GENERAL RESULTS ON THE CONVERGENCE OF MULTIPOINT
HERMITE-PADE APPROXIMANTS OF NIKISHIN SYSTEMS

U. FIDALGO PRIETO AND G. LOPEZ LAGOMASINO

ABSTRACT. We consider simultaneous approximation of Nikishin systems of functions by means
of rational vector functions which are constructed interpolating along a prescribed table of points.
We give general conditions for the uniform convergence of such approximants with a geometric
rate under very weak assumptions.

1. INTRODUCTION

One of the basic results in rational approximation theory is Markov’s Theorem (see [12]) on
the convergence of diagonal Padé approximants to the Cauchy transform of a finite positive Borel
measure supported on a compact subset of the real line. No restriction is imposed on the measure.
In [9] the authors obtain a version of Markov’s Theorem for so called multipoint Padé approximants
in which the interpolation conditions are distributed along an arbitrary symmetric (with respect
to the real line) triangular table of points bounded away from the convex hull of the support of
the measure. The main objective of this paper is to produce a similar result for certain (Nikishin)
systems of Markov functions. The approximating functions used are multipoint Hermite-Padé
vector rational functions which extend the construction used in [9] to the vector case.

Let S = (s1, - ,8m) be a system of finite Borel measures with constant sign, and bounded
support supp(s;) C R, i =1,...,m, contained in the real line consisting of infinitely many points.
Let S = (51,...,8m) be the corresponding system of Markov functions, where

~ dsy(z)
Sk(z)= | ——, k=1,... ,m. 1
o) = [T 1)

We study the uniform convergence of multipoint Hermite-Padé approximants for a special type of
system of Markov functions introduced by E.M. Nikishin in [13]. Let us define them.

Let o1 and o9 be two measures with constant sign supported on R and let A;, Ay denote the
smallest intervals containing supp(cy) and supp(os), respectively. We write A; = Co(supp(o;)).
Assume that Ay N As = () and define

<O’1,0’2>(ZL') :/Mdal(x) :az(x)d(fl(fb)

T —t
Therefore, (o1, 09) is a measure with constant sign and support equal to that of oy.

DEFINITION 1. For a system of intervals Ay,...,A,, contained in R satisfying A; N A1, = 0,
j=1,...,m—1, and finite Borel measures o1, ... ,0,, with constant sign in Co(supp(c;)) = A;
and such that, each one has infinitely many points in its support, we define by induction

(01,02,...,05) =(01,(02,...,05)), J=2,...,m.
We say that S = (s1,...,8m) =N(0o1,... ,0m), where
81:<01>:O'1, 82:<0'1,0'2>,... ,Sm:<0'1,...,0'm>

is the Nikishin system of measures generated by (o1,... ,0m)-
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Notice that all the measures in a Nikishin system have the same support, namely supp(o1).

Take an arbitrary Nikishin system of measures S = (s1,...,8m), and let S = (51,...,5,,) be the
corresponding Nikishin system of functions. We fix a multi-index n = (n1,... ,n,) € Z7* and

denote |n| =ny + -+ + n,,. Let oy be a monic polynomial with real coefficients, whose zeros lie
in D =C\ Ay, and degay < |n| + min{n;}. It is easy to verify that there exist polynomials Qy,,
Pni,t=1,...m, such that

Z) dean < |Il|, Qn ié Ov dean,i < ‘Il| -1
(2)

Qn

i) [u} (2) = O (o) € H(D), i=1,...,m.

Finding Qn, Pn, @ = 1,... ,m, reduces to solving a system of (m+ 1)|n| homogeneous linear equa-
tions on the (m+1)|n|+ 1 unknown coefficients of the polynomials. Thus, a nontrivial solution ex-
ists. Py, interpolates the function Qy35; at the zeros of ay,. We call Ry = (Rn,1,--- s Ram), Bn,i =
2“: ,t =1,...,m, a multi-point Hermite-Padé approximant of the system of functions §, associ-
ated to the multi-index n and the polynomial ay,. If a, = 1, we have a classical Hermite-Padé
approximant.

We study the uniform convergence of the sequences {Ryn;}ner, A C Z},i = 1,...,m, to the
functions 3; respectively. First, we obtain convergence in a weaker sense for a wide class of sequences
of multi-indices A. Then, restricting a bit more the type of multi-indices considered, we obtain
uniform convergence on each compact subset of C\ A;.

Let us introduce the type of weak convergence to be considered. Let £ C C and F be the set
of all open coverings {U, } of E by disks U,. Let |U,| denote the radius of U,. We define

mi(E) = inf{z |U,|:{U,} € .7:}

to be the 1 dimensional Hausdorff content of E. From the definition it is easy to prove that the
Hausdorff content is sub-additive and monotonic. More on this concept and its properties may be
found in [11].

Let f,, n € N, and f be complex-valued functions defined on a region Q2 C C. We write

H— lim f,=Ff, KcQ,
and say that f,, converges in 1-Hausdorff content to f on each compact subset K of € if for each
KcQande>0
T m({z € K ¢ [(fa — ()] > ) = 0.
In the sequel A C Z7 is a sequence of distinct multi-indices, and {an}, n € A, a sequence
of polynomials with real coefficients whose zeros lie in a compact subset F € D = C\ A;. Let

¢¢,t € C\ Ay, denote the conformal mapping from D onto the unit disk, such that ¢;(t) = 0 and
() > 0. We have

THEOREM 1. Let S = (s1,...,8m) = N(01,... ,0m) be a Nikishin system and A C ZT. We

assume that there exists a positive constant ¢ such that for alln € A andi=1,... ,m
nizﬂ—c|n|“, k<. (3)
m
Then, for each compact set K C C\ Ay, e >0, and each i =1,... ,m, we have
limsup (my({z € K : |(8 — Rn,i)(2)] > e})/* M <65 < 1, (4)
neA
where

O = max{|p:(2)] : z € K, t € FUA; U{o0}}.
In particular,

H—lig[lanﬂ':gi, KCC\Al, i=1,...,m. (5)



If the rational functions Ry ; are holomorphic in D, one can use a lemma of A. A. Gonchar
(see [8, Lemma 1]) which guarantees that then convergence in 1-Hausdorff content yields uniform
convergence on each compact subset of D. When m = 1 we have multipoint Padé approximants
and it is well known that @Q,,n € Z,, has n simple zeros that lie in A;. The corresponding
statement was proved in [3] for all Qu,n € Z2. In [5], the authors prove that @y has |n| simple
zeros that lie on A; for all n € Zi. The question of whether or not this remains true when m > 3
remains open. For general m € Z;,m > 4, the best known result says (see [6]): Let

Z0(x) ={neZl| Al<i<j<k<m:n; <nj <ng}.

Then, Qy has |n| simple zeros that lie on A; for all n € Z7 (x).
Taking into consideration the previous remarks, from Theorem 1 we immediately obtain

COROLLARY 1. Under the assumptions of Theorem 1, if m <3 orm >3 and A C ZT}'(*), we have
that for each compact set K C D

limsup”@fRn’iH}(/Q‘nl <iog <1, i=1,...,m. (6)
neA
and
rl]ig[lanJ:gi, izl,...,m, (7)

uniformly on each compact subset K of D .

In [7] (see Theorem 7 and the remark at the end of section 5) we obtained the exact rate of
convergence in terms of the solution of a vector valued equilibrium problem in the presence of an
external field. There, the measures are assumed to satisfy o; € Reg,i = 1,... ,m, in the sense
defined in [14], and the sequence |an|"//?,n € A, is required to have limit. As compared to the
results in [7], Theorem 1 and Corollary 1 are less precise in the expression of the rate of convergence
but much more general in its range of application. Taking x = 0 in Theorem 1 and Corollary 1,
we obtain the main results of [1] (for the case when the measures have compact supports).

Section 2 contains some lemmas. The last section is dedicated to the proof of Theorem 1. We
end that section with two remarks on extensions.

2. AUXILIARY RESULTS

From ii), we have
nAi_Pni 1 .
z”[cz(g’}(z):C’)(Q)eH(D), v=0,...,n; — 1, t=1,...m.
Qn z

Let I" be a closed integration path with wilding number 1 for all its interior points. We denote
by Int(I') and Ext(I') the bounded and unbounded connected components, respectively, of the
complement of I'. Take I' so that the zeros of oy lie in Ext(I") and supp(s;) C Int(I'). Using
Cauchy’s Theorem

nAi*Pni n/\i
O:/z” {QS] (z)dz:/z”Qis(z)dz, v=0,...,n; — 1.
r On r Qn

Taking into account (1), Fubini’s Theorem, and Cauchy’s Integral Formula, we deduce that Qn
satisfies the following multi-orthogonal conditions with respect to the measures of the system S

ds;(z)

0= [ 2"Qun(z , v=0,...,n;—1, i=1,... m. 8
[ Qu : (8)
DEFINITION 2. Let n = (ny,...,ny,) € Z7'. For each i = 1,... ,m, we define an associated
multi-index n® = (n,... ,n?,) whose m — 1 components satisfy
A min(ni,...,nj_1,n; —1), when j=2,...,4,
n; =
min(n;, n;), when j=i+1,...,m.

We denote |nf| = > n'

Z.
j=2"j"
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Let 1 <i<j<m. Set
sij = (oi..,05) (855 =03)
It is well known (see the appendix in [10]) that there exists a first degree polynomial £; ; and a
finite positive Borel measure 7; ;, Co(supp(7;,;)) C Co(supp(s; ;)) such that

S = L)+ 7o)
Foreach k € {1,... ,m} we define an auxiliary Nikishin system S* = (s5,... sk ) = N (ok,... ,ck).
If k=1, we take
St = (s3,...,8-) = (dog,widoa,... ,wkdoy) = N(og,...0m).
When 2 < k < m, then
Sk = (sk ... ") = (o, whdro g, ... ,wk dry) =
N (T2, S2.1dT3 ks - - - s Sk—1,560Th ks Sk kATk+15 Tkt 2, - - 5 Om) -

These auxiliary systems were introduced in [1]. Subsequently, in Theorem 3.1.3 of [4] certain
relations between Markov functions corresponding to different components of distinct auxiliary
Nikishin systems were established. For convenience of the reader, we write these formulas according
to our notation. We have:

1
= = Li(2) +55(2), (9)
Si(2) ?
55(2) % * :
§}€(z):aj+sj+1(z)+cjsj(z)’ ji=2,...,k—1, (10)
and
gj(z):a»+§?(z) j=k+1,...,m (11)
gllv(z) J J ) 9 ) ’
where a; and c¢; denote constants and £y, is a polynomial of degree 1.
Set
ngi - Pni
ot [
Given @y, satisfying ii), for each fixed i = 1,... ,m, Py, is uniquely determined by the formula
P (Z) _ / Qn(z)an(x) — Qn(x)an(z) dsl($> (12)
e z2—x an(z)

In fact, it is easy to see that the expression defined by the integral is a polynomial of degree
< |n| — 1 since it equals
Qn(z) — Qun(z an(z) — an(x ds;(x
[ (Gl (o) 2nl) el ) ),
z—x z—x an(x)

Let PI’M be the polynomial defined by (12). This formula may be rewritten as

[Qn@ —P,’m} ()= [ @@ @) _, (1

- ———e Z) € H(D). (13)

If P, ; comes from ii), subtracting ii) from the previous relation it follows that

{H} (z)=0 (i) € H(D).

Qn

Consequently, P, ; = P, ; as stated.

LEMMA 1. Let n = (nqy,... ,ny,) be a multi-index. For each i =1,...m, we have

A(hj¢n7i)(x2)ds§(x2)=0, j=2....m, degh; <n. (14)



Proof. Fix i € {1,... ,m}. From the definition of ®,; and (13), we obtain

Dy ) (@o)dst (xs) = (x @n(21) dsi(@1) st (z

Since deg hj < n} < n;, from (8) and Fubini’s Theorem, it follows that

/A2 hj(:Ez) Qn(z1) dsz(fl i /A2 /Al (h; Qn )(w1) ds; (7 )ds;(:cg) _

A, T2 — &1 an(@y ry —x1  og(x1)

_ 05 )(z) i (21
- Al(hJQn J)( 1)an($1) .

First, we prove the statement of the lemma for the case i + 1 < j < m. If i = m, the set of j is
empty and there is nothing to prove. Let i < m — 1. Using (11), we obtain that

_ 0.5\ (2 dsi(z1) _ . 53 (x1) o dsi(z1)
/Al(thn ])( 1)an(x1) _/Al(hJQn)( 1) (é\ll(xl) ]) an(ﬂ?l) =
C O () 35i(@1) gty (g 4o (@)

Ry A

In the last equality we have the sum of two terms. By hypothesis degh; < n; < min{n;,n;}.
Taking into account (8), we deduce that both terms vanish. Hence the first case is proved.
Now, we analyze the case when 2 < j < 4. Using several times formula (10) to make j descend

to 2 and finally formula (9), we obtain the equalities

(15)

5 = jg? — a1 = ¢S = (16)
3
<1 21
5j-1 5j—2 A1 L
N @j—1— -1 N Aj—2 = Cj=28j0 | = "+ = L /\11 I;Ck 15k »
where £; denotes a polynomial of degree 1, 5% = 1, and ¢;_1,k = 2,...,7 — 1, are constants.
Sustituting (16) into (15), we have that
ds;(x1)
h;jQn)(z =
[, @) e
ds;(x1) T dsg(x1)
i k(T1
—— [ Q@) T = e [ Q) T
/A1 ! ’ an(ml) kzz:l Aq ! an(xl)
From (8) and the hypothesis degh; < min(n; —1,...,n;_1 — 1,n; — 2), we obtain that all the
integrals on the right hand side of this equality are zero. Hence, we have finished the proof. O

In the proof of Theorem 2 below, we use the concept of AT system introduced by E. M. Nikishin
n [13].

DEFINITION 3. Let w;, i = 1,...,m, be a continuous functions with constant sign on an interval
[a, b] of the real line. It is said that (w1, ... ,wy,) forms an AT system for the index n = (n1,... ,7y,)
on [a,b] if no matter what polynomials hq, ... , k., one chooses with degh; <mn; —1,i=1,... ,m,
not all identically equal to zero, the function

Ho(z) = Ho(h1, - s hm;x) = hi(@)wi(x) + -+ + A (2)wm () (17)

has at most |n| — 1 zeros on [a,b] (degh; < —1 forces h; =0).

Regarding AT systems, Theorem 2 of [5] and Theorem 2 of [6] may be jointly stated as follows.

LEMMA 2. Let (S2,...,8m) =N(02,... ,0m) be an arbitrary Nikishin system of m — 1 measures.
If m € {2,3} the system of functions (1,52,...,5m) forms an AT system for any index n € Z7'
on any interval [a,b] disjoint from As. When m > 4 the system of functions (1,82,...,8y,) forms

an AT system for any index n € Z'7'(x) on any interval [a,b] disjoint from As.
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The observations made after the statement of Theorem 1 that when m < 3, or m > 3 and
n € Z7(x), all @u have exactly |n| simple zeros in A; is an immediate consequence of Lemma 2
(see [5] and [6]).

THEOREM 2. Let S = (s1,...,8m) = N(o1,...,0m) be a Nikishin system and n € Z7'. For
each i = 1,...,m, set N* = |n’| + n;, where n® is the associated multi-index. Then, for each
i=1,...,m, there exists a monic polynomial Wy ;, deg Wy ; > |n’|, whose zeros are simple and
lie in the interior of Co(supp(o2)), such that

Of/x Qn(x)m7 v=0,1,... ,N'"—1. (18)
and

~q(2)

where q s an arbitrary polynomial with degree < N°.

[Q;V_VP} =73/ <i,‘f?v’;),f§”<l>‘fi(?:0(zwil)€H<D>» (19)

Proof. Proving the existence of the polynomial W, ; is equivalent to showing that the function
@y = [(QnSi — Pa,i)/an) has at least |n’| changes of sign in the interior of Co(supp(o2)).

Consider the system of functions (§§72, . 7%,171)7 where §59=1and for ea¢hj =3,....m, 5
is the Markov function of the measure s3 ; = (03, ... ,0;). Notice that ds; = 33 ;dos, j =2,...,m.

Rewriting with this notation the equality (14) of Lemma 1, we have

/(hjgg7jq>n,i)(x)da;:0, j=2,...,m,

Az
where for each j = 2,... ,m, h; is an arbitrary polynomial of degree < n; Hence
/ (H®n,;)(2)dol =0, (20)
Ao
with
m
H(x) =H(ha,... s hmsz) =Y (i85 )(x),  degh; <nl.
j=2
Let us assume that ®,; has at most N changes of sign in the interior of the interval A,
where N < |n| — 1. Then, we can choose polynomials hj, j = 2,...,m, such that the function
H(hz, ..., hm,x) has a simple zero at each point where ®,, ; changes sign in the interior of Ay and
a zero of multiplicity |n?| — N — 1 at one of the extreme points of A,. According to Lemma 2, the
system of functions (1,85 3,...,58%,) forms an AT system on Ay. Consequently, H cannot have

more zeros on Ay than those that we have assigned and H®y ; has constant sign on Aj. This
contradicts (20). Therefore, ®,, ; has at least |n’| changes of sign in the interior of Ag. Let Wi, ;
be the monic polynomial whose zeros lie at the points where ®, ; changes of sign in the interior of
As. From ii) in (2) and taking into account that deg Wy, ; > |n‘| we obtain that

Now, let us prove (18). Let I' be a closed integration path with winding number 1 for all its
interior points, such that the zeros of ay, and the interval Ay are in Ext(T") and Ay C Int(T"). From

(21) and Cauchy’s Theorem, we obtain for each i =1,... ,m,
nAi - Pn % i
O—/FZV{QCZW](ZMZ, v=0,...,N"—1.

Substituting 5; by its integral expression, we have that

Qn / dSZ(fE) / Pni 1
= v —= ——dz — V| — d =0,...,N'"—1.
0 /Fz Léan,i (2) N Pz z Fz T (2)dz, v=0,...,

On the right hand side, the second term vanishes since Py ;/(nWh,) is holomorphic in Int(T).
Using Fubini’s Theorem and Cauchy’s Integral Formula, we obtain (18).



Assume that degq < N%. From (18), we have that

e ), dsi)
0= /A 1 Q)

z—x anWh,i(z)’
Hence,
n(z) ds;() _ 1 (qQn)(z) ds;()
e o] = 75 o, W) = ey 22)
Define
ﬁ(z) _ Qn(z)(aan,i)(z) - Qn(x)(aan,i)(Z) ds;(x)
‘ A, z—x (onWh,i) ()
The function ﬁl is a polynomial of degree < |n| — 1 because
Pai(z) = /A {Qn(zz — i)n(x) (anWh)(z) — (aan’i)(zz — ;anwn’i)(x)Qn(x) (and;;,ff;(:c)'
Using (22) we obtain
QnS; — 131’ 2) — Qn(z) dsi(z) _
l Ty | O e e
L[ _@Qu@) dsi(e) _ (1 1
) /A1 (W) (@) = — 2 =0 ZNUrl) € H(D), 1,...,m. (23)

Substracting (23) from (21), we have that

Pn,z' - Pn,i
Oéanﬂ;

(Z>=0(2N1i+1> CH(D), i=1,....m.

Then deg(Pn,; — ﬁnﬁi) < deg(anWh ;) and the polynomial of the numerator vanishes at all the
zeros of an Wy ; counting multiplicities. Obviously, this implies that P, ; = Igi, and we conclude
the proof. O

Set N =max{N®:i=1,... ,m}. From (18) it is obvious that Q, changes sign at least N times
in the interior of A;. Hence, Q,, can be represented as the product of two monic polynomials

Qn=QniQn2, degQui=N>N,

described as follows. The zeros {zn;}, j=1,... , N, of the polynomial (n,1 are simple and lie in
the interior of A;. The polynomial @y 2 does not change sign on A; and degQpn 2 < [n| — N.

LEMMA 3. Fiz i € {1,... ,m} and n € Z'. Then, for any polynomial P, degP < N + N, we
have

T M_ N i e
ZANY P( ) (aan,i)(-T) _;AH’JP( H,J)v (24)
where
A= n,1(7) Qn,2(x)ds;(x) o)

Ay Qni(@ng) (# = 20 j)(anWa i) ()
Furthermore, for each i € {1,... ,m}, the number of coefficients )‘;,j whose sign equals that of the
measure (Qn,2/onWn i)(x)dsi(z) is greater than or equal to (N + N')/2 > [n'| + n;. Finally, for
any polynomial q, degq < N*,
Qna2(2) (3 — B2)(2) / (Qni1d)(z)  Qualw)dsi(z)
(anWhi)(2) Ay (@n19)(2) (anWh,i)(2)(z — )

- Qual@)dsi(@) i)
ar (@ W)@ =) Qua(s)’

(26)
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where
[ @ni(2) — @Qni1(2) Qna(z)dsi(z)
N Py (0 Wai)(@)
and
N AL
52 21 Z z — $n,j (27>

Proof. Let £ be the Lagrange polynomial which interpolates P at each of the points zj ;,
j=1,...,N. Then,

'P—EZQn,fph degPl <Ni.

Integrating with respect to the measure (Qn,2/0nWn,))(z)ds;(z) and using (18), we arrive to

(24)-(25).
Take

P(z) = [ [(z = 2ny)?,

where H+ denotes the product over all j for which )\;,j has the same sign as Qn,2/(nWhn,:)ds;.
If degP < N + N, we can substitute P into (24) to obtain

/ ,P Qn 2 d31 Z )\ xnd

Since P has positive sign on Ay, the integral on the left hand side has the same sign as the measure
(@n2/anWn))(z)dsi(x). On the right hand side, all the terms corresponding to A}, ; with the
same sign as the measure (Qn 2/anWhn,i))(x)ds;(z) vanish. Hence, this sum has a sign different
to that of the measure (Qn,2/0nWhn,))(z)ds;(z) (or equals zero). This contradiction implies that
degP > N + N and from the definition of ‘P, we obtain the assertion concerning the sign of the
coefficients Al ;.

To prove (26) we use (19), which can be rewriten as

a0 I [ (Gule)_Goselinis
(aan,i)(Z) Ay (Qn,l‘I)(Z) (Z - I)(aan,i)(z) ,

where ¢ is an arbitrary polynomial such that degq < N?. In particular, when ¢ = 1 we have that

Qn2 ()8 — G)(2) _ / (@u)(x) _ Quala)dsi(r) / Qno(2)ds; ()
(nWh,i)(2) A (@n1)(2) (2 — z)(anWh ) () A, (27— 2)(anWh;)(2)

/ @na2(@)dsi(z)  pni(z)
Ay (2= 2)(anWai)(z)  @nal(z)
Hence, (26) holds.

Now, since pn; < deg@n,1, taking into account that the zeros of Qn,1 are simple, using (25)
and the definition of p, ;, we obtain that

DPn,i . Dn, z( )
res ~— Tn | = lim (z— x4
(Qn 1 J) z*’xn,j( 7])Qn 1( )

= lim o Tni Qn1(2) = Qn1(2) Qn2(2)dsi(z) =\
z=tn; Qn,1(2) Ay 2= (anWhn,i)(z) 7

Thus, we have (27) and we finished the proof. a



3. PROOF OF THEOREM 1

Proof of Theorem 1. Without loss of generality we can assume that Qn 2ds;/(anWh,) is a
positive measure. Fix i € {1,... ,m}. We denote

0n(z) = [[(z - 7ns)?.

where [[~ denotes the product over all the zeros of Qy 1 such that /\iw- < 0. From Lemma 3 and
the assumptions, we have that

N + N¢

deggn<2<ﬁ— >:K/'—Ni<|n|—|ni|—ni<cm|n|“.
and
deg Qn2 = [n] = N < [n| — 0’| = n; < cmfn|”.
Let Wn be a monic polynomial with real coefficients that divides ay, Wy ;. We take Wn to be of
degree sufficiently large so as to able to use the quadrature formula (24) on the polynomial

That is, we want that

degpn < deg Qn.1 + [0*| +n; .
Additionaly, it is convenient that the degree of py be as large as possible. We will see later the
advantage of this. It is sufficient to take Wj, such that

3emn|® < deg Wy, < 3cm|n|® + 2
In fact, using this restriction and (3), we have that
degpn = deg gn +deg oy +deg Wy, ; —deg Wa < 2(In| —em|n|®) < 2(In|+n;) < deg Qn1 +|n|+n;

as needed. The extra 2 in the upper bound of deg Wn is to be able to select conjugate pairs of
zeros, if needed, to guarantee that Wy, has real coefficients.

Let M = 2max{1l, max{|z| : z € A;1}}. We denote by By, the product of the zeros of @y 2 whose
absolute value is larger than M, counting multiplicities. According to the upper bound obtained
for the degree of Qn 2, this polynomial has at most cm|n|* zeros of absolute value greater than M.

Consider the function
Pn(2) — pn(2)

(Z - I)pn(z) -
This is a polynomial on z of degree < deg Qn 1 + In?| 4+ n;. Hence, appling the quadrature formula
(24) and taking into account (24), (26), and (27), we have

Ky(z,2) =

N gnQn,Q(gi - Rn,i) - (gnOéan,i)(Z) 1 Qn,Q(z)dSi(z) _ pn,i(z) _
W) = T T B UA e 2 (W)@ Quile)
(gnaan,i)(z) 1 _ o Qn72($)d3i($) .
BaTTa(2) [/A (z—x Eale )> (@ V) (@)

dEan,1 1
> Mag (z . Kn(ﬂcn,j,z)) =

Jj=1

deg Qn,1

(gnnWn,i)(2) Pa(z)  Qna(x)dsi(r) i Pa(Tny)
BaWn(2) /A (z = 2)pn(2) (anWn,i)() 2 A (2 = nj)pn(2)

j=1

1| pa@) Qua(@)dsi(@) X7 paleny)
A > T

" Bna 2= (anWh,i)(x) n o, .y

Jj=1
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Denote by d(z, A1) the distance between z and A;. Using (24) once more, we obtain that

deg @Qn,1 D ((IZ ) 1 deg @Qn,1
PP A x
; Mz | T d(z,A) ; Pogpalens)l =

Toay | oS

When we apply the quadrature formula, we use that all the terms of the sum have the same sign as
Qn2(x)ds;(x)/(anWhn,i)(x) or are equal to zero since this polynomial py, vanishes at all the zeros

of gn on Aq and a,Wh,;/Why is a polynomial whose coefficients are real numbers and its zeros lie
outside of the interval A;. Reasoning analogously, we obtain that

Pn () Qn,2(z)ds;(z) 1 . Qn,2(x)ds;(x)
/z—x (eaWai)(@) | = d(z,Ay) /p“( ) eaWar (@) |
Therefore,
2 Qn2(z)dsi(x)|
|Qn(z)| S ‘Bnd(z,Al) /Al Pn(@ (Oéan,i)(J?) -
2 dsz( ) 2|5i‘ gnQn,Q
’Bnd(z,m) /Al(g"Q”)( o | S @ A0 ‘ Boila (28)

To estimate [|gnQn,2/ BHWHH A,, we analyze each factor separately. The zeros of g, lie on Ay,
hence |
Hgn||A1 < (2||$||A1)deggn < Mcm|n| _

The zeros of Wy, are on Ay U F. Set d = min{1,d(A1, Ay U F)}. Obviously, d > 0. Then

1 deg Wn M 4em|n|”
<(z) <%
A d d
To find a bound for the values of Qn 2/Bn, we consider each one of its zeros. Let ¢ be a zero of

Qn.2. If [¢] < M, we have that
[z = Clla; < lzlla, + ¢ < 2M.

On other hand, if || > M, By, includes ¢ as a one of its factors, and

r—¢

= <1+ el <200

Ay

Therefore,

< (QM)ngQ“’Q < M20m|n|”-

‘ Qn,2

Finally, we arrive to the following estimate

‘ gnQn’Q - (M>4cmn|n
BaWalla, ~ \ d ’
which together with (28), yields
2‘51| M 4em|n|” .
Qu(z)] < —=5il (22 , C\A,.
e < 257 () FeEA

That is

GnQn2(5i = Bni) _ o, (1> EHT\A), 2—cc.
BaWha <

and on each compact subset K C D = C\ A; we have that

o~ ) ) 4em|n|”
gnQn,Q (SL Rn,z) < 2‘81| % (29)
BoaWy d(K, A1) \ d

K
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Take ¢; as defined in the statement of the Theorem. Set v, = {z : | (2)| = p},0 < p < 1.

From (29), we have that
n'¥n Ai - Rni 2 % M deminl®
BaWa |, = A\
Fix a compact set K C D. Take p sufficiently close to 1 so that FUA; UK C Ext(7,). Set vy, =
deg(anWh,i/Wn). Let wy be the exact multiplicity of the zero which €, has at infinity. Taking
into account that deg(gnQn.2) < 2cm|n|®, deg Qn.1 > |nf| +n; > |n| — em|n|*, deg Wy, < 4em|n|®

and deg Wy ; > (m — 1)(% — ¢|n|®), from ii) in (2), we have that there exists a constant ¢/ > 0
such that

2/n| — dn|® < wy +vn < 2n|. (31)
Let {Yn,1,--- ,Yn,u.} be the set of zeros of the polynomial (aan/I/IN/n). We have that
InQn2(8; — Rny)
BaWaps2 102, ¢y,

€ HD).

Define
k(7)) = Inf{|p(2)| : 2 € vy, t € FUAy U{o0}} > 0.

As a function of the two variables z and ¢, |¢;(z)| is continuous on C ?. Hence k(7,) > 0, because
Yo N (FUAy) =0 and |p4(z)| vanishes only when z = ¢.

From (30), we obtain that
< 2sil (M)“””'““
L A0 A)a(yp)etee \ d '
P

gnQn,2(§i - Rn,z’)
BaWapsd ;;1 Pyn,;

Since K C Ext(v,), using the maximum principle for analytic functions, we have that this inequality

holds for all z € K. Then

InQn2(8; — Rny)

BaWa

2|Si‘ (M>4cmn|” Un
oo \ 7 o (2) || eym, (2)| s, zEK.
a0 By \d e,

Set
dx =max{|pi(2)|:z€ K, t € FUA U {c0}} < 1.

By the continuity of |¢;(z)| on C 2, we can assure that 6x < 1, because it is equal to 1 only when
z € Aq. From the definition of df, the last inequality, and (31), we obtain that

~ N [11/2In] 5
limsup‘ gnQn,2(sL Rn,z) S K ]
neA BaW, X &(7p)

Making p tend to 1, we have that x(7,) tends to 1; hence, we conclude that

S Ry
lim sup ||Qn|\%2|n‘ = limsup‘ gnQn’Q(SL n.) <o <1.
ncA neA Ban K

In particular, for each compact K C D and § > 0,
Q(2)] < (0x + 02 2 e K (32)
for all n € A, except a finite number of multi-indices.
Notice that

BaWally

gnQn,Q .
Set R = 2max{||z||x,1}. Let Qn g be the monic polynomial whose zeros are those of Qy 2 with
absolute value less than R. Let us obtain an estimate of |(BaWnQn,r)/(gn@n,2)| k-

Si— Rn; =

(33)
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Since the zeros of gy, lie in Ay, then
1 1 deg gn 1 cm|n|®

bl G@ms) @)

In |k d(KaAl) dy

where d; = min{d(K, A;),1}. The zeros of Wh lie on F' U Ay, thus
[Wallie < (MK, F U A" < aemin”

where M (K, FUAy) =max{|z—(|:z€ K,( € FUAs} and My = max{M (K, FUAy),1}. If ¢
is a zero of Qpn 2/@n, R, since ¢ is a factor of By, we obtain

C | 12 < 12 <2<R.
z=C¢ =% 71—
The other factors of By, have absolute value less than R. Hence,
BnQn,R < ]%cm|n|N
Qn,Z K

We conclude that

BT (111" »

QnQn,Q o dy

Let § > 0 be an arbitrary positive number, such that dx + ¢ < 1. Using (32), (33) and (34), we
obtain

[(8i = Rn,i)(2)] <

2|n| M 4em|n|”
0k +9) (R 1) ., zeK. (35)

‘Qn,R(Z” dl
In case that there exists an infinite subsequence of multi-indices A’ C A such that Qn r =1,n € A’,

from the last inequality, we obtain that

limsup [[8; — Ruil| 1™ < 0k +5.
neA’

Making 6 tend to 0, we arrive to
limsup ||8; — R |[3/2™ < 6 .
neA’
This is the case for the whole sequence A if m < 3 or m > 3 and A C Z(*) as in the hypothesis of
Corollary 1 as follows from Lemma 2. Thus Corollary 1 is proved. In general, if such a subsequence
exists, for that subsequence we have uniform convergence, which is stronger than convergence in

Hausdorff content. Therefore, without loss of generality, we can assume deg Qn,r > 1,n € A.
Fix € > 0. From (35), it follows that

{z€ K :|(5i — Rn,)(z)| > €} C
) ((51{ + 5)2|n‘ RM, deminf® .
{ZGK. Onn(2)] < a4 ) >ep =

n 4em|n|”
{zeKlen’R(z)<(5K+5)2 |<RM1> }C

g dl
S +6)2nl (R \ P
{zec:QmR(z)K(K*g) <d1> -
1

w\ 1/degQn,r
5 52|n| M 4emn|
U ZEC:ZC|<<(K+E) (R 1>

dy
{¢:Qn,r({)=0}
From the subaditivity and monotonicity of the Hausdorff content, we deduce that

(5K+6)2\n| RM, dem|n|®\ 1/ degQn,r
€ d; .

mi({z € K :|(8; — Rn;)(2)| > €}) < degQn.r (
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Since 1 < deg Qn.r < cm|n|”, we obtain that

lis sup (my ({2 € K+ |(5i = Rn,i) ()] > eV < S+ 6.
ne

Letting 6 — 0, we have (4). With this we conclude the proof. O

REMARK . These results hold true if in the definition of a Nikishin system we only require that the
interior (in R) of AjNAj+1, 7 =2,... ,m—1, be empty as long as the measures s;, j =1,... ,m,
are finite. This allows consecutive intervals A; to have a common end point (starting from the
second one). If A; and A, have a common end point, we cannot rely on the extra interpolation
points which appear on A, to deduce the rate of convergence because they can accumulate on A
and then §x = 1. Disregarding these extra interpolation points and following basically the same
scheme of proof, instead of (4) one can prove
limsup (my({z € K : |(8; — Rn.i)(2)| > e}))™/ ™t < 50 <1,
neA
where
8 =max{|pi(2)|: 2z € K, t € FU{oo}},
which is sufficient to prove (5), and in place of (6) one gets

/el ) < 51, =1, m,

limsup ||S; — Rn
neA
from which (7) follows. Certainly, these bounds are also true when A; N Ay = (). One has to
compare 0% and (8% )™+1/™ and choose the smaller one of these values to give a better estimate.
For example, if Ay is very close to A; the second one of these values may be smaller than the first.
Assumption (3) (either when A; and A, are disjoint or have a common end point) can be replaced
by

n; > — —o(|nl), i=1,...,m,

and Theorem 1 and Corollary 1 remain valid. We have restricted generality in the statements in
order to simplify the arguments in the proofs, though basically they remain the same.

REMARK . The measures o; may be allowed to have unbounded support. If supp(o;) remains
a compact set nothing changes. When supp(ci) is an unbounded subset of the real line (say
Ay = [0,+00)), geometric rate of convergence in (4) and (6) may not take place if Ay is also
unbounded. Nevertheless, even in this situation one can still prove (5) and (7) assuming, for
example, Carleman’s condition (see [2])

S 1 1/2n
Z <> =00, Cn = /x"dal(x) .
Cn

n=0
In this case the proof is substantially more difficult and additional arguments are required. See [1]
to understand the methodology to be used.
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