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insight into interpreting the entanglement entropy in generic gauge theories and perhaps
also in gravitational theories.
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1 Introduction

The seminal papers [1, 2| initiated the important question of defining the notion of entan-
glement entropy of a gauge theory. The definition of the entanglement entropy has been
heavily based on a tensor product structure in the Hilbert space. To study entanglement in
configuration space, it requires a tensor product structure in configuration space. Naively,
this is a natural feature in the Hilbert space, since the world we experienced around us is
local, and that it gives the impression that the Hilbert space naturally factorizes as a tensor
product of spaces defined locally at each point in space. There are clear subtlties when we
work with gauge theories, where it is well known that gauge theories are by construction
made local by including gauge degrees of freedom. The gauge constraints such as the Gauss
law implies that degrees of freedom at different locations are not entirely independent, and
thus a naive factorization of the Hilbert space is not possible. This is clearly a significant



issue both for gauge theories and gravitational theories [3, 4]. A clear understanding is
thus crucial, also in ultimately formulating a theory of quantum gravity.

Until very recently, the replica trick has been the main tool employed to computing the
entanglement enropy or the Renyi entropy in field theories, which in turn can be formulated
as a path-integral in a conical space. This allows one to momentarily brush off issues of the
Hilbert space and obtain some results — until it is realized that the issue in fact re-emerge
as some ambiguities with edge modes that are localized at the entangling surface that is
only recently understood [5, 6]. See also [7, 8].

Since the introduction of the notion of center in [2] into the discussion of entanglement
entropy, it has made sense of entanglement even as the Hilbert space does not admit a
factorization. Instead of directly considering the Hilbert space, one formulates the question
in terms of the choice of an algebra attached to some region. There is some ambiguity
in the selection of the algebra, and they can be characterized by different centers. A
large amount of work is inspired to understand the physical significance of these difference
choices [9-19], and to demonstrate that these arbitrary choices can approach the same
value as the continuous limit is taken in the mutual information for example [2].

The discussion in [20] is mainly phrased directly in terms of gauge invariant degrees
of freedom. However, most lattice gauge theories or the field theoretic studies of gauge
theories are formulated in terms of the gauge potential, and a Fock space is constructed
for the gauge potential. Most of the discussions of entanglement in lattice gauge theories
proceed by picking the temporal gauge Ag = 0, and that the gauge potential lives on the
links of the lattice, with gauge invariance imposed at the vertex. For example in the original
paper [2] and most other references, this is essentially the choice. This suggests a natural
question: have we exhausted all the subtleties posed by the non-locality of gauge theories?
Do we understand the operator algebra and how they are attached to local regions in an
arbitrary gauge? Notwithstanding the introduction of centers, it is still necessary that
there is an approximate choice of local operators that can be associated to some region for
entanglement in configuration space to be meaningful.

We therefore take the first step in this direction, and explore the quantization of a U(1)
gauge theory in the Coulomb gauge. It is well known that by imposing the Coulomb gauge,
standard Poisson brackets have to be modified by Dirac brackets to take into account the
gauge condition which in this case are second class constraints. Perhaps unsurprisingly,
the gauge potential and its conjugate momenta cease to be local operators. Their Dirac
commutators are non-vanishing even as the operators are separated by very large distances.

To make sense of the entanglement, it becomes necessary to construct local operators.
We found a suitable construction making use of the duality relation between a vector and
a scalar in 2d. We proposed a construction of local operators in terms of the now non-local
gauge potentials. As soon as a choice of a complete set of local operators have been chosen,
then the computation of entanglement entropy would resemble the usual prescription. In
particular, we would have a freedom to discard within this set of local operators various
finite set close to the boundary and generically generate a center in the operator algebra.
The entanglement entropy can be obtained for each such choice of algebra in a straightfor-
ward manner. We note however that our choice of local operators are very different from



the choice in the literature — the natural choice of local operators in the current gauge
choice is based on the gauge potentials and their time derivatives rather than the electric
or magnetic fields. Particularly, taking the gauge potential A as the fundamental degree of
freedom, we study the case corresponding to a trivial center, a “field center” where some
A operators are taken into the center, and the “momentum center”, where various time
derivatives of A at the boundary is taken into the center. These are the natural analogous
to the trivial center, the electric center/magnetic center respectively. However, since the
fundamental degree of freedom is different, they generically mean something different from
the discussion of trivial/electric/magnetic centers that appear in the literature.

In any event, It appears that the proposal is robust — it is insensitive to various
local prescriptions at the boundary. However the log term associated to corners seem to
approach that of a local scalar field in the case of a trivial center, but approaches that of
a gauge field when we pick a center mimicking the electric/magnetic center.

Then we consider a U(1) theory in the Higgsed phase, and apply our prescription still
picking the Coulomb gauge. We recover a mutual information that decays exponentially
according to the ratio of the mass and the lattice scale. A gauge theory coupled to matter
in 141 d has been considered in [21], although the gauge theory has no dynamical degrees
of freedom and the only remnant is Gauss’s law. Here we have an example in which matter
interacts with dynamical gauge fields.

Our paper is organized as follows. In section 2 we review [20] briefly the computation
of entanglement entropy of a quadratic theory making use of the values of the correlators
and commutators. In section 3, we discuss the quantization of the U(1) gauge field in
Coulomb gauge and the associated Dirac brackets. We discretize the theory in section 4,
and introduce dual scalar variables, which allowed to construct truely local operators. In
section 5, we computed the entanglement entropy based on our prescription. Particularly
we will make a detailed comparison of our choices of centers with the traditional literature.
In section 6-8, we generalize our method to the Higgsed gauge theory and computed the
entanglement entropy accordingly. We look into mutual information in section 9 and finally
conclude in section 10.

2 Entropies of Gaussian states in terms of correlation functions

In this section, we briefly review the methods described in [20]. It is demonstrated that
expressions for entanglement entropy can be readily expressed in terms of commutators
and correlations of some (canonical) variables in a quadratic theory.

We consider the general commutation relations

4, ;] = iCyj, (2.1)
and correlation functions
(pi>pj) = Pij, (2.2)
(9, 45) = Xij, (2.3)
7
(@i, p5) = icija (2.4)



with 4,7 € V. In the trivial center case, we have the entanglement entropy of region V' [20]

S(V)=1tr((©@+1/2)log(®@+1/2) — (6 —1/2)log(© — 1/2)), (2.5)

where © = /C~1X(C~1)TP. X and P are matrices of correlation functions and C' are
matrix of commutators.

The method can be generalized to the case with center. We consider the algebra
generated by ¢;,pj, withi €V =1,...nand j € B=k+1,...n with B C V. We assume
(¢i,pj]=0forie A=1,...k,j € B, such that ¢;,7 € A span the center of the algebra. In
the case with center, the entanglement entropy is defined as [22]

S(V) = So(B) + H(A), (2.6)

where Sg(B) is an average of quantum contributions and H(A) is the classical Shannon
entropy. With the expressions of correlation functions and commutators, we have [20]

So(B) = tr((© +1/2)1log(® +1/2) — (© — 1/2) log(© — 1/2)), (2.7)
©0=VXP, (2.8)
X = (C¥pXy Cvp)™t, P =Pg. (2.9)

Here Cyp is the commutation matrix (2.1) between ¢; with ¢ € V and p; with j € B. The
classical part has the form

H(A) = %tr(l +log(27X4)). (2.10)

The case of center formed by p; with i € A = 1,...k can be analyzed in the same way,
interchanging X < P.

3 Local operators of U(1) gauge fields with Coulomb gauge

We consider the U(1) gauge fields with Coulomb gauge in 2 + 1 dimensions. The

Lagrangian is
1

[,:4

Fy FH (3.1)

and the Coulomb gauge fixing is
V-A=0. (3.2)

The temporal component is non dynamical and it needs only to satisfy a constraint following
from the Gauss law and the gauge constraint, relating it to the total charge. Because we
consider free gauge fields with no charged matter, we can set the temporal component Ag
to be 0. We have the canonical momentum

;oL

9. (3-3)

s

The Gauss law and the gauge constraint also imply

o' = 0. (3.4)



To impose the two constraints (3.2) and (3.4), we have to consider the Dirac bracket. A
detailed discussion can be found in [23]. The commutators

i 0? 1
i
OxI 0z Am|Z — g

1 o o2 1 _ ik (F—7)
— i85 21, ik-(Z—7) . . 2
10; e /d ke +28m38:c1 e /d k \E|2 (3.5)

[Ai(2), 7 ()] = i6]6(% — §)

and
[Ai(Z), A (9)] = [7"(Z), 7 (§)] = 0. (3.6)
Since we consider a 2+1 dimensional theory, there is only one degree of physical freedom

in Maxwell fields, also only one polarization. The mode expansions for gauge fields and
their canonical momenta are given by

- 1 d*k —iwt+ik T (T\ A iwt—ik-F TNk Ak (T
A =g | [e ik E o (Ba(k, o) + et e, (B)*a (k,a)} (3.7)

and
. 1 2 I e o
T (Z,t) = Py j% [—iwe_“"t“k'mei(k)&(k:,a) + iwewt_lk'xei(k)*d*(k,U)} (3.8)

To satisfy the commutator (3.5), the polarization e;(k, o) have to satisfy

— kik;
cilFyeg R =1y = 2. (3.9)

Interestingly, by modifying the brackets by the Dirac method, we have made some rather
drastic change to the tensor product structure of the Hilbert space. The gauge potentials
and their conjugate momenta, even before applying the Gauss’s constraint, can no longer
be considered as a local degree of freedom, i.e., the operators A; and 7/ are not local.
From (3.5), one can see that their commutators are not local. They remain non-vanishing
even though the fields are separated by large distances. To discuss entanglement entropy,
we need to recover a basis of local operators. To our knowledge, we are not aware of
a standard method of defining a suitable set of basis in such a situation. We therefore
propose the following. Consider the operators

A =-V24;, . (3.10)
The two constraints of the new variables Al and 77 are
V-A=0 (3.11)

and
o' = 0. (3.12)



We find that the commutators of new operators A; and 7 are

(A, 9] = (2;)2 / R(BIR? — kiky)eF @) (3.13)
and A )
[Ai(@), A;()] = [=*(Z), 7 ()] = 0. (3.14)

We can see that the operators A; and 77 are local. We will consider the duality of them in
the lattice and calculate the entanglement entropy.

4 U(1) gauge fields with Coulomb gauge duality in the lattice

In (241) dimensional U(1) gauge fields, the polarization constraint (3.9) implies a solution

.k
el(k:) = ZEiij, (4'1)
where w = \E! in this section. From this solution, we can see that the Maxwell fields are
dual to a scalar field y in a fixed time slice in the two dimensional spatial slice. The duality

is written as

Ai = €i;05x, (4.2)
giving the following identifications

Al = 82X) (43)

A2 = —61X.

From (3.7) and (3.9), we have the mode expansion of x

1 A2k (1 e a1
7.t) = — = —iwt+tik-T k = twt—ik-Z T k ) 4.5
M@0 = 5o [ G (e 4 SRy (45)
Therefore, it follows that
7Ti = Eijajx (46)
with o
(= 1 d°k . _iwt+ikT, (T . iwt—ikT 7
X(Z,t) = | Vo (—ze k2 (k) 4 iewtik aT(k)> . (4.7)
Let us define
N S 1 A’k itk (T iot—ikd T
X(Z,t) = =Vx(Z,t) = | Vo <we a(k) + we a (k:)) . (4.8)

For the operators x and x, we have the commutators

and



For the local operators A; and 77 , we have similar relations
A; = €;0;%, (4.11)

and
= €Ok X- (4.12)

Now we discretize the model in a square lattice. We define the operators Ay and 7!
associated to horizontal links, Ay and 72 to vertical links, as shown in figure 1. For

example, we have /11( ) associated to a horizontal link and Ag(ijﬂ-j +1) to vertical link,

ij,i+17
where (ij,i'j’) are coordinates of the initial and final points of the links. For simplicity, we

label them with the initial vertex of the vector,

The discrete version of (4.11) and (4.12) is also shown in figure 1. The operators A and
7w are related to the differences of the scalar field operators x and x in the orthogonal
direction in the dual lattice respectively, such as

Avij = Xij — Xij—1, (4.15)

Agij = Xi—1j — Xijs (4.16)
and

T = Xij — Xij—1, (4.17)

T = Xi—1; — Xij- (4.18)

Because there are redundant degrees of freedoms in gauge fields, we have two con-
straints (3.11) and (3.12) with operators A; and 7/. In the discrete lattice, the two con-
straints become

Z Ay =0 (4.19)
b

and

> =0, (4.20)
b

where the sum is over all the links (ab) with the common vertex a. In the above equations,
it is assumed that the field component is the corresponding one to the link direction.
The links have orientations, which changes the field attached to it when changing the
orientation, such as Aab = —Aba.

With the above dualities, the non-zero commutators of the discrete version of operators
A and 7 are

[Alij, Wlil] = i(25ik5jl — 5ik5j,l—1 — 6ik:5j—1,l)a (4.21)
[Avij, 1)) = i(8i k100 + 6irdj—11 — dixdji — Sik—10;-11), (4.22)
[Agij, mh] = i(0i—1 1051 + 0ikdj1—1 — Oirdjt — Oi1k051-1), (4.23)
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Figure 1. Dual lattice: the scalar field operator y is in the center of the plaquette, and the gauge
field operator A in some link is equal to a difference of scalar fields across the link in the dual
lattice which is perpendicular to the one corresponding to A. The duality of gauge field momentum
operator 7 is in the same way.

and
[Agij, my] = (20051 — 8i—1.10;1 — 0i k—1651)- (4.24)

We can see that the discrete version of operators A and 7 are almost local. We use these
operators to calculate the entanglement entropy in section 5.

From (4.8) and (4.7), the vacuum correlation functions of operators x and x are found
to be

(R(E, )%, 1) = (271r)2 / PREFED, (4.95)
X(Z,)x(¥,t)) = (27102 / d%ie“—f“(f—ﬂ). (4.26)

The vacuum correlation functions of the discrete version are

(XijXki1) = / dky /_ dk \/sm ~Z +sin? k—cos(k‘ (i—k))cos(ky(7—1)), (4.27)

k,(7—1
(Xirg 1) = / dky / die, < k)) cos(hy(j — ) (4.28)
- 4\/51n2 73 + sin? %y

The vacuum correlation functions of discrete variables A;; and m;; can be expressed with

the above correlation functions, such as
(ArijArm) = 2(XijXnm1) — (XigXai—1) — (Xij—1Xk,)- (4.29)

5 Entanglement entropy of two dimensional lattice gauge fields with
Coulomb gauge

To calculate the entanglement entropy of some “region” in the lattice, we have to choose
an algebra of local operators to define the “region”. In the case of gauge fields, the gauge
fields operators are associated to the links. Once we have chosen the fundamental sets of
local operators, we can study the entanglement entropy corresponding to different choices
of algebras — we can choose to discard from our set of local operators a subset so that
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Figure 2. Gauge fields in Coulomb gauge on the lattice. The figures correspond to square regions
of size n = 3. The top two figures correspond to the gauge field and the bottom ones to the dual
scalar field representation of the same algebras. Links with solid lines mean both the corresponding
operators A and 7 belong to the algebra. Links with dashed lines mean the corresponding operator
A or 7 does not belong to the algebra. Marked dots correspond to both the scalar field operators
x and x. Circle dots mean the scalar field operator y or x does not belong to the algebra. The left
panel shows the trivial center choice, while the right panel is related to the A center or 7 center
choice (but not exactly), according to the meaning of dashed lines.

there is a resultant center. We study four possible choices of algebras, which are shown
in figure 2, figure 3 and figure 4. The four choices of algebras are, respectively, 1) trivial
center A, 2) trivial center with one physical degree of freedom removed /l, 3) A center AA
and 4) 7 center A”. In figure 2, we illustrate graphically the different algebras also in terms
of the gauge potential and also their dual scalar variables. We note that these are natural
analogues of the trivial center choice, “field center” and “ momentum center” considered
in other theories such as simple scalar field theories [2], as soon as a natural choice of local
degrees of freedom has been selected.

Due to the redundancy of degrees of freedom in the gauge potentials, we have to remove
any remaining unphysical degrees of freedom. From the two constraints (4.19) and (4.20),
we have to remove one degree of freedom with a vertex. That is, for every vertex, we have
to remove one link connected to it. Note that it is not possible to keep all the external
links of any regions, since there is an overall constraint. They are not independent.

In the trivial center choices, as shown in figure 3, both operators A and 7 are associated
to every link in the figure. We keep the same number of A and 7. In the left figure, we
keep all the physical degrees of freedom, which is obtained by removing the unphysical
degrees of freedom of gauge potential in the left panel of figure 2, while in the right figure,
we remove a physical degree of freedom.

To get the A center choice, we remove the unphysical degrees of freedom of the gauge
field in the right panel of figure 2, in which we remove all the operators m associated to
the boundary links, and then remove a degree of freedom, as shown in figure 4. In such
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Figure 3. Two trivial centers of gauge fields with Coulomb gauge. The figures are corresponding
to square regions of size n = 3. Because of the redundancy of gauge fields, we have to fix some
operators on the links to get the physical degrees of freedom. For every vertex, we can fix a link
connected to it, but we can not fix a loop. We remove the fixed link in the above two figures. The
left figure corresponds to the algebra of full trivial center, where we keep all the physical degree of
freedom. We denote it as A. The right figure corresponds to the algebra of trivial center with one
physical degree of freedom removed. We denote it as A.
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Figure 4. The non-trivial centers of gauge fields with Coulomb gauge. The figures correspond to
square regions of size n = 3. In the above two figures, we have done the gauge fixing and all the
operators on the links are physical. Links with solid lines mean both the corresponding operators
Aand belong to the algebra and links with dashed lines mean the corresponding operator A orr
does not belong to the algebra. Without loss of generality, let us assume operators A to be on the
dashed links, not 7. In the left figure, the operator A on the dashed link in the red ellipse does
not commute with 7 on some dashed links. In the right figure, we remove that dashed link and all
operators on dashed links form an A center. We denote such an algebra as AA. When the dashed
links correspond to operators m, not A, we get the algebra of 7 center. we denote it as A™.

a choice, all the operators associated to the boundary links commute with the rest of the
operators on the algebra. Hence, they form a center. In the 7 center choice, we do it in
the same way, interchanging Ao

Now let us see the results of four algebra choices. We expect the entropy to take the

following form as a function of the square region size n,

c c
Sn:co—i—cln—l—cloglogn—i—f—i—n—z. (5.1)

~10 -
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Figure 5. The entanglement entropy of gauge fields with algebra .A.
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Figure 6. The entanglement entropy of gauge fields with algebra A.

a) Full trivial center — algebra .A. The entanglement entropy with algebra A is
shown in figure 5. We have the coefficients

co = 0.103689, ¢y = 0.309768, clog = —0.0434463, co = 0.0820914, c3 = —0.0842912.
(5.2)

b) Trivial center with one degree of freedom removed — algebra A. The en-
tanglement entropy with algebra A is shown in figure 6. We have the coefficients

co = 0.0955238, c1 = 0.309701, cjog = —0.0406814, c3 = —0.0691931, c3 = 0.133389.

(5.3)
We can see that the entanglement entropy of the two different trivial centers are quite
close. The effect of one degree of freedom is very small and can be neglected when the

- 11 -



Figure 7. The entanglement entropy of gauge fields with AA,
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Figure 8. The entanglement entropy of gauge fields with A™.

region becomes large. To calculate the entanglement entropy of gauge fields with non-
trivial centers, we have to remove one physical degree of freedom after gauge fixing. The
results are as follows.

c) A center — algebra AA, The entanglement entropy with algebra A4 is shown in
figure 7. We have the coefficients

co=4.85392, ¢) =5.66198, ciog = 0.446966, ¢y = 0.575854, c3 = —0.206379.
(5.4)

d) 7w center — algebra A™. The entanglement entropy with algebra A” is shown in
figure 8. We have the coefficients

co = 2.59095, ¢ = 3.2852, cClog = 0.460412, co = 0.503424, c3 = —0.0732796.
(5.5)

- 12 —



We see that, in the two trivial center choices, the logarithmic coefficients are very close,
and they are also close to the logarithmic coefficient of entanglement entropy of massless
scalar field in [20]. While, in the two non-trivial centers, the logarithmic coefficients of their
entanglement entropy are also very close. They are close to the logarithmic coefficient of
entanglement entropy of gauge field in [20]. In [20], they calculate the entropy from the
gauge invariant electric and magnetic fields, while we from the perspective of A and 7.
The final results are very close.

5.1 Contrasting the various center choices with the electric/magnetic centers
in the existing literature

In the previous subsection, we have studied the entanglement entropy corresponding to
several different choices of algebras based on the local operators that we have constructed
using the gauge potential A;. One perhaps surprising result is that by choosing a “trivial
center” in the Coulomb gauge, it appears that the entanglement entropy agrees with that
in the scalar field theory with trivial center, rather than that of the Maxwell theory [20].
Here we make a detailed comparison with [20] to explain the observation.

First of all to make meaningful comparison, we need to rewrite the operators in a
common basis. Therefore the first step would be to rewrite our gauge fixed variables in
terms of gauge invariant degrees of freedom. We note that in Coulomb gauge, the magnetic
field is given by Fis, where

Fij = (%Aj — 8in, (5.6)
which implies that

Aj = —V?A; = —0;Fy, (5.7)
where the second term vanishes due to our gauge condition. Similarly the electric field is
given by
T = A; = —F; = 0y Ai — 0; Ao, (5.8)
where the Ay field decouples entirely from our discussion as explained in the previous
section.
Let us first discuss the case of the trivial center in our gauge. In terms of the scalar
variable defined in (4.11) and (4.12), and using (5.7) and (5.8), we find

7Ti == —Ei == Eijaj).( (59)

and
A; = —0;Fy; = €10 (5.10)
We can see that the magnetic fields take the same place as x. In the lattice, from (4.15)—
(4.18), we have
Ayij = Bij— Bij1 = Xij — Xij-1, (5.11)
Agij = Bi 1 — Bij = Xi-1j — Xij» (5.12)

!The extra minus sign in the definition of E is a convention adopted in [20] which we adopt for easy
comparison.

~13 -



and

iy = —Ejj; = Xij — Xij-1, (5.13)
mij = i = Xim1 = Xig- (5.14)

For convenience, we take the notations

Anj=ALB=ALy, xl =-EL=ALx (5.15)

ij 7
where I runs from 1 to 2, which denotes the horizontal component and vertical component
respectively; 4, j represent the position of the operator and AZ-IJ- is defined according to the
equations (5.11)—(5.14).
This should be contrasted with the duality relation between the electro-magnetic fields
and the scalar as presented in [20], in which

Ej=Aljp, B=4¢. (5.16)

The important difference between these two sets of relations is that in our case, the
fundamental degrees of freedom are the gauge operators A and 7 living on the links.
Therefore, the corresponding basis of operator algebra in the region is generated by
{W{j,flm} = {Afjx, Ai[jf(} = {—E{j,Aiij}. On the contrary, in the usual case such as
that presented in [20], the operator algebra is generated by {EZI], ZI]} This means that
even in the case of trivial center in a given region, where the number of independent £ and
B are the same, there is a global difference naturally arising as soon as we take A and 7 as
the basis of the operator algebra. One can check that by taking A and 7 as the fundamental
degrees of freedom, related to the scalars by (5.15), it returns the entanglement entropy
of the scalar, as opposed to the truncated scalar in [20], in which only the difference of ¢
features in £ but not in B. This is further demonstrated in figure 9.

Similar comparisons can be carried out for the case of the “field center” and the “m
center”. There, one can see from figure 10 that they coincide with the electric center
taken in [20].

Before we end, we would also like to make a comment about the treatment of zero mode
that is adopted in [20] and inherited here. The entanglement entropy is computed using
correlation functions of the fundamental basis of the operator algebra, {F, B} considered
in [20] and {A,7} in the current paper, expressed in terms of correlation functions of
a dual scalar. In either case, there are constraints satisfied by the operators, and such
redundancies are removed by picking up a maximal tree of links in the given region, which
is essentially equivalent to treating the zero mode of the scalars. The notion of the maximal

tree is illustrated in figure 11.

6 Local operators of U(1) gauge fields coupling with matter

Now we consider U(1) gauge fields coupling with matter. We consider the situation of a
Higgsed U(1) theory, where the gauge fields gain a mass. The Lagrangian considered is

1 1
L= (00~ mA,)? — JEw " (6.1)
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Figure 9. Contrasting trivial centers: the left figure corresponds to the trivial center algebra
of our model with square region of size n = 3, while the right figure corresponds to the trivial
center algebra of Casini’s model [20] with square region of size n = 5. Only physical degrees of
freedom have been left in both two figures. In the left figure, links mean both the corresponding
operators A and 7. In the right figure, links mean the corresponding electric fields and dots means
the corresponding magnetic fields. We can see that the two trivial centers are quite different. The
physical operators A in the left figure can be got by truncating the magnetic fields in the right
figure and then taking the maximum tree, which is a way to get the physical degrees of freedom
and remove the redundancy. We will see it in figure 11 for details.

Figure 10. Comparison of non-trivial centers: the left figure corresponds to the A (or m) center
algebra of our model with square region of size n = 3, while the right figure corresponds to the
electric center algebra of Casini’s model [20] with square region of size n = 3. Only physical degrees
of freedom have been kept in both figures. In the left figure, solid links correspond to both A and
7, while dashed links correspond to keeping only the operators A (or 7) in the algebra, which form
a center. In the right figure, both solid links and dashed links correspond to the electric operators
and dots correspond to the magnetic operators. The electric operators on dashed links commute
with all other operators and form a center. We can see that the two centers (dashed links) are the
same in the figures.

We take the gauge fixing
8ZAZ = mo. (62)
From the gauge fixing, Gauss’s law reduces to

oot — 0, 0L oL
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Figure 11. An example of gauge fixing: we do the gauge fixing by taking the maximal tree of
dual scalars to remove the redundancy. The left figure corresponds to the gauge fixing of operators
A (or ) in the trivial center algebra of our model with square region of size n = 3, while the
right figure corresponds to the gauge fixing of electric fields in the trivial center algebra of Casini’s
model [20] with square region of size n = 5. In the left figure, the solid links correspond to the
operators A (or ), while the red dots are the corresponding dual scalar operators ¥ (or x). The
red dashed lines form a maximal tree of scalars. We remove the redundancy by removing the solid
links which are not cut by red dashed lines and keep the ones which are cut by red dashed lines. In
this way, we get the left figure of figure 9. In the right figure, the solid links mean the electric fields,
while the red dots are the corresponding dual scalar fields. We do the gauge fixing in the same way.
We can see that the scalar operators x (or x) in the left figure take the same places as the magnetic
fields in the right figure of figure 9. The operators A are the truncation of magnetic fields.

With the gauge fixing (6.2), we have the equations of motion

V2A0 = m2A0, (64)
Az — V2Al + mZAi = 8ZA0
and
& — V20 +m?c = mA,. (6.6)

From (6.4), we find that there is no dynamic in the temporal component of gauge field.
Similarly to the previous case without matter, we can take Ay = 0 and keep the degrees of
freedom of A; and o. The canonical momenta are

0A;
and or
7= o= 6 —mdg =3 (6.8)

With Ag = 0, we get two second class constraints
X1 = 0;A; —mo =0 (6.9)

and
X2 = O’ —mo = 0. (6.10)
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Because they are the second class constraints, we have to consider the Dirac bracket. The

Poisson bracket is defined as

o U oV V. oU
wvie= [ a7 (5Au(l’) onh (@)~ 3A, (@) W@)) |

For the two constraints, we have
{X12: X2y} P = {0iAs — mo, 07! —mé}p = {0;Ai, 057} p + m* {0, 6} p

¢ (2m)?

(|E|2 + m2)ez‘E~(5—g’).
The Dirac bracket is defined as

{f.9yp={f.9}p — {f. xi}r(C")is{x;, g} P,

where the matric C is defined as

_ 0 {x1,x2}p
©= ({X1,X2}P 0 ) '

For other Poisson brackets, we have

{o(z),x1(y)}p =0,
{o(z),x2(y)}p = —m{o(2),6(y)}p = —md(Z — ¥),
{o(x),x1(9)}p = —m{c(z),0(y)}p = md(Z - ¥),
{o(2),x2(9)}p =0,
{Ai(2), x1(y)}p =0,
{Ai(z), x2(y)}p = {Ai(2), 077 (y)} p = 0/0(Z — §) = —07 (% — ¥)),
{7 (@), xa(y)}p = {7'(x),8;4;(y)}p = —0Y6(Z — §) = 87 6(Z — ),
{Wi($)aX2(y)}P =

From the above equations and eq. (6.13), we have

N Pk R e
{U(l’,t),’]‘( (y7t>}D_/(2ﬂ.)2 I

2k —imk; F—7)

{U(f,t),wi(ﬁ,t)}DZ/(2ﬁ)2 -

2_» ) . P -
(A3 0,7 (7.0} = | (j ’;‘2 _imki_ i),
s

[? + m?
‘ dQE . ki k. T
. e _ | R e FiRj ) ik(E—g)
{Az(xvt)aﬂ- (y7t>}D _/(271-)2 (574 |E|2+m2> € ’

and

17 -

(6.11)

(6.12)

(6.24)

(6.25)



To quantize the fields, we canonically quantize, and impose the Dirac brackets to obtain
the following commutators

Ck K ey
o(Z,t),7°(7,1)] = 2/ = ek E=9) 6.28
lo(Z,1), 7 (¥, 1)] @2 [T 1 2 (6.28)
. Pk —imk; e o
o(Z,t), 7 (7,t)] =i - L etk(@=9) 6.29
R (6.29)
2k imk; e o
Ai(Z, 1), 7°(7,1)] = z/ 7 k(@=g) 6.30
[Ai(Z,1), 77 (4, 1)] @2 (72 1 (6.30)

. L 2k kik; i
[Ai(Z, ), 7 (§,1)] zz/ @)y (55 — M) k@9 (6.31)

[O-(‘fv t)70'(377 t)] = [ﬂ-g(f’t)vﬂ-g(gv t)] = [Az(f’ t)vAj(gv t)] = [Wi(f7t)7ﬁj(ga t)] =0. (632)

Here we know, there are 2 degrees of physical freedom in the total fields in 2+1 dimension.
For simplicity, we treat o as Ag. We do the mode expansion and we get

&k 1 - - N

A(@,t) = / TV (eu o)a(k, o)e —WHM+e#(k,a)*af(k-,a)ewf—“m) (6.33)
and

T (Z,t) :/d2]2 ! Z( iwe, (k, o)a(k U)e_m+ig'f+iwe (k, o) al(k U)em_“;'f>

) 277 \/T ,U« ) 1% ) I .
(6.34)

Here w? = |k|?> + m?. From the above Dirac brackets, we have the constraints for the
polarizations

3 (eO(E, o)eo(k,0)*) = L (6.35)
S L (6.36)

==, (6.37)

S (ei(E, a)ej(E,o—)*) 5y — ki (6.38)

However, from the commutators above, we find that the operators o, A; and their canonical
momentums are again not local. As before, we need to construct a set of local operators
in this model. We define

A;

o

—V3(=V? +m?)A,, (6.39)
~V?(=V% 4+ m?)o, (6.40)
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and consider the operators ,4; and 7%,77/. The two constraints of the new variables are

0iA; = mé (6.41)
and

o' —mé = 0. (6.42)

The commutators of the new operators are

dQE - TS
(2, 6), 7 (§,)] = i / IR, (6.43)
@0 =i [ LI N (6.44)
) 9 ) (27_[_)2 3 ) .

i|k|Pmk; et E=1), (6.45)

I 012 (1712 2\ _ 1. 2. 1712 Hik(E-9)
(a2 (PRPRE +m?) — kikyl FP) 559 (6.46)

[6(7,1),6(7,1)] = [77(Z,8), 7. )] = [Ai(@, 1), A; (. )] = [7'(&, 1), 7" (F,)] = 0. (6.47)

We can see that the new operators are local. We will discretize them in the lattice and
calculate the entanglement entropy. In the next section, we will find that the new operators
are very useful when we consider the lattice.

7 U(1) gauge fields coupling with matter on the lattice

For U(1) gauge fields coupling with matter o, we have to modify the duality relation (4.2).

Ai = 00 + €505,

mo = V3¢,
and
7Ti = éhgb + 6@‘8]')'(, (73)
mn’ = V2qﬁ,

which satisfies the constraints (6.9) and (6.10) automatically. We have the mode expansions
of the dual scalar fields and the time derivative of them

Pk 11 . . . o
Ft)=— [ —— kyei(k, o) — ikges(k,0))a(k, o)e Witika
0= [ 58 i 2 (b (F.o) ~ ksl o)tk o) .

_(ikyel(E, J)* — ikx€2(E, U)*)&T(E, J)eiwt—il_{.f> ’

-

. 2k 1 1 ? AT —iwt+ik-Z T kAt T iwt—ik-
(Z,t) = —m/%_\/%z:“z|2 (eo(k:,a)a(k,o)e kT ook, o) al (k, o)et =k ),

(7.6)
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and

/ 2 ((kyel (E’ U) - kIe?(Ev J))&(E7 O-)e_iwﬂ_“;.f

’k‘ (7.7)

—i—(k: el(E, o) — kaQ(]; U)*)@T(];’7 U)eiwtfik-f) 7

QS(CE, t) \/>Z Z€0 E ) —iwtik-T + ieo(E,U)*fLT(E, O_)éwt—il%-f) )

(7.8)

Similarly, for the new operators Er,fli and 77,77, we have the duality relation
Ai = 8 + €0, (7.9)
ms = V¢, (7.10)
7= 82¢ + Gijaj)'(, (7.11)
mn® = V*¢, (7.12)

where we define

(&, t) = =VEH(=V? +m?)¢

2 L
- /C;:\/Laﬂz ( (ikyer( k o) — iky eg(k: U))d(k o)e WiHikT (7.13)

_(ikyel(k,a) - ikxez(k,a) )a (k‘,a)e“"t—lk'm) ’

and
o(Z,t) = —VH=V2 +m?)¢ (7.14)
ko 1 —iwt+ik-& . \*at1 iwt—ik-Z
= — /27r \ﬁ 22(60 ,o)e” WHIRE 4 eq(k, o) al (k, 0)e™ )
The non-vanishing commutators of ¥,x,$ and ¢ are
e Bk i
[X(Z, 1), X (7, 1)] zz/wuﬂe“ 9 (7.15)
and
[6(Z,1), 6, 1)] = im*6*(Z — 7). (7.16)

The non-vanishing vacuum correlation functions are

(7 V(T _ d? k w? 2 ik-(Z— y)

GO = [ oy Rl (717)
2 w N

(X(Z,)X(F, 1)) = / @2@26”““”7 (7.18)

@03 =t [ LoD, (7.19)
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Flgure 12. Dual lattice: the scalar field operator x is in the center of the plaquette and operator
¢ is in the vertex. The gauge field operator A in some link is equal to a difference of scalar field
operators x across the link in the dual lattice which is perpendicular to the one corresponding to
A plus a difference of scalar field operators ¢~> along the same link in the dual lattice. The duality
of gauge field momentum operator 7 is in the same way.

and

. . 2k w 1 T o
f, t _’, t = m2 — _,76“6.(];_:[/) . 720
@00 = [ G (7.20)
Now we discretize the model in a square lattice. We define the operators A; and
associated to horizontal links, Ay and 72 to vertical links, & and 7° to the vertices. Because
of the redundant degrees of freedom in this model, we have two constraints (6.41) and (6.42).
In the discrete lattice, the two constraints become

> Agp = mé, (7.21)
b

and

Z 7 = (7.22)

where the sum is over all the links (ab) with the common vertex a. In the above equations,
it is assumed that the gauge field component is the corresponding one to the link direction
and matter field component is associated to the vertex. The links are oriented. The field
attached to changes sign if the orientation is flipped i.e. Ay = —Apg.

Because of the above constraints, we fix the scalar field variables ¢ and 79 to make
gauge fields the physical degrees of freedom. As shown in figure 12, we don’t show the
scalar field variable & there because we have fixed it. The way to label the gauge field
operators on the lattice is the same as the pure gauge theory in section 4. We label them
with the coordinates of the initial vertices of the vectors, such as

Alij = ‘le(ij,i—i—lj)? (7.23)
Azij = Ag(ijij+1)- (7.24)

The discrete version of (7.9) and (7.11) is also shown in figure 12. The operator A is
related to the difference of the scalar field operators x in the orthogonal direction in the
dual lattice and the difference of the scalar field operators qg at the two end vertices of the
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same link as A. The dual of operator 7 is defined in the same way, interchanging A < 7,
X ¢ chi and ¢ <> ¢. For example,

Aliﬂ‘ = Xi,j — Xij—-1+ ﬁgzﬂrl,j - <13i,j7 (7.25)

Agij = Xi—1j = Xijj + Pijt1 — Pij (7.26)
and

”z‘lj = Xij — Xij—1 + Git1j — Diyjo (7.27)

”z‘zj = Xi—1j = Xij + Pij+1 = bij- (7.28)

With the above dualities, the non-vanishing commutators of the discrete version of opera-
tors x, x and ¢, ¢ are

[T T ky . ok . :
[Xijs Xkt] = im>6ixd 1 +(2:r)2/ dkx/ dk, (481112 ?+4SIH2 2y> cos(ky(i—k))cos(ky(j—1)),
(7.29)
and

[Gij, dri] = im>6indju. (7.30)

Note that in the second term on the r.h.s. of (7.29), we have left the result inside an integral.
It might at first sight lead one to question the locality of Y. We note however that these
terms are precisely corresponding to the derivatives of the delta function. They are thus
local on the lattice. We leave them in the current form for simpler manipulation in the
numerics. The commutators of the discrete version of operators A, m can be expressed by

the above commutators. The non-vanishing ones are

_Auj, zzhkz_ = 2[Xij» Xkt) = [Xij> Xki—1) = [Xij—15 Xb,l] (731)
+ 2[(51,]) ék,l] - [$i+1,j7 ng,l] - [ngyja (;;k-i-l,l]a
_Auj, 12121@[_ = [Xijs Xk—1,1] + [Xij—1> Xiet) — [Xirjs Xet) — [Xij—15 Xk—1,1] (7.32)
+ [Bit1.js Bris1] + [Bigy Phot] — [Di1,js Preg] — [igs Pl
_;12@', Alkl_ = [Xi—1,5> Xke,t) + [Xijs Xed—1) = [Xirjs Xet) — [Xi—1,55 Xk,1—1] (7.33)
+ [Bija1s Brrrd] + [Gigs Prot] — [Dijts Preg] — [igs Pt
and
Ay, Ay = 2[Xi,j» Xk,l) — [Xi—1,5s Xk,1) — [Xi,j> Xk—1,l
[Avij, Avga] = 2086, Tea) = Koo, ) — Koo Xa1] _—

+2(¢ij, rea] — [Gijr1, Pra] — [Pigy Pheaaa)-

We can see that the discrete version of operators A and 7 are local. We use them to
calculate the entanglement entropy in section 8.
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The non-vanishing vacuum correlation functions of operators x, x and ¢, ¢ are

2 ko 2 ky :
<Xz]Xk:l dk dky 4sin® +4sm Y1 m?
_ _ 2 2
k” ”k (7.35)
<4sin2 §+4sin2 2y> cos(ky(i—k))cos(ky(j—1)),
o ky |, cos(kz(i—Fk))cos(ky,(j—1))
Xij Xkl) / dk / dky \/4s1n 2 4+ 4sin? 2 +m ,
(i — —r 2 4sin? k’“ +4sin? k
(7.36)

k. k
<¢w ¢kl / dk, / dk, \/<4 sin? 5 +4sin? ?y +m2>
T (7.37)

<4sin2 % +4sin? k2y> cos(ky(i—k))cos(ky(j—1)),

and
. 1 4 4 m? cos(kz(i—k))cos(ky(j—1))
<¢ij¢kzl>:(2w)2/ dky [ dky - ke ) ;’ky :
- - 2\/4Sin2%1+4sin27y+m2 4sin” 3 +4sin” 3
(7.38)

The vacuum correlation functions of discrete variables A;; and m;; can be expressed with
the above correlation functions, such as

(Avij, Arrt) = 2(Xijs Xiet) — (Xigs Xhi—1) — (Xij—1> Xk,t) (7.30)

+ 2(0ij; Gkt) — (Dit1,5> Ph 1) — (Dig, Phv1)-

8 Entanglement entropy of two dimensional lattice gauge fields in the
Higgs phase

We calculate the entanglement entropy of gauge fields coupling with matter in a square
region now. We consider the square region with four different algebra choices, which are
shown in figure 14. The four choices of algebras are full trivial center B, trivial center with
some physical degrees of freedom removed B, A center BA and 7 center BT.

In figure 13, we illustrate the different algebras in the different duality frames. In the
top figures, we show the gauge field operators and matter field operators on the lattice,
while in the bottom figures, we show the corresponding dual scalar field operators. The
figure 13 is without gauge fixing. We remove the redundant degrees of freedom by fixing
the variables 6 and 7°. By gauge fixing, we get the full trivial center algebra from the left
panel of figure 13. After fixing the matter degrees of freedom in the right panel of figure 13
and remove some operators, we can get the A center algebra or thew center algebra, as
shown in figure 14.

In the trivial center choices, as shown in the first and second figure of figure 14, both
operators A and 7 are associated to every link. We have the same number of operators A
and 7. In the first figure, we keep all the physical degrees of freedom, while in the second
figure, we remove some links to get another algebra.

~ 93 -



a 'y - & 'y 'y & & - &
.
4 A A A4 a4 a L A A A A&
.
4 A& A& A4 a4 a A A A A A
.
4 A4 A& A4 a4 a A A A A A a
4 A& A& A4 a4 a & 4 A

Figure 13. The duality of gauge fields with matter on the lattice. The figures are corresponding
to square regions of size n = 5. The top two figures correspond to the gauge field and matter
field, while the bottom ones to the dual scalar fields representation of the same algebra. Links
with solid lines mean both the operators A and 7 on the link belong to the algebra. Links with
dashed lines mean the corresponding operator A or 7 does not belong to the algebra. Marked boxes
correspond to both the matter field operators & and w%. Marked dots correspond to both the scalar
field operators xy and the momentum operator x. Circle dots mean the scalar field operator y or
operator x does not belong to the algebra. Marked triangles correspond to both the scalar field
operators q; and the momentum operator ¢ Unmarked triangles mean the scalar field operator (;3 or
the momentum operator ¢ does not belong to the algebra. Because of the constraints of gauge field
and matter field, we fix the matter field to remove the redundant degrees of freedom. The gauge
field operators correspond to the physical degrees of freedom. The left panel shows the trivial center
choice, while the right panel is related to the A center or 7 center choice (not exactly), according
to the meaning of dashed lines.

To get the A center choice, we remove operators 7 on the boundary links of the second
figure in figure 14 which leads to the third figure. We find that all the operators A associated
to the boundary links commute with the rest of the operators in the algebra. Hence, they
form a center. In the 7 center choice, we do it in the same way, interchanging A < .

Now let us see the results of fours algebra choices. We also expect the entropy has the
following form as a function of the square region size n,

C C
Sn:co+cln+cloglogn+£+%. (8.1)
n n

a) Full trivial center — algebra B. The entanglement entropy with algebra B is
shown in figure 15. We have the coefficients

co =3.07418, ¢ =2.61987, ciog = —2.6416, co = —4.77179, c3 =2.12216. (8.2)

b) Trivial center with some physical degrees of freedom removed — algebra B.
The entanglement entropy with algebra B is shown in figure 16. We have the coefficients

co = —3.3877, c¢1 =3.54833, clog = —2.66965, cp = 5.20503, c3 = —1.97591. (8.3)
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Figure 14. Some algebra choices of gauge field with matter. The figures correspond to square
regions of size n = 5. By fixing all the matter field operators on the vertices, all operators on the
links are physical. In the left figure, we keep all the physical degrees of freedom and get the algebra
of trivial center. We denote it as B. In the middle figure, we remove some links. In the remaining
links, both operators A and 7 are there. It also forms an algebra of trivial center. We denote it as
B. In the right figure, links with solid lines mean both the corresponding operators A and 7 belong
to the algebra and links with dashed lines mean the corresponding operator A orm does not belong
to the algebra. Without loss of generality, let us assume operators A to be on the dashed links, not
7. The operators A on dashed links commute with all the operators 7 on the solid links and they
form a center. We denote such an algebra as B4. When the dashed links correspond to operators
7, not A, we get the algebra of 7 center. we denote it as B”.

OB v v v
5 10 15 20 25 30 35

n

Figure 15. The entanglement entropy of gauge field with algebra B.

We show the entanglement entropy with two different trivial centers together in figure 17.
We can see that the leading term of entanglement entropy is different for two trivial centers,
but from the fitting coefficients, we find that the logarithmic term is very close.

c) A center — algebra BA. The entanglement entropy with algebra B4 is shown in
figure 18. We have the coefficients

co = 35.1262, ¢ =16.0801, clog = —2.70508, cp =4.65304, c3 =4.65304. (8.4)
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Figure 16. The entanglement entropy of gauge field with trivial center with degree of freedoms
removed.

30l ]
Sn 60 ; :

40 .
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5 10 15 20 25 30 35

n
Figure 17. The entanglement entropy of gauge field with two different trivial centers.The red

(top) line corresponds to the trivial with degree of freedoms removed, while the blue (bottom) line
corresponds to the usual trivial center.

d) 7 center — algebra B™. The entanglement entropy with algebra B™ is shown in
figure 19. We have the coeflicients

co=5.85105, ¢1 =7.35487, ciog = —2.65376, ¢y = 6.02547, c3 = 0.676344. (8.5)

We can see that the logarithmic term is independent of the algebra choices.

9 Mutual information of 2D lattice gauge field with Coulomb gauge

Now let us calculate the mutual information of gauge fields with Coulomb gauge between
two squares of equal size n? separated by a distance n, for the four different algebra choices
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Figure 19. The entanglement entropy of gauge field with 7 center.

in figure 3 and figure 4. The mutual information between region A and B is given by
I(A,B) =S(A)+ S(B) — S(AU B), (9.1)

which is finite and well defined.
In figure 3 and figure 4, we have the four algebras

ADAD AL A, (9.2)

The mutual information is monotonously increasing with the algebra. Hence, we expect
to have
IA(AaB) EIA(A7B) ZIAA(A7B)7IA"(A7B)7 (93)

where A and B are the two square regions.
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Figure 20. The mutual information of gauge fields with Coulomb gauge between two square regions
of size n and separation distance n for four different algebra choices, from top to bottom A and A
(purple curve), AA (red curve) and A” center (green curve). There are two curves in the purple
curve. One is mutual information of algebra A and the other is of algebra A. At n = 3, the mutual
information of algebra A is a little larger than algebra A. For other values of n, they are hard to
distinguish.

In figure 20, we show the numerical calculation of mutual information of gauge fields
with Coulomb gauge between two square regions of the same area n? and separated by a
distance n for different algebra choices. The figure shows that the relation (9.3) holds, as
we expect. The mutual information for algebra A and A is difficult to distinguish when
n > 4. When the regions become large, the effect of one pair of operators on the entropy
and mutual information is negligible. This is because the algebra A gets closer and closer
to algebra A, as the regions become larger and larger.

10 Mutual information of 2D lattice gauge field coupling with matter

Now we consider the mutual information of gauge fields coupling with matter between two
squares as in the previous section, again for the four different algebra choices in figure 14.
In figure 14, we have the four algebras

B> B> BA B (10.1)

The mutual information is monotonously increasing with the algebra. Hence, we expect
to have
I5(V,W) = Ig(V,W) > Iga(V,W), Ie (V, W), (10.2)

where V and W are the two square regions.

In figure 21, we take m = 1 in the calculation. We show the numerical calculation of
mutual information of gauge fields coupling with matter between two square regions of the
same size n and separated by a distance n for different algebra choices. The figure shows
that the relation (10.2) holds, as we expect. The mutual information of all four different
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Figure 21. The mutual information of gauge fields coupling with matter between two squares of
equal sizes separated by a distance equal to the square size for algebra B (blue curve), B (yellow
curve), B4 (red curve) and B™ (green curve). We take m = 1 in this figure. In the limit n — oo,

the mutual information for all four algebra choices goes to 0 very fast.
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Figure 22. The mutual information of gauge fields coupling with matter between two squares
of equal sizes separated by a distance equal to the square size for algebra B with m = % (blue
line),m =1 (red line) and m = 2 (green line).

algebra choices decays to 0 very quickly. This is one of the properties of gauge fields in the
Higgs phase, the decay reflecting the mass gained.

Now we compare the mutual information of gauge fields coupling with matter of differ-
ent masses. We consider the same algebra choices and regions as the above case of m = 1.
As the mass of matter increases, the vacuum correlation functions of A and 7 decays faster
with distance. We expect that the larger the mass, the smaller the mutual information. We
compare the results of m = %, 1,2 for four different algebra choices in figure 22, figure 23,
figure 24 and figure 25 respectively.

Figure 22, figure 23, figure 24 and figure 25 show the mutual information with dif-
ferent mass for four algebra choices B, B, BA and B™ respectively. We can see that, for
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Figure 23. The mutual information of gauge fields coupling with matter between two squares
of equal sizes separated by a distance equal to the square size for algebra B with m = % (blue
line),m =1 (red line) and m = 2 (green line).
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Figure 24. The mutual information of gauge fields coupling with matter between two squares
of equal sizes separated by a distance equal to the square size for algebra B4 with m = % (blue
line),m =1 (red line) and m = 2 (green line).

the four different algebra choices, the mutual information all decreases as the mass of
matter increases.

11 Conclusion

In this paper, we have explored the effect of a different gauge choice on the tensor product
structure of the Hilbert space constructed for the gauge potential in a U(1) gauge theory
in 2+1 dimensions. In particular, departing from the usual choice of temporal gauge, we
studied the Coulomb gauge and explicitly demonstrates that by imposing the constraints
as second class constraints and obtaining Dirac brackets, the gauge potentials attain com-
mutators that correspond to highly non-local operators— commutators are non-vanishing
all the way to infinite separation. To make sense of entanglement entropy associated to a
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Figure 25. The mutual information of gauge fields coupling with matter between two squares of
equal sizes separated by a distance equal to the square size for algebra B”™ center with m = % (blue
line),m =1 (red line) and m = 2 (green line).

local region, it is therefore necessary to construct a local operator algebra. We proposed
a way making use of the duality with a scalar degree of freedom in the two dimensional
spatial slice, in the cases of the massless theory and also in the Higgs phase. In the massless
case, we recover the entanglement entropy of a scalar field (the log term in particular) and
that of a U(1) theory when we pick a center. We also studied the case of the Higgs phase
in the Coulomb gauge and construct a modified set of local operators accordingly. In this
case, the choice of algebra has little detectable effect on the log term of the entanglement
entropy. Our result highlights the fact that by choosing a different notion of fundamental
operator basis, it naturally leads to a different set of algebra associated to a region.

We have shown, at least in 2+ 1 dimensions how to recover known results in terms of the
gauge potential when the gauge potentials are non-local. This gives us some insights into
the structure of the Hilbert space in a gauge theory. In terms of the gauge potentials, the
Hilbert space is in some sense fluid — local operators could turn into non-local ones based on
different gauge choices. However, suitable construction of local degrees of freedom appear
to recover the expected result. This should have implications in gravitational theories as
well. We also note that our construction of a set of local operators is based on a duality
relation with scalars in 2 spatial dimensions. It would therefore be interesting to generalize
our construction to higher dimensions.

We note that in this paper we have considered the Coulomb gauge and obtain Dirac
brackets where the constraints are imposed explicitly at the level of canonical quantization.
It is well known that in our usual path-integral quantization of the Maxwell theory, there
are different gauge choices corresponding to extra term %@LA“ in the action. One might
wonder how different values of ( is incorporated in the current discussion. We note that
this term arises as we average over difference gauge choices 0A = w over a Gaussian
distribution of w. This makes the discussion as some definite constraint in the context of
canonical quantization at present unclear. We leave this interesting and important problem
for future investigation.
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