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ABSTRACT

Context. Current models of the size- and radial evolution of dust wtgplanetary disks generally oversimplify either the ahévo-
lution of the disk (by focussing at one single radius or byngsiteady state disk models) or they assume particle granghoceed
monodispersely or without fragmentation. Further studigsrotoplanetary disks — such as observations, disk clignaied structure
calculations or planet population synthesis models — diperthe distribution of dust as a function of grain size ardialgposition

in the disk.

Aims. We attempt to improve upon current models to be able to ifgegst how the initial conditions, the build-up phase, arel th
evolution of the protoplanetary disk influence growth armshgport of dust.

Methods. We introduce a new version of the model of Brauer et al. (2008yhich we now include the time-dependent viscous
evolution of the gas disk, and in which more advanced inpysiels and numerical integration methods are implemented.

Results. We show that grain properties, the gas pressure gradieshtharamount of turbulence are much more influencing the evolu
tion of dust than the initial conditions or the build-up paad the protoplanetary disk. We quantify which conditiongovironments
are favorable for growth beyond the meter size barrier. High surface densities or zonal flows may help to overcomertiBgm

of radial drift, however already a small amount of turbukeposes a much stronger obstacle for grain growth.

Key words. accretion, accretion disks — circumstellar matter — sfarsation, pre-main-sequence — infrared: stars

1. Introduction While the existence of this meter size barrier (ranging @t fa

. . ._from a couple of centimeters to tens of meters at 1 AU) has been
The question of how planets form is one of the key questiopgoyn for over 30 years, a thorough study of this barriefide
in modern astronomy today. While it has been studied for ey 5| known mechanisms that induce motions of dust grains
turies, the problem is still far from being solved. The agaio i, nrotoplanetary disks, and at all regions in the disk, fari
eration of small dust particles to larger ones is believeetat s conditions in the disk and forférent properties of the dust
least the first stage of planet formation. Both laboratonyex (g,ch as stickingféiciency and critical fragmentation velocity),
iments Blum et al. 200pand observations of the In SPeC- |55 heen only undertaken recently (8883. It was concluded
tral region Bouwman et al. 20Q1van Boekel etal. 20Qon- 4 the barrier is indeed a very strong limiting factor ie fbr-
clude that grain growth must take place in circumstellakslis a4ion of planetesimals from dust, and that special partielp-
The growth from sub-micron size particles to many thousang,, mechanisms are likely necessary to overcome the barrie
kilometer sized planets covers 13 orders of magnitude itisdpa . . .
scale and over 40 orders of magnitude in mass. To assemble aH((j)vaver, éh'ls work kwas baﬁed on a Etat:;:’ nqn-ev?lvu]g
single 1 km diameter planetesimal requires the agglonwerafi gas 'Sf model. It is nowrr: tda.‘t koyer I; el urat|o|n 0 é e_
about 167 dust particles. These dynamic ranges are so phendyfnet formation process the disk itself also evolves dra

enal that one has to resort to special methods to study thﬁ@romaﬂcalg éLy“d?gbBoell & Eriﬂgle 197#Hartmztir?n etal. 1998 f
of particles though aggregation in the context of plan@t{el ueso untio 3 which may influence the processes o

formation. _dust coagulation and fragmentation. It is the goal of thjzgudo

A commonly used method for this purpose makes use @ﬁroduce a combined disk-evolution and dust-evolutiordeio

particle size distribution functions. The time dependevi-e Yr\;l;(t:rila?l\?glcl)rg:ictli:ge?aaclj(ijgllt(ljoenaelnpdhgr?é?:o\flvf?a{ncm“éi?a;ﬁ)ﬁg{
lution of these particle size distribution functions haseibe ’ P 9

studied by Weidenschilling (1980, Nakagawa et al (1987, velocities and the Stokes-drag regime for small Reynolas-nu
Dullemond & Dominik (2005, Brauer et al (20083 (hereafter bers. o ) ) )

B089 and others. It was concluded that dust growth by co- The aim is to find out what theffect of disk formation and
agulation can be very quick initially (in the order of thonda €volution is on the process of dust growth, how the initiad-co
years to grow to centimeter sized aggregates at 1 AU in the g(_mons dfect the flnql outcome, and W_hether certain obs_ervable
lar nebula), but it stalls around decimeter to meter sizetdueSignatures of the disk (for instance, its degree of dussiras
what is known as the “meter size barrier”: a size range withf 9iven time) can tell us something about the physics of dust
which particles achieve large enough velocities to undelgo 9rowth.

structive collisions and fast radial inward drift toware tbentral Moreover, this model will serve as a supporting model for
star (Weidenschilling 1977Nakagawa et al. 1986 complementary modelingfierts such as the modeling of ra-
diative transfer in protoplanetary disks (which needs rimia-

* Deceased September 2009. tion about the dust properties for the opacities) and modedf
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the chemistry in disks (which needs information about thalto Xy = f_z py(2)dz is the gas surface densitythe radius along
amount of dust surface area available for surface chenisiry the disk mid-plane andy the gas viscosity. The source term on
this paper we describe our model in quite some detail, angl ththe right hand side of Ed., denoted bys, can be either infall of
provide a basis for future work that will be based on this nbodematerial onto the disk or outflow.

Furthermore, additional physics, such photoevaporation o The molecular viscosity of the gas is too small to account for
layered accretion can be easily included, which we aim tandorielevant accretion onto the star, the time scale of viscuakie
the near future. tion would be in the order of several billion years. Obseraed

As outlined above, this model includes already many praretion rates and disk lifetimes can only be explained thalent
cesses which influence the evolution of the dust and the gascosity drives the evolution of circumstellar disks. Téfere
disk. However, there are several aspects we do not incluBleakura & Sunyae(1973 parameterized the unknown viscos-
such as back-reactions by the dust through opacity or colléty as the product of a velocity scale and a length scale. The
tive effectsWeidenschilling1997), porosity dfects Ormel et al. largest reasonable values for these scales in the diskepeeab-
20079, grain charging@kuzumi 2009 or the “bouncing barrier” sure scale heigiti,
(Zsom et al., in press). H-G 3)

This paper is organized as follows: Sectdmvill describe o
ggscgnm dpgsgt?gsovzéﬂzgntﬁgetlenglgg?ugretgiéi/ﬂﬁzci{%nu %nd the sound speed Therefore the viscosity is written as
the disk and the physics of grain growth and fragmentation. | Vg = @ Cs H (4)
Section3 we will compare the results of our simulations with 9 P
previous steady-state disk simulations and review theeafen- \hereq is the turbulence parameter amd 1.

tioned growth barriers. As an application, we show hoffiedent Today it is generally believed that disks transport angu-
material properties inside and outside the snow line caseayar momentum by turbulence, however the source of this tur-
a strong enhancement of dust within the snow line. Seationpylence is still debated. The magneto-rotational insitsbis

summarizes our fin.dings. A detailed description of the nimethe most commonly accepted candidate for source of turbu-
cal method along with results for selected test cases caminelf |ence Balbus & Hawley 1991 Values ofa are expected to

in the Appendix. be in the range of 1§ to some 10? (seeJohansen & Klahr
2005 Dzyurkevich et al., in press). Observations confirm
2 Model this range with higher probability for larger values (see

Andrews & Williams 2007.

The model presented in this work combines a 1D viscous gas If the disk becomes gravitationally unstable, large scale
disk evolution code and a dust evolution code, takifigats of mechanisms of angular momentum transport such as through
radial drift, turbulent mixing, coagulation and fragmdida of the formation of spiral arms come into play. The stabilitytiod
the dust into account. We model the evolution of gas and dwlsk can be described in terms of the Toomre paramé&tarfire
in a vertically integrated way. The gas disk is viscouslylevo 1964
ing after being built up by in-falling material from a collsipg Gl (5)
molecular cloud core. - nGXy’

The radial distribution of grains is subject to gas dragiaiad . i
drift, and turbulent mixing. To which extend eacffest con- Values below a critical value @, = 2 describe a weakly unsta-
tributes, depends on the grajas coupling of each grain size. Byble disk, which forms non-axisymmetric |nsta.b|I|t|es Ilkplral
simultaneously modeling about 100-20GFelient grain sizes, arms.Q values below unity lead to fragmentation of the disk.
we are able to follow the detailed evolution of the dust sigked T he efect of these non-axisymmetric structures is to trans-
being the superposition of all sizes of grain distributions port angular momentum outward and rearranging the surface

So far, the evolution of the dust distribution depends on ti§nsity in the disk so as to counteract the unstable confignra
evolving gas disk but not vice versa. A completely self censiThis mechanism is therefore to a certain extent self-Imgiti
tently coupled code is a conceptually and numerically emaj Values aboveé), are not influenced by instabilities, values be-

ing task which will be the subject of future work. low Qg form instabilities which increas® until the disk is
marginally stable again. Our model approximates this mecha

nism by increasing the turbulence parameterccording to the

2.1. Evolution of gas surface density recipe ofArmitage et al(2001),

Our description of the viscous evolution of the gas diskdial 2

closely the models described byakamoto & Nakagawgl1994 a(r) = ap + 0.01 (L) -1{, (6)
andHueso & Guillot(2003. In this paper we shall therefore be min(Q(r), Qcr)

relatively brief and put emphasis onfidirences between those

models and ours. whereqy is a free parameter of the model which is taken to be
The viscous evolution of the gas disk can be described by thé >, unless otherwise noted.
continuity equation, During the time of infall onto the disk, we use a constant,
high value ofa = 0.1 to mimic the &ective redistribution of
% _ }ﬁ( ru ) -s 1) surface density during the infall phase which also incredise
R S A overall stability of the disk. Once the infall stops, we gratly
where the gas radial velocityu; is given by (see deqr(_aase the tu_rbglence parameter on a timescale of 10 860 ye
Lynden-Bell & Pringle 197} until it reaches its input value.
Eq.1is a difusion equation, which is $ti This means, one
U= 3 4 (2 ” \/F) 2) faces the problem that the numerical step of an explicigirae
9 S T Or 97e Y- tion scheme goes Ar? (whereAr is the radial grid step size)
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which would make the simulation very slow. One possible solu  The diferent regime'sare
tion to this problem is using the method of implicit integoat

This scheme keeps the small time scales fifidion i.e. the fast 2:% for Amp/az g Epstein regime
modes in check. We are not interested in these high frequency
modes, but they would become unstable if we used a large time 2psa’ forRe < 1 Stokes regime 1
step. With an implicit integration scheme (see Sec#oh) the Ovmol £g
time step can be chosen larger without causing numerict@-ins s = 206 ,_g16 ) (10)
bilities, thus increasing the speed of the computation. W for 1 < Re <800 Stokes regime 2
Ds A H
2.2. Radial evolution of dust i/g_“ for Re > 800 Stokes regime 3

Hereu denotes the velocity of the dust particle with respect to
the gasu = csV/8 denotes the mean thermal velocity of the
gas moleculegys is the solid density of the particles apg is

If the average dust-to-gas ratio in protoplanetary disks ihe
order of 102 (as found in the ISM), then the dust does not d
namically influence the gas, while the gas strongleets the the local gas density.

dynamics of the dust. For now, we will focus on the Epstein regime. To calculate
Thermally, however, the dust has potentially a massive-inflthe Stokes number, we need to know the eddy turn-over time.

ence on the gas disk evolution throughiits opacity, but wensti - As noted before, our description of viscosity comes from-a di

include this in this paper. Therefore the evolution of the dak mensional analysis. We use a characteristic length $gaiad a

can, in our approximation, be done without knowledge of theharacteristic velocity scaé, of the eddies. This prescription is

dust evolution, while the dust evolution itseldes need knowl- ambiguous in a sense that it does not specify if angular memen

edge of the gas evolution. tum is transported by large, slow moving eddies or by smest, f
There might be regions, where dust accumulates (such asfit@ving eddies, that is

mid-plane of the disk or dead-zones and snow-lines) and-its i 4 1q

fluence becomes significant or even dominant but we will not vg = (@Ve) - (@ Le). (11)

include feedback of such dust enhancements onto the disk evo This is rather irrelevant for the viscous evolution of the ga

lution in this paper. disk, since all values off lead to the same viscosity, but if we
For now, we want to focus on the equations of motion of dustlculate the turn-over-eddy time, we get

particles under the assumption that gas is the dominantialate

by mass. The interplay between dust and gas can then be de- Ted= 2nle — gl i (12)

scribed in terms of a dimensionless coupling constantStibles Ve Qx

number which is defined as

The Stokes number and therefore the dust-to-gas coupling as
well as the relative particle velocities strongly dependtio@

Ts eddy turnover time and therefore gnIn this workq is taken to
St= P (") beo.s (followingCuzzi et al. 2001Schrapler & Henning 2004
ed . R
which leads to a turn-over-eddy time of
whererqq is the eddy turn-over time and is the stopping time. Ted = Qi (13)
k

The stopping time of a particle is defined as the ratio of
the momentum of a particle divided by the drag force acthe Stokes number then becomes
ing on it. There are four ¢lierent regimes for the drag force ‘a x 9
which determine the dust-to-gas coupling (8&&ipple 1972 st=2. 1 fora < — Amep. (14)
Weidenschilling 197) Which regime applies to a certain parti- g 2 4
cle, depends on the ratio between mean free paghof the gas
molecules and the dust particle seé.e. the Knudsen number)
and also on the particle Reynolds-numBer= 2au/vmg with

vmol being the gas molecular viscosity g 10
- Fa(r Fiot) = 0, (15)
1_ where the total Fluxkt has contributions from a fiusive and
vmol = 7 Udmfp, (8) an advective flux. The dusive part comes from the fact that
the gas is turbulent and the dust couples to the gas. The dust
is therefore turbulently mixed by the gas. Mixing countésac
uthe mean thermal velocity. The mean free path is taken to b@radients in concentration, in this case it is the dustee-gtio
of each size that is being smoothed out by the turbulence. The
diffusive flux can therefore be written as

The overall radial movement of dust surface densjfgan now
be described by an advectionffdision equation,

1
— 0 (X
Amip = oH, ©) Fair = —Da o (z—d) ‘g (16)
9

] ) ! 1t should be noted that “Stokes regime” refers to the regirhene
wheren denotes the mid-plane number density ang = 2x  the drag force on a particle is described by the Stokes lavis-isot
1071 cn. directly related to the Stokes number.
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The ratio of gas dfusivity Dy over dust difusivity Dy is called T Teeni =8 AV 1]
the Schmidt number. We folloWoudin & Lithwick (2007, who = — - Toeny = 33 AU
derived - rt:entri =100 AU
D oL J
Sc= 2 -14+S8 an °
Dqg
and assume the gasfidisivity to be equal to the turbulent gass 14¢| |
viscosityvg. :
The second contribution to the dust flux is the advective flu f
10°F W E
Fadv=2d - U, (18) h N
whereu is the radial velocity of the dust. There are two contri 102 ANN R i
butions to it, N
Ug 2Un \ S
U = - . 19 s ~ \
‘T 1+Sf  St+St! 9 gl 1 1 o
. . . . 10 10° 10 10°
The first term is a drag term which comes from the radial mov r [AU]

ment of the gas which moves with a radial velocityugf given

by Eq.2. Since the dust is coupled to the gas to a certain exteﬂfdg. 1. Total amount of in-fallen surface density as function of

the radially moving gas is able to partially drag the dushglo radius according to the Shu-Ulrich infall model (see Setc2id)
The second term in EQL9 is the radial drift velocity with assuming a centrifugal radius of 8 AU (solid line), 33 AU

respect to the gas. The gas in a Keplerian disk does in facemddashed line), and 100 AU (dash-dotted line).

sub-keplerian, since it feels the force of its own pressuadignt

pehorter than the radial drift time scale of the gas. The &eth

point of view of a (larger) dust particle, there exists a ¢cans Mal vertical density structure is then given by

head wind, which causes the particle to loose angular mament 12

and to drift inwards. This depends on the coupling between th p4(2) = po exp(—— _] (22)
gas and the particle and is described by the second term in Eq. 2 H,%

19. u, denotes the maximum drift velocity of a particle,

where s
9Py _ g9
P po = : (23)
Up = —Eg - =& (20) V27 Hp

2pg O’
The viscous heating is given Nakamoto & Nakagawé1994)
which has been derived byeidenschilling(1977. Here, we

introduced a radial drift faciency parameteEy. This parame- a0\

ter describes howftcient the radial drift actually is, as several Q:=Zgg (r 7) ’ (24)

mechanisms such as zonal or meridional flows might slow down

radial drift. This will be investigated in Sectidh5. were vy denotes the turbulent gas viscosity &g the Kepler
Putting all together, the time dependent equation for tine sfrequency.

face density of one dust species of magss given by Nakamoto & Nakagawé1994 give a solution for the mid-

plane temperature with an optically thick and an optical tian-
ozl 14 S e 4 tribution,
d i i i d i
— +==3r-|Z-u-DYy —| =24 =Sy 21
ot rar{{d’ 4 oarlzg) 7° @ (@D 9 /3 1
Tra=—|sTR+ 5— |Zga 2 Q+ T (25)
i . A 3 80'5 8 2 Tp
where we have included a source tegfnon the right hand side
which can be positive in the case of infall or re-condensatib where we usedy = acsHp and the approximationgp =
grains and negative in the case of dust evaporation or oflowzpXy/2. kg and«p are Rosseland and Planck mean opacities
This source term does not include the sources caused byleeagwhich will be discussed in the next section.

tion and fragmentation processes (see Se@i6éri). All sources Tir contains contributions due to stellar or external irradia-
will be combined into one equation later which is implicitty  tion. Here, we use a formula derived by Ruden & Pollack (see
tegrated in an un-split scheme (see SecAd3). Ruden & Pollack 1991App. B),

Note that both, the dliusion codicient and the radial veloc- )
ity depend on the Stokes number and therefore on the size of th 2 (Ri\® 1 (R.\2(Hp) (dInH, i
particle. ir = lx- [§ ( ) ( ) ( ) (W - 1)] . (26)

with a fixed dirHp/dinr = 9/7, following Hueso & Guillot
(2009.

The vertical structure can be assumed as being in hydro- The main source of opacity is the dust. Due to viscous heat-
static equilibrium at all times if the disk is geometricathyin ing, the temperature will increase with surface densityth
(Hp(r)/r < r) and the vertical sound crossing time is muckemperature rises above 1500 K, the dust (i.e. the source of

—_ + —_ —_—
r 2 \r r

2.3. Temperature and vertical structure
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opacity) will evaporate, which stops the disk from furtheatr Whitehouse & Bate 2006 However, to be able to study gen-
ing until all dust is vaporized. To simulate this behavioiour eral trends of the infall phase, we use the Shu-model sirise it
model, we calculate a gas temperature (assuming a smaill, cadgjustable by a few parameters whose influences are easy to un
stant value for gas opacity) in the case where the dust tempagrstand. In this model the collapse proceeds with an irdid!
ature rises above the evaporation temperature. Thgnis ap- of m, = 0.975c¢2/G which stays constant throughout the col-

proximated by lapse.
Tmid = Max(Tgas Tevap). (27) We assume the singular isothermal sphere of lgsq to
, be in solid body rotatiof)s. If in-falling material is conserving
only if Tmig from Eq.25would be larger thaifevap its angular momentum, all matter from a shell of radigsvill

This is a thermostatfgect: if T rises above 1500 K, dust will fa)| onto the star and disk system (with masg(t)) within the
evaporate, the opacity will drop and the temperature sta@sibt ¢ called centrifugal radius,

T = 1500 K. Once even the very small gas opacity is enough

to get temperatures 1500 K, all the dust is evaporated and the Q2ré 08
; r )= —=,

temperature rises further. cent(t) G Meen(t) (28)

2.4. Opacity whereG is the gravitational constant amgl= 0.975- cst/2. The

path of every parcel of gas can then be described by a ballisti
In the calculation of the mid-plane temperature we uswbituntilit reaches the equatorial plane. The resultiog/fbnto
Rosseland and Planck mean opacities which are being ctddulahe disk is

from a given frequency dependent opacity table. The reaudts Za(r,t) = 2 pa(r,t) - ug(r, t), (29)
stored in a look up table and interpolated during the catmria.
The opacity table is for a mixture of 50% silicates and 50% caphere
bonaceous grains. _ |G Meenft)
, iy Ug(r, 1) H (30)
Since these are dust opacities, we convert them ftodg r
dust to cn?/g gas by multiplying the values with the dust-to-gasyg
ratio e, which is a fixed parameter in our model, taken to be Min r 1
the canonical value of 0.01. This assumes that the mean opac- o = 87 /G Meen(®) 3 Teen1L1) 42 (1)

ity of the gas is very small and that the dust-to-gas ratiosdoe
not change with time. To calculate the opacity self-coesidy, as described ibJlrich (1976. Hereu is given by
the total mass of dust and the distribution of grain sizegdas
taken into account, meaning that the dust evolution haslareac 1= 1—=r/rcenr,t). (32)
action on the gas by determining the opacity. For now, ourehod
does not take back-reactions from dust to gas evolutiondnto The centrifugal radius can therefore be approximated by (cf
count. Only in the case where the temperature rises abov@ 150eso & Guillot(2009)
K, the drop of opacity due to dust evaporation is consideasd, ) 3
described above. feonel®) ~ 1.4 Qs Meen(t) ( Cs )’8 AU
centit =+ 1014 51 Mo 3x10*cmst '

(33)

We admit that this recipe for the formation of a pro-
The evolution of the protoplanetary disk also depends oinihe toplanetary disk is perhaps oversimplified. Firstly, asvaio
tial infall phase which builds up the disk from the collapse doy Visser et al.(2009, the geometrical thickness of the disk
a cold molecular cloud core. This process is still not well urehanges the radial distribution of in-falling matter orite disk
derstood. First similarity solutions for a collapsing sghevere  surface, because the finite thickness may “capture” anliimga
calculated bylLarson (1969 and Penston(1969. Shu (1977 gas parcel before it could reach the midplane. Secondhfata
found a self similar solution for a singular isothermal sghe mation is likely to be messier than our simple single-stésyr-
The Larson & Penston solution predicts much larger infaésa metric infall model. And even in such a simplified scenar, t
compared to the inside-out collapse of Sy (% 47c2/G and Shu inside-out collapse model is often criticized as beimgu
0.975¢3/G respectively). alistic. However, it would be far beyond the scope of thiseyap

More recent work has shown that the infall rates are not coig-include a better infall model. Here we just want to get d-fee
stant over time, but develop a peak of high accretion rates ang for the dfect of initial conditions on the dust growth, and we
drop to smaller accretion rates at later times. The maximexm deave more detailed modeling to future work.
cretion rate is about 1&/G if opacity efects are included (see
Larson 2003 Analytical, pressure-free collapse calculations 05
Myers (2005 show similar behavior but with a smaller peak ac-
cretion rate ofri, = 7.07c3/G. They also argue that théects of The goal of the model described in this paper is to trace the ev
pressure and magnetic fields will further increase the ticaées lution of gas and dust during the whole lifetime of a protopla
of cloud collapse. etary disk, including the grain growth, radial drift andldutent

This initial infall phase is important since it provides the  mixing.
tial condition of the disk and also influences the whole simu- Here, the problem arises that radial drift and coagulation
lation by providing a source of small grains and gas at larg&rounteract” each other in the regime of St1 particles: co-
distances to the star during later times of evolution. agulation of smaller sizes restores the population arourd1S

It should be noted that several groups perform 3D hydreereas radial drift preferentially removes these pasiclo be
dynamic simulations of collapsing cloud cores which shoable to properly model this behavior, the time step has tdibe ¢
more complicated evolution (e.gBanerjee & Pudritz 2006 sen small enough if the method of operator splitting is used.

2.5. Initial infall phase: cloud collapse

.6. Grain growth and fragmentation



6 T. Birnstiel et al.: Gas- and dust evolution in protoplangtdisks

Radial Drift mis 3 Vertical Settling mis

10 35 10 ; ; 35
10° 30 10° [ \/ ] 30
e <
25 25
10 10 ¢ 5
0 20 0 20
— 10 — 10 f 1
= g
2 15 = 15
® 10" ® 107
10 — 10
107 107
L 15 —5
3 -3
10 L 1o 10 ¢ o
10" -4 -2 0 T 0" -4 -2 0 2 T
10 10 10 10 10 10 10
a [cm)] a [cm]
3 Turbulent Motion 3 Azimuthal
10 .
107
10
0
— 10 —
g g
=N S
® 41 «

10 107 10° 10> 10 10 10° 10>
a [cm] a [cm)]

Fig. 2. Sources of relative particle velocities considered in thalel (Brownian motion velocities are not plotted) at aatise of
10 AU from the star. The turbulence parameten this simulation was 16. It should be noted that relative azimuthal velocities
do not vanish for very large and very small particles.

The upper limit for this time step can be very small. If larger With this definition of n(m;r,2), the coagula-
steps are used the solution will “flip-flop” back and forth betion/fragmentation at one point in the disk can be described by a
tween the two splitted sub-steps of motion and coagulatiod, general two-body process,
the results become unreliable. A method to allow the choice o
large time steps while preserving the accuracy is to use a non 9 « ,
splitted scheme in which the integration is done “implicitl an(m r2 :ffo M{m, 7, m*)x
BO8aalready use this technique to avoid flip-flopping between (35)
coagulation and fragmentation of grains, and we refer toptaa xn(m',r,2) - n(m”,r, ) dm’ dm”,
per for a description of the general method. What is new in the
current paper is that this implicit integration scheme ieeged
to also include the radial motion of the particles. So nowaiad
motion, coagulation and fragmentation are done all withsina
gle implicit integration scheme. See Appendix3 for details.

whereM(m, 7, m”) is called the kernel. In the case of coagula-
tion and fragmentation, this is given by

M(m, i, m'’) = %K(r‘r’(, m’y - s(m +m’ — m)

2.6.1. Smoluchowski equation - K(m', m") - §(m” — m)

The dust grain distribution(m, r, Z), which is a function of mass 1 (36)
m, distance to the star and height above the mid-plazede- " 2L(nf, M) - S(m ', mf’)

scribes the number of particles pertper gram interval in par- - L(m,m”)-s(m-m").

ticle mass. This means that the total dust density in gds

given by For better readability, the dependencydfon radius and height

0 above the mid-plane was omitted here. The combined coagula-
p(r.2) = o n(m.r,2) - mdm. (34)  tion/fragmentation kernel consists of four terms containing the
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coagulation kerneK, the fragmentation kernél and the distri- 1993 Davis & Ryan 199D and theoretical studie©fmel et al.

bution of fragments after a collisiod. 2009. Unless otherwise noted, we will folloR08aby using the
The first two terms in Eq36 correspond to gain (masses value of¢é = 1.83.

andm — nY coagulate) and lossr(coagulates withm') due to In the case where masses of the colliding particl&&dby

grain growth. orders of magnitude, a complete fragmentation of both parti

The third term describes the fragmentation of massasd cles is an unrealistic scenario. More likely, crateringl wit-
nY, governed by the fragmentation kereand the fourth term cur (Sirono 2004, meaning that the smaller body will excavate
describes the fact that when mass#ésandnt’ fragment, they a certain amount of mass from the larger one. The amount of
distribute some of their mass via fragments to smaller sizes mass removed from the larger one is parameterized in units of
The coagulation and fragmentation kernels will be desdribéhe smaller bodyn,
in section2.6.3 the distribution of fragmentsS, will be de- Mout = ¥ Me. (40)
scribed in the next section. e mass of the smaller particle plus the mass excavated from
To be able to trace the size and radial evolution of dustgi—' P P

a combined way, we need to express all contributing proses ¢ larger one is then distributed to masses smaller zac-

in terms of the same quantity. Hence, we will formulate the C$ord|ng to the distribution described by B9. In this work, we

agulatiorifragmentation equation in a vertically integrated wayf)"OW B08aby assuming to be unity, unless otherwise noted.

The vertical integration can be done numerically (a80839),
however coagulation processes are mostimportant nearithe n2.6.3. Coagulation and fragmentation kernels
plane, which allows to approximate the kernels as being-vert . . .
cally constant (using the values at the mid-plane). If the vel N coagulation kernek(m, ) can be factorized into three
tical dust density distribution of each grain size is takerbe Parts,

a Gaussian (see Secti@6.4 Eq.51), then the vertical inte- K(mg, mp) = Au(my, M) o geo(M1, M) Pe, (41)
gration can be done analytically, as discussed in AppeAdIX and, similarly, the fragmentation kernel can be written as
Unlike the steady-state disk models B®8awhich have fixed

surface density and temperature profiles, we need to redempu L(my, mp) = Au(my, Mp) ogeo(M1, M) P (42)
the coagulation and fragmentation kernels (which are fanst
of surface density and temperature) at every time step eftwer
this analytical integration also saves significant amoaht®m-

Here, Au(my, mp) denotes the relative velocity of the two parti-
cles,oged(M, Mp) is the geometrical cross section of the colli-
putational time. sion andp.; and p; are the coagulation and fragmentation prob-

We therefore define the vertically integrated dust surfagl?i”ties which sum up to unity. In general, all these fastoan

density distribution per logarithmic bin of grain radiugr,a) 250 depend on other material properties such as porosity, h
as ever we always assume the dust grains to have a volume density

o of ps = 1.6 g cnT3.
o(r,a) = f n(r,za)-m-adz (37) The fragmentation probability is still not well known and
- subject of both theoreticaP@szun & Dominik 2009/Nada et al.

wheren(r, z a) andn(r,z, m) are related through = 47/3psa*. 200§ and experimental research (s&um & Wurm 2008
The total dust surface density at any radius is then given by - Giittler et al. 2009 In this work, we adopt the simple recipe

Z4(r) = f o(r,a) dina. (38) 0 if Au<uf—éu
0
Defining o(r,a) as in Eq.37 makes it a grid-independent pr=q1 if Au> uf (43)
density unlike the mass integrated over each numericalliis. 1 ussu g
- = else

way, all plots ofo(r,a) are meaningful without knowledge of

Ejr;gcféztégél\?atlzzfsVggzgf?ﬁgd mutzlsgcagﬁ dk;)(()wever we use t\r/\]/ﬁh a transition widthsu and the fragmentation speadas free
PP ’ arameter which is assumed to be 1 ™, dollowing experi-

In our description of growth _and fragmentation of graln1<§1ental work ofBlum & Muench (1993 and theoretical studies
we always assume the dust particles to have a constant VOI"#SFEeinhardt & Stewart2009

density meaning that we do not trace the evolution of poyosi
of the particles as this is currently computationally topex-
sive with a statistical code as used in this work. This can 1266.4. Relative particle velocities
achieved with Monte-Carlo methods asOnmel et al. (2007 or
Zsom & Dullemond(2008, however these models have do no
yet include the radial motion of dust and therefore canraater
the global evolution of the dust disk.

ou

he diterent sources of relative velocities considered here are
rownian motion, relative radial and azimuthal velocitias-
bulent relative velocities and fiiérential settling. These contri-
butions will be described in the following, an example of the
most important contributions is shown in Figite
2.6.2. Distribution of fragments Brownian mation, the thermal movement of particles, depen-
dents on the mass of the particle. Hence, particles @it

The distribution of fragments after a collisicB(m, 7, "), is mass have an average velocity relative to each other which is

commonly described by a power law,

given by
&
n(m)dm oc m~*dm. (39) Algy = [8kg T (my + mz). (44)
The value¢ has been investigated both experimentally and 7 My Mp

theoretically. Typical values have been found in the range bParticle growth due to Brownian relative motion is maséetive
tween 1 and 2, by both experimental (e.Blum & Muench for small particles.
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10° 10 10° 10

Radial drift, as described in sectiéh2 also induces relative 10t | —1.8x10%yrs ||
velocities since particles of fierent size are étierently coupled P ---30x10%yrs

to the gas. The relative velocity is then TN e - - 10x10°yrs
10° -l 1
Aurp = [ur(my) — ur(my)l, (45) : I
where the radial velocity of the dust,is given by Eq19.
Azimuthal relative velocities are induced by gas drag in
a similar way as radial drift. However while only particles " \ \
(plugminus 2 orders of magnitude) arounéS$tare significantly o R
drifting, relative azimuthal velocities do not vanish feroeun- \ \
ters between very large and vary small particles (see Figure 107} ' ]
Consequently, large particles are constantlffesing high ve- ; ; ; ; '
locity impacts of smaller ones. According Weidenschilling ——18x10%yrs
(1977 andNakagawa et a[1986), the relative azimuthal veloc- ' - -30x10'yrs

R A _ 6 B
ities for gas-dominated drag are 10x107yrs

1 1
olos nw) @

whereu, is defined by Eqg20. 107
Turbulent motion as source of relative velocities is discussed
in detail inOrmel & Cuzzi(2007). They also derive closed form
expressions for the turbulent relative velocities whichuge in
this work.
Differential settling is the fifth process we consider con- 0= 10° 10 102 0
tributing to relative particle velocitiedDullemond & Dominik r [AU]
(2004 constructed detailed models of vertical disk structure d
scribing the depletion of grains in the upper layers of thek di
They show that the equilibrium settling speed for partiaiethe
Epstein regime is given byser = —z € St which can be derived
by equating the frictional forcEgic = —mu/tsic and the vertical
component of the gravity forc€gray = —szﬁ. To limit the set-
tling speed to velocities smaller than half the verticaligjpcted 3. Results
Kepler velocity, we use '

3

N
0 N N

10"

S [g em™?

U, =

Tia [K]

Eig. 3. Evolution of disk surface density distribution (top) and
midplane temperature (bottom) of the fiducial model degctib
in3.1

1 3.1. Viscous evolution of the gas disk

Usen = ~Zhe mln(St, 2) “7) We will now focus on the evolution of a disk around a T Tauri
: . s like star. We assume the rotation rate of the parent cloud cor
for calculating the relative velocities. 14 1 . .

Since we do not resolve the detailed vertical distributibn (50 be x 107"s f Vr\]/h'Ch corr(ra]spg_nﬁs_ tobO_.06 Smles th]? bre.ak
particles, we take the scale height of each dust size asgB/erﬁp rotation rate of the core. The disk is being built-up from |
height above the mid-plane, which gives S|dg out dpe to the Shu-Ulrich infall model, Wl_th th.e cenigal

radius being 8 AU. The parameters of our fiducial model are
Aups = |h - min(St, 1/2) - h; - min(St, 1/2)| - Q. (48) summarized in Tablg.
Figure 3 shows how the gas surface density and the mid-
ne temperature of this model evolve as the disk gets tpjlt

7 viscously spreads and accretes onto the star. It can be lsaen t

foe= o — (49) viscous heating leads to a strong increase of temperatanesk
) sett radii. This @fect becomes stronger as the disk surface density
and the time scale for stirring Dibrulleetal. 1995 increases during the infall phase. After the infall has edathe

The dust scale height is calculated by equating the timcescB|a
for settling,

Schrapler & Henning 200£ullemond & Dominik 2004, surface density and therefore also the amount of viscoutiigea
2 falls off.
tstir = Dy’ (50) This dfect also influences the position of the dust evapora-

o . ] ) ] tion radius, which is assumed to be at the radius where the dus
By limiting the vertical settling velocity as in E4.7and by temperature exceeds 1500 K. This position moves outwands du
constraining the dust scale height to be at most equal toahe ¢ghg the infall (because of the stronger viscous heatingrfset

scale height, one can derive the dust scale height to be above). Once the infall stops, the evaporation radius moaek
o to smaller radii as the large surface densities are being ket
hg = Hp - min| 1, _ . 51 to the star.
4= ( \/mln(St 12)(1+ 512)) (51)  onto the star

Figure4 shows the evolution of accretion rate onto the star,
This prescription is only accurate for the dust close to ttetellar mass and disk mass. The infall phase lasts untiltabou
mid-plane, however most of the dust (and hence most of th60000 years. At this point, the disk looses its source of gas
coagulatioffragmentation processes) take place near the mihd small-grained dust and the disk mass drdpguickly until
plane, therefore this approximation is accurate enougltor the disk has adjusted itself to the new condition. This also e
purposes. plains the sharp drop of the accretion rate. The slight esmen
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10°

TTITITT T e Maisk There are several fierences to the simulations of grain
06 . - - Mg, growth in steady-state disks, presenteB@8a viscously evolv-
| -~ Accretion [10°™° ing disks accrete onto the star by transporting mass invards
05k \ angular momentum outwards. This leads to the fact that some

o ____ o gas has to be moving to larger radii because it is 'absorbing’

the angular momentum of the accreting gas. This can be seen in

numerical simulations, but also in the self similar solosmf

Lynden-Bell & Pringle(1974. They show that there is a radius

R. which divides the disk between inward and outward moving

ool L7 T gas. This radius itself is constantly moving outwards, delirey

' P - on the radial profile of the viscosity.

01t -~ The radiuR, in the fiducial model was found to move from

L around 20 AU at the end of the infall to 42 AU at 1 Myr and

‘ ‘ -10 is denoted by the dotted line in Figubelmportant here is that

0.01 0.1 1 small particles are well enough coupled to the gas to be-trans
time [Myr] ported along with the outward moving gas while larger ptetic

Bcouple from the gas and drift inwards. Those parts of tis¢ du

|
4

M [Mg
o
w
~N
iy iy
OI o
M [Mg/yr]

Fig. 4.Evolution of disk mass and stellar mass (solid and dash L S A
line on left scale respectively) and accretion rate ontostae Istribution which lie below the dotted line in Figusdave pos-

(dash-dotted line on right scale). Adapted from Figure 5 fijve flux |n. the radial direction due to the gas-coupllng.

Hueso & Guillot(2005. One might expect that the dotted and dashed lines always co-
incide for small grains as they are well coupled to the gasi-ho
ever, it can be seen that this is not the case. The reasonigor th
is that turbulent mixing also contributes to the total fluxdofst

of each grain size. The smallest particles in between thieedlot

Table 1.Parameters of the fiducial model.

parameter symbol value unit line and the dashed line in the lower two panels of Figuo®
turbulence parameter a 103 - have positive velocities, but due to a gradient in concéiotmaf
irradiation angle ® 0.05 - these dust particles, the flux is still negative.

cloud mass . Meioua 0.5 Mo During the early phases of its evolution, a disk which istbuil
effect. speed of sound incore ¢ 3x10* cms? > : o o
rotation rate of cloud core o, 7% 1014 o1 up _from inside out quickly grows Iqrge pqmcles at smgillnrad
solid density of dust grains o 16 gen? which are lost to the star by radial drift. During further &teon,
stellar radius R, 25 R, grovvth_t|r_nescales become Iar_ger ano_l larger (since th_etdust-
stellar temperature T, 4000 K gas ratio is constantly decreasing) while only the smaliglas

are mixed out to large radii.

The radial dependence of the dust-to-gas ratio after 1 Myr is
shown in Figures. These simulations show that the initial con-

the accretion rate afterwards comes from the changeafter ditions of the stationary disk models (such as showiB@8a
the infall stops (see Sectichl). Hueso & Guillot(2009 find a and in the left column of FigurB) are too optimistic since they

steeper, power-law decline of the accretion rate after tiiegg  2SSUMe @ constant dust-to-gas ratio at the start of theirlaim
the infall phase because their model does not takeftiets of 0N throughout the disk which is not possible if the diskésrig
gravitational instabilities into account. built-up frominside out unless the centrifugal radius isparge

(in which case the disk would probably fragment gravitadiidy)
and grain fragmentation is included to prevent the graiomfr
3.2. Fiducial model without fragmentation becoming large and start drifting strongly. Removal of &rg
We will now focus on the dust evolution of the disk. This ficalci ?gg'gi;{g%‘ggvﬁgg Otriz;nrsép()j(:]r(t: g:; in;%!gii{gsgredagéootfhneqﬁit
simulation includes only grain growth without fragmentator ., .\ 4 e t0 a stationary model. Thieet is also discussed in
erosion. All other parameters as well as the evolution ofjide ection3 4
surface density and mid-plane temperature are the samsas% o
cussed in the previous section. The evolution of this maslel i
visualized in Figure. 3.3. Fiducial model with fragmentation

The contour levels in Figurg show the vertically integrated
dust surface density distribution per logarithmic bin odigrra-  The situation changes significantly, if we take grain fragme
dius, o (r, @), as defined in EqB7. The left column of Figurég tation into account. As discussed in SectB.2 we consider
shows the results of dust evolution for a steady state (be. iwo different kinds of outcomes for grain-grain collisions with
viscously evolving) gas disk as describedd8a relative velocities larger than the fragmentation velpait cra-

The right column shows the evolution of the dust density ditering (if the masses fier by less than one order of magnitude)
tribution of the fiducial model, in which the gas disk is gratly  and complete fragmentation (otherwise).
built up through infall from the parent molecular cloud caard For particles larger than about St1073, relative velocities
the gas disk viscously spreads and accretes matter onttathe sare dominated by turbulent motion (and to a lesser exteneéy v
The solid line marks the grain size corresponding telSit the tical settling). Since the relative velocities increaséhvBtokes
given radius. This grain size will be called:-; hereafter. In the number (and therefore with grain size), we can calculatefhe
Epstein regimeas.1 is proportional to the gas surface densitproximate position of the fragmentation barrier by equatime
of the disk, which can be seen from Ed assumed fragmentation velocitywith the approximate relative
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t=1.0x10%yr
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Fig. 5. Snapshots of the vertically integrated dust density distions (defined in Eq37) of a steady state disk as BO8a (left
column) and of an evolving disk (fiducial model, right coluymNo coagulation is calculated within the evaporationuadtenoted
by the dash-dotted line), fragmentation is not taken intwaat in both simulations. The solid line shows the partsi#e corre-
sponding to a Stokes number of unity. Sirsee; « 4 (see Eql4) this curve in fact has the same shap&gs), so it reflects, as
a “bonus”, what the gas disk looks like. The radius dividihg evolving disk into accreting and expanding regions iskezby
the dotted line and the arrows. Particles which are locatdolbthe dashed line have a positive flux in the radial dicectue to
coupling to the expanding gas disk and turbulent mixingt{gias within the closed contour in the upper right plot hamenward
pointing flux).
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with fragmentation, including Gl effects no fragmentation, including Gl effects
1 10° 10" 10° 10° 10" 10° 10
0 =70x10"s"

0 =15x10 st

= = - stationan ]
y |
2 | |
g | |
| o0
& 10k T
5 A S S . §
A S R o
| RUNTHEITEEE |
10 - Qs =7.0x% 10-14 S_l ......... |
"""" Q,=15x10"%s™ ——’/"/’—\
= = =stationary
\ | | ‘ ‘ ‘

with fragmentation, neglecting Gl effects no fragmentation, neglecting Gl effects
T T

10

Q. =70x10"s™
Qs =15x10 st

Q,=25x10"s7

= = =stationary

410

____________
——————

dust-to-gas ratio
&
dust-to-gas ratio

o =7ox1w0¥st \| [T

10 ¢ 0 =15x10 s ¥ P B XA TEREPVRONI 710

. _9.=25x10"s7"

= = =stationary \
. . . .

10° 10 10°
r [AU] r [AU]

Fig. 6. Comparison of the radial dependence of the dust-to-gasfratthe stationary simulations (thick lines) and the elrgdvdisk
simulations (thin lines). The four panels compare the tesiter 1 Myr of evolution witfwithout fragmentation (leftight column)
and withwithout dfects of non-axisymmetric instabilities (tdgottom row). It can be seen that the dust-to-gas ratio of ¥hévimg
disk simulations is almost everywhere lower than the onéettationary simulations. See Sect®dfor more details.

velocities of the particles, The approximate maximum Stokes number, defined in
5 Eq. 52, is inversely proportional to the temperature (since rel-

Stmy ~ U (52) ative velocities are proportional @), which means that in re-

ax 20 c2 gions with lower temperature, particles can reach largekest

) o _ ) ~ numbers. By equating drift and drag velocities of the phasic
Particles larger than this size are subject to high-vefamlli-  (cf. Eq.19), it can be shown that the radial velocities of particles

sions which will erode or completely fragment those pagicl with Stokes numbers larger than abayi2, are being dominated
This is only a rough estimate as the relative velocities @0 by radial drift.

pend on the size of the smaller particle and radial drift aifia-
ence the grain distribution. However EsR reproduces well the
upper end of the size distribution in most of our simulatiand
therefore helps understanding the influence of variousnpera
ters on the outcome of these simulations.

The evolution of the grain size distribution including frag
mentation is depicted in Figui® The initial condition is quickly
forgotten since particles grow on very short timescale&zessat
which they start to fragment. The resulting fragments dbate
again to the growth process until a semi-equilibrium of giow
and fragmentation is reached.

It can be seen that particles stay much smaller than
the model without fragmentation. This means that they abd
less dfected by radial drift on the one hand and better trans- Figure8 also shows a relatively sharp decrease in the dust to
ported along with the expanding gas disk on the other harghs ratio at a few hundred AU. At these radii, the gas dessitie
Consequently, considerable amounts of dust can reachafadibecome so small that even the smallest dust particles decoup
the order of 100 AU, as seen in Figue from the gas and start to drift inwards.

Due to the high temperatures belews AU (caused by vis-
cous heating), $tx stays below this value which prevents any
significant radial drift within this radius, particles idgi 5 AU
are therefore only transported along with the accreting gas
Particles at larger radii and lower temperatures can daift (
though only slightly), which means that there is a contiraiou
transport of dust from the outer regions into the inner regio
Once these particles arrive in the hot region, they get Stuc
because their Stokes number drops belg®. The gas within
about 5 AU is therefore enriched in dust, as seen in Figure
Tihe dust-to-gas ratio at 1 AU after 1 Myr is increased by 25%
er the value of in-falling matter, which is taken to be 0.01
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The thick line in Figure8 shows as comparison the dust-
to-gas ratio of the stationary disk model (cf. left column of
Figureb) after 1 Myr, which starts with a radially constant initial
dust-to-gas ratio of 0.01.

Figure 9 shows the semi-equilibrium grain surface density
distribution at 1, 10 and 100 AU in the fiducial model with frag
mentation at 1 Myr. The exact shape of these distributions de
pends very much on the prescription of fragmentation ane cra
tering. In general the overall shape of these semi-eqiuilibr
distributions is always the same: a power-law or nearly tzoris
distribution (ino) for small grains and a peak at some grain size
amax, beyond which the distribution drops dramatically. Thekpea
near the upper end of the distribution is caused by crateTinig
can be understood by looking at the collision velocities: rtl-
ative velocity of two particles increases with the grairesimit
it is lower for equal-sized collisions than for collision#hvpar-
ticles of very diterent sizes (see Figu®. The largest parti-
cles in the distribution have relative velocities with demisized
particles which lie just below the fragmentation velocivyHer-
wise they would fragment). This means that the relativeaielo
ties with much smaller particles (which are too small to fregt
the bigger particles but can still damage them via cratgang
above this critical velocity. This inhibits the further gvth of
the big particles beyondmay, causing a “tréiic jam” close to
the fragmentation barrier. The peak in the distributiorrespnts
this trafic jam.

10
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- —2x10° yr
— - -1x10%yr
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10° 10"
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Fig. 8. Evolution of the radial dependence of the dust-to-gas ra-
tio in the fiducial model including fragmentation with thents
corresponding to the snapshots shown in Figur&he initial
dust-to-gas ratio is taken to be 0.01. The thick dashed aepe
resents the result at 1 Myr of the static disk model for corpar
son.

Fig. 7. Evolution of the dust density distribution of the fidu-

cial model as in Figur®& but with fragmentation included. The

dashed contour line (in the lower two panels) around the UPP€4. nfiuences of the infall model

end of the size distribution and around small particles @0 AU

marks those parts of the distribution which have a posititg-( In the fiducial model without fragmentation, continuousues

ward pointing) fluxes.

ply of material by infall is the cause why the disk has much
more small grains than compared to the stationary disk model
(cf. Figure5), which relatively quickly consumes all available
micrometer sized dust. Thefect has already been found in
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R=1AU If grain fragmentation is not taken into account in the sim-
ORI ulations, both #fects cause more dust mass to be transported to

larger radii. Growth and drift timescales are increasinthwé-
dius and the dust disk with centrifugal radius of 33 AU (100)AU
j can stay 5 (35) times more massive than in the low angular mo-
mentum case after 1 Myr if Glffects are neglected.
If Gl effects are included, matter is even mofgeetively
transported outward, the dust-to-disk mass ratio for 8 &4il3
is increased from 5 to 8.
< However if fragmentation is included, it does not matter so
significantly, where the dust mass is deposited onto the disk
since grains stay so small during the build-up phase of thle di
(due to grain fragmentation by turbulent velocities) tletytare
well coupled to the gas. Outwards ©f10 AU (without Gl ef-
< fects) or of a few hundred AU (if Glféects are included), the
= , gas densities become so small that even the smallest gtaits s
10 1 do decouple from the gas. They are therefore notfiesvely
transported outwards. In these regions, the amount of dst d
Fig. 9. Vertically integrated (cf. Eq37) grain surface density pends on the final centrifugal radius while at smaller redi
distributions as function of grain radius at a distance ofll Abulent mixing quickly evens out all fferences in the dust-to-gas
(solid), 10 AU (dashed) and 100 AU (dot-dashed) from thiatio (see left column of Figur®).
star. These curves represent slices through the bottom pine It can be seen, that in all simulations, the dust-to-gase iati
Figure?. lower than in the stationary disk model. The trend in the uppe
right panel in Figures suggests that for a centrifugal radius of
100 AU and the enhanced radial transport by Géets might
Dominik & Dullemond(2008: if all grains start to grow at the have a higher dust-to-gas ratio than the stationary disketnod
same time, then the bulk of the mass grows in a relatively thifowever in this case, the disk would become extremely utestab
peak to larger sizes (see Figure 68089. However if the bulk and would therefore fragment.
of the mass already resides in particles of larger size, dldein The reason for this is the following: to be able to compare
tional supply of small grains by infall is not swept uffetively  both simulations, the total mass of the disk-star systerhés t
because of the following: firstly, the number density of &p@r- same as in the stationary disk models. How the total mass is
ticles is small (they may be dominating the mass, but notsiecgistributed onto disk and star depends on the prescriptfon o
sarily the number density distribution) and secondly, thely infall. If a centrifugal radius of 100 AU is used, the disk be-

reside in a thin mid-plane layer while the scale height oflsmaomes so massive that it significantly exceeds the stability-
particles equals the gas scale height. rion Mgisk/M, < 0.1.

We studied how much the disk evolution depends on changes
in the infall model. ) ) ) o
For a given cloud mass, the so called centrifugal radissg, 3-5- The radial drift barrier revisited
which was defined in EQR8, depends on the temperature an%
the angular velocity of the cloud. Both can be varied resu

a [cm]

ccording to the current understanding of planet formatsav-

naina | : il trifuaal radi hi &ral mechanisms seem to prevent the formation of large bodie
ing in a large range of possible centrifugal radii reachiragrf via coagulation quite rigorously. The most famous ones +atad

a few to several hundred AU. Since the centrifugal radius (¢ anq fragmentation — have already been introduced @bov
the relevant parameter, we varied only the rotation ratéhef tp, o) grift has first been discussedWigidenschilling(1977,
EIOUd ct:ore. r\]N ehperformed gltmulatlf{)_r;s W'lth tg_r_eéeisnttjmrota— while the importance of the fragmentation barrier (whichyma
|_or|1 ra (ejslvv 3'3 Aﬁorrezpfgo A%CIe:n f UQ‘;‘]‘ ra ;' .(f) a IO dé'M- V\Erevent grain growth at even smaller sizes) was discussed in
cial model), » an - Foreach centriiugal radius, W gg |y the following, we want to test some ideas about how to

pe_rformgd two _s!mulatlons_: one which mclu_défgets of gravi- weaken or to overcome these barriers apart from those glread
tational instabilities (Gl) —i.e. increasedduring infall and ac- studied inB08a

cording to Eq6 — and one which neglects them.

However for a centrifugal radius of 100 AU, too much mat[-im
ter is loaded onto the cold outer parts of the disk and conse-
quently, the disk would fragment through gravitationatatosl- 5
ity. We cannot treat this in our simulations, hence, for theec g _ 1 (ﬂ) < } (53)

r v’

B08ahas quantified the radial drift barrier by equating the
escales of growth and radial drift which leads to the ¢tioiwl

of 100 AU, we show only results which neglect all Glets. T4 €

The resulting dust-to-gas ratios are being shown in Figure

Two general aspects change in the case of higher rotatioheree is the dust-to-gas ratio ang andrg are the drift and
rates: firstly, more of the initial cloud mass has to be aedetgrowth timescales respectively. The parametelescribes how
onto the star by going through the outer parts of the diskhuch more #icient growth around Stl must be, so that the
Consequently, the disk is more extended and more massine tparticles are not removed by radial drift. To overcome th# dr
compared to the case of low rotation rate. barrier, obviously either particle growth must be accd&staor

Secondly, as aforementioned the high surface densitibgin the drift éficiency has to be decreas&®D8ahave numerically
colder regions at larger radii cause the disk to become less g measured the parameteto be around 12. In other words, this
itationally stable. means that the growth timescales have to be decreasedye.g. b
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0 1 2
. 10 10 : 10 . imation from Eq53with a 0.5M,, star and a dust-to-gas ratio of
10 E=-10 : ,]10 0.01 gives
d : a [g/lem”] roy-1
: 10° T < 103K (—) : 54
< AU (54)
0

10 which means that particles should be able to break through th

1073 drift barrier at 1 AU if the temperature is belowl00 K (or

200 K for a solar mass stafpullemond et al(2002 have con-
structed vertical structure models of passively irradiaiecum-
stellar disks using full frequency- and angle-dependetiative
transfer. They show that the mid-plane temperature of suth a
Tauri like system at 1 AU can be as low as 60 K. Reducing the
temperature by some factor reduces the drift time scaleédwpth
factor of similar size which we will call the radial driftiéciency

Eq (cf. Eq.20).

Zonal flows as presented ohansen et a(200§ could be
an alternative way of decreasing thi@@ency of radial drift av-
eraged over typical time scales of particle growitthansen et al.
(2006 found a reduction of the radial drift velocity of up to 40%
for meter-sized particles.

Meridional flows (e.g.Urpin 1984 Kley & Lin 1992) might
also seem interesting in this context, however they do not di
rectly influence the radial driftfeciency but rather reverse the
gas-drag ffect. This might be important for small particles
(which, however are not strongly settling to the mid-plabe)
for St=1 particles,a would have to be extremely high to have
significant influence: evem = 0.1 would result in a reduction of
the particles radial velocity by approximately only a fewqent.

Another possibility to weaken the drift barrier is changitsg
radial dependence. The reason for this is the followingtiglar
radial drift is only a barrier if it prevents particles to ssothe
sizeasr1. Since particles grow while drifting, the particle size
corresponding to Sl needs to increase as well, to be a barrier.
Otherwise drifting particles would grow (at least partly)dugh
the barrier while they are drifting. lés1 is decreasing in the
direction toward the star, then a particle that drifts indgavould
have an increasing Stokes number even if the particle daes no
grow at all.

In the Epstein regime, the size corresponding telSs pro-
portional to the gas surface density

a [cm]

a [cm]

a [cm]

2%
st = —2, (55)
TTPs

meaning that a relatively flat profile of surface density (@rea
profile with positive slope) is needed to allow particles towg
through the barrier. However, our simulations of the viscgas
r [AU] disk evolution does not yield surface density profiles witisip

Fig. 10.Evolution of the dust surface density distribution of thgve slopes outside the dust evaporation racius.
19. 1U. Evolut ust surface Ity distributi To quantify the arguments above, we have performed sim-
fiducial model at 200 000 years forftérent drift éficienciesEy, ulations with varying drift éiciency Eq to test how much the

without fragmentation. The solid line denotes the grai8&-1 4| drift has to be reduced to allow break through. We have

of particles with a Stokes number of unity. Gas outside of thgitionally included the first Stokes drag regime to see tiaw

radius denoted by the dotted line as well as particles be@w tpiq grift of particles is influenced by it.

dasheq line h_ave positive radial velocities. See sediarfor Figure 10 shows the grain surface density distribution after

more discussion. 200000 years of evolution for threeflirent drag ficiencies.
The most obvious changes can be seen in the region where the
asi1 line (solid line) is relatively flat: the grain distributias

an increased dust-to-gas ratio) until the condition in &8jis  shifted towards larger Stokes numbers. As explained alpare,

fulfilled. ticles can grow while drifting, which can be seen in the case

However, there are other ways of breaking through the dridf Eq = 0.5. The Stokes number and size of the largest parti-
barrier. Firstly, the drift timescale for S1 particles also dependscles is significantly increasing towards smaller radii. Foear
on the temperature (via the pressure gradient). A simpleopp the radial drift éficiency has to be reduced by 80% to produce
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Fig. 12. Dust surface density distributions (top row) and the acicgrdolid-to-gas ratio (bottom row) for the case of radius-
dependent fragmentation velocity aftexZ0° years of evolution. In the upper row, the vertical dashed tienotes the position

of the snow line at the mid-plane, the solid line correspaiodss—; and the dot-dashed line shows the approximate location of
the fragmentation barrier according to EX2. The snow line on the right plot lies further outside sincgceius heating is stronger

if « is larger. In the bottom row, the solid line denotes the eally integrated dust-to-gas ratio while the dashed linsoties the
dust-to-gas ratio at the disk mid-plane. The icy dust graimside the snow line are assumed to fragment at a critidatig of

10 m st while particles inside the snow line fragment at 1 Th. §he plots on the left and right hand sidéfei in the amount of
turbulence in the diska(= 1072 and 10?2, respectively).

particles which are large enough to escape the drift regimde avith o, being the cross section of molecular hydrogen.

are therefore not lost to the star. Interestinglyase1 is independent oEg and proportional to the
The situation changes, if the Stokes drag is taken into arjuare root of the pressure scale height which decreasastew

count: if gas surface densities are high enough for the darst psmaller radii. This means that — as long as the surface gensit

ticles to get into a dferent drag regime, a change in the radias high enough — it does not depend on the radial profile of the

dependency oés; can be achieved. The Epstein drag regimsurface density. In this regime the radial drift itself cbuhove

for particles with Stokes number of unity is only valid if particles over the drift barrier since drifting inwards rieases

the Stokes number of a particle without increasing its size.

9 (L) (R (1) ()
cm? \200 K/ \AU/ \ Mg 165 ) Results of simulations which include the Stokes drag are
] ) shown in Figurell In this case, particles can already break
otherwise, drag forces have to be calculated accordingeo Ehrough the drift barrier iEg < 0.75. This value and the posi-
Stokes drag law since the Knudsen number becomes smafiigk of the breakthrough depends on where the drag law clsange
than 49 (seeWeidenschilling 197y The Stokes number is thenfrom Epstein to Stokes regime and therefore on the disk seirfa
given by density. As noted above, larger surface densities gegestailit
_ V2r ps oy, 82 o1 57 the position of regime change towards larger radii makieg#-
"9 4 m P 1) ier for particles to break through the drift barrier.

23 <10

St
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Another possibility to overcome this problem would be
10t 102 if high-velocity impacts of smaller particles would causet n
' ' growth, as has been found experimentallywidyrm et al.(2005

10° o [glem’] | 10 andTeiser & Wurm(2009.
0 Taken together, these facts make environments as the in-
ner edge of dead zones ideal places for grain growth (see
10° 110°  Brauer et al. 2008tKretke & Lin 200%: shutting of MRI leads

to low values ofx, which are needed to reduce turbulent relative
velocities and the low pressure gradients prevent radifhledrd
high azimuthal relative velocities.

3.7. Dust enhancement inside the snow line

As already noted in a previous pap8irfistiel et al. 2009 sig-
nificant loss of dust by radial drift can be prevented by dagur
, , L that particles stay small enough and are therefore not imflect
10 10° 10t 102 by radial drift. For typical values af (10-3 — 10-2), this means

r [AU] that the fragmentation velocity must be smaller than abdast O

5 m s. If particles have higher tensile strength, they can grow

Fig.11. Dust grain surface density distribution as in Figd@ to larger sizes which are agaiffected by radial drift.
at 200 000 years but including the Stokes drag regime. Tlile dri - Typical fragmentation velocities for silicate grains dete
efficiency is set toEq = 0.75 and fragmentation is not takenmined both theoretically and experimentally are of the oode
into account. It can be seen tha- (solid line) increases with few m s* (for a review, se®lum & Wurm 2008. The composi-
radius until about 1 AU, which facilitates the break throulga tion of particles outside the snow-line is expected to cleathge
drift barrier. to the presence of ices. This can influence material pragserti
and increase the fragmentation velocity (Sebafer et al. 20Q7

. . Wada et al. 2009
It should be noted that the physical way to avoid the Stokes We have performed simulations with a radially varying frag-

drag regime is to decrease the surface densities, howeve.rﬁ‘f’&tation speed. We assume the fragmentation speed ihside t

chose the same initial conditions for both cases — with anl-wi ¢ 0\ i paq m-¢. outside the snow-line to be 10 m's

out Stotk(i_s dratg —bandbjlustt neglected tthe Stokes%dr?g In tge ! should be noted that we do not follow the abundance of water
computations 1o be able to compare NCy tactors NAe- , e disk or the composition of grains, we only assume parti

pendent of other parameters such as disk mass or temperatufgss outside the snow line to have larger tensile strengéhtau

the presence of ice. To be able to compare both simulatioas, w
3.6. The fragmentation barrier revisited used the same 1 Myr old 0.08,, gas disk around a solar mass
. ) _star as initial condition. The gas surface density profiléhas
In the previous section, we have shown that sev_eral r_neq’nanl%isk was derived by a separate run of the disk evolution code.
could allow particles to break through the radial drift benr \ve ysed this gas surface density profile and a radially cohsta
however fragmentation puts even stronger constraintsefoth  qyst-to-gas ratio as initial condition for the simulatipmesented

mation of planetesimals. _ _ in this subsection. Apart from the level of turbulence, thidit
As shown byOrmel & Cuzzi(2007), the largest relative ve- for poth simulations is identical, the results are therefcom-
locities are of the order of pletely independent of uncertainties caused by the chditieeo
infall model.
AUmax =~ V2aCs. (58)

Results of the simulations are shown in Figige A one or-

If particles should be able to break through the fragmecmati.der of magnitude higher fragmentation velocity causes the-m

barrier, then they need to survive these large relativeciti#s, '”;]L.’T] ?rﬁ'n S'?e to |l53e éazbo.ut two orders of mi%nltédetlgrger,
meaning thaf\uyax has to be smaller than the fragmentation yayhich follows from £g.52 since Sthax & @max IN the EPSteIn
locity of the particles, or fegime (all part_lcles in these_3|mulat|ons are small_enoumgh
be in the Epstein regime). Thisfect can be seen in Figule.
Particles outside the snow-line are therefore more styoahgjit-
ing inwards (because they reach larger Stokes numbersewher
they are being pulverized as soon as they enter the regibimwit
This condition is hard to fulfill with reasonable fragmeiaat the snow-line.
velocities, unlesg is very small. E.g., forr = 10°° and a tem- Strong drift outside the snow line and weaker radial drit in
perature of 200 to 250 K, the fragmentation velocity needs side the snow line cause the dust-to-gas ratio within thevsno
be higher than 4 m=$, which could already seen in the simdine to increase significantly (see bottom row of Figd®: in
ulations byBrauer et al.(2008K), who have simulated particle the case ofr = 1073, the dust-to-gas ratio reaches values be-
growth near the snow-line. tween 0.39 and 0.10 in the region from 0.2 to 1.9 AU.

Even in the case of very low turbulence, relative azimuthal Simulations for a less massive star (045) show the same
velocities of large (St 1) and small grains (S« 1) are of the behavior, however the increase in dust-to-gas ratio is ibigh
order of 30 m s, which means that large particles are constanths for a solar mass star (dust-to-gas ratio of 0.27-0.20 &r@s
being 'sand-blasted’ by small grains. The only way of redgci 4 AU).
these velocities significantly is decreasing the presstadignt This dfect is not as significant in the case of stronger tur-
(see Equation20 and46). bulence, where the maximum dust-to-gas ratio is around70.02

= > V2a. (59)
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0.012

The evolution of the dust-to-gas ratio at a distance of 1 Alinfr
the star is plotted for both cases in Figd&(the minor bump is
an artifact of the initial condition). 0.01 T eSS T T T T e ]

The reason for this dlierence lies in the locations of the RN T
drift and fragmentation barriers. The approximate positd 2 g/ L i
the fragmentation barrier is represented by the dot-dagheth = N
Figure12. The radial drift barrier cannot be defined as sharpl £ W
however radial drift is strongest at a Stokes number of ynit s 0.006 W ]
which corresponds to the solid line in Figur2 An increase of % N
a by one order of magnitude lowers the fragmentat|on bargier 1< 0.004L . i
about one order of magnitude in grain size. v

In the lower turbulence case, the fragmentation barrier li — \
close toas.1. Most particles are therefore drifting inwards be 0002f ™~ ¢~ 1072 \\ ]
fore they are large enough to experience the fragmentation t Cooa=i0n N
rier. Hence, the outer parts of the disk are significantlyleten ol —— 10 . frag. vel. 1 T’S } -
in small grains. 10k i

In contrast to this case, fragmentation is the strongeidrarr
for grain growth throughout the disk in the high turbulenicews
lation (right column in Figurd 2). It can be seen that particles of
smaller sizes are constantly being replenished by fragatient

With these results in mind, the evolution of the disk mas
(bottom panel of Figurd4) seems counter-intuitive: the mass
of the high turbulence dust disk is decaying faster than @ tl
low turbulence case. This can be understood by looking at t
global dust-to-gas ratio of the disks (top panel of Figu4
which does not dfer much in both cases. This means that tr
increased dust mass loss in the high turbulence disk is dine to

Mg [10-% Mg)]

underlying evolution of the gas disk. Particles in the higtbt- s 10:2 \
lence disk may have smaller Stokes numbers (causing dibi to 2f =~ =10 7
less dficient), however the inward dragging by the accreting g _ _o=107 frag. vel. 1 mis
is stronger in this case. io“ 10° 10°
To show how much the dust evolution depends on the fra time [yr]

mentation velocity, we included the case of a lower fragment_
tion velocity throughout the disk in Figure4. It can be seen Fig. 14.Evolution of the global dust-to-gas ratio (top panel) and

that the dust mass is retained at its initial value for muciyéy the dust disk mass (bottom panel) for the simulations shawn i
timescales. Figurel2 The solid and dashed lines correspond to the low and

high turbulence case, respectively. The dash-dotted hiogvs
the evolution of the disk if a low fragmentation velocity is-a
sumed throughout the disk.

10 T T T

a=10"°

4, Discussion and conclusions

We constructed a new model for growth and fragmentation of
dust in circumstellar disks. We combined the (size and fadia
evolution of dust ofBO8awith a viscous gas evolution code
which takes into account the spreading and accretion jatiad
and viscous heating of the gas disk. The dust model incluaes t
growth/fragmentation, radial driftirag and radial mixing of the
dust. We re-implemented and substantially improved theerum
ical treatment of the Smoluchowski equatiorB&8ato solve for
the combined size and radial evolution of dust in a fully imipl
un-splitscheme (see Appendiy. In addition to that, we also in-
cluded more physics such as relative azimuthal velocitasal

dependence of fragmentation critical velocities and thaké&x

107 = — = drag regime. The code has been tested extensively and was fou
10 10 10 to be very accurate and mass-conserving (see App@)dix
time [yr] . . !
We compared our results of grain growth in evolving proto-

Fig. 13.Dust-to-gas ratio at a distance of 1 AU from the centrdllanetary disks to those of steady state disk simulatiomsles
star as a function of time for the case of low € 1073, solid toBO08a In spite of many dierences in details, we confirm the
line) and high ¢ = 1072, dashed line) turbulence. most general result d08a radial drift and particle fragmenta-
tion set strong barriers to particle growth. If fragmerdatis in-
cluded in the calculations, then it poses the strongeséaolestor

dust-to-gas ratio at 1 AU
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the formation of planetesimals. Very low turbulenaeg 10°) inside-out or so fast to cause disk fragmentation, we exqagt
and fragmentation velocities of more than a fewthare needed slight alteration of the results:

to be able to overcome the fragmentation barrier in the chse o _. . .
turbulent relative velocities. — Disk spreading causes small particlgslO um) to be trans-

This model includes also the initial build-up phase of the ported outward at radii 0+60-190 AU even in 1 Myr old

- e o ; disks.
disk, which is still a very poorly understood phase of disk-ev . . : . .
lution. We use the Shu-Ulrich infall model which represemts — tsivrgfmsr\);g'?ﬁs Ero;/;?eg bélm;ailf“?ﬁengitlﬁrgl tﬁree dnudsmt rr_1ass
strong simplification. However, the following novel findmof y ptup by farge g

! A has already grown to larger sizes.
"EE:ES(\iAIIglik do not or only weakly depend on the build-up phase of In an inside-out build-up of circumstellar disks, grains

growth is very fast (timescales of some 100 years) because

. . densities are high and orbital timescales are small. Large
— Apart from an increased dust-to-gas ratio (aB0i84, other grains are quickly lost due to drift towards the star if frag-

'[g:anchgr;lz T:rig(:hbgsagge% mv:/ggligit?r?igltgzsrr?err% dggrcerzgg(_jmentation is neglected. Fragmentation is firstly needed to
in ?he eﬁciencyof radial drift. We found that in zimula— keep grains small enough to be able to transport a signif-
9 y : icant amount of dust to large radii by disk spreading and

tions without fragmentation the rad|alldr|ftfﬂ:|e.ncy needs secondly to retain it in the disk by preventing strong radial
to be reduced by 80% to produce particles which crossed the : :
; ; . - inward drift.
meter-size barrier and are large enough to resist radil dri
— If the gas surface density is above a certain threshold (in qatknowledgements. We like to thank Thomas Henning, Hubert Kiahr, Chris
simulations about 140 g cthat 1 AU or 330 g cm? at5 AU,  Ormel, and Andras Zsom for insightful discussions. We aismk the referee,
see Eq56) then the drag force which acts on the dust pafidekazu Tanaka for his fast and insightful review whichpleel to improve this
ticles has to be calculated according to the Stokes drag I&RP°"
instead of the Epstein drag law. The drift barrier in thisgdra
regime is shifting to smaller sizes for smaller radii (indereferences
pendent on the radial profile of the surface density) which g S M. & Wil 3 P 2007 AnJ. 659. 705
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Appendix A: Algorithm

In the next two sections, we will first discuss how the equetio
of radial evolution of gas (Ed.) and dust (Eg21) as well as the

coagulatioffragmentation of dust (E®@5) are solved separately. me
In SectionA.3 we will then describe how this model treats th

radial and the size evolution of dust in an un-split, fullypiigit
way.

A.1. Advection-diffusion Algorithm

Working out these equations and separating the value¥ of
leads to

i i+1 i+1 i+1
Ny =An- N+ Ba- NfF-+Cr- N1+ Dy (A.8)
with the codficients
D 1'h 1'3 1'gn—1
_ _ M X dn-3 -3 03
An - Va (maX(Q unié) Sn7% + (Xn—Xn-1)hn-1 )
B, = 1-AtL,+ \A,—E(max(Q um%) . Sm%
-min(0,u,_1) - Sp,_3 (A.9)
Dd.n+;2l 'hn+;2[ 'Sn+% “On Dd.n—% 'hnf% 'Snf% On
(Xnr1=Xn)hn (Xn—Xn-1)hn
D 1'h 1'3 1'gn+1
_ ﬁ . . _ dn+3 n+s s
G =4, (m'”(o’ Un3) - Sneg (CEa )
Dn = _At . Kn.

Eq. A.8 can now be solved by any matrix-solver, but since it is
a tri-diagonal matrix, the fastest analytical way to solvis by
forward eliminatiorn/backward substitution.

It should be noted that Ed\.1 is implicit only in & which
ans that the equations we solve are only implicit in the sur

face density. In the case of the viscous accretion disk ritest

by Eq.1, we face the problem that also the turbulent gas viscos-
ity vg depends on the temperature which (in the case of viscous
heating) depends on the surface density. This can causerihume
cal instabilities to develop.

To stabilize the code, we use a scheme which estimates the

To be able to also model both, the evolution of dust and ggsmperature in several predictor steps. The actual time iste
implicitly, we constructed a scheme which solves a generatf then done with the predicted temperature.

of an advection-diusion equation,

ON 0 6(N

0
Ew—xw-u)—a—x[hod-&—x g-F)}—Ku-N (A1)

which can be adapted to both, Egand Eq21 by proper choice

of parametersl, Dq, g, h, K andL.

We use a flux-conserving donor-cell scheme which is im-
plicit in . The time derivative in EgA.1, written in a dis-

cretized way becomes

N NG = N,

Tz A.2
ottt (A-2)

A.2. Coagulation Algorithm

Discretizing Eg350n a mass gridn, gives

() = Z, Myn(ana,  (Al0)
where the dust particle number density is
Miv1/2
ni(r,2 = f n(m,r,z)dm (A.12)

Mi_1/2

wherei denotes time-dimension andienotes space-dimension;f \ve assume that the coagulation and fragmentation kernels

The advective part is discretized as

S FAS
Vn Vn '

0
a—X(N'U)=

whereF'*1 andS
n+3

n+3

1 are the future flux and the surface between

are constant irz and that the vertical distribution of grains is
a Gaussian with a scale height according to .

n(r,2 =

Nk—(r).ex(

Vortn®) ) , (A.12)

~ 2hy(r)2

cellnand celln+1 andV, is the volume of celh. The advective We can vertically integrate the coagulatifiagmentation equa-

interface fluxes can then be written as

F'nfé = Nn-max(QUy,1) + Npsa - min(0, Uy, 1) (A.4)
FL*_l% = Nn-1-max(Qu,_1) + Np - min(0, u,_s) (A.5)
The difusive interface flux becomes
gn+1N _ %N
i+1 — [ n+1 hn n
Farrs = Dancs Moy T (A.6)
n On-1
PNy — 22N
. h,7¥Nn P n-1
F;n{% = Dgpg oy =——— (A7)

Xn — Xn-1

tion.

0 .
aNk(r) = Im Ny dz
1

= Miik Ni(r) N;(r) X
Zj: W IR 2 0y

foc ( hi2 + h]2
x | exp|-
—o0 2hi2h]2

= Z Mijic Ni(r) Nj(r),
ij

(A.13)

: zz]dz
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where
1

Mijk = ——
27 (W +h?)

Mijk. (A.14)

Discretizing EqA.13 also in radial direction and rewriting it in
terms of the quantity

N = Ne(r) -1 (A.15)

yields

ijk

0
_I.N“

M
GM= 2T

1]

-Nj = Su. (A.16)

where the vecto = {Sy }k-1.m iS the source function for each of
themmass bins.

The numerical change &y within a time stepAt = t; —ti_;
is AN = Nit — Nj,. The time-discretized version of E4.16
then becomes (omitting second order terms)

>

i
= Z r—l|l (/Vi|Nj| +A/Vi|Nj| +/Vi|ANj| +M)
i]

(A.17)

Mijk

ANk
M

At

(N + ANG) (N +ANG)

Since the first term on the right hand side is the explicit seur
function, we can write

2

1]

ANy
kS
AT Ki

Mijk + Mjik

rl -Nj - AN;.

(A.18)

Using the vectoraN = {AN}-1, andN = {N}i-1n,, this can
be rewritten in matrix notation,

1
— —-JJAN=S. A.l
(3 -9)an=s (19
Were _ _
M” + M
Jo =y~ (A.20)

- r
] |
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Fig. A.1. Pictographic representation of the matrix on the left
hand side of EgA.26 with six radial and five mass grid points.
White elements are zero, dark grey elements contain conrtrib
tions from radial transport of dusd), light gray elements con-
tain contributions from the coagulatifragmentation§t), and
black elements contain both contributions. The upper left a
lower 5 rows represent the boundary conditions where ceagul
tion/fragmentation is not taken into account. The matrix in the
simulations would typically have a size of 15600

which brings EqA.22in a form similar to EqA.19,

1 ~
(E+M (A.24)

)~AN=—I\7I-Ni—D/At

The coagulatioffragmentation is now determined by the matrix
J and the source vect&and similarly, the radial motion is de-
termined by matrixM and source vector

R=-M-N - D/At. (A.25)

This allows us to combine both operators into one matrix equa
tion,

(%+I\7I—J)-AN:R+S. (A.26)

denotes the Jacobian of the source function ftite unity ma- In principle, to solve for the vectosN, the matrix on the left
trix. The solution for the future values can now be derived Hyand side of EqA.26 has to be inverted. This is a numeri-

inverting the matrix in EgA.19,

N+ = N' + AN
1 ] (A.21)
At

e

A.3. Fully implicit scheme for radial motion and coagulation

=Ni+(

cally challenging task since the inverse matrix in our setiohs
would have about 150-500 million elements. The matrix on the
left hand side of EgA.26, however is a sparse matrix (schemat-
ically depicted in Figuré\.1).

We can therefore solve E4.26 by an iterative incomplete
LU decomposition solver for sparse matrices provided by the
Sixpack library of S. E. Norris.

To be able to solve the radial motion and the Smoluchowskppendix B: Test cases

equation fully implicitly, we rewrite EquatioA.8 as

M- N*' =N -D, (A.22)
whereM is the tri-diagonal matrix with entried, B andC and
source ternD which are given by EgA.9. M is now rewritten
by separating f the diagonal terms and by dividing iy,

M=At-M+1 (A.23)

To check if the numerical implementation presented above ac
curately solves EgA.26, we compare results of the simulation
to some analytical solutions: The growth rates of particies

be approximated if we assume the grain size distributioneto b
a delta function and the sticking probability to be unityeTih-
crease of mass per collision is then given by the mass of the

2 available fromwww.engineers.auckland.ac.nz/~ snor007
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10" ;

particle,m divided by the time between two collisions,which
can be written as

dm m
— = B.1
1 a = (B.1)
Using dn = 4npsa’da andr = m/(pg o Au), we derive
4 da Pd
—=—A B.2
dt ps u’ ( )

1 whereAuis the relative velocityyy the dust densitys the solid
density of the dust particles and = 47a? the cross section of

the collision.
3 With this formula, we can estimate the growth time scales if
mass averaged radius the relative velocities of the dust grains is given. For e¢gized
— — — single particle model

s| L ) ) ) ) particles and Brownian motion, we get
1.5 2 25 3 35 4 4.5 5 55 6
r [AU]

10

16 kT
. o . Augy = , (B.3)
Fig. B.1.Test case for only radial drift, without coagulation. The Tm

solid line denotes the mass-averaged position of the reldil-
bution of grains for each grain size after’}j@ars. The dashed
line is the expected solution for a single particle, the efibtine

for turbulent motion, the relative velocities are (see
Ormel & Cuzzi 2007

denotes the initial radius of the particles. Cs V2 a St for St< 1
Aury = . B.4
_ ™o {s L forSt>1 (B.4)
t [yr] Integrating EqB.2 give
10" 107 10° 10* 10° 10°
- - —analytical soluti 5
analytical solution a(t) _1° p—d Z(b (t _ to) n a02 (Bs)
2psm Ps
E , & for Brownian motion and
?10 r 110 =
2 2 s
Z g -expls2 T - (t—-t )forStgl
g £ a) ~{ p(id e (-0 (B.6)
3 3 SEL L (t—tp) + @ for St> 1

2ps

for relative velocities due to turbulent motion.
A comparison between analytical solution and simulatien re
s sult for Brownian motion growth is shown in the top panel of
‘ ‘ ‘ ‘ Figure A.2. It can be seen that the position of the peak of the

i;ﬂfﬁggl"sﬁzgn grain size distribution (solid line in Figur.2) follows the ana-
integration of Eq. B.2 Iytical result of EQBS

710 A similar comparison for the case of relative velocities tlue
turbulent motion is not as straight-forward since both tirbua-

-;102 Lye? & Ie_n_t rela_tive velocities a_nd the dust scale ht_aight @&y are sub-

E £ divided into several regimes. We therefore integratecdB=2nu-

g £ merically for the case of Brownian motion and turbulenttie&

% 10° J10° = velocities; the results are shown in the bottom panel of feigu
2 2 A.2. As before, we see that — after the initial condition is over-

come — the simulation result follows closely the mono-dispe

710 approximation. For grains larger than Stl, the analytical so-

lution is also plotted in the bottom panel of Fi4.2, almost

‘ = coinciding with the simulation results.

10° 10 The radial motion of dust particle was tested in a similar
fashion: starting from a grain distribution at a radius & BU,

Fig. A.2. Comparison between simulation result and analytic#l€ let the particles drift (taking the gas drag and the radié

solution for growth of equal sized particles. The solid §inte- INto account, see EQ.9) without coagulation. We compare the

note the position of the peak of the grain size distribution. results to results of a numerical integration of the equagb

the top panel, only Brownian motion is considered as soufce@otion for a single particle. The results are shown in Bid-

relative particle velocities, in the bottom panel, turlmilesla- We find that the size distribution behaves as expected: small

tive velocities are considered as well. The parametersaxfeth Particles are well coupled to the gas, they almost retaiin hie

simulation areT = 196 K, ps=1.6 gcn?, I, = 18 gen?, tial position since the radial motion due to gas drag is in the

¥4 = 0.18 gen? ande = 1073,

t [yr]
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centimeters (corresponding to=31) are already lost after about
order of 0.01 AU. Larger particles, having a larger Stokesiniu 700 years.

ber drift towards the star on shorter timescales. Partaflagew The mass in all test cases was found to be conserved on the
order of 109 of the initial value.
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