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1 Introduction

In this paper we analyze a discontinuous Galerkin method applied to the following model
Helmholtz problem:

—Au—Ku=f in$2, (1.1
9
M Liku=g onag. (1.2)
on

Here, £2 is a bounded Lipschitz domain in R, d € {2,3}, and k > kg > O is the real and
positive wavenumber bounded away from zero. The outer normal vector to 952 is denoted n,
and we write i = /—1 for the imaginary unit. We assume f € L?(2) and g€ L?(382). By
H?*(82) we denote the usual Sobolev space with norm || - || gs (), [1]. The seminorm which
contains only the derivatives of order s is denoted by | - | s ().

The weak formulation for (1.1) is given by: Find u € V := H'(£) such that

a@,v)=F@) Yve H (2), (1.3)
where
a (u,v) ::/(VuVﬁ—k2u5)+ik/uﬁ, (1.4)
2 082
F(v) ::/ff)—i—/gﬁ. (1.5)
2 082

Existence and uniqueness for the continuous problem were proved in [34] for bounded
Lipschitz domains.

Problems in high-frequency scattering of acoustic or electro-magnetic waves are highly
indefinite, and the design of discretization methods that behave robustly with respect to
the amount of indefiniteness is of great importance. For our model problem, the highly
indefinite case arises for high wavenumbers k, and the solution u is highly oscillatory. It
is well-known for such problems that low order finite elements suffer from the pollution
effect, which mandates very fine meshes, [30]. For example, the classical analysis for lowest
order P -finite element spaces (see, e.g., [41], [30, Sec. 4]) guarantees unique solvability and
quasi-optimality only under the condition that the number of degrees of freedom N satisfies
N > k>, where d is the spatial dimension. We hasten to add that the conditions on the mesh
size are less stringent for higher order FEM. A particular example is the analysis of [36,37],
which shows for high order methods that linking the polynomial degree p logarithmically to
the wavenumber can lead to a stable method with few degrees of freedom per wavelength.
‘We mention that on regular meshes the pollution error can also be understood by a dispersion
analysis that quantifies the phase difference between the exact solution and the numerical
solution, [2-5,13,16,30-32].

While the existence of discrete solutions for classical, conforming finite element discretiza-
tions is understood, it is worth stressing that a minimal resolution condition is required to
ensure their existence. This observation motivates the quest for stabilized variational formu-
lations that always guarantee the discrete stability of the method (existence and uniqueness
of the discrete solution). Prominent examples of these types of methods are those incorporat-
ing least squares ideas, [17,26,27,38] and Discontinuous Galerkin (DG) methods. Several
variants of DG methods based on standard piecewise polynomial spaces are analyzed, for
example, in [19-21,44,45]. They feature unique solvability of the discrete systems without
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any resolution conditions; yet, it is worth pointing out that reduced or no convergence takes
place in the preasymptotic regime.

The Ultra Weak Variational Formulation (UWVF) of Cessenat and Després [8,9,14]
can be understood as a DG method that permits using non-standard, discontinuous local
discretization spaces such as plane waves (see [7,23,28,29]). In present paper we follow the
idea of [23], where a DG method was derived from the UW VF for the Helmholtz problem. For
plane waves as local ansatz spaces in this DG method, [23] shows linear convergence of the
method under appropriate resolution conditions. By specializing to homogeneous Helmholtz
problems [28] establishes quasi-optimal convergence (in a norm dictated by the method)
without any resolution condition.

The goal of our work is to develop a theory for the same DG formulation as in [23] that
allows us to infer the convergence behavior of abstract conforming and non-conforming gen-
eralized finite element spaces from certain local approximation properties and local inverse
estimates, which may be easy to check, possibly even at run-time.

This paper is structured as follows: In Sect. 2, we recall from [23] a DG method for the
Helmholtz problem (1.1). Section 3 is devoted to discrete stability and convergence. The
unified theory presented there covers two popular choices of approximation spaces, namely,
spaces consisting of piecewise plane waves and conforming as well as non-conforming
polynomial /1 p-finite element spaces on affine simplicial meshes. Nevertheless, we also derive
an abstract approximation criterion for general finite element spaces that implies existence
and uniqueness of the discrete solution. Based on these results, we obtain quasi-optimal
convergence in the DG-norm for general finite element spaces [40].

In Sect. 4 we apply the results of Sect. 3 to the ip-version of the polynomial FEM. We
obtain a convergence theory that is explicit in the wavenumber k as well as the mesh width
h and the polynomial degree p. These results may be viewed as an extension of the results
[36,37] for classical H'-conforming discretizations to the DG-setting. In these papers, a
scale resolution condition of the form

kh
— <c¢1 and p >cylogk (1.6)
4

(for suitable c1, ¢2) is sufficient to guarantee quasi-optimality. For the hp-version of the
DG-FEM on regular meshes, or, more generally, meshes that permit sufficiently rich H'-
conforming subspaces of the non-conforming DG-space, the same condition yields quasi-
optimality. In the general case, the slightly stronger condition (4.16) is a sufficient condition
for quasi-optimality [40]. In particular, we show, for the first time for a DG method on regular
meshes, that quasi-optimality can be obtained for a fixed number of degrees of freedom per
wavelength. Two appendices conclude the article. Appendix 1 gives details for the regularity
result Theorem 4.5. Appendix 2 is concerned with elementwise defined hp-approximations
that are optimal in the broken H2-norm; this result is required for the proof of Theorem 4.11.

2 Discontinuous Galerkin Method
2.1 Meshes and Spaces

To formulate the DG method we first introduce some notation. Let 2 C RY,d € {2, 3}, denote
apolygonal (d = 2) or polyhedral (d = 3) Lipschitz domain.! The DG problem is based on a

! The DG method can also be formulated for geometries with curved boundaries.

@ Springer



J Sci Comput (2013) 57:536-581 539

partition .7 of §2 into non-overlapping curvilinear polygonal/polyhedral subdomains (“finite
elements”) K ; hanging nodes are allowed. The local and global mesh width is denoted by

hg :=diamK and h:= max hg. 2.1
Keo

In the case d = 3, the boundary of K can be split into faces and for d = 2 into edges. For
ease of notation we use the terminology “faces” in both cases. For K € .7, we denote the set
of faces by &(K). The subset of interior faces, i.e., the set of faces of K which are not lying
on 052, is denoted by &7 (K). For instance the number #&(K) =d + 1 if K is a simplex.
As a convention we consider the finite elements K € .7 always as open sets and the faces
e € &(K) as relatively open sets.

The interior skeleton 6:; and the boundary skeleton 6393 are given by

=1 U e 2= U e

KeTect (K) KeTec&(K)
eCosf2
Note that 6‘7 R 6% are the union of the relative interior of the faces and, consequently,
for any point x € Gg, there exist exactly two elements in 7 (denoted by K, K;) with
xeKinky.
Also define V& and A # as elementwise applications of the operators V and A, respec-
tively. The one-sided restrictions of some .7 -piecewise smooth function v for x € ng are
denoted by

vt (x) = lim+ v(y) and v (x):= lim v(y).

ye X ye X
y—=>Xx y—>X

We use the same notation for vector-valued functions.
We define the averages and jumps for .7 -piecewise smooth scalar-valued functions v and
vector-valued functions og on 6‘5 by

the averages: {v} :

1 1
5 (T +vT) Hos)i= 5 (o5 +05),

the jumps: [v]y := v'n" +v 0", [os]y :=0& -0t +og 0.

where nt (x), n~ (x) denote the (outer) normal vectors of elements K ;’ K.
Based on the partition .7 we can introduce broken Sobolev spaces in the standard way:
For s > 0, we set

Hy, (2)=L*@)n [] H (K). (2.2)
KeT

2.2 Discrete Formulation

We approximate the solution of (1.3) from an abstract finite-dimensional space S C szw (£2),
i.e., only the following two conditions are imposed:

SCL*(@) and Sc [] H*(K). (2.3)

KeT
We briefly recall the derivation of the DG formulation from the UWVF as in [23]. We
denote by (-, -) the L? inner producton £2,i.e., (u, v) = fg uvdV.Let S be a discrete space

as in (2.3). Let o € L°°(67j§.), B € LOO(GV;), and § € Lw(@) be some positive and
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bounded functions on the mesh skeletons. (It will turn out that these functions can be chosen
to be piecewise constant on a certain partition of the skeleton as elaborated in Remark 2.2.)
Then, the DG formulation can be written in the following form, [23,28]:

Find ug € S such that, forall v € S,

1
ag(us,v) — kz(us, v) = (f,v) — / Sigv,gv -ndS + / (1 —=198)gvdS =: F7(v),
. i
6% 6%
2.4

where a o (-, -) is the DG-bilinear form on § x § defined by

az (.0 i= (V7w V70) = [ [y Toods - [ (Vou) - [lvas
64 &
— / SuVgv-ndS — / 8Vou-nvdS
6Z 6%

1 — 1 -
% / BIVauln[Vzv]ndS — % / 8Vgu-nVgv-ndS
1 1

&% &7
+ik / afu]n[v]ndS + ik / (1 —38)uvdS. (2.5)
&7 &7
Note that a 7 (-, -) can be extended to a sesquilinear form on HS‘(;H (£2) x Hs\f,zJ’s(Q) for
any ¢ > 0. So far, the functions «, 8, § are arbitrary, positive L* functions. Our analysis

will rely on certain properties of « that depend on some trace inverse estimates for the space
S. We therefore introduce:

Definition 2.1 (inverse trace inequality) For each element K, the constant Cipaee (S, K) is
the smallest constant such that

IV (vig) ||L2(8K) < Cirace (S, K)HVU”LZ(K) Yv e S. (2.6)

Remark 2.2 The analysis of the continuity and coercivity will lead to the condition

4
> — C2 . (S,K) Vxe&Z. 2.7
o (X) jutl 3k KG{III(IXE)!(K;} trace ( ) X g ( )

For the special case that S is a conforming/non-conforming polynomial sp-finite element
space, the estimate of the approximation property of S with respectto the |- || pg and || - | pg+
norms, (cf. Sect. 4.2 ahead) leads to the choices

p? kh kh
o(x) =a max —W pBf=b—, §= 00—, (2.8)
Ke{ki Ky} khk P p

where the parameter a is selected fixed but sufficiently large; the parameters b, 0 are selected
to be of size O (1). O
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Remark 2.3 1Tt is easy to see that x — «(x) can be chosen piecewise constant with respect
to a sub-partition & of the set of all faces. More precisely, we define a subdivision of the set
of inner faces by

&7 ::[a?(mak’mg|Key, K’ey\{K}],

o
where K := |J e.Foranye e &7, the maximum in (2.7) over x € ¢’ can always be
ec&(K)
chosen as one fixed element K so that the value of « is constant along ¢’. Hence, without loss
of generality we may assume in the following that « is chosen as an &-piecewise constant
function. Note that the assumption “« is positive” then implies for each K € .7

alt = inf o (x) = a (X) (2.9)
xedK

for some X € 0K N £2. O

In the rest of this section we will show that the discretization given by the sesquilinear
form a & is consistent as well as adjoint consistent. The latter property will prove particularly
useful to obtain error estimates.

Lemma 2.4 (consistency) Let the exact solution u of (1.2) be in H 32te(2) for some g > 0.
Then u satisfies, with the right-hand side F & given in (2.4), the consistency condition

az(u,v) —k*(u,v) = F7(v) Yov € S.

Proof From the H3/? ¢ regularity of u it follows that  and Vu have well-defined traces on
dK foreach K € 7 and

[uly =0, [Vuly =0, {Vu}=Vu on &%.

We multiply both sides of Eq. (1.1) by a test function v € §, integrate elementwise, sum
over all elements, and integrate by parts to get

Z /(—Vu-n)ﬁ—f—/Vu-Vﬁ —/kzuﬁ:/fﬁ. (2.10)
2

Ke7 \gk K 2

From the definition of the jumps on the inner faces and the boundary condition (1.2), we get

-> /(Vu-n)f;dS:— / 8Vu -nvdS — /(1—5)gws

Keo 17 7
" o3 o3
+ / ik(1 — 8)uvdS — / Vu - [v]ndS.
6% &%
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The boundary condition (1.2) gives us

- Z/(vu-n)adsz—/aw.nws— /(1—a)gws+ /ik(l—S)uUdS
KeT gk &2 62 62
—/Vu-[[i]]NdS—i-% / sgVav-ndS
&% 6%
—% .(SVu-nmdS— / SuV v -ndS.
6% 6%

Inserting this result into Eq. (2.10) leads to

1 -
ag(u,v)—k2(u,v):(f,v)—/S%gV9v-ndS+/(l—6)gidS, Yues,
1
&7 Sk

which (2.4) as desired. O

Lemma 2.7 below will establish the consistency with respect to the following adjoint
problem.

Definition 2.5 (adjoint solution operator N;') The adjoint Helmholtz problem is given by:

Forw € L?> () find ¢ € H'(£2) such thata (v, ¢) = (v, w) Yve H' (2). (2.11)
The solution operator Ny : L%(2) - H'(£2) is characterized by the condition

a (v, Nf(w)) = (v, w). (2.12)

We say that problem (2.11) has H®(§2) -regularity for some s > 1 if for any given
right-hand side w € L2(£2) the solution ¢ of (2.11) is in H*(£2) and satisfies

@1l fs(2) < Creg lwllp2(2y
for some positive constant Cyeg that is independent of w.
Remark 2.6 The adjoint problem (2.11) is a well-posed problem, for which even k-explicit

regularity is available. For example, if 2 convex (or smooth and star-shaped), then ¢ €
H?(£2) and

klpll 22 + 1VOll 20y < C1E2) w20
IVl 22y < C2(2)(1 + D) [[wll 129

with C1(£2), C2(£2) > 0 independent of k > kg9 > O (ko is arbitrary but fixed),
[34, Prop. 8.1.4] for d = 2 and [10] for d = 3. For general Lipschitz domains, we have by
[15, Thm. 2.4]

kllpll 20y + 1VOll 20y < C3(E 2 [l 1200

for a constant C3(§2) independent of k > k. For polygonal/polyhedral Lipschitz domains
2 the classical elliptic regularity theory provides ¢ € H3/>¢(£2) for some & > 0, which
depends on the geometry of £2. O
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Lemma 2.7 (adjoint consistency) Let the adjoint Helmholtz problem be H3/*¢(£2)-
regular for some ¢ > 0. Then for any w € L%(82), the solution ¢ := N[ (w) of the adjoint
problem (2.11) satisfies

a7, ¢) — kv, ¢) = (v.w) Yve HP(2). (2.13)

Proof Fromthe H 3/2+e (§2)-regularity of ¢ it follows that ¢ and V¢ have well-defined traces
on 9K for each K € .7 and

[¢]n =0, [V¢ly =0, {V4}=V¢ on &7.

The rest of the proof is just a repetition of the arguments in the proof of Lemma 2.4 by taking
into account the zero Robin boundary conditions for the adjoint problem. O

On HP%HS (£2) for ¢ > 0 we will use the mesh-dependent norms | - ||pg and || - || pg+
that were introduced in [23]:

2 2 —1y41/2 2 1/2 2
lvlipg = IVzvli2 0+ 1IB [[VQU]]NIILZ(Gg) + klle HvﬂN”U(eg‘.)

~1512y .y - nll? oa1/2 2 200112
+k18 TV Hlle(Gg) +kll(1 —3) v||L2<6g) + k7M7)

2 o 2 =1y,,—1/2 2
101+ = Ivlihg + K"l /{W“}”Lz(gg)‘

3 Discrete Stability and Convergence Analysis

This section is devoted to the analysis of the discrete problem for the finite dimensional space
S satisfying the condition (2.3).

3.1 Continuity and Coercivity
Proposition 3.1 Define b (u, v) := az(u,v) + k2 (u, v). For any 0 < § < % and a satis-
fying (2.7), there exist constants ccoer, Cc > 0 independent of h, k, «, B, 8, and Cirace (S, K)
such that the following two statements are true:
(@) The sesquilinear form bz (-, -) is coercive:
b7 (v, V)] = ceoerllVpg Vv € S.

(b) Forany e > 0, the sesquilinear form b 7 (-, -) satisfies the following continuity estimates

b7 (v, ws)| < Cellvlipg+lwlpgr Vv, w e HYF (), 3.1)
b7 (v, ws)| < Cellvlpg+llwslipe Yo € HY*(2), YwseS, (3.2)

b (ws, v)| < Cellvlpg+llwslpe  Yv € HIYZT (2), YwseS. (33)

Proof The proof uses the same argument as [23, Props. 4.2, 4.4]; we trace the dependence
on our abstract framework and work out constants explicitly.
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(a) The definition of b (., .) leads to

b7 (,v) = [[Vavljsg, — 2Re /[[v]]N-{Vyv}dS — 2Re /8nyv~ndS
&% &%
K-l 8Y2TY 2 82V o v - 2
+ik= BV ,9UHNIIL2(GL§)+17< I TV nlle(Gg)

i 1/2 2 . o122 20112
ikl [N gy + I =DV g + I )

By using Young’s inequality for some positive function s € LOO(G“;) we get for the second
term in the representation of b 7 (-, -)

Vs S 2l |2 L1 2
ZReeé [vly - {Vzv}dS Sk”\/;“ HU]]N”LZ(Gﬂ) k||ﬁV(U|K)|| (6‘])

We choose s := 4a/5. By using (2.7) we get

Wl &~

2Re/[[v}]N-{@v}dS <

1
1/2 2
k”a / [[v]]N”LZ(GJ) + 4k (v|K) ”Lz(QﬁaK)‘
Sk

For the second summand, we get with otm"‘ asin (2.9)

5 C2... (S, K)
> wl=EY el < D e Vol -
(2N9K) — min L*(K)
Koo ¥ Koo ¥ ok

Let X € 0K N 2 be defined as in Remark 2.3. Since K € {K+, K« }, the condition on « [cf.
(2.6)] implies

4
o =a(X)z o max  Cie (S, K') 2

K 34
3k kre{Kk}.Ky) = 3k Clce (5. ). 34)

Hence,

5 1 15
2 =Y ) I nak) = 161 V7l g)-
KeT

All in all we have derived

— 4k 15
/2 2 2
2Re/[[vﬂN-{v9v}dS = S BIN o g) + 151V
6]
T

The third term in b 7 (-, -) can be estimated in a similar fashion for any > 0 by

2Re / SvVzv-ndS <tk

@
Sz

Sl - a)l/zvn;(egg ||8”2qu n|?, (e2)
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By choosing 0 < § < % as well as r = 3/2 we obtain

1
b7 (v, 0] 2 —= (Re(br (0, )|+ (b7 (v, v
1 2 ko 1 k 172,112
27(—||vgv||wm+5 [[U}]N”LZ(GJ)‘F*”U_S) s (o2)
+3x ||31/2va nlg gz +k 1BV, (o4 y)+k2||vlliz(m)
= Ccoer”U”D(;- (3.5

(b) Using Young’s inequality we get

b7 (v, w)]

< (Vgv, Vow)| + k|, w)| + / Iy - {VzwldS| + / (Vg - [wlndS

Z Z
69 69

- 1 R
+ /SUng-ndS + /avgv-nws +r /(ﬂ[[ng]]N[[ngﬂN)dS
&7 &% &7

+% / (8Vzv-nVgyw-n)dS|+ / (ke[v]y[w] ) dS|+k /(1—a)vwds.
&% & &%
(3.6)

3 /2+a

For 0 < § < 1/3 and for any v, w € H, (£2) we finally obtain

bz, w)| < Ccllvlipg+llwlpg+-

Estimates in weaker norms are possible if one of these two functions is from the discrete space
S,e.g., w € S. A careful inspection of Eq. (3.6) shows that the only term which requires the
DG -norm instead of DG-norm for w in the continuity estimate is f6§ [vlny - {Vaw}ds.

Using Young’s inequality we get

/ [y - (Vowds| < >’ {H[[U]]N”Lz(gmm ||V(w|K)||Lz<maK>}-

Keo
7z
Sz
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We apply the trace inequality in (2.6) and also (2.7 ) to obtain

_ 1 1
/ ]y - (VowldS| <> \/T @ Iv | ook, Ciraee (S K IV @l 20k
Gé KeT 0[31(
G4 |3k 1
S > [HW[[U]]N‘LZ(QMK) IVawllz2 k)

Keo

<5 [otn

Hence, we finally obtain (3.2). The estimate (3.3) can be shown using the same techniques
or derived from (3.2) by observing that for v, w € HS{,ZH(.Q) we have

L2(6=§) IVawlii2g-

b (v, w)=bg (w,v),

where we have added the subscript k (or —k) to emphasize how the parameter k enters the
definition. O

Remark 3.2 The restriction 0 < § < 1/3 in Proposition 3.1 was made to simplify the proof
and may be relaxed to 0 < § < 1/2. Then, the coercivity constant is bounded from below
but degenerates to zero as § — 1/2. This can be shown by assuming 0 < § < 1/2 — ¢ and
t =1/(1 —2¢) with 0 < ¢ < 1/2. Following similar steps as in (3.5), one can show

c 1 [1 2
= —mmni{—, —— .
V) 16" 1+ 2¢
m}

As a corollary of (3.3) we have the following continuity assertion, which will be useful
for certain adjoint problems:

Corollary 3.3 For any ¢ > 0, it holds
laz (v, u) =k (@, u) | < CellullporIvlipe Yu € HYP*(2) YveS.  (3.7)

3.2 Quasi-Optimality

We start with a definition: We say that a pair (u, ug) € Hp3‘<,2+8 (£2) x S of functions satisfies
the Galerkin orthogonality if
azWu—ug,v) =0 Yves. 3.8)

Our starting point for the analysis of our DG problem is a quasi-optimality result which is
proved under the assumption that the above Galerkin orthogonality is valid. The existence
and uniqueness of a solution u g of the discrete problem (2.4) is then shown in a second step
based on the quasi-optimality result.

Proposition 3.4 There exists a constant C>0 depending solely on the constants C., Ccoer
of Proposition 3.1 such that the following is true: Any pair (u, us) € Hp3‘<,2+8 (82) x S meeting
the orthogonality condition (3.8) satisfies

. k|(u —us, ws)|
lu—uslpc < C\ inf lu —vlpg+ + sup ———— |.
ves 0£wseS ||wS||L2(.Q)
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Proof For the reader’s convenience, we include the proof taken from [23, Proposition 4.4].
We start with a triangle inequality

lu —uslipG < lu —vllpG +llv—usllpc YvesS (3.9)

and employ the coercivity of b (-, -)

2
lv—usllpg < bz (v —us,v—ug)|

Ccoer

= bz —u,v—us)l+ b (u—us,v—us)|
Ccoer Ccoer

2

= b —u,v—ug)l + [(w —us,v—us)l, (3.10)

Ccoer Ccoer

where in the last inequality we employed the orthogonality condition (3.8). The continuity
of b7 (-, -) expressed in (3.1) together with (3.10) implies

C 2
2 c
lv—uslpg < lv —ullpg+llv —usllpc + [(u —us,v—us)|.
coer Ccoer
We combine this result with (3.9) and obtain
Ce 2k [(u —us, ws)]
lu —usllpG < llu —vlpc + lv—ulpe+ +— BT —
Ceoer Ceoer 0£wseS ”wS”LZ(Q)

[m}

k| (u—us, .
Wu—us.ws)l 5,

Next, we will use the adjoint problem to gauge the contribution sup,, g Twsl s
L2(2)

Proposition 3.4.

Proposition 3.5 Assume that the adjoint Helmholtz problem is H3/>Y¢($2) regular for some
& > 0. Let the coefficients in the definition of az (-, -) satisfy 0 < § < 1/3 and (2.7). Then
the following is true: For any pair (u,us) € HS\{,ZH(.Q) X S that satisfies (3.8) we have

kl(u —us, wS)L2(9)|

< (1+3Cc) mi(S) (inf lu—vlpg+ + llu — usIIDG) ,
0#£wseS ||wS||L2(Q) ves

where the adjoint approximation property is defined by
kINF(f) —
S e s int KINEWD = Uslbgt
FeL2(@)\(0) VSES I 2@

(3.11)

Proof Write ¢ = N,f(ws) for the solution of (2.12) with right-hand side wg € S C L2(£2).
Our regularity assumption implies ¢ € H>/?T#(£2) for some ¢ > 0 (cf. Remark 2.6). The
adjoint consistency of the method stated in Lemma 2.7 then provides

( —us, ws) = azu—us, ) — k> — us, ¢).

Using the definition of the sesquilinear form a & and the Galerkin orthogonality, we get for
anyv € S

l(u — us, ws)| < lag @ —v,¢ —¥s)| +lag @ —us, ¢ — ¥s)| +k>|(u — us, ¢ — ¥s)|
< (Cellu = vlipg+ + Ce lv —uslipg + llu — uslipg) ¢ — Vsl pg+
< QCcllu — vlipg+ + (1 + Collu — uslpe) ¢ — ¥slpG+-

Since v, ¥g € § are arbitrary, the statement follows. O
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The combination of the previous results leads to the following wavenumber-explicit error
estimate (still under the assumption of existence of a discrete solution).

Theorem 3.6 (quasi-optimal convergence) Assume that the adjoint Helmholtz problem is
H3/7te(2) regular for some ¢ > 0. Let the coefficients in the definition of az (-, -) satisfy
0 < § < 1/3 and (2.7). If the condition

Ccoer

) < 30+ o

holds, then for any pair (u, us) € HI%HS(.Q) x S that satisfies (3.8) we have
lu —uslpc < Cinf [lu — vl pg+, (3.12)
ves
where C depends solely on C. and ccoer-

Proof By combining the results of Propositions 3.4 and 3.5, we get the following:

C. 4C. . 2(1 4 Ce)
lu—usllpe < {1+ + nk(S) ) inf |lu — vlpg+ + ———— (S lu — uslpg-
Ccoer  Ccoer ves Ccoer
The condition 25 (S) < 1/2 allows us to absorb the error term on the right-hand side
in the left-hand side. O

3.3 Discrete Stability

The preceding section provides an error analysis under the assumption of existence of the
discrete solution us € S of (2.4). Extra conditions have to be imposed for existence as the
following Example 3.7 shows. That is, the discontinuous Galerkin method for the Helmholtz
problem is not necessarily stable for an arbitrary discrete space S that only satisfies the
minimal condition (2.3).

Example 3.7 Let §2 := conv{(0,0)T, (1,0)T, (0, 1)T} and let the mesh .7 consists of the
single element {2}. A (one-dimensional) space S that satisfies condition (2.3) is defined
by the span of the squared cubic bubble function, S = span{(27x 1A243)2), where A; =
El =86, 3=1—-§ —&and0 <& < 1,0 <& <1 —§&.In this case, Eq. (3.16)
reduces to

(Vws, Vvs) — k> (ws, vs) =0 Yug € S. (3.13)

As § is a one-dimensional space we get the following 1 x 1 system (A —k?B)w = 0, where
A= [ Vb Vb =5.1125, B = [¢b? = 0.0843 and by = (27x1A213)>. Obviously, the

value of k =,/ % is a critical wavenumber where the system matrix becomes singular. O

In this section, we will study conditions under which the DG problem admits a unique
solution in the discrete space S. One possible condition (3.14) is formulated in Theorem 3.8
and it is shown that this condition is always satisfied for plane waves methods as well as for
conforming and non-conforming polynomial /p-finite element spaces on affine simplicial
meshes (cf. Remark 3.9). Thus, Theorem 3.8 presents a unified stability theory for these types
of methods and shows that a unique numerical solution always exists for these important
choices of spaces. This is in contrast to conventional Galerkin methods applied to (1.3),
where a minimal resolution condition on the finite element space, e.g., on the mesh width,
has to be imposed in order to guarantee unique solvability of the discrete equations.
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Alternatively, as in the classical Galerkin discretization, a condition on the adjoint approx-
imation property on the abstract space can be employed to prove existence, uniqueness, and
quasi-optimality of the discretization. This is proved in Theorem 3.10.

Theorem 3.8 Let the discrete space S satisfy (2.3). Let § > 0,0 < § < 1/3, and choose o
such that (2.7) is satisfied. Then, the DG problem (2.4) has a unique solution ug € S if

, Vwg) —
with Cg := sup inf Ilx, Vws) = vslipg+ . 3.19

Cs <
2(1+Ce) wseSNHA(N\(0) USES lwsliz22)

Furthermore, let the exact solution of (1.3) satisfy u € H 3/24e(2), and let the adjoint
Helmholtz problem be H3/>¢(82) regular for some ¢ > 0. Assume the adjoint approximation
condition

Ccoer

n S) < ——.
k( ) 4(1 + CC)
Then, the quasi-optimal error estimate

lu —usllpe < Cinf |lu — vl pg+
veS
holds, where C is independent of k and the space S.

Proof If the discrete solution us € S of (2.4) exists, then the consistency statement
Lemma 2.4 implies the orthogonality condition (3.8) so that the quasi-optimality assertion
follows from Theorem 3.6. It therefore remains to assert existence of ug € S. By dimension
arguments, existence of a solution ug € S of (2.4) follows, if we can verify the following
uniqueness assertion:

Vws € S\ {0} JuseS st lag(ws,vs) —k2(ws, vs)| > O. (3.15)

We prove (3.15) indirectly, by showing the equivalent implication:
For any wg € S it holds:

(Vus € S ag(ws, vs) — k*(ws, vs) = 0) = wg = 0. (3.16)
Our assumption in (3.16) implies for any wg € S
Im (a7 (ws, vs) — k*(ws, vs)) =0 and Re (az(ws, vs) — k*(ws, vs)) =0. (3.17)
First we choose vs = wg in (3.17). From the equation for the imaginary part we obtain

[Vaws]y =0 on 67,

Vgzws-n=0 on 6'@,

[ws]y =0 on Gii,

ws =0 on 6%,

and this implies wg € HOZ(Q) N S (in particular, it implies Vzwgs = Vwyg). Hence, the real
part of Eq. (3.17) gives us

IVwsl7ag) = & llwsl7a gy = 0. (3.18)
Define vg(x) = (x, Vwyg). From the real part of Eq. (3.17) it follows
0 = Re (az (ws, v}) — k*(ws, v})) + Re (a7 (ws, vs — v§) — kK2 (ws, vs — v¥))

> Re (a7 (ws, v§) — k*(ws, v¥)) — lag (ws, v — vs)| — [k*(ws, v§ — vs)l.
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By using 2Re(wsVwy) = V(Jws|?) for the first term, and continuity of @ 7, and applying
Cauchy-Schwarz inequality we get (see also [19,34])

0= Q= d)IVusljz g, +dk*lwsl7z ) = 2Cclwslipelv§ — vslpe+
—26% [wsl 2 (2) 105 = vsll 122
= 2= DIIVwslls g, + dklwsl 72 o) — 2CcCsllwslipgllwsl 22
—2Cskl|wsl5g)- (3.19)

Using the definition of DG-norm and taking into account that wg € HO2 (£2) N S we get
lwslig = llwsle, where [wsl3, = IVws|2, g + K2 lwsl2, g, - Ford = 1, we get

0> [lwslZp — 2CcCsllwsl o lwsl2) — 2csk||wS||L2(9)

2C.Cs 2Cg 2
= (1— X —T) lwsll%e-
If Cg < TG ETen] c then it follows that wg = 0in £2. For d = 2, 3 we add (3.18) to the Eq.
(3.19) and then proceed with the same argument as in 1d. O

Remark 3.9 For general finite-dimensional spaces S, condition (3.14) could be interpreted
as a condition on the scale resolution. However, the condition (3.14) is always satisfied in
the following two important cases:

— In [23] the variational formulation (2.4) was derived for the discretization by locally
(discontinuous) plane waves. In that setting, condition (3.14) is not imposed since it
is trivially satisfied as then S N HOZ(SZ) = {0} (this equality follows from the unique
continuation principle for elliptic PDEs—see, e.g., the discussion in [15, Sec. 6.3] for
details).

— DG-methods based on classical piecewise polynomials on affine triangulations (consist-
ing of simplices) satisfy (3.14) automatically as (x, Vowg) € S. The proof is closely
related to the arguments presented in [19-21]. Indeed, the key observation in these ref-
erences is that, for given u € §, elementwise defined test functions of the form u and
x - Vu or, more generally, «(x — x) - Vu + Bu (for constants «, B and a chosen point
xg) are useful to provide stability and error estimates. O

For new generalized finite element spaces, it might be complicated to verify condition
(3.14). In the following theorem, we present a different criterion which also implies discrete
stability.

Theorem 3.10 Let the exact solution of (1.3) satisfy u € H3/%t2(2) and let the adjoint
Helmholtz problem be H3/*1¢(§2) regular for some ¢ > 0. Assume that the coefficients in
the definition of a7 (-, -) satisfy 0 < 8 < 1/3 and (2.7). If the condition

Me(S) < 4(1 Yo

holds, then the DG problem (2.4) has a unique solution us € S and satisfies the quasi-
optimality property (3.12).

Proof The proof follows the lines in [33, Thm. 3.9]. We merely have to show existence of ug.
Since the (2.4) corresponds to a linear system of equations, it suffices to show uniqueness.
Therefore, letug € S be in the kernel of the discrete operator, i.e.,a 7 (us, v) — K2 (us,v) =0
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for all v € S. Then the pair (0, us) € H3/2He(2) x S satisfies the orthogonality condition
(3.8). Hence, Theorem 3.6 implies ||0 — us||pGg < C infyes ||0 — v|| pG+ = 0, which shows
us = 0. Again, the quasi-optimality follows as a combination of Theorem 3.6 and Lemma 2.4.

]

4 Application to Polynomial . p-Finite Elements

Theorem 3.6 provides a quasi-optimal error estimate for abstract approximation spaces S
that satisfy the conditions (2.3) and (3.14). The concrete choice of the space S enters the
analysis via (a) the constant Ciyce (S, K), (b) the estimate of the approximation error inf g
lu — v||pg+, c) the adjoint approximation property nx(S), and d) the constant Cg in (3.14).
As explained in Remark 3.9 the condition on Cy is “automatically” satisfied for polynomial
hp-finite element spaces if affine meshes are considered. The focus in the present section
is on non-affine meshes so that the stability of the DG method will be inferred from the
condition on the adjoint approximability as discussed in Theorem 3.8. Our primary reason
for considering curved elements is that our regularity theory for Helmholtz problems (see
Theorems 4.5) is done for smooth (more precisely: analytic) geometries. In this setting, we
derive explicit estimates for these quantities in the context of polynomial sp-finite element
space which are explicit with respect to the polynomial degree p, and the mesh size 5.

4.1 Preliminaries

We consider a partition of the domain §2 into “simplicial” elements. That is, the finite element
mesh 7 consists of elements K that are the images of the reference element K , 1.e., the
reference triangle (in 2D) or the reference tetrahedron (in 3D), under the element map F :
K — K. The mesh width is denoted by h := maxgec s diamK [cf. (2.1)].

We use the symbol V" to denote derivatives of order n; more precisely, for a function
u:2 >R, 2 CR? we set

Vuwl= Y it
al

aeNg: la|=n

We will need some conditions on the element maps Fx of the triangulations in order
to capture the approximation properties of the polynomial ~p-FEM spaces. The follow-
ing assumption will make this more precise. We emphasize that, in contrast to the case of
H'(£2)-conforming subspaces, we do not require in the present context of DG-methods a
“compatibility” condition for element maps of neighboring elements.

Assumption 4.1 (“simplicial” finite element mesh). Each element map Fx can be written
as Fx = Rk o Bk, where Bk is an affine map (containing the scaling by kg ) and Rk is
analytic. Let K = Bx (K). The maps Rk and By satisfy for shape regularity constants
Caffines Cmetric, ¥ > 0 independent of /:

1B Nl o) < Catinehik . 1(Bi) ™" ll o (g) < Cattineh'
IR Nl ook < Crmetrie: IIV" Rk Il o7 < Cmetricy"n! ¥n € No.

Remark 4.2 If the mapping Rk in Assumption 4.1 are affine we say that .7 is an affine
triangulation.

The constants C in the estimates below may depend on the shape regularity constants in
a continuous way and, possibly, increase with increasing values of Cafine, Cmetric, and y. O
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In this paper we are allowed to consider non-conforming meshes with general interfaces,
i.e., one mesh can be a submesh of the other one, or meshes can have entirely unmatched
interfaces.

For meshes .7 satisfying Assumption 4.1 we define the following non-conforming space
of piecewise (mapped) polynomials by

SPO(T) = {u e LX(R)| VK € T : ulg o Fx € 2,),

where &), denotes the space of polynomials of degree p. The mesh size function hg is
defined by 2 7 | := diam K for all K € 7. The estimate of Ciace (S, K) in these cases is a
local trace estimate for multivariate polynomials:

Lemma 4.3 Let . satisfy Assumption 4.1. Then there exists ciny > 0 independent of K € 7
and p such that for the polynomial hp-finite element space SP°(7) we have [cf. (2.6)]

Cinv P

Cirace (S, K) < ﬁ

Furthermore, for

2
a > ZCihys

- 4.1
3 4.1)
which is independent of K, p, and k, the choice of « given in (2.8) implies the condition
2.7).

Proof We merely prove the inverse estimate. On the reference element K, we have with
the multiplicative trace inequality and a standard polynomial inverse estimate (see, e.g.,
[42, Thm. 4.76], where the case d = 2 is covered) for any v € &,

l32 2, = Clvl2@) IVl @) < CPP VI )

The assumptions on the element maps Fg are such that the same 4-dependence as in classical
scaling argument are obtained, i.e., for v € $7:9(.7) we get for each K € 7

vl 2k) < CPR™ 210l 12 (k). 4.2)

For the actual estimate of interest, we let v € SP-0(.7), fix K, and set D := v|g o Fx. We
note Vv = (Vv) o Fg o (FI’<)_1 with, by the assumptions on the properties of Bx and Ry,

ICF) ey < Chg' I(Fi) oy < Chk. 4.3)

Applying the estimate (4.2) to the components of VU o Fg and observing (4.3), one can show
the desired result. O

The trace inequality of Lemma 4.3 shows that the constant a in (2.8) can be selected such
that (2.7) is satisfied. This observation implies the following result:

Theorem 4.4 Let «, B, and § be chosen according to (2.8) with a sufficiently large. Let
S = SPO(F) be the polynomial hp-finite element space based on a mesh 7 that satisfies
Assumption 4.1.

— If Cg satisfies condition (3.14) then the DG problem has a unique solution in S.
— If  is an dffine triangulation of 2 and satisfies Assumption 4.1, then the DG problem
has a unique solution in S.
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4.2 Convergence Analysis

In this section we will show that the solution u of the model boundary value problem (1.1),
(1.2) can be approximated from the finite element space S7-°(7) provided that kh/ /D is
small enough and p > clogk (with ¢ sufficiently large independent of £, k, p). Under more
stringent conditions on the mesh, we will show that this condition can be relaxed to the
condition that k4 / p be small enough and p > clogk.

The proof of this approximation property is based on the following decomposition lemma,
which is a generalization of [37, Theorem 4.10], where the special case s = 0 is covered:

Theorem 4.5 (Decomposition Lemma) Let 2 € R?, d € {2, 3} be a bounded Lipschitz
domain. Assume additionally that 2 has an analytic boundary. Assume furthermore that the
solution operator (f, g) — u = Si(f, g) for the Helmholtz boundary value problem (1.1),
(1.2) satisfies

lullor.o < Cslabkﬂ (||f||L2(_Q) + ||g||L2(a_Q)) 4.4

for some Cgap and ¥ > 0 independent of k. Fix s € Ng. Then there exist constants C, A > 0
independent of k > ko such that for every f € H*(§2) and g € H*V/2(382) the solution
u = Sk (f, g) of the Helmholtz problem (1.3) can be written as u = u ys+> + u o7, where, for
alln € Ny

H”%”%,Q = Ckl? (”f”LZ(_Q) + ||g||H1/2(39)) , (4-5)
IV U N2y < CAK" ™ max{n, K" (1 fl22) + el mrpe)) »
4.6)
||’4HX+2||1-1S+2(9) + ks+2||”[-15+2 ”LZ(Q) <C (”f”H-‘(.Q) + ”g”HS“/Z(Z)Q)) . 4.7

Proof The proof follows the lines of [37, Theorem 4.10]. The key modifications are collected
in Appendix 1. O

Remark 4.6 For the present model problem (1.1), (1.2) the assumption (4.4) holds with
¥ = 5/2 by [15, Thm. 2.4]. For star-shaped domains, ¢} = 0 is possible as shown in [34,
Prop. 8.1.4] for d = 2 and subsequently for d = 3 in [10]. O

4.2.1 Convergence analysis for General Non-conforming Polynomial hp-Finite Elements

In this section we consider general non-conforming polynomial zp-finite elements, where no
interelement compatibility conditions are imposed on the element maps Fi thatrelate element
maps of neighboring elements to each other. Hence, the conforming subspace SNH'! (£2) € §
may be small. As we will discuss in more detail in Sect. 5 below, better results can be expected
if the conforming subspace S N H'(£2) C § is sufficiently rich.

We start with a lemma that takes the role of the standard scaling argument:

Lemma 4.7 Let 7 be a shape-regular mesh in the sense of Assumption 4.1. Fix s € Ny.
Then for each K € 7 and every sufficiently smooth v the following relations between v and
V:=v|g o Fx are true:

2~
vl 2y ~ B2 100 12
IVl 2y ~ RV 2 g,

IV25] 122y < CRST2 0]l s .
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d—1)/2 1
Il 20k) ~ B2 100 207

~ pld=D/2-1

IVull25k) IVl 25 %)

where C and the implied constants depend solely on the constants appearing in Assump-
tion 4.1.

Proof We will only consider the case of the (s 4+ 2)nd derivatives. We note the form Fx =
Rk o Ak, where Ak is affine. This implies the estimates

s+2
IFgll ooy < Chi, > IDYFler), < ChEP,
ozeN%:\ozl:s+2

where the constants depend only on the constants appearing in Assumption 4.1. The chain
rule then implies the estimates for ||V* 25 L2(K)- O

For shape-regular triangulations (cf. Assumption 4.1) we have the following result:

Theorem 4.8 Let 2 C R?, d € {2, 3} be a bounded Lipschitz domain with analytic bound-
ary. Let the mesh 7 be shape-regular in the sense of Assumption 4.1. Fix s € No. Let o, 8, &
be chosen according to (2.8). Fix C > 0 and assume p > s + 1 as well as kh/p < C. Then
there exist constants C, o > 0 independent of h, p, and p such that, for every f € H*($2)
and g € HSTV2(382), there holds

inf k|| I <C Y kn + k7 h p+k LAY 4.8)
n u—v — ) — —_— —_ s .
ves per="rs\\p) /7 h+o op

where Crg := || fllas2) gl gst125 0y and & > Ois given by (4.4) (note also Remark 4.6).

Proof We employ the splitting u = u s> + oy of Theorem 4.5 with u 2 € HST2(R2)
and the analytic part u o .

Following [36, Thm. 5.5], we approximate u ys+2 and v separately in the ensuing steps
1 and 2.

1. step: From, e.g., [36, Lemma B.3], we know that forevery s’ > d/2 andevery p > s’ —1
there exists a bounded linear operator 7, : H S,(I? ) = &) such that

e = 7putll oy < Co™ulye gy for 0<1 <y, 4.9)
lu = mpull e < Cp~ 2 Ul e ) for 0<r<s'—1/2.  (410)

Here, the constant C > 0 depends only on s’. By K we denote the reference element and
by e one of its edges (in 2D) or faces (in 3D). We apply this approximation result with
s’ = s + 2. The elementwise application of the operator 7, to u ys+> (pulled back to the
reference element K ) defines an approximation wys+2 € SP 0(7). By a scaling argument
(cf. Lemma 4.7) and summation over all elements, the bound (4.9) with s’ = s + 2 implies
that wys+2 satisfies

k (kllu gz — wysll 2@y + IV (gse — wys) [l 12(2))

h s+1 h s+2
< C(k (;) +k? (;) )(||f||H>‘(Q) + gl ms+1200)) -

In order to estimate the terms of the DG ™-norm associated with the skeleton, we employ the
choice of the parameters «, 8, § given in (2.8), viz.,

4 p? P (kh) (kh)
a(x)== max — Vxe€B, and B=0(—), §=0(—). 411
3 ke{ki ki) khk 7 P P r
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m1n

Recall the definition of oy as in Remark 2.3 and estimate (3.4). On the inner skeleton Gly

we get

k
—-1/2 2 2
Ko™ 2V gz = wyse r gy ) < D = V7 gz = Wi} g
7 Kes %K

Let X denote the minimizer as in (3.4). Then, with the definition (4.11) we get

2
4
oM =g (X)=- max L .
3k K'e{K} Ky }th/ 3kh1(

A~

4.12)

so that

klle™ (Y o (u g2 — wH,H)}nLZ(G, )

3k2 h[(
< Z ———IV((ugs+2 — wHS+2)|K)”L2(.QI’\3K)
KeT

Thus, we get by scaling (4.9), (4.10) to the mesh .7

kzh 2s+1
k||a—1/2{V7(uHs+2 — wH\+2)}||L2(6, ) = <C Z ( ) |t pyssa ||%.1x+2(]()
Keo
2

k h 2542 ) k2 h 2542 5 )
= C; (;) ||14Hx+2||Hs+2(_Q) =< C; (;) (”f”H‘(.Q) + ||g||HS+1/2(39)) .

The following estimates can be obtained by similar arguments:
h s+1
k1/2||ﬂ1/2[[V9(uH.s+z—wa+2)]]N||Lz(61§_) < Ck (;) (||f||HS(Q) + ||g||H.x+l/2(3:2)) ,
32,172 AN
B la/ [[14[.].9+2—wH.erZ]]N”LZ(Gv;) < Ck«/ﬁ(;) (ILf lers 2y + g ps1725.2)) »
s+1
k1/2||51/zvg(uﬁ.x+z — Wys+2) ~n||H,\.(6,§;) < Ck (;) (||f||Hs(Q) + ||g||HH|/2(m)) ,

h s+3/2
FRIA=8"2 e — w2 (e2) < CFF2 (;) (1f s @) +lIglms1202)) -

In total, we get the following approximation property for the H**+2-part:

k||uH:+2 — U.)H:+2 ||DG+

<C (h)s kh N (kh)s/z N (kh)z (s el )
< — — — — HS (2 8l gs+1/2 :
p x/ﬁ p p (£2) H (082)

Using the assumption ki /p < C, this can be simplified to

S kh
kllugsv2 — wys2llpg+ fc(f) — (If Mm@y + gl ms+12902)) -
H H D \/ﬁ( (£2) H (m))

2. step: For the approximation of the analytic part u,, we construct an element wo, €
§P-0(7) as follows. For each K € .7, let the constant Cx by defined by

n
C2 — Z ”V M:Qf”LZ(K) )
K (22 max {n, k})2
neNy
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Then, we have

||V”u£¢||L2(K) < (2)\, max {n, k})nCK Vn € N(),

1\2
KeT
For g € {0, 1, 2} we get the following estimate (see [36, Proof of Theorem 5.5]) for suitable
o> 0:
J hK p+1 th p+1
— <Ch,C — . 4.14
luey —werllmax) < Chy' Ck (hK +a) + ( op ) (4.14)

It is convenient to define the abbreviations:

o= (s22) 1 (2)
h+o op
M =K (1 f 22 + 18l m1rp2) -
By summing over all elements, it follows as in [36] by suitably adjusting the constant o

1 kh
klluer — worll e SC(;—F?) E(o)M. (4.15)

In order to treat the terms associated with the skeleton 6‘; U 6“? we use the multiplicative
trace inequality (on K and Lemma 4.7)

—1
102, = € (1020 1011k + AR 01201 )

to obtain

_ k
klle™ 2V 7 (s — wﬂ)}niz(% = i IV (s = w2 @nor):
KeZ ~ ok

By using the estimate (4.12) we obtain

2R |

3k2hg
< Z 4 B ”v((ud_wd)'K)”iZ(QmaK)
p
KeT
3 (k*hg
< > =) IV e w2y IV (war = wan) g
Keﬁ4 p

IV W = w1 ) -

By using the estimates in Eq. (4.14) we get

2

3Ck? hx 7' k (khg\?
ke~ V2V - 2 < h - == c.
™2V 7 (u.r w‘d)}””@'ﬂ)_% o 1" ) 55, K

Finally Eq. (4.13) gives us after suitably adjusting the constant o

1
K2 a V2 (Vo (uyy — w <C—E(o)M.
Il (Vo (uy d)}”LQ(G*g) =2 (o)
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By the similar arguments we obtain the following estimates

1
KBV (ue — welWlya(eg) = € E@M.

Z
T
Z
T

S T wrlils(gg) < CEQ@M.

K218Y29 7ty = wer) -1l ) < Cgr5 E@)M,
r(e2) = " p
(kh)l/Z

A =)'y — wa)l )= C E(o)M.

L2 (65951
The approximation property for the analytic part u ., with respect to the DG norm is then
Kl = werllpg+ = € (144 + 4 4+ Y5 B(o)M < CE@)M,

where, in the last estimate we used the assumption ki/p < C. The combination of the
estimates of steps 1 and 2 leads to the assertion. O

The approximation result Theorem 4.8 permits us to estimate the adjoint approximation
property n(S) of (3.11):

Corollary 4.9 Ler 2 C RY, d e (2,3}, be a bounded Lipschitz domain with analytic
boundary. Let the mesh J be shape-regular in the sense of Assumption 4.1. Let «, B, § be
chosen according to (2.8). Fix C > 0 and assume kh/p < C. Then there exist constants C,
o > 0 such that ni(S) defined in (3.11) satisfies

m(S) < C [j}ip + &7 ((hjia)p +k (Z;)p)] .

Proof We apply Theorem 4.8 with s = 0 and g = 0. Given f € L?(£2) letv = Ni(f) =

Ni(f). Hence, the rigularity estimates of Theorem 4.5 (with ¢ = 0) are applicable. The
assumption kh/p < C allows us to estimate (kh/p)* < Ckh//p. O

Finally, the convergence estimate for polynomial 2p-FEM can be stated in the following
theorem:

Theorem 4.10 (Convergence Estimate) Ler 2 C R?, d € {2, 3}, be a bounded Lipschitz
domain with analytic boundary. Let the mesh 7 be shape-regular in the sense of Assump-
tion 4.1. Fix s € Ny. Let o, B, 8§ be chosen according to (2.8) with a sufficiently large.
Moreover, let 0 < § < 1/3. Then, there exist constants cy, ¢z, C > 0 independent of k, h,
and p such that under the assumptions

kh
—— <1 together with p > cp log(k) aswellas p>s+1 (4.16)

NI

there holds for f € H*(2) and g € H*Y'/2(882) the a priori estimate

lu —usllpc < C [«/; (Z)Hl e [(hﬁa)p o (Zl’)p]]

x [If @) + gl gsizpe)] -
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In particular, under the additional assumption that b and 0 satisfy b, 0 > co > 0, there holds

h p
Vg —us)li2o) + \/ZII Vo — MS)]]N”LZ(Gg) + ﬁll[[u - MS]]N”LZ(Gg)

< Cllu —uslpc-

Proof By taking the constant a in (2.8) sufficiently large, we can ensure by Lemma 4.3 the
condition (2.7). Hence the assertion is a combination of Theorems 3.10, 4.8 and Corollary 4.9.
m}

4.2.2 Convergence Analysis for hp-FEM on Regular Meshes

When contrasting the estimate for the adjoint approximation property nx(S) given in Corol-
lary 4.9 and the final convergence result Theorem 4.10 with the corresponding ones for the
classical conforming hp-FEM presented in [36,37] one observes the suboptimality in p by
half an order. This suboptimality is typical of p-explicit DG-methods and in general sharp,
[22]. It can be removed if the hp-approximation space S is such that it contains an H'(£2)-
conforming subspace that is sufficiently rich. The essential point of the argument is that the
approximant w gs+2 in the proof of Theorem 4.8 can be chosen to be in H 1(£2) so that the
following skeleton term vanishes:

20 uyei2 — Wy =0. 4.17
I (et gys+2 H+2]]N||L2(G:g) 4.17)

We illustrate this procedure for a specific setting, namely, that of a regular mesh .7~ whose
element maps satisfy the standard compatibility conditions for an H!(£2)-conforming dis-
cretization. Specifically, we require the mesh to be H!-regular by which we mean: first,
the partition has no hanging nodes or edges and, second, in addition to the conditions of
Assumption 4.1 we require the element maps Fx and Fg: of two elements K, K’ that
share an edge or face to induce the same parametrization on this edge or face. One of
way of constructing such a mesh is to start from a fixed coarse macro triangulation on £2
into “patches” using curved elements (e.g., constructed with “transfinite blending” [24,25]
and [12, Chap. 5]) and then construct the actual triangulation with elements of size & by
transporting refinements of the reference elements to physical space with the patch maps
of the coarse triangulation. More details for such a procedure are given in [36, Exam-
ple 5.1]. On such regular meshes, the standard H ! (§2)-conforming #p-FEM spaces given as
SPUTY:={ue H(2)|VK € T: ulg o Fy € &)} have good approximation properties,
which results in the following improvement over Theorem 4.8:

Theorem 4.11 Assume the hypotheses of Theorem 4.8. Assume additionally that the mesh
T is H'-regular in the above sense. Then for § = SP"'(7):

inf k|| I <C h Skh—kkl’ h p+k kn )" (4.18)
m u—v — — — . .
ves ber ="rg p)] p h+o op

Proof As in the proof of Theorem 4.8, we decompose u = u gs+2 + U oz. We will not discuss
the approximation of u . since its approximation follows the lines of [36, Thm. 5.5]. We
constructan H ' (£2)-conforming approximation w ps+2 € Stou gs+2. This ensures the desired
property (4.17). It remains to guarantee that wgs+2 is constructed such that the optimal rate
of convergence is achieved in the broken H'-norm and L2-norm and also for the trace of
the gradient on the skeleton. Recall p > s 4 1. In Appendix 2 (Cor. 7.4) we construct, for
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t>5/2(ford =2)andt > 5 (for d = 3) a linear operator [ : H'(£2) — SN H'(£2) with
the following approximation properties:

hx\? 2 hk
7 1V (u - Iu)||L2(K) + 7 IV — IM)”LZ(K) + llu — I””LZ(K)

he\'
<C\—) lullg:x)-
P

Sett* =5/2ford =2andt* = 5ford = 3.If s +2 > t*, we obtain the desired estimate for
lu — Iu|| pG+ from this by summation over all elements. If s + 2 < ¢*, then we employ the
following interpolation argument due to [6]: Fix o > #*. The Sobolev space H*2(£2) can be
characterized by interpolation (using the so-called “K-method” as described, for example,
in [43]), and we have H**2(2) = (L?(2), H° (£2)).» with § = (s +2)/o. Hence, we can
find, for any # > 0, a function v; € H? (§2) such that

lu = vell 20y + vl o) = K, 1) < Ct%llull gsvag)-

Then [6, Lemma] gives the stability estimate [|u — v/ || ys+2(@) < Cllull ys+2(q). Using inter-
polation estimates, we therefore arrive at

o-1
lvellge () < Ct77 llull gsva gy

6
lu — vl 202y < Ct7llull gs+2(2)s

1 2 1 2
”M _ v[”Hl(_Q) S C”u _ vt||(5+ )/(SJF )”M — ” /(S+ ) < C[0(5+1)/(s+2)||u||H‘+2(Q)a

L2(2) Hs¥2(2) =
+2 2/(s+2 )
lu = vill 2y < Cllu— vl oy = vell sy < CH 2 | on g

We select t = (h/p)?. Then, the above estimates take the following form:

ol o2y < (h/P) T2 ull gova ()

lu = vell 22y < C/P) P2 llull g2y

lu = vell iy < C/ Y lull sz,

lu = vell g2y < C(h/P)S”u”HsH(_Q)-
Using elementwise appropriate multiplicative trace inequalities yields

lu —villpG,+ < C [k(h/p)* > + (h/p)* T + k' 20/ p)y 2] llull goro ()

Finally, v, is sufficiently smooth to allow us to apply the approximation operator / of Appen-
dix 2 and bound ||v; — v || pG+ with the aid of Corollary 7.4. m]

Remark 4.12 For H'-regular meshes (in the above sense) the approximation result for the
adjoint approximation property 71 (S) in Corollary 4.9 can be improved to

kh h P kh \?
m(S) < C [— + k7 ((—) +k (—) )} .
)4 h+o op
In turn, this results in an improvement of Theorem 4.10: the resolution condition (4.16) can

be relaxed to

kh
— <1 together with p > ¢ log(k) aswellas p>s+1 4.19)
p
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and the approximation result also improves to

lu — usllp < C [(Z)m+ K [(hjl_(,)p T (z)ﬂ

x [I1f a2y + gl gs+1200)] -

5 Conclusions

In this paper, we have formulated the discontinuous Galerkin method for abstract finite
dimensional test and trial spaces (conforming and non-conforming ones). The concrete choice
of this space S enters the stability and convergence analysis via the following four quantities.

(a) Trace constant Cyace (S, K).Due to the formulation as a discontinuous Galerkin method,
which contains integral jump terms across element faces, it is quite natural that local
trace estimates for the space S are required for the error analysis.

(b) Approximation property infcs ||[u — v| pg+. In order to derive quantitative error esti-
mates it is obvious that approximation results for S for functions with higher Sobolev
regularity are required. The trace estimate (cf. (a)) allows us to “transfer” the local
approximation results for the elements K € .7 to the skeleton norm.

(¢) Adjoint approximation property ni (S). The decomposition lemma formulated as The-
orem 4.5 provides a regularity theory for Helmholtz problems that splits the solution
into several contributions, each of which can be approximated by piecewise polynomials
with error estimates that are explicit in 4, k, and p.

(d) The constant Cg of (3.14). This condition ensures unique solvability of the discrete
system (2.4) (see Theorem 3.8). For the important cases of polynomial 2 p-finite elements
on affine, simplicial triangulations or plane wave approximation spaces, the condition
(3.14) is automatically satisfied. If the adjoint approximation property can be controlled,
then Theorem 3.10 provides an alternative way to ensure unique solvability for (2.4).

As an application of our abstract theory we considered the polynomial /p-finite elements,
and we derived sharp stability and convergence estimates for non-conforming polynomial
hp-finite element spaces. The a priori estimate in Theorem 4.10 is optimal in 4 (note that
f € H*(2) with g € H**'/2(32) implies u € H**?(£2) by the assumed smoothness of
0£2) but suboptimal in p by half an order. This is typical in p-explicit DG methods. This
suboptimality in p can be removed (in both the scale resolution condition (4.16) as well as
the a priori estimate of Corollary 4.9) by assuming that the approximation space contains
an H'(£2)-conforming subspace that is sufficiently rich. As an example, we considered the
special case of meshes that are H '-regular in Theorem 4.11 and the ensuing Remark 4.12.
These results are formulated for meshes without handing nodes but we believe that similar
results hold also for certain meshes with hanging nodes; the essential tool is the existence of an
H'(£2)-conforming interpolant with appropriate approximation properties. Such a situation
arises, e.g., if a conforming hp-finite element mesh is further refined locally in a controlled
way by introducing hanging nodes.

We restricted the convergence analysis for polynomial /p-finite element spaces in Sect. 4
to Lipschitz domains with analytic boundaries in order not to further increase the tech-
nicalities in this paper. In [37], the case of polygonal domains for the standard variational
formulation of the Helmholtz equation with conforming polynomial /p-finite element spaces
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was considered and regularity estimates in weighted Sobolev spaces were derived. We expect
that the generalization of our theory for the DG method for non-conforming finite element
spaces to polygonal domains is possible along those lines.

Appendix 1: Details for the Proof of Theorem 4.5

We start with an extension of [37, Lemma 4.6] for the modified Helmholtz equation.

Lemma 6.1 Let 2 be a bounded Lipschitz domain with a smooth boundary. Let SkA be the
solution operator for the boundary value problem

—Au+ku=0 in 2, Ohwu+tiku=g onds2.
Then, for every s € Ny there exists C > 0 independent of k > kg such that

I1SE @) s+2¢2y < C [Iglms+1292) + K28l 200)] - (6.1)
ISE @ i1y + kIS (@l 200) < Ck™ 218l 200 (6.2)

Proof The case s = 0 in (6.1) as well as the estimate (6.2) is given in [37, Lemma 4.6]. For
s > 1, we employ induction and the standard shift theorem for the Laplacian: Since u solves

—Au=—K*u in 2, Oyu=g—iku onas2,
we have
lull gs+2¢y < C [k2||u||H-“(!2) + gl gs+1230) + k”u”HH'lﬂ(aQ)]
< C [ lullmse) + I8l s+12502) + klluell gy ] 5

where we used a trace inequality. Using the induction hypothesis then leads to an estimate
that involves norms of g other than || g|| gs+3/2¢5) and (gl 2(552)- These can be removed by
an interpolation inequality (see, e.g., [18, Thm. 1.4.3.3 ]) and an appropriate use of the Young
inequality. O

The analog of [37, Lemma 4.7] is the following (we use the operator HaNg defined in [37,
4.10)]):

Lemma 6.2 Let 2 be a bounded Lipschitz domain with a smooth boundary. Fix g € (0, 1)
and s € Ny. Then, the operator H E{VQ can be selected such that the operator S kA o H{_{Q satisfies
for some C > 0 independent of k

K2 SAHN O 200y + K ISE (Hpo ) s @2) < qliglgsri2pa), (6.3)
ISE (HY ) s+2(2y < Cllglgs+120)- (6.4)

Proof Estimates (6.3) and (6.4) are shown in [37, Lemma 4.7] for the special case s = 0. For
s > 1, these estimates are derived as in [37, Lemma 4.7] by combining Lemma 6.1 with [37,
Lemma 4.2]. We illustrate the procedure for the second term of the left-hand side of (6.3) for
the case s > 2: Lemma 6.1 yields

ISEHD sy = € [1HG8l amag) + K 1HN gl 120
< C /B8l gssrp0) + K@/ g genrpa)]

where we used [37, Lemma 4.2]. Rearranging terms yields the result. O
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We also need properties of the Newton potential Ny, which generalize [37, Lemma 4.5]:

Lemma 6.3 Let §2 be a bounded Lipschitz; domain. Fix s € Nog and g € (0, 1). Then the
operator Hg of [37, (4.1b)] can be selected such that for 0 < s’ < s +2

INE(He Pl g ) < C@/0* 7 | fllas - 6.5)

Proof Follows from the procedure in [37]; see also [35, Lemma 4.2]. The essential point is
that [36, (3.35)] can be generalized (by using the notation therein) to

Py pGiM (1 = x30) 9P f

00,12 2 oy = @) L2(re)

forall @ € Nd and B € Nd. By selecting |o| = 5’ and || = s’ — 2, we see that |« — B| =2
and this case is considered in [36, (3.35)]. By performing the same estimates as in [36, after
(3.35)], we derive for |@ — B| = 2 the estimate

|0“Ne(He D] 2y = C |07 Ha 1] 2
so that
”Nk(H.Qf)”H.r’(_Q) = C”HQf”Hs’—Z(_Q)

follows. The combination with [37, Lemma 4.2] leads to the assertion (6.5). O

The next lemma generalizes [37, Lemma 4.15] (note that the boundary condition (1.2)
differs from that in [37] by a sign):

Lemma 6.4 Let 2 be a bounded Lipschitz domain with a smooth boundary. Fix s € Nj.
Assume that the solution operator (f, g) — Sk (f, g) for (1.1), (1.2) satisfies (4.4). Then Sk
admits the following decomposition: u = Si(f,0) = tey + uys+2 + U, where

lttar | g1y + klltarll 22y < CKP N Fll L2y
IV Ul 12y < CKV~ 1y max{k, n}" 2| fll 22y ¥n € No.

ks+2||”HS+2||L2(Q) + ||”H.V+2||Hs+2(9) = Clfllas )

for constants C, y > 0 independent of k and n, and the remainder u = Si( f~ , 0) satisfies the
boundary value problem

—AU—KU=f in2, 0u+iki=0 ondfR
for a right-hand side fe H*($2) with
Il @) < allflmsey. 1fllz@) < all flliz)-

Proof The proof follows that of [37, Lemma 4.15]. We flag that the boundary condition (1.2)
studied in the present paper differs from that in [37], which accounts for sign differences
between the procedure here and in [37, Lemma 4.15]. We only need to show the additional
bound |[u gs+2 || gs+2¢o) < Cll fllgs(s2)- To that end, we have to consider, in the notation of
[37, Lemma 4.15], the terms

ul, = Ne(Hg f), (6.6)

uhly = 52 (H% (= ikulys = dulys)) 6.7)
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For (6.6), we use Lemma 6.3 to get

K2 INe(He £l 2@y + KINeHe )l g1y + INe(Ha Pl sy < ClLf s @),
INk(He H)ll a2y < C@/0* fllas2)-
This implies in particular with a trace inequality that
| —ikut, — dpulsll gssi292y < Chlluls s @y + Cllubs g2y < CllLf s @)
so that also for (6.7), we can obtain, with the aid of Lemma 6.2, the bounds
IS5 (g (—iku )y — duulyo)) | rs2g2y < Clf s ()-
KIS (Hyg (—ikugyy — 0pulo)ll 2 o) + K ISE (HI (—ikugy, — duulo)llas )
=gl fllas2)-

From the above estimates follows the bound for [|u gs+2 || s+2(gy- The estimate for f follows
also from the above observations by noting that we have to set f := 2k%u gz and then suitably
adjust ¢ as in the proof [37, Lemma 4.15]. O

Finally, we formulate the analog of [37, Lemma 4.16]:

Lemma 6.5 Assume the hypotheses of Lemma 6.4. Fix g € (0,1) and s € Ny. Then the
solution u = Sk (0, g) can be written as u = u o + uys+2 + u, where

||’L<zi||H1(.(2) + k”ud”[ﬂ(g) = ck’ ||g||Hl/2(3_(z)’ (6.3)
IV Ul 20y < CKV 'y max{n, kY gll 1oy Yn € No,
(6.9)
k5+2||MHs+2 ”LZ(Q) + ||uHs+2 ||HS+2(.Q) < C||g||H:+l/2(3_Q), (610)

where the constants C, vy > 0 are independent of k and n. The remainder u satisfies the
boundary value problem

—AU—Ku=0 in2, i+iki=3 ondf
fordata g € H'Y2(382) with
181l gs+12002) < qllglms+12¢0)-

Proof The proof follows [37, Lemma 4.16], and we will only discuss (6.10). Again, we
mention the sign difference between the boundary condition (1.2) and that studied in [37].
‘We have to consider, in the notation of [37, Lemma 4.16], the terms

uly = SP(Hyog), 6.11)
uth = Ny(Ho(2K*u}},)). (6.12)

For the term in (6.11), we use Lemma 6.2 to get
2l ol 2oy + Nl lgss2i0y < Cllgllas+12pa).
2,1
kw2 s 2) < qllglas+12¢0)-
For the term in (6.12), we use Lemma 6.3 to arrive at
2 2
klluips s @) + K2 lugpll 2 o) + lugpll gsea@) < CR llugpllas )
= Cqligllps+12p0)-
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As in the proof of [37, Lemma 4.16], we then set g := —1ku” — Oy u” and use the above
estimates to get with the trace inequality

181200y = € [Kluthall ey + il sz | < Callglmrae)-

Suitably adjusting the constant g yields the result. O

Appendix 2: H!-Conforming Approximation

In this appendix we construct an H ! -conforming approximation operator that features optimal
rates of convergence not only in L% and H' but also for the trace and the normal derivative on
the element boundaries. This operator can be constructed in an element-by-element fashion.
That is, its value at the geometric entities (vertices, edge, faces, elements) is only determined
by the function values at these entities. Our construction is closely related to the projection-
based interpolation of [11] and the construction in [36, Appendix 2]. In contrast to [36,
Appendix 2], where optimal rates in L2 and H' were sought, we ensure that the optimal rate
of convergence for the trace of the gradient is also achieved. We stress that our construction
is done with a view to simplicity rather than minimal regularity assumptions.

Definition 7.1 (element-by-element construction in 2D) Let K be the reference triangle.
Let s > 5/2. A polynomial  is said to permit an element-by-element construction of
boundary polynomial degree p > 7 foru € H*(K) if

(i) (V) =u(V) for all d + 1 vertices V of K.
(ii) For every edge e of K, the restriction 7|, € &), is the unique minimizer of

7> PPl =l 2 + Pl — Tl i) + 11— T2 (7.1)

under two constraints: first, 7 satisfies (i) and second, the derivative (along e¢) of u —
vanishes in the endpoints of e (i.e., (v — )|, € Hoz(e)).

Definition 7.2 (element-by-element construction in 3D) Let K be the reference tetrahe-
dron. Let s > 5. A polynomial 7 is said to permit an element-by-element construction of
edge polynomial degree p > 10 and face polynomial degree 2p foru € H*(K) if

G) 7 (V) =u(V) for allj + 1 vertices V of K.

(ii) For every edge e of K, the restriction 77|, € &), is the unique minimizer of

4
T p4Zp_/|u—71|Hj(e) (7.2)

j=0
under two constraints: first, ;v satisfies (i) and second, the tangential derivatives (along

e) up to order 3 vamsh in the endpoints of e (i.e., (u — )|, € H0 (e)).
(iii) For every face f of K the restriction 77| € 97, is the unique minimizer of

4
T P4ZP7] |u_7T|Hj(f) (7.3)
j=0
under two constraints: first, 7 satisfies (i), (ii) for all vertices and edges of f and second,
the mixed derivatives of u — m vanish in the vertices, i.e., 9,,0¢, (u — 7)(V) = 0 for
each vertex V of f, where e, e; are two tangential vectors associated with the edges
e1, ey of the face f that meetin V.
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Theorem 7.3 Let K be the reference triangle or the reference tetrahedron. Set V), =
v € Pylvle € Ppforalledgese} if d = 2 and V, = {v € Pypy1lvly €
Pp for all faces f,vl. € P) forall edges e} ifd = 3. Assume s > 5/2 if d = 2 and
s > 5 ford = 3. Then, for p > max{10,s — 1} ford = 3 and p > max{7,s — 1} for
d = 2, there exists a linear operator 7 : HS(I?) — V), that permits an element-by-element
construction in the sense of Definition 7.1 (for d = 2) or Definition 7.2 (for d = 3) such that

Pllu— 7@l 2y + Plu— @) 1oy + 1 — 7@y < CP Plulys k). (74

The constant C > 0 depends only on s.

Proof We will only present the arguments for the case d = 3. We construct (1) directly—
inspection of the proof shows that u + () is a linear operator. To begin with, we mention
that the condition p > 10 ensures that an element-by-element construction in the form
of Definition 7.2 is feasible: Taking in Lemma 7.13 i = 3 (and the parameter p there as
p =i+ 1 =4)one can find a polynomial of degree p’ = 2i + p = 10 that coincides with
u and all its derivatives up to order i = 3 in all vertices.

Before actually embarking on the proof, we note a trace estimate that will be required
frequently, namely, for any edge e of the tetrahedron K = K3P, we have for arbitrary but
fixedt > 1

1022 < Collvlf 2 Il ) Vv € HY(KD; (75
this embedding can be shown with appropriate trace estimates e — f — K or by com-
bining the continuity assertion for the trace mapping of [43, Thm. 2.9.3] with interpolation
inequalities (cf. also the proof of [36, Lemma B.3] where a similar argument is employed).

From [36, Lemma B.3] we have an approximation 7° € ), with

SNl s gy 1 € 10,51 (7.6)

Also, [36, Lemma B.3] gives the following L°°-estimate and, by a similar reasoning, also an
L>®-estimates for the derivatives up to order 3:2

|l/l — n0|H’(1?) < Cp

3
S IV =20 ey < Co TPl o ) (1.7)
j=0

Vertex Correction. With the vertex liftings of Lemma 7.13 we can construct a polynomial

e &, with the following properties:

u— 7' iy < Cpllull ysgy. €10, 5], (7.8)

DPu—="(V) =0, 0<|p| <3. (7.9)

To see this, we employ the vertex liftings E ?,D of Remark 7.14. Specifically, we fix a vertex
V and take in Remark 7.14 the parameter ¢ = 3 and the parameter p there as p — 6 to obtain
the polynomial

T =1 + E%/D(u — 1) € .

2 To see this, e.g., for j = 3, we employ the interpolation inequality [36, (B.5)] to V3u to obtain

” o3 ”1 d/(2(s—3)) ” o3 ”d/(2<s 3)) H"(I?)

v3u
” ”LOO(K) L2(K) HS=3(K)

since s > 3 + d/2. The combination with (7.6) yields the desired bound in (7.7).
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By construction in Remark 7.14, the polynomial 771 satisfies DA(u—7) (V) =0for|B] <3
and, by (7.37),

171 =l gy < C D, ID* @ — 7o)l oo gy P~ > P+ llu = 70l )
loe| <3
7.6,0.7
< Cp (s ””“”HS(?)'
Proceeding in this way for all vertices yields a polynomial 7! € &, with the properties
(7.8), (7.9).

The condition (7.9) implies in particular that u — xle Hg (e andV(u — ') e Hg (e)
for each edge e. With the trace estimates (7.5) we get from (7.8) the following estimates on
edges:

3
P =7 2 + D PP IV = )i < Cp7 " llull g, ¥ edgeseof K.
j=0
(7.10)

Edge Correction I. Fix an edge e. Since ! satisfies both side constraints in Definition
7.2.(ii), the minimizer 7, of (7.2) satisfies by (7.10)

4 4

PO = el < PP =7 i < CP T ull s )
=0 j=0

We note that the difference 7, — 77 |e is a polynomial of degree p and 8Z (. — 7!) vanishes
at the endpoints of e for j € {0, 1,2, 3},i.e., 7, — xle Hé(e) N Z,. By writing al—n, =
(J'rl — u) + (u — m,) we obtain with the triangle inequality

4
PO p I = meliiey < €7V ull s ) (7.11)
j=0

With the aid of Lemma 7.15 we can find an edge lifting L, := E?le) (! —7) € 22, (take

as the parameter p in the statement of Lemma 7.15 the value p — 1) to correct the discrepancy

n! — 7, with the following properties’:

4
. Lem. 7.15.(vi), (vii) and (7.11) o
P* D el ik < Cp™ D ull s &)
j=0
4
. Lem. 7.15.(viii) and (7.11)
4 _ —(s—4—1/2
P> P Lellpi ) < Cp™ 2 |ull o, for all faces f,

Jj=0
L, = (711 —1m,) one,
L, =0 on all other edges of I/(\,
(L)l =0 onall faces f that have not e as an edge,
On;Le)lay = 0 for each face f.

3 For a face f, the face normal n ¢ : 9f — Sy is defined to have length 1, lies in the plane of f, and points
to the exterior of f. The face normal derivative on df is then given by 9, ;= (n f V-).
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With the aid of such a lifting for each edge e, we can find a polynomial 72 € 25, with

4 4
P p 7 = 7P iy < CP T Nl gy P D P e = gy (712)
j=0 j=0
1/2 4—s _
<Cp/'“p ||”||1-15(K) for all faces f (7.13)

and the following two additional properties:

2, = 7, for all edges e and a,,fn2|3f=anfnl|af for each face f. (7.14)

In other words, 72 satisfies conditions (i), (ii) of Definition 7.2.
Relation to face minimizer 7. For a face f, we denote by 7/ the polynomial that is
obtained by the minimizing procedure (7.3). We claim that

4
P p = pllmi ) < CpT TP ull s ) - (7.15)
j=0

To see this, we estimate the error of a modification of 72. An interpolation inequality and
estimate (7.12) imply

2”173/4 3/4
H2(K) H4(K)

< Cp~ VP Nl s ) (7.16)

IV2 @ — ) oocpy < IV = 7)oy < Cllu — lu — =

We note that the polynomial 772 coincides with 7, for each edge e of 3f. The second order
mixed derivatives of (1 — 72)| f may not vanish at the vertices. This can be corrected with
a lifting of Lemma 7.13. Specifically, for each vertex V Lemma 7.13 provides a lifting
Ly € &, (take the parameter p in Lemma 7.13 as p — 4) that vanishes on df such that the
mixed derivative at V equals 1 and

4

P Iy s gy < Cp7 T
j=0

where we used appropriate trace theorems again. Combining this with (7.16), we can construct
a function 7 that satisfies all the desired constraints on df and at the vertices of f and
additionally the estimate

4 4

PP = Fpllgicsy < Cp* D P = iy +Cp P p T Ry )
j=0 j=0

< Cp' P ull s gy,

where we used (7.12) to control u — 2. We conclude for the minimizer 7 7 that (7.15) holds.
Edge Correction II The minimizer 7 satisfies

D

¢ (mp—u) (V) =0 forall0 < |B] <2 atall vertices V, (7.17)

where the subscript f in D? indicates that differentiation is taken in the plane given by f.
The observations (7.14), (7.17), and (7.9) ensure that for each face f and each edge e of f,
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we have 0, (5 — 2o = 0p, (T — )] = O, (mp — Wle + 0n, (u — 1)|e € H(e).
With the trace estimate (7.5) we get from (7.15) and (7.12)

2
P2 N, (= Pl
j=0
2 2
<P P, (T = Wi + P2 D P 0 =) o)
j=0 j=0
< Cp*lull s - (7.18)

We are now in position to construct for each face a lifting L y € &3, (which is composed
of liftings Eg[e’ (an (2 —m 1) |e) with the lifting operator Egg of Lemma 7.16 ) with the
following properties:

2
P2 P fllgiry < CPP 7 lull s gy (7.19)
j=0
Ly =0 onall faces except f, (7.20)
Ony Lplap = 0, (0> = 75) oy (7.21)

With these liftings, we may adjust 772 to produce a polynomial 7> € 23 p+1 With

2
P2 =Nk < CP* 7 lull s ) (7.22)
j=0
7 — 7y € HI(f) onall faces f. (7.23)

Face Correction. In view of 7° — 7 f € Hg( f) we may use the final face lifting of
Lemma 7.17 to produce a polynomial 7# € P4p+1 to enforce the desired behavior on
the faces. Since 7r4f F =0 for all faces, it satisfies the conditions of Definition 7.2 and
additionally

2
P> p =&y < € lull g i) (7.24)
j=0
Volume correction. As a final step, we replace ||ul| s (k) on the right-hand side of (7.24)

by the seminorm |u| s gy with the classical compactness argument due to Deny-Lions.
Specifically, we take 7 (1) € P4, as the minimizer of

2
vie 2> p T lu =l
j=0

under the constraint that v|,p = n4|31?. Then u +— 7 (u) is a projection on the space V),
(as defined in the theorem) and the full norm [[u|| ;s g, can be replaced with |u|ys g, for
p>s—1 o

Corollary 7.4 Let 7 be an H'-regular mesh in the sense of the beginning of Sect. 4.2.2 and
S = §P1(T) be the space of piecewise mapped polynomials of degree p on . Lets > 5/2
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ford =2ands > 5 for d = 3. Then, for every p > s — 1 there exists a linear operator
I:H(2) — SN H(Q) such that forall K € 7

hi\? ’ hk
s Vo — Tu)ll 2k + s V@ = Tl 2y + llu — Tull 2k

hg §
<C\—) lullgsx)-
P

Proof For large p, we use the operator constructed in Theorem 7.3. For example, for d = 3
and p’ > max{10, s — 1} with p’ := [(p — 1)/4], we can define /u on the reference element
K by taking the operator constructed in Theorem 7.3 (with p’ taking the role of p there);
this yields the desired estimates in p and the appropriate powers of kg arise from scaling
arguments (cf. Lemma4.7).If p’ < max{10, s — 1}, this corresponds to finitely many possible
values of p and the p-dependence in the desired estimate is irrelevant. We take /u as any
standard Lagrange interpolation operator and obtain the required / g -dependence again by
the scaling arguments of Lemma 4.7. O

Lifting Operators
Preliminaries

We start with a convenient definition of the reference triangle K2P and the reference tetra-
hedron K3P:
K ={(x,y)| —1<x<1, 0<y<1—|x|}, (7.25)
K3 .= {x,v, 90| —-1<x<1, 0<y, O0<z, O<y+z<1—|x|}. (7.26)

Below, we will frequently require the following asymptotics of the Beta function B for
o > —1land p > 0 (cf, e.g., [39, Secs. 1.6, 5.1]):

1
/x“(l—x)”dx:B(oz—l—l,p—l—l):
0

T+ DI (p+1)

-
T'a+p+2) =Cu(p+1) . (1.27)

We need a preliminary result that will prove useful for the construction of various vertex
liftings:

Lemma 7.5 For q € N define on (0,1) the function Ly (r) := (1 — r)?. Fix i € Ny. Then
there exists a polynomial w; € Z; of the form

mi(r) = > ej(qr)
j=0

and a constant C; (which depends solely on i) with the following properties:

|Olj| <Cj, j=0,...,1,

L ifj=0

N
(TiLq) (0)_[0 if0<j<i
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Furthermore, the polynomial ; L, satisfies, for every a € [0, 1], @ > 0, and every s € Ny
1—a i
/ ¥ (i L) (@ + )P dr| < Cy o (1 — @) @5 FOH g2 =20% " (ga)2] - (7.28)
0 j=0

The constant Cs ; o depends only on s, o, and i.

Proof The polynomials m; can be defined inductively. We take 7y = 1. For 7; | we make
the ansatz ;1 (r) = m; (r) +oc,~+1ri+1. This implies for 0 < m < i that (7t,~+1Lq)(m) 0) =
(niLq)(m) (0). The unknown coefficient a1 is then determined by the condition
! : i i+1 i i ; .
0L (L) V0 = ( ; )n,.“>(o>L;‘“‘”(o> +i1g™ @+ DILG(0).
j=0
Since L;j)(O) = (—1-)j (?)j! we get ILEIj)(O)I < Cq/ for a constant C > 0 independent of
g € N. In view of nl.(] )(0) = & g’ j!, the claimed estimate follows for o; 11 by induction and
(7.27). We finally show (7.28 ). For simplicity of notation, let ¢ > s + 1. Since r* (7; Lq)(s)
consists of terms of the form ((1 — ) (gr)! )(S) r¥, the product rule shows that it consists
of terms of the form ((1 — r)q)(s_k) ((qr)j)(k) r% which can be estimated from above by
g kgl riTR(1 = )26 0 < j<i, 0<k < min{s, j}.
With these constraints on j and k, we estimate with the change of variables r = (1 — a)p
l—a
ik :=q” / P (qa+r)?IT A = @+r)* D ar

r=0
1
— q25+2(j—k)(1_a)2(q—(s—/<))+1+2a /pza(a+(1_a)p)2(]—k)(1 _ p)2(q—(s—k)) d,O
p=0
1
< q2s+2(j—k)(l — )2 G—R)+1+2a / 02 (@200 L 20k (] — py2a=6-k) g,
p=0
(7.27) . . .
< q2s+2(]—k)—1(1 — @)2a=6—k)H+1+2a (q—zaaz(]—k) + q—z(j—k)—la)

< q2s7172a(1 _a)Z(qf(sfk))+l+2a ((qa)Z(jfk) + 1) .

Summation over all relevant j, k gives the stated estimate. O
We need a working lemma for the edge liftings in 2D and 3D:

Lemma 7.6 Consider K2P and its edge e = (—1,1) x {0}. Let j € {0,1,2,3,4}. Let
YV be the set of vertices of KD and dy = dist(-, V) be the distance from the vertices.
Let w € 'C°°(R4). Let o € Ng. Then there is C > 0 such that for every p > 0 the map
Ej.: H({(e) — H-/(I/(\ZD) given by

(Epou)(x, y) = y*w (x, v, i %) (1= )Pu(x)
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satisfies:

|E1ettl yigopy < Clp +1)7*1/2 [pfnuan(e) +p Nl + -+ p°|u|m<e>] :
(7.29)

Furthermore, if 0 < a < j and 0 < i < j and additionally* p > j

||d~j_/(j_l)viEl,eu||L2(e’) <Clp+D™* [lulm(e) + plulgi-ie + -+ ijIuIILz(e)]
(7.30)
for any simplex edge ¢'. In particular, therefore, E| ou € H({ (&) for every edge if p > j.
Proof We start with the proof of (7.29). Without explicitly stating it below, we will assume
that p is sufficiently large (specifically, p > 2). For the case j = 0, (7.29) follows from the
observation that w is a bounded function on K2 since y/(1 —|x|]) < lonK 2D and the
estimate (7.27). For the cases j > 1, we have to control the derivatives. Weuse 0 < y < 1—|x|
and the smoothness of w to estimate
IDPwl < €=k (x, y) € K77, (7.31)
IDP( (1 =P < cpPI=e (1 = 7 P+ op)®), () e KPP, (7.32)
for arbitrary multiindices 8 € N(Z) and p > |B]. Recall that i — a' is convex for i € Ny and
a > 0. From the product rule, we therefore infer for fixed 8 € Ng and p > |B]

IDP (6w (1= 9P| = € [((4 = 1D = P pP)p= 1+ (o)) | (1 = )7
= @ = 1xp™ 4 pPp= + ] (@ = e, (7.33)
(7.33) thus allows us to control the derivatives of the function W defined as
W(x,y) =y w(l —y)?".
We now consider the case j = 1 and |8| = 1. Then Lemma 7.8 gives
1 1|

/ /(u(x)DﬁW)z—i—(axu(x)W)z dy dx

x=—1 y=0

ety | e e
SC(p 2 ullgag + PP e, + P 1||axu||iz(e))

—2a—1 2 —2a—1

< Cp 2 Nduulltagy + PP ulfay,s

where, in the last step, we employed the Hardy inequality of Lemma 7.7 (with § = —2
there). We now consider j = 2. Then, we have to bound ||uDﬂW||Lz(gzp) for |B] = 2,
0xu DPWI| 220, for |B] = 1 and [|07uW || ;2 g2p,. Writing D*W and D'W for the sum
of all derivatives of order 2 and 1, respectively, we estimate

2

107uW 1132 g2p) < CP™2* Ml s

—a— 1 —a—
10xuD' W72 20, < c(p 2 Bl + PP 1||axu||iz((,,))

= C (P 202 + P27 0l ,)

4 The condition p = j can be dropped if £ ,u vanishes to higher order at the vertex (0,1) due to appropriate
assumptions on the function w.
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where, in the last step, we used again the Hardy inequality of Lemma 7.7 with the assumption
d,u(1) = 0. Estimating u D> W requires us to control

1 I-|x

/ / @A — )™ (p~ + %)’ (1 — 2P ~*dydx and

x=—1 y=0
1 1—|x
/ GO P (p~ 4+ y¥)2 (1 — >~ dy dx.
x=—1 y=0

$4a—”m”2

126e)" For the first term, an application

The second term is readily bounded by p
of Lemma 7.8 yields
—2a—1 2
||mu||Lz(e)~
A two-fold application of the Hardy inequality Lemma 7.7 yields ||1/(1 — |x|)%u|| 2(e) =
C ||8)%u||2 which is the desired estimate. The cases j = 3, 4 are shown with similar

L2(e)
arguments.

For the estimate (7.30), we argue in a similar way. We focus on the case ¢/ # e, the
case ¢/ = e being slightly simpler. The assumption p > j implies that Eq .u vanishes to
higher order at the vertex (0,1). We may therefore concentrate on the behavior of E; .u at the
vertices (—1,0) and (1,0). For example, for i = 0 we have to estimate terms of the following
form (the contribution (1 — y)? is generously estimated by 1) in view of (7.33):

1
/ 2 (1= x)™2 (p~ + (1 — [x)%)” dx, (7.34)
x=—1

where we observed that the factor y* arising in (7.33) is changed into (1 — |x|) due to the
parametrization of ¢’. The integral (7.34) can then be treated with the Hardy inequality of
Lemma 7.7. o

From [43, Rem. 1, Sec. 3.2.6] we have the following variant of Hardy’s inequality:

Lemma 7.7 (Hardy inequality) For 8 < —1 and ¢ € C§°(0, 1)

2
o) 25 dx < (lﬁ i 1|) 2 g/ () dx.

X

Lo~
L~

X

Lemma 7.8 Fix o > 0 and B € R with o + B > 0. There is some C > 0 independent of
x € (0, 1) and p > 0 such that

._.
|

X

o 2
((ﬁ) yPa - y)”) dy < € (min{l —x, p~1))" (1.35)

0

y

_
|

X

o 2
((I—chw(l - y)!’) dy < C. (1.36)

y=0
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Proof We may assume p > 2. Both estimates follow by distinguishing between the cases
x<1—1/pand1—1/p < x < 1; in the latter case, we use additionally (7.27). O

Lemma 7.9 Let f € L'(K?P). Then

/f(x,y+z)dxdydz= /yf(x,y)dydx,

3D R2D
1
/ yf(x,y+z2)dxdydz = / Eyzf(x, y)dydx.
K3D 22D
Proof Follows from an appropriate application of Fubini’s theorem. O

Liftings for the 2D Case

We start with vertex liftings that allow us to match the Taylor expansion in the vertices to
any desired order.

Lemma 7.10 (vertex liftings in 2D) Fix i € Ng and a vertex V of K2P. Denote by ey, es
the two edges meeting at V and by 9,,, 0., differentiation along e, e>. Fix (i1, i2) € N(% with
i1+ iy <i. Then for p > i + 1 one can find polynomials Ly (i, ir),p € P pt2i With
0L Ly (i1.ir).p(V) = 8i\ ji8ir o Y(ir. o) € N§ with ji + jo <1,
VjLV,(il,iz),p(V/) =0 YO<j<i, VverticesV' #V.
Furthermore Ly ;, i,),p vanishes on the edge opposite V and for every s > 0, one has for a
constant Cy > 0 independent of p (but depending on s and i)
1L Gi1.ia). pll s (R2D) < Cyp~HHs-ltin),
Proof 1t is convenient to work with the reference triangle
K*P ={x,»|0<x<1,0<y<1-—x}.
Let Ly, € Z,4; be the univariate polynomial given by Lemma 7.5 with the property

Li{;(O):BJ’Ofor]:O,,landLY;,(l)ZOfOTJZO,7P_1set

11 . .
Ly (iy,in), p(x, ¥) == ilﬁizﬁxl‘ytle,p(x +Y) € Pptiy+ip+i-

Since L1,,(0) = land L{) (0) = Ofor j =1.....iand L{ (1) = 0forj =0..... p—1 >
i, we see that Ly, has the desired properties in the vertices of K2P_To see the norm bounds,
we consider (s, 52) € N% with s; 4+ s2 = s. Then, by the product rule, D(“'SZ)Lv,(,-I,,-Z),p
consist of terms of the form

xil—klin_k2L§SII7+sz_k1_k2)(x +y), 0<k <min{i, s}, 0 <ky <min{ip,s2}.

Hence, we have to bound

1 X
Iy = / ik [ 2t Gkt (2 gy g
x=0

y

Il
=}
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With the aid of Lemma 7.5 in the first step and (7.27) in the second one, we get

It < Z x2@ kl) —1=2(i2—k2)+2(s1+s2—ki kz)(l x)2(17 (s1+s2—ki—ko+iza—k2))+1 (xp)zj
=0
i
5 Zp—2(i1—k1)—lp—l—2iz+2S1+252—2k1 5 p2(51—i1+S2—i2)—2 — pZ(S—l]—iz)—Z’
Jj=0
which implies the desired estimate. O

Lemma 7.11 (edge liftings in 2D) For every ed&e of K?D and j > land p € N there is
a bounded linear operator E%fe) : L%(e) — L2(K?P) with the following properties with a
C > 0 independent of p and u:

() 1ET2ull 220y < Cp™' 2 lull 12
(i) |EF2ul g gony < Cp "2 [pMllull 200+ P IVettll 2oy + -+l v o] if additionally
u € Hf(e).

Additionally, E %2 u has a trace on 9K*P and
(ii) (Ef2u)le = u.

(iv) (E2Pw)lyzm,, = 0.

Furthermore, ifu € H(')i (e), then

V) Yu e ZyNH{(@): E{Pu e 2,y
(vi) (VkElz,guﬂa/?zD\e =0, k=0,....j -1

Proof We consider the edge ¢ = {(x, y) | y = 0}. The edge lifting for e is taken to be

1 . _
(ET2u)(x, y) —u(x)ﬁ(l—x—y)’(1+x—y)’(1—y)”
(I —x=)/

B y Y y )/
_u(x)(l—]_x) (1—m) (1= y)P.

Lemma 7.6 implies the norm bounds stated in (i), (ii), since £ 122 u has the form studied there.

The properties concerning the traces and derivatives on k2D given in (iii)—(vi) follow by
inspection (and j > 0). O

The following result is a variation of Lemma 7.11 and will be required for the 3D situation.

Lemma 7.12 Let ¥ be the vertices of K22 and dy = dist(-, V). Then, for every edge e
of K*P and p € N there is a bounded linear operator Eie: L%(e) — L%(K?P) with the
following properties:

@) 1Byl 220y < Cp~' 2 ull 2¢o)-

(i) |Ey e”|H/(K2D) <Cp~ 1/217] ZZ op ”u”H//(g) ifue H() (e), j = 0.
(i) Ifu € Hj(e)fora] > 1, then Eq culy € H (&) for every edge ¢’ ofKZD and in fact,
forQ<i<j<np,

j
Idy " OV Eyeull 2y < Cp7 D p ¥ ul rte-
k=0
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In the above estimates, the constant C > 0 is independent of u and p. Additionally, if
u € Hp(e), then

(iv) Yu € ZyNH{(e): Ei et € Ppigri.
W) (El,eu)|al?20\e =0.

(i) (VEpew)lygan,, = 0.

(viD) (Ey.eu)le = u.

(vii)) 3y E1,et)]e = 0.

D
e

Proof We modify the operator E f of Lemma 7.11 slightly and set

(Epeu)(x,y) = u(x)

1 5 5 4 »
m(l—X—)’) (I+x-y) 1+PY+)’1_X2 1=y

2 2
_ _ _ 4 -
= u(x) (1 l—x) (1 1+x) (l—i-py—i-y1 —xz)(l )P,

The control of |Ey .u|y J(R2D) stated in (i), (ii) follows from Lemma 7.6 by observing that
2y/(1 —x2) = y/(1 —x) + y/(1 + x) so that Ej ,u = Wyu + pyW,u with functions W,
W, of the form studied in Lemma 7.6. Likewise, the bounds given in (iii) on edges ¢’ follow
from Lemma 7.6 and the special form E .u = Wiu + py Wou. (In fact, the condition p > j
on the degree p is not completely sharp.) The properties (iv)—(vii) result from the factor
(1 —y/(1 = x)*(1 = y/(1 + x))%. The property (3, E .u)|. = 0 is a consequence of the
factor 1 + py +4y/(1 — x2). O

Liftings for the 3D Case

We start with the vertex liftings:

Lemma 7.13 (vertex liftings in 3D) Fix i € Ny and a vertex V of K3P. Denote by ey, ea,
e3 the three edges meeting at V and by 0., differentiation along ey. Fix (i1, i2, i3) € Ng with
i1 +iz+i3 < i. Then one can find, for every p > i + 1, a polynomial Ly (i, i»,i3),p € P p+2i
with
O OLOL Ly (i1.in.in).p (V) = 8iyjy8in 833 VUit Jou j3) € N with ji + jo + j3 <,
VILy (1 p(V) =0 YO < j<i, VverticesV' #V.
Furthermore, Ly (i i,.iy),p vanishes on the face opposite V. Additionally, for every s > 0,

one has for a constant Cy > 0 independent of p (but depending on s and i)

= —3/2+4s—(i1+i2+i
||LV,(i1,i2,i3),p”Hx(KféD) <Csp [24s=lirtintiy)

Proof The proof parallels that of the 2D-version detailed in Lemma 7.10. It is convenient to
work with the reference tetrahedron

K3P ={x,y,2|0<x<1,0<y<l—x,0<z<1—x—y}
Let Ly , € &p4; be the univariate polynomial given by Lemma 7.5 with L(l] ;} 0) = 8;,0,

j=0.....iand L{)’ (1) =0for j=0,....p— 1. Set

111 . . .
Ly (i1,is,i3),p(X, ¥, 2) == ﬁi?i?x”y’zz’%l,p(x +y+2) € Ppiiitirtis-
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Since L1,,(0) = 1and L{") (0) = Oforj = 1....iand L{/) (1) = 0for j =0...., p—1 >
i, we see that Ly , has the desired properties in the vertices of K3P . To see the norm
bounds, we consider a (s, 52, 53) € Ng with s; + 52 4+ s3 = 5. Then, by the product rule,
D '32’53)LV,(i1,i2,i3),p consist of terms of the form

i —k1 - ir—ky i3— 5oty —k —ka—k
X klylz k2zl3 k3L§S,Ip s2+s3—ki—kz 3)(x+y+z)

where (ky, k2, k3) € N(S) is constrained to satisfy 0 < k; < min{iy, 51}, 0 < k> < min{ip, s},
0 < k3 < min{is, s3}. Hence, we have to bound

Ity ko ks
1 1—x l—x—y
— /xz(h—k]) y2—k) / L2i3—k3) |L§f11)+sz+S3—k1—k2—k3>(x +y+42)Pdzdydx.
x=0 y=0 z=0

Abbreviating s = s1 + 52 + 53 and k = k1 + ko + k3 we get with the aid of Lemma 7.5

i
—1-2(i3—k3)+2(s—k
Iy doks S Zp (i3—k3)+2(s—k)
j=0

._
|

X
2G1—k1) y2(i2—/<2)(1 —(x+ y))2(P—(S—k+i3—k3))+1 ((x + y)p)2j .

y

Lo ~—~v-

Il
=)

X

For the innermost integral, we use the change of variables y = (1 — x)n and get in view of
(7.27)

1—x

/ — (1 _ x)2+2(i2—k2)+2(p—(s—k+i3—k3))

y=0

PR (1 — 2O (0 (L= ) p)?

Lo~—~a-

n
< (1 = x)2 U0k +2p=G—ktiz—ks) [, =20i2—k)=1 2 [x2j n p—Zj].

Thus, we get

1
Ikl,kz,k3 S z p7172(137k3)+2(s7k)p7172(127k2)
j=0
1
/ x2(i17k1)(1 _ x)2+2(i27k2)+2(p7(sfk+i3fk3))(px)2j
x=0
i
S Zp—1—2(i3—k3)+2(.9—k)p—1—2(i2—k2)p—]—2(i1—k1) S p_3_2(i1+i2+i3)+25,
j=0

which is the claimed estimate. ]
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Remark 7.14 (vertex liftings matching to finite order) Let s > 0 and ¢ € Ny such that the

embedding theorem H* (I? 3Dy ¢ (?) is valid. Define, for p > g + 1, with the aid of the
functions of Ly (j, i,,i3),p Of Lemma 7.13 the operator

1
EPu = Z JDO‘M(V)LV,%.D'

3.
aeNg:lal<q

Then E%,Du € Ppy2q4. Furthermore DB (u — E%,Du)(V) = 0 for all |B] < ¢ and

(DPE3Pu)(V')y = 0 for all |8] < g and vertices V' V, and E3Pu vanishes on the
v 4q 14

face opposite V. Additionally, for > 0, we have

IEPull ooy < Co D 1D u(V)|plel p=3/2+1, (1.37)

lel<q

For the following lemmas, we recall our notion of face normal derivative operator 9y

For aface f of K30 with boundary 9", we denote by 9, ;v = ny - Vv, where n s is the vector
of length 1 normal to df in the plane spanned by f.

Lemma 7.15 (edge trace lifting) For each edge e of K3 denote by fl.e, f2.e the two faces
sharing e. There is a lifting operator Efg : Hg (e) — H3(K3P) with the following lifting
properties:

() (E{2u)l. =u.

e

(i) E ]3[; u vanishes on all faces that do not have e as an edge.

(iii) E?gu as well as VE%eu vanish on all edges except e.

(iv) For each of the two faces fi.e, f2.e, the face normal derivative of E ?De u vanish on e,
ie.,

O, E}2w)e=0fori=12.

Mfice
) Ifu € P4 0V Hg(e), then E}%u € 2,141

For each fixed j > 0, the following stability bounds are valid:
Vi) I EQull 2 gom) < Cp™ ' lull 2o

(vi)) If u € H{(e), then |E{2uly; gsoy < Cp~'p/llull o + p/Mulyi + -+ +

|M|Hj(e)]~_
(viii) Ifu € H({ (e), then for the faces fi., i € {1, 2},

|E13,]-3M|L2(fi,e) < C[?_l/2||u||L2(e)’
|EY Sl = Cp7'2 [pjllullLZ(e) + 0l + oo+ '“'Hj(e)]'

Proof Lete = (—1,1) x {0} x {0}. With the operator E| , of Lemma 7.12 define E13[e) by
the formula

(Eile)”)(x’ v,2) 1= (Epeu)(x,y +2).

The statements (i)—(iv), about where E luzu vanishes follows from the definition. The esti-

mates (vii), follow from Lemma 7.1 2.(ii)’ and the simple observation that y = 0 or z = 0 for
the faces fi ., f2,.. For the volume bounds (v), (vi), we employ Lemma 7.9 and arguments
similar to those of the 2D case in Lemma 7.6. ]
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Lemma 7.16 (edge normal derivative lifting) For each edge e of K3 denote by f1,e and
[2.e the two faces that share the edge e. There is a lifting operator E;g : HO2 (e) > H*(K3P)
with the following properties:

@) Egle)u vanishes on K 3P \ fle-

(ii) The face normal derivative 0, e E;le) u satisfies
Ony, (E3%u)|, = u and Ony, (E32u)15f, ,\e = 0.

(i) 1E32ull 2 g0y < Cp2llull12)-

(V) |E32ul 2 gany < Cp 2 [P lull 2 + Plul g + lul g2 ] -
(v) For the face fi ., we have

|E§,€M|L2(f1,g) < Cp M2 |u 26

|ES€”|H2(f1_e) < Ccp2t12 [P2||M||L2(e) + plulgie + ulg2e)] -
i) Ifu € 2, N H;(e), then Ex ot € Py py1.
Proof Lete = (—1,1) x {0} x {0} and let f1 ., = {(x,y,2)] aK3P N {y = 0}}. With the
operator Eq . of Lemma 7.11 define E%[e’ by the formula
(E3%u)(x, y.2) i= y(Epeu)(x, y +2).

The statements (i), (ii) about where E; 2 u vanishes follows from the definition. The estimates
(v) follow by reasoning as in the proof of Lemma 7.11. In view of Lemma 7.9, we see that
we can proceed with analogous arguments as in the 2D case to get the volume bounds of
(iii), (iv). O

We finally need a lifting from faces.

Lemma 7.17 (face lifting) For each face f of K30 there is a lifting operator E;D :
Hg(f) — H2(I?3D) with the following properties:

) (E;'D”)|31?3D\f =0.

(i) (E3Pu)lf = u.

(i) I1EF ull 2gsmy < Cp~ P lull 25,

(iv) |E}Du|Hz(,?3D) < Cp 2 [pPlullpacpy + plulpcpy + lul g -
W) Ifu € 24 NHG(f), then E}Pu € Piq.

Proof Let f = K2P x {0}. Define E3P by

(EPu)Gr,3.2) = (= =y =91 +x =y = )1 =2

_ _ z _ < AP
U R

We focus on the bounds for the second derivatives of E }D u. We note that E }D has the form

(E;DM)(X’ Y, Z) = M(X, )’)w(x’ Yy, Z/(l - X = y)? Z/(l +x — y)v Z)(l - Z)p (738)
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for a smooth function w. Arguing as in the proof of Lemma 7.6 , we see that for multiindices
B e Ng, |B| < 2 we have by the smoothness of w and that fact that |z/(1 —x — y)| < 1 as
well as |z/(1 +x — y)| < 1 on K3P

1 1Bl 1 1Bl
IDPw(x,y, z/(1 —x —y),z/(I+x—y),2)| < C (7) + (7)
l—x—y 1+x—y

(7.39)

With the product rule we get with the abbreviation d(x, y) := dist((x, y), k2D )
1 18I
IDP (w1 —2)P)| < C (5 + p) (1 — P18 (7.40)

As in the proof of Lemma 7.6, we abbreviate Dy and D?u for the sum of all derivatives of
order 1 and 2. From (7.38) we obtain with the product rule for differentiation and (7.40)

2 ~ 1 ¢ -
‘E;Du’m([?su) = CZ (D2 ZM) (E +p) (1—2)P~* )

=0
2
¢ 2—¢ p—t . s o
<C ; (Hd (D u) 1-2) ‘ L2(1?3D) +p H (D Lt) (1—-2) ‘ LZ(I’(\gD))
2

—1/2 R ‘ R

S Cp ;(Hd D M‘LZ(EZD) +p |M|H2—((K21)))
2

([20, Thm. 1.4.4.4])

=< Cp_l/QZPZ—‘@ |M|Hl(]/(\2D),

=0
which concludes the proof. .
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