at time t is R = R (t). In symbols

we write



R

PCR < R ) = f k(r) dr = p
p J0

Once the engineer supplies two percentiles with respect to a reference time,

say t_, we can set up two simultaneous equations whose solution provides val-

ues for a and Y- The desired values of (a,$) are then given by a and 6 =

Y/t_. An outline of the method is as follows:

Step 1: The engineer provides a reference time <:„.

Step 2: With respect to t-, the engineer specifies two percentiles R1

and R_ for p1 and p_, respectively, which best summarizes his

experiences, judgments, and beliefs about the reliability and

are such that

P(R < Rx) = Pj and P(R < R2) = p 2 .

Step 3: A search procedure is used to determine a and y that sat-

isfy the probability statements in Step 2 for the density in

Eq. (6).

Step 4: Sol->re for g = Y/t,,. The values so determined for (a, 6) are the

selected parameters for either the gamma prior on the failure

rate (Eq. (1)) or the negative-log gamma prior on the reliabil-

ity (Eq. (5)).

Appendix B presents tables and graphs giving values of a and Y which sat-

isfy

PCR < RD) = PQ (7)

for selected values of R- and p~. By overlaying transparencies of the two graphs

which contain the values of R.. (t«), R_(t0), p 1, and p., used in Step 2 of the pro-

cedure, we determine the values of a and.Y- The value of 3 is given by Y/tfl

where t 0 is the reference time provided by the engineer in Step 1.

Example: Suppose a reliability engineer believes that the reliability

of a motor is such that for t 0 = 100 hrs:

P(R(100) < 0.99) = 0.50 ,



P(R(100) < 0.99999) = 0.95 .

By overlaying transparencies of the graphs in Figs. B7 and BIO, we determine

that a = 0.35 and y = 0.10. Therefore, a = 0.35 and 6 = 0.001 in Eq. (5)

yield the selected negative-log gamma prior

p(r) =

1000

(-in r)-°-65
 r

-1

/ t \

uooo/

0.35
, 0 < r < 1 ,

T(0.35)

0, otherwise .

Recall that we get a different prior for each choice of mission time t, A

graph of the selected prior is given for t = 50, 100, 500, 4000 in Fig. 2.

a.
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Figure 2. A negative-log gamma prior for a = 0.35, (3 = 0.001, and
t = 50,100, 500, 4000.



IV. DISCUSSION

In this section we discuss some of tie mathematical properties of the

prior distributions selected by the percentile methods of Sections II and III.

Mathematical justification of the properties is provided in the appendices.

4.1 The Conjugate Gamma Prior on A

By differentiating h(A) in Eq. (2) with respect to A [2j

we find that h(X) is a unimodal function of A with a mode at X = B(a-l) when

a > 1. For a = 1, we have an exponential distribution with parameter 8.

For 0 < a < 1, h(A) is either L-shaped or decreasing. These properties are

summarized in Table I.

TABLE I

SHAPE PROPERTIES OF A CONJUGATE GAMMA PRIOR ON A

3 > 0

L-shaped

or

decreasing

Exponential

Unimodal
with

mnde at
A B(a-l)

i

0 < a < 1 a = 1 a > 1

Since error bounds on engineering estimates of failure rates are fre-

quently large, the useful gamma prior distributions are often those with 0 < a

< 1. That i.s, the selected gamma prior models have density functions which are

heavily concentrated on values of A near zero. With a = 0.505 and 6 = 0.004,

the gamma prior in Fig. 1 exhibits~"a concentration of density near zero.

The precision on some incomplete ramma subroutines deteriorates as a

approaches zero. Then precise calculation of the necessary gamma percentiles

for small values of a becomes difficult. To address that problem we can use

the theorem of Appendix C.I. Let A denote the pth percentile of a gamma

prior with parameters a and 8. Then

P =
&a r(a)

dA = rx



From the theorem, A /B ~ p01, as defined in Appendix C M . Thus,

Ap J"&pa for small values of a. This result can be used to extend the table

in Appendix A to smaller values of «.

4.2 The Negative-Log Gamma Prior on R

By differentiating k(r) in Eq. (6) with respect to r (see Appendix C.2),

we find that the possible shapes of k(r) can be summarized as in Table II.

TABLE II

SHAPE PROPERTIES OF A NEGATIVE-LOG GAMMA PRIOR ON R

1 < Y

U-shaped with
antimode at

Yfa-l)l
i - C XP L Y-1 J

J-shaped

Y = 1 or

increasing

J-shaped

0 < Y < 1 or

increasing

L-shaped

or

decreasing

Uniform

J-shaped

or

increasing

L-shaped

or

decreasing

L-shaped

or

decreasing

Unimodal
with mode at

Y(a-l)
e x p[ v-l J

0 < a < 1 a = 1 1 < a

Our interest, as stated in Section III, is to select a pair of values (a,B)

for the negative-log gamma prior in Eq. (5). However, since y = t3, it follows

that Y increases as t increases for a fixed value of 8. ,Thus, we have a differ-

ent prior on the reliability for each choice of t. That property was illustrated

in Fig. 2 for a = 0.35, 6 = 0.001, and t = 50, 100, 500, 4000. The portion of

Table II frequently encountered in reliability analyses is for 0 < a < 1. Now

for 0 < a < 1 and t small enough so that 0 < Y = t3 ̂ ? 1, the prior distribution

p(r) is an increasing function of r. But, when t is such that y = tg > 1 and

0 < a < i, p(r) is U-shaped with its minimum (antimode) at r = exp ^ •

Thus, the negative-log gamma prior on the reliability is concentrated near one



in early life (small t). As t increases to large valued(late life), the distri-

bution becomes U-shaped. That is, values of r near either zero or one are more

likely to occur than other values. Tnus, in "old-age" the prior predicts

the item will be either quite reliable or quite unreliable. The density

function in Fig. 2 for t = 4000 illustrates that point.

As for the gamma prior on A, precision problems may be encountered when

computing the rsercentiles of Eq. f6) for small a values. The theorem in

Appendix C.I again assists us by providing good approximations to the reli-

ability percentiles as follows. Let R be the pth percentile in Eq. (6) for

parameters a and Y- Then

a-1 -x .x e dx

or

-In R

1 f
Via) I

Y x"-1 e"x dx

From the theorem in Appendix C.I

-In R

To apply the result we act as if the "~" is an equality even though it is

only an asymptotic result.

To examine the performance of the approximation we refer to Table BIO
23

in Appendix B. Let a = 0.05, p = 0.95, and Y = 1.795 x 10 . Then the ap-

proximation gives R. = 0.9983 in place of 0.9990 in the table. Similarly,
2Sfor R. = 0.999, a = 0.05, and p = 0.95, we find y = 1.049 x 10 in place of231.795 x 10 in the table. ThuF the approximation is of reasonable quality

even for moderately large values of a.

10
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APPENDIX A

TABLE AND GRAPHS OF a AND 6 FOR GAMMA PRIOR DISTRIBUTIONS

Table Al gives 3 values which satisfy Eq. (4) for p = 0.005, 0.01, 0.025,

0.05, 0.10, 0.25, 0.50, 0.75, 0.90, 0.95, 0.975, 0.99, 0.995, a selected set

of a values, and AQ = 1.0 x 3.0~ • We use the fact that 3 is a scale parameter

to obtain values of 8 which correspond to failure rate percentiles different

from A_ = 1.0 x 10 . For given values of p_ and a in Eq. (4), the ratio

A /g is constant. Therefore, in Table Al for a and p , multiplication of the

S value by (A /1.0 x 10 ) yields the 3 value corresponding to a pnth percen-

tile of Ag.

Example: Let p. = 0.05 and a = 0.25. Then

3 = 2.3705 x 10"1 for AQ = 1.0 x 10"
6 .

Thus, for Ag = 1.0 x 10~
9

3 = (1.0 x 10"9/1.0 x 10~6)(2.3705 x 10"1) = 2.3705 x 10"4 .

That is, the 5th perccntile of a gamma distribution with a = 0.25 and 3 =

2.3705 x 10" is 1.0 x 10 while the 5th percentile of a gamma distribution

with a = 0.25 and 3 = 2.3705 x 10"4 is 1.0 x 10"9.

In Figs. Al-A13we have graphed a and 3 for selected values of A.,. The

results are derived from Table Al as illustrated by the above example. To

provide better resolution in the graphs, a logarithmic scale is used for 3-

The notation in Table Al and Figs. A1-A13 is defined as follows: nEm = n x 10m.

12
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O^ O^ ^^ ^^ Ô  O' ̂ ^ ̂ ^ *̂ n ̂ ^ ̂ ^ ̂ P J^ ̂ n ^" ^" ^" ™̂ f^ ̂ ^ ^O O^ to ̂ J ••* ̂ 3 ̂ O C ̂ 3 ^^

o \ j o J \ J 0 i c a(J ffy^JOO£O(»OtO
,C .C Ut) CO vT> jr f\J iwJlL») I j j \C O O vD P̂ CE J J= —• —J Ĉ  OC — -«J C O I O W -tr
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• = x!=l. E-05

0 0 2 • 0

Figure Al. A graph of Table Al for j. - 0.005 and a selected set of X_ values.

o=O . 01

« = X°=l. E-08
• = X°=l. E-07

0 0 2 0

Figure A2. A graph of Table Al for p 0 = 0.01 and a selected set of A values.
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0 0 0 5 10

a

po=0 . 025

LEGEND
X =1. E-10
!=1. E-09

15 2 0

Figure A3. A graph of Table Al for p = 0.025 and a selected set of A values.

p=0 . 05

0 0 2 0

Figure A4. A graph of Table Al for pQ = 0.05 and a selected set of \ values.
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p=0 . 10

= X =1. E-10
= X°=l. E-09

* = X=\. E-08

= \=l. E-06
= X°=l. E-05

E L E-04

0 0 2 0

Figure A5. A graph of Table Al for p~ = 0.10 and a selected set of A values.

Po=0 • 25

= XI=1. E-04
= X°=l. E-03

O
0 0 2 0

Figure A6. A graph of Table Al for p = 0.25 and a selected set of A values.
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= AI=1. E-06
= x!=l. E-05

0 0 2 0

Figure A7. A graph of Table Al for pQ = 0.50 and a selected set of XQ values.

Po=O . 75

Qdio

0 0 2 0

Figure A8. A graph of Table Al for pn = 0.75 and a selected set of A values.
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p =0 90

0 0 2 0

Figure A9. A graph of Table Al for p_ = 0.90 and a selected set of Afi values.

Po=0 . 95
O ,

0 0 2 0

Figure A10. A graph of Table Al for pQ = 0.95 and a selected set of A values.
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p =0 . 975

« = AI=1. E-04
• = X°=l. E-03
» = X°=l. E-02

0 0 2-0

Figure All. A graph of Table Al for p Q = 0.975 and a selected set of A values.

o=0 . 99

= X:=l. E-07
= \e=l. E-06
= X!=l. E-05

0 0 2 0

Figure A12. A graph of Table Al for pfl = 0.99 and a selected set of X values.
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p=0 . 995

= x:=i. c-06
= \!=1. E-05

0 0 2 0

Figure A13. A graph of Tabje Al for pQ = 0.995 and a selected set of A values.
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^j^ (p OO ̂  f\> C7 sj* *& CT1 ̂ 3 fV> r\> OD OD ̂  Ô  t ^P O ̂  ^J fa *O vfl UL> *̂J T\) ̂ O Q^uj ̂ O ̂ *1 •

sOO><r(APODOOi£OieojroiC^liC^^jruO->)X:IrOvvn-'r\)~>rv)'Ji\A>vr "J>
^__ ^ ^ PI PI PI m PI PI pt PI PI pi PI PI PI pi PI pi m r*i PI m PI PI PI PI PI PI PI m PI t*i o
JO O i t i i i • i i i i i i i i i i i i i i t i i i i t i i i i

O

h*. OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

^ * ' * * L ] • . . . . . . • • • - • • •

»^J ^ ^ ^ l» L^ t "bO ̂ O 1? ̂  O*1 O V*i t ̂ 3 ̂  —J sO "*0 O* f\) l\> CT* ~0 O* ̂O —* ̂"J XT \J) ̂ D «^ O*
• C* f*̂  ̂ t*' ̂  ̂  ̂  PI PJ P3 PI PI PI PI PI pj pi PI PI PI P7 PI rn PI PI PI PI Pi P] PI PI O

t f I I t • I I I I I I I I I I I I I I I I I I I
*^"^» *Q oooooooooooooooooooooooooooooo
v^j yj roi\jry'Vi\>Tur\>ftji\>rorufu---.-. — — - * _ . _ . _ _ . _ . - . - . _ ^ _ ^ _

> /

o
M CBvOO'VJW^-'>0-'C^O»OMCIM»-'I:-)OCCnO-i-il\JtSw

* o«jjC4-*<»vnt*jiODtrui*Oo'LruLjuJC-iiof 5 Ji*;*D eoo»0 c o o o
OO*0'D-0 1"^O'- 1JII-"OW»Oc££C- Ok'LO*Jl-JluW-«J00t-*JruvO •

^^^ fH PT Pi PI PI PI PI pi P7 t»i fn {TI fn m pi pi pi PI pi pi fi; pi pi f*l PI PI PI PI P7 P7 O
O i • i • • • • i i t t i i i i i i i i i i i i i • i i t t i

oooo ooooocoooooooooooooooooooo
f\j(\)hjtototonji\)iyw\JtofutoftjfyfyfvJfUfu'\)rvjto->-> — -»-. — —
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S.8029E-01
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1 .8770E-0I
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1 .6032E-O1
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l.?302E-01
1.1809E-01
1.1367E-O1
1 .0966E-01
1.0600E-01
1.O26UE-01
9.9551E-02
9.66B9E-02
9.1519E-02
8.7050E-02
8.3O68E-O2
7.9511E-02
7.6307E-02
7-3"O3E-O2
7.0753E-02
6.832"E-02
6.6086E-02
6.U0I6E-02

3.93"3E-O1
2.2819E-01
1.7535E-O1
1.U767E-01
1.2999E-01
1 .17113E-OI
1.O789E-OI
1 .0030E-01
9.107UE-02
8.8833E-O2
8.1336E-O2
8.0119E-02
7.6963E-02
7.3S82E-02
7.1112E-02
6.8603E-02
6.6311E-O2
6.U216E-02
6.2281E-02
6.0H9IE-02
5.7275E-02
5.UU60E-02
5.1969E-02
U.97HUE-0J
1.7739E-02
«.5922E-02
1.1265E-02
U.2715E-02
U.13«5E-02
U.0050E-02

I.8076E-01
1.077UE-O1
8.^796E-02
6.9721E-02
6.137 t 'E-02
5.5«"5E-02
5.0910E-O2
U.7359E-02
1 .J4419E-O2
u.T9u«E-02
3.9821E-02
3.797IE-O2
3.6339E-02
3.1885E-02
3.3577E-O2
3.2392E-02
3.1311E-02
3.0320E-O2
2.9107E-02
2.8562E-02
2.7013E-02
2.5711E-02
2.1538E-O2
2.3«87E-02
2.2511E-02
2.1683E-02
2.0900E-02
2.0183E-02
1.9522E-02
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2.U799E-U2
2.3056E-02
2.1625E-02
2.0120E-02
1.9386E-02
1.8U86E-O2
1.7691E-0?
1 .6983E-O2
1.6316E-02
1.5769E-02
1.5213E-02
t.U761E-02
1.13I6E-02
I.3905E-02
1 .3166E-02
1 .2519E-02
1.1916E-02
1.1U3UE-02
1 .097HE-02
1.0556E-02
1.0175E-02
9.8256E-O3
9.5O38E-O3
9.2061E-03

1 .7720E-02
T.0277E-02
7.8979E-O3
6.6510E-O3
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2.8923E-03
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2.3407E-03
2.2«0«E-03
2.1502E-03
2.O683E-O3
1.9937E-O3
1.9252E-03
1.8622E-03
1 .£O38E-O3

Table B3. Table of Y values for pn = 0.025 and a selected set of values for

po=O . 025

a and R in Eq.(7).

o = R =0 . 50
° = R°=0 . 60
• = R'=0 . 70
• = R°=0 . 80
• = R°=0 . 90
» = R°=0 . 95
' = R°=0 . 99

0 0

Figure B3. A graph of Table B3.
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•1197E-02
.O813E-O2
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1.7315E-O2
1.217HE-02
9.7526E-O3
8.3O53E-O3
7.3235E-03
6.6036E-0'
6.O173E-O3
5.6OO9E-O3
5.2326E-O3
1.921BE-03
1.6551E-0;
4.U228E-03
1.2182E-03
1.O361E-O3
3.8727E-O3
3.7251E-O3
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3.1679E-03
3.3519E-O3
3.1539E-O3
2.9799E-O3
2.8276E-03
2.6926E-O3
2.'>722E-03
2.1637E-O3
2.3655E-O3
2.27&0E-03
2.1910E-03
2.1186E-03

Table B4. Table of y values for pQ

a and RQ in Eq. (7).
= 0.05 and a selected set of values for
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O ,
~ 1

1

i

^ i
O - i

1
n ^

'o^

m =

O "

1—»-—«—.—.—

1 * *F— V T

Po-0 05

LEGEND
o = R0=0 . 50
° = R°=0 . 60
A = R°=o . 70
• = R°=0 . 80
- = R°=0 . 90
» = R°=0 . 95
* = R°=0 . 99

! H R a s 1

0 0 0 5 10
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Figure B4. A graph of Table B4.
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=0.10

0.80 0.90 0.95 0.99

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.10
C.45
C.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.10
1.20
1.30
1.10
1.J0
).6O
1.70
1.80
1.90
2.00

9.0B25E4-00
2.6013E+00
1.55B3E+OO
1.1159E+00
9-2371E-01
7.8338E-O1
6.8581E-0V
6.1319E-01
5.5739E-01
5.1239E-01
1.7533E-O1
1.1118E-01
1.1755E-01
3.9118E-01
3.7121E-01
3.5533E-O1
3.1O33E-O1
3.2593E-01
3.129OE-O1
3.01O3E-01
2.8018E-01
2.6211E-01
2.1705E-01
2.3362E-01
2.2176E-01
2.1118E-01
2.0169E-01
1.9312E-01
1.8532E-01
1.T820E-01

6.6935E+00
1.9193E«00
1.1181E*OO
8.1118E-01
6.8071E-01
5.7733E-01
5.0512E-01
1.5212E-01
1.1O78E-O1
3.7761E-01
3.5O3OE-O1
3.2735E-O1
3.O772E-O1
2.9072E-01
2.7580E-01
2.6260E-01
2.5081E-01
2.1020E-01
2.3060E-01
2.2165E-01
2.0618E-01
1.9339E-01
1.8207E-01
1.7217E-01
1.6313E-O1
1.5561E-01
1.«(">1E-01
1.12J2E-01
1 .3657E-01
1.3133E-O1 <

1.6736E+OO
1.3«01E*00
8.0188E-01
5.8961E-01
1.7532E-01
H.0311E-01
3.5290E-0I
3.1569B-01
J.8662E-01
5.6366E-01
3.1159E-O1
S.2856E-01
3.1186E-O1
: 0299E-01
.9258E-01
•8336E-O1
.7512E-01
.6772E-01
.6101E-01

I.5190E-01
.1117E-01

1.35O3E-O1
I.2713E-01
1.2022E-01
.1111E-01
.0867E-01
.O379E-O1

(.9372E-02
I.5361E-02
J.1697E-02

2.9239E*00
8.38JOE-O1
5.0167E-01
3.6889E-O1
2.9737E-01
2.5219E-01
2.2078E-01
1.9750E-01
1.7911E-01
1.6195E-O1
1.5302E-01
1.1299E-01
t.3U12E-O1
1.2699E-01
1.2018E-01
1.1171E-01
1.0956E-01
1.0U93E-U1
1.0073E-01
9.69106-02
9.0197E-02
8.1177E-02
7.9531E-02
7.5210E-02
7.139OE-O2
6 .7986E-02
6.1931E-02
6.2169E-02
5.9660E-02
5.7368E-02

1.3806E«00 (
3-9586E-01
2.3687E-01
I.7118E-01 (
1.1011E-01
1.1908E-01 '
1.0125E-01 '
9.3252E-02 '
8.1726E-02 1
7.7885E-02
7.2252E-02
6.7517E-O2
6.3170E-02
5.9962E-02
5.6886E-02 i
5.1163E-02 <.
5.1731E-02 ;
1-9513E-02 ;
1.7562E-02 i
1.5757E-O2 !
1.2588E-02 ;
3.9887E-02
3.7553E-02
3.5511E-02
3.3708E-O2
3.2101E-02
3.0658E-02
2.9351E-02
2.8169E-02
2.7087E-02

.721IE-01

.9272E-01

.1532E-0I
1.1796E-02
J.8355E-O2
.7971E-02
.0751E-02
.5399E-O2
.1217E-02

i.7917E-02
.5175E-02
.2870E-02
.0899E-02

'.9192E-02
.7691E-02
.6366E-02
.5184E-02
.1119E-02
•3155E-02
.2276E-02

'.0733E-02
.9119E-02
-8282E-02
.7288E-02
•6110E-02
.5628E-02
.1925E-02
.1291E-02
.3711E-O2
•3187E-02

1.3169E-O1
3.7761E-02
2.2595E-02
1.6615E-02
1-3393E-O2
1.U59E-02
9.94102-03
8.8953E-03
8.0820E-03
7.4291E-0;
6.8921E-03
6.U401E-0:
6.O514E-O3
5.7197E-03
5.1261E-03
5.1666E-O3
1.9316E-O3
4.7259E-O3
1.5369E-O3
H.3648E-O3
4.0625E-03
3.8018E-03
3.5822E-03
3.3871E-O3
3.2151E^03
3.O621E-O3
2.9215E-03
2.8001E-0J
2.6871E-03
2.5838E-03

Table B5. Table of y values for p
a and RQ in Eq.(7).

0.10 and a selected set of values for

po=o. 10

0 0

Figure B5. A graph of Table B5.
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0.7000

o.os
0.10
0.15
0.20
0.25
0.30
0.35

.9210E»02

.0102E*01
>.5362E»00
.«42E«-00
.3685E-fOO
.0i02E*00

S.4034E-01
0.40 7.0656E-01
0.15 6.1088E-01
0.50 '. .3907E-01
0.55 4.8316E-01
0.60 4.3836E-01
0.65 4.0164E-0*
0.70 : .7095E-01
0.75 3.4U92E-01
0.80
0.85

S.2253E-01
S.O3O5E-O1

0.90 2.8595E-01
0.95 2.7080E-01
1.00 J.5729E-01
1.10 2.3117E-O1
1.20 2.1511E-01
1.30
1.40
1.50
1.60
1.70
1.80
1.90
2.00

.9909E-01

.8543E-01

.7363E-O1

.6333E-O1

.5425E-01

.4619E-01
.3897E-O1
.32466-01

0.8000

1.2018E*02
6.32C?E»O0
?.2123E*00

-1.2476E*-00
8.5618E-01
6.5O76E-O1

5.25756-ul
4.42042-01
3.8218E-01
3.3725E-01
3.0227E-01
2.7425E-01
2.5127E-01
2.3208E-01
2.1579E-01
2.0178E-01
1.8960E-01
1.789OE-O1
1.6942E-01
1.6096E-01
1.4650E-01
1.3458E-01
1.2456E-01
1.1601E-01
1.0863E-01
1.O218E-O1
9.6504E-02
9.1457E-02
8.6940E.02
8.2672E-02

0.9000

5.6745E*01
2.9842E*00
1.0446E*00
5.6907E-O1
U.0H26E-01
3.O726E-O1
2.4823E-01
J.0R7IE-01
1.8OU5E-O1
1.5924E-01
1.4272E-01
1.2949E-01
1.1864E-01
1.O958E-O1
1.O189E-O1
9.5273E-02
8.9521E-02
8.446gE-02
7.9994E-02
7.6002E-02
6.9174E-02
6.3542E-02
5.6811E-02
5.4776E-02
5.1291E-02
4.8248E-02
M.5566E-02
4.3163E-02
4.1050E-02
3.9129E-02

0.9500

2.7626E*01
1.4528E*0O
5.0854E-01
2.8678E-01
1.9681F.-01
1.U959E-01
1.2085E-01
1.0161E-01
8.7850E-02
7.7523E-0?
6.9483E-02
6.3041E-02
5.7759E-02
5.33«7E-O?
4.9602E-02
U.6382E-02
4.3582E-02
U.U23E-02
3.8944E-02
3.7000E-02
3.3676E-O2
3.0934i:-02
2.8631E-02
2.6667E-02
2.4970E-02
2.3489E-02
2.2183E-02
2.1023E-C2
1.9985E-02
1.9049E-02

0.9900 0.9990 0.9999

5.4129E*00
2.8466E-O1
9.96H2E-02
5.6191E-O2
3.8562E-O2
2.9310E-02
2.3679E-02
1 .9909E-O2
1.7213E-02
1.5190E-02
1 .3614E-O2
1.2352E-02
1.1317E-02
1.O453E-O2
9.7190E-03
9.O801E-O3
8.5391E-03
8.0575E-03
7.63O7E-O3
7.2498E-O3
6.5985E-O3
6.O612E-O3
5.61OOE-O3
5.2251E-03
4.8926E-03
4.6O214E-O3
4.3465E-O3
4.1192E-03
3.9157E-O3
3.7325E-O3

5.3885C-01
2.8338E-02
9-9192E-03
5.5938E-03
3.8388E-03
P.91/8E-O3
2.3572E-03
1.9819E-03
1.7136E-O3
1.5121E-O3
1-3553E-O3
1.2296E-03
1.1266E-03
1.O1O6E-O3
9.6752E-04
9.0U71E-04
8.5009E-04
8.1211E-04
7.5963E-04
7.3171E-O4
6.56B7E-04
6.O339E-O4
5.5817E-O4
5.2015E-04
1.8706E-04
4.5816E-O4
1.3269E-04
1.1006E-04
3.8981E-O4
3-7157E-O4

5.3361E-02
2.8325E-O3
9.9148F-04
5.591iE-04
3.8371E-O4
2.9165E-04
2.3562E-04
1.9811E-04
1.7128E-04
1.5114E-04
1.3547E-01
1.2S91E-04
1.1261E-04
1 .010IE-04
9.6708E-05
9.0430E-05
8.4970E-05
8.0175E-05
7.5928E-O5
7.2138E-O5
6.5657E-05
6.O312E-05
5.5822E-05
5.1992E-O5
4.8684E-05
U.5795E-O5
4.325OE-O5
4.O988E-O5
3.8963E-O5
3.714OE-O5

Table B6. Table of y values for p 0 = 0.25 and a selected set or values for
a and R in Eq.(7).

_po=O . 25

LEGEND
= R =0 . 7000
= R°=0 . 8000
= R°=O . 9000
= R°=0 . 9500
= R!=0 . 9900

9990
9999

0 0 2 0

Figure B6. A graph of Table B6.
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=0.75

a \R 0

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.10
0.15
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.10
1.20
1.30
1.1*
1.50
1.60
1.70
1.80
1.90
2.00

0.7000

6.7099E*ll
6.158«E*05
5.8»31E»03
5.59»1E*02
1.3199E*02
5.1693E+01
2.57636*01
1.5136E+01
9.9233E«0O
7.0259E*00
5.2616E*00
4.1105E.00
3.318OEtOO
2.7186E-.00
?.3250E»0O
2.0007E»00
1.7161E+00
1.5128E*00
1.3769E»00
1.2398E*00
1.0275E+O0
8.7199E-01
7.5100E-01
6.6190E-01
5.8831E-O1
5.2837E-01
».7872E-01
1.37O1E-O1
1.0151E-01

0.8000 0.9000

3.652BE»O5
3.6556E+O3
3.U998EtO2

3.2311EfO1
1.6118E-.O1
9.1693E*00
6.2082E»00
1.3956E»00
3.2918E»OO
2.5716E»00
2.0758E*00
1.7196E+00
1.15U6-*00
I.2517EO0

9.6519E-01
8.6145E-01
7.7566E-01
6.U281E-01
5.1551E-01
U.7172E-01
1.1U10E-01
3.6806E-01
3.3056E-01
2.9950E-01
2.7310E-01
2.5121E-01
2.3213E-01

E
1.8192E*05
1.7260E+03
1.6525E+02
3.9876E«01
1.5270E+01
7.61O3E*O0

0.9500

9.6«95E*1O

0.9900

2.9313F*0O
2.0751E*00
1.5513E*OO
l.2112E*00
9.8O13E-O1
8.1193E-O1
6.868OE-O1
5.9100E-01
5.1587E-01
U.5573E-O1
1.0675E-01
3.6621E-O1
3.O353E-O1
2-575BE-U1
2.2273E-01
1.9552E-01
1.7379E-01
1.5608E-01
1 . 1U1E-01
1.2909E-01
1.1661E-01
1.O96OE-O1

3
8.1O3OE*O2
3.04il8E*O1
1.9«13E*O1

3
3.7O5OE»OO
2.1767E+00
1 4 2 7 E 0
1.U10UE+00
7-5667E-O1
5.9113E-O1
1.7717E-01
3.9528E-01
3.3t36E-O1
'.8772E-01
2.51UE-01
2.2187E-01
1.9802E-01
1.7830E-O1
1.1777E-01
1.2510E-01
1.081.1E-01
9.5f i7E-02
8.H605E-02
7.598UE-02
6.881HE-02
6.2816E-02
5.7715E-02
5.3359E-02

353
1.6165E*02
1 5763E*O1
3.8038E+OO
1.1566E»00
7.?595E-01
ii.2650E.01
2.7962E-01
1.9798E-O1
1.1826E-01
1 .1583E-01
9.3t95E-02
7.715UE-0?
6.5511E-02
5.6375E-02
1.9208E-02
U.'"I72E-O2
3.H/J9E-OS
3.1936E-O2
2.8953E-02

2.12146E-02
1 .8651E-02
1.6577E-O2
l.f888E-02

i
1.2311 i-OZ
!.131'!E-02
1.0U55E-02

0.9990

1.8822E»09
1.7275EtO3
1-639OE*O1
1.5692E+OO
3-7867E-01
1-1500E-01
7.2267E-02
1-2U57E-02
2.7836E-02
1.9708E-02
1.1759E-02
1 .153OE-O2
9.3O73E-O3
7.7101E-03
6.5218E-03
5-6121E-03
1.8986E-03
"1.3276F-03
3.862UE-03
3.U778E-O3
2-8823E-03
2.1160E-03
2.1150E-03
1.8567E-03
1.65O3E-O3
1.1321E-03
I.3128E-03
1-2258E-03
H263E-03
1.O1O8E-O3

0.9999

1.8813EfO8
1.7267E+02
1.6383E+OO
1.5685E-01
3.7819E-O2
I.1191E-02
7.2235E-O3
1.2138E-O3
2.7823E-O3
1.9699E-03
1.1753E-O3
1.15256-03
9.3031E-04
7.7O66E-O1
6.5189E-OU
5.S096E-01
U.8961E-0-I
1.J256E-01
3.860"E-OU
3.1762E-01
2.8610E-01
2.l|i,H9E-0«
2. UU1E-0U
1 .8558E-01
1 .6195E-01
1 .1811E-0U
1.3122E-01
1.2253E-01
1.1258E-0U
1.0103E-01

Table B8. Table of y values for p = 0.75 and a selected set of values for
a and RQ in Eq.(7).

=O . 75

o = R =0 . 7000
o = R°=o . 8000
» = R°=0 . 9000
• = R°=0 . 9500
» = R°=o 9900
• - R°=0 . 9990

0 0 2 0

Figure B8. A graph of Table B8.
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p =0.90

. \ ^

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.10
0.85
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.10
1.20
1.30
I.HO
1.50
1.60
1.70
1.80
1.90
2.00

0.900000

1.8027E*19
1.73«9E»O9
7.7626E»05
1.61«6E«-OU
I.S609E»03
3.25U6E*02
1.0532E»02
U.4856E»01
2.29t6E*01
1.3315E+01
8.5197E*OO
5.8338E*OO
U.2159E*00
3.1787E-.00
2.U796E«00
1.9886E*00
1.6318E*00
1.36U8E»OO
1.1602E*00
1.0000E»00
7.6875E-01
6.1292E-01
5.0278E-01
'I.2189E-01
3.6059E-01
3.1P93E-O1
2.7505E-01
2.14138E-O1
2.1916E-01
1.9812E-01

0.950000

8.7761E*I8
8.<tU6!EtO8
3.779IE+05
7.86OUE*O3
7.5989E+02
1.58U5E»02
5.1272E+01
2.DJ37E*01
1.1171E+01
6.«966E*00
«.t«77E*OO
2.8101E*00
?.0521E*00
1.5U75E*00
1.2072E»00
9.6813E-01
7.9t10E-01
6.6«di>£.01
5.6183E-O1
i .868tE-O1
3.7U25E-O1
2.9839E-O1
2.1177E-01
2.0539E-01
1.7555E-01
1.5235E-01
'.339OE-O1
1.I898E-01
1.0669E-01
9.6«50E-02

0.990000

1.7196E*18
1.65«9E«0B

7.«0«7E*01
1 .5U02E»03
1.«689E*02
3.10H6E.01
1.0016E401
U.2788E*00
2.1888E+00
1.2729E«00
8.1269E-01
5.56U8E-01
U.0215E-01
3.0322E-01
2.3653E-O1
1.8969E-O1
1.5565€-01
1.3019E-01
HO67R-OI
9.5390E-02
7.3331E-O^
5.8U67E-02
1.7960E-02
1.0211E-02
3.U397E-02
2.9850E-05
2.6237E-02
2.3312E-02
2.0905E-02
I.8898E-02

0.999000

1.7118E«17
1.6H71E«07

7.3713E+O3
1.533SE.0?
1.«822E*01
3.0906E*00
1.0001E+00
U.2595E-01
2.1790E-01
1.2672E-01
8.09O3E-O2
5.5397E-02
1.0031E-02
3.C185E-02
2.35t6E-O2
1.8684E-02
1.5195E-02
1.2960E-02
1 .1017E-02
9.^96OE-O3
7.3OOOE-O3
5.6203E-03
U.77U1E-O3
1.0062E-03
3.1212E-03
2.9716E-O3
2.6119E-03
2.3207E-03
2.0811E-03
1.8813E-O3

0.99°>20

.7111E*16

.6«67E*06
'.368OE+O2

.5325E.01

.H815E*00
..0892E-01
9.9963E-02

.2576E-02
2.1780E-02

.2666E-02
8.0866E-03
i
i

.5372E-03

.OO16E-O3
3.0172E-03
;

1

9
7
5
l |

1

3
2
2
2
2
1

•3536E-O3
.8875E-03
.5U88E-03
.2955E-03
.10I2E-03
.1917E-0D
.2967E-014
.8177E-O1
.7722E-014
.0011E-01
.4226E-0U
.97O2E-O1
.6107E-0H
.3196E-OU
.0802E-01
.8805E-0H

0.999990

1.7H0E*15
1.6U66E<-05
7.3677E*01
1.5325E»OO
1 .1815E-0I
3.O891E-O2
9.9958E-O3
U.2571E-O3
2.1779E-05
1.2666E-03
8.0863E-01
5.537OE-OU
1.001UE-OU
3-O17OE-0U
2.3535E-01
1.887«E-Ot
1.5U87E-OU
1.2951E-01
1.1012E-01
9.1913E-05
7.2961E-05
5.817HE-05
1-7720E-05
1.0012E-05
3.14225E-O5
2.9701£-05
2.6106E-05
2.3195E-O5
2.0801E-05
1.8801E-05

0.999999

1.7110E*1t
1.6U66E.0K
7.3676E*00
1.5321E-O1
I.U8I5E-02
3.O890E-O3
=.9958E-O1
1.2571E-01
2.1779E-01
1.2666E-0U
8.0862E-05
5.537OE-O5
U.001UE-05
3.O17OE-O5
2.3535E-05
1.8871E-05
1.S187E-05
1.2951E-05
1.1O12E-O5
9.1912E-06
7.2961E-06
5.8171E-O6
1.7720E-06
U.0012E-06
3.1225E-06
2.9701E-06
2.6106E-06
2.3195E-06
2.0801E-06
1.8801E-06

Table B9. Table of y values for pQ = 0.90 and a selected set of values for
a and R in Eq.(7).

p =0 . 90

° = R =0 . 900000
° = R!=0 . 950000
" = R!=0 . 990000
• = R°=0 . 999000
« = R°=0 . 999900
» = R.=0 . 999990
» = R°=0 . 999999

0 0 2 0

Figure B9. A graph of Table B9.
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>v
a\RQ

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.00
O.U5
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.10
1 .PC
1.30
1.D0
1.50
1.60
1.70
1.80
1.90
2.00

1
1
8
1
3
3
5
1
5
2
1

5
3
2
1
1
8
6
5
U
2
2
1
1
9
8
6
5
4
4

0.900000

.9821E*31

.8192E+15

.0120E*09

.653»E»07

.9961E*05
• 307 3E*O4
• 5333E+-O?
.1377E»O3
.0111E»02
1H57E*02

,0672E*02
.9U01E*01
.6052E*01
.3y22E*01
.6070E*01
.1525E+01
.5733E.OO
.5750E»00
.1739E+00
1615E*OO
8412E*00
O538E«OO
5515E-.00
2137E*00
76U9E-01
0392E-01
7U62E-01
7529E-01
9732E-01
3500E-01

9
8
3
8
1
1
2
6
2
1
5
2
1
1
7
5
II
3
2
2
1
9
7
5
!|
3
3
2
2
2

0.950000

.6495E+30

.6563E-fl1

.9005E*09

.O«91E*O6

.9U54E+05

.6101E+04
•6938E*03
.9993E+02
.U39?'E+O2
.0WI6E*02
.1957E+01
.89WE*01
.7551E+01
.1«03E*01
.8233E»OO
.61O8E+0O
.1738E*OO
.2010E+00
.5189E*O0
•0260E«00
.3832E*00
.9985E-01
5533E-O1
9087E-01
7539E-O1
9T38E-01
28H3E-01
8007E-01
1J11E-01
U77E-O1

1
1
7
1
3
3
5
1
It

2
1
5
3
2
1
1
8
6
u
3
2
1
1
1
9
7
6
5
U

n

0.990000

.8907E»30
.7353E<-1«
•6U?6E*O8
.5771E+O6
.8119E*OI
.15H8E*O3
.2752E*02
.3711E*02
.78O1E+O1
. OII68E«01
.018OE*0l
.6663E*00
.139OE*O0
.2342E*00
.5329E+00
.O99«E*00
.1780E-01
.2719E-O1
.935HE-O1
.9697E-01
.71O3E-01
•9591E-01
.U800E-01
.1577E-O1
3117E-02
6686E-02
1352E-02
1876E-02
7410E-02
119HE-02

1
1
7
1
3
3
5
1
i]

2
1
5
3
2
1
1
8
6
4
3
2
1
1

1
9
7
6
5

H

0.999000

.8822E.29

.7275E*13

.6O82E»-O7

.57OOE+O5

.7917E*03

. 1406E+02

.25UUE*01
•3653EfO1
.7585E+00
.O375E*OO
.013«E*00
.6407E-01
.U235E-01
.2242E-01
.5260E-01
.0941E-01
.1411E-02
.2H36E-02
.9I32E-02
9518E-02
6980E-02
9503E-02
47 33E-O2
1525E-02
2727E-03
63!IOE-O3
4062E-03
4629E-03
7226E-03
13O7E-O3

1
1
7
1
3
3
5
t
i

2
1
5
3
2
1
1
8
6
1
3
Z
1
1
1
9
7
6
5
t

0.999900

-8813E*28
.7267E*12
.6O*47E+O6
.5693E*0U
.7930E*02
.1392E-.01
. 25 20 E* 00
•36U6E«00
.756HE-O1
.0366E-01
.0130E-01
.6382E-02
.4219E-02
.2232E-02
.5253E-02
.O939E-02
.1375E-O3
.2HO8E-03
.9109E-03
.95O0E-03
.6968E-03
.9194E>03
.1727E-G3
.1520E-03
.2685E-0II
.6306E-0U
.JIO33E-04
.4604E-04
.7204E-04
.1289E-0U

1
1

'l

•

3
•

2
1
5
3
2
1
1
8
6
u
3
2
1
1
1

9
7
6
5
u
4

0.999990

.8812E*27

.7266E*-11

.60ltUE*05

.5<i92E+03

.7928Et01

.1391E*OO

.2518E-01

.36H6E-01
•7561E-02
.0365E-02
.0129E-02
.6379E-03
.4218E-03
.2231E-03
.5252E-03
.O939E-O3
.1271E-04
. 2^06E-04
.9107E-01
.9498E-0II
.6967E-O4
.9H93E-04
.1726E-0H
. 1520E-0«
.2681E-05
.63O2E-O5
.4O30E-O5
.4602E-05
.7202E-05
.1287E-05

0.999999

1.8812E»26
1.7266E*10
7.6OHHE»OH
1.5692E+02
3-7928E*00
3.1390E-01
5.2518E-02
1 .3646E-02
H.7561E-03
2.O365E-O3
1 .O129E-O3
5.6379E-0U
3.4218E-0U
2.223)E-04
1.5252E-04
1 .O939E-O4
8.1371E-05
6.2405E-05
4.9107E-05
3.9198E-O5
2.6967E-05
1.9193E-05
1.U726E-05
1.1519E-05
9.2680E-06
7.6302E-06
6.II03OE-06
5.U602E-06
4.7202E-06
U.1287E-06

Table Bll. Table of y values for pQ = 0.975 and a ,elected set of values for
a and kQ in Eq. (7).

po=O . 975

LEGEND
o = R =0 . 900000
0 = K=0 . 950000
1 = R°=0 . 990000
• = R!=0 . 999000
« = R,=0 . 999900
• = R*=0 . 999990
• = RI=0 . 999999

0 0 2 0

Figure Bll. A graph of Table Bll.
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P0=0.99

.\R0

0.05
o. to
0.15
0.20
0.25
0.30
0.35
0.40
0.15
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.10
1.20
1.30
1.10
1.50
1.60
1 .70
1.80
1.90
2.00

0.900000

1.8027E*39
1.7319E»19
3-6O31E*12
1.6H16E-.09
1.5610E*07
7.0136E«-05
7.5851E*0U
1.1208E«01
3.8397E+O3
I.3«14E*O3
5.6495E»02
2.7378E+02
1.1782E*02
8.6886E+01
5.4669E*01
3.6355E*01
2.5306E*01
1.82S8E»01
1.3662E+01
1.O183E.O1
6.6012E+00
<4.1628E«OO
3.187iE+OO
2.3767E«00
1.835OF.«OO
l.«576E*00
1.185?K*00
9.83O7E-O1
8.2906E--Q1
7.0921E-01

0.950000

8.7761E*3e
8.H161E»18
1.75"1E*12
7.860jE*08
7.5993E*06
S.IHSE^OS
3.6927E*0D
6.9171E+O3
1.8693E+03
6.53O5£fO2
2.750I4E+02
1.3329E*02
7.1962E*01
1.2299E»01
2.6615E+01
1.7699E»01
1.2320E*01
8.9080E+00
6.651iE«0O
5.1O36E*OO
3.2137E«0O
2.1726E«00
1.5516E*OO
1 .1571E*00
8.9336E-01
7.0961E-01
5 7705E-01
1.7859E-O1
H.O361E-O1
3.0528E-01

0.990000

1.7196E*38
1.6519E»18
3.«37OE*11
1.5«02E+08
1 .«890E*06
6.69O3E»O1
7.235«E»03
1.3553E*-O3
3-6627E»02
l.??96E*02
5.3891E+O1
2.6116E»01
1.U1OOE*O1
8.2881E»00
5.21«9E»00
3.1679E»OO
2.H139E»CO
1 .7154E+00
1.1032E*00
; .OOOOE*OO

6.2969E-01
1.2570E-01
3.OHO2E-O1
2.2671E-01
1.750UE-01
1.3901E-01
1.13O7E-01
9.3775E-02
7.908«E-02
6.7651E-02

O.999OOO

1.7118E*37
1.6«7«E*17
3.1215E+10
l.S332E*07
l.«823E*05
6.66O1E»O3
7.2027E»02
1.3«92E*02
3.6162E*01
!.?738EtO1
5.3618E*OO
2.5998E-.00
1.«O37E*OO
8.2507E-01
5.1913E-01
3.U523E-01
O.4O30E-O1
1.7375E-O1
1.2973E-01
9-9?19E-02
6.268-.E-02
U.2378E-02
3.O265E-02
2.2569E-02
1.7U25E-02
1 .3811E-02
1 .ia56E-02
9.3352E-O3
7.8727E-03
6.73H9E-03

0.999900

1 .711 IE*36
1.6tb7E*16
3.«199E*O9
1.5325E*06
1.H816E+0H
6.6571E+02
7.1995E-J01
1.3«86E*0!
3.6M5E*0O
!.?732E-iOO
5.3621E-01
2.5986E-01
1 .U030E-01
8.2170E-02
5.1890E-02
3.H5O7E-O2
2.1019E-02
1.7368E-02
1.2968E-02
9.95OUE-O3
6.2657E-03
1.2359E-03
3.O251E-O3
2.2559E-O3
1.7H18E-O3
1.3835E-O3
1 .125U-03
9.331OE-OU
7.8691E-0U
6.7319E-0U

0.999990

1.7!1OEt35
1.6166E»15
3.1198E*O8
1.5325E*O5
1 -MB16E*03
6.6568Et01
7.1992E»00
1.3186E«-0O
3.6M1E-01
:.?732t'-01
5.3621E-02
J.5985E-02
1 .1030E-02
8.2U66E-03
5.1888E-O3
3.U5O6E-O3
2.«O18E-O3
1.7367E-O3
1.2967E-03
9.9500E-O1
6.2t5ie.-on
1.2357E-OI4
3.O25OE-O1
P.2558E-01
1.7U17E-01
1.383HE-O1
1 . 1250E-0U
9.33O5E-O5
7.8688E-05
6.7316E-05

0.999999

1.7110E*3t
1.6«66E»14
3.«198E+07
1 .5325£*01
1 .1815E*02
6.6568E+00
7.1991E-01
1.3<<85E-O1
3.6113E-02
1.2732E-O?
5.3621E-03
2.5985E-03
1 .UO3OE-O3
8.2U66E-O1
5.1887E-O«
3.15O6E-O1
2.4018E-01
1.7367E-O1
1.2967E-04
9.9199--O5
6.2651E-O5
4.2357E-05
3.0250E-05
2.2558t-r-5
1 .7K17E-05
1.3831E-O5
1. 1250E-05
9.33O5E-06
7.8688E-06
6.7315E-06

Table B12. Table of Y values for p = 0.99 and a selected set of values for
a and RQ in Eq.(7).

p=0 . 99

..JGEN»
= R.=0 . 900000

° = R°=0 . 950000
* = R.=0 . 990000
• = R°=0 . 999000
= R°=0 . 999900
= R°=0 . 999990
= R°=0 . 999999

00 2 0

Figure B12. A graph of Table B12.
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0.950000

0.05
0.10
0.15
0.20
0.25
0.30
0.35
o.uo
0.U5
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95

.00

.10

.20
• 30
.00
.50
.60

1.70
1.80
1.90
2.00

3
1.7765E»22
3.6605E*14
5.1667E*10
2.«975E*08
7.0693E4-06
5.U960E-.05
8.0375E*0<4

7 9 E 0 1
5.3659E+O3
1-99?«E*O3
8.693«E*02
1.2951E*02
2.3399E*02
1.3785E*O2
8.6519E«01
5.7268E+01
3.9590E*01
2.8397E*01
2.1O19E*O1
1.2tt0E«-01
7 .989UE+O0

05E
3.9278E*0C
2.938OE»OO
2.2703E+00
1.B020E*00
1.1629E»00
1.2105E*00
1.0180E*00

8.6188E+21
1.7821E+1U
2.5153E-.10
1.2159E»O8
3.1U16E»O6
2.6756E*05
3.9'29E»01
8.7225E+03
2.6123E*03
9.6997E«02
D.2323E+0?
2.0910E*02
1 .1391E+02
6.7110E»01
1.2135E+01
2.7880E»01
1.927»E<-01
1.3825E*O1
1.0233E»01
6,0564E*00
3.8895E.00
2,66O3E*0O
1.9122E*00
1.13O3E+OO
1.1O52E*OO
8.7730E-01
7.1221E-01
5.8931E-01
1.9561E-O'

0.990000

1.8O3'E»1H
1.69M6E+S1
3.U917E*13
U.9285E*09
2.3B21E*07
bH31ED5

0.999000 0.999900

5.2«?6E*0»
7.667OE*O3
1.709'E*03
5.1185E-.02
1.9006E«02
8.2927E*01
1.0971E«01
2.2320E*01

19E03
8.2559E*00
5.1628E+00
3.77^
2.7088E.00
2.0050E»00
1.lB67E*0O
7.621'E-Ol
5.2126E-01
3.7168E-01
2.8026E-01
2.1656E-01
1.7190E-01
1.3955E-O1
1.1517E-01
9.7110E-02

1.6870E+20
3.1760E*12
U.9063E+08
2.3717E*06
6.7130E»01
5-2190E*03
7.6321E»02
1.701'<E*02
5.095HE*01
1.8920E*01
8.2553E.OO
« 8 6 0
2.2219E*00
1.3O9OE»OO
B.2186E-01
5.1382E-O1
3-7591E-01
2.6966E-01
1.9960E-01
1.1B13E-01
7.5867E-02
5.1891E-O2
3.7299E-O2
2.7899E-02
2.1558E-O?
1.7112E-02
1.3892E-02
1.1195E-02
9.667JE-O3

1.6862E*19
3.1711E*11
'^.'301^E•^0^
2.3706E*05
6.7100E+03
5.2I66E+02
7.6289E-.01
1.7006E*01
'j.O931E»OO

8.2515E-01
1.0767E-01
2.2209E-01
1.3O81E-O1
8.2119E-02
5.1357E-02
3.7577E-O2
2.6951E-02
1.9951E-02
I.1808E-02
7.5833E-O3
5.1868E-03
3.7282E-O3
2.7887E-O3
2.1519E-03
1.71O1E-O3
1.3886E-03
1.119OE-O3
9.6628E-01

0.999990
1.7911E*-!!
1.6861E+18
33
1.9O39E*O6
2.3705E+0U
6.7097E»02
5.2161E+0!
7.6286E*00
1.7005E*00
5.09?9E-01
1.891OE-O1
8.2512E-02
4.0766E-02
2.2206E-02
1 .3O81E-02
8.2116E-03
5.U355E-O3
3.7576E-O3
2.6953E-03
1.995OE-O3
1.18O7E-O3
7.583OE-O«
5.1866E-O4
3.7280E-0U
2.7886E-0il

0.999999

.1.7911£*40
1.6861E*17

7
1.3885t-JU
I . HI69E-0H
9.6621E-05

3
1.9O39E*O5
2.3705E+03
6.7O96E»O1
5.2161E+OO
7.6286E-01
1.7OO5E-O1
5.0929E-02
1.8910E-02
8-2511E-03
K.0765E-03
2.2206E-03
1.3O83E-O3
8.21U5E-01
5.1355E-01
3.7575E-01
2.6953E-01
1.9950E-01
1.18O7E-OU
7.5829E-05
5.1865E-05
3.728CE-05
2.7886E-05
2.15U8L-05
1.7101E-05
1.3885E-O5
1.1189E-O5
9.6623E-06

Table B13. Table of y values for pQ = 0.995 and a selected set of values for
a and Rn in Eq. (7).

po=0 . 995
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Figure B13. A graph of Table B13.
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APPENDIX C

MATHEMATICAL RESULTS

C.I. A theorem on the asymptotic behavior of gamma percentiles.

Theorem: If, as a -*• 0 , K(a) is defined by

-x a-1 ,
e x dx = p

and if 0 < p < 1, then

K(a) - p01 ,

where f (a) ~ g(a) means lim -~— = l

Proof: Consider

F(a) =Yfu) I e"A x""1 dx
Jo

for small a and fixed 0 < K < °°. Now

X0"1 dx

r -x «-i A r
I e x dx + I

Jo k

e"x x""1 dx

and

(i) .x™+ / e"x x01 '1 dx = •»

(ii) there is an M such that, for 0 < a < a., I e"x x01"1 dx < M.0 < a < a , /
7K

Therefore, F(a) •* 1 as a ->• 0+. This implies, if K(a) satisfies
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'0

then

lam K(a) = 0.
a->0

Then, as <x->-0+ ,

K(a)
e"X x""1 dx = p

[a T(a)]-1 [K(a)f

[K(a)la

Therefore, the conclusion, K(a) ~ p , holds.

C.2. Differentiation of a negative-log gamma density.

Let

i " 1

k(r) = ('1'1 r) 1 , 0 < r < 1
a

Differentiation gives

1 2

— ffY-1) In r
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Now for 0 < r < 1 ,

0<=>(Y-1) In r > (a-l)y

0<=>(Y-1) In r = (a-l)Y

< 0<=>(Y-1) In r < (a-l)Y •

The nine possible cases for different combinations of a and Y values are sum-

marized in Table II of the report text.
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