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HATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

- TECHNICAL MEMORANDUM NO. 1147

- GENERAL CHARACTERISTICS OF THE FLOW THROUGH
NOZZLES AT NEAR CRITICAL SPEEDS™

By R. Sauer
SUMMARY

The characteristics of the position and form of
the transition surface bthrough the critical velocity
are computed for flow through flat and round nozzles
from subsonic to supersonic velocity. Corresponding con-
siderations were carried out for the flow about profiles
in the vicinity of sonic velocity.

I. INTRCDUCTION

While useful methods of calculation exist for pure
subsonic and for pure supersonic flows of compressible
gases difficulties 'arise in the mathematical treatment
of mixed flows with subsonic and bupe“sonlc ranses. 3uch
mixed Tlows exist: {1) in the transition from subsonic to
supersonic speeds in Laval nozzles, (2) about profiles
in a flow at high subsonic speed on the appearance of
local supsrsonic ranges, (3) in front of blunt bodies
in & flow at supersonic velocity with a local subsonic
reglon behind the compression shock in the vieinity of-
the stagnation point.

The present report takes up the first as the
simplest of the three problems named.*® It is a faet that
for this case a rough view of flow conditions suffi-
cient for many problems can be obtained by the methods
of hydreulics, that is, the nozzlec is considered a
flow tube and the magnitude of the velocity 1s considered

"Allgemeine Eigenschaften der Stromung durch
Diisen in der Nithe der kritischen Geschwindigkeit,"
FB 1992, Zentrals fir wissenschaftliches Berichtswesen
der Luftfahrtforschunc des Gensralluftzeugmeisters (ZWB)
Berlin - Adlershof, Sept 25, 1944,
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constant in every cross-sectional plane. The critical
veloclty (flow wvelocity = sonic velocity) 1s then reached
exactly in the minimum cross sectlon of the Laval

nozzle. In the strict two-dimensional tresatment,
however, a curved line (critical curve) is obtained Tor
the praszage of the velocity through the critical value

in the plazne of the longitudinal section of the nozzle;
it begins at the nozzie wall in front of the minimum
cross sesction and cubs the nozzlc axls downstream of

the minimum cross section. (Sse fig. 1.)

In various reports, especially those of Th, Meyer (1),
G. Jo laylor (2), H. Gortler (3), eand ¥Xl. Oswatitsch and
H. Rothstein (I}, expansions in powsr ssries for the
detzrmination of the critical curves are ziven. In
what lollowe, general statements on the position and .
curvature of the criticel curvs for a given nozzle are
ortained from such expansions in Dower serlies by
breaking oif the seriss after the first two terms. The
investigations are conceraned with flat and round rozzles
and provide sufficiently accurabte results for practical-
purposes for nozZzle curvabvures that are not too sharp.

Corresponding sxpansions in power series are
aprlied, in conclusion, to the [lows through flat -
nozzles with curved axes., In this way, informabtion is
obtalned on the variation of the critical curve for
profile Jlows with local superacnic regions.

' II. POTENTIAL EQUATICN

The nozzle oxis 1s sclected as the x-axls and the
crigin of the coordinate system is nlaced at the point
cn the axis at which the critical velocity is first
reached, (See fige Y.) Jith the hypothesis of non-
vortical flow and perfect flow of a perfect gas with
constant specific heats c¢_, c. {(k =

o? Cv = cp/cv) the potential

equation ) T :
M o Tmay L OV 2 =2 w0 L 0y .
3% (a2 - ) + > (a& - ¥2) - 2U% 37t 04 F = o . (1)
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holds. In this u, v are the x- and y-components of the
flow velocity and &, +the local sonic veloclty, which
ie related to U, ¥ and the critical velocity a¥ through

02 = ]é..g_}_ a2 _ X > 1 .652 + ;;2) (2)

G0 = 0 characterizes the flat or two-dimensional f£low,
i ¢ = 1 the three-dimensional flow through stream tubes .of
o of circular cross section; x, y sare cartesian for ¢ =.0,
aylindrical coordinates for o = l.

Substituting (2) ia equation (1) and introducing
the dimensionless velocity components

U= §/a¥, v = /8% (3)

| the potential equation {1) becomes:

S \
oy // .} kR -~ 1 23 ov k -1

ou . k - 1 2 Vo
et ot (29 feo0

Since the present investigation was limited tec the
vicinity of the critical curve,

{ U=1+uw, Y=y oo (5
( in which u and v are small quantities, and equation (l.)
f becomes
/
%—}%K?.u+u2+i:;§:v2>-%‘}!ki1 2&;31';

k - 1 k - 1 - .
-l - 4 Q‘Z‘“"Zﬂ?:o o @)
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As >0, y->0 u, and v approach zerp and also
on the ba51s of (6) 6v/?y and,consequently, the
gquotient v/y approach zero, while the velocity
rise ou/dx along the axis ought not vanish at the
origin. Then if the small quantitles w, v, ov/dy,
snd v/y are considered linesr only, the following
anproximate relation is obtained from (6)

. i
du v Ou V ool
etV ugm-GF ey -oy= O )

- ——

Since the nozzle flow 1is symmetrlcal with respect
to the xz-axis, Ou/dy also approaches zerc for x—>0,
y—=>0, Consequently,the term 2v Oou/dy may be ignored,
by means of which (75 becomes further simplified to

—

| |
;(k + 1) u 5% - 5; - 0 = % (8)
i

Jith 0 = 0, 8) was already applied In another con-
nection by Kl. Oswatitsch and K. Wiezhardt (5).

IIT. FLAT WOZZLES

Zguation (8) furnishes 6enefal relations, for ¢ = 0,
for the flow through [{lat nozzles in the vicinity of the
critical curve. ZLike Kl. Oswatitsch and W. Rothstein (i),
taking inte account the symmetry around the x-axis,
setting

0 = fo(x) + yafz(x) + yhfh(x) S -1
|

=82 = prg0x) + g0, 00 + ghen G0 v b 9)

2yf2(x) + hyafu(x) Teos
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\ in which the primes signifﬁ derivatives with respect
. to x, and, obtain from (8).

- ~ 2 " ol
( + 1) (L'O + yer, +"f) (f 0 + gL, e )

i
o
]

n

* layzfu tees v 20(F, ¥ E&th +oee )

RS i

By arranging in order of powers of 'y and equating
coefficients of the Indlividual powers to zerc this
sysverr of equations is obtalined

2(1 + = (k + L
(1 + o) f2 (k 1) r of"s
(10)

£ . £ - ]
2(6 + 20%)f, = (k + 1) (f'of 2t f"of'2,>

® © 8 2 5 9 0P P S ST S PR S E S P OE PG ESDO SO ST

through which the Punctions fa(x), fh(X)°" in order

can be expressed by the function f'o(x) and 1ts
derivetives. Ths lunction

t ot b )
£ 0 uo(x,

which charscterizes the wvelociby distribution =along the
nozzle axis, remains undeterained., Given uo(y) the

low ls completely esbablished through (10) and can be
understood to be nozzle rlow, if a palir of streamlines
thiat are mirror inages of one another with respect to
the x-axis are assumed as nozzle walls. For further
dicscussion, setting

fr.o=u(x)=ax (11)
o

from which

kK +1 2 __(k+l)2a3

fzzﬁﬁax,’fu—T

*Ppranslator's note: The number 2 was omitted from the
German report, The correction here changes several
subsequent equations and several velues in the table,

seee  (12(a))

-
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fol%o§s immediately from (10) with 0 = 0. According
to (9

t
n = ax + E~§—l a2y2 + seo !
2 (15(81
v=(k + 1) azxy + LE—%—ll a’

ls obtalned for the components of the flow velocity.
Yhe dots represent terms of higher order of y. If (11)
is taken as the first term of a powser series expansion

for wu,(x), the expressimsfor f, and fh in (12(a))

are also the {irst terms of power serlies expansions.

From (13{(a)) the critical curve is obtained from the

requirement .
' 2

(L + u) +v2=1

from which in (1%(a)) the parabola

+
X'r' = - k 2 1 a.-YKZ (lll-(a))

i

is obtained, therefore, with u =90 as a first
approximation. Tt cuts the nozzle axis, ncrmally, at
the point x =y = 0 and its curvature there is

1/pK = (k + 1) a (15(a))

The vertices, therefore the points, of the streamlines
adjacent to the nozzle axis, are given by v = 0 and,
according to (13(a)), lie on the ~urve

Xo = - E—%—l aysz (16(2))

Considering, now, the streamlines at s given vertex

distance yg (fwg. 1) from the nozzle wall then

e = -xg = Bty 2 Sar(a))
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is the distance from the center point of the narrowest
cross section downstream to the interssction point of
the nozzle axls and the critical curve.

The junction point of thé critical curve with the
nozzle wall 1s upstream and is obtained, as a first
approximation from (1ll(a)) with Yx = Yg» which ylelds

k 1

- _ + a9 _ R
for the distance 1 from the junction point to the
narrowest cross section.

Finally the calculation of the curvabure at the vertex
of the nozzle wall is to be made. In moving outward
from the vertex to the wall by an element of

curve ds = dx, the tangent turns through the angle

dv  _ 1 oV 1

e C\)V
A = g T T ox & T v ox 98

Thersfore the curvature.at the vsritex is

1 _ dw 1

= e g

ES “ds T I+

sl<

and tasking into account (13(a)) and (15(a))
— 2 -
1/pg = (k + 1) ¢Sy = 1/pgayg (19(a))

Up to now the velocity distribution wug(x) had been
considered as given by equation (11) and the nozzle
walls computed for i1t. Practiczlly, the reverse 1is
the vproblem, nasmely to ascertain for a particular
nozzle, that is for assigned values of Ygs Py, the
flow in the narrowest cross ssction, thereforc the
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values ¢, ¢, %, and g, s On the basis of the equations
that have preceded it %s possible to write down the
solution to the problem, immediately, namely

-
- Pg¥g S
Px V K+ 1 (20(a))
y
nN= 2€= _é (x + 1)Z§
5 Ps,

If the flow is in the positive direction of the x-axis,
as in figure 1, then the subsonic region is to the left
and the supersonic region to the right and, accord-
ingly, a> 0.

In practice it is recommended that all distances be
expressed, dimensionless, in terms of ys, and

accordingly set yg = 1 throughout (20(a)).
IV. ROUND NOZZLES

Corresponding relations for round nozzles come
from (9) and (10) with ¢ = 1. Retaining (11) for
the velocity distribution uo(x) along the nozzle

axls, the following relations are obtained in place
of (12(a)) through (20(a)):

, -
1
£y = Sta?x, £ = EEAS T aq))
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k+ 1l - o
u = ax + T CECF~ +oae
X +1 2 1"--)-1)272
v -___2___ a“xy R ha o;/y/ N
k + 2

(x + 1) a¥g

o b

X qy
P Vs

s

(1L(p))

(15(b))

(16(e))

(17(2))

(18(v))

(19)
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?
|2 ?
a= 4 :
J e Degry !
‘ ) |
i —— !
i 2Ps¥s
Py = VETT (2C(v))

To compare a fliat nozzle with

longitudinal section, formulas

are compareld. (3ee fig. 2.)

-
-

round ons of the same
(20(a)) aad (20(b))

1 5 a
For the flat nozzle 1 = 2¢, Jor the round 7aozale 1) =g,
Voreover
€ round _ 3.1, ~ -
."\12 -~ 1.&)6
e flet 4oy
7 round 3 00 -
» ound 3 2 = 0,53
N flat 8.\ i
o round I
~ =V 2 ~ .'..-L!...l !
a Tlat
The veloclty incresse is, tucrefore, around L0 percent
larger for the round nonzile than f'or wie flat nczzle.
All of wvhesc resulsy are fully convirme.. Dy the noczle
flows calculated by Kl. Oswatitsch and :. Rothsteain, as
the enclosed table on page 13 shows.
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Ve COFPARISON /ITH THL FLOW-TURI aPPIGCA

The aunthor's rosults ar oW Lo

11

TATION

o compared with

the flow~tube apuroximnatlon hs compuling the increanse

in velocity «
by the flow~tuhe

by formulas
thiecry .

(20(2)) aad (20(b)), and
Fo» this purnose the flou

dencity along the nozzlce axis in the viciniiy of the

narrowest crose acchion is

L. 1
p-;(-

4!{].’{ + 1 .
= CONST. b SR |
cCOonN3vt’ Ui\l{ 1 J

= condbe.

1

CONStTe

~
~

CONnstoe

Taking the velocity distrirtuticn (13) as a
the nozzle walls in the nei-ivworio.d »0 the
crosc sectlon the followins is obbainci i

a Tlat nozzle

-1
2Y o 27
y(]_ - u) = congh, = 3.;, —om oy Al - p ==
and in the case of a round ozzle 1
. N2
~ '7\‘ 2 oY
oyt < - 4 — p ) ew wm - |
T (} - u ;) = const. = jS s, 4 = 35\1 n=

the curvature at the vertox is

1/p

From this,

Dy
] 3

It

4

1/p, = oy

(2%

o

respectively,

ey a
[e] -ol.‘),

axpanded, as follows

Fay

ior

nerrowest

r
.

L2

n tlle case of

! o
(1 + a“‘:-:2>
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and in place of the first equstions of (20(a))
and (20(v))

= m————————

_ | .
a =yl (21(a))
N 1
a _\/psys (21(5))

The comparison of (20(a),20(b)) and (21(a),21(b)) shows

that the velocity increase a 1in the low-tube approxi-

mation for both [{lat and round nozzles 1is too large by

a factor Jg—é—;, that lg for %k = 1., about 10 percent,
[

The wvalues for the flow-tube ap roximation ere added

to the table, nape 18, in square brackets.

VI. IPLOV ABOUT PROFILES

Through similar power-series expansions the flow
rast s profile in the wvicinity of transit vhrough the
critical wvelocity can ve discussed. If a streamline
ad jacent to the profile is thoughs of & rigid wall,
the flow may also be explained as flow throush a
nozzle with a curved axis. Ihe origin of the coordinate
syster is located at that point of the profile at
which the critical velocity is just reached, the
x-axis downstrear: on the rrofile tangent and Gthe y-axis
normal to the profils, outward, (See fig. 3.)

Since the flow 1s no longer aymnetrical to the x-axis,
instead of (8) the rather complicated equation (7)
which must be snecified with C© = 0, by all means, is
taken &s a basis and in place of (9)

-

= £o(x) + 38 (x) + ye,(0) + I, (x) 4, L
— C)(’l’) — ~ Fal 2.{" - - :—5
u= k= f'Q(x) + JI'le) +y L'Z(z) + 7 f'5(X) oo (22)
]9 o 2 :
7 = e = + 2yf < + 3y~f X eve
v Fyn l(x) y 2(x) 3y 5("*) + J
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By putting (22) in {7)

(ke +- 1)@! + yf! +...)("" + vf"ll-...) = 21“2 + 6},rf_’+...>
2

- s ew ! J- ! "o e ®
(a2, + hyf,+ )(f Lt ayet )

and by comparing coefficients

5

k + 1
- 4 231 ]
-T2 i'o ! 0 p Th

while only the functinn f£'5(x) had remained arbitrary
in the nozzle flow, here there are tio arbditrary
functions f£'5(x), fl(x). with  £'g9(x} and l( )

-y
the remaining coefficiont funcbions fF£,(x}, fg(“,,...

in order may be computed from the syaten 21 eluﬂu sns (23),
by which the flow is completely cctablished.

3imilar to (11) set
£1, = ax, Ty = -Bx (2h)
and obtain Trom (23)

and from (22)
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{. 2 5] -
v = - Bx o+ VK + 1l)la“ + 26“% Xy (25)
,fk + 1 ! (k + 1) 2 0l E 2

ou .
Here a signifies the velocity increase 3 alons the profile

on transit through the critical velocity; it is therefore
positive at the starting point A and negative at the
_ terminal point B (fig. i) of a local supersonic region.

The profile curvature is given with 3 > 0 at the
point A or B as

L:"(g_}:):yzozﬂ

For the slope of the critical curve with respect to
the profile ftangent with -

2

(1 + w2 + v % 2u=0
frem (25) the relation
[ T T
=L = g z Q i 2
tan b = ¥ 5 P I (27)
|

is obtained,
*Translatorts Note: This 2 was omitted through
error in the original German report. The correction
applied here changes values of the constant in the
succeeding equations and some values in the table.

1
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For the =lope of the streamline at a distance ¥
from the profile

- - )
1 X .2 2]
s kr‘%‘—ha‘ ‘T:LB‘FJ‘“!?‘”"“ +2‘3!s}

x =0 , -

12

[(k+l) a2+i32_j:fs

is obtained and taking (2&) into consideration

~ . 'l- 2 2
ps~pP-lySLl+( +1)apP]

according to (27) the critical curve at 4 {a > 0)

and B (a< 0) 1 stooper the larger the velosity
increase oY decreass and the less the »rofile is
curved. 3y (?u) in the limlbing czse of g = 0 the
circle of curvature zt 3 is concentric with the
circle of curvatuare of the proflile and, ac is already
known from the flow-tube anpproximation, becomes still
flatter with increasing a.

VII. SUMMAZRY

Approximation formvlas were develeoped for the
position and curvsture of the critical curve for
transition through the critical veloclty in the
neighborhocd of the narrowest cross sectlon of flat
and round Laval nozzles., In comparlison witlh
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nezzle flows calculated by Kl, Oswatitsch and

W, Rothstein (ly) ther showed satisfactory agreement.
In addition, corresponding approximation formnmlas were
deduced for the flow at profilcs with loecal super-
sonic regions.

-

Translated by Dave Felngold
National Advisory Committee
for Aeronautics
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COMPARISON OF APPROXIMATION FORMULAS (20(a)) AND (2G(n))
WITE THE NOZZLE FLOWS COMPUTED S3Y KL. OSWATITSCH

AND W. ROTTISTYEIA

; - ,
| Pef T =
'§ 10 s/ = 9 1073
a flat ! 0,20 (0.20 0oy (D,27) 0.35 (0.32)
| - - — —
o f1at1 1 fo.22] f0.32] [C.39]
L Tube |- . - - - S
¢ round ; 0.29 (C.28) 0.4 (0.37) G.30 (042
_ r - '
a rowid | 0oz RTINS s o=
Tubs | ! |0-32] [O+4] MRS
€ flat .08 (0.,03) 0.12 (0.,12) 041l {0.16)
¢ round | 0409 (0.,10) 0e12 (Co1l) 0.1L (0.13)
1 flat 0.16 (0.16) Na2% (Ce23) Q.28 (C.25)
n round | 0.09 (0.08) 0.12 (0.12) 0.1 (0.1L)

- The unbracketed numbers hsve been computed with approxi-

mation Tormulas (20(2)) and (20(v}), Lhe numbers in
curved brackets tuken from figures 7 and 10 of the,

paper by Kl. Oswabitsch and /J, Rothstein

(LY. Tae

square bracketed numbers are from formulas (21(a))
and (21(b)) for the flow-tube approximation.
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Figure 1. Illustration of terms.
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—=—w—— critical curve

Figure 3. Profile flow at transit through the critical velocity.

/——\
v N
/
/ \
/ supersonie \
// \\
A A B\ 4
>0 o<

Figure 4. Profile with supersonic region.



