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Abstract: General rotational surfaces as a source of examples of surfaces in the 4-dimensional Euclidean space were
introduced by C. Moore. In this paper we consider the analogue of these surfaces in the Minkowski 4-space. On the basis
of our invariant theory of spacelike surfaces we study general rotational surfaces with special invariants. We describe
analytically the flat general rotational surfaces and the general rotational surfaces with flat normal connection. We
classify completely the minimal general rotational surfaces and the general rotational surfaces consisting of parabolic

points.
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1. Introduction

The local theory of spacelike surfaces in the 4-dimensional Minkowski space R} was developed by the present
authors in [6]. Our approach to this theory is based on the introduction of an invariant linear map of Weingarten
type in the tangent plane at any point of the surface. This invariant map allowed us to introduce principal lines
and a geometrically determined moving frame field at each point of the surface. Writing derivative formulas of
the Frenet type for this frame field, we obtained 8 invariant functions, =i, 72, v1, V2, A, i, 81, 82, and proved
a fundamental theorem of the Bonnet type, stating that these 8 invariants under some natural conditions

determine the surface up to a motion in Rf.

The basic geometric classes of surfaces in R} are characterized by conditions on these invariant functions.
For example, surfaces with flat normal connection are characterized by the condition v; = v, minimal surfaces
are described by v; 4+ v5 = 0, and Chen surfaces are characterized by A = 0.

Rotational surfaces are a basic source of examples of many geometric classes of surfaces. In [14], Moore
introduced general rotational surfaces in the 4-dimensional Euclidean space R* and described a special case of
general rotational surfaces with constant Gauss curvature [15].

In the present paper we consider spacelike general rotational surfaces that are analogous to the general
rotational surfaces of Moore. We apply the invariant theory of spacelike surfaces in R} to the class of general
rotational surfaces with plane meridians. Using the invariants of these surfaces, we describe analytically the
flat general rotational surfaces (Theorem 3.2) and the general rotational surfaces with flat normal connection
(Theorem 3.3). In Theorem 3.4 we give the complete classification of general rotational surfaces consisting of

parabolic points. The classification of minimal general rotational surfaces is given in Theorem 3.5.

*Correspondence: vmil@math.bas.bg
2010 AMS Mathematics Subject Classification: Primary 53A35, Secondary 53B25.
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2. Preliminaries

Let R} be the 4-dimensional Minkowski space endowed with the metric (,) of signature (3,1) and let Oejezezes
be a fixed orthonormal coordinate system, i.e. e = e3 = e3 = 1, e2 = —1, giving the orientation of R}. A
surface M? : z = z(u,v), (u,v) € D (D C R?) in R} is said to be spacelike if (,) induces a Riemannian metric

g on M?. Thus, at each point p of a spacelike surface M?2, we have the following decomposition:
4 2 2
R =T,M* & N,M

with the property that the restriction of the metric (,) onto the tangent space T},M? is of signature (2,0) and
the restriction of the metric (,) onto the normal space N,M? is of signature (1,1).

Denote by V/ and V the Levi-Civita connections on R} and M?, respectively. Let z and y be
vector fields tangent to M and let £ be a normal vector field. The formulas of Gauss and Weingarten give a

decomposition of the vector fields V.y and V£ into a tangent and a normal component:

Viy=V.y+o(z,y),
Vi€ = —Acx + D,E,

which define the second fundamental tensor o, the normal connection D, and the shape operator A with

respect to &.

1
The mean curvature vector field H of M? is defined as H = 3 tro, i.e. given a local orthonormal frame

{z,y} of the tangent bundle, H = = (o(z,z) + o(y,y)).

N |

Let M2 : z = z(u,v), (u,v) € D (D C R?) be a local parametrization on a spacelike surface in Rf.
The tangent space at an arbitrary point p = z(u,v) of M? is T,M? = span{z,,z,}, where (z,,z,) > 0,
(2y,20) > 0. We use the standard denotations E(u,v) = (zy, 2u), F(u,v) = (zy, 2v), G(u,v) = (24, 2,) for the

coeflicients of the first fundamental form
IO\ ) = EN? +2F M+ Gu?, M\ pueR.
Since I(\, ) is positive definite, we set W = v/ EG — F?. We choose a normal frame field {ny,ns} such that

(n1,m1) =1, (n2,n2) = —1, and the quadruple {z,,z,,n1,n2} is positively oriented in R}. Then we have the

following derivative formulas:

/ — _7l 2 1 2
V., 2u = Zuu = 'y 20 + 171 20 + 11 n1 — cf 2,

/ _ _ 7l 2 1 2
V., 20 = zuw = g 24 + T'{g 2y + cia N1 — ciy N2,

| 2 1 2
V., %o = Zow = g 2y + 155 20 + €39 111 — €39 M2,

where I‘fj are the Christoffel symbols and the functions cfj, 1,7,k = 1,2 are given by

c%l = <ZUU7n1>§ C%Q = <Zuv7n1>; 0%2 = <Zvv7n1>§

C%l = <Zuuan2>; C%Q = <Zuz)7n2>; C%z = <Zvvan2>~
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Obviously, the surface M? lies in a 2-plane if and only if M? is totally geodesic, i.e. cfj =0, 475,k=12.
Therefore, we assume that at least one of the coefficients cfj is not zero.
The second fundamental form I of the surface M? at a point p € M? is introduced by the following

functions:

2
7

2
W

1 1 1 1
€11 Ci2 Cl2 €22

2 2
€11 Ci2

L ;0 N

fy Cho
Let X = Az, + pzy, (A, 1) # (0,0) be a tangent vector at a point p € M?2. Then
IT(\ p) = N> +2M A+ Np?, A\ p€R.

The second fundamental form 17 is invariant up to the orientation of the tangent space or the normal space of
the surface.

The condition L = M = N = 0 characterizes points at which the space {o(x,y) : z,y € T,M?} is
1-dimensional. We call such points flat points of the surface [6]. These points are analogous to flat points in
the theory of surfaces in R? and R* [2, 3]. In [6] we gave a local geometric description of spacelike surfaces
consisting of flat points, proving that any spacelike surface consisting of flat points whose mean curvature vector
at any point is a nonzero spacelike vector or timelike vector either lies in a hyperplane of R} or is part of a
developable ruled surface in R} .

We further consider surfaces free of flat points, i.e. (L, M,N) # (0,0,0).

The second fundamental form I determines conjugate, asymptotic, and principal tangents at a point p
of M? in the standard way. A line ¢: u = u(q), v="v(q); ¢ € J C R on M? is said to be an asymptotic line,
respectively a principal line, if its tangent at any point is asymptotic, respectively principal. The surface M?
is parameterized by principal lines if and only if FF =0, M = 0.

The second fundamental form II generates 2 invariant functions:

LN — M? EN+GL—-2FM
— =

k_EGfFQ’ - 2(EG - F?)

The functions k and s are invariant under changes of the parameters of the surface and changes of the
normal frame field. The sign of k is invariant under congruences and the sign of s is invariant under motions
in R{. However, the sign of » changes under symmetries with respect to a hyperplane in R}. It turns out that
the invariant s is the curvature of the normal connection of the surface (see [6]). The number of asymptotic
tangents at a point of M? is determined by the sign of the invariant k.

As in the theory of surfaces in R3 and R*, the invariant %k divides the points of M? into the following
types: elliptic (k> 0), parabolic (k = 0), and hyperbolic (k < 0).

Let H be the normal mean curvature vector field. Recall that a surface M? is said to be minimal if its
mean curvature vector vanishes identically, i.e. H = 0. The minimal surfaces are characterized in terms of the

invariants k and sz by the following equality [6]:
% —k=0.

It is interesting to note that the “wmbilical” points, i.e. points at which the coefficients of the first and

the second fundamental forms are proportional (L = pE, M = pF, N = pG, p # 0), are exactly the points at
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which the mean curvature vector H is zero. Thus, the spacelike surfaces consisting of “umbilical” points in R}
are exactly the minimal surfaces. If M? is a spacelike surface free of “umbilical” points (H # 0 at each point),
then there exist exactly 2 principal tangents.

Considering spacelike surfaces in R} whose mean curvature vector at any point is a nonzero spacelike
vector or timelike vector, on the base of the principal lines we introduced a geometrically determined orthonormal
frame field {z,y,b,l} at each point of such a surface [6]. The tangent vector fields = and y are collinear
with the principal directions, and the normal vector field b is collinear with the mean curvature vector field
H. Writing derivative formulas of the Frenet type for this frame field, we obtained 8 invariant functions,
Y1, Y2, V1, V2, A, [, B1, B2, which determine the surface up to a rigid motion in Rf.

The invariants -1, e, v1, V2, A, i, 81, and By are determined by the geometric frame field {x,y,b,(} as

follows:
v = (V,z,b), vy = (V,u,b), A= (V,y,b), p=(Vyy,1),

7 =—y(InVE), ~=-z(InVG), Bi=(Vibl), B=(V,bl).

The invariants k and s and the Gauss curvature K of M? are expressed by the functions vy, s, A, it as
follows:

k= —dvi vo i, x = (11 —o)u, K =c(rivs— N+ p?),

where ¢ = sign(H, H). The norm | H|| of the mean curvature vector is expressed as

|1 + v B w2 —k
2 2|pl

1] =

If M? is a spacelike surface whose mean curvature vector at any point is a nonzero spacelike vector or timelike
vector, then M? is minimal if and only if vy + 15 = 0.

The geometric meaning of the invariant A is connected with the notion of Chen submanifolds. Let M
be an n-dimensional submanifold of (n + m)-dimensional Riemannian manifold M and ¢ be a normal vector
field of M. Chen [1] defined the allied vector field a(§) of & by the formula

(€)= LS fur(a, 406
k=2

where {& = ,€2,...,&n} is an orthonormal base of the normal space of M, and A; = A¢,, i=1,...,m

£
€]
is the shape operator with respect to & . The allied vector field a(H) of the mean curvature vector field H
is called the allied mean curvature vector field of M in M. Chen defined the A-submanifolds to be those

submanifolds of M for which a(H ) vanishes identically [I]. In [7, 8], the A-submanifolds are called Chen
submanifolds. 1t is easy to see that minimal submanifolds, pseudoumbilical submanifolds, and hypersurfaces are
Chen submanifolds. These Chen submanifolds are said to be trivial Chen-submanifolds. In [6] we showed that
if M? is a spacelike surface in R} with spacelike or timelike mean curvature vector field then the allied mean

curvature vector field of M2 is
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Hence, if M? is free of minimal points, then a(H) = 0 if and only if A\ = 0. This gives the geometric meaning

of the invariant A: M? is a nontrivial Chen surface if and only if the invariant \ is zero.

3. Basic classes of general rotational surfaces

General rotational surfaces in the Euclidean 4-space R* were introduced by Moore [14] as follows. Let
c:a(u) = ((u),z*(u),23(u),z*(v)); u € J C R be a smooth curve in R*, and let «, $ be constants.

A general rotation of the meridian curve ¢ in R? is defined by
X(u,v) = (Xl(u,v),Xz(u,v),Xg(u,v),X4(u, U)) ,

where

XYu,v) = ' (u) cos av — 2%(u) sin awv; X3(u,v) = 23(u) cos fv — x*(u) sin Bv;

X2(u,v)

2! (u) sin av + 22(u) cos aw; X*(u,v) = 23(u) sin v + x*(u) cos fv.

In the case of B = 0, 2%(u) = 0, the plane Oege, is fixed and one gets the classical rotation about a fixed

2-dimensional axis.
In [13] we considered a special case of such surfaces, given by

M z(u,v) = (f(u) cos av, f(u) sin av, g(u) cos fv, g(u) sin fv) , (1)

where u € J C R, v € [0;27), f(u) and g(u) are smooth functions, satisfying a?f2(u) + 52g%(u) >

0, f'2(u)+g %(u) >0, and a, B are positive constants. In the case of a # 3, each parametric curve u = const

is a curve in R* with constant Frenet curvatures, and in the case of & = 3 each parametric curve u = const
|g/f// _ f‘/g//|

( /f/2_|_g/2)3 ’

is a circle. The parametric curves v = const are plane curves with Frenet curvature These

curves are the meridians of M.
The surfaces defined by (1) are general rotational surfaces in the sense of Moore with plane meridian

curves. In [13] we found the invariants of these surfaces and completely classified the minimal superconformal
general rotational surfaces in R*. The classification of the general rotational surfaces in R* consisting of
parabolic points is given in [4].

Similarly to the general rotations in R*, one can consider general rotational surfaces in the Minkowski
4-space R{ as follows. Let ¢ : z(u) = (2! (u), #*(u), 2*(u), 2*(v)); u € J C R be a smooth spacelike or timelike

curve in R}, and let «, 3 be constants. We consider the surface defined by
X (u,0) = (X" (u,0), X2 (u,0), X2 (w,0), X (u,0))

where

X(u,v)
X2 (u,v)

22 (u) cosh v + 2*(u) sinh Bv;
23 (u) sinh v + 2% (u) cosh Bv.

2! (u) cos av — 22 (u) sin aw; X3(u,v)

z! (u) sin av + 22 (u) cos awv; X4 (u,v)

In the case of 8 =0, 2%(u) =0 (or x'(u) = 0) one gets the standard rotational surface of elliptic type
in R}. A local classification of spacelike rotational surfaces of elliptic type, whose mean curvature vector field

is either vanishing or lightlike, was obtained in [10].
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In the case of a =0, x3(u) = 0 we get the standard hyperbolic rotational surface of the first type, and
in the case of o = 0, x*(u) = 0, we get the standard hyperbolic rotational surface of the second type. A local
classification of spacelike rotational surfaces of hyperbolic type with either vanishing or lightlike mean curvature
vector field is given in [9]. In [11] the timelike and spacelike hyperbolic rotational surfaces with nonzero constant
mean curvature in the 3-dimensional de Sitter space S$ were classified. Similarly, a classification of the spacelike
and timelike Weingarten rotational surfaces in S is given in [12]. In [5] we described the class of Chen spacelike
rotational surfaces of hyperbolic or elliptic type in Rj.

In the case of @ > 0 and B > 0, the surfaces defined above are analogous to the general rotational

surfaces of Moore in R*.
In [6] we considered spacelike general rotational surfaces with plane meridians in the Minkowski space

R} and found their invariant functions. Here we shall describe and classify some basic geometric classes of such

surfaces.
Let M be the surface parameterized by

M @ z(u,v) = (f(u) cos aw, f(u)sin aw, g(u) cosh v, g(u) sinh fv) , (2)

where u € J C R, v € [0;27), f(u) and g(u) are smooth functions, satisfying a?f2(u) — 5%g%(u) > 0,
f%(u) + ¢ %(u) >0, and «, 3 are positive constants.

The coefficients of the first fundamental form of M; are E = f'?(u) + ¢’ ?(u); F = 0; G = o?f?(u) —
B%g2(u). M is a spacelike surface whose mean curvature vector at any point is a nonzero spacelike vector (see
[6]). Moreover, M is parameterized by principal parameters (u,v).

The invariants k, s, and K of M; are expressed by the functions f(u), g(u), and their derivatives, as
follows:

_ 40?2 (gf — f9') (g /" — f'g")(e? fg' + B9 f")

k (F2 + ¢’ 2)3(af2 — B2g2)3 )

3)

L 9Blf = f9?f? = B2g*)(g' [ = 1'g") + (I'* + 9" *)(a®fg' + B[] )
(fl 2 + g/ 2)2<a2f2 _ /6292)2 ’
(@2 = B29) (a9 + B2 )¢ " = ['9") + @*B*(f"* + ¢'*) (9] = 19)*

K= (f'2+ g 2)2(a2f2 — B2¢2)?

(5)
The geometric invariant functions 1, e, v1, Vo, A, &, 51, P2 of My are:

o _ o’ ff' — Bgg’ ,
ne VTR - )
by — g/f// _ f/g/? ' vy — Oégfg/ + ﬁng/ .
(f"2+g'2)3 VI g (a2 f? — B2g?)
5= 0 = aflgf = 19 , ©
’ VI 4202 f? - p2g?)
By =0 By = af(ff" +99')
L LV - B
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In a similar way, we can consider the surface My parameterized by
Ma : z(u,v) = (f(u) cos aw, f(u)sin aw, g(u) sinh v, g(u) cosh fv) , (7)

where u € J, v € [0;27), f(u) and g(u) are smooth functions, satisfying f’?(u) — ¢’ 2(u) > 0, o f?(u) +
B%g%*(u) > 0, and «, 3 are positive constants.

The coefficients of the first fundamental form of My are E = f'?(u) — ¢’ %(u); F =0; G = o f?(u) +
B%g%(u). My is a spacelike surface with timelike mean curvature vector field. The parameters (u,v) of My
are principal.

The invariants k, s, and K of My are expressed similarly to the invariants of M; [0]:

_ 40?32 (gf" — )9 f" = ") (P fg + BPgf).

k (f/2 _ gl 2)3(a2f2 +ﬁ292>3 ’

_ aBlgf — fg®f* + B2 (' f" — ['9") + (f'? — g'*)(a®fg' + B9 f")]

7 (F'2 — ¢ 2)2(a2f2 + B242)2 ; 9)
- @+ B%") (0 fg' + 829 f)(g' " = ['g") — a?B2(f"?* = ¢'*)(9f = 19)? 10
= (2= g 2)2(a2f2 + B242)2 : (10)
The geometric invariant functions of My are given below:
v =0 = — Aff' + B*gg’ ,
| VIT= @+ i)
by — g/f// _ f/g// ' vy — Oégfgl + BQQf/ .
(F2-g'2)3 VI =g (02 f? + p2g?) .
Y = af(fg' —gf’) _ (1D
) /f’2—g’2(a2f2+ﬁ292)’
8, = 0: By = afgg = 1)

VI gt )

We shall call the general rotational surface M, , defined by (2), a general rotational surface of first type,
and the general rotational surface My, defined by (7), a general rotational surface of second type.

Note that the invariant A of the general rotational surfaces of first or second type is zero. Hence, the

following statement holds.

Theorem 3.1 The general rotational surfaces of the first or second type, free of minimal points, are nontrivial

Chen surfaces.

In the following subsections we shall describe the classes of flat general rotational surfaces, general
rotational surfaces with flat normal connection, general rotational surfaces consisting of parabolic points, and

minimal general rotational surfaces.
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3.1. Flat general rotational surfaces

Let M; and My be general rotational surfaces of the first and second type, respectively. Recall that a surface

is called flat if the Gauss curvature K is zero. Using equalities (5) and (10), we obtain the following:

Theorem 3.2 (i) The general rotational surface of the first type is flat if and only if
P2+ g )gf — ) = (@2 = B2 )P g + B ) g [~ f'9") (12)
(ii) The general rotational surface of the second type is flat if and only if
2B =g )9l = 9 = (@212 + B2 ) (P fg + B2 f ) [ — ['g") (13)

Assume that the meridian curve is parameterized by f = f(u); ¢ = u. Then equation (12) takes the

form of

f// a2ﬁ2(uf’ _ f)2

T+ [? T (@2 = ) (7 f + Fuf)

which is equivalent to

o’ B (uf’ — f)?

(orctan /') = G2 FT = Bt (@?f + BuF) )
Similarly, equation (13) takes the form of
f// - —a262(Uf/ _ f)2
L—f12 (a2f2 4 B2u?)(a?f + f2uf’)’
which is equivalent to
LN\ L 2078 (uf — f)?
(n[125]) = wrs sravcer Ly 15)

Equations (14) and (15) describe analytically the class of flat general rotational surfaces of the first and

second type.

3.2. General rotational surfaces with flat normal connection
A surface is said to have flat normal connection if the curvature of the normal connection is zero. The curvature
of the normal connection of the general rotational surface My (resp. My) is given by formula (4) [resp. (9)].

Using these formulas, we obtain the next theorem.

Theorem 3.3 (i) The general rotational surface of the first type has flat normal connection if and only if

g'f”ff’g” - a2fg/+ﬂzgf’

fr24g2 - a2f? — 2¢2 (16)
(i) The general rotational surface of the second type has flat normal connection if and only if

Y/ ! 1 2 / 2 !

g —fg" _ o fg+B5gf (17)

f/2_g/2 - a2f2+5292
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If we assume that the meridian curve is parameterized by f = f(u); g = u, then equation (16) takes the

form of
(arctan f') = —m. (18)
Similarly, equation (17) takes the form of
(ln’1+f’>lz2(a2f+52uf’). (19)
1— 7 a2f2 + f2u2

The class of general rotational surfaces with flat normal connection is described analytically by equations
(18) and (19).

Example 1 Let f(u) =acosu, g(u) =asinu, a = const (a#0). A direct computation shows that equation

(16) is fulfilled. Hence, the surface parameterized by
z(u,v) = (acosu cos au, a cos usin av, a sin u cosh fv, a sin u sinh Sv)

is a spacelike general rotational surface of the first type with flat normal connection.
In the special case when a = 1, o« = § = 1, we obtain a spacelike surface lying on the de Sitter space
53 = {z e RY; (z,x) = 1}.

Example 2 If we choose f(u) = asinhu, g(u) = acoshu, a = const (a # 0), by a direct computation we

obtain that equation (17) is fulfilled. Hence, the surface parameterized by
z(u,v) = (asinh u cos aw, a sinh u sin aw, a cosh u sinh Sv, a cosh u cosh Sv)

is a spacelike general rotational surface of the second type with flat normal connection.
In the special case when a =1, a = § = 1, we obtain a spacelike surface lying on the unit hyperbolic
sphere H} = {z € Rf; (z,z) = —1}.

3.3. General rotational surfaces consisting of parabolic points

Recall that surfaces consisting of parabolic points are characterized by the condition k = 0. The next theorem
classifies the general rotational surfaces of the first and second type with k& = 0.

Theorem 3.4 A general rotational surface of first or second type consists of parabolic points if and only if it
s one of the following:

(i) a developable ruled surface in R} ;

(ii) a nondevelopable ruled surface in R} ;

(iii) a nonruled surface in R} whose meridian curve is given by g = c f~ o2 , where ¢ = const # 0.

Proof Consider a general rotational surface of first or second type. Equality (3) [or (8)] implies that k =0 if
and only if

(9f = f)G " = g fg + BPgf’) =0. (20)

It follows from equality (20) that the invariant k is zero in the following 3 cases:
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1. gf — f¢' =0,ie. g=af, where a = const # 0. In this case k = »» = K =0, and by a result in [0]
the corresponding general rotational surface (of first or second type) is a developable ruled surface in R}.

2. g f"—f'¢g" =0,ie. g=af+0b, where a = const # 0,b = const # 0. Hence, the meridians are
straight lines. It can easily be seen that in this case s # 0. Consequently, the corresponding general rotational
surface is a nondevelopable ruled surface in Rf.

! 1'32
f7 = 0. Integrating the last equality we obtain g = ¢ f~ «Z , where

c = const # 0. In this case the meridians are not straight lines. The invariants s» and K are nonzero, and,

/
3. a’fg + B%gf =0, ie o % + 2

hence, the corresponding general rotational surface is a nonruled surface in R}. O

3.4. Minimal general rotational surfaces
In this subsection we shall find all minimal general rotational surfaces of first and second type. Recall that a
surface is minimal if and only if 14 + 5 = 0. Hence, using (6) we get that the general rotational surface of the

first type is minimal if and only if the functions f(u) and g(u) satisfy the following equality:

g/f//_f/g// B a2fg'+b’2gf’
fl2+g'2 - a?f? — 3242 :

(21)

Similarly, from (11) it follows that the general rotational surface of the second type is minimal if and only if

g/f//_f/g// B a2fg/+629f/ -
fr2—g'2 - a?f2 4 [2¢2 ( )

We shall find the solutions of equalities (21) and (22). In such a way we shall describe the class of minimal

general rotational surfaces of first and second type.

Theorem 3.5 (i) The general rotational surface of the first type is minimal if and only if the meridian curve

1s given by the formula

g= \/ﬂzsin (6ﬂln‘o¢f+\/oz2f2A’+C>, C = const, A = const > 0.
«

(ii) The general rotational surface of the second type is minimal if and only if the meridian curve is given

by the formula

A
g= gsin (egln‘af—i-\/oﬁfQ—i-A’—FC'), C = const, A= const > 0.

Proof First, we shall simplify equalities (21) and (22). Using that the connection V' of R} is flat, from
R'(z,y,7) = 0 and R'(x,y,y) = 0 we obtain that the invariants of each spacelike surface in R} satisfy the

following equalities (see [0]):

2052 4+ v1 B2 — A1 = z(p),

D1 — 1B + (1 — 2) 12 = —a(va) + Y. (23)
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In the case that the surface is a minimal general rotational surface of first or second type, we have A = 0,
v1 =0, B1 =0, and vy, = —v;. Hence, from (23) it follows that

2uy2 + v fa = x(p),
21 v2 — B2 = x(11),

1 1
which implies vo = yhd (In(p? 4+ 7)) . On the other hand, 7o = —x (ln \/é) . Hence, we get 17 (In(p® +v7)) +

x (ln \/é)) = 0, which implies
z (G*(p® + 7)) = 0.
Now, using that p, 11, and G are functions depending only on the parameter u, we obtain
G2 +17) = &, (24)

where ¢ is a constant.
Now let M; be a minimal general rotational surface of the first type. Then G = a?f? — 3%2¢?, and using
(6) and (24) we obtain

@?B2(gf" = [9)* +(2*fg' + B9f)* _ »

f/ 2 + gl 2 ’
which is equivalent to
22 12 2,212 2
o fg BT (25)
[EEwE o? 1 32
Equality (25) can also be obtained from (21) by a direct but very long computation.
Without loss of generality we assume that f'2? + ¢’2 = 1. From (25) we then get
202 12 2 202 c?
= . 26
o f2g 4+ B9 f oZ 1 (26)
2
Denote A = ————. Now, using that ¢’2 =1 — f’2, from (26) it follows that
a? 4 p2
f/2: a2f2_A /2: A_BQQQ (27)

a2f275292; 9 o2 _ g2g2
Note that the constant A satisfies 32g% < A < o?f?, since o?f? — 3%2g% > 0.

Equalities (27) imply (A — 8%¢?)f'%2 = (a?f? — A)g'?, i.e.

! !/
f .9 S

Integrating the last equality, we obtain

/\/c)&c;i‘fj;/l 25/\/146%292'
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Calculating the integrals, we get

arcsinﬁ zaéln‘af—i—\/azfz—/l‘ +C, C = const.
VA a

Consequently, in the case of a minimal general rotational surface of the first type, the meridian curve is

given by the following formula:

o= in (Lmlay + a7+ ). (28)

Conversely, if the meridian curve is defined by formula (28), by a straightforward computation we obtain
that equality (21) is fulfilled and, hence, the general rotational surface of the first type is minimal.

In the case of a minimal general rotational surface of the second type we have G = o2f% + 32¢%. Then
(11) and (24) imply

a2f2g'2 + B2g2f2 2

2 _g2 :oz2—|—ﬁ2' (29)
Without loss of generality we assume that f'? —¢’2? = 1. From (29) we then get
a2f29/2+ﬂ292f/2:14, (30)
2
where A = peae Using that ¢’? = f’2 — 1, from (30) we obtain
!
f/2: A+a2f2 . 9/2: A_Bzgz (31)
aZf2 1 f2g2’ o2f2 + f2g2°

Note that in this case A > 3%¢?, since ¢’ ? > 0.
Equalities (31) imply
/ /
f .9 ,
A+ a2 f? /A - 3242

e = =%1.

After integration we obtain

arcsin@zsﬁln‘af—i—\/A—l—an?‘—i—C, C = const.
VA
Consequently, in the case of a minimal general rotational surface of the second type, the meridian curve

is given by
g:fsin(siln‘af—i-\/m‘-&-c)- (32)

A direct computation shows that if the meridian curve is given by formula (32), then equality (22) is
satisfied. Hence, the general rotational surface of the second type is minimal. O
Finally, it should be mentioned that the classes of minimal general rotational surfaces and general
rotational surfaces consisting of parabolic points are found explicitly. The classes of flat general rotational
surfaces and general rotational surfaces with flat normal connection are described analytically by ordinary

differential equations. An open question is to find them explicitly.
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