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General Formulation of the Electromagnetic Field Distribution in Machines
and Devices Using Fourier Analysis

B. L. J. Gysen, K. J. Meessen, J. J. H. Paulides, and E. A. Lomonova

Electromechanics and Power Electronics Group, Department of Electrical Engineering, Eindhoven University of Technology,
5600 MB, Eindhoven, The Netherlands

We present a general mesh-free description of the magnetic field distribution in various electromagnetic machines, actuators, and
devices. Our method is based on transfer relations and Fourier theory, which gives the magnetic field solution for a wide class of two-
dimensional (2-D) boundary value problems. This technique can be applied to rotary, linear, and tubular permanent-magnet actuators,
either with a slotless or slotted armature. In addition to permanent-magnet machines, this technique can be applied to any 2-D geometry
with the restriction that the geometry should consist of rectangular regions. The method obtains the electromagnetic field distribution
by solving the Laplace and Poisson equations for every region, together with a set of boundary conditions. Here, we compare the method
with finite-element analyses for various examples and show its applicability to a wide class of geometries.

Index Terms—Boundary value problem, Fourier analysis, permanent magnet.

LIST OF SYMBOLS

A Magnetic vector potential Wb m™! L. INTRODUCTION
B Magnetic flux density vector T
XTENSIVE modeling of the electromagnetic field distri-
Bram Remanent flux density T . . . .
bution has become a crucial step in the design process
Unit vector - for developing electromagnetic devices, machines, and actua-
7 Magnetic field strength vector Am—! tors which have improved position accuracy, acceleration, and
. force density. During recent years, a lot of research and devel-
h Height m .
opment has been conducted to be able to model or predict the
T Current density vector A/m?*

magnetic field distribution in electromagnetic structures. Sev-
k Region number - eral analytical, semianalytical, and numerical techniques exist
in the literature:

l Longitudinal direction m
. o » * the magnetic equivalent circuit (MEC) [1], [2];
M Magnetization vector Am e the charge model (CM) [3]’ [4];
m Harmonic number - * transfer relations—Fourier analysis (TR-FA) [5]-[8];
n Harmonic number - * Schwarz-Christoffel conformal mapping (SC) [9]-[12];
’ Normal direction . * finite-element method (FEM) [13];
* boundary-element method (BEM) [14].
q Tangential direction m . . .
In general, each type of problem will have its own optimal
w Spatial frequency m~'orrad™'  modeling technique, since high accuracy is not always pre-
X Magnetic susceptibility _ ferred and a low computational time could be more important.
A Offset in tangential direction .,  For almost every technique, these; requlremest are a t.radeoff,
although the increased computational capability of micropro-
® Permeability Hm™'

cessors enhanced the use of numerical methods. A large class
o Permeability of vacuum Hm™' of the mentioned methods (MEC, SC, FEM, FEM, amd BEM)
require geometry discretization, mesh, prior to the calculation

s Relative permeability —
o of the electromagnetic field distribution; hence, only solutions
0 Angular direction rad . . .
at the predefined points are obtained. An increased mesh den-
T Width morrad  gjty improves the accuracy, but also increases the computational
To Bessel function of first kind of Oth order —  time. Additionally, correct geometry discretization requires
7, Bessel function of first kind of 1th order _ prior knowledge to get a reliable solution. In ironless structures,
) . . without concentrated magnetic fields, or machines with a small
Ko Bessel function of second kind of Oth order - . ]
air gap and a large outer size, these methods become even more
Ky Bessel function of second kind of 1th order —

problematic due to the necessity of a high mesh density and/or
size.
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Therefore, a mesh-free solution is preferred since the computa-
tional time reduces and, in certain problems, it even allows for
analytical expressions which provide for direct means to illus-
trate the dependencies of the geometric parameters and material
properties.

This paper will discuss the analytical calculation of the elec-
tromagnetic fields using transfer relations and Fourier analysis.
The direct solution of the magnetostatic Maxwell equations is
considered, which reduces to the Laplace equation in the air
region and the Poisson equation in a magnet or current car-
rying region. This method originates from the book of Hague
[5], which only considers the field solution for arbitrary posi-
tioned current carrying wires between two parallel or concen-
tric iron surfaces. Boules [7] applied this work for permanent
magnets by replacing them by an equivalent distribution of am-
pere-conductors and using Hague’s field solution. The disad-
vantage is that no irregular iron shapes can be considered and
that the magnet should have a simple geometric shape and mag-
netization direction. The solutions of the Maxwell equations in-
cluding permanent magnets described by harmonic series were
published by Zhu et al. [8]. Recently, several publications ex-
tended this method considering specific problems in different
coordinate systems [18]-[24].

In this paper, the method is extensively described in a gener-
alized manner, focusing on:

¢ model formulation;

* methodology;

» general field solutions in two-dimensional (2-D) coordi-

nate systems;

» examples in 2-D coordinate systems (FEM comparison);

* numerical limitations.

The model formulation can be applied for general 2-D prob-
lems in the Cartesian, polar, and cylindrical coordinate system.
The distinction between regions with periodical boundary con-
ditions and Neumann boundary conditions in the tangential di-
rection is made. Therefore, irregular rectangular iron shapes can
be considered; hence, a wide range of devices can be modeled
using this technique. Examples of the analytical solution for the
three coordinate systems are compared with 2-D finite-element
analysis (Cedrat FLUX2D [25]). Furthermore, numerical prob-
lems and drawbacks for certain conditions will be addressed.

II. MODEL FORMULATION

A. Model Assumptions

To obtain a semianalytical field solution, the following as-
sumptions have to be made:

1) the problem can be described by a 2-D model;

2) the materials are linear;

3) the materials are homogeneous;

4) the soft-magnetic material (iron) is infinite permeable;

5) source terms are invariant in the normal direction within
one region.

General electromagnetic devices have a 3-D geometry. Since
only 2-D problems can be considered, the geometry should be
invariant with one of the three dimensions, or its dependency
should be negligible. In general, this is a valid assumption since

IEEE TRANSACTIONS ON MAGNETICS, VOL. 46, NO. 1, JANUARY 2010

TABLE 1
COORDINATE SYSTEMS

Normal | Tangential | Longitudinal
General p q l
Cartesian Yy T z
Polar T 0 z
Cylindrical | r z %

for example, in rotary actuators the 3-D effects due to the finite
axial length are often negligible, and in tubular actuators, the
axisymmetry results inherently in a 2-D problem description.
A large class of long-stroke actuators and machines exhibit a
certain symmetry or periodicity. The use of Fourier theory al-
lows one to use that periodicity to describe the magnetic field
distribution. If the 2-D problem has no periodicity, it can be ob-
tained by repeating the problem in the direction where the pe-
riodicity should be obtained with the assumption that the elec-
tromagnetic influence of the repetition on the 2-D problem is
negligible. Three different 2-D coordinate systems will be con-
sidered: Cartesian (x, y), polar (r, #), and cylindrical (r, z). The
direction of periodicity is arbitrary for the Cartesian coordinate
system; either the x or the y-direction can be used, however, the
x-direction is chosen in this paper. For the polar and cylindrical
coordinate system, the direction of periodicity is the # and z-di-
rection, respectively, since physically no electromagnetic peri-
odicity can be obtained in the r-direction. For generality the
normal direction is referred as the p-direction, the direction of
periodicity or the tangential direction is referred as the g-direc-
tion, and the longitudinal (invariant) direction is referred as the
[-direction. A summary of the considered coordinate systems is
given in Table I.

The analytical solution only applies to linear problems;
hence, the permeability of all materials is assumed to be
isotropic and homogenous. The permanent magnets are mod-
eled with a linear B-H magnetization curve in the second
quadrant with remanence B,.p, and relative recoil permeability
T

The relative permeability of the soft-magnetic material is as-
sumed to be infinite; hence, the magnetic field distribution is
not calculated inside the soft-magnetic material but the mag-
netic field strength normal to the boundary of the soft-magnetic
material is set to zero (Neumann boundary condition).

The source regions, magnets or current carrying coils, are in-
variant in the normal direction. This implies that a source that
varies in the normal direction should be described by multiple
regions [23].

B. Examples

For every coordinate system, an example will be given
which indicates the applicability of the proposed method. For
the Cartesian coordinate system a structure enclosed with
soft-magnetic material is considered which has an irregular
rectangular shape, Fig. 1. This indicates that the model is
even applicable to structures enclosed by soft-magnetic mate-
rial without periodicity. The example in the polar coordinate
system is a three-phase rotary brushless permanent-magnet
actuator with slotted stator, Fig. 2, indicating the ability of
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Soft-magnetic
material

fy ha

- -—

By Ry = Py = By
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Fig. 2. Boundary value problem in the polar coordinate system, a three-phase
slotted brushless PM actuator.

modeling slotted permanent-magnet actuators in a semianalyt-
ical manner. For the cylindrical coordinate system, a slotless
tubular permanent-magnet actuator with axial magnetization is
modeled, Fig. 3. In that particular example, the field distribution
due to a finite stator length will be calculated which allows for
cogging force calculation, as discussed in [21] for radial and
Halbach magnetization.

C. Division in Regions

In order to solve the total field distribution in the electro-
magnetic actuator or device, the 2-D geometry will be divided
into several regions. Since the soft-magnetic materials are as-
sumed to have infinite permeability, three different regions are
considered:

* source-free regions (air, vacuum);

* magnetized regions (permanent magnets);

* current carrying regions (coils, wires).

Every region should be enclosed by four boundaries where each
boundary is in parallel with one of the two variant dimensions
under consideration (normal or tangential). When a boundary is

—_—

(NS SRS ——

. 2l
Bt he hal hy fis
LS LR B

Fig. 3. Boundary value problem in the cylindrical coordinate system, a slotless
tubular PM actuator.

not in parallel with one of the two dimensions, it can be approxi-
mated by a finite number of rectangles with varying length [23].
The division in and number of regions defines the form of the so-
lution and the complexity of the problem. For the examples con-
sidered, a number of 6, 7, and 12 regions is necessary to model
the boundary value problem for the Cartesian (Fig. 1), polar
(Fig. 2), and cylindrical (Fig. 3) coordinate system, respectively.

To simplify the magnetic field formulation, each region has a
local coordinate system. The main coordinate system is (p, ),
where the local coordinate system (p, qi) for every region is
defined as

a = q— Ay )]
where the offset Ay is indicated in Figs. 4 and 5.

D. Motion

Since all regions have a parameter Ay, defining the offset in
the tangential direction, motion in this direction can easily be
implemented. Defining a set of fixed regions and a set of moving
regions, an increment of the parameter Ay, for all regions within
the moving set results in a positive displacement. Now it is pos-
sible to calculate the field distribution for all positions of the
moving part.

E. Boundary Value Problem

Dividing the geometry in regions results in a boundary value
problem. This type of problem has three types of boundary con-
ditions: periodic, Neumann, and continuous. The boundaries
of a region parallel to the p-direction should both be periodic
(Fig. 4) or Neumann (Fig. 5). The boundaries parallel to the

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on January 8, 2010 at 07:47 from IEEE Xplore. Restrictions apply.



42

Periodic boundary conditions

Ag

Fig. 4. Definition of a region with periodic boundaries.

Neumann boundary conditions, H, =0
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Fig. 5. Definition of a region with Neumann boundaries.

g-direction can either be Neumann or continuous or a combi-
nation of both. The division in regions is such that each region
has constant permeability and the source term does not vary in
the normal direction.

The reason for applying Fourier theory to the solution of the
magnetic field distribution is to satisfy the boundary conditions
in the tangential direction (constant p).

For a region with periodic boundary conditions, Fig. 4, and
width 27, choosing the mean period of 27, for the Fourier
series of the magnetic field inherently satisfies the periodic
boundary conditions.

For a region with soft-magnetic boundaries, Fig. 5, the tan-
gential magnetic field component at the boundary has to be zero.
As a sine function has two zero crossings (at 0 and ), de-
scribing the component of the magnetic field tangential to the
boundary by means of a Fourier series with mean period 27y,
where 7y, is the width of the region, inherently satisfies the Neu-
mann boundary condition (H, = 0).

The boundary conditions in the normal direction (constant
q) will result in a set of equations which are used to solve the
unknown coefficients of the magnetic field description which
will be discussed in Section IV.

IEEE TRANSACTIONS ON MAGNETICS, VOL. 46, NO. 1, JANUARY 2010

III. SEMIANALYTICAL SOLUTION

A. Magnetostatic Maxwell Equations

In order to solve the magnetostatic field distribution, the mag-
netic flux density can be written in terms of the magnetic vector
potential A as

B=VxA4 )

since V - B = 0. For the remainder of this paper, the definition
of the magnetization vector M as employed by Zhu [8] will be
used wherein

M = Xﬁ + ]\7[0 3)

V] grem

My = 4)
Ho

with x the magnetic susceptibility and Mj the residual magne-
tization. This definition of the magnetization vector gives the
constitutive relation in the form of

-

B = puo(H + M) 5)
= pokir H + oMo (6)

where . = (14 ) is the relative permeability of the considered
region k. This reduces the magnetostatic Maxwell equations to
a Poisson equation for every region k, given by

V24 = —uo(V x ]\7[0) — uj @)

with g = pgu,. Since only 2-D boundary value problems are
considered, the magnetization vector I\Zo only has components
in the normal (A4,) and tangential direction (M, ) and the cur-
rent density vector J has only a component in the longitudinal
direction (.J;). Therefore, the magnetic vector potential has only
a component in the longitudinal direction (A4;) which is only
dependent on the normal (p) and tangential direction (g). The
Poisson equations in the different coordinate systems are there-
fore given by

Cartesian :
DA DA oM, oM,
ap* = O¢* ° ( dq op ) e ®
Polar:
10 04 1094 19(pM,) 10M,
—a Pt 557 ="t | -— - —— — pudy
pOp  dp  p* Oq p Op p Oq
9
Cylindrical:
10 04, 0%4; 1 oM oM
e A —— P _ ) — uJ;.
pop’p T ag T T Ty Ip s
(10)

Note that when a particular region k is considered, the local
coordinate systems need to be considered by replacing g by gx.
The magnetic flux density distribution can be obtained from the
solution of the magnetic vector potential by means of (2) and

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on January 8, 2010 at 07:47 from IEEE Xplore. Restrictions apply.



GYSEN et al.: GENERAL FORMULATION OF THE ELECTROMAGNETIC FIELD DISTRIBUTION IN MACHINES AND DEVICES 43

the magnetic field strength (H ) is obtained from the flux density
distribution by means of the constitutive relation (6).

B. Source Term Description

The description of the Fourier series for the source terms is
different for regions with periodical boundary conditions in the
tangential direction than for region with Neumann boundary
conditions in the tangential direction, see Figs. 4 and 5. The
function which describes the source term, magnet or coil region,
will be assigned as f, which can be the normal (M,,) or tangen-
tial magnetization component (M, ), or the longitudinal current
density component (.J;)

%:M@+MQ
+Z

Z (Mys sin(wg, qr )+ My cos(wr qi))  (13)

Y

s Sin(wy qi )+ Mpe cos(wy qi))  (12)

J = Jlel

Jy = Ji, + Z(Jls sin(wi, qr) + Jic cos(wy qi.))

n=1

(14)

5)

where the spatial frequencies wy, for every region k are defined
as

nm

wi(n) = —
k

(16)

For regions k with periodical boundary conditions, the width of
the region is defined as 27;,. Hence, using general Fourier theory,
the source function f as function of the tangential direction g
for region k can be written in terms of Fourier series as

f=/fo+ Z(fs sin(wiqr) + feocos(wrgr)) (17)

n=1
. 1 [
fo= o fdgy (18)
Tk Jo
1 27y,
fs(n) = — fsin(wrqr)dqr (19)
Tk Jo
1 27y
fe(n) = — f cos(wrqr)dgy. (20)
Tk Jo

For regions with Neumann boundary conditions, the width of
the region is defined as 7, but the main period of the Fourier
series for the source term is still 273,. The total source descrip-
tion is therefore obtained by applying the imaging method [5],
where the source is mirrored around its tangential boundaries
as indicated in Fig. 6. A consequence of this imaging method
is that, for normal magnetized regions, the cosine terms will
be zero (M, = 0) and, for the tangential magnetized regions
and longitudinal current density regions, the sine terms will be
zero (Mys = 0, Jis = 0). After applying the imaging method,
(17) to (20) can still be applied.

Region &

® E ®

‘}I +

e

Fig. 6. Source description for regions with Neumann boundary conditions in
tangential direction. (a) Normal magnetized region. (b) Tangential magnetized
region. (c) Longitudinal current source region.

C. Semianalytical Solution

Since the source terms are expressed by means of Fourier
analysis, the resulting solution for the magnetic vector potential
is also written in terms of Fourier components. The Poisson
equation is solved with the use of separation of variables,
hence the solution for the vector magnetic potential is given
by a product of two functions, one dependent on the normal
direction (p) and one on the tangential direction (¢). As men-
tioned before, the functions for the tangential direction are
sine and cosine functions since a Fourier description is used.
The function for the normal direction is such that the Poisson
equation is satisfied

A= Ayp,qr)é& 1)

A= Z(Aps(p) Sin(wk Qk) + Apc(p) COS('[Uk Qk)) + Aln (P)
n=1

(22)

Hence, the expressions for the magnetic flux density distribution

can generally be written as

B

bS]

(23)

B (P ar)ep + By(p, qr)éy
B

M

(Bps(p) sin(wg gr) + Bpe(p) cos(w qx)) (24)

3
I
—

(qu ([)) Sin(wk (Ik) + ch([)) COS('[Uk Qk)) + Bqn (p)

m
I
NE

1

3
Il

(25)
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where the functions B, B,., Bys, By, and B, can be ob-
tained by considering the transfer relations for every coordinate
system [6], and are given by

1) Cartesian Coordinate System:

Bps = (,Lnﬁ'/wk P + bneiwk P + Gps (26)
Bpe = —cpet P —dpe” " P 4+ G 27
Bgs = cpe¥*P —dpe” rP (28)
Bge = ane”*P — be " P 29)
By, = —pJiyp+ By (30)
where G, and G, are defined as
Jic
s = oMy + 272 (31)
J s
Gpc = ,U’OMpc s . (32)
Wy
2) Polar Coordinate System:
Bps = anpu” -t + bnp_wfE -t + Gps (33)
Bpe = —c,pU 7t —dp T 4 G (34)
qu = cpp"* - dnp™"* -t + Gqs (35)
Bye = anp”* 7t = bupT T 4 Gy (36)
1 A
Byy = guhyp + oMy, = = (37)
where Gps, Gpe, Gqc, and G5 are defined as
oM Mes n(p) 4 e, wp =1,
Gps _ 4Mp;. 2’\4;,r + ,lLJ“phl( ) wy = 2, (38)
url\/[},g = M,. +Mw ]“427, else
NIIM“”—FZ“ ln( ) — é P, wy = 1,
Gpc _ 4 pr+2 pln( ) wk — 27 (39)
w u’M“”JrM“ W else
HoWk =77 — pWr 4]) g
Fep ez (14 In(p)) +u2‘£“p, w =1,
Gqs _ 2’\/[,: +’Vf —|—,LLJ“ (1 _|_21n( )) wy, = 27
u’l\f?i”LM“ + HEp, else
(40)
a0 2 (1 ) 4 e, =1,
Gge = /1,072”[?” Mae 4 pke Jie p(1 4 21n(p)), wi =2,
1o Mp —M 4y g]lr clse.
(41)
Cylindrical Coordinate System:
Bps =apIy (’wk p) + bnlcl(wk [)) + Gps (42)
ch - _CnIl (wk p) - dn,Kl(’lUk p) + Gpr (43)
ch = a'nL) (“}k p) - bnlc()(“/k p) + Gqc (44)
qu - CnIO (wk p) - anCO(wk P) + Gqs (45)
By, = —pJiyp+ Bo (46)
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where Gps, Gpe, Ggs, and G4 are defined as

Jie

Gps = <;1,0Mps + u—l> F, (47)
Wk
Jls

Gpc ,UOMpc e Fp (48)
wy,
Jis

Ggs = | HoMpe — 4 F, 49)
wy,

Jic\
Gue = = (moMyt 17 ) F, (50)

and F, and Fy are defined as

wr P Wy p
F, =K1 (wg p) / Ty (v)vdv — Ty (wy p) / Ki(v)vdy
Jo Jo
(5D

wy P Wy p
F,=Ko(wg p) / T (v)vdv+ Ty (wi p) / Ki(v)vdv.
Jo Jo

(52)

For regions with Neumann boundary conditions in the tan-
gential direction, Fig. 5, H, should be zero at the tangential
boundaries of the region; consequently, 13, only contains sine
terms (B,. = 0). Since the normal and tangential component
of the magnetic flux density are linked via the magnetic vector
potential, the sine terms of the tangential component will also
be zero in that case (B, = 0).

The set of unknowns a,,, b,,, ¢,,, d,,, and By or Aq for every
region are solved considering the boundary conditions in the
normal direction which will be discussed in the following
section.

IV. BOUNDARY CONDITIONS

Due to the proper choice of the solution form for the magnetic
flux density distribution, the boundary conditions in the tangen-
tial direction are inherently satisfied as discussed in Section II.
To solve the unknown coefficients in the set of solutions for
the magnetic flux density distribution, the boundary conditions
in the normal direction have to be considered. Five types of
boundary conditions can be distinguished:

e Neumann boundary conditions;

* continuous boundary conditions;

e combination of Neumann and continuous boundary

conditions;

* conservation of magnetic flux;

e Ampere’s law.

Each of them will be considered in the following subsections.

A. Neumann Boundary Condition

A Neumann boundary condition (tangential magnetic field
strength must be zero) appears at the normal interface between a
region k and a soft-magnetic material at a certain height p = hy,
as shown in Fig. 7

Hl]k = ()‘P=hb' (53)
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Region &
(b) Ty

Fig. 7. Neumann boundary condition for a region k with (a) periodic boundary
conditions and (b) Neumann boundary conditions in the tangential direction.

Using the constitutive relation (6), (53) can be written in terms
of the magnetic flux density and magnetization as

By, — oM, = 0lp=p,. (54)

Equation (54) implies that the sum of a Fourier series needs
to be zero at height p = h; for all g;. This can be obtained
if every harmonic term of the Fourier series is zero including
the dc term; hence, both the coefficients for the sine and cosine
terms need to be zero as well as the dc term. Equation (54) can
therefore be rewritten in the following set of equations for every
harmonic n:

quk - U(JMqSk = O‘I’:hb (55)
Bq% - MUM;;J% = O‘P:hb (56)
B — oMy, = O‘I’Zhb' (57)

B. Continuous Boundary Condition

For the continuous boundary condition, the normal compo-
nent of the magnetic flux density (B) needs to be continuous as
well as the tangential component of the magnetic field strength

(H) at the boundary between region k and j giving

Bpk = BPj ‘P=hb
H

(58)
(59)

s — qu ‘P:hb'

Using the constitutive relation (5), (59) can be written in terms
of the magnetic flux density as

Mj(quc - MOqu) = uk(qu

The two regions (k and j) have the same width and equal offsets
(Ar = Aj), as shown in Fig. 8. This implies that both regions
have the same spatial frequencies (wi(n) = w;(n)) and the
same coordinate systems (gr = ¢;). Applying (58) and (60) to
the flux density distributions at the boundary height (p = hs)
will result in equating two Fourier series with equal fundamental
frequency. Consequently (58) and (60) should hold for every

- MOMq;)|p=hb- (60)

[T ‘!
hs & Region j
L e 21_, _J
: 1 .
I e 1
(a) | Region A'l
a
o hi . I
l< 27k .l
| | | Ay
Ipl ______ e i
I_ﬁfl-'- i
hil o Region j
¥
3
(b) 1 Region &
2 h,{.
Iy
T SERETT Y
¥

G

Fig. 8. Continuous boundary condition between a region k and j with (a) peri-
odic boundary conditions and (b) Neumann boundary conditions in the tangen-
tial direction.

harmonic; hence, the coefficients for both the sine and the cosine
function should be equal as well as the dc terms.

Equation (58) will give the following set of equations for
every harmonic n:

(61)
(62)

B}DS:c = Bpsj- ‘p:hb
B

per — Bpg ‘p:ha-

The boundary condition for the continuous tangential mag-
netic field strength (60) will result in the following set of equa-
tions for every harmonic n:

% (quru - /1'0quk) = quj - ‘U'OMqSJ' ‘p=hb (63)
% (Bger, = poMge,) = Bge; = moMac, [p=n, 64)
Hj

M_; (B(Ims - M(]qu) = B(IDJ‘ - MOMq“j ‘p:hl" (65)

C. Combination of a Neumann and Continuous
Boundary Condition

A combination of Neumann and continuous boundary con-
ditions occurs at an interface between regions which have un-
equal width and/or unequal offsets. In general, it concerns the
boundary condition at height p = h;, between a region k on
one side, and one or more regions ji, jo2, ..., jv, on the other
side. A general example for V' = 2 is shown in Fig. 9(a) where
region k has periodic boundary conditions in tangential direc-
tion and Fig. 9(b) where region k£ has Neumann boundary con-
ditions in tangential direction. The region j, will always have
Neumann boundary conditions in the tangential direction. The
technique for solving this type of boundary conditions is for ex-
ample discussed in [18], [22]. The normal magnetic flux density
component 13, of every region j,, should equal the normal mag-
netic field component of region & on the boundary at p = hy,.
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Fig. 9. Boundary condition between regions ji, jo, and k with (a) periodic
boundary conditions and (b) Neumann boundary conditions in the tangential
direction.

Furthermore, the tangential magnetic field strength component
H, of region £ must equal the tangential magnetic field strength
component of every region j, on the respective boundary, and
equal zero elsewhere. Therefore, the boundary conditions are
rewritten in the form

BP_71~ = Bpl'u |P=hb> 0<q;:: <7509 forv = 17 Tt Vv (66)
v
H, = Zv:l H‘Z31~ p=hy, 0<q;0 <7500 (67)
" 0, else.
Applying the constitutive relation (5) to (67) gives
(Bqn - MOIM@)
Vo g .
— {21:1 ﬁ(quq- - Mijqm-”p:hm 0<q;0, <750 (68)
0, else.

Boundary condition (66) implies that two waveforms which
have a different fundamental frequency should be equal for a
certain interval. Boundary condition (68) implies that a wave-
form should be equal to another waveform with different fun-
damental frequency and zero elsewhere. Both boundary condi-
tions are solved using the correlation technique which will be
described in the following subsections.
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1) Normal Magnetic Flux Density: Substituting the general
functions for the magnetic flux density distribution in (66) gives
the following V' equations:

oo
Bys,, sin (wjl,qju) + By, cos(wjquv))
m=1
o0
:Z (Bpsk sin(wrqr) +Bpe,, cos(wrqr)) |p:hb> 0<q 0 <Tjn
n=1

forv=1,...,V. (69)
However, this equation has to be rewritten into an infinite
number of equations in order to solve the infinite number of un-
knowns. Therefore, the coefficients of region j, are written as
a function of the coefficients of region k. This can be obtained
by correlating (69) with sin(w;,q;,) and cos(w;,q;v ), respec-
tively, over the interval where the boundary condition holds.
Since the correlation on the left-hand side is only nonzero for
the harmonic m that is considered for the sine or cosine term,
respectively, the summation over m disappears giving

Meﬂ

Bps,, es(m,n) + Bpey, ec(m,n)),

Bps;.
n:l
forp=hyandv=1,...,V (70)
Bhpe;. = Z (Bpsins(m,n) + Bpe,ne(m,n)),
n=1
forp=hyandv=1,...,V (71)

which is a set of equations for every m and region v where the
correlation functions ¢;, €., 75, and 7. are given by

culmm) = = [ sinfung) sinfu g, (72
e.(m,n) = T% ’/OTN cos(wrqr) sin(w;jugjo)dgjn  (73)
(o) = = [ sinunae) cos(us ), (74
Ne(m,n) = 7_7% ATN cos(wrqr) cos(WjuGju)dgjs. (75)

The solutions of these integrals are given in the Appendix.

2) Tangential Magnetic Field Strength: Substituting the gen-
eral functions for the magnetic flux density distribution in (68)
gives the following single equation:

Z gsi — HoMgs,,) sin(wrqr)
n=1
+(B ger, = HoMee, ) cos(wrqy)]
+ By, NOquk
ZLl :;1 (Y1 [(Bgss, — 1oMys,, ) sin(w;vgjo)
_J) + (Bye,. — toMye,, ) cos(wjvgjv)] (76)
FBaose ~ oMoyl o<qrr

0, elsewhere.
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However, this equation has to be rewritten into an infinite
number of equations in order to solve the infinite number of un-
knowns. Therefore, the coefficients of region % are written as
a function of the coefficients of region j,. This can be obtained
by correlating (76) with sin(wygy, ) and cos(wgqy, ), respectively,
over the interval where the boundary condition holds (width of
region k). The conditional (76) can be written into an uncondi-
tional one by changing the bounds of the right-hand-side cor-
relation integrals into the bounds where the boundary condition
holds. Since the correlation on the left-hand side is only nonzero
for the harmonic 7 that is considered for the sine or cosine term,
respectively, the summation over n disappears giving

quk - MOquk
- Hi —
= Z T Z [(quj?‘ - MOMqSJ'l‘) ﬁs(nam)
v=1 iu’j'u m=1

+ (Bqe,, — toMge,,) Kie(n,m)]

+ (B(ln;q- - MON[qnjq-) Iio(n) (77
p=hs
Bqu - //L()]\/[qck
Vv 00
=3 PN [(Bue, = #0My,,) lmm)

v=1 ,Ll,j“ m=1

+ (chﬂ, - M0A4q(3]7,) gc(”? m)]

+ (Byo,. = 10Mgy,.,) <o(n) (78)

p=hy

which is a set of equations for every n where the correlation
functions &, ke, Ko, Ss, Se, and ¢y are given by

s Ay —Ap+T50 ) )
Ks(n,m) = — sin(wjy, gjv) sin(wrqr ) dqx
Tk JAj—Ay,
(79)
3 Ao —Ap+75. )
Ke(n,m) = NN cos(wjuGjv) sin (Wi qr ) dq
Jjv TRk
(80)
s Dy —Ap+T50
ko(n) = — sin(wrqr )dqs (81)
Tl JA . — 2y,
3 Ao —Ap+75. )
lnom) = = [ vy costunan)
Ju T 8k
(82)
s Ajou—Ap+75,
Ge(n,m) = - /A N cos(wjuqjv) cos(wrqr )dgr
¢ JuT AL
(83)
s A —Ap+75,
so(n) = ——-/[ cos(wrqr ) dqr- (84)
Tl JAj—Ay,

The variable s is equal to 1 when region % has periodic boundary
conditions in tangential direction and equal to 2 when region &k
has Neumann boundary conditions in tangential direction. The
solutions of these integrals are given in the Appendix.

Hi 27
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. e 27
il
[ Ul {2 |

Fig. 10. Conservation of magnetic flux around soft-magnetic blocks sur-
rounded by regions k, 71, j2, and t.

D. Conservation of Magnetic Flux

When the source term of a region inhibits a dc term for the
magnetization in the tangential direction (M, # 0) or current
density in the longitudinal direction (J;, # 0), the magnetic
flux density in the tangential direction has an extra unknown
(By # 0 for Cartesian and cylindrical coordinate system or
Ag # 0 for the polar coordinate system).

When this region has a Neumann boundary condition in the
normal direction, this extra unknown is solved by the boundary
condition given in (57). In the case this region has a continuous
boundary condition in the normal direction, this extra term is
solved by (65). However, when this region is situated between
two other regions with different fundamental period, an extra
boundary condition is necessary to solve the extra term. This sit-
uation occurs for example with regions II; of example 3 (Fig. 3)
(Mg, # 0), or with regions j; and j3 of Fig. 10 (J;, # 0). In
these situations, soft-magnetic “blocks” appear in the structure
which are surrounded by four different regions (k, %, 71, and j
in Fig. 10).

The extra boundary condition is given by setting the diver-
gence of the magnetic field to zero (conservation of magnetic
flux) around the surface of the soft-magnetic block

ﬂB~ndS:0.

Since only 2-D problems are considered, this surface integral
changes to a line integral over the boundary of the block; hence,
the boundary condition for every coordinate system is given by

q2
—/ By, dx
Jq1

(85)

Cartesian:

q2
/ By, dx
< q1

Yy=p2 Yy=p1

Pz Pz
+ / By, dy - / B, dy =0 (86)
p1 T=q2 pi T=q
Polar:
qz q2
/ B, rdf - / B, rdf
. r=pa s r=p1
P2 P2
+/ Bgﬂdr — / ngld’l“ =0 (87)
/Pl 0=qs Y P 0=q,
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Fig. 1. Ampere’s law around soft-magnetic blocks surrounded by regions k,
j'l-s .j?v and 7.

Cylindrical:

qz
/ B, rdz
g r=ps3
2

p
+ / B.,,rdr

Y Pl

=0. (88)

Pz_
— / B., rdr

z=q3 pP1

=0

For a problem concerning V' blocks on the same layer, the
same number of boundary conditions are obtained. However,
only V-1 conditions are independent when the model is peri-
odic. The final independent equation is obtained by applying
Ampere’s law as explained in the following subsection.

E. Ampere’s Law

The final equation for solving the extra terms as explained in
the previous section is given by taking the contour integral of
the magnetic field strength as shown in Fig. 11. Note that this
contour integral could also be applied at the top of regions j,.
The contour integral is given by

lim ¢ H-dl = # J-dS. (89)
For every coordinate system, this equation reduces to
2T T
~(Bgo, — 1oMgo,) = ~= (Bgo,. — moMqo,,)
M M1
752
+—2= (Bgo,, — oMo ,,) (90)
Hit p=hy

V. FINITE-ELEMENT COMPARISON

A. Example in the Cartesian Coordinate System

In this example, every region has Neumann boundary condi-
tions in the tangential direction; hence, B, and B, of every
region are zero or the coefficients ¢, and d,, are set to zero. The
normal magnetization (M, ) of region II only has sine compo-
nents (M,, = 0, M,. = 0) and the longitudinal current den-
sities of region IV; and IV, only have a dc component (.J;s =
0, Ji. = 0). Neumann boundary conditions (56) and (57) are ap-
plied at the bottom of region I; and I» and the top of region IV,
and IV,. Furthermore, a continuous boundary condition is ap-
plied between region II and III given by (61) and (64). Finally, a
combination of Neumann and continuous boundary condition is
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Fig. 12. Analytical solution of the magnetic flux density distribution for the
example in the Cartesian coordinate system.

applied at the bottom of region II and the top of region III given
by (70) and (78). Solving the set of equations for the parameters
given in Table II gives the analytical solution shown in Fig. 12.
Comparing this solution with the 2-D finite-element analysis in
Fig. 13 shows excellent agreement for every region. The only
noticeable discrepancy is at the left and right boundary of the
magnet in region II. Only a finite number of harmonics can be
taken into account to describe the discontinuous magnetization
profile.

B. Example in the Polar Coordinate System

This example considers a rotary actuator with slotted stator.
The translator has a quasi-Halbach magnet array; hence, the
magnetization profile of region II consists of a normal (A),)
and tangential (M,,) magnetization, only the dc components are
zero (M,, = 0, My, = 0). The magnetic field should be zero at
the center of the nonmagnetic shaft; hence, the coefficients b,
and d,, of region I are set to zero. Regions IV; have Neumann
boundary conditions in the tangential direction; hence, coeffi-
cients ¢, and d,, of those regions are zero. The longitudinal cur-
rent densities of regions IV; have a dc term and cosine terms;
hence, only the sine terms are zero (.J;s = 0). The amplitudes
of the different currents are given by

J, = jcos(AC) 91)
A 2

Jy = J cos (Ac — :) (92)
A 4

J. = Jcos (Ac - T”) (93)

where the commutation angle A.. is set to (117)/(60) radians
in this example. Neumann boundary conditions (56) and (57)
are applied at the top of regions IV;. Furthermore, continuous
boundary conditions are applied between region I and II and
between II and III given by (61), (62), (63), and (64). Finally,
a combination of Neumann and continuous boundary condition
is applied at the top of region III given by (70), (71), (77), and
(78). Solving the set of equations for the parameters given in
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Fig. 13. Finite-element solution of the magnetic flux density distribution for

the example in the Cartesian coordinate system.

TABLE II
PARAMETERS OF THE MODEL IN THE CARTESIAN COORDINATE SYSTEM
Parameter | Value Description
K 6 Number of regions
T4 10 mm Width of region I;
T2,3 35 mm Width of region II and IIT
T4 12 mm Width of region IV,
his 5 mm Height of region I;
ha 3 4 mm Height of region Il and I11
ha; 6 mm Height of region I;
Nijai 50 Harmonics for region I; and IV;
Na 3 300 Harmonics for region 11 and II1
Brem 12T Remanent flux density of the magnets
1414.3,4i 1o Permeability of region I; IIT and TV;
7] 1.05 pg Permeability of region II
J 30 A/mm? | Amplitude of the current density

Table III gives the analytical solution shown in Fig. 14. Again,
very good agreement is obtained with the 2-D finite-element
analysis shown in Fig. 15. It can be observed that only the mag-
netic field distribution inside the quasi-Halbach array is difficult
to obtain, since again, a high number of harmonics is required
to obtain an accurate description of the discontinuous magneti-
zation profile.

C. Example in the Cylindrical Coordinate System

The translator of the actuator under consideration consists
of an axial magnetized permanent-magnet array with soft-mag-
netic pole pieces. Hence, regions II; have a tangential magneti-
zation with only a dc term (M, = 0, M. = 0). Furthermore,
these regions as well as region IV have Neumann boundary con-
ditions in the tangential direction; hence, coefficients ¢,, and d,,
are zero. The magnetic flux density has to be zero at the center
of the axis, setting the coefficients b,, and d,, for region I to zero.
Additionally, since region V has infinite height, coefficients a,,
and ¢, are set to zero since the magnetic field is assumed to
be zero at ¥ = co. A combination of Neumann and continuous
boundary conditions is applied at the top and bottom of regions
II; and IV given by (70), (71), (77), and (78). Furthermore, the
divergence of the magnetic field is set to zero around 7 of the
8 pole pieces given by (88), since the 8th equation would not

[B]

13T

v (mm)

X (mm)

Fig. 14. Analytical solution of the magnetic flux density distribution for the
example in the polar coordinate system.
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1.1 T

109T
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Fig. 15. Finite-element solution of the magnetic flux density distribution for
the example in the polar coordinate system.

TABLE III

PARAMETERS OF THE MODEL IN THE POLAR COORDINATE SYSTEM
Parameter | Value Description

K 6 Number of regions

271,2,3 w/2 Width of region I, IT and IIT
Tai w/12 Width of region IV,
Cmy 0.4 Ratio of radial magnet width to 72
hi 25 mm Height of region I

ho 7 mm Height of region II

h3 1 mm Height of region IIT

ha; 12 mm Height of region IV,

Ni2.3 45 Harmonics for region I, I and III
Ny 14 Harmonics for region IV;
Brem 12T Remanent flux density of the magnets
H1,3,4i 1o Permeability of region I, III, IV,
12 1.05 po Permeability of region IT

J 10 A/mm® | Amplitude of the current density

be an independent equation. The last independent equation is
given by applying Ampere’s law at the bottom or top of regions
II; given by (90). Solving the set of equations for the parameters
given in Table IV gives the analytical solution shown in Fig. 16.
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Fig. 16. Analytical solution of the magnetic flux density distribution for the
example in the cylindrical coordinate system.
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Fig. 17. Finite-element solution of the magnetic flux density distribution for
the example in the cylindrical coordinate system.

Again, very good agreement is obtained with the 2-D finite-ele-
ment analysis shown in Fig. 17. In this case excellent agreement
is obtained for every region including the magnets since in this
case, in order to describe the magnetization profile, only the dc
component is necessary.
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TABLE IV
PARAMETERS OF THE MODEL IN THE CYLINDRICAL COORDINATE SYSTEM
Parameter | Value Description
K 12 Number of regions
271,35 80 mm Width of region I, IIT and V
To; 7 mm Width of region II;
h1 2 mm Height of region I
ho; 4 mm Height of region II;
h3 1.5 mm | Height of region 111
ha 2 mm Height of region IV
Ni3s 120 Harmonics for region I, TII and V
Na; 60 Harmonics for region II;
Ny 20 Harmonics for region IV
Brem 12T Remanent flux density of the magnets
41,3,4,5 1o Permeability of region I, III, IV and V
1424 1.05 o | Permeability of region II;

VI. NUMERICAL LIMITATIONS

Modeling techniques which use a meshed geometry will have
a limited accuracy related to the density of the mesh. The frame-
work based on Fourier theory exhibits a similar problem in the
frequency domain. Therefore, the inaccuracies of the proposed
method are all related to the limited amount of harmonics in-
cluded in the solution. The two reasons for the possibility of
including a finite number of harmonics is a limiting computa-
tional time and numerical accuracy. For an increased harmonic
number, the value of the coefficients a,, and ¢,, are decreasing
while b,, and d,, are increasing. Solving the sets of equations for
the boundary conditions results in a system of equations which
is ill-conditioned; hence, the solution becomes inaccurate.

This problem can be reduced by including proper scaling of
the coefficients ay,, by, ¢y, and d,, for every region. This is pos-
sible in the Cartesian and polar coordinate system since

er
Cartesian: a,, o = ane”P=ro) (94)
Caw—1 . w—1
Polar: an — a, ( ﬁ) 95)
Po Po

for a given normal height py. However, this scaling technique
cannot be applied for Bessel functions, making problems in
the cylindrical coordinate system difficult, if not impossible, to
scale.

Limiting the number of harmonics will lead to inaccurate field
solutions at discontinuous points in the geometry, especially at
the corner points of magnets, current regions, or soft-magnetic
material. The correlation technique which is used to satisfy the
boundary conditions between regions with different spatial fre-
quencies has drawbacks when only a finite number of harmonics
can be considered. In order to illustrate the effect, the analytical
field solution is plotted at the boundary between region II; and
region III of the example in the cylindrical coordinate system to-
gether with the finite-element solution for the normal magnetic
flux density in Fig. 18 and the tangential magnetic field strength
in Fig. 19. However, this inaccuracy decays when the field solu-
tion is not calculated at the boundaries but close to, for example
in the center of region III, as shown in Fig. 20, where very good
agreement is obtained. Additionally, the number of harmonics
for each region should be chosen carefully, an extensive discus-
sion on the effect of the number of harmonics taken into account
is given in [26].
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Fig. 18. The normal magnetic flux density component at r = 6 mm for ex-
ample in the cylindrical coordinate system.
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Fig. 19. The tangential magnetic field strength component atr = 6 mm for the
example in the cylindrical coordinate system.
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Fig. 20. The field solution at r = 6.75 mm for the example in the cylindrical
coordinate system.

A second drawback of this framework are the integrals (51)
and (52) in the source functions of the cylindrical coordinate
system. Note that the use of these integrals is only necessary
when Mps, Mp., Jis, or Ji. are nonzero. These integrals are

difficult, if not impossible, to solve analytically and hence are
solved numerically. For obtaining the solution by means of
solving the set of boundary conditions, only the solution of the
source function at the top and bottom of the source region is
necessary, hence the amount of numerical integrals is limited.
If, however, after obtaining the solution, the magnetic field
within the source region has to be obtained, the integrals have
to be solved numerically for every radius in consideration.

VII. CONCLUSION

A semianalytical framework for solving the magnetostatic
field distribution in 2-D boundary value problems is given for
three different coordinate systems. This technique can be ap-
plied to any geometry consisting of rectangular regions which
exhibits a certain periodicity, or is bound by soft-magnetic mate-
rial. The source term description and the resulting magnetic field
distribution is written in terms of Fourier series. The various
boundary conditions are discussed in detail which result in a set
of linear equations that solve the total boundary value problem.
The framework is applied to various examples in different coor-
dinate systems, and the solutions are verified with 2-D finite-el-
ement analyses. Excellent agreement is obtained, which shows
the applicability of this model to various electromagnetic actu-
ators and devices. Furthermore, the drawbacks and stability of
numerical implementation are discussed.

APPENDIX

2mTE[sin(wiA) — cos(rmr) sm(wk(A + Tjy))]
)

€g =
(m T2 —n? T
. 2mri [cos(wiA) — cos(m7r) cos(wi(A + 7jp))]
c (m T — nQva)
=207y Ty [cos(wpA) — cos(m7r) cos(wi(A + 7j0))]
e =
! (m T2 2Tfu)
207 T [sin(wrA) — cos(mm) sin(wg (A + 754))]

fhe = (m27',f — nQTZ )
s Ty [sin(wr A) — cos(mm) sin(wi (A + 7j4))]

fis = T (m27'k — n27'2 )

B sy, [cos(wA) — cos(mm) cos(wi (A + 75, )]
fre = T (m27',3 — 1127']2L)
slcos(wpA) — cos(wr (A + Tj,))]
R =
0 nw
_ smTTjy[cos(wA) — cos(mm) cos(wy (A + 7y )]
o = (mQT,f - 7’L2TZ )
o sy, [sin(wrA) — cos(mm) sin(wg (A + 75,))]
be T ™ (m27'k — 1127'2 )
_ —s[sin(wpA) — sin(wi (A 4 750))]
0= nw
where A = Aj, — Ay and where s is equal to 1 when region

k has periodic boundary conditions in tangential direction and
equal to 2 when region k£ has Neumann boundary conditions in
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tangential direction. If mr, = n7j,, the correlation functions
are given by
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