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1. Introduction

The analysis of financial data has received considerable attention in the literature over the
last 20 years. Several models have been suggested for capturing special features of financial
data, and most of these models have the property that the conditional variance (or the
conditional scaling) depends on the past. One of the best-known and most often used
examples is the autoregressive conditionally heteroscedastic (ARCH) process introduced by
Engle (1982). The ARCH model has been investigated and generalized by several authors,
including Bollerslev (1986) and Gouriéroux (1997). The theoretical results on ARCH and
related properties have played a special role in empirical work in the analysis of data on
exchange rates, stock prices and so on. In this paper we study the asymptotic properties of
the generalized autoregressive conditionally heteroscedastic (GARCH) process introduced by
Bollerslev (1986). A GARCH(p, q) process is defined by the equations

Yk = Ok€k (1.1)
and
o=+ Z v+ Z ﬂja%cfj’ (1.2)
Isi=p Isj=q
where
w >0, a; =0, l<i=<p, B; =0, I<j<gq (1.3)

are constants. We also assume that

1350-7265 © 2003 ISI/BS



202 1. Berkes, L. Horvath and P Kokoszka

{&;, —oo < i < oo} are independent, identically distributed random variables. (1.4)

Nelson (1990) showed that in case of a GARCH(1, 1) sequence, (1.1) and (1.2) have a unique
stationary solution if and only if Elog(f; + a1€}) < 0. Bougerol and Picard (1992a; 1992b)
found necessary and sufficient conditions for the existence of a unique stationary solution of
(1.1) and (1.2) in the case of a general GARCH( p, ¢) model. To state their condition we must
introduce further notation. Let

t, =B+ e, P, ..oy Bgo1) ERTY,
E,=(,0,...,00c RT!
and
a=(a,...,0, 1) € RP2.

(Clearly, by including extra terms with zero coefficients in (1.2) we can achieve
min(p, q) = 2.) Define the (p + ¢ — 1) X (p + g — 1) matrix 4,, written in block form, by

T, B, a

1,y 0 0 0
i=te 0 o ol
0 0 I,, 0

where 1, and /,_, are the identity matrices of size ¢ — 1 and p — 2, respectively. The
norm of any d X d matrix M is defined by

M| = sup{[| Mx]la/|Ix]la : x € R, x # 0},

where || - || is the usual (Euclidean) norm in R“. The top Lyapunov exponent y; associated
with the sequence {4,, —o0o < n < oo} is

yo= inf - Elog|dods ... 4,
assuming that

E(log || 4o]]) < oo. (1.5)
(We note that [|4o(1,0,...,)"||=1 and therefore |4o| = 1.) Condition (1.5) and the
subadditive ergodic theorem (cf. Kingman 1973) imply

1
n+1
Bougerol and Picard (1992a; 1992b) showed that if (1.5) holds, then (1.1) and (1.2) have a
unique strictly stationary solution if and only if
yr < 0. (1.6)

Let X, =(00 500y s Vo ises Vo) €RPYL and . D =(0,0,...,0) €

R?*9~1. Equations (1.1) and (1.2) can be written equivalently as
X, 1 = 4,X,+D.

lim log || 404 ... A,|| =y, almost surely.



GARCH processes: structure and estimation 203

Bougerol and Picard (1992a; 1992b) showed that if (1.6) holds, then

X, =D+ Z Ay -+ Ap_iD. (1.7)

0=ik<oco

Throughout this paper we will assume that conditions (1.1)—(1.6) hold. Clearly, they are a
minimal set of conditions for the existence and stationarity of the GARCH(p, ¢) sequence.

Let 0= (w, ai, as, ..., ap, Bi1, P2, ..., By). Assuming that yi, y», ..., y, have been
observed, Lumsdaine (1996) studied the estimation of the unknown parameter @ in the case
of p=g¢ =1. Lumsdaine (1996) advocated the quasi-maximum likelihood estimator and
proved its consistency and asymptotic normality for the GARCH(1, 1) model. However,
some conditions in Lumsdaine (1996) seem to be unnecessarily restrictive and should be
relaxed. Lee and Hansen (1994) impose weaker conditions on the error sequence.

The main goal of our paper is to provide rigorous proofs of the consistency and
asymptotic normality of the quasi-maximum likelihood estimator in GARCH(p, ¢) models
under weaker conditions. These results will be given in Section 4, where we also compare
our theorems with some earlier results. The estimation in Lumsdaine (1996) is based on a
representation of ¢} in terms of past observations {y;, —oo <i < k}. In Section 2 we
obtain a similar result for GARCH(p, g) sequences and prove that this representation is
unique. The representation for GARCH(p, ¢) is an infinite sum and the coefficients satisfy
a recursion. In Section 3 we establish some basic properties of the solution of the
recursions; these properties will be used in Section 4, where the asymptotic properties of
the quasi-maximum likelihood estimator will be discussed.

2. Representations for GARCH(p, ¢)

For a strictly stationary GARCH(p, q) process with coefficients (w, ai, ..., a,,

Bi, ..., By), let
A(x) = agx + aox® + ...+ apx?
and
B(x)=1—Bix — fox? — ... — Byxi.

Here and in the following we do not need min(p, ¢g) = 2, and the possible inclusion of extra
terms in (1.2); this was needed in Section 1 only for computing the top Lyapunov exponent
yL. We assume that the order of B(x) is exactly g, i.e.

By #0. @.1)
Bougerol and Picard (1992b) showed that y;, < 0 implies
Pr+pB+.. .+, <L (2.2)

Relation (2.2) entails that all roots of B(x) = 0 lie outside of the unit circle. More precisely,
we have:
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Lemma 2.1. Relation (2.2) is equivalent to
lyil > 1 forall | < i</, where y1, V2, ..., y: stand for the
solutions of B(x) = 0 with multiplicities v, ..., v;. (2.3)
Proof. Let us assume first that $; +5, + ...+ 3, =1. Since B(0)=1 and B(l) =
1—=(Bi+pP2+ ...+ By <0, we have at least one solution of B(x) =0 in the interval
(0, 1], contradicting (2.3).
Let us assume now that (2.2) holds. Then, for any |z] <1, we have |B(z)]

=1—Bilzl+Balzl* + ... + Bglzl) =1 = (B + P2 + ...+ B4) >0, and therefore (2.3)
must be true. O

We will also need the following simple lemma. Let log" x =logx if x> 1, and 0
otherwise.

Lemma 2.2. If {&;, 0 < k < oo} is a sequence of identically distributed random variables
satisfying

Elog" & < oo, 24)

then > - Exz* converges with probability one for any |z| < 1.

Proof. By the Borel—Cantelli lemma it is enough to prove that, for any { > 1,

> P&l > ¢} < . (2.5)

1=k<oo

The distribution of &; does not depend on %, so

> P{El > = > Pllogh|&| > klog&}

1=k<oo 1=k<oo

= Y P{log"|&| > klog&}

I=k<oco

< Elog" |&|/logC,
and thus (2.4) implies (2.5). O

We now establish a representation for o7 in terms of the »3 ;, i = 1. Since, by Lemma
2.1, B(x) has all roots outside the unit disc, we have

S dp = x| <1, (2.6)

and the coefficients dy, d, d», ... decay exponentially fast. Let
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o=w Y dy 2.7
0<m<oco
and
ci=aidj+oodjy + ...+ apdj_p, 1 =j<oo. (2.8)
We note that ¢o = w/B(1) and
28 - 1;00 ety X =1, 2.9)

and by (2.8) the coefficients cj, ¢y, ... decay exponentially fast.

Theorem 2.1. If

Elogoj < oo, (2.10)
then
ai =co+ Z ciy%{ﬂ-, for all k, (2.11)
Isi<oco

with probability one.

Proof. Since ||Ao| = ||l = €3, (1.5) yields that Elog" e} < Elog™ || 4o < oo. Since by
(1.1) we have Elog® 33 < Elog™ 03 + Elog" &3, from (2.10) we obtain that

Elog" 1} < oo. (2.12)

Since the sequence ¢y, ¢;, ... decays exponentially fast, Lemma 2.2 yields that the series in
(2.11) is absolutely convergent with probability one. It is clear that the stationary sequence

=0+ Y ayi, (2.13)
Isisp
satisfies (2.4).
We must show that
o= dm&im. (2.14)
0=m<co

The series in (2.14) is absolutely convergent with probability one on account of Lemma 2.2
and the exponential decay of d;. It follows from (2.6) that
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dy =1,
dl :ﬁla
dy = d\p1 + o, (2.15)

dq = dq,1ﬂ1 + ...+ dlﬁq,1 -I—ﬁq
and
d; = di—lﬁl + ...+ d,'_qﬂq, for i > gq. (2.16)
Using (2.15), (2.16) and induction, it is not difficult to verify that, for j = g,
Ex+diEr1+dobpa+ ...+ diEj=0%— Z (diyj-gBg + ... + djﬁi)o-%g_j_j' (2.17)
Isisq

By Lemma 2.2, as j — oo, the left-hand side of (2.17) tends a.s. to the right-hand side of
(2.14). Using the exponential decay of d; and (2.10), we obtain that

> A

1=j<oc0

Z (divjqPq + -+ djﬂi)ai—i—j

1=i=q

>6}<oo, for any 6 > 0,

and therefore, applying the Borel—Cantelli lemma, we conclude (2.11). O

Using the backward shift operator S, we can write (2.11) succinctly as

ARS) / o

2 2

=—=|—= . 2.18

kT BS) (A(1)+yk) (2-18)
Using partial fractions it is possible to find an explicit recursive formula for the c; in

(2.11) in terms of the coefficients w, ai, ..., ap, B, ..., By

It is sometimes useful to express 0% in terms of finitely many values of y7 ; and a small
remainder term, as in the following theorem whose proof is omitted.

Theorem 2.2. Let R = max(p, q). If (2.10) holds, then for any k = R

0% = Z <w+ Z aiyi,-m> dm~+ Ot (2.19)

0=m<k—R Isisp

where
Or = (510%71 4+ -+ ﬂqo‘iiq)dk_R + (ﬂz(ﬁpl 4+ 4 ﬁqU§7q+1>dk—R—l
+o ot B0k dirogit-

The next result shows that if there is a representation like (2.11), it must be unique.
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Theorem 2.3. We assume that
8(2) is a non-degenerate random variable. (2.20)

If; for some k,

2 _ 2 2 _ % )
0% =co+ g Ciyy_; a.s. and 0y =c, + E c; yi_; as.,

Isi<oo 1=si<oo

then ¢; = c;k forall 1 <i< oo.

Proof. We prove the result by contradiction. Let m > 0 be the smallest integer satisfying
em#ch. (If ¢ = c;'.‘ for all j > 0, then ¢y = ¢} must also hold.) By the definition of m, we
have

i —emVim=co—co+ > (c;=cvi

m<j<oo
and (1.1) yields that
1
2 * kN2
_ _ 3 (- b 221
gkfm (C;kn — cm)o‘%{im {CO CO + m<j<oo(cj C] )yk]} ( )

Since 0%_,,=w >0, & _, is well defined. Let F;, be the o-algebra generated by
{ei, —oo < i =< j}. Relation (1.7) shows that y; is F,;-measurable and thus the right-hand side
of (2.21) (and consequently also € ) is a real-valued random variable, measurable with
respect to Fy_,_1. Since the ¢; are independent, this implies that &2 is a.s. constant,
contradicting (2.20). O

Putting together Theorems 2.1 and 2.3, we have the following result:

Theorem 2.4. If (2.10) is satisfied, then (2.11) holds with exponentially decaying weights c;.
If (2.20) is also satisfied, then the representation (2.11) is unique.

Lemma 2.3. If
E|8(2)\(3 < o0 for some 6 > 0, (2.22)
then there is 0™ > 0 such that
E|y(2)|é* < oo and E|0(2)|6* < oo.
Proof. By (1.6) and the definition of y;, there is an integer m = 1 such that
Elog|[doA; -+ Ap_1]| <O. (2.23)
Also, ||4o|| < C(1 + €}), and thus by (2.22) we have that
E|doA; - A1 ])® < (E||40]%)" < 0. (2.24)
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Following Remark 2.6 in Basrak et al. (2001), we introduce the function s(7)=
E||doA; -+ Ap—1]|’. Since s'(0) =Elog||doA; -+ Am—1]] <0, s() decreases in a neigh-
bourhood of 0, and since s(0) = 1, there exists 0 < 0™ < 1 such that

El|dods -+ Aw|® < 1. (2.25)

Using (1.7), we conclude that

IXoll < IDI| + > [0 - 44ll D]

0=<k<oo

and since 0 < 0™ < 1, we obtain that

Xol® < DI + > llo - A-ll” IDI* .

0=<k<oo

Using (2.25), it follows easily that there exist 0 < ¢ < oo and 0 < p < 1 such that

E|[doA, --- A|° < épF,

proving that E||.X 0||‘5* < oo, which implies the conclusion of Lemma 2.3. O

Theorem 2.1 and 2.3 show that there is a one-to-one correspondence between the
sequence {02, —0o < k < oo} and the coefficients ¢;, 0 < i < co. However, this fact is not
enough to estimate the parameters of a GARCH(p, ¢) sequence. For this purpose we also
need the definition (1.2) to be minimal in the sense that there is no pair (p*, ¢*) such that

p* < por ¢t <gqand

or=0"+ > i+ > Bloi (2.26)

Isisp* 1<sj<g*
for some (not necessarily non-negative) 0™, a; (1 <i< p*) and 7 (1 <j<gq").

Theorem 2.5. We assume that (2.10) and (2.20) are satisfied. Then the definition (1.1)—(1.2)
is minimal if and only if

the polynomials A(x) and B(x) are coprimes 2.27)
in the set of polynomials with real coefficients. '

Proof. Let us assume that (2.27) holds and assume indirectly that there exist (p™*, ¢™),
p*<porg*<g and 0¥, af, 1 <i=<p*, ﬂ’;‘, 1 < j =< g¢* such that (2.26) holds. Let
Af(x) =xaf + ... + xp*a;* and B*(x) =1 —(Bfx + ... + ﬁ;';xq*). Similarly to (2.9), we
have
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i ~A (x)
I;Och o’ (2.28)

and consequently A(x)/B(x) = A*(x)/B*(x). By (2.27), A(x) and B(x) are coprimes, and
thus we conclude that there is a polynomial P(x) such that A*(x) = A(x)P(x) and
B*(x) = B(x)P(x), and consequently p* = p, ¢* = ¢, a contradiction.

Let us assume conversely that the definition (1.1)—(1.2) is minimal but (2.27) fails, i.e.
there exist polynomials A*, B* and P such that P is non-constant and A(x) = A™(x)P(x)
and B(x) = B*(x)P(x). We now show that with @ = wB*(1)/B(1), we have

=o+ Y alyi+ > Bloi. (2.29)

I=sisp* 1<j<q¢*
Indeed, by (2.18) and (2.28) we obtain that

2@ A, e A
FTBO) BRS) T B) B

Hence

*
B*(S)0% = A (S)(A ot yk>

Observing that the degrees of A* and B* are less than the degrees of A and B, (2.29)
contradicts the minimality assumption. O

Corollary 2.1. We assume that (2.10), (2.20) and (2.27) are satisfied. Then there is no

(w*, af, ..., a;, 5 ...,ﬂj);«é(w, ai, ..., Ay, P, ..., Bq) such that
or=0"+ Y alyi i+ D B (2.30)
1<I<P 1<j<q
Proof. Let (0™, af, .. ap, BT, .. ﬁ*) be a sequence satisfying (2.30) and let A™, B* be
the analogues of A and B for the sequence (w*, af, ... a’;, I ﬁ*) Following the first

part of the proof of Theorem 2.5, we obtain that there exists a polynomlal P such that
A*(x) = A(x)P(x) and B*(x) = B(x)P(x). Since B and B* have the same degree g and the
same constant term 1, we obtain P(x) = 1 and Corollary 2.1 is proven. O

The next section contains some preliminary results used in the construction of the quasi-
maximum likelihood estimator.
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3. Recursions related to the infinite representation of
GARCH(p, ¢9)

In Section 2 we gave explicit formulae for the coefficients ¢; in (2.11) in terms of the roots
Y1, ..., Ye of the polynomial B. However, the computation of the solutions of B(x) = 0 may
not be simple, especially if ¢ is large, and thus our formulae are numerically impractical.
By (2.9), we have

c:dn AR) Il=sn<x
" dxn \B(x) ) ’

and computing the derivatives on the right-hand side and using B(0) =1, we see that
cn, 1 < n < o0, are actually polynomials of a;, ..., a,, Bi, ..., B, with integer coefficients.
Letting C(x) =Y <,<ocCnx”, (2.9) shows that A(x) = B(x)C(x), and performing the
multiplication on the right-hand side and comparing the coefficients, we obtain

ap =cy, ay = ¢ — Pici, a3 = c3 — fica = pacy, ..
from which ¢y, ¢, ... can be computed recursively.
In the estimation problem studied in Sections 4 and 5, the parameter 60 =
(w, ai, ..., ap, Bi, ..., By) is fixed but unknown. Thus we are dealing with a class of
processes whose parameter vector will be denoted by u = (x, s1, ..., sp, 1, ..., t;). Hence

the coefficients ¢;, 0 < i < oo, will be functions of u and the recursion formulae obtained
above take on the following form. If ¢ = p, then

X
1—(t +...+ 1)

co(u) =

C](ll) =51,

() = s + tici(u),

cp(u) =5, + tic,_1(m) + ...+ 1, 1c1(u),

cpri(u) = ticy(w) + ...+ tpcr(u),

cg(u) = ticg_1(u) + ...+ ty_1ci(u).

If ¢ < p the equations above are replaced by
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X
1—(t +...+ )’

co(u) =

C](ll) =51,

() = 52 + tici(u),

Cgr1(U) = 5401 + ticg(u) + ...+ tycr(u),

cp(u) =5, + tic,_1(u) + ...+ t,c,p_g(u).
If i > R = max(p, g), then

ci(u) = tici1(u) + treia(w) + ...+ t4cig(u). (3.1)
Let 0<u<ia 0<po<l1, qu<py and define
U:{lll h+tH+...+ 1t =<po andgimin(x,sl,sz,...,sp, t, th, ..., tq)
< max(x, i, 2, ..., Sp, t, oy ..., 1) < W},

We assume that

0 is in the interior of U. (3.2)
(Condition (3.2) requires that p and ¢ are known. It also rules out zero coefficients in 6.) We
use |- | to denote the maximum norm of vectors and matrices. Let x V y = max(x, y).
Lemma 3.1. For any w = (x, S, ..., Sp, t1, ..., t;) € U and u* = (x*, s, ..., S;’ i,
t;k) € U, we have
Cu' < ci(u), 0=i<o0, (3.3)
ci(w) < Gpfl,  0<i<o, (3:4)
and
(u* t* '
) el max Zvi),  0=i<co (3.5)
ci(u) 1<j<q t;

for constants 0 < Cy, C,, C3 < o0.

Proof. The results are trivial for i = 0. We use induction for i = 1. It is clear that c;(u),
i = 1, are polynomials of the coordinates of u with positive coefficients. Hence (3.3)—(3.5)
hold for all 1 =i =< R=max(p, q) if C; is chosen small and C,, C; are chosen large
enough.



212 1. Berkes, L. Horvath and P Kokoszka

Let j > R and assume that (3.3)—(3.5) are valid for all i < j. Since u < I, by (3.1) we
have

cj(u) = u min c;_;(u) = Cu’.
<ks=q

1

Also, by (3.1) we have

cilws{t+hH+...+ tq)lrgkai(q ci—p(m) < pocngj*q)/q < Cgpé/q.

Finally, by (3.1) and the induction hypothesis we have, for j > R,

0 < cj(u*) _ ;kcjfl(U*) n t; cja(u®) o l‘j ¢jg(u™)
cj(u) cj(u) c;(u) cj(u)
) i) | eia®) ¢ja(u) g cjg(u*) e y(u)
=L | =2 ) +...+ 1 g
focimi(u) o oci(w) B ocia(u) T oci(u) tg cj—g(u) 7 c;(u)
-1
< (3| ma i\/l j L{t 1) + e o() + ...+ t,¢;4,(w)}| ma i
= 1sisxq ti c;(u) rej-1 2620 - T g Cjmg 1<isxq ti
tf ’
< (C;| max ~Vv1]|.
Isisq ti
Thus (3.3)—(3.5) also hold for j and the proof of Lemma 3.1 is complete. O

Next we prove similar results for the vector

{(ll) . 801'(11) Gci(u) 86’1‘(11) 661,(“) 86‘[(“)
Ci - ax 2 aSI >ttt 8Sp s 8t1 R 8tq .

Lemma 3.2. We assume that w € U. Then

6c0(u) - 1
‘ e (3.6)
821(9) —0, l=j<p, (3.7)
J
deo(w)| _ u _ .
and
ciwl/ew) < Cai, 1= < oo, (3.9)

for some constant Cy.
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Proof. Since cy(u) =x/(1 — (11 + ...+ 1)), (3.6)—(3.8) are obvious. To prove (3.9), we
begin by observing that

dci(w)

ox

0, 1<i<oo. (3.10)

Next, we show that

/ci(u)

“%"(“) <G, l<i<ool=j<p, (3.11)

st

for some constant Cs. We again use induction. Clearly, (3.11) holds for i =< R = max(p, ¢q),
provided Cs is large enough. By (3.1) we have, for i > R,

86,’(“) 80,‘_1(11) 86’,’_2(11) 6ci_q(u)
=t t ot
8sj ! 6Sj + 2 st + + a 8Sj
and since ¢; > 0, dcy/0s; = 0 (recall that ¢, is a polynomial of si, ..., s,, t, ..., t; with
positive coefficients), we conclude that
1 aci(u) 1 8ci—m(u) 1
——< — " e o tei —
c,-(u) 85‘] IISnnEISq Ci_m(ll) 8Sj { 1 1(U) + + a¢ q(u)} Ci(ll)

o 1 dci—m(u)

— max = —
Ism=q C,‘,m(u) 8sj

Hence if i > R and (3.11) holds for all indices less than i, then it also holds for i, completing
the induction step.
We must now show that

‘ag?l)/c,—(u) <Cei, l1=<i<oo,l=<j<g (3.12)
J
for some Cg. By (3.1) we have, for i > R,
Oc;(u Oc;_1(u ci_q(u
—alfj ) = Ci_j(ll) + 1 lallj( ) + ...+ tq aqtf )
and therefore
1 Jci(u)  cij(uw) 1 5Ci71(“)t ¢i—1(u) 1 8ci—q(u)t Ci—g(u)
cau) 9t;  aw) i) 95 o T w0 ! )
Since c;(u) = t;c,_;(u), we obtain that
1 Jci(u) _ 1 1 Ocip 1
ci(n) Ot; B t * 12}3% ciom(u) 0t ci(u) {nem@ + ...+ tyei g}

+ max 1 dci—m(u)

T )
u  1<m<q ci_p(0) afj

and therefore (3.12) follows again by induction, assuming that Cg is chosen larger than 1/u.
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Now (3.9) follows from (3.10)—(3.12). O

Our final lemma in this section shows that an estimate similar to (3.9) holds for the
matrix ¢/(u). We recall that |c/(u)| denotes the maximum norm of the matrix c¢/(u).
Similarly, |c§3)(u)| denotes the largest of the absolute values of the of elements of the
(hyper)matrix of the third partial derivatives.

Lemma 3.3. For all w € U, we have that
led(w)| < C7,
lef()| < Csi*ci(w), 1<i<oo,
EXCIEYe
and
[P < Cleiw),  1<i<c,

for some constants C7, Cs, Co and Cj.

Proof. Using induction, Lemma 3.3 can be derived along the lines of the proof of Lemma 3.2
and therefore the details are omitted.

4. The quasi-maximum likelihood estimators

The logarithm of the quasi-maximum likelihood function in GARCH(p, ¢) is defined as

L= —l{logw(u)+ Vi } (4.1)
n 2 k s .

I<k=n wi(u)

where

wi(w) = cow) + > ciwyi . (4.2)
Isi<oo

The functions c¢;(u), 0 < i < oo, are defined in Section 3. Putting together Lemma 2.2, (2.12)
and (3.4), we obtain that wy(u) exists with probability one. Clearly, wi(0) = o%. If we
were to assume that &, is standard normal, then, conditionally on Fj;.; =
o{e;, —oco <i<k—1}, y/or(0) is also standard normal. The likelihood in (4.1) is
derived under this assumption. However, we will show that the quasi-maximum likelihood
estimator @,, defined as

0, = argmax L,(u), (4.3)
uclU

will be consistent and asymptotically normal without assuming that & is standard normal.
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Theorem 4.1. We assume that (2.20), (2.27), (3.2) hold and

Ele)|'™ < oo,  for some 6 >0, (4.4)
1}33 f”P{gé <t} =0, for some u >0, 4.5)
and
Eel = 1. (4.6)
Then
0,2, as n — oo. 4.7)

Remark 4.1. For GARCH(1, 1), (4.7) was established by Lumsdaine (1996) under much
stronger conditions. For example, Lumsdaine assumed that Eej*> < oo and & has a symmetric
unimodal density, bounded in a neighborhood of 0. It is clear that in this case (4.5) holds for
any u < 1/2.

Remark 4.2. Jeantheau (1998) announced the weak consistency of @, as a consequence of a
more general theorem. However, his conditions are stronger than ours. For example, one of
his conditions implies that Ey?) < 0o (cf. Jeantheau (1998, p. 76)). This condition is not
required in Theorem 4.1. We wish to point out that the conditions of Theorem 4.1 also imply
(cf. Lemma 2.3) that E(yﬁ)é* < 0o for some 0* > 0, but 0™ can be very small.

We prove Theorem 4.1, as well as Theorems 4.2-4.4 below, in the next section.
We now discuss the asymptotic normality of n'/2(@, — @). Let

i) = 3 (o wiw) + 2/ we(w) “9)

and introduce the matrices Ay = cov({y(0)) and By = E(£((8)).

Theorem 4.2. We assume that (2.20), (2.27), (3.2), (4.5), (4.6) hold and

E|e2|* < oo, for some & > 0. (4.9)
Then
Ay and By are non-singular, (4.10)
6,-0-"1 3 Ta—ey WHO) By +op(n 2, asn— oo, @.11)
2.2 wi(6)
and
n'20, — 0) 2 N0, B;' AoByY),  as n — oo, (4.12)

where N(0, C) stands for a multivariate normal random variable with mean 0 and covariance
matrix C.
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Remark 4.3. Theorem 4.2 extends the central limit theorem in Lumsdaine (1996) by
removing some unnecessary conditions and allowing arbitrary p and gq.

Remark 4.4. Comte and Lieberman (2000) announced the asymptotic normality of the quasi-
maximum likelihood estimator in GARCH(p, ¢) models. However, they assume that
air + ...+ a,+p1 + ...+ f, <1, which is a much stronger condition than ours. Also
they assume that &y has an absolutely continuous density, positive in a neighbourhood of 0.
We only need (4.5).

In practice, we observe only yi, ..., y, and the logarithm of the quasi-maximum
function in (4.1) cannot be computed from our data. Hence we replace L,(u) with

Ly(u) = Hjog s i
n(w) = Z -3 ngk(“)erk(u) ,

1<k=n

where

wi(u) = co(u) + ci(wyy_;.

|<i<k-1
Similarly to (4.3), we define
6n = arg max i”(u).
uclU
The next two theorems show that our limit theorems will remain true for én.
Theorem 4.3. Under the conditions of Theorem 4.1 we have

~ a.s.
6,—0, as n — oo.

Theorem 4.4. Under the conditions of Theorem 4.2 we have

- 1 1 wir(0)
0,-0= ;1;,,5(1 - &) wi(0) By +op(n'/?), as n— oo,
and
nl/z(én — O)EN(O, Bo_leBal), as n — oo.

Remark 4.5. We note that Ag = —3(Eej — 1)By. So if Eej =3, as in the case of standard
normal random innovations, then Ay = —By.

Remark 4.6. We note that Theorems 4.3 and 4.4 remain true if wy(u) is replaced by
Wi(u) + vx(), if supuer (05 ()] = O(p*) as. for some 0 < g < 1. This claim will be
immediate from the proofs of Theorems 4.3 and 4.4.
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5. Proof of Theorems 4.1-4.4

We start with some technical results.
Lemma 5.1. We assume that (3.2), (4.5) hold and

Elel|” < oo, for some y > 0.

Then, for any 0 <v <y, we have

2 v
o
E{ sup —— 3 < 0
uclU Wk(u)
Proof. For any M = 1, we have
2 2 2
0% < oy _ o5
weW) 3oy Yicepci(Wer_ 07

217

(5.1)

(5.2)

(5.3)

Since 03 | > pio3_, |, 1<is<gq,and 05 | > a;)5 ; ;, | <i< p, and since 0 |, = o,

we obtain

0} otayitoyi, ot ey, ot + ..+ ot

07 0%
aed 0%, a a3 a,
sl+——+—+—+...+
0% ai (25) Ap-1
ﬂZ ﬁ3 ﬂq
+h+ T+ o
ﬂl ﬁZ ﬂqfl

< Ki(1+¢_)),
for some constant K; > 1. It follows from (5.4) that
0% M 2 :
=K I[ a+&_). foralll<is<m,
k—i 1</<M
and thus (5.3) yields, in view of (3.3),
0% - M 1+ E%c—j

wi(u) 1S j=M D i=ienCi(WEL_;

= B

14+&2_ .
“ kot [ =

2
1sj'sMZ I<isME&_;

for some K>, since u € U. The Holder inequality yields, for any 0 < v <,

(5.4)
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o2\’ N\ VY vy /=y I
E(sup — | < kM |E 1+¢€_ ) E e, :
(“GU Wk(“)> ? 1<1]‘1M = 12<3M !

By (1.4) and condition (5.1) we have

E( IT a +g§c_iy> = (E(1+¢)")" < oo,
1<j=M '
and therefore it is enough to prove that
—vy/(r=v)
E Z ef < 0.
1<i=M

Condition (4.5) implies

—vy/(y=v)
P & > %< P{ Y es t‘(V‘”)/(W)}
IsisM IsisM

< (p{g% < t*(V*V)/(W)})M

< Kyt Mur=n/m) < g2

(5.5)

for all +=1, for some constant K3, if M =2vy/(u(y —v)). Hence (5.5) is proved,

completing the proof of Lemma 5.1.
Lemma 5.2. We assume that (3.2) holds and

E|y3|? < oo, for some 6 > 0.

Then for any v > 0,

E<Sup Zl€i<ooi3ci(u)y%(—i > < 0.

wev 1+ Zl§i<ooci(u)yi—i

Proof. For any M = 1, we have

3 2 3 2
D l=icool Ci(“)J’k;i < D i=izul Ci(“))z’kfi i Z i3ci(u)yi_,-
L+ cienciWyi Dy 57

< M+ Z i3ci(u)y§{7i.

M<i<oo

O

(5.6)

(5.7)

(5.8)

We pick constants p(l)/q <px <1, pyx >1, such that pypuy <1 and take M =
My(Cy, ps, pxx) (Cy is from (3.4)) large enough. Then using (3.4), (5.6) and the Markov

inequality, we obtain for all # > 0 that
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{sup Z Pei(u)y; 1>t} P{Cz Z z3p6/qy%{l }

wel /=i M<i<oo

=l ¥ o]

M<i<oo

—1
i Pk —i
< E PLyi > tp () pll
M<i<co { ‘ ¥ (,0**—1> **
20— of Prx \° io
= 3 Ao =) v 69
ok

M<i<oo

- p
<t ‘5E|y§|6( ** ) Z (P*P>)<>o<)l(3

M<i<oo

E|)’0|‘5 Pxx 0 0 Mo
< 1 (P Pxex)
I - (P*P**)a (p** - 1) e

Let ¢ > 2max(M3, 1) and M = (2/2)!/3. Putting together (5.8) and (5.9), we conclude that

P sup Zlii<oci3ci(u)y%{7i >t < K4e*K511/3
wet 1+ e ciwyi

for constants K, and Ks, completing the proof of Lemma 5.2. U

Lemma 5.3. We assume that (3.2), (4.4), (4.5) and (5.6) hold. Then

Vi n
E su - 5.10
S Tu =] | wew) W) 510
and
1
E sup —— |log wi(u) — log wi(v)] < co. (5.11)
uveU U — V|

Proof. According to the mean value theorem there exists § € U satisfying |§ — u| < |u — v/,
|& — v| < |u—v]| such that

2 2
‘ Vi _ Vi (512)

wi(w)  wi(v) |

‘ ‘ wi(§)

- ‘Wk(‘:&) wi(&) |

By Lemma 5.1, (4.4) and the independence of &; and o, we have that
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L\ 102 L\ 102
E<sup yk) :E(ei)‘”/zE(sup 0") < . (5.13)

wet Wr(w) ueU Wi(u)
Using Lemma 3.2, we conclude that

wi(u)
wi(u)

< K sup co(u) + Z]sKooici(“)Y%ﬁi

wet L4320 ciw)yg
and therefore Lemma 5.2 yields

(2+0)/0
E(sup ) < 00. (5.15)
uclU

The Holder inequality, (5.12), (5.13) and (5.15) imply (5.10).
Using the mean value theorem again, we obtain that

[log wi(u) — log wi(v)| < [u —v| ggg »v:ig

and therefore (5.15) yields (5.11). Ol

, (5.14)

uelU

wi(u)
wi(u)

s uveUuU,

Lemma 5.4. We assume that (3.2), (4.4) and (4.5) hold. Then

a.s.
— 0, as n — 0o,

L - Lw
n

sup
uclU

where

2
L(u)%E{long(u)wL %0 }

wo(u)

Proof. From Lemma 2.3 we have that (5.6) is satisfied. Using Lemma 3.1, we obtain that

0<C <wi(u) <G <1 + > pg/qyil).

I=si<oo

By Lemma 2.3, E(1 + Zngoopé/qyifi)‘)* < 0o, with the assumption that 0" < 1. Hence

Ellog wo(u)| < oo (5.16)
and, by (4.4) and Lemma 5.1,
2 2
Yo 2n %0
= E¢ E < 0. 5.17
o 0w G17

By (1.7) there is a function g such that y; = g(&, €x—1, ...) and therefore, by Theorem 3.5.8
in Stout (1974), y; is stationary and ergodic. By (5.16) and (5.17) we can use the ergodic
theorem and obtain that, for any u € U,
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lL,,(u) — L(u) a.s.
n

Next we write
1 1
sup [L,(u) — L,(V)|—— == P
u,vepU| n( n( | ‘ll - V| 2 1;,,17
where
Vi %
wi(w)  wi(v)

wveU (U —V }
Again using Theorem 3.5.8 in Stout (1974), we conclude that #; is a stationary and ergodic
sequence, and by Lemma 5.3 we have that Eny < co. So, using the ergodic theorem again,
we obtain that

1
Nk = sup v { |log wi(u) — log wi(v)| + ‘

LS o,

I<k=n
showing that

# = 0(1) as. (n — 00).

Su
p lu—v]

uvelU

Y- L,
n n

Thus the sequence L,(u)/n is equicontinuous with probability one, it converges a.s. to L(u)
and U is compact; hence the uniform convergence of L,(u)/n follows. O

Lemma 5.5. If the conditions of Theorem 4.1 are satisfied, then L(u), u € U has a unique
maximum at 6.

Proof. Since wy(0) = 0} and E(y3/wo(u)) = E(c3/wo(u)) by (5.17) and (4.6), we have

11 o o
L) — L(u) = ~5 + EE <w0(u) — log wo(u)>‘ (5.18)

The function x — log x is positive for all x > 0 and reaches its smallest value at x = 1. Thus,
L(u), u € U, has an absolute maximum at 6.
Assume that L(u™) = L(0) for some u® € U. By (5.18) and the remark following it, we

have 03 = wy(u*) a.s. Using Theorem 2.3, we obtain that c;(0) = c;(u*) for all 0 <i < oo

and therefore, in view of (4.2), 0% = wi(u®). Thus, letting u* = (x*, s}, ..., sf,,
..., tj), we have

ol =wi@ =0+ay, | +...+ ocpyiﬁ7 +Bio% .+ ,Bqaifq (5.19)
and

a%( = wi(u®) =x* + sTﬁFl 4+ ...+ s’;yifp + t’lkoifl + ...+ t:aifq (5.20)

for all —oo < k < oo. Using Corollary 2.1, we conclude that u* = .
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Proof of Theorem 4.1. Clearly, U is a compact set. We have also shown that L,(u)/n
converges uniformly to L(u) on U with probability one (Lemma 5.4) and proved that L(u)
has a unique maximum at u = @ (Lemma 5.5). Therefore standard arguments show that the
locations of the maxima of L,(u)/n converge a.s. to that of L(u). O

Lemma 5.6. If the conditions of Theorem 4.2 are satisfied, then

1 a.s.
sup ‘—L’,,(u) —L'(w)| =0 (5.21)
ucU | 1
and
1 5.
sup |— Li(u) — L"(w)| 230, (5.22)
ucU | 1
as n — oo.

Proof. From (4.8) we obtain

&(u):—l{w;‘(“) 2 Ok Wf‘(“)} (5.23)

2l wiw) T Fwi(u) weu)

and

é;(’(u) -5 wr(w) ) wi(n)  wi(u)

; { (w;c(u))Twuu) | wiw

e (wz(u))Twz(u) 2 0% wzﬁ(“)}, (5.24)

Sy \we(w) ) wi(w) F wg(u) wi(u)

Note that £} (u) and ¢/(u) are stationary and ergodic sequences. Using Lemmas 3.2, 3.3, 5.2
and relation (5.14), we obtain that

v

wo(u)

E su
D wo(u)

uelU

and

wil(w) |”

E su
i wo(u)

uclU

for any v > 0. Therefore by Lemma 5.1 and equations (5.23) and (5.24) we obtain that
E supyev [£6(u)| < oo and E supyey |£§(n)| < co. Thus an application of the ergodic theorem
yields Lj(u)/n — L'(u) a.s. and L,(u)/n — L"(u) a.s. for any u € U. The proof of the
uniformity follows similar lines to the proof of Lemma 5.4. ]

Lemma 5.7. If the conditions of Theorem 4.2 are satisfied, then A is non-singular.
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Proof. The existence of cov(/)(@)) is an immediate consequence of (5.15) and condition
(4.9). Let W, = wj(0). From the recursion formulae for ¢;(u) at the beginning of Section 3,
we easily obtain

wir(n) = x + Z siyifi + Z tiwi_j(u). (5.25)
I<i<p 1=/=q
Differentiating (5.25) with respect to its variables u = (x, s, ..., 5,, 1, ..., S4) We obtain
that
Wi=pWi1 + ...+ BgWi—g + @r, (5.26)
where @i = (@rp, ..., Pk pt+q) 15 given by
Pro=1,
QDk,l = y%cfla crt @k,p = yifpa
_ 42 _ 2
Pr.ptl = 0415 -+ s Phoptq = O ¢

Next we show that there exists no real vector A € R?*4+! 2 =£ 0, and integer k such that
AW = 0 with probability one. (5.27)

Let us assume that (5.27) holds for some 4 # 0 and for some integer k. Then by stationarity,
(5.27) holds for all integers k. Hence (5.26) and (5.27) imply l(p{ =0 for all £. However,
this contradicts the minimality of (1.2), which follows from the assumptions of Theorem 4.2.

We have thus proved that (5.27) and consequently A(wj(@)/wo(0))T =0 holds with
probability one only if 4 = 0. Hence cov(wj(6#)/wo(@)) is non-singular. Observing that
w5(6)
wo(6)
and since e% and wj(0)/wo(0) are independent and E(s(z) — 1)2 # 0 by (2.20), we obtain that
cov(£y(@)) is also non-singular.

§0) = 33— 1) (5.28)

Proof of Theorem 4.2. By (4.1) and (4.2), L,(u) is twice continuously differentiable on U
and reaches its maximum at @,, which, for sufficiently large », is an inner point of U by
(3.2) and (4.7). Thus there is a random index ny such that

Ly(0,) =0, if n= ny. (5.29)
Therefore for n = ny we have Lﬁ,(én) — L,(0) = —L,(0), so by the mean value theorem for
the coordinates of L), = (L}, ..., Ly, p+q) We have

0, —-0)Ly(E)=—Li(0), 0<i<p+gq,

where §,; is between én and 6. So, using Lemma 5.6 and the continuity of L”(u), we obtain

0, — 0)(By + o(1)) = —%L;(G) as. (5.30)
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By (5.23) we have

wi(0)
wi(0)
In view of (4.6), E((¢4(0))"¢(0)), j # k, is the zero matrix, and thus we conclude that

GO =3 -1 (5.31)

cov(n’l/szq(O)) — Ao (5.32)

By Lemma 5.7, Ay is non-singular and therefore (5.30) implies the non-singularity of Bj.
If n is large, then (By + o(1))~! exists and equals Bal + o(1). By (5.32) and the Markov
inequality we have L;(G)/nl/2 = Op(1), and thus (4.11) follows from (5.30) and (5.31).
Since (;(0) = ¥(e7 — 1)f(7_y, €;_5, --.) for some measurable function f, (i(0) is a
stationary martingale difference sequence. By Theorem 3.5.8 in Stout (1974) it is also
ergodic. The covariance matrix of (7 — D(wi(0)/wi(@)B;' is By'AgBy', so the
Cramér—Wold device (cf. Billingsley 1968, pp. 48—49) and Theorem 23.1 of Billingsley
(1968, p. 206) shows that (4.11) implies (4.12). U

Lemma 5.8. If the conditions of Theorem 4.1 are satisfied, then

sup | ) (log wy(w) — log wy(w)| = O(1) (5.33)
ue 1<k=n
and
WEW W [ s
b I;k;n<wk(u) wk(u)) = o), (5.34)

as n — OoQ.

Proof. Since wi(u) = C; and wi(u) = C, for all u € U and some positive constant C; (cf.
Lemma 3.1), by the mean value theorem and (3.4) we have

1
[log wi(u) — log wi(w)| < I [wi(u) — Wi (u)]

C .
S DA (5.35)

I i<i<oo
G g '
SS S g,
1 0<,;<c0

By Lemmas 2.2 and 2.3 the sum >, <00 pé/ 192 ; is convergent with probability one. Hence

<K > ot Y m”

0< /<00 I<k=n

sup
uclU

> (log wi(w) — log i (w))

I<k=n

= 0(),
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proving (5.33). It is easy to see that

wi(u)  wi(u) _ , -, 1 wi(u) .
— ———| =< — sup |wi(u) — wi(u)| + — su sup |wr(u) — wy(u)|.
) e | = € il — ]+ & | s ) — )

By (5.35) we obtain

wi(u) . ~ wi(w) | g
sup sup [wi(w) — wi(w)| < Ks Y pg 5%, S sup 5"

1572 veU | We(W) ueu 0<j<00 1570 uet | Wi(w)

< 00 a.s.

for some constant Kg; in the last step we used Lemma 2.2 and (5.15). By Lemmas 3.1 and
3.2 there exist Ko and 0 < p < 1 such that |c/(u)| < Kop', u € U, for all 0 < i < co. Hence

Z sup |[wi(u) — wi(u)| < Ky Z oy

I<k=n Y€ I<k<n k<i<oo
WIS
0<,<oco I<k<oco
completing the proof of (5.34). U

Lemma 5.9. [f the conditions of Theorem 4.1 are satisfied, then

sup | 3 i ) = 0(1) (5.36)
o] 22 \wvew) e '
and
o [ wik(w)  wi(w) ) | as.
- 01 3
sup I;k:g”yk<wi(u) wk(u)> (1), (5.37)
as n — oQ.

Proof. By (5.35) we have

wi(u) — wi(u)
Wwi(u)

2
sup Vi

C2 i/q .2 y%c k/q
<& pil1y2 su k.
wet 52, wi(w) G Z 0 Z i 0

057200 |=fizoo UEU wi(u)

We note that sup{y%/wi(u), u € U} is a stationary sequence and, by (4.4) and Lemma 5.1,

2\’ 2 \”
E{sup 20| = E(e2)"E | sup % ) < (5.38)
uelU WO(“) uelU WO(“)

for all v <1+ . Thus an application of Lemma 2.2 yields that
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2
p Lpg/q < o0 a.ss.,

1<k<oo uelU Wk(u)
completing the proof of (5.36). The proof of (5.37) is similar to that of (5.34) and (5.36), and
therefore the details are omitted. O

Proof of Theorem 4.3. Lemmas 5.8 and 5.9 imply that

sup =o(1),

uclU

L — L L
n n

and therefore, by Lemma 5.4,

sup lL~,,(u) — L(w)| = o(1).
ucU | 1

Thus 8, — 0 a.s. follows as in the proof of Theorem 4.1. U]

Proof of Theorem 4.4. Observing that supyey |Ly(u) — L, (u)| is bounded by the sum of the
left-hand sides of (5.34) and (5.37), and using Lemmas 5.8 and 5.9, we obtain under the
conditions of Theorem 4.4 that
a.s. l
= 0(—). (5.39)
n

Similarly to the proof of Theorem 4.2, there is a random variable n, such that
L6, =0, if n=n. (5.40)
Using (5.29), (5.39) and (5.40), we obtain that
1 1

n n

1, 1,
sup ;Ln(u)_;Ln(u)

ucU

Ly(0,) ——Li(0,) = %L;(én) - %Z;(én) + OCZ) = O(i) a.s. (5.41)

By (5.22) and a coordinatewise application of the mean value theorem, we obtain that
1

n

Ly(8,) = (0, —0,)L"(O)(1 + o(1)) as.,

- ~ 1
|6, — 6, = O(—) a.s.
n

Hence Theorem 4.4 is an immediate consequence of Theorem 4.2. O

L6, -
n

and therefore (5.41) implies

Proof of Remark 4.5. By (5.23) we have (y(0) = —%(1 — &3)wj(0)/03 and therefore

’ T ’
E(6,(0)74)(8)) = %E(l — &2)E <Wg(f )> (WO(ZB )). (5.42)

0 g%

Similarly, on account of (5.24) and Ee} = 1, we have
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w1 wo(0)\ " [ wo(0) w((0) wo(0)\ " [/ wh(0) w((0)
EM’)“E{‘E( o7 ) ( o2 )*E( o2 )”E( o7 ) ( o2 )‘E< o2 )}

1 ’ T ’
- _'g (W0(20)> <W0(20)> . (5.43)
2 o} o
Comparing (5.42) and (5.43), we obtain Remark 4.5. O
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