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Abstract

The main aim of this paper is to recall the notion of the Gelfand-Tsetlin
bases (GT bases for short) and to use it for an explicit construction of or-
thogonal bases for the spaces of spherical monogenics (i.e., homogeneous
solutions of the Dirac or the generalized Cauchy-Riemann equation, re-
spectively) in dimension 3. In the paper, using the GT construction, we
obtain explicit orthogonal bases for spherical monogenics in dimension 3
having the Appell property and we compare them with those constructed
by the first and the second author recently (by a direct analytic approach).
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1 Introduction

The main aim of this paper is to discuss explicit constructions of orthogonal
bases for the spaces of spherical monogenics (i.e., homogeneous solutions of
the Dirac or the generalized Cauchy-Riemann equation, respectively) mainly in
dimension 3. The theory of solutions to the Dirac or to the Cauchy-Riemann
operator can be seen at the same time as generalization of the (one-dimensional)
complex function theory as well as refinement of harmonic analysis. Both func-
tion classes share many properties with each other and are quite analogous to
the complex case. The theory for the solutions of the Cauchy-Riemann opera-
tor contains the concept of hypercomplex derivability whereas in the case of the
Dirac equation due to the full rotational invariance of the solutions more tools
from harmonic analysis find a direct application.

To construct orthogonal bases for spaces of solutions of differential equations
is, in general, a difficult problem. We show in the first part of the paper that the
approach formulated by Gelfand and Tsetlin makes a construction of orthogonal
bases easier in case of the Dirac equation.

The notion of a Gelfand-Tsetlin basis (GT basis) was formulated for irre-
ducible (finite dimensional) modules over a general classical simple Lie algebra



g (see [28] for the original paper and [37] for a review paper with many further
citations). The main problem solved in [28] was to write down matrices repre-
senting basis elements of g with respect to the GT basis. In the case when an
irreducible g-module is realized explicitly (usually as a subspace of the space of
solutions of invariant differential equations), it is often possible to construct its
GT basis in quite algorithmic way. The main advantage of GT bases for practi-
cal applications is the fact that the GT bases are automatically orthogonal with
respect to any invariant inner product on the given irreducible module.

The problem of constructing basis functions in spaces of monogenic func-
tions has a long history. In the very beginning it was the task to construct
sufficiently many concrete monogenic functions. Already the work of R. Fueter
contains the idea to consider a special kind of homogeneous monogenic polyno-
mials as generalization of the complex powers z™ and to look for an analogue
of the Taylor series expansions. The result was a series expansion in Fueter
polynomials [27]. The important progress compared with the real Taylor series
expansion for real analytic functions was the possibility to express the incre-
ment of a quaternion-valued functions by the hypercomplex increment of the
arguments. Much later in [4] these series were reinvented and in [34] connected
with the problem of hypercomplex derivability. Finally, it could be shown that
for Clifford algebra valued functions the existence of a local Taylor series ex-
pansion in the symmetric powers [34], the hypercomplex derivability and the
monogenicity are equivalent, which is a very comfortable situation and advan-
tageous for the solution of more complicated differential equations by means of
monogenic functions. With the needs of numerical approximations, motivated
also by geometrical properties and invariance properties, a construction of sim-
ple orthogonal systems of monogenic polynomials was needed. These problems
were connected with the idea of the Fischer decomposition (originally in the pa-
per [26]) and with the so called Almansi decompositions (see citations in [35]).
The main disadvantage of the Fueter polynomials for numerical purposes was
that they are not orthogonal with respect to Lo-inner product. That is why
it was not possible to relate Taylor and Fourier expansions so easily as in the
complex case, i.e., to relate the local and the global behaviour of the functions.
First explicit constructions of complete orthonormal polynomial systems in the
important case of dimension 3 were done by I. Cacao [I6], the first and the
second author and H. Malonek [I0], [9], [11]. Main idea was the application of
the Cauchy-Riemann operator to an orthogonal system of spherical harmonics
and an explicit orthonormalization of the resulting system. These results were
the basis for Fourier expansions and related applications like the definition of
a continuous operator of monogenic primitivation in the Lo-space of monogenic
functions.

Furthermore, in [23] pp. 254-264] and [40] 42} [33], another constructions of
orthogonal bases for spherical monogenics even in all dimensions are explained.
In particular, in [23, Theorem 2.2.3, p. 315], the so-called Cauchy-Kovalevskaya
(CK) method has already been developed. But this method is not used in [23]
for a construction of orthogonal bases although the construction is obvious not
only in dimension 3 but in an arbitrary dimension as we explain in Section [3]



Actually, in this paper we use the CK method for an explicit construction of the
GT bases for spherical monogenics in dimension 3. In [32], the GT bases for this
case are obtained in quite a different way and, in particular, simple expressions
of elements of these bases in terms of the Legendre polynomials are given there.
By the way, the Cauchy-Kovalevskaya method is applicable in other settings
as well, see [7} [8 Bl 0] and [22]. Similar questions were also considered by R.
Delanghe for the Riesz system, see [20] and also [43], [38].

Looking back at the complex case we observe that the basis functions for
Taylor and Fourier expansions are principally the same, they are real multiples of
each other. An important property of this basis is the so-called Appell property
of the system {z"},,cn with respect to the complex derivative. Originally, P. Ap-
pell introduced in [3] polynomials with the property that %Pn () =n Pp_1(x).
This property makes it possible to differentiate and integrate power series ex-
pansions easily summand by summand and to obtain immediately a series of
the same structure. Later on Sheffer [39] invented generating functions to con-
struct Appell systems or Appell sequences and depending on the interests of the
authors nowadays one of these approaches is preferred.

The generalization of the Appell idea to monogenic polynomials (as solutions of
the Cauchy-Riemann equations) requires the correct understanding of the hyper-
complex derivative (see [41], [36] and [30]). First Appell systems of paravector-
valued monogenic polynomials could be constructed by H. Malonek et. al. [I§],
[24], [25]. These systems were orthogonal but not complete with respect to Lo-
inner product and it was observed that the system coincides also with a system
of "special monogenic functions” as constructed in [I] without mentioning the
Appell property. In [31] it was shown that the same Appell system can be ob-
tained by the Fueter-Sce extension of the complex Appell system {z"},¢cn. In
[19], I. Cagdo and H. Malonek constructed an orthogonal Appell basis in Lo,
equipped with the real inner product, for the solutions of the Riesz system in
dimension 3. Later on, in a series of papers [15], [I4], [13] the first and the
second author elaborate an orthogonal Appell basis of monogenic polynomials
for the space of square integrable solutions of the Cauchy-Riemann system in R3
(Moisil-Teodorescu system) with respect to the quaternion-valued inner prod-
uct. In [I4], this system was used to approximate solutions of the Lamé - Navier
equations of linear elasticity theory.

Important for practical applications is also that this Appell system can be
defined recursively (see [I3] and Theorem [f] below) and that it is not longer
necessary to start with spherical harmonics.

The question arises if this system is only one that fortunately could be con-
structed or if it is unique (in a certain sense). Because of the increasing amount
of calculations it becomes important to understand the underlying general prin-
ciple of the constructions, to find a way to construct bases in all dimensions.
First results were obtained in [I2] where a unified and explicit construction
principle of monogenic Appell bases in dimension 2, 3 and 4 was proved.

In low dimensions (3 or 4), it is quite common to consider quaternion valued
functions instead of spinor valued ones, and to replace complex vector spaces of



solutions with vector spaces over the skew field of real quaternions. Analyzing
all the mentioned concrete results on Appell systems of monogenic polynomials
and relating them to the case of the Dirac equation it becomes visible that there
is some general scheme in the background - the so-called Gelfand-Tsetlin bases.
It is possible to relate both picture, and we shall do it below.

In the paper, we apply a general scheme of GT bases to the case of spherical
monogenics in dimension 3 and we write down explicit formulae for the corre-
sponding orthogonal GT bases in terms of spinor valued and quaternion valued
functions. The elements of the obtained bases can be easily renormalized to
have the Appell property. Actually, it turns out that such an requirement is
characterizing the bases uniquely (see Theorem below). We compare then the
formulae obtained for quaternion valued functions with those obtained by the
first and the second author in [I5] and we show that they coincide.

In Section 2, we start with a short summary of notation needed to formu-
late a general construction of the GT bases. In Section 3, we show that the
branching rules needed to perform the construction of the GT bases explicitly
can be realized using only classical tools of Clifford analysis, namely, the Fischer
decomposition and the Cauchy-Kovalevskaya extension. Actually, we just ap-
ply the Cauchy-Kovalevskaya method developed already in [23] Theorem 2.2.3,
p. 315]. In the rest of this paper, we study properties of GT bases mainly in
dimension 3. A detailed study of GT bases in higher dimensions will be given
in a next paper. An explicit construction of the GT bases in dimension 3 is
written down in Section 4, see Theorem [ and Corollary [3] To do it, we use the
Fischer decomposition in dimension 2 in the same way as it is done in higher
dimensions. Let us remark that the Fischer decomposition in dimension 2 (see
Theorem [3)) is not usually considered in Clifford analysis and it has a slightly
different form than in higher dimensions. In particular, we show that the GT
bases for spinor valued spherical monogenics in dimension 3 possess a general-
ization of the Appell property, that is, they possess an Appell property not only
w.r.t. the last real variable x3 but also w.r.t. the remaining complex variables z
and z, see Corollary [3] Finally, in Section 5, we introduce the quaternionic for-
mulation and we describe its relation to the spinor case. We reformulate the GT
bases in quaternionic language (see Theorem |5 and Corollary |4| below) and we
show that the bases having the Appell property coincide with those constructed
by the first and the second author in [I5] for the Cauchy-Riemann system. This
system has the Appell property with respect to the hypercomplex derivative on
the basis polynomials orthogonal to the hyperholomorphic constants and then
with respect to a complex derivative on the remaining basis functions. In the
end of the paper we present some applications of both approaches and construct
new Taylor series and Fourier series expansions, respectively.

2 Preliminaries

First we introduce some notation. Let (e, ..., e,) be the standard basis of the
Euclidean space R™ and let C,, be the complex Clifford algebra generated by



the vectors ey, ..., e,, such that e? = —1for j=1,...,m. As usual, we identify
avector x = (x1,...,2Tmn) € R™ with the element z1e1+- - -+, e, of Cypy. Recall
that the Spin group Spin(m) is defined as the set of products of even number of
unit vectors of R™ endowed with the Clifford multiplication. Now we introduce
spaces of spherical monogenics. For a vector space V, we denote by P (R™, V)
the space of V-valued polynomials in R™ which are homogeneous of degree k.
Let S be a subspace of C,,, invariant with respect to the left multiplication by
elements of Spin(m). Then put

M (R™, S) = {P € Py(R™,S) : 9P = 0} (1)

where the Dirac operator 9 in R™ is defined as

0 0 + ot 0
=e1—+- - Fen—.

! 81’1 al‘m
It is well-known that if S is a basic spinor representation of the group Spin(m)
then the space My (R™,S) of spherical monogenics is an irreducible module
under the so-called L-action, defined by

[L(s)(P)](x) = s P(s xs), s € Spin(m) and x = (x1,...,2,) € R™.

In this paper, we are interested in a construction of GT bases of spherical
monogenics. Let us recall briefly the concept of GT bases for the orthogonal case,
see [37, 28]. In what follows, we deal with complex representations of the Lie
algebra so(m) of the Spin group Spin(m). Let us consider a general irreducible
so(m)-module V (p1,,) with the highest weight ... In the even dimensional case
m = 2n, the highest weight u.,, is a vector

Hm = ()\m,la ey )\m,n)

consisting entirely of integers or entirely of non-zero half-integers which satisfy
the relation
)\m,l 2 )\m,2 Z e 2 )\m,nfl 2 |)\m,n| (2)

In the odd dimensional case m = 2n + 1, the vector pm = (Am1,---5Amn)
satisfies instead the condition

)\m,l 2 )\m,2 2 e Z )\m,n 2 0. (3)

Furthermore, as is well known, the Lie algebra so(m) can be realized as the
space of bivectors of Clifford algebra C,,. In what follows, we consider a chain
of Lie algebras

so(m) Dso(m—1) D --- D so(2) (4)

where, for k =2,...,m,
ﬁﬂ(k) = <{eij 1<i< <L k}>

Here e;; = e;e; and (M) stands for the span of a set M.



The key ingredient for introduction of a GT basis is the following branching
rule well-known in representation theory: As an so(m — 1)-module, the given
module V' (u,,) decomposes into a multiplicity free direct sum of irreducible
so(m — 1)-modules

V(um) = @ V(,Um,,um—l) (5)
Hm—1
where the direct sum is taken over the highest weights pu,,—1 satisfying the
conditions (@ and below. Moreover, it is well-known that if the weight p,,
consists entirely of non-zero half-integers (or integers), then so do all highest
weights fi;,—1. In the case when m = 2n, the direct sum is taken over all
highest weights tm—1 = (Am—11,---;Am—1,n—1) such that

Am,l Z >\m—1,1 Z >\m,2 2 e Z /\m,n—l Z )\m—l,n—l Z ‘/\m,n| (6)

In the case when m = 2n+1, the direct sum is taken over all highest weights
Pm—1 = (Am—11;---; Am—1,n) such that

)\m,l 2 Am,—l,l 2 Am,,2 Z e Z )\m,n—l Z )\m—l,n—l Z )\m,n Z ‘)\m—l,n‘- (7)

Moreover, with respect to any given invariant inner product on the module
V(ptm), the decomposition is even orthogonal.

Of course, we can decompose further each module V' (i, ptm—1) of the de-
composition into irreducible so(m — 2)-modules V (tum, hm—1, ftm—2) and
so on. Hence we end up with the decomposition of the given so(m)-module
V(fm,) into irreducible so(2)-modules V (u). Moreover, any such module V()
is uniquely determined by the so-called Gelfand-Tsetlin pattern

K= (Hmaﬂm—la”-nuﬂ)' (8)

Here i as in is called the Gelfand-Tsetlin pattern provided that each vector
p1; satisfies the conditions (2)-(7) (with m replaced by j) and the numbers \; x
are either all integers or all non-zero half-integers. We denote by P(p,) the
set of the Gelfand-Tsetlin patterns whose first term is the highest weight p,,.
To summarize, we decompose the given module V'(u,,) into the direct sum of
irreducible so(2)-modules

Vipn)= € Vw. 9)

HEP (pim)

Moreover, the decomposition @ is obviously orthogonal. Let us note that
the decomposition @ is uniquely specified by the choice of the chain of Lie
subalgebras .

Since all submodules V' (p) are, in fact, one-dimensional we obtain easily an
orthogonal basis of V' (u,,) by taking a non-zero vector e(y) from each module
V(u). The orthogonal basis

E={e(u) : p € P(um)}

is then called a GT basis of the module V(p,,). It is easily seen that, by the
definition, the vector e(u) is uniquely determined by p € P(uy,) up to a scalar
multiple.



3 The Cauchy-Kovalevskaya method

To construct a GT basis for the so(m)-module My(R™,S) it is clear that we
need to describe quite explicitly the branching rule for this module, that is,
its decomposition into irreducible so(m — 1)-submodules. To this end we use
only two basic tools from Clifford analysis, namely, the Cauchy-Kovalevskaya
extension and the Fischer decomposition of spinor-valued polynomials. Actu-
ally, we just apply the Cauchy-Kovalevskaya method developed already in [23]
Theorem 2.2.3, p. 315]. We first state the Fischer decomposition, see [23] p.
206].

Proposition 1. Let m > 3 and let S be a spinor space of the Clifford algebra
Cyn, that is, S is an irreducible (left) module over C,,. Then

k
Pe(R™,S) = I My_;(R™, S).
§=0
Remark 1. An analogous decomposition is valid also in the dimension m = 2,
see Theorem [3] below for details.

Now we recall the Cauchy-Kovalevskaya extension. Let p be a k-homogeneous
polynomial in R™ which takes values in a spinor space S of C,,. Such a poly-
nomial p can be uniquely expressed as

k
p(z) =) pjz) =,
j=0
where p; is an S-valued polynomial in z = (21,...,2,-1) € R™! which is

homogeneous of degree k — j. Moreover, putting

a—e i++e 87
Y — 18$1 mflaxm_lv

it is easy to see that the Dirac equation dp = 0 holds if and only if, for each
1=0,...,k,

1 1 )
pb; = ;(emQ) Pj—1=-= ﬁ(emg)]pﬁ
In this case, we have thus that
kg ,
p@) = Zj(emzmd)polz) = (e Ppy)(x).
j=0°"

Now it is easy to obtain the following result, see [23, p. 152].

Proposition 2. Let S be a basic spinor representation of the group Spin(m).
Then the Cauchy-Kovalevskaya extension operator

CK = efm®md

is an so(m — 1)-invariant isomorphism of the module Pr(R™~1,S) onto the
module My (R™,S).



As we explain later on, to describe explicitly the branching rules in our
situation we need to understand the CK extension of particular terms in the
Fischer decomposition, that is, the CK extension of polynomials of the form
27p(z) with p being a spherical monogenic. But first recall that the Gegenbauer
polynomial C7 is defined as

oo ) e .

see [2, p. 302].
Lemma 1. Let j € Ny and p € My(R™1,S). Then we have that
CE((zem)'p(z) = XWp(z)

where X =1 and, for j € N, the polynomial X) = X,g,j) s given by

. o 1, Tm +2k—-2 24k, Tm \ LEm
X(J) — Jad C’(n/2+k 1,2 m Cm/ +
k (£7xm) l‘l'k;r ( 7 ( r )+m+2k+j_2 j—1 ( r ) r

with r = (23 + 23+ + J;,Qn)l/z, i = (—1)1(0;7/%’671(0))_1 and

2041 :(_1)lm+2k+21—1

Om/2+k 0 71.
Hi m+ 2k — 2 (Cy (0))
Proof. In [23, p. 312, Theorem 2.2.1], the corresponding polynomial we denote

here by X ,gj ) is computed for the Cauchy-Riemann operator. Fortunately, there
is an obvious relation between these two polynomials. Namely, we have that

) Xéj)(gem,xm), j even,
X,gj)(g, xm) = = (j)
— Xk] (Zem, Tm)em, j odd.

To complete the proof it is sufficient to use the explicit formula for the polyno-

mial X,EJ). ]

At this moment we are ready to describe the decomposition of the so(m)-
module My (R™,S) into irreducible so(m — 1)-submodules. We start with the
even dimensional case.

The even dimensional case In the case when m = 2n, there is a unique
(up to equivalence) irreducible module S,,, over C,,. As a Spin(m)-module, S,,
is reducible and decomposes into two inequivalent irreducible submodules

Sm=StoS,.

Actually, S;[n are unique basic spinor representations of the group Spin(2n)
and, putting 6, = (—i)"eyez - - - €2, we have that

Sg, = {u € San : Opu = tu}. (11)



Furthermore, as Spin(2n — 1)-modules, Sy, and Sy, remain still irreducible but
become equivalent to each other.

Let S be a basic spinor representation for Spin(2n), that is, S =~ S;'n or
S~ S5, . In any case, it is easy to see that Proposition |2 implies that

Mp(R?",S) = CK(Pp(R?"71,9).

Moreover, using Proposition[I] we get the following decompositions of the spaces
Pr(R?"~1,S) into inequivalent irreducible so(2n — 1)-submodules

k
Pe(®> 7, 9) = P (zean) My—; (R*"1,S).
7=0

Finally, applying the CK extension to this decomposition and using Lemma
we get obviously the next result, cf. [23] Theorem 2.2.3, p. 315].

Theorem 1. Letn > 2 and let S be a basic spinor representation for Spin(2n).
Then the so(2n)-module My (R?",S) decomposes into inequivalent irreducible
s0(2n — 1)-submodules as

k
RQn @X M J RQn 1 S)
7=0

Of course, using Theorem [1} it is easy to construct GT bases in dimension
2n when we know GT bases in dimension 2n — 1.

Corollary 1. Let Bi"~(S) be GT bases of the modules M;(R*"~*,S) for all
7 =0,...,k. Then we have that the set

k
BM(S) = [J X9B1(S)
=0

is a GT basis of the module My (R?*"* S). Here the polynomial X s defined
as in Lemmal[]] and, of course, we put

XDBI1(8) = {XDp | pe B H(S)}

Now we are going to deal with the odd dimensional case.

The odd dimensional case In the case when m = 2n + 1, there are just
two different irreducible C,,-modules (equivalent to) S +1- On the other hand,
there exists only a unique basic spinor representatlon S of the group Spin(m).
In particular, as Spin(m)-modules, the modules S+ m+1 are both equivalent to S.
Moreover, S can be viewed also as an irreducible Cy,,-module, that is, S ~ So,.

As we know (see ([11))), we have therefore that S = ST & S~ where

tf={ueS:byu=-=+u}



are both irreducible Spin(2n)-modules.
Furthermore, according to Proposition |2, we have that

My(R™, S) = CK(Px(R™1, S)).

By Proposition [T} we can easily obtain the following decomposition of the space
Pr(R™~1 8) into inequivalent irreducible so(m — 1)-submodules

k
PrLR™L8) :@ zem)! Mi—_j(R™ 1 ST @ (zey ) My_;(R™1S7).
7=0

Applying the CK extension to this decomposition together with Lemma [I] gives
the following result, cf. [23, Theorem 2.2.3, p. 315].

Theorem 2. Let n > 2 and let S stand for a basic spinor representation of
Spin(2n + 1). Then the so(2n + 1)-module My (R?"T1,S) decomposes into in-
equivalent irreducible s0(2n)-submodules as follows:

My (RS @ XM, (R, S*) o XU M, (R, S7).

Corollary 2. Let B3"(S%) be GT bases of the modules M;(R*",S*) for all
j=0,...,k. Then we have that the set

k
BIti(s U XOBE (STHYuXDBE(S7)

is a GT basis of the module My, (R***1 S). Here the polynomial X ) is defined
as in Lemma [

To summarize Corollaries [T] and [2] tell us that GT bases for spherical mono-
genics can be obtained inductively. Indeed, whenever we know GT bases in
dimension m — 1 we can easily construct GT bases in dimension m.

4 The Gelfand-Tsetlin bases in dimension 3
In this section, we construct explicitly GT bases for spinor valued spherical

monogenics in dimension 3. First we recall a realization of basic spinor repre-
sentations Si,.

Basic spinor representations Szin For j =1,...,n, put

. _ 1 . _
wj = *(egj_1 +Z€2j), w; = 5(—62]‘_1 +Z€2j) and Ij = wWjw;.

2

10



Then I, ..., I, are mutually commuting idempotent elements in Cs,,. Moreover,
I =11---1, is a primitive idempotent in C,,, and

SZn = (C2nI
is a minimal left ideal in Csg,,. Putting W = (wy, ..., w,), we have that
Sop = AW)I, S =AT(W)I and S, = A~ (W)I

where A(W) is the exterior algebra over W with the even part A*(W) and the
odd part A~ (W). See [23, pp. 114-118] for details.

Furthermore, it is well-known that, for each u € Cs,, there is a unigue
complex number [u]y such that Tul = [u]o] and that an inner product on Sa,
is given by

(s,t) = [aw]o for s = ul, t = vl with u,v € Cy,. (12)

Here, for each Clifford number u € C,,,, w stands for its Clifford conjugate. See
[23, pp. 120-125] for details.

In the next paragraph, we introduce invariant inner products on the spin
modules of spherical monogenics.

Invariant inner products Let us remark that, on each (finite-dimensional)
irreducible representation of Spin(m) there exists always an invariant inner
product and, in addition, that the invariant inner product is determined uniquely
up to a positive multiple. In what follows, we recall two well-known realizations
of the invariant inner product on the module My (R™, S), namely, the Lo-inner
product and the Fischer inner product. For P,Q € My(R™,S), we define the
Lo-inner product of P and @) as

(fiQ)lz‘A;(FlQ)dAm (13)

m

where B,,, is the unit ball in R™ and dA\™ is the Lebesgue measure in R™.
Now we introduce the Fischer inner product. Each P € P, (R™,.S) is of the

form
P(z) = Z aar”
|a|=k
where the sum is taken over all multi-indexes o = (a1, ..., qy) of NJ* with

la| = o1 + -+ + ap =k, all coefficients a, belong to S and z* = z{* - - z0m.
For P,Q € Pr(R™,S), we define the Fischer inner product of P and @ as

(P,Q)2= > a!(aa,ba) (14)
|| =k

where ol = aq!- - ap!, P(z) = Y anx® and Q(z) = > bax®. It is easily seen
that

_ _ lex]
(P.Q= [P0 with P(L)= Y a0

Ox Ox’
la|=k

Here 01°1 )0z = (0% J9x) - - - (0% /Oxm) as usual.

m

11



Fischer decompositions in the dimension m =2 As we have remarked in
Introduction, the Fischer decomposition in dimension 2 is not usually considered
in Clifford analysis and it has a slightly different form than in higher dimensions.
In this case, we have that s0(2) = (e12), S = Sy = (I1,w1 1), ST = (I;) and
S = <’UJ1]1> with

1 1
I = 5(1 — ielg) and wily = 5(61 + ieg).

Each s € S is of the form s = st I; +s~wyI; for some complex numbers s*. We
write s = (s7,57). Let us remark that each P € Px(R?,S) can be expressed
as P = (P*,P™) for some complex valued k-homogeneous polynomials P* in
variables z = x1 +1ix9 and Z = x1 — izo. Furthermore, the action of s0(2) on the
space Py(R?,9) is given by
d €12 8 (9
dL 2)=—1L te1n/2)) im0 = == = =
(e12/2) = — L(exp(ter2/2))l—0 = 5~ + a2 00 "' ong

Put L3 = dL(e12/2). Now it is easy to show the next result.
Theorem 3. Let M?’i = M;(R%,5%) for each j = 0,...,k. Then we have
that M2+ = ((51,0)), M2~ = ((0,29)),

k
Pr(R?,5T) = @ZJM and Pr(R?,57) = P M
j=0

In addition, for each j =0,...,k, the s0(2)-modules Zj/\/lk’fj and Ej/\/li’:j are
both irreducible with the highest weights k + % —2j and —k— % + 27, respectively.
Proof. Let P € Pi(R?,8) and P = (P*,P™)

0 1,0 0 0 1,0 0
— == (=— —i— d —==(=—+i=—).
9z~ 2 0m lam) ™ 572G T

Since e1P = (—P~,P"), e1oP = (iP*,—iP~) and 0 = 61(6‘11 6128672) we
have that

. Denote

OP~ 0Pt
oP =2 .
(= 9z 0z e
Assume now that P is ST-valued, that is, P = (PT,0) and
k . .
Pt (z,%2) = Zajzjfkﬂ (a; € C).
j=0

Obviously, P = 0 if and only if PT = a;,z". Hence it remains to show that the
module 27 Mijj has the highest weight &k + % — 2j. But it follows from the fact
that weights are just eigenvalues of the operator H = —iL15 and

H((272479,0)) = (k + 5 — 2%))()*7,0).

For S~ -valued polynomials, an analogous proof works. O
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The decompositions of the spaces ’P,j = Pi(R?, ST) are depicted in columns
of Figure In this diagram, we write 2/ 2* for (272*,0). Moreover, all irreducible
submodules with the same highest weight are contained in the row labeled by
this highest weight.

A S Py
=)
@) (:7°)
: @ (:7)
Lo (2) (%)
-4 (2 (=%2)
-3 () (=%2)

|
ol

(%)
Figure 1: The decomposition of the modules P, = P, (R2, ST).

Of course, an analogous diagram can be created for S~-valued polynomials.
But, in this case, labels of rows of the diagram are shifted. In particular, the
row beginning with (1) is labeled by —1/2.

GT bases for the dimension m = 3 In this paragraph, we obtain explicit
formulae for the GT bases of spinor valued spherical monogenics in dimension
3. In this case, we have that S ~ ST, 50(3) = (e12, €23, €31) and 50(2) = (e12).
Furthermore, the action of s0(3) on the space Py (R3, S) is given by

Lij = dL(ei;/2) = = i (i # J)-

13



As a s0(2)-module, the module S is reducible and decomposes into two inequiv-
alent irreducible submodules S = ST @& S~ with

S+ ={ueS: —iey u==tu}.

Let v* be generators of S*, that is, ST = (v*). We can construct a GT basis
in this case using Proposition [2] and Theorem

Theorem 4. For each k € Ny, the polynomials

SIizk—J k—j

kaj = 693363Q (W UJr) and f2kj+1 _ ezgeBQ (
form a GT basis of the irreducible 50(3)-module My (R3,S). Moreover, for each
7 =0,...,2k+1, the polynomial fj’.C is a weight vector with the weight k + % -7,
that is, putting H = —iL1o, we have that _Hf]lC — (k 4 % _ ])f]k

2%

IO TR

It is not difficult to express the GT bases from Theorem [4] even more explic-
itly. To do this we identify the space S with C2. Indeed, each s € S is of the
form

s=sTvt 4570

for some complex numbers st and s~. We write s = (s, s7) for short. For the
sake of explicitness, we limit ourselves to the case when S = S or S = S .
In the former case, we put v™ = I and v~ = wywoI. In the latter case, we put
vt = wyl and v~ = wyl. In these cases, explicit formulae for GT-bases are
given in Corollary [3] below.

Corollary 3. Let {f(’f’i, cey zklfH} be the GT bases of My(R?,S7) defined in
Theorem [J}

(a) For each k € Ny and j =0,...,k, we have that
k,+ k,+
f2j = (p?a:FQ;'c) and f2j+1 = (iQ§+1a p?)

where

_ s 2.1‘3 2s Zj—s zk—j—s
pj(Zazvqu) = (_1) ( )

5=0 2)(G — )k — j — s)! and

min(j—1,k—j)

¢z = > (-1)°
s=0

(2x3)28+1 ijlfs Zkfjfs
2s+DI(Gj—1—s)l(k—j—9)

Here gk =0 = q,’jﬂ.

14



(b) Moreover, for each k € N, we have that

o[ RN =12k
(9173 O, j:0,2/€+1;
% _ f]k—Qliv ]:2,,2]{34»1,
aZ 07 ]:O,l7

offt [ TN =002k
oz 0, J =2k 2%+ 1.

(¢) Finally, for k € Ng and j =0,...,2k + 1, we have that
f2k+1 -7 (_1)J(f]k’i)*

where s* = (—53,51) for each s = (s1,82) € S.

Proof. Let S = S’ff. Obviously, we have that

oP oP _ oP, 0P
63(9]3 = 631a + 6328 o i2(¥7 W)
Putting P”C (%, 0) and Qk (0, Jz,zlj JJ) ), we get thus that
(eBQ)ZsPJ[c ( ) 229Pk s2s7 (63@)2362? _ (_1)8228Q§:§S7

s $02s k—(2s+1 s sa2s k—(2s+1
(e30)FLPF = F(~1)22%T1QNZ Y | (30)11Q = £(—1)%2% 1Pl D),

Using these relations it is easy to obtain the explicit formulae for ff’i. Obvi-
ously, the statements (b) and (c) can be verified directly using these explicit
formulee. On the other hand, the property (b) follows also from the following
formula

0

Fag (€720P) = €%(es0P)
and from the fact that the derivatives 9/0z and 9/9Z both commute with the
CK extension operator 332, O

Remark 2. It is easy to express the elements ff’i of the GT bases from Corollary
in terms of hypergeometric series oF} or Jacobi polynomials, see [2, pp. 64
and 99]. Indeed, we have that

1 x2 ZIZk—I
k . . 3
Y = Fi(—17.—k — _
p] 2 1( Js +j727 |Z|2) (k—])"
3 x3 | 2wy 2 T1ERI
k . . 3 3
q; = QFI(_j+17_k+J777 ) . N
! 27 (27 (= DIk =)

Here |z|? = 2z and the hypergeometric series o F(a, b, c; y) is given by

oFi(a,b,c;y) = Z (a)s(b)sys'

por (¢)ss!
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In Figure [2] structural properties of the GT basis in this case are shown. In
the k-th column of Figure [2| the decomposition of the so(3)-module

My = My (R3,S)

into irreducible s0(2)-submodules can be found. Moreover, all irreducible so(2)-
submodules with the same highest weight are contained in the row labeled by
this highest weight. By Theorem [4] it is easy to see that Figure [2| is, in an
obvious sense, composed of the diagrams for ST and S~-valued polynomials in
R? (see Figure. By Corollary we know that the application of the derivative
0/0x3 to the elements of the GT basis causes the shift in the given row to the
left, the derivative 9/9% moves them diagonally downward and 9/0z diagonally
upward. In other words, the GT bases in this case possess an Appell property
not only w.r.t. the last real variable x3 but also w.r.t. the complex variables z
and Zz. Moreover, the upper triangle in Figure |2 is mapped onto the lower one

*

by the transformation (-)*.

Mo My Ma

ot
—~
SN
NG

ol
—~
=
_
=

N
O
—

Figure 2: The decomposition of the modules Mj, = My (R3, S).

Remark 3. Let S = Si. It is not difficult to find non-zero constants d?’i such
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that the polynomials ff = d?’i ff’i satisfy the following properties

R R ofk kEfel i=1,...,2k
fg =zFt, f2kk+1 =2y~ and L = It (15)
D3 0, j=0,2k+1.
Indeed, it is sufficient and necessary to put, for each j =0,...,k,
k‘,ﬂ: ) y 1 g k?,:l: .
it = (F1)7(=1)U+1D3/2 277 k1 and dops1_; = (—1)Jd§.
Moreover, we have obviously that
¢ Floy off kot fk— off kot pl—
f§k+1fj = (f]%f) , 87,; =a; ff_Ql and 8—; =b; fjlc 1 (16)
where the constants a?’i and b?’i are given by
0, 7=0,1; k, 0<j<k-1
1 : . 1 S
ak,:’j: _ - Zka 2 S J S k? bl?’j: _ + §k3 J= k?
! Fik, j=k+1; ! — 1k k+1<j<2k-1;
k, k+2<j5<2k+1; 0, 7=2k2k+1

Furthermore, by the definition of GT bases and their structural properties shown
in Figure[2 it is clear that, for & € Ny, the sets

{(f¥lj=0,...,26+1}

are the GT bases of the modules My,(R?,9), uniquely determined by the prop-
erty and the condition that, for j = 0,...,2k + 1,

o 1 N
Hfjk:(k—l—i—])fjk with H = —iLs.

5 Quaternion valued polynomials in R?

In this section, we reformulate the GT bases obtained in the previous section
for quaternion valued spherical monogenics.

Quaternionic formulation In what follows, H stands for the skew field of
real quaternions ¢ with the imaginary units i1, i and i3, that is,

i = i3 = i3 = iyiziz = —1 and ¢ = qo + qui1 + q2i2 + 313, (90, q1, G2, q3) € R*.

For a quaternion ¢, put § = qo —q191 — g2i2 — q3i3. We realize H as the subalgebra
of complex 2 x 2 matrices of the form

qo+193 —g2+iq
= . ) . 17
1 <Q2 +1q1  qo — g3 ) (7

17



In particular, we have that

) 0 1 . 0 -1 . i 0
ll:(i O)’ 12:<1 0) and 23:(0 —i)'

If s = (qo + iq3,q2 + iq1) € C2, then we write ¢(s) for the quaternion ¢ as
in . For s = (s1,52) € C?, ¢(s) is thus the 2 x 2 matrix which has s as
the first column and s* = (—33,37) as the second one. It is easy to see that
q(s) iz = q(s*) and that

q(s) =Resi + i1 Imss +i2 Resg +i3Im sy

where, for a complex number z, we write Re z for its real part and Im z for its
imaginary part.

Furthermore, we identify so0(3) with (i1,i2,43) as follows: ey =~ i3, €93 =~ iy
and e3; ~ 5. Then we realize the basic spinor representation S as the space C?

of column vectors .
g— (2013
g2 +iq

Here the action of s0(3) on S is given by the matrix multiplication from the left.
Now we are interested in quaternion valued polynomials @ = Q(y) in the
variable y = (yo,%1,%2) of R3. Let us denote by M, (R3 H) the space of H-
valued k-homogeneous polynomials @ satisfying the Cauchy-Riemann equation
D@ = 0 with
p=2 i il
Yo ' oy ? dyz
We can consider naturally My (R3, H) as a right H-linear Hilbert space with the
H-valued inner product

(Q7 R)H = o @R do.

Moreover, we can identify My (R3, H) with the so(3)-module My (R3, S) we have
studied in the previous paragraph as follows. Let P = P(x) be an S-valued
polynomial in the variable z = (21,72, 23) of R®. We define a corresponding
H-valued polynomial Q(P) in R? by

Q(P)(yo, y1,92) = a(P)(—v2,y1,%0)- (18)
Then it is easy to see that Q(P) € My (R? H) if and only if
. oP . 0P o°P

1187.’1?1 +1287.T2 +Z387$3 =0,
that is, P € My(R3,S). In addition, for each P, R € M(R3,S), we have that
(Q(P), Q(R))m = q((P, R)1, (P*, R)1) (19)

where (-,-); is the complex valued inner product defined as in . Using
the identification and Theorem {4 we obtain easily orthogonal bases of
quaternion valued spherical monogenics.

18



Theorem 5. For each k € Ny, there exists an orthogonal basis

{gf1 7 =0,...,k} (20)
of the right H-linear Hilbert space My,(R3, H) such that:

(i) For j =0,...,k, let hf and h§k+1_j be the first and the second column of

the (matriz valued) polynomial g;?, respectively. Then, for each j =0,...2k+1,
we have that

Hh?:(k+%—j)h§ with H = — ( +y2a a) (21)

oy1 u 0y2
(i) We have that

895_ kg] 15 jil,...,k;
9o 0, j=0.

(iii) For each k € Ny, we have that g§ = (y1 — i3y2)".
Moreover, the polynomials g;-“ are determined uniquely by the conditions (i), (ii)
and (iii).
In addition, for each k € Ny, the polynomials
k o1k k
hg, hi,... hopyq

form a GT basis of the s0(3)-module My(R?,S) of S-valued k-homogeneous
polynomials h in R3 satisfying the Cauchy-Riemann equation Dh = 0. Moreover,
the polynomials hf are determined uniquely by the condition , by the Appell

property

Ohk kRl =1, 2k
J:{ It (22)

9o 0, j=0,2k+1;

and by the condition that hf = (a*,0) and h’ng = (0,u*) with u = yy + iyo
and w =y — 1Ys.

Proof. (a) We first construct GT bases of S-valued monogenic polynomials in
R3 by applying Theorem {4} Indeed, for P € My (R3,S), we have that

LOP 0P _, 0B om,

281’1 8:02 0z’ 0z

As in the proof of Corollary |3] we get easily that the set
{fo s 2k+1}

is a GT basis of M (R?,9).
(b) For each k € Ny and j =0,...,2k+ 1, put

R (Yo, y1,w2) = (F7) (=2, 1, o)
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Obviously, the set R
{hk| j=0,....2k+1}

is a GT basis of the module M (R3, S). It is easy to see that
ik k—jsk(k _ . k ik k—jsk(_: k k
hs; = (=1)" 74 (pj,—ij) and  hg; g = (=1)* 74 (—qu+1,pj)
where p¥ = p¥(u, @, y0) and ¢} = ¢} (u, T, yo) are defined as in Corollary
(¢c) We can find non-zero complex numbers cf € C such that the polynomials
hf = c;?h? satisfy, in addition, the condition , hk = (@*,0), h§k+1 = (0,u¥)

and hf, ;= (hF)*. Indeed, for each k € Ny, put ¢f = i*k!. Moreover, it is
easy to see that

ohk _—

J k—1

— = (=1) 2h;_;.

ayo ( ) j—1
This implies that we need to have c;? =
put, for each 7 =0,...,k,

o= (~1)0TVI/2 97 kT and oy, = (~1)iE,

(—1)j271kc§:11. Hence we are forced to

(d) Finally, for each k € Ny and j =0, ..., k, define an H-valued polynomial g;?
corresponding to the S-valued polynomial hf by
g =q(hh).
By (c) and (19), we have that the set
{gf1j=0,....k}

is orthogonal with respect to the H-valued inner product (-,-)g. Actually, this
set is, in fact, a basis of the right H-linear Hilbert space My (R3 H) because

g5 iz = q(hf) iz = a((h)") = a(hs 1 )-
Obviously, the conditions (i), (ii) and (iii) are satisfied.

(e) Since weight vectors of the operator H are determined uniquely up to non-

zero multiples the construction gives also the uniqueness of the bases satisfying

the conditions (i), (ii) and (iii). O
From the proof of Theorem [5| we get easily the next result.

Corollary 4. Let the set {gf| j=0,...,k} be the orthogonal basis of the right

H-linear Hilbert space My, (R3, H) as in Theorem @ Then, for each j =0,...,k,
we have that

. (=1)! k! 277 (Repf — i1 Reqf + iz Im g + i3 Impf), j =2l
g; = ,

! (—1)! k! 277 (Reqf; + i1 Repf —ipImpf +i3Imgf, ), j=20+1.
Here u = yy + iys, W = y1 — iyz and p§ = pk(u,u,90), ¢f = ¢F(u, 1, o) are

complex polynomials defined as in Corollary[3,
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Remark 4. In [32], the GT bases for this case are obtained in quite a different
way. In particular, the elements g;? of these bases are expressed in terms of the
Legendre polynomials as follows. Using spherical co-ordinates

Yo =rcosf, y; =rsinfcosy, ys =rsinfhsinep
with 0 <7, —7m < ¢ <7 and 0 < 0 < 7, we have namely that
95 (r,0,0) = (k!/3)(=2)" 7" (gfo + g5 1 i1 + g5 i2 + g} 5 i3) where
gf’o = P,f,;k(cos 0) cos(j — k), 9;‘6,1 = —jP,g*kfl(cos 0)cos(j — k — 1),
g;-“,Q = jP,g_k_l(cos 0)sin(j —k — 1), gfﬁ = P,z_k(cos 0)sin(j — k).

Here P,g is the k-th Legendre polynomial and P,i are its associated Legendre
functions.

In the last paragraph, we show that the GT bases obtained for quaternion
valued spherical monogenics coincide with those constructed by the first and
the second author in [15].

Identification of the bases The condition (ii) of Theorem 5] tells us just that
the monogenic polynomials g;-“ form an Appell system. In [I4] and [I5, Theorem
7.2], an orthogonal Appell system of quaternion valued spherical monogenics
has been recently constructed quite explicitly from an orthogonal system of real
valued spherical harmonics. Further, in [I4] and [13], very compact recursion
formulae have been obtained for the elements of the Appell basis. From these
recursion formulae it becomes also already visible that the wanted Appell system
can be constructed without starting with spherical harmonics. These results are
resumed in the following theorem:

Theorem 6 ([I4], 15, [13]). The system of inner solid spherical monogenics
{Aln :1=0,... ,n}neNo, where, for eachn € N and 1l =0,...,n, the elements
are given by the two-step recurrence formula

T n+1 Nl o gl
A= O ES RS {((2n+3)y+(2n+1)y)An 2nyyAn71}
(23)

with
1 .
Aﬁ_H =1 (20 +3)y + (21 + 1)7] Al and A = (y1 —isp)!,
is an orthogonal Appell basis in L*>(Bz,H) Nker D such that for each n € N

= a0 [ mA_  1=0,...,n—1
DOA"_{ 0 :l=n

and
DAY =n A”:}

n
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hold. Here, y := yo + i1y1 + i2y2 denotes the reduced quaternion. The used

Cauchy-Riemann operators are defined by Dy := % (i - i16%1 — iy g2 ) and

Yo 0y2
1 9 -9
Dc =3 (787;1 + 2378112)'

At this point, let us remark on some structural properties of the Appell
system coming from a very analytical point of view. Firstly, the two-step
recurrence formulae relate Appell polynomials of different degree n however the
index [ is fixed. Referring to Figure|3| this structurally means that the elements
of the (I+1)-th column are recursively generated by the initial elements Af which
are in fact belonging to the subset of the so-called hyperholomorphic constants.
Such generalized constants are characterized in a quite natural way: A function
f is called hyperholomorphic constant if f belongs to the considered function
space f € ker D (the space of monogenic solutions to the Moisil-Teodorescu
system) and vanishes after (hypercomplex) derivation. In this context, we re-
fer again to [34] and [30], wherein the authors have proved that the operator
Dy = %ﬁ corresponds to the concept of the hypercomplex derivative. Thus a
hyperholomorphic constant is analogously characterized as in the complex one-
dimensional case by f € ker DyNker D. Secondly, Figurefurther illustrates the
action of the differential operators on the Appell basis . Precisely, the ap-

An—l
AO n—1 DA" = pAn—}
0 \ \\ C4in na, 1
N AN n
N An
AY A
AN Al
o \ nfli
A9 Al \Az x DAL = nAl_,
2 2 2 Al
AN n
@
0 1 2 S 43
A AL Az a3
AN
D, T \
. . . \
D, D, D, T \\

Figure 3: Structural properties of the orthogonal Appell basis AL .

plication of the hypercomplex derivative Dy to an arbitrary Appell polynomial
Al causes a shifting of the degree in a fixed column [ whereas the application of
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the lower dimensional (complex) derivative D, causes a shifting of the degree as
well as a shifting of the column. Here, it should be emphasized that the action
of the differential operator D, is restricted to the set of hyperholomorphic con-
stants and thus, referring to Figure [3] is mapping along the upper diagonal. As
a consequence of the afore said, one can conclude that for an arbitrary Appell
polynomial AL, 1 = 0,...,n, n € Ny of the system first the (n — [)-fold
application of Dy and afterwards the [-fold application of D yields

D! Dy AL = .

This property essentially enables the definition of a new Taylor series expansion
(see section [6) in terms of the Appell set at first introduced in [14] [15].
Finally, it is easy to see that the system from Theorem [§]satisfies the conditions
(i), (ii) and (iii) of Theorem [5| Hence using the GT approach and Theorem

based on it, it is possible to show that g}“ = Az_j for all k, j.

6 Orthogonal power series expansions

In view of some practical application of the basis, in [14] [I5], the latter basis
was particularly used to define a new Taylor series expansion which is a direct
consequence of the Appell property of the basis:

Definition 1 (Taylor series in Lo(Bs, H) Nker D). Let f € Lo(Bg, H) N ker D.
The series representation

c© n
—n—I

. 1
f= Z ZAizth’ with th = ﬁ DCI Do f(y) (24)

n=0 1=0 y=0

is called generalized Taylor series in Lo(Bg, H) Nker D. The notations E’g and
D} indicate the k-fold application of the corresponding differential operators
(k € N) and the corresponding identity operator (k = 0), respectively.

We observe that the Taylor coefficients are given by successive application of
the hypercomplex derivative Dy to the principal part of the monogenic function
and the ”complex” derivative D, to the ”constant” part (the subset of hyper-
holomorphic constants) of the monogenic function. This Taylor series expansion
meets exactly the concept of hypercomplex derivability and improves Fueter’s
approach which is based on partial derivatives with respect to the real variables
x1 and zo.

Similarly, in case of spinor valued functions, using again the Appell property
of the corresponding GT basis (see Remark [3| at the end of Section 4) we can
define the following Taylor series expansion:

Definition 2 (Taylor series in Lo(Bg, S) Nkerd). Let f € La(Bg, S) N kero.

The series representation
oo 2k+1

F=2 2 & (25)

k=0 j=0
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with the complex coeflicients t;? such that

1 9 f(a)
thot = = : f i =0,....k;
7" k! 9, 9789 le=0 or j=0-0k;
1 W
k — >
tivT = E@xgkﬂ_j 97— —1 oo for j=k+1,...,2k+1.

is called generalized Taylor series in La(Bs, S) Nker d.

Let us note that the partial derivatives 9/0xs, 0/0z and 0/0%Z commute with
each other.

It is interesting to compare both Taylor series from Definitions [I| and
In both cases, the basis is orthogonal and the corresponding coeflicients can be
expressed using (linear combinations of) partial derivatives of the corresponding
function. The derivatives used in both cases look different but there are trivially
related (at least for monogenic functions) to each other. In the formulation
using spinor valued functions, the Appell property is true even w.r.t. all three
variables. Hence in this case application of any of three basic derivatives map
any basis element to a multiple of another basis element. For quaternion valued
functions, it is not the case.

Applying a simple normalization (see, i.e., [I4, [I5]) to each element of
the Appell basis, explicitly given by the relation

1 2n+3)(n—D'(n+1+1)
l _ l —
O = 2l+1n!\/ - A, 1=0,...,n, n €Ny,
(26)
yields directly:
Corollary 5 ([I4, 15]). The system of inner solid spherical monogenics
{(pil?H i/ :0,...,n}n€NO (27)

is an orthonormal basis in L?(B3, H) Nker D.

Due to the orthogonality and the completeness of the orthonormal system
we state the Fourier series expansion in Lo (B3, H) N ker D.

Corollary 6 (Fourier series in La(Bs, H) Nker D). Let f € Lo(B3, H) Nker D.
Then f can be uniquely represented in terms of the orthonormal system ,
that is:

f = ZZ (pﬁz,ﬂan,la with Qo :/ %fd}\g) (28)

n=0 =0 B3

Here, it should be emphasized that in contrast to the complex case the order
of goﬁl_ﬂ and f in the inner products has to be respected. As a direct consequence
of relation and the orthogonality of both series expansions, each Fourier
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coefficient of a function f € Lo(Bs3,H) Nker D can be explicitly expressed
in terms of the corresponding Taylor coefficient and vice versa by

= ol ” DDy
.t \/(2n+3)(n—l)!(n+l+1)! eDo S|

where [ = 0,...,n and n € Ny. This important analytic property of the series
expansions analogously corresponds to the complex one-dimensional case.
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