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ABSTRACT

Use is made of the Radon transform on even dimensional
spaces and Gegenbauer functions of the second kind to obtain
a general Gegenbauer transform pair. In the two-dimensional

Timit the paik reduces to a Tchebycheff transform pair.

~



1. Introduction.

Gegenbauer po]ynomia]é of the first kind appear in a natﬁra] way when
studying the Radon tranéform of functions which have certain spherical symmetry.
We shall make use of thié property of the Radon transform to'obtain a new
Gegenbauer transform pair. Although the final result does not contain Gegehbauer
functions of the second kind, these functions are important in fhe derivation
gnd their use here supplements the informative recent study'of theée paftiCuIar
special functions by Durand [l] and by Durand, Fishbane, andv51mmons [2].

The work whiéh follows serves a threef61d purpose. First, we arevéb1e'
to-dembnstrate an important use of the Radon transform as a foo]. Secbnd,
more insight is obtained regarding the use of Gegenbauer functions of the
second kind. Finally, we are able to derive a set of equations which éonstitute
a useful Gegénbauer transform pair which has fundamental cdnnection to the

dimensionality of the space K.

~ 2. The Radon Transform.

Let z=(x,, x,,°*, x,) be a point in_Rn (n>2) and let Fe %’ be a

function of the = real variables x,, x,,°*, x, .

The properties of the
space ¥ , which consists of all rapidly decreasing ¢” functions on Rn; are
developed by Schwartz [3]. The reason for working in a space with such nice

' prdperties will be clear when it becomes necessary to make changes_in‘the order
of integration and to perform repeated integfations by_barts. |

Given E%;é*i_the Radon transform of F is given by [4],

(1) flep) = [ Flx) 8(p-tg-x) dr ,

n

where p 1is real, £ is an arbitrary'unit vector in K, Eex= ) E Ty s
k=1



§ is tne Dirac delta function, dx = dx, dx, *** dx

, » and the integral is

over the entire space. It is important to observe that the symmetry condition

(2) f(gs-p) = f(-£,p)

follows directly from the definition (1).

Following the initial work by Radon‘[5], many of the technical'properties
of the Radon transform were worked out by several authors [4, 6-10]. Among
other things these authors develop a formal expression for inversion of the
transform, valid for functions in &, and it turns out that the inversion
formula for even »n is considerably more complicated than the formula for odd
n. There is a Hilbert transform associated with the even case which remains
unevaluated for the most general functions. Our concern here is with this
even n case exclusively and involves defining F in such a fashion that it is

possible to perform the Hilbert transform.

3. Decomposition of F

We consider those functions F which may be decomposed either as

(3) F(z) = G,(r) 5, & ,

or as a linear combination of terms of this form. Here, erRn, r=|x| s
x = x/r , and the doubly subscripted Szm(é) is a real spherical (or surface)

harmonic [11,12] of degree % which comes from an orthonormal set with ¥(n,%)

members. That is, mgmbers of the set {Szl(x)’ Szz(x)’,°" . SQN(n;m)(x)}

satisfy

(4) g{ Slm('%) S-Qrmr(x) e = 62 o S

mm'

where di is understood to be the surface element in hyperspherical polar
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coordinates, and f des1gnates an integral over the un1t sphere A very

useful property of the szm(&) is that they satisfy the symmetry cond1t1on

(5) s, (-&).= -1* s'g,m(éw :

Lm

" Further properties, including ahﬁexp]icit expression for - N(xn,%), can be

found in Hochstadt [12].

4. Radon Transform of the Decomposed Functibnv

When the Radon transform (1) is applied to (3) the result is
(6) f@Ep) =[G 5, @ s@-¢w) do .

Without loss of generality we may assume that ;>z'0'x51nce_one may always
calculate f(g,-p) from (2). If we convert (6) to spher1ca1 coord1nates

(dxe ~ P11 drdz) and observe that S(p - rg-x) = (E?E - r)/lg xl for ‘purposes

of doing the r integration we obtain

: . f n-1 T
_ o 2] 6 (prees) B
7 FEp) =[5, @ ( ] 6 (prea) 1o

Application of the Hecke-Funk theorem [12] yields

_\ 12 S ® fonl o o pek g
(8) f(g,p)-—-—(z—)——_o‘(%)__ G, (£) Ck(t) (Z-t) 5o

where C“(t) is a Gegenbauer po]ynom1a1 of the, f1rst kind, w,, is the

surface area of a unit sphere in R', and v=%(n- 2) ‘ The ratio w,_ ,/C (1)



~ may be written in terms of Gamma functions,

(4m)° T +1) T(V)
(e +2v)

(9) M: - W /'c;(z) ="

Equation (8) may be converted to the desired form by making the change

",of'Variangs' r=p/t , ‘ |
S . ® 2.v-%

(10)  FeE,p) = M) s_mmpf 2 G &) [1- &) " ar

It will be especially useful to write this equation as

Wherel v 
2 g@ =y [ e e B [1- (8177 ar .

p

‘The symmefry conditions on f and S m yield the.defining equation for gz(-p),

1) g, = D g, .

5. The Ihveksion‘,

*_Ne'nOW»furn oUr.atténtion to inverting the Radon transform when F is given
by-(3)*andlf'is'given‘by (11). The inversion may be written as an integration

oVek-a‘Unit"sphére in £ space (9]

IR ORI



where

(1sy_

P e = 15 D) .

(Keep in mind that & 1is already a unit vector.. We have used the notation
£ in (14) to emphasize that the integration is over the unit sphere.) For
even n the operator T is defined by -

n/2

] , * C(-1) 3 -1, R
(16) £ En = e nil) " rept
T a(am™ ! P |

and H designates the Hilbert transform

(17) Ha@d =1 [ L8 dp.

=

After inserting the decompositions for F- and f in (14) we have

(18) 6 () 5, &) =[5, () g (re-d) dE

1o

AV PPN - V) G o =l 1 .
My Sy, @) _)1’ g, () ) (&) (1-¢) dt. ,

.. “where the second step was obtained by app1ying'the.Hécke-Funk}theorém‘again [12].

By inspection of (18) it is clear that -

(19 G R TP (-2 %a
(19) G = [g e G @) (1-87) T dE

and g; must be calculated from g7 =T g, .



6. Imprqvementbon the Inversion Formula

For éyen n (2,4,6,-9-) and v = %(n-2) it is possible to modify (19)

considerably by actually doing the ¢ integration. Explicitly, g;(rt) is

given by
' (-J)n/ 1 (n-1) -1
(20) g (rt) = ——— L f ) (p-rt)" dp
| * gemy* 1 T-a .
NG |
where vggn 1)(p) = [%5] g, () ., If (20) is substituted into (19) and

the order of integration reversed, the equation for Gl(r) becomes

. _ 2
(21) 6, (r) = L) N g" Yoy '@ 4

2(2ﬂ)n_1 MY -co

where

@ D@ g G -9

At this point it is clearly desirable to require that r>0. The r=0
case may be done separately starting with (19). The integration in (22) may

. - 0 b [ee
be taken over four separate regions, _4?4-]} + g +-g’ . If we observe that

( ) = (- 1) z(?) then by a change of variable p.» -p over the negative

p region in (21) it follows that

- 1)”/2 M, (n-1) (n-1) p
(23) G,(r) = g f e 1) &) o + f g, @ I(3) dp }.
) T %

(em’™”

The reason for writing G, () in this form is to enable us to evaluate the

IZ integrals. _ B ' 2




Notice that in (23) the /S integral forces
0o :

RIS

<1 and the [
r

integral forces % > 1 . For convenience we momentarily designate

if % <7

RIS
|
8

RIS

=z if €->1

(Unlike prior usage of « , here x is a real variable rather than a vector.)
This establishes contact with the usage of .x and =z in the Appendix and in

[1,2] where the Gegenbauer functions of the second kind Di are discussed.

From (A-1) and (A-3) we 1mmédiate1y obtain

(@0 fe =T -

: .y
(25) IY(z) = gm e " (22-1)" ¢ DY (2) .

These results, combined with (23)'91Ve

M\) . p . Py
(26) ' G,Q,(r).-: e "‘_—’:;_1 {(—J)n/2 f g;n_zg(p) D})'(x) »(lA-,-,xz)\) ] dp
(am) r 0 ‘
3 -
2 [ g V) Dl (22-1)"Fdp )
» _

By use of (A-4) and (A-14) the two integrals may be combined,. and after

some simplification we find



-v-l

L 1-1(94.;.1)' 2—\) T (n- 1)
(27) Gﬂ.(r) = TT(L+2V) | I g 2,+2\) 1(1") dp

(g +1) I'(v) f°° (n-1) S0y Py
g, @ ¢ () [(5) -1] dp
Treeanyr 2% g

The fb integral can be shown to vanish. To see this, first

perform »n -1 integrations by parts to obtain an integral of the form
(g, @, &) d
0 L R=2'r ’

. . . _ 2
where Ql_z(z) is a polynom1a] of degree 2 -2, and Q2-2(-Z) = (-1) QQ-Z(z)'
(The integrated parts always vanish by symmetry.) Next, make use of (12) to

replace g,(p). This leads to an integral of the form
3 | P N v _p: P2 v-k
of dp Q,L_g(,.)pj dt 77 G, (¢) ¢ (%) [1-(%) ]

A change in the order of integration over the indicated region of the pt

plane leads to

o0

: ¢ | | D2 _y-
2 - Py V(P py? v
fdee VG () Of dp @, ,(3) €, (%) [1-(3) ]

Now the p integration can be shown to vanish. If the variable change p=yt
is made, and the symmetry of the functions in the integrand taken into account

the p integral becomes (aside from a constant factdr) )



V=15

1 ty .\). 2
[ 9 (50 i) (1-92) " dy

-1
Since Qz—z is a polynomial of degree 2-2 1in y it follows by orthogonality
that this integral vanishes. |

Hence we finally have the desired result, which consists of the Gegenbauer

transform pair,

- ' . - o 2 3 \,_;5
% PR T(A+2v) r r{ Iy BT r P
and
(29) g, @) = = rlgsgz++2\1)g ) R G, (r) CZ(Z%), (- (%) v].v »1 dr ,

p

~where v=%(n-2) and the dimensionality = 1is even (n=2, 4, 6, eee ).

7. Limfting Case n=2

It is especially interesting to examine the n=2 1limiting case
~of the above transform pair since that'corrésponds to the Radon transform
on a plane. The result is straightforward if one first multiplies by v/v

and then lets v-+0. The resu]t is the Tchebycheff transform pair [13]

(30) G0 - G Jaen® LG -0
and

o0 : . 2 1
(D g @ = 2] 60 7,8 [1-6) 17 ar.



APPENDIX

In this appendix we collect several formulas which are needed in the
preceding work. Some of these are included for convenience and may be
found in [2]. Others, notably those involving the Téhebycheff functions,
do not seem to be available in the standard sources. Our notation and
conventions conform to that used by Durand, Fiéhbane, and Simmons [2],
since their treatment of the Gegenbauer functions is the best available
source for the type of results needed here. These authors derive many
propérties of the Gegenbauer functions of the first kind C?(z) and second
kind Di(z) for general values of a, A, and z. Our concern here is
primarily with the restricted case where both o and X are nonnegative
integers (designated by writing a=v and X=2) and =z 1is real. We
use x (in place of z) to emphasize fhat the argument lies on the interval

[-1,+1] or [0,1] and =z whenever the argument is complex or greater than

unity.
For integral A and Rea> -k, Di and C; are related by [2]
N 3 ' L. 1 _ -y
(A-1) p5(z) = e (2 -1)° * -2% [ i) (2-t) T (-7 4
: -1
To obtain ,DZ(x) we make use of the general prescription
o L; -ima imo O . —ima o, .
D, (x) = ei%+ s [e D, (x+i€) - e Dx(x—ze)]
(A-2) , ‘
) : r (1-22) '™ for (x+i€)
(zc-1) » { T,
(1-22) e for (xz-i€)

-10-



This yields

L. 1 _ 1
(A-3)  B@ = (1-22)7" L [t (w-0)T (1-62)" 7 e
, TR
For integral o=v the following relation holds
(A-4) (22 -1)"7% DV(z) = (a2 - 1) 0”:( y- £ g (2)
sl AS 2B = Ty Fregv1®

where " (z) 1is a polynomial of degree &+2v-1. These polynomials

L+2v-1 , >

can be expressed in terms of associated Legendre functions of the first Kind,

1 \)_1 _
L (v-1) pV e
L+ V-

(n5)  E - @* (2-1) L.

Vv
gt2v-13)

Explicitly, in terms of Tchebycheff polynomials of the first kind T,

and second kind U, , (The argument may be either z or xz.)

1
(A-6) B+ Tot1
2 -
E2+3 = L[+ T2+3 (2+3) T2+l] .

In general,"

51-v VEZ(_J)R [v'l] (U#v-k-1)! (A+2v-1)!

v
(A—7). g } Y0 k L1 (3#2v-k-1)1 L+8v-2k-1 °

L+2v-1

where we have uséd standard symbols-for'factOrals and binomial coefficients.

-11-



The E's satisfy the recursion relation

v-1

(A-8) B L+2v-3

(2)

v = V-1 '
L+2v-1 (2) = (#41) 2 E2’+2\)_2(3) - (&+2v-2) E

and the symmetry property

Vv 2+1 AV]
(A-9) Eroy_1¢23) = (-1) Eoroy.q(@) -

" Explicit results for the functions D’ may be written conveniently

)
in terms of the function Vi(z) where

(A-10) V@) =T, () - (2-1)% U, @) ,

with recursion relation

(A-11) Viso(3) = 22 V“](g) - VZ(z) .
We have
0l () = Lim L0 - %Vl.(z)
(A-12) Diz(z) = -%(22-1)_% Vo7 (2
pF () = w(z2-1)7 WDV, () - )Y, (] .

In general,

o oyl urav-2k-13)

1 ' '
~(z2-1)7" v-l( H¥ V=11 (pv-ke1)! (242v-1))
2v-1 - k

(A-13) Dz(z)
' 2 rev) k=0

-12



By application of (A-2) and (A-4),

’(/-\--14)

WV, _
“HQ(J) -

The Tchebycheff

(A-15)

In general,

(A-16)

r = (22-1)°

(A-17)

DV (1-2)7

1

-V

\

v-1

2

rv).

E2+2v—1

(x) .

expansion for the CZ is given by

00y o tim Lo o 2 g
Cl (z) = ai% 3 CQ(z) = 7 TQ(Z)
cl(z) = v (2)
'3 L
2 -1
Cy () = k(2% -1) ° [+, ,(2) - (1#3)U,(2)]
I-v -1 v-1 v ‘
2 _ v A ~7)1
Cp(z) = jf’,_TJL— Ik { k] (2+z|k(ﬁév_(;%t§;)nl)' Uitov-2k-2
4 r'(v) k=0 _ : )
These results also hold for z->zx.
For future reference, we examine another form for Dz which is
especially valuable for large values of & or z. We first define
1 : '
and observe that
(z + c)- = 2~ _and (z + ;)2 -1 =2c¢(z+1C).
In terms of these variables we have
7 -2
0;7(z) = 7 (a4 C)
1 -1 -%-1
Dy (a) = Z¢ (z + 1)
2 L -%-2 3+ 2¢
D, (z) = o (2 + 7) {'1, (e Taa }

-13-
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Higher terms have the fdrm

(A-]é) . D:(z) = (‘l)v Rv_J(Z'+C)é2-v {1 + v(v-1) .z + 2%

-2
2 o) 22 z + 0(”%) } .

Or, in general,

o
anar @0

v v-1 -2~y v=-1 v-1
A-19 ezy= LD (2L 1-v k [ ](Mk)! (4+2v-
(A-19) Dy @ 2° TV ¢ | = ¥

-14-
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