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GAUGE INVARIANT QUANTIZATION
ON RIEMANNIAN MANIFOLDS

LIU ZHANG-JU AND QIAN MIN

ABSTRACT. For every pointwise polynomial function on each fiber of the cotan-
gent bundle of a Riemannian manifold M , a family of differential operators
is given, which acts on the space of smooth sections of a vector bundle on M .
Such a correspondence may be considered as a rule to quantize classical systems
moving in a Riemannian manifold or in a gauge field. Some applications of our
construction are also given in this paper.

0. INTRODUCTION

How to quantize classical Hamiltonian systems with symplectic manifolds as
the phase space is a very important problem in which mathematicians as well as
physicists are interested. Several mathematical methods have been developed to
solve this problem, e.g., geometric quantization, deformation theory, functional
integration and Maslov’s theory (see [2, 3, 4, 6, 10, 11, 14]). In cases when the
phase space is flat, the quantization rules are more or less established. But when
the phase space is T*M , the cotangent bundle of a Riemannian manifold M ,
different quantization approaches lead to different results even for the simplest
case of geodesic flow in M with the Hamiltonian

H(x,y)=g(,y), xeM,yeTiM,

where g denotes the Riemannian metric of M . But the quantized Hamiltoni-
ans always take the following form

H=-r*A+aR),

where % > 0 is the Planck constant, A and R denote the Laplace-Beltrami
operator and the scalar curvature respectively with respect to the Riemannian
connection of (M, g), and the constant o depends on the way of quantization.

In this paper we shall develop a method of quantization on Riemannian
manifolds, by means of the Weyl transformation together with some locally
canonical transformation, which means symplectic in the classical case and uni-
tary in the quantum case. In §3, we extend our quantization procedure to
a principal bundle, so it can be applied to quantize classical particle systems
moving in Yang-Mills fields [5], with gauge invariance also considered. In the
last section, we briefly mention two applications of the quantization rule given
by us. One is about the semiclassical approximation for a quantized system,
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322 LIU ZHANG-JU AND QIAN MIN

and the other is concerned with quantum integrable systems constrained on the
sphere; the details may be found in [7 and 8]. Only pointwise polynomial func-
tions are quantized here in order to get differential operators. We know other
mathematicians have already set up the symbol calculus for pseudo-differential
operators on Riemannian manifolds, but pay no attention to the physical aspect
(e.g., see [12]). The differences—both in the results obtained and in the point
of view—are also pointed out in the last section.

We end this introduction with a sketch of the quantization procedure on flat
spaces. Let (x!, ..., x", p, ..., p,) be the canonical coordinates of R?" and
L2(R", dx) the space of quantum wave functions. The canonical quantization
of basic observables is that

x/ - X pj—»ﬁJ-:—th,
where X/ is the multiplication operator. Most generally, observables could be
quantized in different orders [13]:

fv= /fa Bre'@ X eiB.b) g dp (normal),
fw= /f (@ 5)+(8.) doy d (Weyl),
fa= /f(a, e’(ﬂ’”e"("’”dadﬂ (antinormal),

where f is the Fourier transformation of f. It is well known that
feL*R?*,dxdp) & fW is a Hilbert-Schimit operator.
f is a polynomial of p & f is a differential operator,
The above-mentioned quantization rule can be expressed in a unified form
by introducing an order parameter 4.

Definition. For any A € [0, 1], the A-Weyl transformation is defined as
f= /f(a, B)ei 112, B) it D+(8.5)) g, 4B

in which fo = fN, f1 2= fW, and f1 = fA. The operator defined above acts
on ¢ € C§°(R}) as

(0 GO =" [ S+ 18, ple N g(x + ) dp dp.
The expression (x) will be used in the next section, and from (x), it is obvious
that

——

(xXipj)y = Ap;X + (1 = )X/ p;.

1. DEFINITION OF A-WEYL TRANSFORMATION ON RIEMANNIAN MANIFOLDS

Assume (M, g) to be a n-dimensional oriented Riemannian manifold. In
this section, we do not consider the gauge invariance. Thus we take L2(M , du)
(complex-valued) as the space of quantum wave functions, where du is the pos-
itive Riemannian measure induced by g. The construction of A-Weyl trans-
formation may be split into four steps:
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RIEMANNIAN MANIFOLDS 323

Step 1 (pulling classical systems to flat space by a local symplectic transfor-
mation in a neighborhood of a point). For a fixed point x € M, let B, be
the 2¢-ball in T, M with zero as center, where ¢ is taken so small that the
exponential map exp,: By, — Uy, C M is a diffeomorphism, where U, is the
2¢-geodesic ball neighborhood of x . It is known that the map exp, induces a
symplectic diffeomorphism exp} from T*B,, = By, x Ty M onto T*U,,, where
both symplectic structures are induced by the natural symplectic structure @ of
T*M . By use of this canonical transformation any classical observable in 7*M
can be locally considered as in B,, x Ty M and can be extended to T, M x Ty M
by multiplying a cut-off function X, (X, =1 inside B,, X, =0 outside Bj;).
That is, for any f € C®°(T*M), we can get a function fr € Co(TyM x T M)
defined by

fx(B,p) = X.(B)f oexpi(B,p).

Step 2 (quantization of T, M x T;M). We can get a operator f” x,i by quan-

tizing f, with order A defined in §0. In general, f x,2 depends on the choice
of X.. But we have

Lemma 1.1. If [ is a pointwise polynomial on each fiber of T*M , then, for any
p e Ce(TM), (fx,i(/’)iae is independent of the choice of X .
Proof. Since the transformation exp; is linear on each fiber, f, is also a poly-

nomial of p, then f x,2 1s a differential operator, i.e., a local operator. The
lemma is true because X;|, =1. O

In this case, f x.1 18 a well-defined differential operator on L?(B;, duy)
where du, is the Lebesgue measure on T, M induced by the Riemannian
metric gy .

Step 3 (pulling f x.1 backto L*(U,, d u{ p.) by a unitary transformation). Since
both du| U, and D*exp;!(du,) are positive n-forms on U, there exists a

unique positive function p, defined on U, such that p,D*exp;!(duy) =
d,u|U2. We have

Lemma 1.2. The transformation K, defined by
(K<$)(B) = px'*(expy B)(expy B)
is unitary from L*(U,, du|Ue) to L*(B,, duy).
The proof of Lemma 1.2 is trivial. Consequently, we get a differential oper-
ator on L%(U,, dp|, ) defined by
f;c,lsz_l o fx,lon
which is independent of choice of X, .

Step 4 (from local to global). f and f)c 4 locally give the correspondence
between classical and quantum observables since every step in the construction
is canonical. But, in general, fx 1 1s dependent on the choice of x € U, , unless
M has some symmetric properties (e.g., M = S"). This is not unreasonable
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324 LIU ZHANG-JU AND QIAN MIN

because different local trivializations just mean different gauges for the local
representation of observables. The only way to get a global invariant operator
is to define it point by point on M. It is known that the above process is
reasonable only for local operators. In our case, f. ; is a differential operator
which is certainly local, therefore, we have

Definition 1.1. Let f € C°(T*M) be a pointwise polynomial on each fiber.

The A-Weyl transformation of f is defined as a differential operator f; on
L2(M , du) as follows:

(fid)x) = (e 1)) = (K7 o fx.20 Ke)(X)
where ¢ € C*(M).

Writing A(B) = D*exp; ' (B): Tt M — Tow sM s ie.,

expx(B, p) = (expy B, A(B)p)

and using the expression (*) in §0, the above definition can be made more
explicit as

(fid)(x)=h"" f(exp,(1B), A(AB)p)

(1.1) TMxT; M
x e~iMB:0) . ¢, (exp, B) - pi/*(exps B)dB dp.

Remarks. (1) The fact p,(x) =1 has been used in (1.1).

(2) ¢e = x.¢, but actually (1.1) is independent of X, .

(3) When M = R”", (1.1) = (%) because 4 =id, p, =1 and exp, i =
x + AB in this case.

Since the most interesting case is that degree f = 2, we give a result as
follows

Theorem 1.1. If f = (X, p®p) = X" (x)p;p; where X is a smooth 2-symmetric
contravariant tensor field on M, then

u iy - 22241

fi= —h2<X”V,-Vj +2AV, XUV + A2V, VX — 6+ XUR,~,->

where V; is the covariant derivative with respect to the Levi-Civita connection
and {R;;} is the Ricci curvature tensor. In particular, if = 1|p|* = 1g"pip;.

Jfo= _%2A2+%12Q (normal),
hp= —thA +&R (Weyl),
fhi=-LA+ ”TZR (antinormal),

where A is the Laplace-Beltrami operator on M and R is the scalar curvature.

Remark. It is well known that the scalar curvature R should appear by quan-
tizing 1||p||> on a Riemannian manifold. But the coefficient factor is different
according to different quantization approaches, e.g., % , % or zero by path-
integrations, 1_R2 by geometric quantization [14] and % by Maslov’s theory
11}].

[ V]Ve fix the notation as follows: For a fixed x € M, (B',..., B") is the
normal coordinate at x with respect to which {I';} are the coefficients of

connection. To prove Theorem 1.1, we first prove three lemmas.
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RIEMANNIAN MANIFOLDS 325
Lemma 1.3. For = X'v"kp, ---p; , the following formula holds:

h

¢ o X de (YA (A
%) s X ARG

(id)(x) = (
(1.2)

4B B
Proof. From (1.1), one has

(fid)(x) = h* / X i (AR AN (AB) - Ak (AB)p,
- pie g, (B)pY*(B)dB dp.

1.3 hk ' 0 i,
( ) — (_l)k /X]l ]kAll .. A;’;(ﬁep)l(/zme iB'; dﬂ dp

h\* iBip; ok e i 1/2
= (—) /e p}m(X]l JkAjll .. ¢ep )dﬂdp

1

Thus, formula (1.2) is obtained by using Fourier transform to (1.3). O

Lemma 1.4. With the notation above, one has the formula

9*trA(0) _ 92det4(0) _ 1 (9T N aT%, 6Fj‘k

apiopl ~ opop/  3\apk  ap’ T B
Proof. Writing D(B8) = D, exp, B, then A(B) = D~'(B). Obv1ously, D(0) =
id and BD’( )/0B% =0 for k =1, ..., n. Consequently, for # small enough,
we have

1+al B! ‘B + O(B3)
O(B?)
(1.4) D(B) =
o(p*)
1+a"ﬂ 'BI + O(B3)

From (1.4), it is obvious that

92detD(0) _ 92trD(0) _ g~ &
apiapi  apiapi | L

k=1

(1.5)

where a,’.‘j are constants determined by the curvature tensor at x. (1.5) is also
true for 4 because 4 = D!,

Setting y = exp, sfp for a fixed 5 € R, notice that x(¢) = exp,(t+5)fy isa
geodesic starting at y, therefore, it satisfies the geodesic equation. In particular
at y, we have

d’xt o dxit dx
( dt? +r]|jz( BO)WW) e 0
ie.,
] 6Xj1 axj2
(o) (aﬂllaﬁl ﬂ ﬁ +r]lh(sﬂ0)6—ﬁllm> ! =0.
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326 LIU ZHANG-JU AND QIAN MIN

Differentiating (1.6) at s = 0 and using D}(0) = 9x(0)/8 8/ = 6!, one has

__9°x'(0) OT515(0) i o s
aﬂllaﬂlzaﬂlzﬂ 'B ﬂ 6lﬂjz 0 BBy =0.
Because the choice of fg is arbitrary, the final result is
wy  PEDO_ o (o ory ory
) Opiop opioOBIA Rk op;l  apt  opk 4o

From (1.5), (1.7) and the fact that detd =det™' D, i.e.,
92det A(0)  —92det D(0)
op0pT ~  0f0p

them lemma is obviously true. O

Lemma 1.5. The following formulas hold:
(@) px(x) =1,
(b) 8px(0)/0p' =
(c) 8%px(0 )/3ﬂ‘3/3’ R;j(x).
Proof. (a), (b) are obvious. To prove (c) note that, in normal coordinates, one
has
px(y) = g'/*(y) det D(B)
where y =exp, f, g = det(g;;), and
82g'2(0) 8I"j?k arY; ~ ark,
5B _ DB’ yx) = 6ﬂk ap)

From these facts and Lemma 1.4, it is not difficult to get Lemma 1.5. O

The proof of Theorem 1.1 follows from Lemmas 1.3, 1.4, 1.5 and the facts
that, in normal coordinates,

! axiu) . [ork ary
V.V XY (x) = TFR + X <_aﬂlf' + —aﬂ,g

and ‘ _
02 4(0) _ 8°4j(0) _ 92tr 4(0)

opkops  apkapi opkapt

2. SOME PROPERTIES OF A-WEYL TRANSFORMATIONS

In this section, we are going to show some properties of A-Weyl transforma-
tions.

Theorem 2.1 (Wigner’s formula). With the same notation as in §1 and (-, )
expressing the inner-product in the Hilbert space L>(M , du), then, for any ¢,
w € Cg°(M) we have

1) (Fdowy= [ 166, p)ilx. p)dw
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RIEMANNIAN MANIFOLDS 327

where dw = dxdp is the symplectic volume element of T*M and
2:2) ®ux.p) =" [ ilerpoll - DBT(ex, 1)

Le=iMED D (x, B)dB
where i
Pi(x, B) = pon _i5(exp(1 = ) B)px(exp, —AB).

Remarks. (1) Formula (2.1) is well defined because ®; € S along each fiber
where S is the Schwartz space.

(2) When M =R", @/, is the usual Wigner function [13].

(3) (2.1) can be taken as the weak definition of A-Weyl transformation on
Riemannian manifolds.

Proof. Take ¢ < 1 such that, for any x € Suppy, exp,: Be(x) — U,(x) is
one-to-one. Notice that

(a) Since exp}: By(x) x TyM — T*Ug(x) is symplectic we have dfdp =
D* expy(dw|T*U) .

(b) By the expression expi(f,p) = (exp, S, A(B)p), we can write y =
expyAB, B’ = D.exp,(Af) and p' = A(AB)p, ie., (B',0) € LM xT;M.
By Gauss’ lemma, p’ = t(x, y)B, where t(x, y) is the parallel displacement
from x to y along the geodesic Y (¢) = exp, tAf. Consequently, we have
(ﬂ,> pl> = <B » p) » €XPy ﬂ = CXpy(l - A’)ﬂ/ ;and x = XDy _AB/ .

(c) From (b) and the definition of the function p,, we have du(x) =
py(exp, —Af')dp’, where du(x) is the Riemannian measure at x and dp’
is the Lebesgue measure on 7, M induced by Riemannian metric g, .

Now, by the definition of f;, one has
Gow=[ [ ©dpdpdutx)
MITMXT: M
where (-) is an abbreviation for the integrand. Writing dw = dy dp’, we have

)™ [ [ dvdpduo

-/ i dydp

(b)’=(C))/ l/ (.)py(expy —2.,8/) dﬂl dw
*M M

y

=/ S, Py, p')dw.
M

The last equation holds by (b) and the expression of (-), where ®@; is actuaily
the Wigner function defined in (2.2). O

Notice that, when M = R", the Weyl’s ordered quantization f; /2 1s always
a symmetric operator, which can be easily verified by the symmetric property
of @y, 1e., P1y2(¢, ¥) = P1o(v, @) (in this case, P, = 1). In general,
®,/, defined in (2.2) has no such symmetrical property because there appears
a nonsymmetric factor 7,,,(x, f) unless M has some symmetrical properties
such that 9, ,(x, B) =P, ,2(x, —B). But we can get
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328 LIU ZHANG-JU AND QIAN MIN

Theorem 2.2. (1) f; 2 is symmetric if deg f < 2.

(2) When M is a constant curvature space, £ j2 Is symmetric for all polyno-
mials f.

Remark. In case M is compact, a symmetric operator is actually selfadjoint (a
quantum observable).

Proof. From Lemma 1.3, we can see that, if degree f = k, only derivatives
(for B) of degree < k affect f;. Consequently, if we expand P, ,(x, §) =
ﬁ’l‘ (x5 B)+0O( B¥+1) | we can show that f; /2 is symmetric if 'ﬁ'f /2 is symmetric,
ie., if 75(x, B) = p*(x , —B) in B,. From the analysis in Lemma 1.5, we see
that 5,,,(8) = 1+ b;;8'8/ + O(B>), where the constants b;; are determined
by the Ricci curvature tensor at x , so the lemma is true in case (1). When M
is a constant curvature space, the coefficients of g%, k > 3, are always zero

because they are determined by the covariant derivatives of the curvature tensor
which are zero in this case, so (2) is true. O

Let P! = {polynomials of degree < 1}. (P!, {-,-}) forms a Lie algebra
which is a generalization of Heisenberg Lie algebra, where {-, -} is Poisson
bracket. From Lemma 1.3, we see that, if deg f =0, f; = f is a multiplication
operator. If deg f =1, i.e., f=(X,p)= X'p;, then

(2.3) i=t

Theorem 2.3. The A-Weyl transformation is a representation of the Lie algebra
(P',{-,-}), ie, for f, g € P!, we have

(2.4) ih{f,gh=hé—&afi=1h, &l
Theorem 2.3. The A-Weyl transformation is a representation of the Lie algebra
(P',{-,-}), ie, for f; g€ P!, we have

h vy +adivy).

(X'V; + AV, X)) = =

(2.4) in{f, gy = h& - afi=1h, &l

Proof. Notice that {(X,p),(Y,p)} = —(X,Yl,p) and div[X, Y]
= VydivX — VxdivY, then (2.4) can be verified by using the expression
(2.3). O

3. QUANTIZATION ON PRINCIPAL BUNDLES

In §1, we constructed the A-Weyl transformation on Riemannian manifolds
without considering the gauge invariance. Now we generalize it to principal
bundles in order to quantize the classical systems in a gauge field [5]. The
observables of the quantized systems are differential operators acting on some
particle fields which are just wave functions with internal symmetrical struc-
tures.

Let (P, M,Il, G) be a principal bundle where the base (M, g) is an n-
dimensional oriented Riemannian manifold. Let % denote the space of all
connections on P which can be considered as a manifold and GA(P), the gauge
transformation group on P. Assume V' to be a complex vector space and the
structural group G has a representation in GL(V). It is known that I'(V),
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RIEMANNIAN MANIFOLDS 329

the space of C*>-sections of the associated bundle P(V) can be considered as
V -valued functions on P satisfying ¢(pg) = g7 '¢(p) for pe P and g€ G,
so we will define the A-Weyl transformation on such functions for convenience.

We know that GA(P) acts naturally on & and I'(V) [1], so it acts on
& xI'(V) be t*(6, ¢) = (t*6, 1*¢) where 1€ GA(P), 6 €% and ¢ e (V).
In the next paragraph, we will construct the operator f;: & x I'v)y—-TI(V) for
any polynomial f on T*M . We say f; is gauge invariant if 7*o f; = fo 7*,
i.e., for any p € P, the following identity holds

3.1) 58, 9)(1(0)) = fi(z°6, T°¢)(D).

This is just the least-coupling principle in physics.

For a fixed connection 8 € &, let HI? (H;,*" ) denote the #-horizontal tangent
(cotangent) subspace at p € P. By the help of 8, we can lift the exponential
map exp,: ThM — M to expl: HY — F, for any p € P, and lift f €
C®(T*M) to f € C®(T*P) [5], where f? can be considered as the Hamilton
function of a classical system moving in the gauge field P. In §1, we have
defined the notation 4, p,. They can also be lifted to P naturally and we use
just the same notation to express them. From the discussion used in constructing
the A-Weyl transformation on a Riemannian manifold, we can generalize it
naturally to principal bundles as follows:

Definition 3.1. With the notation above, the A-Weyl transformation f; of a
polynomial f € C*°(T*M) is defined as an operator from & x C>®(P, V) to
C>®(P, V) as follows: forany pe€ P and (0, ¢) € € x C>®(P, V),

~

S8, ¢)p)=h"" fP(expb(AB), A(B)E)

(3.2) HExH0
e~ IhE-9) pl12 (exp? B) g, (expl B) dB dE.

Remark. Definition 3.1 is a natural generalization of Definition 1.1 in which
G={e}, V=C, C®P,V)=C>M,C) and § is the unique flat connection
on P=M x {e}.

Theorem 3.1. (1) For a fixed 6 € &, f® = £i(6, ) is a differential operator
with T(V) C C®(P, V) as an invariant subspace.

(2) fll%xr(m is gauge invariant, i.e., identity (3.1) holds.

Proof. From the analysis in §1, it is obvious that f:{’ is a differential operator.
From facts that, for 8 € Hf and g € G, (expf B)g = exp%, g.p and that f? is
invariant under the symplectic action (g, g~!*) on T*P [5], it is easy to verify

that if ¢(pg) = g~'4(p), then fi(6, $)(pg) = 7' /i(6, $)(p) . Consequently,
jj{’: I'(V) - T(V), so (1) is true. To prove (2), let us first prove

Lemma 3.1. For any t € GA(P), the relation t.(H; %) = Hf, holds and, for
BeH:?, t(expi®p) = expf(p) 1.8, where 1, is the tangent map of T at p.
Proof. Since 10, = 0., i.e., 1*0,(B) = O, (1. B) for B € T,P, it follows

that 7,(kert*6,) = ker ), i.e., T.(H %) = Hf(p) . This means 7 transforms

a t*f-horizontal curve through p to a 6-horizontal curve through 7(p), so
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that for § € H;'% and ¢ € R, both t(exp} ?¢f) and expl, tr.f are 6-
horizontal curves through 7(p) and they have the same projection to the base
M . Consequently, they overlap everywhere by the uniqueness of #-horizontal
lift. Setting ¢ =1 gives the lemma. O

Lemma 3.2. Under the symplectic action (t,1~'*) on T*P, the equation

[, &) = (), 1,1 (&))
holds where £ € T*P .
Proof. This can be verified by Lemma 3.1 and the definition of f? [5]. O

Proof of Theorem 3.1, part (2). From Lemmas 3.1, 3.2 and the fact that the
function p is constant along each fiber of P, identity (3.1) can be verified just
by using a linear symplectic isomorphism

x—1y. pyr*6 x7*0 ] 0
(ta, ) Hy " x H 7 — Hy, x Hyg
to expression (3.2). O
Formally, Definition 3.1 is same as Definition 1.1, so that it is easy to get

Theorem 3.2. For a fixed 6 € € and f = XV&E; we have
222+ 1
6

fi=-n (Xif'v?vﬁ? + 20V, XUV 4+ 22V, 9, X - X "fR,-,-)

where V9 is the covariant differential on T'(V) induced by the connection 6, V
is the covariant differential induced by the Levi-Civita connection on tensor fields
in the base M . {R;;} is the Ricci curvature tensor. In particular, for f = |&|?,

(3.3) 70 =t (g70r9g - %) .
Proof. Notice that, for ¢ € I'(V),

9 08y _ ot 9 Flexnf B) = .
a_ﬂ[¢(expp ﬂ) - Vzd) and 6B[X(expp B) - VIX

where X is the #-horizontal lift of a tensor field X from M to P , then the
procedure of proof is like that in Theorem 1.1. O

Now we give three examples to illustrate the physical applications of the
A-Weyl transformation defined for gauge fields. Here the notation follows [1].

Example 3.1 (free electron). Let M be a 2n-dimensional spin manifold, P be
the spin frame bundle of M, G = Spin(2n), V = A = At @ A~ be the space
of spinor representation of spin(2n) and 6 be the connection on P induced
by the Levi-Civita connection on M . In this case, I'(A) is the space of spinor

fields (the free Dirac electron fields). Let (e;, ..., e2,) be a local orthonormal
frame, f = ||¢||>. By expression (3.3) and Lichnerowicz’s formula, we have

P R

S =1 (V?V? - z) = h*D?

where D = e;- VY is the Dirac operator (with zero charge).
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Example 3.2 (electron in a electromagnetic field). With the same notation M, G,
P, V =A and 6 asin Example 3.1, now we take G = GxU(1), P=PoP as
a spliced bundle and § = §+6' where @’ is a connection on the U(1)-principal
bundle P'. V is also taken as A, where the representation of U (1) in GL(A)
is just scalar multiplication. We know 6’ as the electromagnetic gauge potential
and F' =V? @ as the field strength (curvature). In this case (U(1) is abelian),
F/; = 0,0} — 9;0; is a well-defined 2-form on M. Through straightforward
computation, we have, for f = ||&||?,

f1/2 =n}(D% + iF)

where DY = ¢;-V? = ¢;-(V?+8)) is the charged Dirac operator and F = F,e;-e;
acting on I'(A) by Clifford multiplication.

If a gauge transformation 7 is taken in the form e* where s € C°(M, R),
then (3.1) means

f';é(eisqs) — eisf;z'é(qs) - eist—ids(¢) .
This is a well-known equation in physics.

Example 3.3 (nucleons in a Yang-Mills field). With the same notation as in
Example 3.1, now we take dim M = 4 (the curved time-space), G= spin(4) x
SU(2), P=PoP and 6 = 6 + 60" where 6 is a connection on the SU(2)-
principal bundle P’. In this case, A = C* and we take ¥ = C% x C*. The
representation of G in GL(C* x C*) can be found in [1]. The Yang-Mills field
strength has the form

F,'j = 8,‘0} - (9]0: + [0; , 0;]

which is su(2)-valued 2-form on P’. For f = ||£||?, it is not difficult to get
foy=hD% + 1F)

where D? =¢; - (V¢ +6)) and F = F/e; - ¢;. The action of F on I'(C* x C*)
may be found in [1].

4. APPLICATIONS AND REMARKS

In this section, we show briefly two applications of our quantization rule; the
details may be found in [7 and 8]. At the end, some differences of our approach
from that of Lichnerowicz [6] and Widom [12] are pointed out.

The first application is about semiclassical approximations of quantized sys-
tems on Riemannian manifolds, which is the inverse problem of quantization.
In case when M = R", this can be done to any order of the Planck constant A
when /2 — 0, since the correspondences between quantum systems and classical
systems are already quite clear [9]. But, in general case, if such a correspondence
is not clear, some questions will arise from a physical point of view. Accord-
ing to the quantization rule given in this paper, we discussed the semiclassical
approximation problem for a quantized system on Riemannian manifolds in
[7]. Particularly, in the long time approximation, we set up the semiclassical
Green’s function to treat the focal problem instead of canonical operators [9]
or path-integrations.
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The second one is about quantum integrable systems constrained to the sphere
S7-1 . As usual, we identify the cotangent bundle of S$"~! with a symplectic
submanifold of T*R?" = R?" as follows

T*S"' = {(x,y) €R™; |Ix|| = 1, (x, y) = 0}

where (-, -) denotes the standard inner product in R” . It can also be considered
as the orbit space of the Lie group G = {(p, a); p > 0, a € R} acting on R?”
by
(p,a)-(x,y)=(px, (y —ax)/p).

Thus, for every function f on T*S"~!, one can get a G-invariant function
f on R? (the value at zero may be taken as zero). Let W(f) denote the
Weyl transformation of f mentioned in §0, which is nothing but the operator
representation of the invariant star-product on 7*S"*~! given by Lichnerowicz
in [6].

Now, let g denote the Riemannian metric on $”~! induced from R” by
(-, *). Thus, for every pointwise polynomial function f on T*S"~!, we can

get two differential operators, W (f) and fi;>, acting on C°°(S"~!), where
fi2 is the quantization of f on the Riemannian manifold (S*1, g) given in

this paper. In general, f1 n# W(f). When deg f = 2 as in Theorem 1.1, we
get 8]

(4.1) W) =fip+3nRPuX, uX=X'g;.

In particular, for H being the Hamiltonian of the geodesic flow on (S*~!, g),
(4.1) becomes
W(H)=-h*>(A+csR).

Compared with what was mentioned in §0, it seems that W (.) is unsuitable to be
a quantization rule on 7*S"~!, for the constant ¢, depends on the dimensions
of the phase spaces. In [8], we showed that the quantized geodesic flow on S"~!,
and the C. Neumann system (i.e., harmonic oscillator constrained to the sphere)
are quantum integrable by use of our quantization rule and formula (4.1).

Finally, we noticed that Widom set up a correspondence between pseudo-
differential operators and their symbols on Riemannian manifolds in [12] with-
out paying attention to the physical aspects. To see the relation between his
approach and ours, let us first write down an explicit expression for the phase
function give in {12] near each point in M . Let U,, be a small ball in M with
center xy such that, for any x € U;, y € Uy, the map exp;'(y) € Ty M is
well defined. Thus the function given by

Lip,y)=(p,exp;'(»)), DpPETIM, ye Uy,

is well defined on T*U, x U,,, and satisfies conditions of the phase function
near Xy, which can be checked by taking normal coordinates at each point in
U, . For a differential operator 4, its symbol given by Widom is

oa(x, p) = AL )| _ .

By definition of our normal ordered (1 = 0) quantization, it is easy to see that,
for any ¢ € C>°(M), one has (take h = 1),

((Ga)op)(x) = A(px*0)(x)
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where p, was introduced in Step 3 of our definition in order to get a unitary
transformation, so Widom actually treated the case corresponding to A =0.
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