
Eur. Phys. J. C (2008) 56: 571–578
DOI 10.1140/epjc/s10052-008-0677-4

Regular Article - Theoretical Physics

Gauge invariance and the CPT and Lorentz violating induced
Chern–Simons-like term in extended QED

A.P. Baêta Scarpelli1,a, Marcos Sampaio2,b, M.C. Nemes2,c, B. Hiller3,d

1Centro Federal de Educação Tecnológica, MG, Avenida Amazonas, 7675, 30510-000 Nova Gameleira Belo Horizonte, MG, Brazil
2Physics Department, ICEx, Federal University of Minas Gerais, P.O. Box 702, 30.161-970, Belo Horizonte, MG, Brazil
3Departamento de Fisica, Universidade de Coimbra, 3004516 Coimbra, Portugal

Received: 16 June 2008 / Revised: 1 July 2008 / Published online: 29 July 2008
© Springer-Verlag / Società Italiana di Fisica 2008

Abstract The radiative induction of the CPT and Lorentz
violating Chern–Simons (CS) term is reassessed. The mass-
less and massive models are studied. Special attention is
given to the preservation of gauge symmetry at higher orders
in the background vector bμ when radiative corrections are
considered. Both the study of the odd and even parity sectors
of the complete vacuum polarization tensor at one-loop or-
der and a non-perturbative analysis show that this symmetry
must be preserved by quantum corrections. As a comple-
ment we obtain the result that transversality of the polariza-
tion tensor does not fix the value of the coefficient of the
induced CS term.

PACS 11.30.Cp · 11.30.Er · 11.30.Qc · 11.15.Bt

1 Introduction

Symmetries are the cornerstones of the systematical study
of any theory. Lorentz and CPT invariances have supreme
importance in the elaboration of modern quantum field the-
ory models. However, in the previous decade the possibil-
ity of violation of these symmetries has been investigated
on a vast scale [1–46]. A standard model description, where
possible violations of such invariances are considered, was
developed by Colladay and Kostelecký [4, 6] and by Cole-
man and Glashow [5, 8]. One of the most discussed terms
that incorporates these features has the Chern–Simons (CS)
form

ΣCS = −1

4

∫
d4x cμAνFαβεμναβ, (1)
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in which cμ is a constant four-vector that selects a space-
time direction. Therefore, it gives rise to optical activity of
the vacuum. Although astrophysical results put very strin-
gent limits on the magnitude of cμ [1–3], many controver-
sies have emerged from the discussion whether such term
could be generated by means of radiative corrections from
the fermionic sector with the inclusion of the CPT and
Lorentz violating axial term, bμψ̄γ μγ 5ψ , bμ being a con-
stant background vector. The main point concerns the reg-
ularization dependence of this term. As discussed in many
papers, the finite radiative correction 	cμ comes from the
cancellation of divergences and, therefore, is in principle
regularization dependent. Symmetries are invoked to argue
against or in favor of the generation of such a term.

Other discussions focus on the possibility of considering
a source for the bμ field and in stating gauge invariance in
a weak way, which means that we have gauge invariance of
the action and not necessarily of the Lagrangian density.

In this paper, we reassess the discussion on the radiative
generation of the CS-like term. We give particular attention
to the possibility of gauge symmetry violation coming from
quantum corrections. We also analyze if gauge invariance
can impose some constraint on the coefficient of the CS-
like term. The paper is divided as follows. In Sect. 2, the
massless model is considered. It is shown at one-loop order
that the even parity piece of the polarization tensor has the
structure of simple spinorial QED, by arguments of assign-
ing a constant background field to arbitrary rooting of the
internal momentum dependence. The implicit regularization
(IR) technique allows one to pin down the exact form of sur-
face terms and its a priori arbitrary parameterized values.
A weak constraint, i.e. a relation among two of the parame-
ters, instead of fixing both values independently, is seen to
be sufficient to ensure gauge invariance. The odd parity term
is shown not to deliver further constraints on this relation,
which leads finally to the indeterminacy of the coefficient of
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the CS term. This result is compared to the chirally rotated
theory and the Jacobian of the transformation. In Sect. 3, we
carry out the analysis of the massive model, expanding the
exact propagator to second order in the constant background
field. Again, a careful study of the surface terms with the IR
method leaves the CS-like term coefficient undetermined.
We summarize our results in Sect. 4.

2 The massless model

Concerning the modified QED which includes the axial term
in the fermionic sector, some papers were devoted to discus-
sion of the gauge invariance of the model [17, 18, 20, 21].
In Ref. [17], Altschul has analyzed the massless model and
argued that gauge symmetry is violated at b2 order of the
vacuum polarization tensor. In [18], the author has shown
that an adequate Pauli–Villars regulator is compatible with
the gauge invariance of the model.

We would like to show here that the gauge invariance of
the action enforces a certain relation among the a priori ar-
bitrary coefficients which parameterize surface terms. This
can be achieved by considering the whole amplitude. Nev-
ertheless, this is not sufficient to fix unambiguously the co-
efficient of the radiatively generated CS term.

We begin our reasoning by analyzing the massless case,
for which the fermion action is given by

Σψ =
∫

d4x ψ̄(i∂/ − eA/ − b/γ5)ψ. (2)

It is instructive to discuss first a non-perturbative calculation
(in b and in the coupling constant) of the induced CS-type
term. This calculation has been performed by Chung in [22].
By making the chiral transformation,

ψ → e−iγ5b·xψ, ψ̄ → ψ̄e−iγ5b·x, (3)

we can eliminate the bμ vector from the classical action.
Nevertheless, at the quantum level, the measure of the gen-
erating functional acquires a factor given by the Jacobian
[61],

J [bμ,Aμ] = exp

{
−i

∫
d4x (b · x)A[Aμ](x)

}
, (4)

with

A[Aμ](x) = 1

16π2
εμναβFμνFαβ. (5)

We can write

J [bμ,Aμ] = exp

{
−i

∫
d4x

1

4π2
(b · x)εμναβ∂μAν∂αAβ

}
,

(6)

which after an integration by parts turns out to be

J [bμ,Aμ] = exp

{
i
∫

d4x
1

4π2
bμεμναβAν∂αAβ

}
. (7)

We see that after the chiral transformation the axial term
disappears from the fermionic sector. As a result the QED
Lagrangian is obtained, together with a Jacobian which is
taken into account when quantum corrections are calculated.
Therefore, the non-massive model with Lorentz and CPT
violation in the fermionic sector is equivalent to the non-
massive QED, if a CS-type term coming from the Jacobian
is added to the radiative correction of the photon self-energy.
As a consequence, since the latter model is gauge invariant,
so must the original one be. We will comment at the end of
this section on the coefficient of the CS term.

We now carry out an one-loop analysis for the massless
case, following Ref. [17]. If the fermion is non-massive, its
propagator can be decomposed as

i

k/ − b/γ5
= i

k/ − b/
PL + i

k/ + b/
PR, (8)

where we use the chiral projectors

PR,L = 1 ± γ5

2
. (9)

It is now simple to analyze the full vacuum polarization ten-
sor and achieve some conclusions with respect to the gauge
invariance of the theory and the generation of the CS term.
The amplitude is easily written as

Πμν = 1

2

{
Π

μν
+ + Π

μν
− + Π

μν
5+ + Π

μν
5−

}
, (10)

with

Π
μν
± =

∫ Λ

k

tr

{
γ μ(k/ ± b/)γ ν(k/ + p/ ± b/)

(k ± b)2(k + p ± b)2

}
(11)

and

Π
μν
5± = ±

∫ Λ

k

tr

{
γ μ(k/ ± b/)γ ν(k/ + p/ ± b/)γ5

(k ± b)2(k + p ± b)2

}
, (12)

where
∫
k
≡ ∫ d4k

(2π)4 and the superscript Λ is used to indicate

that some regularization has been applied. Note that Π
μν
± is

simply the vacuum polarization tensor of the simple spinor-
ial QED evaluated with an arbitrary momentum distribution
in the internal lines, k + k1 and k + k2, with p = k2 − k1, for
which k1 = ±b and k2 = p ± b. Any regularization scheme
that respects gauge invariance will return an answer which
is transverse and depends only on p = k2 − k1. In Ref. [24],
this amplitude has been calculated by means of implicit reg-
ularization [47] with arbitrary k1 and k2. In the massless
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limit, it gives

Π
μν
± = Π

(
p2)(pμpν − p2gμν

)

− 4
(
α1g

μν − (
k2

1 + k2
2

)
α2g

μν

+ 1

3
(k1αk1β + k2αk2β + k1αk2β)α3g

{μναβ}

− (k1 + k2)
μ(k1 + k2)

να2
)
. (13)

In the equation above, Π(p2) includes the divergent part.
The quantity g{μναβ} denotes the symmetrized product of
two gμν . Now, the momentum routing dependent terms,
which cause violation of gauge symmetry, are proportional
to the αi , namely

α1gμν ≡
∫ Λ

k

gμν

k2 − m2
− 2

∫ Λ

k

kμkν

(k2 − m2)2

=
∫ Λ

k

∂

∂kμ

(
kν

(k2 − m2)

)
, (14)

α2gμν ≡
∫ Λ

k

gμν

(k2 − m2)2
− 4

∫ Λ

k

kμkν

(k2 − m2)3

=
∫ Λ

k

∂

∂kμ

(
kν

(k2 − m2)2

)
(15)

and

α3g{μναβ} ≡ g{μναβ}
∫ Λ

k

1

(k2 − m2)2

− 24
∫ Λ

k

kμkνkαkβ

(k2 − m2)4
, (16)

which means

g{μναβ}(α3 − α2) =
∫ Λ

k

∂

∂kβ

[
4kμkνkα

(k2 − m2)3

]
. (17)

In the equation above the limit m2 → 0 is supposed to be
taken. For the traditional spinorial QED, gauge invariance is
obtained by setting these surface terms to zero. Pauli–Villars
regularization, for example, is constructed to warrant gauge
invariance, and in this case the surface terms cancel out. The
diagrammatic proof of gauge invariance [62] is based on the
assumption that there exists a regularization which allows
for shifts in the integration momenta. Dimensional regular-
ization has been developed exactly with this characteristic.
So, if some technique works in the proper dimension of the
theory, the preservation of the Ward identities depends on
the elimination of the surface terms by means of symme-
try restoring counterterms. The exception takes place when
anomalies are involved. For situations like that, it is not pos-
sible to eliminate all the surface terms.

Now let us return to equation (13) and see how the result
of [17] can be obtained. We turn our attention to the second

order contribution in the external vector bμ. We have

1

2

(
Π

μν
bb− + Π

μν
bb+

)

= −4
{(

b2gμν + 2bμbν
)
(α3 − 2α2)

}
. (18)

If one uses symmetric integration when calculating α2

and α3, such that kμkν → gμνk2/4 and kμkνkαkβ →
g{μναβ}k4/24, one obtains

α2 = i

32π2
and α3 = 5i

96π2
, (19)

so that

1

2

(
Π

μν
bb− + Π

μν
bb+

) = i

24π2

(
b2gμν + 2bμbν

)
. (20)

It is the same result as in [17], apart from some factors of
i and e in the definition of the Feynman rules. It is also
interesting to see how the bμ independent part of the pho-
ton self-energy (the simple QED vacuum polarization ten-
sor) depends on the surface terms. From (13), we have

Π
μν
0 = Π

(
p2)(pμpν − p2gμν

) − 4α1g
μν

− 4

3

{
α2

(
pμpν − p2gμν

)

+ (
2pμpν + p2gμν

)
(α3 − 2α2)

}
. (21)

By examining the expression above, we conclude that if
gauge invariance is broken by the Π

μν
bb± term, so it is also

broken in the zeroth order, which is the QED vacuum po-
larization tensor. A simple calculation shows that any of the
two possibilities for gauge invariance in the zeroth and sec-
ond order in bμ for the photon’s self-energy, the stronger
one, α′s = 0, or the weaker, α1 = 0 and α3 = 2α2, set to
zero the first order dependence of Π

μν
± on bμ.

Hence, gauge invariance must be preserved in the full
amplitude. Note that this implies the complete disappear-
ance of bμ from Π

μν
± . This means that the shifts k → k ± b

must be allowed independently in the two contributions, not
necessarily being a global shift.

However, even by enforcing gauge invariance, we still
have the freedom of choice of the parameter α2. Now, we
have not yet considered the Π

μν
5± parts. The two contribu-

tions are equal and we have

Π
μν
5 = 1

2

(
Π

μν
5+ + Π

μν
5−

) = Π
μν
5+ , (22)

which, after Dirac algebra, can be written as

Π
μν
5 = −4ibβεμανβ

∫ Λ

k

(p + k)α

(k + b)2(k + p + b)2

= −4ibβεμανβ(pαI + Iα), (23)
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with

I, Iα =
∫ Λ

k

1, kα

(k + b)2(k + p + b)2
. (24)

The results of these integrals by means of implicit regular-
ization [47] are given by

I = Ilog
(
λ2) − i

16π2

[
ln

(
−p2

λ2

)
− 2

]
(25)

and

Iα = − (p + 2b)α

2

{
Ilog

(
λ2)

− i

16π2

[
ln

(
−p2

λ2

)
− 2

]
− α2

}
, (26)

where

Ilog
(
λ2) =

∫ Λ

k

1

(k2 − λ2)2
(27)

is the remaining regularization dependent part and λ2 is a
mass parameter characteristic of the procedure. Substituting
these results in equation (23), we get

Π
μν
5 = −4iα2pαbβεμναβ ⇒ 	cμ = 2iα2bμ. (28)

We see that the coefficient of the CS-type generated term
is proportional to the surface term α2. It is the same para-
meter that could not be fixed on gauge invariance grounds.
Of course, symmetric integration will give us the traditional
result

	cμ = − 1

16π2
bμ. (29)

Nevertheless, we would like to argue that this result is am-
biguous and regularization dependent. If we decide to cal-
culate all the surface terms by using symmetric integration,
gauge invariance is violated even in the zeroth order in b

(from (13), and transversality is violated in all orders in b

if symmetric integration is applied to calculate the surface
terms). This means that we have violation of gauge sym-
metry in simple QED. Moreover, the non-perturbative func-
tional calculus has shown that the model must be gauge in-
variant. Concerning the coefficient which was obtained in
the functional calculation, as discussed in [13, 22], there is
an unavoidable ambiguity coming from the definition of the
current operator.

One comment on the meaning of implicit regularization
is in order. Although the regulator needs not to be speci-
fied, it serves to obtain the following crucial features of IR:
all infinities and the differences of infinite integrals of the
same degree of divergency (the surface terms) occurring in

a certain amplitude do not involve loop propagators that de-
pend on external momenta. Thus, they decouple from the
physical content and dynamics of the amplitude. The latter
is contained in strictly finite integrals, which are integrated
without restriction. As a consequence the regulator does not
need to be a gauge invariant one (an example is the simple
cutoff), since the symmetry is restored by fixing the surface
terms (it corresponds to making use of symmetry restoring
counterterms). Nevertheless, the regulator should not mod-
ify the dimension of the integrals, or one would face the
problems related to the dimension specific theories. Keep-
ing in mind that a regularization is implicit, all the integrals
of the same amplitude are treated on the same footing. In
other words, the same unregularized integrals will give us
the same result when regularized. The αi (see (13)) coming
from these integrals are the same and are adjusted according
to the symmetry. On the other hand, since the adjustment
of the αi corresponds to using symmetry restoring countert-
erms, for different amplitudes they can be fixed at different
values. It is in this sense that we can say that the same unreg-
ularized integrals can lead to different results, i.e. when they
stem from different amplitudes. This is not the case here. We
treat only one amplitude, the vacuum polarization tensor of
the model.

3 The massive model

In this section, we complement our analysis with the mas-
sive model. It is instructive to see that the same conditions
for preserving gauge symmetry are obtained. First, we con-
sider the complete photon’s self-energy, Πμν(p), which on
gauge invariance grounds must be transverse:

pμΠμν = 0. (30)

The modified fermionic propagator is given by

S(k) = i

k/ − m − b/γ5
, (31)

and so we have

Πμν = −
∫ Λ

k

tr

{
γ ν 1

k/ + p/ − m − b/γ5
γ μ 1

k/ − m − b/γ5

}
.

(32)

Now we perform the contraction with the external momen-
tum p and use the identity p/ = (k/ + p/ − m − b/γ5) − (k/ −
m − b/γ5) and trace properties to obtain

pμΠμν =
∫ Λ

k

tr

{
1

k/ − m − b/γ5
γ ν

}

−
∫ Λ

k

tr

{
1

k/ + p/ − m − b/γ5
γ ν

}
. (33)
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It is clear from the equation above that gauge invariance is
obeyed under the condition that the shift k → k + p in the
first integral is allowed (or k → k − p in the second one).
Note that the shift is not carried out in the amplitude as a
whole, but only in one of the terms. In other words, it is not
a global shift. The same occurs if we are dealing with tradi-
tional QED (b = 0). Nevertheless, the shift is carried out in
the contracted amplitude pμΠμν , and this will be important
for the conclusions on the generation of the CS term.

Now we consider the possibilities of violation of gauge
symmetry, specifically the contribution quadratic in b to the
vacuum polarization tensor. For the modified fermion prop-
agator, it is possible to write an expansion, which reads

i

k/ − m − b/γ5
=

∞∑
n=0

i

k/ − m

{
−ib/γ5

i

k/ − m

}n

=
∞∑

n=0

Sn(k). (34)

For the b2 order, we have

Π
μν
bb = −

∫ Λ

k

tr
{
γ νS1(p + k)γ μS1(k)

}

−
∫ Λ

k

tr
{
γ νS2(p + k)γ μS0(k)

}

−
∫ Λ

k

tr
{
γ νS0(p + k)γ μS2(k)

}
. (35)

When the contraction with pμ is performed and the identity
p/ = (k/ + p/ − m) − (k/ − m) is used, there remain only two
terms:

pμΠ
μν
bb = −

∫ Λ

k

tr

{
γ ν 1

k/ + p/ − m
b/γ5

1

k/ + p/ − m

× b/γ5
1

k/ + p/ − m

}

+
∫ Λ

k

tr

{
γ ν 1

k/ − m
b/γ5

1

k/ − m
b/γ5

1

k/ − m

}
. (36)

The second term is zero, and the first differs from zero by
a surface term (they differ by a shift). So, all we have to do
is to identify the surface terms. They are easily identified
by using, after the Dirac algebra has been performed, the
identity

1

(p + k)2 − m2
= 1

(k2 − m2)
− p2 + 2p · k

(k2 − m2)[(p + k)2 − m2]
(37)

to separate the divergent (regularization dependent) terms.
The surface terms come from differences between integrals

of the same degree of divergence. Using the definitions
of (15) and (16), we get

pμΠ
μν
bb = −4(α3 − 2α2)

[
b2pν + 2(b · p)bν

]
, (38)

and the same condition for transversality is achieved.
To complete our analysis, we look at the linear contribu-

tion in the external vector bμ. We have two contributions:

Π
μν
b =

∫ Λ

k

tr
{
γ νS0(p + k)γ μS1(k)

}

+
∫ Λ

k

tr
{
γ νS1(p + k)γ μS0(k)

}
. (39)

Using

S1(k) = −iS0(k)b/γ5S0(k), (40)

we obtain

Π
μν
b = −i

∫ Λ

k

tr
{
γ νS0(p + k)γ μS0(k)b/γ5S0(k)

}

− i
∫ Λ

k

tr
{
γ νS0(k + p)b/γ5S0(k + p)γ μS0(k)

}
.

(41)

We have already seen on gauge invariance grounds that a
shift k → k ± p must be allowed in pμΠμν , not necessarily
as a global shift. However, in this contracted amplitude the
term linear in b has already disappeared. The reason is the
presence of the antisymmetric Levi-Cìvita tensor. So it does
not say anything about the surface term that emerges from a
shift k → k −p in the first integral. By performing this shift
and using the fact that the integral is odd in p and its anti-
symmetry under the exchange μ ↔ ν, we see that we have
two equal terms plus the surface term. This surface term is
easily identified. Then we have

Π
μν
b = −2ibα

∫ Λ

k

tr
{
γ νS0(k + p)γ αγ5S0(k + p)γ μS0(k)

}

+ 4iα2bαpβεμναβ

≡ −2ibαT μνα + 4iα2bαpβεμναβ. (42)

We now follow the calculations of Refs. [24, 25]. Carrying
out the Dirac algebra, we get

T μνα =
∫ Λ

k

N μνα

D
, (43)

with

N μνα = −4
{{[

(p + k)2 − m2]kβ − 2m2pβ

}
εμναβ

− 2pσ kβkαεμνσβ
}

(44)
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and

D = (
k2 − m2)[(p + k)2 − m2]2

. (45)

We can write

T μνα = −4
{(

Iβ − 2m2pβJ
)
εμναβ

− 2pσ gαλJβλε
μνσβ

}
, (46)

where

Iβ =
∫ Λ

k

kβ

(k2 − m2)[(p + k)2 − m2] (47)

and

J,Jβλ =
∫ Λ

k

1, kβkλ

(k2 − m2)[(p + k)2 − m2]2
. (48)

The only finite integral is J . For the others a regularization
method is needed. Since we are going to analyze the regu-
larization dependence of the generated term, we opt to keep
the regularization implicit. So, we adopt here the procedure
of implicit regularization (IR) [24, 25, 47–60], since it per-
mits one to leave the evaluation of divergent integrals to the
end of the calculation. The results of the divergent integrals
are given by [24]

Iβ = −pβ

2

{
Ilog

(
m2) − i

16π2
Z0(p

2,m2) − α2

}
(49)

and

Jβλ = gβλ

4

{
Ilog

(
m2) − i

16π2
Z0

(
p2,m2) − α2

}

+ terms in pβpλ, (50)

where

Z0
(
p2,m2) =

∫ 1

0
dx ln

(
p2x(1 − x) − m2

(−m2)

)
. (51)

For the finite one, we obtain

J = i

16π2

∫ 1

0
dx

(1 − x)

(p2x(1 − x) − m2)
. (52)

When these integrals are substituted into equation (46), only
the term in J survives:

T μνα = 8m2Jpβεμναβ. (53)

In the limit p2 → 0, we have

T μνα → i

4π2
pβεμναβ ⇒

Π
μν
b → 1

2π2
bαpβεμναβ

(
1 + 8iπ2α2

)
. (54)

This will give

	cμ = 1

4π2
bμ

(
1 + 8iπ2α2

)
. (55)

Some comments are in order. We can make explicit the
regularization required to manipulate the divergent integrals.
Then renormalization allows one to remove the regulator
in all the finite integrals, and one is left with the integrals
which depend on the regularization, specifically the basic
divergence Ilog(m

2) and the surface term parameterized as
α2gμβ . We see that Iβ and Jμβ do depend on the regulariza-
tion to be used. Nevertheless, these ambiguous terms can-
cel out exactly when the integrals are inserted into the am-
plitude. Actually, the real ambiguity in all this calculation
comes from the shift carried out in one of the terms of (41)
in order to obtain the expression (42).

The result of the massless model can be recovered if the
limit m2 → 0 is taken before the other one, p2 → 0. As be-
fore, gauge symmetry must be preserved, but it is not suf-
ficient to fix α2. The interesting result is that although the
shift k → k ± p must be allowed in pμΠμν , this does not
mean that all the surface terms must be set to zero. Actually,
they are constrained to respect a definite relation. Even in
theories in which there are no parity violating mathemati-
cal objects, like the γ5 matrix, this freedom of fixing one of
the surface terms occurs. However, in these cases there is no
loss of generality if they are put to zero.

4 Summary and discussion

We have carried out an investigation of the modified Lorentz
violating QED with an axial term in the fermionic sector. In
particular, attention was paid in the preservation or violation
of the gauge symmetry of the model and its relation with the
radiative generation of a CS-like term. If we consider the ac-
tion, we have shown that the quantum corrections must pre-
serve gauge symmetry. If it is broken, then gauge invariance
of simple QED is also spoiled. In order to come to this con-
clusion, the study of the massless model is very instructive,
since in this case the functional non-perturbative analysis (in
b and in the coupling constant), performed in the beginning
of Sect. 2, clearly exhibits this feature. When loop calcula-
tions are performed, the surface terms play an important role
as parameters to be fixed. Gauge invariance, in this case, re-
quires the possibility of carrying out some shifts. This fact
does not restrict all the surface terms to be fixed null, al-
though they are constrained to obey a certain relation. As a
conclusion, there is an unavoidable ambiguity in the calcu-
lation of the coefficient of the radiatively generated CS-like
term.

However, it has not been the main purpose of the present
work to show that gauge invariance does not fix the coeffi-
cient of the CS-like term. This is only a residual conclusion.
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It is obvious that the gauge invariance of the action is
not violated by the CS term, whatever its coefficient might
be. Our main focus is the quadratic term in b, the back-
ground that causes Lorentz violation. Despite the existence
of a vast bibliography concerning the radiative generation of
the CS-type term, only few publications treat the quadratic
piece. Parity arguments have been considered by Altschul
[17] to admit the possibility of violation of gauge invari-
ance by the quadratic term and the respective calculation in
a specific scheme led indeed to its violation. In further work
[18, 19], this result is used to perform another analysis. In
Ref. [21], the authors have performed the calculation of the
quadratic term in b using a Pauli–Villars regularization and
have obtained a gauge invariant result. However, they have
used a less general version of this regularization with the
constraint that the gauge invariance of the Lagrangian den-
sity is preserved. As a consequence, no CS-like term is gen-
erated. Therefore, there was left no room for violation of
gauge symmetry, and its preservation at b2 order brings no
insight concerning the full amplitude. Moreover, the results
of Ref. [17] have not been discussed.

In our present work we adopt the implicit regularization
(IR) method to perform a general analysis. For the mass-
less case, for example, we analyze the complete one-loop
vacuum polarization tensor (all orders in b). We show that
the conditions to adjust the regularization dependent terms
in such a way that gauge symmetry is preserved at b2 order
(recall that according to IR these conditions are kept open
until the end of the calculation) must be exactly the same as
for its preservation at zeroth order in b. In other words, if
gauge symmetry is spoiled at b2 order, it is also spoiled in
QED. Furthermore, the functional non-perturbative analysis
carried out in the first part of Sect. 2, based on Ref. [22],
shows that the model is gauge invariant to all orders, as dis-
cussed in the paragraph before (8).

Finally, we have also performed a critical discussion of
some procedures that are commonly adopted in the litera-
ture when shifts are done in divergent integrals and the cor-
responding surface terms calculated in a “naive” way. We
show by comparing to the results obtained within IR, which
is constructed to yield symmetry preserving answers, that a
naive implementation of surface terms may lead to incon-
sistencies and violation of symmetries even in the simplest
case (QED).
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