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GAPS BETWEEN ZEROS OF THE RIEMANN ZETA-FUNCTION

H. M. BUI AND M. B. MILINOVICH

ABSTRACT. We prove that there exist infinitely many consecutive zeros of the Riemann zeta-
function on the critical line whose gaps are greater than 3.18 times the average spacing.
Using a modification of our method, we also show that there are even larger gaps between
the multiple zeros of the zeta function on the critical line (if such zeros exist).

1. INTRODUCTION

Let ((s) denote the Riemann zeta-function. In this paper, we investigate the vertical distri-
bution of the nontrivial zeros of ((s), for the most part restricting our attention to the zeros
located on the critical line Re(s) = 1/2. In particular, we show that there are gaps between
consecutive zeros on the critical line that are much larger than the average spacing. We also
show that there are even larger gaps between the multiple zeros of ((s) (if such zeros exist).

1.1. Gaps between zeros of the zeta-function. Let 0 <y <y < ... <7, < ... denote
the ordinates of the nontrivial zeros of the Riemann zeta-function in the upper half-plane, and
let t,, denote the imaginary part of the nth zero of ((s) on the critical line above the real axis.
Here, if a zero of the zeta function has multiplicity m, then its ordinate is repeated m times
in either sequence {t,,} or {7,}. The Riemann Hypothesis (RH) states that all the nontrivial
zeros of the zeta function are on the critical line and so we expect that ~, = t, for all n > 1.
Our main result applies to the sequence {t¢,} and is unconditional, but if we assume RH then
of course this result applies to the sequence {v,}, as well.
It is known that, for 7" > 10,

where, here and throughout this paper, we set

T
¥ = log —.
8 2
. Tn+l — Tn . .
Therefore the average size of ————— is 1 as n — oo, and so defining
27/ log vy,
. Tn+1 — Tn . tht1 —tn
A= limsup ————— and A :=limsup ———,
n_mop 27/ log vn, n_mop 27t/ logty,

it follows that A > A > 1. Our first result proves that there are gaps between successive
ordinates of zeros of ((s) on the critical line that are much larger than the average spacing.

Theorem 1.1. We have A > 3.18. Consequently, assuming RH, we have \ > 3.18.
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2 H. M. BUT AND M. B. MILINOVICH

It is widely believed that the zeros of ((s) are all simple, though this remains an open
problem. Modifying our proof of Theorem 1.1, we prove the existence of even larger gaps
between multiple zeros of the zeta-function on the critical line (if such zeros exist). We let ¢
denote the imaginary part of the nth multiple zero of ((s) on the critical line above the real
axis. If there are infinitely many multiple zeros of ((s), we set

. —tr

A* :=limsup -~ "

n—oo 2w/ logt}
and otherwise we set A* = oco. Note that A* > A and that the value of A* is unaffected
by whether or not we choose to count the sequence {t}} with multiplicity. Trivially, we
have A* > 2 since there are at most N(7')/2 multiple zeros in the strip 0 < Im(s) < T.
More generally, let N*(T") denote the number of simple zeros of ((s) on the critical line with

imaginary part in the interval (0,7]. Then if

N*(T) > (C +o(1))N(T)

as T — oo, it follows that there are at most (1—C'+0(1))N(T')/2 multiple zeros on the critical
line up to height 7" and thus A* > 2/(1 — C). Since Conrey [12] has shown that C' = 2/5 is
admissible, we know that A* > 10/3. We prove the following stronger lower bound for A*.

Theorem 1.2. We have A* > 4.05.

We remark that Conrey’s result can be slightly improved [8], but this improvement only
implies that A* > 3.366. Theorem 1.2 can be improved conditionally. For instance, the result
of Bui and Heath-Brown [10] on the proportion of simple zeros of ((s) implies that A* > 27/4
assuming RH.

1.2. Previous results and conjectures. The study of the gaps between the zeros of the
Riemann zeta-function is an old problem that has received a great deal of attention. We briefly
discuss some of the previous results and conjectures to place Theorem 1.1 in context.

In 1946, Selberg [30] remarked that he could prove A > 1. More recently, Bredberg [5]
proved the quantitative estimate A > 2.76. Bredberg’s proof, and our approach in the present
paper, are variations of a method of Hall [21] (see also [19, 20]) who had previously shown
that A > 2.63. We discuss Hall’s method in §2, in particular pointing out the novelties in
our approach to proving Theorems 1.1 and 1.2. We remark that Hall’s method has also been
adapted to study gaps between zeros of zeta and L-functions other than ((s), see [2, 5, 9, 32].

A different method of Mueller [26] has been used in a number of papers to prove lower
bounds for A conditional upon RH and its generalizations, see [7, 11, 14, 15, 17, 25, 27, 28|.
Our result in Theorem 1.1 that A > 3.18 assuming RH supersedes all of these previous results.
Prior to this paper, the strongest known bounds using Mueller’s method was that A > 2.9
assuming RH and that A > 3.072 assuming the Generalized Riemann Hypothesis for Dirichlet
L-functions. These results were established in [6] and [17], respectively.

It is believed that A* = A = A = co. This conjecture is stated by Montgomery [24] in
his original paper on the pair correlation of the zeros of ((s). Montgomery arrives at this
conjecture from the stronger hypothesis that, appropriately normalized, statistics of the non-
trivial zeros of the zeta-function should asymptotically behave like the statistics of eigenvalues
of large random matrices from the Gaussian Unitary Ensemble (GUE). Indeed this GUE hy-
pothesis suggests that the gaps v,4+1 — 7n should get as large as 1/v/log,. In this direction,
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Ben Arous and Bourgade [3, Section 1.3] have proposed the more precise conjecture that

. lo
Y
n—oo

Unconditionally, Littlewood has shown that v,4+1 — v, = O(1/logloglog~,) as n — oo
while Goldston and Gonek [18], sharpening another result of Littlewood, proved that

limsup (Yn+1 — Vo) loglogy, <7
n—oo

assuming RH. These results appear to be the best known upper bounds for gaps between
consecutive zeros of the zeta-function.

2. INEQUALITIES, MEAN VALUE ESTIMATES, AND NUMERICAL CALCULATIONS

Modifying an argument of Hall [21], using classical Wirtinger type inequalities, we reduce
the problem of detecting large gaps between zeros of the Riemann zeta-function on the critical
line to estimating certain mean-values of ((s) and its derivatives.

2.1. Wirtinger type inequalities.

Theorem 2.1. Let f and f" be complex-valued continuous functions on the interval [a,b).

(i) If f(a) = f(b) =0, then
b _a b
/!f<t>\2dt < (bﬂ )2/ |F/(8))? de.

b
(ii) If f(a) = f(b) and / f(t)dt =0, then

a

/ ropa < (B0 / roR

Proofs of (i) and (ii) can be found in [22], Theorems 257 and 258, where it is shown that these
inequalities hold for functions from [a,b] — R. The theorems can be extended to complex-
valued functions in a straightforward manner by applying the inequalities for real-valued
functions to the real and imaginary parts of f separately and then adding. The inequality
(i) is sometimes referred to as Wirtinger’s inequality in the literature. It is not clear how
old these inequalities are or who first proved them. For instance, a proof of (i) was given by
Scheeffer [29] in 1885 and a proof of (ii) was given by Almansi [1] in 1905.

2.2. Reduction of Theorem 1.1 to mean value estimates. Suppose, for the sake of
contradiction, that

A <k. (1)
Let M (s) be a Dirichlet polynomial (chosen to “amplify” the zeta-function on the critical line)
and let
ivt.S . . LRT .
F(t,v, 6, M) = "2 ¢(L + zt)(<% +it + z§>M(% +it),
where v € R is a bounded real number to be chosen later. The factor e®**Z makes F(t,v, s, M)
mimic a real-valued function when 7' < ¢t < 2T for a certain choice of v (depending on M).
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In order to simplify a later calculation, we have chosen to use the linear function % in the
exponent in place of factor
1t (logm)t
0(t) =Im| 1 p(, —) - —
0 =tm(1ogr (3 +5)) - %
which appears in the definition of the Hardy Z-function, Z(t) = ()¢ (3 +it), used in [5, 21].
Denote the zeros of F' in the interval [T,2T] by t1 <ty < ... < ty. In view of our

assumption (1), we have

%VnJrl *:En S (1 + 0(1))%

for 1 <n <N —1asT — oo and so inequality (i) in Theorem 2.1 implies that

o1 T T2 [las
/ ’F(t7v7’€7M>‘2dt = <M) /~ ’F,<t,1},,‘€, M)Pdt
tn

AN

n ™

'%2 t~n+1 / 2
< (1+o(1))$2/t~ 't v, 1, M)|2 dt.

Summing over n, we derive that

Z'N 9 :‘<L2 Z’N , 9
[ F(t, 0,0, M)2dt < (14 0(1))g2/~ P/t v, 1, M2 dt.
t1 t1
Now, by (1), we see that t; — T and 2T — ty are < 1. Moreover, our choice of M(s) will
ensure that these integrals are > T and |F®)(t,v, k, M)|> <o (|t| + 1)~ for e > 0, so it
follows that
27 , W2 2T ,
/ ’F(t,U,I{,M” dt < (1+O(1))9§/ﬂ2/ |F/(t,’U,K,,M)| dt.
T T
Therefore, if
22 [T F(t, v,k M)?dt
hi(v, K, M) := limsup —- gT‘ ( )
T—oo K [0 |F'(t,v,k, M)>dt

then we have contradicted (1) and we may conclude that A > k.

2.3. Reduction of Theorem 1.2 to mean value estimates. We first note that if ¢ and b
are multiple zeros of F, then

b
/F'(t,v,/{,M)dt:() and F'(a,v,k,M)=0=F'(b,v,k, M).
a

Therefore, inequality (ii) in Theorem 2.1 implies that

b b—a 2 b
/WﬁmumMWw<(2 )/WﬂwumMWw
a m a

Now suppose that A* < k. Summing over the multiple zeros of F in [T, 2T] and arguing as in
§2.2, it follows that we derive a contradiction if

2 (2T Frt M)|2dt
ho(v, k, M) := lim sup L7 Jr |F' (v, M)

> 1,
Tsoo K2 [20|F(t, 0,5, M)J2 dt
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in which case we can conclude that A* > k. Comparing with hq(v,k, M), we see that
ho(v, k, M) has an extra factor of 4 in the numerator but the ratio of integrals ends up being
smaller. Nevertheless, we are able to derive a stronger lower bound for A* than for A.

2.4. Remarks. We now point out some of the novelties of our approach. Hall [21] essentially
chooses M(s) =1 and v = 2 while Bredberg [5] chooses M (s) = 7, 1/h* with y = T? and
¥ < 1/11. We improve upon their results and these choices in a number of ways:

()

(IT)

(111)

(IV)

We choose a more general amplifier of the form

M(s) == M(s,P)=>_ d’“(h}fsp[h], (2)

h<y

where y = T%, 0 < 9 < 1/4, r € N, d,.(h) are the coefficients the Dirichlet series of

¢(s)", and
Plh] = P(logy/h)
logy
for 1 < h <y where P(z) = > >0 bjx’ is a certain polynomial. By convention, we set
P[h] =0 for h > y. Note that with this definition we have
bij! 1 y\s ds
Plh] = CAR—— Z) —
1] Z (logy)J 2mi /(1) <h> sitl ®)

7>0

for h € N (and y # h if j = 0) where here, and throughout the article, the notation
c+100

f(c) means This general amplifier has been used previously in theory of the

c—100 °
Riemann zeta-function, for instance in studying gaps between zeros [11, 27] and in

establishing lower bounds for moments on the critical line [13, 31].

In addition to choosing a more general amplifier, we also take the advantage of a longer
admissible Dirichlet polynomial in the twisted fourth moment of the zeta function as
a consequence of the recent work of Bettin, Bui, Li, and Radziwilt [4]. That paper
evaluates the integral from 7' to 27" of mean fourth power of the zeta-function on the
critical line times the mean square of a Dirichlet polynomial of length T? for ¥ < 1/4.
Bredberg used a result of Hughes and Young [23] that is valid for ¢ < 1/11.

Another novel aspect of our work is that we express our mean value estimates in a
more concise and much simpler form. Bredberg’s asymptotic formulae took five pages
to display while ours are derived from one multiple integral formula (Theorem 2.2).
Among other things, this helps facilitate numerical calculations.

Finally, our proof of Theorem 1.2 seems to be the first approach that uses inequality
(ii) in Theorem 2.1 to study the zeros of ((s).

2.5. A smoothing argument. To use the result on the twisted fourth moment of the Rie-
mann zeta-function from [4] directly (see Theorem 5.1), we introduce a smooth function w(t)
with support in the interval [1,2] and satisfying w7 (t) &, T¢ for any j > 0 and € > 0. For
r € N, we also define the constant A, via the well known asymptotic formula

d.(n)?2 A, (lo z)"
S P Aloge)”

n<x
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as r — 00, SO

ve L0 )

p prime

The smoothed mean values of |F(t,v, s, M)|?, |F'(t,v, x, M)|?, and |F"(t,v, s, M)|? are given
by the following theorem.

Theorem 2.2. Suppose that 9 < 1/4. Then, for T large, we have

R t cj(v
() 2, (Y _ Y
/_ |V (t, v, k, M)| w(T> dt

o0

s K)Ar12(log 3/)7"2+4T$4+2j
2(r2 = DY((r — N4

'L/l)\(O)T + O(Tg(r+2)2+2jfl)

for 7 =0,1,2, where
Cj(’U /i) _ / ei’@fiﬂ'(mg—x4—(aﬁ3—x4)t3+(x1—mg)t4) —Z'liﬂ'((1—19(x1+a23))t1—(1—19(.I2+a)4))t2)(t3—t4)

[0,1]°
r4x1+22<1
rt+x3+x4<1

(1 — 19($1 + .’Eg)) (1 — 19(132 + $4)) (19(.’E1 — 1’2) + (1 — 19(.T1 + l’g))tl — (1 — 19($2 + $4))t2)
(79(333 — $4) + (1 — 19(1‘1 + xg))tl — (1 — 19(1'2 + $4))t2> .%'rQil(.%'lxga,’g{Lq)rfl
94
(v — x4z +x2+2a3+34) — (1 — ¥z + l‘g))tl — (1 — Y(xe + x4))t2> !
P(l—z—x1 —x9)P(1l — x — 3 — x4) dzy dag das dzy doz Aty dty dis diy.

2.6. Numerical calculations. It is a standard exercise to deduce from Theorem 2.2 the
unsmoothed mean-values

2T . . A (log y)r2+4r$4+2j
F(J) M 2 _ Gj (Uv ’%) r+2

Hence, we deduce from the analysis in §2.2 and §2.3 that

T + O(Tg(r+2)2+2j—1).

4cq (v, K)
k2ca(v, k)

CO(Uv I{)
k2e1 (v, K)

hi(v,k, M) = and ha(v, K, M) =

A numerical calculation with the values

9=1 r=1, v=126 and P(z)=1- 587+ 6.427

yields
h1(1.26,3.18, M) > 1.0002,
while the values

9=3%1 r=1 0=125 and P(z)=1-52z+5.5z>

ST

numerically give
ho(1.25,4.05, M) > 1.0048.

This implies that A > 3.18 and A* > 4.05 and therefore Theorem 1.1 and Theorem 1.2 follow
from Theorem 2.2.
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3. A SHIFTED MEAN VALUE RESULT
Rather than working directly with the mean squares of F(t,v,x, M), F'(t,v,k, M) and
F"(t,v,k, M), we instead consider the shifted mean value
oo
Inp(M) = / C(3 + a1 +it)C(3 + as +it)(5 + B —it)C(2 + Ba — i)
—00
. . t
M(% + as+it)M (3 + 85 — zt)w(T> dt, (4)
where the shifts o, 8; < £~ and the Dirichlet polynomial M (s) is defined in (2). Our main
goal in the rest of the paper is to prove the following lemma.
Lemma 3.1. Suppose 9 < 1/4. Then we have

, Ar 1 r2+4r$4 R )
lap(M) = C(azfr)Z —T)ﬁf(iy_) iy @O + 027,

where c(a, ) is given by
/ y—(063+53)$—a3(f61+$2)—53(1734-3:4)—611:1—52582—a1x3—a2m4—(0¢2—al)($3—x4)t3—(ﬁ2—61)(4r1—x2)t4

[0,1]°
r4x1+22<1
r+r3+r4<1

—z1—z3\—(a1+pf1)ti—(az—a1)tits—(B2—PB1)t1ts —x2—x4)—(az2+B2)t2+ (a2 —a1)tats+(B2—PB1)tats
(Ty ) (Ty )
(1 — 19(%1 + .113)) (1 — 19(:62 + :L'4)) (19(:51 — 1‘2) + (1 — 19(:61 + 1‘3))151 — (1 — 79(%2 + $4))t2)

(19(933 —x4) + (1 — ¥z + mg))tl - (1 — ¥(ze + x4))t2>:ET2_1(:E1562$3$4)T_1
P(l—x—x1 —x2)P(1 — x — 23 — x4) do; dwg dos dzy dz dty dta dts diy (5)
uniformly for a;, B; < L1
We prove this lemma in §5. We conclude this section by proving that Theorem 2.2 follows
from Lemma 3.1. When 5 = 0, we have
|F(t,v,k, M)| = ’g(% + it)((% + it + i%)M(% - z’t))
and hence

co(v, k) = c(a, 5)‘ a1=a3=pB1=P3=0
ag=ikm /L Bo=—ikm/L

In the case j = 1, we have

F/(t,v,/{,M) . . KT .
W:UG%C(%-FM)C(%+Zt+z§)M(%+Zt)
d d d : KT .
+<da1 +da2+dag)((%+a1-l-zt)C(%+a2+zt+z§)M(%+a3+lt) »
=20 i( d + d + d ) C(l—|—a +it)§(l+a —l—it—i—i'ﬂr)M(l_;_a —|—it)
Z\day  dag  dag 2T 2% 2 2 T X3 a0

where
Qx) =v+w.
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Hence

/_OO (0,5, M) P () (6)

o0

1/d d d 1/,d d d
_ 2 il I
=20 (i * oy * 1) )2 (G5 + 35+ 7)) os00) e
ao=ikm/ YL Bo=—ikT/.

Similarly, we have

/OO (10,5, M) o) i 7)

— 00

1,4d d d\\? . /1/4d d d )’
= 240 = (S Sy B s
Q(.ﬁ/p(dal + dag + da3)> Q(.,iﬂ (d,@l + dﬂz + dﬂg)) g,ﬁ( ) ar=az=p1=£3=0
ao=ikn /L ,Bo=—ikT | L

We obtain the constants ¢1 (v, k) and ca(v, k) by applying the above differential operators
to c(a, ). Since I(a, ) and c(a, B) are holomorphic with respect to each variable o; and f;
in a small disc centered at 0, the derivatives appearing in (6) and (7) can be expressed using
Cauchy’s integral formula as integrals of radii < .#~! around the points a1 = a3 = 1 = 3 =
0,9 = ikt /L, Po = —irm /L. Since the asymptotic formula in Lemma 3.1 holds uniformly
on these contours, each derivative adds a factor that is O(.%) to the error term that holds for

I(a, B). Therefore we can use Lemma 3.1 and (6) to prove Theorem 2.2 in the case j = 1 with
an error of O(T. 22"+ and similarly use Lemma 3.1 and (7) to prove Theorem 2.2 in the
case j = 2 with an error of O(T.L(+2°+3),

To see that applying the above differential operators to ¢(a, ) does indeed give the constants
c1(v, k) and c2(v, k), note that B

1/,d d d \\’ log X1 + log X5 + log X3\ J
() ) xpxgexg = ) X xgxge.
Q(X(da1+da2+da3>) L2 s @ Z Lo s

Using this expression and (5), we have

1/ d d d\\ (1,4 d d \\’
Q2 (i + s ")) A2+ a5+ a)) )
_ / y*(a3+33)9£*043(11+932)*53($3+x4)*ﬁ1$1*,32902*041963*&2%*(042*041)(903*964)1‘/3*(52*51)(ivl712)1‘/4

[0,1)°
r+x1+a2<1
r+r3t+rs<l

(Ty—fl—zs)—(a1+ﬁ1)t1—(a2_a1)t1t3—(ﬁ2—ﬂ1t1)t4 (Ty—932—14)—(a2+ﬂ2)t2+(a2—al)t2t3+(62—51)t2t4
(1= 9(x1 + 23)) (1 — 92 + 74)) (19(:31 —29) + (1= 0wy + 23))t1 — (1 — V(g + x4))t2)
(19(3:3 —zq) + (1= 9(z1 +23))t1 — (1 — (22 + x4))t2>x’"z’l(aclxgxgm)“l
Q( — x4z +x2+23+24) — (1 — ¥z + .Ig))tl - (1 — V(xe + x4))t2>2j

P(l — T — 1 — QJ‘Q)P(l — X — X3 — .7}4) dl’l d$2 dxg d$4 dx dtl dtg dt3 dt4.

Theorem 2.2 now follows by setting ay = ag = 1 = 83 = 0,ay = iknw /L, B2 = —ikn /L and
simplifying.
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4. TwWO ADDITIONAL LEMMAS

Lemma 4.1. Let 5 >0, n>1 and r > 1 be integers. Let y > 0, and let
1 A , du
Kood) =5 [ () O rarucas st g (%)

2T

with y #n if j = 0. Then we have

logy/n)/ 2" —ax1—frs _ )
Kj(a”B) = (( fg/l // (xla:Q)r 1(1 — 1 — IL’Q)] da:l d:L’Q
x1+x2<1
0<z1,22<1

+O((logy) 1)
uniformly for a, B < (logy)~t.

Proof. By a standard application of the residue theorem, we can replace the contour in the
integral on the right-hand side of (8) by a small circle with radius < (logy)~! around the
origin plus an error term of size O(1). This integral is trivially bounded by O(log y)7+27’).
Since

C(1+5s) :2—1—0(1)

for s near zero, taking the first terms in the Laurent series of {(1 + a + u) and {(1 + 8 + u)
gives

. o L u 1 du i+2r—1
Ko, B) = 27 7{q (a+uw)" (B +u)" uwtl +0((logy)™ ),

where ¢ = y/n. We apply the identity

1 1 U aci (. 1yt cau (logg)*
_ atu log — d a—u 9
(v +u)" (r—l)!/l/qa (oga> a+gq Zk'a-ﬁ-ﬂ) -k ©)

which is valid for all o, u € C and ¢ > 0, to the above integral, writing it as the sum of (r + 1)
terms. The last r terms can easily be seen to vanish. Hence

1 1 o 1\7—1 1 u 1 du o
Ao = gy, (085) e 000 g+ O(0ogn )

We use (9) again but with the lower boundary of integration at 1/qa. Again we write the
innermost integral as the sum of (r + 1) terms where the last r terms vanish. In this way, we
derive that

1 Lot 1 1\r-1 I\r-1 1 du
. _ a—1p8-1( 100 *
K;(a, B) (S /1/q/1/qaa b (loga) <logb) 5 P laab) -y dbda
—I—O((logy)j“"_l)

-1 1\r—1 .
= a® 18- 1 log log — (log gab)’ dbda
v 2 (o)
+O((logy)3+2r 1).

Making the variable changes a +— ¢~*! and b+ ¢~ *2, we obtain the lemma. ]
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Lemma 4.2. Suppose f is a smooth function. Then we have

n 0 n ogy)” 1
AR - B [t

Proof. This is a standard exercise in partial summation using the formula

lo r—1 _
S dr(m) = L8B4 0 (logy) ),
(r—1)!
n<y
as y — 00. See Corollary 4.5 in [8]. O

5. PROOF oF LEMMA 3.1

5.1. Reduction to a contour integral. We first state the twisted fourth moment of the
Riemann zeta-function from [4].

Theorem 5.1 (Bettin, Bui, Li and Radziwill). Let G(s) be an even entire function of rapid
decay in any fized strip |Re(s)| < C satisfying G(0) = 1, and let
1 d
Vi) = - / G(s)(2m) 2z % (10)
271 (1)

S

Then, for T large, we have
h t

> %/ b ar i Far e+ g - i+ s i) (1) w(g) de
h.k<y o

apag [ t t N\ —(a1+p1)
B Z Vhk w<f> {Zal’QQ’Bl’BQ’h’k(t) + <27T) Z_py az,—a1,B2,hk (L)
—00

h,k<y
t \ —(a1+52) t N —(a2+B1)
+ (g) 2—52702,61,—a1,h,k(t) + (%) Zaly_ﬁl,_OéQ,BQ,h,k(t)

t 7(012“1’52) t 7(011+a2+131+ﬁ2)
+ (%) Zay,~Bo,Br,—az,hk(t) + <%>

+ OE(T1/2+219+5 + T3/4+19+5)

Z_617_627_a17_0621h,k(t) } dt

uniformly for oy, ao, 1, Be < L1, where ¢ > 0 and

7 £ = 1 mimaoning
a0k (t) = 1/24a_1/2+8 1/2+v 1/2+6 ( 2 >
hmimao=knins 1 m2 nl n2

Remark 5.1. To simplify later calculations, it is convenient to prescribe certain conditions
on the function G(s). To be precise, we assume that G(s) vanishes at s = —(oy; + 3;)/2 for
1<i,j<2.

Let 1 < 1/4. Recalling the definition of I, g(M) in (4), we write
Ing(M) =1+ I+ Is+ Iy + Is + Is + O (T' ™)

corresponding to the decomposition in Theorem 5.1. We first estimate I; using Lemmas 4.1
and 4.2, and then indicate what changes need to be made in our argument to estimate the
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integrals Is, ..., Ig. Observe that

d,(h)d (k) PIR]P[#] 1
L= Z /243 .1/24B: Z 1/24a1__1/2+aa_1/24B1 _1/2+
h,k<y h / ok [ hmima=kning 1/ 17n2/ in/ /Ban/ -
> t mimaoning
[l () a

In view of (3) and (10)7 we have

_y it (L)
Il_;(logy“” / /// 27T) Y 1

d-(h)d,(k du dv ds
3 (h)dy (k)

, — — dt.
h1/2+a3+uk1/2+63+vmi/2+0‘1+5mé/2+0‘2+5n}/2+51+5né/2+/32+5 wtlpitl g

hmimao=knineo

Since the sum in the integrand is multiplicative, we can express it as an Euler product and
then factor out the poles in terms of ((s). In particular, this sum equals

d,(h)d,(k
3 (h)dy(k)

Bl/2+as+ufl/24ps +vmi/2+0¢1 +8m;/2+a2 +Sn%/2+ﬁ1 +Sn;/2+62 +s

hmimao=knino

= Aa, B,u,v,5)((1 + a1 + B1 + 25)¢(1 + a1 + B2 + 25)C(1 + a2 + f1 + 25) (12)

C(14as+Ba+28)C" (1+az+ B3+ u+v)" (1 +az + i +u+s)
C(lt+az+Botut+s)C"(1+Bs+ar+v+s)"(L+ B3 +az+v+s),

where A(a, 3,u,v,5s) is an arithmetical factor (Euler product) converging absolutely in a
product of half-planes containing the origin.

We first move the u and v contours in (11) to Re(u) = Re(v) = §, and then move the
s contour to Re(s) = —¢/2, where § > 0 is some fixed constant such that the arithmetical
factor A(a, B,u,v,s) converges absolutely. In doing so, we cross a pole at s = 0 and no other
singularities of the integrand. Note that the poles at s = —(a;+3;)/2, 1 < 4,5 < 2, of the zeta
functions are cancelled by the zeros of G(s) and so the integrand is analytic at these points.

On the new line of integration we bound the integral by absolute values, giving a contribution
of

<<E T1+Ey25T—5 <<E Tl_e.

Hence
I = w0)T¢(1+ar + @1?c(1 + a1 + B2)C(1 + g + B1)C(1 + az + f2) (13)
; (f;’y)ﬁj +0.(T79),
where

1 \2
Jij = (7) /()/()y“”A(a,B,u,v,O)CTQ(l+a3+,83+u+v)<’“(1+a3+51+u)
1 1

211

du dv

CA+as+Bo+u)"(1+B3+ar+0v)"(1+ B3+ as+v)—— T
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Expressing Crz(l + as + 83 + u + v) as an absolutely convergent Dirichlet series and then
changing the order of summation and integration, we obtain

_ d,2(n) 1 \2 Y\ utv ,
no= 3 ot (o) [, ), () e B0 sk s+

n<y
du dv
it pitl”

C(A4+az+Bo+u)"(1+ B3 +ar +v)¢" (14 F3+as+v)— (14)

Note that here we are able to restrict the sum over n to n < y by moving the u-integral
and the v-integral far to the right. We now move the contours of integration to Re(u) =
Re(v) < #~1. Bounding the integrals trivially shows that J; ; < .& i+j+r*+47  Hence from
the Taylor series A(a, 8,u,v,0) = A(0,0,0,0,0) + O(ZL ") + O(Ju| + [v]), we can replace

A(e, B,u,v,0) by A(0,0,0,0,0) in J; ; with an error of size O(Zi+i+r*+4r=1) We next show
that A(0,0,0,0,0) = A, 2. Letting a; = 8; =0 for j = 1,2,3 and u = v = 5 in (12), we have

B d, (h)d, (k)
A(0,0,5,5,5) = C(1+25) "+’
o T

— (1425 dr12(h)dr+2(F)

1/2+s
&

= (14 29) 2" HZ T+21+2s

pn>0p

Hence A(0,0,0,0,0) = A,42. The u and v variables in (14) are now separated so that

I
Jij = Arta Z 1+a3+53 (s + B, a3 + B2)K;(B3 + a1, B3 + ag) + O(L =1y
n<y

where the function Kj(a, ) is defined in Lemma 4.1. This lemma implies that

A lo z+j+47“ ) .
Jij = T(ﬁ(_ fy il //// T1292374) (1 — 21 — 22)"(1 — 23 — 24)’

z1+w2,x3+w4<1
0<z1,z2,23,24<1

drg(n) Yy —(a3+P1)z1—(ag+B2)z2—(B3+a1)z3—(Bs+a2)zs logy/n i+j+4r
> e () (Floey )

n1+043+53 ﬁ logy

n<y

dxydrs darsdry + O(gi+j+r2+4r—1)_
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Using Lemma 4.2, we deduce that

A Appo(logy)ititritdr / ////
(2 = D)Y((r — 1)N)4dl!

z1+w2,x3+w4<1
0<z1,z2,73,24<1

y—(a3+/33)1‘— ((043-1-51)901+(043+32)902+(/33+061)$3+(53+az)x4) (1-z) r?—1 (1 — g)itater

(m1x2x3x4)r_1(1 —x — xQ)i(l — x3 — x4)j dz; dzy dxs dzs dz
+ O($i+j+r2+4r—l>
_ Arga(logy) it /////
(2 = DU(r — 1)H)A4l !
r+x14xe,x+r3+r4<1
0<z,z1,22,%3,24<1

f(a3+63)r*(as+[31)w1*(a3+ﬁ2)x2*(ﬁs+a1)137(ﬁ3+a2)x4$r271 (x1x2x3x4)r71

Y
(1—x—x1 —22)'(1 — x — 23 — x4)’ day dog dag day da + O($i+j+72+4r_1).

Inserting this expression back into (13), we conclude that

A(ZEQ(Iog)'@?(; +4T?)(3)<<1 o1+ )1+ a1+ B)C(1+ a2+ Fu)C(1 + o + o)

///// —(a3z+B3)z—(az+p1)zr1—(a3+B2)r2—(B3+ar)zz—(B3+a2)rs

rx+x1+x,x+r3+24<1
0<z,r1,72,23,24<1

I

xr2_1(x1x2:v3x4)r_1p(1 —x—x1 —x2)P(1l —x — 23 — x4) dry dxg dos dzy dz

_’_0(37‘2+4r71).

5.2. Deduction of Lemma 3.1. Note that I5 is essentially obtained by multiplying I3 with
T—(21481) and changing the shifts o «+— —f1, I3 is obtained by multiplying I; with 7~ (@1+52)
and changing the shifts oy <— —fs, I4 is obtained by multiplying I; with T7-(®2+F1) and
changing the shifts as <— —f1, I5 is obtained by multiplying I; with 7~ (®252) and changing
the shifts g «— —f2, and I is obtained by multiplying I; with 7 (@1+a2+81482) and changing
the shifts aq «— — (1 and ag +— —f2. Hence

AT IOgy (a Jx—ag(z1+x r3+x
Ig,ﬁ(M) = (TJ;QE D((r ///// (a3+p3)r—az(z1+w2)—Ps3(T3+T4)

r+x14xe,x+r3+r4<1
0<z,z1,72,x3,04<1

U(g)xrkl(x1x2x3x4)T*1P(1 —x—x1 —x2)P(1 — 2 — 23 — x4) dzy dze dxz dzy da

+O($7‘2+47"—1),
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where
U(x) _ y—ﬁlm—ﬁzm—mms—azm B T—(a1+51)ya1m1—62x2+51m3_a2m4
T (B + B2+ B2+ B2) (o1 + B)(=B+ 202 — (o + o)
T—(041+52)y—ﬁ1w1+a1x2+ﬁ2m3_a2x4 T—(Oéz-l—ﬁl)yoczm—B2a:2—a1x3+ﬁlx4
_ (_62 + Bl)(al + ﬁ2)(0&2 + ﬁl)(O&g — al) B (041 — a2)(a1 + 62)(042 + 51)(_/31 + 52)
T*(a2+,32)y751x1+a2x27a1333+52x4 T*(a1+a2+51+52)ya1x1+a212+51x3+52x4

(o1 + A1) (a1 — az)(—P2 + B1) (a2 + B2) - (o1 + B1)(B1 + a2)(B2 + 1) (a2 + f2)
We write

y—/31761—ﬁ2902—061303—0lzx4 y—51$1—52$2—a19€3—a2x4

(o1 + B1) (a1 + Ba)(aa + Br)(az + B2) (o + B1) (=B + Ba) (a2 — ar) (g + Ba)

y—51$1—52m2—a1$3—04224

" (=B1+ Ba)(eu + Bo)(az + B1)(aa — )

and
T—(a1t+az+p1 +52)ya1$1+a212 +B123+ 6224 T—(ea+az+pB +,82)y0é1361 +agzo+Bi1z3+B224

(a1 + A1) (e + Bo) (o + B1)(az + B2) (a1 + B1)(—B1 + Ba)(az — ar)(az + B2)
T—(Oq+Oé2+,31+52)ya1x1+a2x2+ﬁ1x3+ﬁgx4
" (=B1 + Ba) (o + Bo) (a2 + B1) (e — a1)”

Notice that we can interchange the roles of x; with z9, or of x3 with x4, in any term of
U(z) without affecting the value of I, g(M). Applying both changes to the last term on the

right-hand side of (15), we can replace U(z) with the expression
y~Pra1—Paz2—a1z3—ans (1 _ (Ty—x1—:v3)—(061+/31)> (1 — (Ty—962—904)—(062+/32)>
(=51 + Ba2) (a2 — 1) ar + 51 g + B2
_y—ﬁwl—ﬁzxz—mxs—azm (1 _ (Ty—xz—xs)—(m-i-ﬁz)) (1 — (Ty—xl—m)—(az-i-ﬁl))
(=81 + B2) (a2 — ) a1 + B2 oz + b
Using the integral formula

(15)

— y—(a+h) 1
1042—1—ﬁ = (log z)/o 2 (@B gy, (16)

we find that

a1 o[ [ [[ [ ][ s

r+x1+x2,x+r3+r4<1
0<z,z1,72,23,24,t1,62<1

y*(a3+,33)l“*0¢3 (z14x2)—B3(x3+x4) (Ty*m —x3 )*(m +61)t1 (Ty*502fx4)*(012+,32)t2

(1 — 19(ZE1 =+ :Z}g)) (1 — 19(1‘2 + 1‘4)) T2_1($1l‘2$3l’4)r_1

P(l—z—x1 —x9)P(1 —x — 23 — z4) dzy dag dzs dzy dz dty dty

A e ][]

r4x14x2,x+r3+r4<1
0<z,z1,22,23,24,t1,62<1

y—(a3+53)w—a3($1+$2)—,33(:v3+$4) (Ty—x2—$3)—(al+ﬂ2)t1 (Ty—$1—$4)—(0t2+51)t2
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(1 — ¥(xe + xg)) (1 — ¥(x1 + x4))xr2_1(:v1x2x3$4)’"_
P(l — T — 1 — .%'Q)P(l — X — X3 — x4) dl’l d.rg dxg dl‘4 dx dtl dtQ + O($r2+4r—1).

Denote the two integrands by Vi(x,z1, x2, x3, 24,t1,t2) and Va(z, 21, X9, x3, 24, t1, t2), TESpPec-
tively. We note that I, 3(M) is unchanged if we swap any of these pairs of variables z1 «— w2,
T3 <— x4, and t; <—> to in the integrands. Hence we can write

Iop(M) = 2(T2_1;42(+ (10g)y))r(+gi2ﬂ2 )(az — ay) / / / / / / /

r4x1+ze,x+r3+ra<1
ngﬂrl ,L2,T3,L4,t1 7t2§1

(V1(96,$1, To, X3, 4,1, t2) + Vi(x, 22, 21, T4, 23, t2, 1) — Va(x, 22, 1, 3, T4, 1, 12)

—VQ(ZL‘, T1,T2, T4, T3, 2, tl)) dxq dao dag doey do dtq dig + O($T2+4T_1).

Thus

_ AT+2(log y)r +4T$2 /////// a3+53 xTr— a3(a¢1+x2) 63(134-(24)
Lap(M) = 2(r2 — 1)!((r — 1)!

r+x1+x2,2+r3+x4<1
0<z,z1,22,23,24,t1,t2<1

Wz, t1,t2) (1 — ¥z + 1‘3)) (1 — Y(xe + $4))xr2_1(x1m2333x4)r_1 (17)
P(l1—x—x1 —x2)P(1 — x — x3 — x4) doy dwg das dzy doe dt; dts + 0(92”7"2+4T_1),

where

1
(=81 + B2) (a2 — 1)

+ y—ﬁlwz —fox1—a1rs—0a3 (Ty—aCz —T4 ) —(a14pB1)t2 (Ty—ﬂ'?l —T3 ) —(a2+B2)t1

Wz, t1,t0) = ( —Biz1—far2—arzz—aszs (Tyfxrzs)*(m%@l)tl (Ty*x2*14)*(a2+52)t2

_ y*ﬁ’l zo—Paw1—a1T3—02x4 (Tyixl —x3 ) —(a1+B2)t (Ty*m*m ) —(az2+pB1)t2

_ y*51m1 —Boz2—a1Ts—a2x3 (Ty~*2—%4) — (01 +B2)t2 (Ty~*1723) —(a2+p1)ta ) )
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Using (16) again we see that
W(gp, t1, t2) = y—51$1—52x2—a1x3—a2x4 (Ty—a:1—z3)—(a1+51)t1 (Ty—xz—x4)—(a2+52)t2

L (g es(ry sy )
( )

<1 — (yzrrm (Ty*xr:vs)tl (Ty*fvru)ftz)*(ﬁrﬁl) >
B2 — P1
= $2 (’19(33‘1 — 1’2) + 1t (1 — ’19(33‘1 + 1‘3)) — tQ(l — 19(3}2 + 33‘4)))

(19(3:3 — (E4) + 1t (1 — 19(%1 + (Eg)) — tg(l — 19(%2 + x4))>
y*b’wrﬁwrmxsfazu (Tyfxrx:s)*(al +B1)t1 (Ty =24 )*(a2+52)t2

1 1
/ / (yx3 —x4 (Tyixl —x3 )t1 (Tyfzz —T4 ) —i2 ) —(a2—aq)ts
0o Jo
(yml — 2o (Ty_rl —x3 )tl (Ty—xz—m4 ) —tz) —(B2—B1)ta dt3 dt4

Using this expression in (17), we obtain the lemma.
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