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General Weighted Optimality of Designed Experiments
Jonathan W. Stallings

ABSTRACT

Design problems involve finding optimal plans that minimize cost and maximize informa-
tion about the effects of changing experimental variables on some response. Information is
typically measured through statistically meaningful functions, or criteria, of a design’s cor-
responding information matrix. The most common criteria implicitly assume equal interest
in all effects and certain forms of information matrices tend to optimize them. However,
these criteria can be poor assessments of a design when there is unequal interest in the ex-
perimental effects. Morgan and Wang (2010) addressed this potential pitfall by developing
a concise weighting system based on quadratic forms of a diagonal matrix W that allows
a researcher to specify relative importance of information for any effects. They were then
able to generate a broad class of weighted optimality criteria that evaluate a design’s ability
to maximize the weighted information, ultimately targeting those designs that efficiently

estimate effects assigned larger weight.

This dissertation considers a much broader class of potential weighting systems, and hence
weighted criteria, by allowing W to be any symmetric, positive definite matrix. Assuming
the response and experimental effects may be expressed as a general linear model, we provide
a survey of the standard approach to optimal designs based on real-valued, convex functions
of information matrices. Motivated by this approach, we introduce fundamental definitions

and preliminary results underlying the theory of general weighted optimality.

A class of weight matrices is established that allows an experimenter to directly assign weights
to a set of estimable functions and we show how optimality of transformed models may be
placed under a weighted optimality context. Straightforward modifications to SAS PROC
OPTEX are shown to provide an algorithmic search procedure for weighted optimal designs,
including A-optimal incomplete block designs. Finally, a general theory is given for design
optimization when only a subset of all estimable functions is assumed to be in the model.
We use this to develop a weighted criterion to search for A-optimal completely randomized

designs for baseline factorial effects assuming all high-order interactions are negligible.
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Chapter 1

Introduction

1.1 General linear model and estimation space

Suppose an experimenter has N experimental units, possibly subject to nuisance factors
such as blocks, that are to be assigned some combination of settings for the experimental
variables. An optimal design is the “best” allocation of these settings to the N units, relative
to a statistically meaningful criterion associated with how the data will be analyzed once
collected. For a given design, d, we represent the effects of the experimental variables on the

response as parameters in the linear model
y=Xt+LB+e, (1.1)

where y is the N x 1 vector of responses; 3 is a b X 1 vector containing all nuisance effects;
L (which often includes the all-ones vector, 1, for the intercept) is an N x b matrix that
relates B to y and is not design dependent; 7 is a p x 1 vector of parameters that are the

target of inference; Xy is the N X p matrix which relates 7 to y and is generated by design



d; and e is an N X 1 vector of random errors. We assume that F(e) = 0 and Var(e) = oIy,
where Iy is the NV x NN identity matrix. That is, the errors are taken to be uncorrelated and
have constant variance, o2. Without loss of generality, for the work to be undertaken here,

we further assume that o2 = 1.

Model (1.1) encompasses a broad range of experimental scenarios, including regression mod-
els (7 is a vector of slopes) and ANOVA setups like for completely randomized designs and
blocked designs (7 is a vector of treatment effects, 3 contains intercept and block effects).
The cell means model, introduced by Hocking (1985, 2003), is a specific case of model (1.1)
in which 7 is the vector of mean responses for each experimental setting, X, is a 0/1 matrix
where each row has exactly one 1 that indicates which experimental setting is applied to
the corresponding experimental unit, and b = 0. This model is one of several common,
equivalent options when the experimental settings are comprised of m different factors each

having some set number of levels and there are no nuisance factors.

Under model (1.1) and some design d, a least-squares estimator for 7, say 7, is a solution
to the system of linear equations Cy7 = XJ(I — Pp)y where Cy = XI(I — Pr)Xy,
P, = L(LYL) L7 is the orthogonal projector onto the column space of L, and (LTL)~
denotes any generalized inverse of LT L. We say that C, is the information matrix for
adjusted for 3. When the rank of Cy, r(Cy), equals p there is a unique solution for + and
thus for every linear combination hTT = hT#. When r(Cy) < p, there are many possible
solutions 7, which are of the form 7 = C; X} (I — Py)y. It can be shown that if h, called
a coefficient vector, is in the row space of Cy, denoted R(C,), then the best linear unbiased
estimator for h” T is fﬁ\r, which is invariant to the chosen solution 7. So long as h € &, the

variance of the estimator h”7 under design d is

Vary(hT7) = h*Ch



which is also invariant to choice of solution 7. Due to this invariance, we call such h'r

estimable functions and so refer to R(Cy) as the estimation space, €.

Any estimation space is clearly a subset of RP, with equality when the assumed model
allows us to estimate all linear combinations of 7. Let €* be the estimation space with
maximal dimension, which equals the row space across all possible information matrices
having maximal rank, say £* < p. Typically only those designs having information matrices
with this estimation space are considered, thus allowing the experimenter to estimate the
largest possible number of estimable functions. However, further assumptions that reduce
the set of estimable functions of interest may be made (see Chapter 5). For example, while
for factorial experiments (see Section 1.2.2) there exist designs that can estimate all the
factorial effects, we may often assume that high-order interactions are insignificant. If this
assumption is justified, we should only consider designs that can estimate all and only the
potentially significant estimable functions, lest we waste valuable resources. Hence, for the
desired estimation space, & C £*, which has some dimension £ < k* < p, we only consider
those designs that are capable of estimating all and only functions generated by €. That
is, we only consider a design, d, if it has an information matrix where R(C,) = &, and so

r(Cy) = k. Denote the class of designs meeting this estimation space requirement by D.

Let P, be the orthogonal projector onto € so that P,C; = CyPr = Cy (as R(Cy) = €
for all d € D) and let Fy = (f11|...|fix) be any p x k matrix satisfying FI F, = I, and
P, = F\F!. Obviously (I — P,) is the orthogonal projector onto the space orthogonal
to & Let Fy = (fo1|...|fop—k) be any p x (p — k) matrix satisfying Fy Fy = I,  and
(I — P,) = FyF{. Then FI'Fy = 0 and C;F, = 0 so that the vectors in Fj are a set of

orthonormal eigenvectors with zero eigenvalues for all Cy.

To demonstrate the above terminology, we turn to the commonly employed block design

ANOVA model with p treatments and h blocks each of size k < p. If y,; is the response for



the u-th unit in block j, then the statistical model relating y,; to the treatment and block

effects may be written in scalar form is

Yuj = [+ Tapug) + B + €uj

where d[u, j] denotes the treatment assigned to unit u in block 7. In matrix form, 8 will
have h + 1 parameters corresponding to the h block parameters i, ..., 5, and the intercept
. This model is often used in practice because it is justifiable by randomization alone in
special cases, as shown by Hinkelmann and Kempthorne (2005) and Calinski and Kageyama

(2000).

The maximal estimation space, £*, for 7 under this model contains all coefficient vectors
satisfying h71 = 0 and has dimension p—1. Such estimable functions are called contrasts and
such block designs are called connected. Connected designs allow estimation of all pairwise
treatment comparisons, which is often the goal for comparative experiments. This estimation
space has projector P, = I — Z—ljJ where J is the p x p matrix of all 1’s. Any set of v — 1

1

orthonormal contrasts may be used to make up the matrix Fi, and Fy = —=1. The general

VP
form of information matrices for 7 for such designs is
1 T
Cd - Rd - ENde
where, if r4 is the replication of treatment ¢ under d, R; = Diag(ray,...,7qy) and N, is

the p x h treatment/block incidence matrix. That is, the element in the i-th row and j-th

column of Ny is non-zero if and only if treatment ¢ appears in block 7, otherwise it is 0.



1.1.1 The Moore-Penrose inverse and square-root decompositions

One generalized inverse for C; is the Moore-Penrose inverse which has appealing mathemat-
ical properties that will be used throughout this dissertation. We define such generalized

inverses here only for symmetric, nonnegative definite (nnd) matrices.

Definition 1.1.1. Let C be a p x p symmetric, nnd matrix having k < p eigenvalues,
A, ..oy Me. If the spectral decomposition of C = ED\ET, where Dy = Diag(\i, ..., \),

then the Moore-Penrose inverse (or MP inverse) of C, denoted C™, is

C'=ED;'E".

If C has full rank then C* = C~! and we elect to use the latter notation. For information

matrices, note that C;C’d = C’dC’; =FRF! =P,.

A symmetric, nnd matrix, C, has a square-root decomposition C = C/2C"/? for some C''/2,
called a square-root matrix of C. Letting D/l\/ 2 = Diag(v/A1, ..., v/ ), it is easily shown
that EDi/ ’ET is a square-root matrix of C'. Throughout this dissertation we assume all
square-root matrices are constructed in this way. We choose to denote the MP inverse of a
square root matrix C/2 as C*Y/2 = ED; "> E” rather than C¥/2t. If C has full rank, we use

the conventional C~/? instead of C'/2. Finally, it is easily shown that C* = CT/2C+1/2,

1.2 Standard optimality

The “best” experimental design will maximize information that can be obtained on estimable
functions of 7, the target of inference. Every Cy is symmetric and nonnegative definite (nnd)

so that it has k positive eigenvalues which may be ordered as 0 < zg; < 2zgo < -+ - < zg. It can



be shown that the variance of any normalized estimable function is a convex combination of
the inverse eigenvalues of Cy, hence we call ZLM the canonical variances for design d. It follows
that a design whose Cj; has relatively small positive inverse eigenvalues will minimize the
variance of estimable functions in some overall sense, and hence a design’s overall effectiveness

can be evaluated through a measure of the size of those eigenvalues. The three commonly

used optimality criteria defined next are just such measures; there are many others.

Definition 1.2.1. A design d* € D is E-optimal if it minimizes the maximal canonical

1
Zd*1

variance, that 1s, if = mingeop i, OT Zgv1 = MaXgeD Zd1-

Definition 1.2.2. A design d* € D is D-optimal if it minimizes the product of the canonical
variances, that is, if [[_, i — mingep [, %

Definition 1.2.3. A design d* € D is A-optimal if it minimizes the average canonical

- T N LA N g kool
variance, that is, if £,y —— = pmingep » iy 7~

The FE-criterion is straightforward in its interpretation: it seeks to minimize the largest
possible variance across all normalized estimable functions. Assuming e ~ N(Oy, Iy), the
D-criterion aims to minimize the volume of the confidence ellipsoid of any k orthonormal es-
timable functions. Finally, the A-criterion measures the average variance of any k orthonor-
mal estimable functions. In the case of the one-way ANOVA model where all treatment
contrasts are estimable, it is also proportional to the average variance of all (12’) pairwise
treatment contrasts. Morgan and Stallings (2013) give a necessary and sufficient condition
for the average variance of a set of estimable functions to be proportional to the A-value for
any design, showing that an A-optimal design accomplishes much more than may be initially

apparent.

With many optimality criteria to choose from, a natural question to ask is whether there

exist designs that are simultaneously optimal for multiple criteria, not just one criterion.



Kiefer (1975) approached this question within a broad class of criteria possessing three
simple mathematical properties; his original framework is slightly generalized here. Given
estimation space &, let €¢ denote the class of symmetric, nnd matrices with row space €.
Note that €¢ contains all information matrices for designs in D but is generally a much
larger class. Let C, Cy, and C5 be any matrices in €¢ and let II¢ be the class of permutation
matrices such that R(IICTI?) = €. The criteria in Definition 1.2.4 may be used with many

classes of statistical models, including the general linear model (1.1).
Definition 1.2.4. The function ® : € — R is a conventional (or standard) optimality

criterion if

(i) ® is permutation invariant with respect to lg: ®(TICTIY) = &(C) for any permutation

matriz, IT € 1lg,
(i) ® respects the nnd ordering: Cy — Cy is nnd = ®(C;) < &(C)),
(ii1) ® is convexr: P(aCi + (1 — a)Cs) < a®(C)) + (1 —a)P(Cy), 0<a<l1.
Although ® has € as its domain of definition, we may assume that & is defined for all

symmetric, nnd matrices having any row space of dimension k. For example, for p > 0, the

family of eigenvalue-based criteria

k 1/p
d,(C) = [k—l Zz;f]
=1

is comprised of standard optimality criteria that are clearly well-defined for all such matrices.
The E-, D-, and A-criterion are special cases of such criteria, corresponding to p — oo, p — 0,

and p = 1, respectively.

Properties (i) and (éi7) of Definition 1.2.4, permutation invariance and convexity, allow

matriz averaging to establish a lower bound for a given ®(Cy). Define the averaged form

7



of an information matrix as Cy = > rren, HLCAIT" /[Tlg|. Restricting our attention to those

IT € Tl; is necessary to guarantee that Cy € €¢. It then follows that

O(Cy) = > SIIC")/[Le| > @ (Z HCdHT/]H5|> = d(C,) . (1.2)
Melle Helle

A given d may or may not achieve the lower bound ®(C,), which we emphasize applies only
to d. That is, even if d does achieve the lower bound this in no way implies that d is optimal.

There may exist another design, d, such that ®(C;) < ®(C,).

Consider the case where Il¢ contains all permutation matrices. A design d is said to be
symmetric if it has an information matrix of the form Cy = aI + bJ. Such matrices, which
include Cy, are said to be completely symmetric and are invariant to all permutation matrices,
and so cannot be improved by matrix averaging. Kiefer (1975) proved that when working
with the estimation space having projector P, = I — %J , which has the Il¢ considered
here, if there exists a design, d*, having a completely symmetric information matrix Cg-
with maximal trace across all d € D, then that design is optimal for all ® meeting the
conditions of Definition 1.2.4. He called designs that are optimal with respect to all standard
criteria universally optimal, presumably because the class of optimality criteria is quite broad.
Note these are sufficient conditions (although the maximal trace condition is necessary for a
universally optimal design), that is, there may exist a universally optimal design that is not
symmetric. Kiefer’s result is most useful when one already has a design in mind and wants

to show that design is universally optimal.

The property of permutation invariance implicitly states that standard criteria do not advo-
cate greater precision in estimating some estimable functions over others; it is the mathemat-
ical expression of equal interest in all estimable functions. This is not a desirable property

if we are more interested in estimating some functions more precisely than others, which



has been mentioned by Glonek and Solomon (2004) and Gupta (2006). As will be seen, a
technical foundation of this dissertation is the relaxation of permutation invariance in a way

that is statistically meaningful for a design problem at hand.

It should be emphasized that the criteria considered throughout this dissertation are mea-
sures of variances alone. The statistical models are assumed to be correct (usually this is
not in question) and thus there is no bias in the analysis. The “universal” part of Kiefer’s
nomenclature is in reference to the standard criteria ®, and not to all possible analysis goals.
See Chapters 6 and 10 in Atkinson, Donev, and Tobias (2007) for a survey of other popu-
lar design criteria that focus estimation on a specific set of estimable functions or seek to

minimize the average prediction variance across some regression range.

We now look at specific experimental scenarios where efficient estimation of a selected set of
estimable functions, potentially at the expense of others, may be preferred. These will serve

as examples throughout this dissertation.

1.2.1 Treatment-versus-control experiments

Under the framework of a comparative experiment with p treatments, let 75 be a control
treatment and 7, ..., 7,—1 be test treatments. Suppose we are primarily interested in efficient
estimation of the elementary treatment-versus-control (TvC) contrasts, 7o—7;, i = 1,...,p—
1. If we could show that some standard optimality criterion was equivalent to measuring the
variances for this set of contrasts alone then we would pursue optimality with respect to that
criterion, but this is not the case. Instead, define H = (1,-1| — I_1), the (p — 1) X p matrix
where each row of HT is an elementary TvC contrast. The covariance matrix for these
contrasts for a design d is easily shown to be HC; H” | and we call (HC; H")™! the TvC

information matrix. Applying standard optimality criteria to the TvC information matrix,



we may find non-symmetric designs that are optimal; see Majumdar and Notz (1983), Cheng,
Majumdar, Stufken, and Ture (1988), Jacroux (1993), Hedayat and Yang (2005), Yang and
Stufken (2008), Hedayat, Jacroux, and Majumdar (1988), and Majumdar (1996) for optimal

plans for TvC experiments.

One should take care in choosing a criterion for design comparison and be sure to understand
the implications of what it measures, which is the underlying theme of this dissertation. For
example, the FE-criterion seeks to minimize the maximal variance across all orthonormal
contrasts. This eigenvalue criterion can be applied to the TvC information matrix since it
is an eigenvalue optimization problem, but this will not necessarily minimize the maximal

variance of the elementary TvC contrasts, which is a more reasonable goal.

1.2.2 Factorial experiments

In many experiments, treatments are comprised of a combination of factors each having a
certain number of settings, or levels. Much of the following notation is based on that from
Hedayat, Sloane, and Stufken (1999). Let F, F5,..., F,, denote the m factors of interest
and let sy, $9,..., s, be their respective number of levels, so the total number of treatment
combinations is [[}", s;. We code the levels of factor F; as 0,1,. .., s,—1. A specific treatment
combination is indexed using the m-tuples (j1, ja, . . ., jm), where 0 < 5, < =1, 1 =1,...,m.
For convenience, we will often write the m-tuple as j1Js . .. Jm, which should not be confused
with their product. In the factorial literature when s; = 2 for all [, typically the number
of j; = 1 in the treatment index is called the weight of the treatment combination. This
conflicts with our forthcoming use of the word, so we refer to this as the heft of the treatment

combination.

Definition 1.2.5. For a factorial experiment with m factors each with 2 levels, the heft of

a treatment combination with index jy ... jm is > .-y ji- That is, the heft is the number of

10



=1

Let 7j,j,..j,, denote the mean response for treatment combination jijs ... jm, and let 7 be
the vector of 7;,,,. ;. written in standard order, or reverse lexicographic (revlex) ordering,
defined next for s; = 2 for all [. The ordinary lexicographic (lex) ordering of treatment

means in 7 for m > 1 factors is defined as a 2™ x m array, denoted A* , and is constructed

m?

recursively as follows. For m =1, A% = (0,1)7, which implies 77 = (79, 71). For m = 2, the

lex order is the ordering of the rows in A} given by

0 0

01 0, A*
Al = |

10 1, A

1 1

so the ordering of these 22 treatment means will be 77 = (79, 701, T10, T11). The above is the

first step in a recursion that gives, for any m > 2, the lex ordering as the rows of A}, found

by
A;kn _ 02m7 1 A:lfl
]_2m—1 A:;L—l

The reviex ordering is found in the same way, except that the pasting of columns shown
above is done in the reverse order. So the revlex ordering for m-vectors on 2 symbols is
given by the ordering of the rows of the 2™ x m array, A,,, where

Am _ Am_ 1 027717 1

Am,1 ]_2m—1

11



with A; = A}. Examples of the revlex order for m = 2 and m = 3 factors are:

0 00

1 00

00 010

Ay = Lo and Az = PO
0 1 0 01

11 1 01

0 1 1

111

When we have a factorial treatment structure, interest typically lies in treatment contrasts
that measure the change in response with respect to changes in the levels of a subset of the
factors. Those contrasts can be specified by adapting the approach taken for optimization
of TvC contrasts via a properly defined transformation matrix H. The commonly employed
set of contrasts for factorial experiments are called orthogonal factorial effects, comprised
of main effects and interactions. A simple effect of factor F is a contrast of treatment
means with indices that differ only in index j;. That is, it is a comparison of the treatment
means for different levels of F; but with the levels of the other m — 1 factors fixed. Main
effect and interaction contrasts, which are linear combinations of simple effect contrasts, are
well-known to all who work with factorial models and so will not be re-defined here; see for

example Hedayat et al. (1999) or Hinkelmann and Kempthorne (2008).

The factorial contrasts for simple, main, and interaction effects in general depend on the levels
of the factors involved. We now focus on the case of m factors each having s; = 2 levels, so 2™
total treatment combinations. In this case there is a unique (up to sign change) main effect

contrast for each factor, and likewise for the interaction of any ¢ factors (¢ = 2,3,...,m).

12



Moreover, these unique contrasts are mutually orthogonal and each involves all treatment
combinations. It is also common to normalize such contrasts so that the coefficient vectors all
have a length of 1. As there is a total of 2™ of these orthonormal contrasts, they provide an
alternative parameterization of 7. Henceforth we refer to this orthogonal parameterization

as OP and to these orthogonal factorial effects as OP effects.

Writing 7 in revlex order based on the treatment indices allows construction of the H
transformation matrix for the OP effects as a series of Kronecker products. For m factors
each with 2 levels, define Hpp to be the matrix whose rows consist of the coefficient vectors

for the OP effects along with the normalized vector \/%7112”1. Then we may write Hpp as

1 11
Hop:Zm®Zm_1®"'®Z1, Zl:ﬁ forl:1,2,...,m, (13)
-1 1

where ® indicates the Kronecker product. The ordering of the Z; in the Kronecker product in
(1.3) allows us to index the OP effects in Hpp7 using the revlex ordering. To demonstrate,
let @ = Hpopt, a 2™ x 1 vector. Then the OP intercept, which we may denote as . o
appears first in 0, as does 71y o in 7. The OP main effect for F;, which we may denote as

010..0, appears second in 0, as does g in T.

Invoking the effect hierarchy principle, higher-order interactions are often assumed to be
negligible. That is, we assume prior to any data collection that some of the factorial ef-
fects HopT equal 0, or are sufficiently close to 0 to be of no concern. This can be a useful
assumption, since estimation of all 2™ factorial effects and the intercept would require at
least 2™ runs, a number which can get large very quickly with increasing m. If higher-order
effects are negligible, then a fractional factorial experiment may be more appropriate, where
fractional means we need only to estimate a fraction of the total factorial effects, and fewer

runs are required. The literature on fractional factorial designs is rich, and we point the
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uninformed reader to the texts Box and Draper (1987), Hedayat et al. (1999), Hinkelmann
and Kempthorne (2008), Hinkelmann and Kempthorne (2005), and Myers, Montgomery,
and Anderson-Cook (2009) which introduce both applications and theory of factorial exper-

iments.

When there are no blocks to consider, it is well-known that an orthogonal array (OA) of
appropriate strength is universally optimal for the estimation of the factorial effects included
in the model. Existence of these designs requires, at the very least, that the number of EUs
is a multiple of 4. Chakravarti (1956) generalized the structure of OA’s with the concept of
balanced arrays (although he called them partially balanced arrays at the time) which exist
for all run sizes. While the concept generalizes to factors with more than two levels, we

provide a definition for this specific case.

Definition 1.2.6. Let V' be an N x m array where each column has symbols 0 and 1, and
let Vi be any N xt subarray of V.. By Definition 1.2.5, each row of Vi has some heft between
0 and t. Suppose that for each g =0,...,t, every possible row of heft g appears ng times in
Vi. If the numbers ng do not depend on the particular subarray V;, then we say that V' is a

balanced array (BA) of strength t with index set (ng,nq, ..., ng).

If a strength ¢ BA has an index set where ng = ny = --- = n; then V is a strength ¢t OA. It is
straightforward to show that a strength ¢ BA is also a strength ¢ —1 BA. Much of the theory
on the optimality and construction of balanced arrays for fractional factorials, may be found
in Chopra (1967), Srivastava (1961, 1965, 1972), and Srivastava and Chopra (1971a,b). Many
of these results have been summarized in Rafter and Seiden (1974). These papers refer to
fractional factorials derived from balanced arrays of appropriate strength as balanced designs
since the covariance matrix for the factorial effects is invariant to factor permutations. Much
of the work by Srivastava and Chopra establishes optimal designs within the class of balanced

designs. Even though balanced arrays can sometimes be efficient with respect to all designs,
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there are cases when they are very inefficient so that optimization within a class of strength

t balanced arrays may yield poor overall designs.

1.2.3 Baseline parameterization of factorials

Mukerjee and Tang (2012) focus on a different set of factorial contrasts, corresponding to
the baseline parametrization for factorial treatment effects. These contrasts, referred to as
baseline effects or BP effects, define main effects and interactions relative to the baseline
treatment effect 7. . A major class of applications for BP effects is to the analysis of

cDNA microarray experiments; see Mukerjee and Tang (2012) for other applications.

The baseline main effect for F} is defined to be

0100 = T10..0 — T00--0 >

which is the simple effect of F; with all other factors set at baseline. The BP 2 factor

interaction (2-f.i.) between factors F; and Fy is

0110--0 = T110--0 — T100--0 — T010--0 + T00---0 -

Our use of the parameters 6; in this section should not be confused with the parameters

-
shown in the previous section after (1.3). Note that the j;jo components of the mean
responses have the same form as an OP 2-f.i. for a 22 factorial. Proceeding in this way,
define a BP ¢-fi., g = 2,3,...,m, as a non-normalized, OP g¢-f.i. for just those g factors,
while holding the remaining m — g factors at their baseline level (the OP g¢-fi. averages

over the levels of the remaining m — g factors). It follows that the BP m-f.i. is equal to its

non-normalized OP counterpart, since there are no factors left to hold at their baseline level.
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The issue of normalizing BP effects will be taken up later.

A Kronecker product representation for the BP transformation matrix, say Hgp, exists that
is similar to that for Hpp. Just as is done for 7, the BP parameters in @ are indexed by
m-~tuples of 0’s and 1’s. The heft of a BP parameter index indicates the order of the BP
interaction and those j; = 1 correspond to the factors involved in that interaction. The BP
intercept has heft 0, a BP main effect has heft 1, and all BP interactions have heft greater
than or equal to 2. Equation (1) of Mukerjee and Tang (2012) says that any treatment mean
can be written as the sum of 6y... and all those BP parameters whose indices have 1’s only
in a subset of the positions having 1’s in the subscript vector of that treatment mean. This

is of sufficient usefulness that we state it, along with two related results, as a lemma.

Lemma 1.2.1. The following relationships hold among the treatment means 7j j,...;,, and

the BP parameters Ojsjs...jx .

(1) Let J be the set of positions in the index j1jo - Jm Of Tj jyjn CONtaining non-zeros.
. , o ,
Then Tjyjy-.rj,, @S the sum of exactly those 0j:js.. ;« ’s whose indices have non-zeros in

any subset of the positions J.

(ii) Let the BP parameter O;:js..;x have heft h (that is, its index contains evactly h ones).

Then there are exactly 2™~ treatment means 7j,,...;,, that are a function of 01 js..x .

(1it) Let Tj j,...j,. have heft h. Then for each j = 0,1,...,m—h, there are exactly (m_h) BP

J

parameters Ojs =5« of heft h + j that are a function of Tj,j,...5,,-

Inverting the relationship in Lemma 1.2.1(i) gives the required BP transformation matrix,

HBP'

Lemma 1.2.2. For a 2™ factorial treatment structure under baseline parameterization, T =
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H10, where

H;,=2,'®2"' @ --®2Z ", Z = o 1=1,2,...,m,

Proof. Write both 7 and 0 so that the indices are in revlex order. The result is clear for

m = 1. For m = 2 we have

Too 100 0\ (6o
10 110 0] |60
ol 1101 of 6w
o 111 1) \on

and clearly the inverse transformation matrix is the claimed Kronecker product. Now as-
sume the result holds for m = ¢ (with parameters in revlex order) and denote its inverse
transformation matrix by Hg},t. Add a new factor and assign it to position ¢ 4+ 1 in the
parameter index. There are now 2! parameters, and when placed in revlex order, the first

2! have factor t + 1 at level 0, and the remaining 2" have factor t + 1 at level 1.

The inverse transformation matrix HgllgtH is defined to be Z_ ' @ H g}gt and

-1
sp, 0

~1 -1 _
Ziy ® Hyp, = . .
Hpp, Hpp,
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By the induction hypotheses, the first 2! rows of the displayed matrix produce the treatment
means having factor t41 at level 0. The other rows must be shown to produce the treatment
means with factor t+1 at level 1. Select any one of the rows and consider the index vector s
(say) of the corresponding treatment mean. We know from the induction hypothesis that
the first 2! elements of the row are adding in exactly those 6’s having 1’s only in positions
corresponding to 1’s in the first ¢ positions of s (all have 0 in position ¢+1). The remaining 2°
elements of that row are adding €’s with exactly the same subscript vectors except they also

all have 1 in position ¢. By Lemma 1.2.1, this is the selected treatment mean. O]

Again, the ordering of the Z; in the Kronecker product in Lemma 1.2.2 allows us to index
the BP effects using the revlex order as was shown for the OP effects after (1.3). It is
evident from Lemma 1.2.2 that Hgzp and Hzp, both being Kronecker products of m lower
triangular matrices, have zeros in exactly the same positions. Combining this observation

with Lemma 1.2.1(i) gives the following corollary.

Corollary 1.2.1. Let the BP effect 0;:js..;= have heft h. Then it is a linear combination of
exactly those 7j, j,...;,, whose subscript vectors have non-zeros in any subset of the positions J*.

Moreover, the coefficients in this linear combination are all 1’s and —1°s.

The following terminology will be useful in proofs throughout the dissertation. We say a
BP effect with index ji ... j,, tnvolves factor [ if j; = 1. If h is the heft of index ji ... jm,
clearly the effect involves h factors. For an effect, define its factor set to be the set of factors
involved in that effect. Hence the factor set has h elements. The overlap set between BP
effects is the intersection of their factor sets. If the overlap set is nonempty, we say those
effects overlap. We say two effects overlap at factor | if the overlap set includes factor [.
Finally, two BP effects are said to overlap by n factors if the cardinality of the overlap set
is n. The above definitions may also be used for factorial effects in the OP setup. For large

m, it is more convenient to reference each BP effect by its factor set, lest we work with
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cumbersome m-tuples. For example, for any m the BP main effect for F; could be indexed
as either 09 or 61, and the BP 2-f.i. for F} and F, could be indexed as #7119, or #15. This

more compact indexing was used in Mukerjee and Tang (2012).

It is interesting to note that overlapping defines an association scheme on BP effects. Such an
association scheme may be called a multi-dimensional partially balanced association scheme,

as described in Bose and Srivastava (1964).

Mukerjee and Tang (2012) found that if no BP 2-f.i.’s or higher are present, then the BP
main effects are directly proportional to the OP main effects, so that orthogonal arrays
are universally optimal designs for estimation of the BP main effects. Most of their work
then looked at minimizing bias in the estimates if interactions were truly present, much like
was done in Deng and Tang (1999) for OP effects. Once interactions are included in the
estimation, we no longer have proportionality and the optimal designs for some criterion
are likely different from OA’s. At the end of their paper, they conjecture that certain
balanced arrays may be A-optimal when 2-f.i.’s are included in the model, which we verify

in Section 5.2.

Approximate A-optimal designs for Ht

TvC and factorial experiments are specific applications of a general estimation problem for
a set of estimable functions that span the estimation space. Rather than focusing optimality
criteria on efficient estimation of all estimable functions, we instead want to find a design
that best estimates H 7T, where H T is some subset of estimable functions. It is required that
r(H) =h <k and R(H) is a subset of the maximal estimation space. Just like for TvC,
the covariance matrix for these contrasts is HC; H” and the A-criterion measures the trace
of this matrix. Kao, Yates, Lewis, and Dean (1995) derived a general result for A-optimal

block designs for estimating contrasts H7. Rather than searching for C, corresponding to
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exact designs, they searched for an optimal approzimate information matriz. Let Dy be the
class of designs such that H is estimable, i.e. d € Dy = HC;Cy = H. Note that if h < k
then Dy is a larger class than the class of connected designs, hence disconnected designs

may become A-optimal.

Define Cy = {C,; : d € Dy} and let ¢pax denote the maximal trace of those Cy € Cy. The

authors call M an approximate information matrix if it lies in the set

M={M : M is a p X p symmetric, nnd matrix, with R(M) O R(H),

M1, =0,, and tr(M) < Cpax} - (1.4)

The conditions R(M) O R(H) and M1, =0, imply h < r(M) < p — 1. Optimizing over
this larger set of matrices (which contains C) allowed the authors to derive a form of an

approximate information matrix to be A-optimal for HT.

Theorem 1.2.1. Let M be defined as in (1.4) and let HT be a vector of contrasts where
r(H) = h <p-—1. Let uy,...,u, be a set of orthonormal eigenvectors of H' H and let
01,...,0, be the corresponding eigenvalues. Then tr(HM*~H") = min{tr(HM HT) :
M € M} if and only if M* = " /Owu!, where a is a constant such that tr(M*) =

Cmax-

It is unlikely that M™ is in C'y, but Theorem 1.2.1 can be used to find a lower bound for
the A-value, and we may assess efficiency of designs in C'y with respect to this bound. As
approximate information matrices are much more flexible than C, in Cy, this bound may
at times be unrealistic. Note well that the eigenspaces of M* and H” H are equivalent,
implying that if a C; € Cy also has eigenspaces in common with HT H it may be effi-
cient, although its trace must be large as well to guarantee this. Kao et al. (1995) refer

to information matrices with some subset of eigenspaces in common with H” H as aligned
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designs.

1.3 General weighted optimality

This dissertation introduces a flexible class of design criteria that both extend and unify
standard optimality criteria by allowing an experimenter to assign relative importance to all
estimable functions through a concise weighting system. Research on weighted optimality
had been sparse leading up to the paper by Morgan and Wang (2010) and primarily fo-
cused on weighting of the A-criterion, see Gupta, Ramana, and Parsad (1999) and Shirakura
and Tong (1996). In their paper, Morgan and Wang (2010) create “weighted variances” by
multiplying the variance of an estimable function by a weight determined by a quadratic
form of a positive definite, diagonal weight matrix W. They then define the correspond-
ing weighted optimality criteria as functions that seek to find designs that minimize these
weighted variances in some overall sense. Their weight matrix is used to assign large weight
to functions of greater importance and the weighted optimality criteria focus attention on
designs that efficiently estimate these functions. Their weighted optimality criteria, which
are constructed by applying standard optimality criteria to weighted information matrices,

are shown to be summary measures of weighted variances.

The weighted optimality approach taken by Morgan and Wang (2010) was primarily explored
in the context of comparative experiments with p treatments and connected designs. In this
context, the weight w; in the diagonal W, while corresponding to a treatment effect 7;, is
not assigning weight to that effect since 7; is not estimable (the model is overparameterized).
Instead, the weight w; is distributed to the contrasts involving the treatment 7;. Hence
larger w; puts greater emphasis on contrasts involving 7; and a weighted optimal design will

typically estimate these contrasts with smaller variance than a universally optimal design
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would. Indeed, the weighted optimal design will likely accomplish this by assigning more

replicates to treatment ¢ than a universally optimal design would.

1.4 Outline

The main aim of this dissertation is to generalize weighted optimality as developed by Morgan
and Wang (2010), allowing all symmetric, positive definite matrices as candidates for weight
matrices. The dissertation is organized as follows. Chapter 2 provides the preliminary
results that generalize the theoretical foundation of weighted optimality to all symmetric,
positive definite weight matrices. The chapter also introduces the concept of estimation
equivalence, in which many weight matrices are shown to assign the same weights to every
estimable function. Having the fundamental theory established, Chapter 3 applies the theory
to show that eigenvalue-based optimization of information matrices for a set of estimable
functions, like that shown in Section 1.2.1, is equivalent to a weighted optimality criteria.
We then present a class of weight matrices that are able to directly assign weights to a set
of estimable functions and a weighted criterion is shown to measure the average weighted
variance of a large number of estimable functions with any chosen weights. Due to the
complexity involved in finding analytical solutions to the design problem, Chapter 4 looks
at implementing weighted optimality in SAS PROC OPTEX and an important theorem is
presented that brings a new perspective to adjusted information. Finally, Chapter 5 details
a linear model theory for reduced estimation spaces which we use to find A-optimal plans to
estimate baseline factorial effects including up to 2-f.i.’s. We conclude the dissertation with

a discussion of future work and open problems.
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Chapter 2

Preliminary Results

This chapter motivates and develops the theory of general weighted optimality, beginning
with the introduction of fundamental concepts like weighted variances and weighted infor-
mation matrices. Establishment of the relationship between these two concepts is crucial to
creating a statistically meaningful set of optimality criteria. Eigenvalue-based weighted op-
timality criteria are investigated first, and then shown to exist in a larger class of weighted
optimality criteria. Conditions are given for any two weight matrices to assign the same
weight (up to proportionality) to all estimable functions, a property that is used to establish
which permutations the general weighted optimality criteria are invariant to. In seeking
designs that are optimal under all weighted optimality criteria for some weight matrix W,

we conclude the chapter with a discussion on weight balanced designs and matrix averaging.

2.1 Weight matrices and weighted variances

Suppose that we wish to assign a weight w > 0 to some estimable function h”7 in order

to reflect its importance relative to other estimable functions. For this weight to impact
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variance-based design criteria with a useful statistical interpretation, it is combined with the
variance of the estimator h7T to create a “weighted variance”: w X Vard(h/T\T). We then
seek to create a broad class of weighted optimality criteria that measure a design’s ability to
minimize these weighted variances in some overall sense, implying that larger weight should

be applied to those functions of greater interest.

In order to assign weights to all estimable functions, we will need a concise, yet flexible,
weighting system. Take any p X p symmetric, positive definite matrix W that also satisfies
1TW1 = 1. Such a matrix is called a weight matriz. The restriction on 17W'1 is a simple
scaling condition which, while unnecessary to the overall theory, imposes no loss of generality
and is invoked for convenience. If 17W1 # 1 then we need only multiply W by [1TW1]~!

to achieve this. Given W, weights are assigned to variances in the following way:

Definition 2.1.1. The weighted variance for the estimable function h''T for design d is
Vargy (RTT) = [R"W'h]"Vary(hTT). (2.1)
We call [W*W =Lh]™! the weight assigned to h™ .

It is obvious from (2.1) that any ordering of designs based on weighted variances is invariant
to the choice of positive scaling of W. Let h* = h/v/hTh be the normalized version of h.

Then we can decompose the weight assigned to h' T as

WTW R = R TW R X (2.2)

Hence assigned weights in general are made up of a normalization constant for h and the
weight assigned to the normalized version of h. Even though weights depend on the length

of the coefficient vector, weighted variances do not.
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Lemma 2.1.1. The weighted variance for h' T is invariant to the length of h.

Proof. Take any contrast h’T and define h* = h/vhTh so that h*Th* =1 and h*TT is a

normalized estimable function. The weighted variance for h*T7 is

—

Vargy (h*T1) = [h* "W 'h*| 71Vard(§T\7')

1 —
— hTh[hTW’lh]’lmVard(hTT)

= [hTW_lh]_l\/ard(i:T\T) = VardW(ET\T) ,
the weighted variance for the non-normalized estimable function. ]

In light of Lemma 2.1.1, it is clear that the assigned weights and weighted variance may
always be viewed in terms of the normalized estimable function. Further discussion of nor-

malization may be found in Section 3.2.4.

Requiring W to be positive definite, i.e. [£? W ~1z]~! > 0 for all p x 1 vectors x # 0, is done
primarily for mathematical convenience. Weights are only assigned to estimable functions
so that we truly only need W to satisfy [p” W=h|™! > 0 for all h € €. Consequences of

this will be the main topic in Section 2.4.

2.2 Weighted information matrices

Assigning weights as defined in Definition 2.1.1 appears awkward at first, but serves to
generate statistically meaningful weighted optimality criteria based on the standard criteria
of Definition 1.2.4. Writing W in spectral form as W = ED,E" allows us to define W~1/2

(see Section 1.1.1), which is used the following definition.
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Definition 2.2.1. For a weight matric W and design d € D with information matrix Cy,

the weighted information matriz for T is

Cuy =W 2C,W-1/2

Clearly all Cyyy are symmetric, nnd, and, because all competing designs are assumed to have
information matrices with the same estimation space € of dimension k, r(Cyy) = r(Cy) = k.
The eigenvectors of Cyyy corresponding to the p—k zero eigenvalues are not design dependent
and are generated by Fyo = WY2F,, where F; was introduced in Section 1.1. Hence
R(Caw) does not necessarily equal €, although it is the same for all Cyy. Write the spectral

decomposition of Cyy, as

k
Cow = Z Oai fawiFaw: = Faw1DeF (2.3)

i=1

where the p x k matrix Fyyy = (faw1|fawel| - - - | faws) satisfies Fy Fouy = I, Ffy Fyo =
0, and 0 < 04 < 04 < --- < Oy, are the positive eigenvalues of Cyyr. We do note that, in
general, FiL Fyyo # I, . The next theorem relates the weighted variance of any estimable

function to the eigenvalues of Cyyy .

Lemma 2.2.1. The weighted variance for any estimable function hTT is a convex combina-

‘ —1 -1
tion of 0, ,...,0, .

Proof. Consider for 1 < i < k the vectors ly; = W2 fu,. They satisfy FOTldi = FOTWUZdeZ- =
FLofawi = 0, that is, they are estimable functions. Let Ly = W'/2Fyy,1, which should not
be confused with L in (1.1), be the p x k matrix whose columns are ly1, . .., lg. The columns
of L, are linearly independent (because the columns of Fyyq are) and so are a basis for €.

This says that given any estimable function h’7 there must be a k x 1 vector q such that
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h = L,;q. With this the variance for hTT may be written as
Vary(h't) = h"Cyh = q"LYC; Laq = ¢"FL, \W'2C; W' 2Fyq . (24)

Since WY 2C, W2 fyu = Ogi fawi, the matrix Fhy WY2C, W2 Fyy1 in the last quadratic

form has (7, j) element

1
FiwWPCoW P foy; = Tl [fiy WP W ) WRC, W2 [W2C, W2 fa) ]
iVdj

1/0g  ifi=j
W RPCW 2 fys =

- fT ,
0404 " " .
0 otherwise

It follows that
k9
q.
V hT = E -
arg(hTT) 2 0

where ¢; is the i-th element of q. Now qq = q"FEL, W' 2W'W'2F,1q = h"Wh.

Putting this in (2.1) with the variance expression just derived gives

—_

Vargw (hTT) = [hTW_lh]_IVard(fﬁ;) =

which is a convex combination of the 1/6,4, as claimed. O

Since every weighted variance is a convex combination of the Gd’il, minimizing a relevant,
summary function of the 9;1.1 is minimizing weighted variance in some overall sense. It shows
that any optimality criterion, that in the unweighted case seeks to minimize variances as
measured by a function of inverses of eigenvalues of C,, is minimizing weighted variance
when used to evaluate the weighted information matrices Cyy. The inverse eigenvalues

9;1»1 are canonical weighted variances, termed simply canonical variances in the unweighted
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(W = 1I) case. If W o I then Cy o< Cy and the design ordering for any weighted criterion

T p
is equivalent to that for the standard criterion. Hence a standard optimality criterion is a

special case of a weighted criterion.

We now investigate weighted analogues of standard eigenvalue criteria and discuss how they
evaluate weighted variances. The following lemma, which is straightforward to show, is useful

in providing meaningful interpretations of weighted eigenvalue criteria.

Lemma 2.2.2. Let C; and Cyy, be arbitrary generalized inverses of Cq and Cgy, re-
spectively. Then W_l/z(l'd_WW_l/2 1s a generalized inverse of Cy, and Wl/QC'd_VVl/2 s a

generalized inverse of Cay .

2.3 Weighted eigenvalue criteria

We now define the weighted versions of the F-,; A-, and D-criterion.

2.3.1 Weighted-FE criterion

Definition 2.3.1. The weighted E-value for design d, or Eqw, is the inverse of the smallest

positive eigenvalue of the weighted information matrix Cyy :

1

EBay = — .
aw edl

A design d* is Ey-optimal in a design class D if it minimizes the largest canonical weighted

variance, that is, if Egw = mingep Eaw .

Lemma 2.3.1 provides an interpretation for Fy analogous to that for the unweighted FE-

criterion.
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Lemma 2.3.1. For a design d, Egw is the largest weighted variance over all estimable

functions.

Proof. The maximal weighted variance is

hT'C; h hTW-12C, W12 y'Coyvy
maxX | —m———7 = max = max ——
nee \ hTW-1h h™W-'h vTFwo=0 \ Yy

where y = W~2h is an eigenvector for Cyy having a positive eigenvalue as y is orthogonal

to Fyo. It follows that the maximal weighted variance is equal to the largest eigenvalue of

C v, being 1/04. O

2.3.2 Weighted-A criterion

Definition 2.3.2. The weighted A-value for design d, or Agqw, is the average of the inverse

of the positive eigenvalues of the weighted information matriz Cgy :

AdW =

| =

A |

A design d* is Ay -optimal in a design class D if it minimizes the average (or equivalently

the sum) of the canonical weighted variances, that is, if Ag-w = mingep Agw .

In providing additional interpretations for Ay, we say two estimable functions h!7T and
hJTT are weighted orthogonal if hRfW='h; = 0. A set of contrasts are mutually weighted

orthogonal if any pair of contrasts in the set are weighted orthogonal.

Lemma 2.3.2. For a design d, Aqw s proportional to the average weighted variance for any

k weighted orthogonal contrasts.
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Proof. Let 1,15, ... 1 be the coefficient vectors for any set of weighted orthogonal estimable
functions with assigned weights [ITW ~11;]"' = w;. Further let D,, be the k x k diagonal
matrix of these weights. Writing L for the p x k matrix whose columns are the I;, then
L™W-L = D;' & DY’L"W-'LD,/*> = I, which further shows that the columns of
L are linearly independent. Consequently 1~}D11U/ 2 = L,A for Ly = WY2F,;,; and some
nonsingular Ayy,. Since also LgWﬁlLd = I, we have D},/QETW%I}D},/Q = I, &
ATLW'L,A = I, & ATA = I, & A is orthogonal. This implies that LD,L” =
L,AATLY = LyLY so

W 2LD,L"W Y2 = Fyy FL,, .

k —_—
> wVar(lfr) = tr(D)’L"C;LD)/?) = tr(D))*L"W~'*C},, W'/’ LD,/?)

i=1

= tr(C, W V2 LD, L"W~1/?)

= tT(C;WFdW1FfW1)

k
1
i=1 %
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2.3.3 Weighted-D criterion

Definition 2.3.3. The weighted D-value for design d, or Daw, is the product of the inverse

of the positive eigenvalues of the weighted information matrix Cay :

DdW:H%.

A design d* is Dy -optimal in a design class D if it minimizes the product of the canonical

weighted variances, that is, if Dgyw = mingep Daw .

Interestingly, this weighted criterion does not respond to weights.

Lemma 2.3.3. For any design d € D and weight matric W, Day is proportional to Dy.

Proof. Recall that P, is the orthogonal projector onto €. As is well-known, BBT and BT B
have the same positive eigenvalues for any matrix B, so the positive eigenvalues of Cyy,
are equal to those of C;/QW*10;/2 = C;/QPTWAPTC;/Q. Note that P,W ~!P. is sym-
metric and nnd (with column space equal to €), and so admits a square root decomposition
PWpP, = [PTW_lPT]l/ 2. Hence the positive eigenvalues of Cyy are equal to those of

the following matrices:
C)PIP.W P PWP]2C)? & [P.W ' P)V2C)[P.W P & WYAC,W /2

where W,/? = [P.W~'P,]'/2 + (I — P;), a symmetric, positive definite matrix. Note that
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iR(W*l/ ‘c,w/ %) = € so that we may finally write

Daw = |WMC ;W2 (I - P!
X |W*1/2| ‘W*1/2CdW*1/2 + (I - PT>|71 |W*1/2‘
= |Ca+ W P(I - PYW 7!

=|Ci+(I—-P)|"" =Dy .

Lemma 2.3.3 is related to the well-known fact that the D-criterion is invariant to full-
rank, linear transformations. Proportionality to the standard D-criterion implies that the
standard design ordering is equivalent to that for Dy, which is important enough to state

as a corollary.

Corollary 2.3.1. If Dy, < Dg,, then Dgw < Dg,w for all weight matrices. Furthermore,

the relative Dyy-efficiencies equal those for the standard D-criterion.

Lemma 2.3.3 and Corollary 2.3.1 are why there is no D-optimality work for design problems
such as those discussed in sections 1.2.1 and 1.2.3. The D-criterion is unable to account for
selected functions having greater importance and so is an inappropriate criterion to use when
there is differential interest of estimable functions. The most enlightening part of the proof
for Lemma 2.3.3 is that the eigenvalues of Cyp for any weight matrix W are equivalent to
the eigenvalues of Cyy+ where W, = [P,W P, 4+ (I — P,)]"". This suggests that there
may exist multiple weight matrices that assign the same weights to every estimable function.

We explore the existence of non-unique weight matrices in Section 2.4.
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2.4 Estimation equivalence

A statistically meaningful weighted criterion generates a design ordering based on weighted
variances, comprised of variances Vard(h/T\T) multiplied by weights [hT” W ~1h]~!. The ques-
tion taken up here is uniqueness, or lack thereof, of W: can different weight matrices generate
the same weights for all estimable functions? Consider, for example, comparative experi-
ments where all treatment contrasts are estimable and Cy;1 = 0 for all information matrices.
For a given W form another weight matrix W, = W +¢qJ, ¢ > 0. This matrix is clearly not
equal to W, even if we do scale both matrices, but both of these weight matrices assign (up
to a constant multiple) the same weights for all contrasts. Although this is a simple example,
it demonstrates that a weight matrix can be contained in a family of weight matrices, each of

which produces the same design ordering. This leads to what we call estimation equivalence.

Definition 2.4.1. Two weight matrices W1 and Wy are estimation equivalent with respect

to & with projection matriz Py if for some ¢ > 0 and all h € &

"W 'h = qh"W,'h .

If W7 and W, are estimation equivalent, then clearly their corresponding design criteria,
assuming they measure weighted variances, will produce the same design orderings. Hence
working with weighted information matrices based on W; would be equivalent to working
with those based on W,. The following are some results that can be used to characterize
the family of estimation equivalent weight matrices for a given W, starting with a general

matrix result.

Lemma 2.4.1. Let A be any p X p symmetric matriz and let Py be the orthogonal projector

onto a subspace V of RP. Then hTAh = 0 for all h € V if and only if Py APy, = 0.
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Furthermore, A must be of the form
A=(I-Py)A (I~ Py)+Ay(I—-Py)+(I—Py)A; (2.6)

where A1 is symmetric.

Proof. Assume Py AP, = 0 and rewrite A as

A= (Py+(I-P))APy+ (I - Py))
=PyAPy + (I - Py)A(I - Pv)+ PvA(I — Py) + (I — Pv)APy

= (I - Py)A(I - Py)+ PyA(I - Py) + (I - Py)APy

so hTAh =0 for all h € V. Here A; = A and A, = Py A.

Now assume h” Ah = 0 for all h € V. Take any row, say h, of Py, and we have hf Ah; =0
so the diagonal elements of P,y APy are 0. Now take any two rows, hT and hl, of P, and

let ¢} = ¢l + k. Then ¢y € V and

0=clAcy
=cl Ac, +cl Ac, + 2¢] Ac,
= 2cl Ac,

T
=2¢c, Acy

since A is symmetric. Hence ¢l Acy, = ¢l Ae; = 0 and all off-diagonals of P,y APy are 0.

The form of A follows from the previous argument. m

The following corollary to Lemma 2.4.1 is proven by setting A = W' — %W{l for two
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estimation equivalent weight matrices and taking V' = € so that Py, = P,.

Corollary 2.4.1. The weight matrices Wy and Wy are estimation equivalent if and only if
PTWflP.,. = %P.,.W{lPT for some q > 0.

Using this corollary and the required form of A in Lemma 2.4.1, we have the following lemma

characterizing all weight matrices that are estimation-equivalent to a given W.

Lemma 2.4.2. The weight matrices that are estimation equivalent to W are all matrices

with inverses
W, '=¢qP,W'P. + A (2.7)
for ¢ > 0 and any A of the form
A=(I-P)A(I-P,)+A(I-P,)+(I-P,)A] (2.8)

where Ay is symmetric and

qc" P,W'Pc > —c' Ac

for all ¢ # 0.

Proof. All such W, having inverses of form (2.7) are clearly symmetric and estimation equiv-
alent to W. Next we need to show that all W, are positive definite. That is, for any p x 1

c # 0 we must show ¢! W_1le > 0. In general, the quadratic form may be written as

c'Wole=qc" PLLW'P.c+ ¢ Ac .
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The first summand is non-negative so to be positive definite

qc' P,W'Pc > —cT Ac .

Now we want to show that all estimation equivalent matrices may be written in the same
form as W 1. If Wy is an estimation equivalent weight matrix to W then there is some

q > 0 such that PTWO_lPT = qP,W1P.. We may rewrite WO_1 as

W, '=PW;'P, +(I-P YW, (I -P,)+(I—-P)W;'P, + PW; (I - P,)
=P.W,'P. + A,

—gP,W'P, + A,

where A, is of form (2.8) with A; = W', and A, = P,W; . O

One of the most useful applications of these results was seen in Lemma 2.3.3 and is of

sufficient use to state as a corollary.

Corollary 2.4.2. For a given weight matrixc W', the weight matriz, W, having inverse and

muverse square root matrix

W 'l=P.W P, +(I-P,) (2.9)

W*—1/2 _ [PTW*1PT]1/2 + (I — P_’_) , (2.10)

1s estimation equivalent to W . Furthermore, weighted information matrices under W, have

row space €.

As will be seen in the following section, estimation equivalence will often be relied on for

mathematical results. Given a family of estimation equivalent weight matrices one should
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choose a form that either makes analytical results straightforward or is clearer in how it
assigns weight to functions. For example, a diagonal weight matrix is easy to construct and
the resulting weights are straightforward. Some may even choose to pick a W ~! rather than
a W which is acceptable. One has the option to start with an easily constructed weight
matrix and may then use the flexibility afforded by estimation equivalence to derive a weight

matrix that may make analytical results more straightforward.

2.5 General weighted optimality criteria

Weighted eigenvalue criteria are a rich class of design measures that clearly focus attention
on designs that minimize weighted variances in some overall sense. There are many other
weighted criteria, other than those considered to now, that have practical relevance. For
example, with comparative experiments and connected designs, the standard MV -criterion
measures the maximal variance of all pairwise comparisons. The weighted analogue of this

criterion is presented in Definition 2.5.1.

Definition 2.5.1. The weighted MV -value for design d, or MVyy, is the largest weighted

variance among all pairwise comparisons:

MVay = max Var, . J
S =)

A design d* is M Viy-optimal in a design class D if it minimizes the largest weighted variance

of all pairwise comparisons, that is, if M Vg = mingep M Vay .

The importance of the M Vy-criterion motivates the need to define a broad class of weighted
optimality criteria in the same vein as Definition 1.2.4. In that definition, conventional

optimality functions were required to be convex, to preserve nonnegative definite ordering,
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and to be permutation invariant. These properties allowed matrix averaging to establish
lower bounds on ®(C};) and led to sufficient conditions for universally optimal designs. Recall
that these criteria were also defined as functions of all symmetric, nnd matrices with the
same row space (&), this being the class of all possible information matrices. Here we want
to evaluate weighted information through Cyy -, so we generate weighted optimality criteria

by applying standard optimality criteria to the Cyy .

Definition 2.5.2. For given weight matriz W, the weighted version of a standard criteria

®, denoted Py, is the mapping Oy : € — R given by

oy (C) = (Cyw) (2.11)

for all C € €, where Cyy = W12CW~1/2.

We note that weighted optimality criteria are well-defined for any weight matrix W, as
all standard optimality criteria are well-defined for all symmetric, nnd matrices having any
row space of dimension k. It also follows that all valid weighted criteria must further satisfy
Py, (C) o Py, (C) for all C' € €¢ when Wy and W, are estimation equivalent. Furthermore,
we emphasize that weighted optimality criteria are a function of C' € €¢ not Cy,. That is, the
design optimization problem is to find an information matrix, not a weighted information
matrix, that minimizes all or some ®y,. When looking for an optimal design, however,
it may be worthwhile to think of the design optimization problem in terms of finding an
optimal weighted information matrix, Cyy+, and then taking the transformation Cy =
W12C«W/2 to find the optimal form of the information matrix. Although, there is no

guarantee that the resulting Cy+ will correspond to an information matrix.

Theorem 2.5.1 details the properties of @y induced from & in terms of comparing C, Cy, Cs €

€¢. The only modification to the three basic properties of standard criteria as given in Defi-

38



nition 1.2.4 is to the class of permutations preserving criteria values: @y (IICIIT) = &y, (C)
for all ®y,. This permutation class, denoted Ily, is shown to be those permutations in Il¢
satisfying

neP.w'pPIl = P,W'P,

which is closely related to the concept of estimation equivalence.

The proof of Theorem 2.5.1 requires the following result concerning permutations of a sym-
metric matrix. First, we provide an equivalent expression of a symmetric, nnd matrix A
related to its spectral decomposition. Suppose A has m < k distinct positive eigenvalues,
denoted A;. The eigenspace corresponding to J\; is the set of all vectors satisfying Ae = \je.
Let P; be the orthogonal projector onto this subspace, that is Pje = e if and only if e is in
the eigenspace of A\; and Pe = 0 for e in any other eigenspace. It is well-known that if the

P; are chosen to be symmetric and idempotent then are unique. We may then write

j=1

Lemma 2.5.1. Let A be a symmetric, nnd matriz described above. Then ILAIIT = A if

and only if ILP,II" = P; for all orthogonal projectors onto the n eigenspaces.

Proof. Assume IIP,II" = P; for j =1,...,m, so
A" =) ANIIPIT =) NP =A.
j=1 j=1

If e is in the eigenspace of A corresponding to A; then Ae = \je and clearly ILAII” (Ile) =
MNIle. If TTAII" = A then A(Ile) = \;(Ile) so ITe must also lie in the eigenspace of A
corresponding to A;. For any j, we have a unique P; that projects onto the eigenspace cor-

responding to A;. If A; has multiplicity n; then any set of n; orthonormal vectors ey, . .., e,,
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lying in the eigenspace of \; satisfy P; = 3,7, e;el. Clearly Ile; and Iley, | # I, are also
orthonormal and lie in the eigenspace of \; so P; = Y7 Tleief TI" =11 (3,7, ee] ) IIT =

IPII”.
0O

Theorem 2.5.1. Let W be a chosen weight matriz. For every C, Ci, Cy in €¢, any

weighted criterion ®yw under W satisfies

(i) @y is invariant to all II € My, : ®y (IICIIT) = Oy (C) for all I1 € Ty,
(i) Py preserves the nnd ordering: Cy — Cy is nnd = Py (C) < Oy (Cs),

(111) Py is convexr: Py (aCi + (1 — a)C) < a®w(Ch) + (1 — a)Pw(Cy), 0 <a<1.

Proof. A weighted criterion, ®yy, for the chosen W' is generated by a standard optimality
criterion, ®, which is defined on, and properties (1)-(3) of Definition 1.2.4 hold for, all
symmetric, nnd matrices having any row space of dimension k. We first show (i7) and (7iz).
If C; — Cy is nnd then so is Ciyy — Cow so (Cry) < O(Caw), or Py (Ch) < Py (Cy),
proving (i7). Next, Oy (aC + (1 — a)Cy) = ¢(aCiw + (1 — @)Caow) < a®(Ciy) + (1 —
a)P(Cow) = a®w (Ch) + (1 — a)Py (Cy), proving (7).

Let W, be the estimation equivalent weight matrix for W as described in Corollary 2.4.2.
These matrices assign identical weights to all estimable functions, so @y (C) = @y, (C) for
all C € €. Clearly the permutation class Iy = {I1 : TIP,W ! P, II" = P,W 1P, } equals
that for W,. Also, if IT € Iy then it is easily shown that II" P,W'P.II = P.W ' P,

and because P,W~'P, and [P,.W*1P7.]1/2 share the same eigenspaces, Lemma 2.5.1 says
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7 [P,W~-'P,|'/?I1 = [P,W ' P,]"/2. Hence if II € Iy, then

Oy (TIICTIY) = Oy, (IICTIY) = O([P,W ' P, |2TICTIT [P, W~ P, ]'/?)
= ¢ (I"[P,W ' P, )’ TICTI" [P, W ' P,|"/*II)
= O([P,W P, |V2C[P,W ' P,]'/?)

=Py, (C) = 2w (C) .

It remains to be shown that if @y (IICTIT) = ®y(C) for all IT € Tg, C € €, and Py,
under W, then IT € Ily,. Assume on the contrary that the result holds for some IT in Il
but not in Iy, and consider C* = [P,W ' P,|*, the MP inverse (see Defintion 1.1.1) of

P,W~-'P,. It follows that
[P,W P 2Cr P,W P2 = P,

as the eigenspaces of C* = [P,W ' P,|T corresponding to its positive eigenvalues equal

those of [P,W 1 P,]'/? and are orthogonal to (I — P;). Hence

Dy (C*) = dy, (C*) = ®([P,W P ]V2C* [ P,W P, ]Y/?)

— o(P,) .

The matrix P, is symmetric and idempotent so its k positive eigenvalues equal 1 and it
follows that the Ay~ and Ejy-criterion values for C* equal 1. By assumption, the Ay -
and Eyy-criterion values for IIC*II? must also equal 1, which happens if and only if all
the positive eigenvalues of [P, W ! P,|'/2TIC*TI" [P,W ' P,]'/? equal 1. The row space
of [P,W ' P.]'?TIC*TI"[P,W ~' P,;]'/? equals €, so the eigenvectors of this matrix corre-

sponding to its positive eigenvalues make up an orthonormal basis for P,.. Hence if all the
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positive eigenvalues equal 1 the spectral decomposition of [P, W ~' P, ]'/2TIC*TIT [P, W ~! P,]'/?

says

(P.Wip Y ric il [P,W P, Y? = P,

= P,IIC'TI" P, = [P,W ' P,|""?[P,W ' P,]"* = [PLW ' P,]* = C* .

AsTI € Ilg, P.IIC*TIT P, = TIC*TI" so IIC*TI? = C* and I1 ¢ Il = IIP, W 1 P, TIT +#
P.W-'P.. By Lemma 2.5.1, this implies IIC*IIT # C*, a contradiction. O

As seen in the proof of Theorem 2.5.1, the permutation class Iy, is a minimal class of
permutation matrices that all ®y, are invariant to. We cannot rule out the possibility of a
particular weighted criterion to be permutation invariant to more than those permutations
in [Ty, A trivial example of such a criterion is @y (C') = 1 for all C. However, based on the

proof, Iy is likely complete for all eigenvalue-based criteria.

Depending on the estimation space and chosen weight matrix, the condition for IT to be in
[Ty may be simplified to something more intuitive. For example, in regression models and
the cell means model, P, = I, and the condition reduces to IIW ~!'TI" = W~!. Morgan
and Wang (2010), who worked with diagonal weight matrices and P, = I — %J , claimed Iy,
consists of those permutation matrices satisfying Ilw = w), the vector of diagonal elements
in the diagonal W. While intuitive, they did not provide a necessary and sufficient condition

like that in Theorem 2.5.1, which we provide in the following section.

2.5.1 Permutation invariance for connected designs

The goal of this section is to explore whether we can simplify the permutation invari-

ance condition established in the previous section when P, = I — %J , for instance with
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connected designs for comparative experiments. Note that in this cue, Il¢ contains all
permutation matrices, which is the class that Kiefer (1975) worked with. This matrix
is completely symmetric and J = ILJ = JII which shows that if IIW IIT = W!
then TIP,W 1P, II" = IIII" P,IIW 'II" P. 111" = P.IIW 'II'P, = P.W'P;,, so
such permutations are in IIy,. We now investigate whether ILP,W ' P, IIT = P,W 'P,
implies IIW ~'II7 = W~ If IP,W ' P, II" = P,W ' P, then, multiplying this out for
P.=1- %J ,

1 1
ow-'I’ — -Iw'J + JW '] + STIJw ' Ji’

p p
1 1
=W —— W I+ W+ SJW g
p p
1 1
s Ow I’ - 5[HW—lJ +JW I =w ! - ];[W‘lJ +JW .

A sufficient condition for IIP,W 'P,II"” = P,W P, = IIW 'IIT = W lisif IW " 'J+
JW- I =wW-'J +Jw—1,

Lemma 2.5.2. For P, =1 — %J and weight matrix W satisfying W1 = A1, Il are those

weight matrices satisfying IIW —1IIT = W1,

Proof. Follows immediately from the fact that W—1J + JW ! = %J which is invariant to

all permutations. O

Such weight matrices in Lemma 2.5.2 will be thoroughly discussed in chapter 3. Corol-
lary 2.4.2 states that every weight matrix W has an estimation equivalent weight matrix
W, that satisfies the eigenvector condition in Lemma 2.5.2, so there exists an estimation

equivalent weight matrix for which we can simplify the condition.

Let W™ = (w;;), and denote W™'1 = w™! = (w;) and w. = 17"W~'1. Similarly let

P,W~'P, = (p;;) and p* = (pi;), the p X 1 vector of the diagonal elements of P,W ' P,.
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It is easy to show that

2 w.
Pii = Wi — Wi, + — .
p p

Now if P,W 1P, is invariant to a permutation IT then clearly IIp* = p*. Hence

IIp"=p ¢H<p ——21)=p -1,
p p

since IT1 = 1 for any permutation matrix.

Lemma 2.5.3. For P, = I — %J and a diagonal weight matriz W, Iy, is comprised of

those weight matrices satisfying Ilw = w where w is the p x 1 vector of diagonal elements.

Proof. Because W ! is diagonal we have that w;; = w; , which implies that the ith element

2

of p*— *s1is equal to wii—%wi, = (1—;)wi, and so p*— 1 is proportional to w =Wl

Hence

Iw—'J+Jw '’ = w17 + 1w 11"
— ,w—llT + 1,w—1T

—Wlg+Jgw-t.

Clearly permutation invariance also holds for w, which simply inverts the elements in w™1.

]
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2.6 Matrix averaging, weight balance, and permuta-

tion invariance

A crucial piece to Kiefer’s theorem of universal optimality was complete symmetry of Cyx,
which resulted from matrix averaging with respect to all permutation matrices. As pointed
out in the previous section, matrix averaging for a weighted optimality criterion is done with
respect to Iy, a potentially smaller subset of all possible permutations. An information
matrix then need not be completely symmetric in order to reach its lower bound for some

weighted optimality criterion attained by matrix averaging.

The positive eigenvalues for completely symmetric information matrices are all equal, so
every normalized estimable function has equal variance. Such designs are thus called variance
balanced. If a design, d*, has a completely symmetric weighted information matrix then the
positive eigenvalues of Cy«y are all equal and so every weighted variance, which is a convex
combination of the inverse eigenvalues of Cy+y,, must be the same and we call d*weight

balanced.

Definition 2.6.1. A design d is said to be weight balanced for W if Vawa(h/T\T) does not

depend on the h € &€ selected.

The following lemma characterizes the form of all C; for weight balanced designs for a given

w.

Lemma 2.6.1. A design d is weight balanced for W if and only if, for some e > 0, Cy may
be written as

Cd = ELdDng y

where columns of Ly are k weighted orthogonal functions satisfying LYW 'L, = D',

a k x k diagonal matriz whose diagonal elements are the inverse weights assigned to the
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corresponding estimable functions.

Proof. Assume d is weight balanced for W so all the eigenvalues of Cyy equal (say) € > 0.
It follows that the spectral decomposition for Cgy is Caw = eFdWlFfW1 where Fy, has k
orthonormal p x 1 vectors that are also orthogonal to Fyyo. Hence Cy = W2C, W1/2 =
eWV2Fyy Fyu W2 = eL,LY. Now LYF, = FL, W'2F, = FL, F, and so the columns
of Ly make up k linearly independent estimable functions. The functions satisfy LYW 'L, =

Fl Fawi = I and hence are weighted orthogonal with assigned weight 1.

Now assume that Cy = eLyD,, LT where LYW™'L; = D_!. Tt then follows that Cyqy =
eW2L,D,LYW~1/2 and W-12L,DY?* make up a set of k linearly independent eigen-
vectors for Cyy, each having positive eigenvalue €. Hence all the positive eigenvalues of Cyy

are equal and so d is weight balanced. O]

The impact a weight balanced design has on the unweighted variances is best understood
by looking at the ratio of any two weighted variances under that design, which equals 1 by
definition. Let w; = [RfW1h ]™! and ws = [l W th,]™! denote the weights assigned to

the estimable functions hf 7 and hi7. The ratio of these weighted variances is

wiVarg(hlT) . Varg(hlT) _w,

woVarg(hiT) Varg(hlr) W1 .

If the weights are equal, then the variances must be equal and so the estimable functions are
estimated with equal efficacy. If wy > w; then d will estimate h 7 with smaller variance
than hfr. Hence weight balanced designs estimate those estimable functions assigned the
largest weight with the smallest, and equal, variance. This does not immediately say that the
design will be optimal for all, or any, ®y, but it is behaving like we would want a weighted

optimal design to behave.
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Matrix averaging with respect to Ily, and the convexity property of weighted criteria can
be used to create lower bounds for @y (Cy) just as in the standard approach. It then be-
comes desirable to identify which information matrices are invariant to all such permutations.
Clearly completely symmetric matrices fall in this group, but other “less symmetric” matri-
ces become candidates for weighted optimality due to the potentially smaller permutation
group, Ilyy. Indeed, it is this reduction in symmetry that allows such designs to place greater

emphasis on some estimable functions.

Now we show that all weight balanced designs have information matrices that are invariant to
all permutations in Ily,, further implicating their likelihood of containing a weighted optimal

design for some weighted criterion.

Lemma 2.6.2. Let d* € D be a weight balanced design for W . Then Cy is invariant to all

simultaneous row and column permutations in Iy .

Proof. As shown in the proof of Lemma 2.3.3, the positive eigenvalues of Czy equal those of
W.2Cp WH? where W,/? = [P,W~1P,]'/? + (I — P,). Because P,W~'P, and (I — P;)
are orthogonal and [P,W ~'P.]'/? is a square-root decomposition based on the spectral
decomposition of P,W ~'P,, W, = [P,W'P.]*Y2 + (I — P,;). That d* is weight
balanced for W implies that the positive eigenvalues of Cyy,, and hence wl 2Cy wl/ 2, are
all equal to (say) € > 0. Note that IR(W*UQCdW*l/Q) = & for all d and so

WAC W2 = eP. = Cy= W, 'PP,W, V2 = ([ PL,W ' P, |2 P,W L P "/?

= [P,W P,

the MP inverse of P,W ! P,. This matrix has the same eigenspaces as P,W ' P, and so

permutation invariance over Iy, of P,W ~! P, implies that for C; = ¢[P,W 1 P,]". O
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The second condition in Kiefer’s result required Cy- to have maximal trace across all designs.
In a weighted optimality context, however, a design, d, having Cyy that has maximal trace

across all weighted information matrices may be far from desirable.

Example 2.6.1. For the cell means model the information matriz is Cy = Ry where Ry =
Diag(rar, ..., rap), a diagonal matriz of the number of replications assigned to each treatment.
Assume we use a diagonal weight matric W = Diag(wy, . .., w,) to declare relative interest in
estimating the treatment means. Clearly to achieve complete symmetry of Caw the replication
numbers must be inversely proportional to their assigned weights. For the sake of argument,
we allow the number of replication to be non-integers, but still greater than 0, so such a Cgaw

exists. Such designs are called approzimate or continuous designs (see Section 3.3.1).

The trace of any Cgy will be

p
Tdi

w4
i=1 ¢

which we seek to maximize with respect to the replications subject to the constraint ", rq; = N
and rqg; > 0. This is a linear programming problem but the vertices, where the maximum
solution(s) typically lie, are not included due to the non-negative constraints on the rq;. If
we could include the vertices, the obvious mazximal trace would occur with a design that
assigns rqg; = N for the treatment having the smallest weight assigned to it, say wqy. There
are approvimate designs that can approach this value so we may consider N/wy as a tight
upper bound on the maximal trace. It seems highly unlikely that for general diagonal W
there would exist even an approrimate design that achieves both complete symmetry of Caw

and also maximal trace.

As seen in the above example, once we introduce a desired weighting, maximizing trace and
balancing weighted information matrices can often lead to very different designs. Balance

of Cy is a superior property than maximal trace, which can direct attention to nearly
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singular designs, as seen in Example 2.6.1. A Kiefer-like result for universally weighted
optimal designs seems in terms of weighted information matrices seems unlikely as the two

components of that result cannot be simultaneously achieved.

Weighted optimality for a given W and criterion @y, will need to be treated on a case-by-
case basis, both in terms of the chosen estimation space and weight matrix. We now turn our
attention to developing a class of weight matrices that allow direct assignment of weights to
a set of estimable functions and finding their corresponding weighted optimal designs. The
theory is demonstrated for a blocked treatment-versus-control experiment and completely

randomized designs that efficiently estimate all OP and BP effects.
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Chapter 3

Weighted optimality for a set of

estimable functions

The main motivation behind weighted optimality criteria is that experimental goals sometime
imply differential interest among the estimable functions. Diagonal weight matrices are most
useful when the weighting is motivated solely based on the parameters 7; involved. For
comparative experiments with treatment effects, 7, this is appealing when the treatments
may be partitioned into g groups of varying importance, which was an important application
in Morgan and Wang (2010). This chapter focuses on a class of weight matrices that allows

a researcher to directly assign weight to a chosen set of estimable functions.

We begin with an equivalence lemma that relates the standard approach to design opti-
mization for a set of estimable functions and a class of weighted optimality criteria, demon-
strating how weighted optimality brings new insight to a broad class of design problems.
Then we develop a class of weight matrices that allow direct assignment of weights to a set
of estimable function. One of the most interesting and useful incorporations of weighting

presented in this chapter is through the Ay -criterion, which is shown to be able to measure
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the average weighted variance for a large set of estimable functions with any desired weight-
ing. Applications for treatment-versus-control experiments and factorial experiments serve

to demonstrate the theory.

3.1 Model transformations and weighted optimality

Let H be an s x p matrix satisfying R(H) = &, so r(H) = k and each row, say h],
is a coefficient vector for an estimable function of interest. In Section 1.2.1 we presented
the information matrix for the TvC contrasts in the form (HC; H")~'. For a general H
described in this section, this matrix is invertible if and only if H is k x p. For s > k

estimable functions, H T, transform model (1.1) as follows

y=Xyt+LB+e=X,H H"H' Hr + LB + e

for Xyy = Xq(HTH)"H?T and 7y = H7. This transformation produces an equivalent
model since P, = (H"H)"(H" H) and estimable functions of 7* = P, are exactly those

of 7. The information matrix for 74 in (3.1), denoted Cjy, is
Coy = X1y(I - P)Xyy =HH"H)'C,(H"H)"H". (3.2)

One may then apply standard optimality criteria to Cyp, which lies in €¢, to evaluate designs

in terms of the estimable functions of interest.

Letting B = H(H"H)*C,/?, and using the fact that BBT (= Cu) and B”B have the
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same nonzero eigenvalues, any positive eigenvalue A of Cyy satisfies

|Cuy — M |=0=|B"TB- )M |=0 < |C)2(HTH)*C)>” -\ |=0

& |(HTH)Y"2C,(HTH)TY? - XTI |=0. (3.3)
In light of (3.3), define the (unscaled) weight matrix Wy to be
Wy=H"H+ (I - P;) (3.4)

which has inverse W;;' = (HTH)* + (I — P;) and W,,"* = (H'H)™/2 + (I - P,). It
follows that Cyy, and Cyy for W = Wy, have the same positive eigenvalues, giving us the

following lemma.

Lemma 3.1.1. For optimality criteria that depend only on the eigenvalues of Cyy,
(Can) = Pw(Ca) ,

where W = Wy is defined in (3.4). Hence design optimization for Ty in model (3.1) is a

weighted optimality problem for T in model (1.1) with weight matric Wy;.

We encountered an important result involving the general form HTH in Section 1.2.3.
Denote the k positive eigenvalues of HY H as )y, ..., \; and their corresponding eigenvectors
as eq,...,ex. Theorem 1.2.1 states that the approximate information matrix of the form
M* = Oszzl VAieel, where o is chosen to give M* maximal trace across all possible
C, € Cy, is A-optimal for HT. The eigenvectors of P,W ' P, corresponding to positive
eigenvalues clearly coincide with ey, ..., e, so the eigenspaces of M* corresponding to its
distinct positive eigenvalues equal those of PTWI}1PT. Hence M* is permutation invariant

to all IT € Ily,. We see that the concept of aligned designs is related to invariance to
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weight-preserving permutations, and hence Ay -optimality with respect to Wy. Moreover,
Lemma 3.1.1 and the balance of aligned designs with respect to Il says that such designs

(if they exist) are potentially optimal for many eigenvalue criteria, not just the Ay -criterion.

There are two common transformations used with ANOVA models arising from comparative
experiments, not for the purpose of targeting specific parametric functions, but simply to
make all treatment effects identifiable: the baseline transform and the sum-to-zero constraint.
Evidently these transformation have the potential to impact the design optimization problem.
We now examine the effects of performing such transformation from the weighted optimality

point of view.

3.1.1 The baseline and sum-to-zero transform

Assume & contains all treatment contrasts so P, = I — %J . Let 7, in 7 be the baseline
treatment and transform 7 to @ = HT where H = (I,—; | —1,-1). Note that @ has p — 1

parameters. Here

- | e
15—1 p
which has MP-inverse
1 1 1
mrEy = | e [0 1 e | 7]
o7 0 p _1qT p=1
p p

The weight assigned to any contrast, ¢! 1 is then [¢! (HTH)"¢|™!. If ¢’ is a normalized
contrast involving only the first p — 1 treatments then clearly this weight will be 1. However,
this is not the case for contrasts that involve the baseline treatment. For example, the

i —Tp

contrasts TW forv = 1,...,p — 1 are assigned weight 2, implying that the comparisons
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involving the baseline treatment are of greater interest. In fact, the ratio of these weights is
exactly that produced in the limit as w; — 1 by a diagonal weight matrix Diag(w) where
w? = (wy, wy, ..., wy,w;) and wy = (1 —wy)/(p — 1). This limit, as shown in Morgan and
Wang (2010), produces the standard treatment-versus-control optimality setup. As is well

known, optimality results for this setup are much different from that of the untransformed

model.

The sum-to-zero transformation replaces 7; by 7; — 7, where 7 = (>_7_, 7)) /p. The necessary

transformation matrix H is then
1
H=1,--J,=F,.
p

Hence H'H = P, and W = I so optimization for the sum-to-zero parameters is equivalent

to the standard approach for optimization for all estimable functions.

3.2 Assigning weights to estimable functions

The goal of this section is to construct weight matrices that assign any chosen weights to
any specified set of estimable functions. As will be shown, how this is done depends on how
many estimable functions we want to directly assign weights to. When assigning weights
to functions, we must also contemplate whether to assign them to the normalized or non-
normalized versions, even though the resulting weighted variances will be equivalent. We

begin by looking at assigning weights to a set of k orthonormal estimable functions.
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3.2.1 Assigning weights to £ orthonormal estimable functions

Weight matrices satisfying W (I — Pr) = ¢(I — P;) have k orthonormal eigenvectors that
make up an orthonormal basis of all estimable functions. Let H* be the k x p matrix whose
rows are these eigenvectors so that H*7 are k orthonormal estimable functions. Consider

the weight matrix
Wy = H"D,H* + (I - P,), (3.5)

where D,, is the k x k diagonal matrix of the eigenvalues corresponding to the rows of H*.
These eigenvalues may be freely chosen by the experimenter and are easily shown to be
the weights assigned to the H*7. The H*T are also clearly weighted orthogonal, and by
Lemma 2.3.2, an Ay-optimal design for this weight matrix minimizes the average weighted

variance of these k£ functions.

3.2.2 An admissibility criterion

Every information matrix with estimation space € admits a spectral decomposition of the
form C; = H dT Dg,H,; where the rows of H; are k orthonormal eigenvectors of Cy; and
Dy, is a k x k diagonal matrix of the positive eigenvalues of Cjy corresponding to the
eigenvectors. We may then create a weight matrix of the form (3.5) from a chosen design,
say d’s, information matrix, W, = C; + (I — P,). Hence Wd_l/2 = CJI/Q + (I — P;) and

the weighted information matrix for design d is

Cav = C'C,cl'? = P, |
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making d weight balanced for W;. We now explore the Eyy-criterion for such weight matrices

generated by a specific type of design.

For given design class D, a design d € D is admissible if there is no d € D for which C; #
IIC,II” for all permutation matrices IT and Varj(fﬁ;) < Vard(fﬁ;) for every estimable
function AT 1. Let €* be the subclass of information matrices corresponding to all admissible
designs. Lemma 3.2.1 supplies a weighted criterion that takes admissible designs from design
contender to optimum, showing that every admissible design maximizes information in some

way.

Lemma 3.2.1. For a given d € D where Cy € C*, d is Ey-optimal for W,.

Proof. As shown earlier, Cyy = P, under W, and so the positive eigenvalues of Cyy
all equal 1, which is also equal to 1/Egy. If a competing design d is Ew-better than d
then all the eigenvalues for Cj,, are greater than 1. It follows from Lemma 2.2.1 that
VarczW(fTT;) < Vardw(fﬁ\ﬂ') for every estimable function h”7. But the weight applied to a
particular h”7 is constant for all designs, implying that Vard(fﬁ;) < Vard(iﬁ’;) for every

contrast and that d is inadmissible, a contradiction. O]

Recall that Fgy equals the largest weighted variance across all estimable functions for a
design d. It is tempting to assume that for W, d minimizes the maximal weighted variance
across all the k& orthonormal estimable functions that make up the spectral decomposition

of C;. However, the following counterexample shows that is not always the case.
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Counterexample 3.2.1. Take a completely randomized design for p = 3 treatments with
N = 7 EU’s. There are only 15 possible connected designs, being all permutations of the

following replication vectors:

Design | Replication Vector | Permutations
dy (1,2, 4) 6
ds (1, 3, 3) 3
ds (1, 1, 5) 3
dy (2,2, 3) 3

We first show that design d; is admissible in order to apply Lemma 3.2.1. Consider the

normalized eigenvector hy corresponding to the maximum eigenvalue of Cy,. The variance of

hIT under d; is 0.3628. Only design dy estimates hl 7 with smaller variance (Varg,(hI7) =
0.3456), which can be checked manually across the other 14 designs. As d; estimates the
pairwise contrast % with smaller variance than dy (0.625 versus 0.667, respectively), d;

is admissible.

It is straightforward to check that dy also estimates hT7 given by the other (orthonormal)

eigenvector of Cy, with smaller variance than d;, so for i =1 and 2,

VardQ(h/Z-T\‘r) B VardQW(h/iT;) <1

Varg, (hiT‘r) Vardlw(hiTT)

and dy has smaller weighted variances than d; for the two estimable functions corresponding

to the eigenvectors of Cy, even though d; is Ey-optimal with respect to Wy, .

3.2.3 Assigning weights to k£ estimable functions

The weight matrices constructed in (3.5) are straightforward in their derivation, but are less

likely to be used in practice. Only in specific cases, such as factorial experiments, would a set
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of k orthonormal contrasts be the main focus of estimation. In this section we derive weight
matrices that can directly assign contrast weights to a set of at least k linearly independent,
normalized estimable functions. These weight matrices will have a form similar to those in

Section 3.2.1. Why these functions are normalized will be discussed later.

Let H be a kxp matrix where H T are k normalized, linearly independent estimable functions
and choose wy, ..., w, to be the k weights that are to be assigned to these k functions. Let

D,, be the diagonal matrix of these weights and write H,, = DY*H.

Lemma 3.2.2. For H,, described above, the weight matric Wy, = H' D, H + (I — P;)

assigns weight w; to the contrast h;frT where h]T 18 the j-th row of H .

Proof. The assigned weight is the inverse of the j-th diagonal element of HW ;. H”. Now
HwWI};Hqg = H,(H!H,)"H! is symmetric, idempotent, and has full rank and so equals

I;.. This gives

H,H'H,)"H! =1, &« HH!H,"H' =D_,'! & HW,;.H" = D,

showing that the j-th diagonal element of HW . H” is 1/ wj, as required. O]

It is clear from the proof of Lemma 3.2.2 that the weight matrix Wy, makes the chosen k

estimable functions H7 weighted orthogonal, which we now state as a corollary.

Corollary 3.2.1. For the weight matrixc Wy, described in Lemma 3.2.2, the chosen k es-
timable functions are weighted orthogonal. Furthermore, Aqw measures the average weighted

variance of these k functions with weights specified in D,,:

T =

k
Agw = ij Varg(hT) .
=1

o8



One must take care not to read too much into Lemma 3.2.2. As an example, consider
D, = I, to place equal weight on the k normalized estimable functions. This gives the
weight matrix Wy = HTH + (I + P;). An arbitrary estimable function may be written
as h't = mTH~ for some k x 1 vector m, so the weight assigned to h”7 is the inverse
of A TW;'h = m"TH(HTH)*H"m = mTm. This weight is 1 for any normalized m,
the same weight for the functions H7. But consider for p = 4 and P, = I — iJ the
three contrasts (1, — 73)/v/2, (11 — 74)/v/2, and (15 — 73)/v/2, and their corresponding H.
Then m” = (0, —1,1,1) assigns (75 — 74)/v/2 the weight (m”m)~' = 1/3, which would be
disconcerting if one preferred that all four of these contrasts be assigned the same weight.

The non-orthogonal H has allowed the non-normalized m to produce a normalized contrast.

The proof of Lemma 3.2.2 still holds even if the rows of H are non-normalized. It is then
necessary to investigate the impact of normalizing, or not normalizing, the rows of H on the

weights for other estimable functions and resulting weighted criteria.

3.2.4 Normalization

For simplicity, here we work with full rank information matrices so that all AT T are estimable.

g, at least one of which is not normalized.

We take H to be full rank, with rows hT ... h

Let Dy be the diagonal matrix with diagonal entries h;phj. Then the rows of H = D;/ *H ,

denoted iz;f = \/ﬁh?, are normalized and at least one row of H is not normalized. These
two options correspond to two weight matrices W = HT H and W =H"H = H TD,'H
that are not estimation equivalent, which should generally lead to different assignment of

weights to all estimable functions (they are not estimation equivalent). Hence normalization

of the rows of H will likely impact design ordering.

Lemma 3.2.3. The weighted variance of h,;‘-FT with respect to W is the variance of iL;‘.F‘r,
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that is

— —_ i

Varyy (RI'T) = [h] hy] ™' Vary(hTT) = Vary(hTT) .

J
The weighted variance of isz with respect to W' is the variance of h;‘r'r, that s

— —_—

Vardw(iz;r‘r) = [hjrhj] VaTd(iL]TT) = VC”’d(EJT\T) :

Proof. The weights for the p estimable functions thT with respect to W are the inverse

diagonal elements of
HW 'H" = HH"D;'H) 'H" = Dy

and so are just the inverses of the squared lengths hfhj of the coefficient vectors h;, giving

the first result.

The weights for the p estimable functions iL]TT with respect to W are the inverses of the

diagonal of

HW 'H” = D,/?HH"H)'H"D,'* = D},

that is, they are the squared lengths h]Thj. O

Lemma 3.2.3 says that if the rows of H are normalized, then weighted evaluation of the
non-normalized th is nevertheless based on its normalized version. On the other hand, if
one does not normalize the rows of H, then weighted evaluation of the normalized iz]TT is
equivalent to unweighted evaluation of the non-normalized h]TT. That is, the weight assigned

to iL;fF'r equals the length of the non-normalized coefficient vector h;.

The purpose of using a transformation H is to directly target estimation on the transformed

parameters @ = H7T. What has just been shown is that if the rows of H are normalized,

60



then the optimality problem is in terms of normalized functions of the original parameters. If
the rows of H are not normalized, then the optimality problem is in terms of non-normalized
functions of the original parameters. In the latter case, the fact that weighted optimality
automatically incorporates normalization (see (2.2)) does not “carry over” to the original
parameters underlying transformed models, unless the rows of the transformation matrix
were themselves normalized. Indeed, if the rows of H are not normalized then the induced
weighting W = HT H “un-normalizes” the BJTT when evaluating their weighted variances.
That is, W assigns weight equal to the length of the vector to the normalized functions iL]T

so that longer vectors will be deemed more important.

Our arguments up to this point have been focused on the weighted variances of H7 and
H 7 induced from the two corresponding weight matrices. In particular, non-normalizing
was shown to induce weights based on the length of the vector, which may or may not be
indicative of the importance of that function. These arguments do not immediately tell us
anything about whether the design ordering changes with the weight matrices. In fact, the
answer likely depends on many conditions such as how different the lengths of the rows are

and the criterion chosen.

It is thus sufficient, and of greater clarity, to develop a general theory when the rows of H
are normalized. In this way, the weights we want to assign to the estimable functions are
made explicit (they are not “tainted” by the length of the contrast). If estimation is desired
specifically to the non-normalized version, we may introduce the length back by modifying

the diagonal elements of the matrix Dy in w.
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3.2.5 Assigning weights to s > k estimable functions

Focusing weighted estimation on a set of k linearly independent estimable functions is cer-
tainly an important step in generating a flexible class of weighted criteria, but we have seen
cases where this restriction may induce undesirable weights for other functions. To remedy
this, we would like a weight matrix that allows us to assign weights to a larger set of es-
timable functions, say s > k. One may try to accomplish this through a weight matrix of
the form in Lemma 3.2.2 with HT being s estimable functions specified by H (now an s x p
matrix) and D,, an s X s diagonal matrix of desired weights. This weight matrix will not in

general give [h]TWI;i}hj]*l =w; for all 7 =1,...,s, as seen in the following example.

Example 3.2.1. Suppose we partition 5 treatments in a comparative experiment into two
groups: Vi = {1,2,3} and Vo = {4,5}. The estimation space is taken to be all contrasts, and
sok=5—1=4. Let HT be the normalized pairwise contrasts so s = (g) > 4. We hope to
assign weight wq to the within-group contrasts, and weight 1 to the between-group contrasts,

using the appropriate D,,. Then HY = HT"D'? can be written as
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so that Wy, = HLH,, + %J (the % s chosen to get a nice form for Wy, but does not affect

the weights) is equal to

0

1 (31110 + 2)I3 + (1 — wo)Jg

0 (211}0 + 3)12 + (1 - wo)JQ
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and thus

1 1—w
Wyl =9 22 s — = J3] 0

(3.6)

0 L[, — Lo gy

2wo+3 5

Using (3.6) shows that Wy, assigns weight (3wy + 2)/2 to normalized pairwise contrasts
within Vi and weight (2w + 3)/2 to normalized pairwise contrasts within Va. Not only is

this not wg, but the two values are not even the same for wqy # 1.

Suppose we choose s > k normalized, estimable functions that we want to assign equal weight
to that also satisfy HT H = aP,. Then the weight matrix Wy = HTH + o(I — P;) = oI
assigns equal weight to those functions. In fact, it assigns equal weight to all normalized
estimable functions, reducing weighted optimality to standard optimality. This is the case
for wy = 1 in Example 3.2.1. On the other hand, suppose H' H # P, but there exists a
diagonal matrix of unequal weights D,, for which H? D, H = P,. Then the weight matrix

Wy clearly won’t assign the desired weights, rather it will assign equal weights!

From what we have seen, the constructed weight matrix Wy, will not in general assign the
desired weights to the chosen s > k estimable functions. Finding such a weight matrix for a
freely chosen set of weights is a very difficult problem, and may be impossible. Even though
the desired weights are not necessarily assigned to the s > k functions, we now show that

the weights are always preserved in the Agy expression.

3.3 Ap-optimality for s > k estimable functions

Section 3.2.3 focused on constructing weight matrices that assign selected weights to k es-
timable functions. Corollary 3.2.1 showed that such weight matrices make the k functions
weighted orthogonal, implying by Lemma 2.3.2 that the Ay -criterion measures the average

weighted variance of those functions with weights specified in D,,. The following theorem
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shows that regardless of the weights Wy, assigns to the s > k chosen estimable functions,
the Wy,,-weighted A-criterion nonetheless measures the average weighted variance of the s

functions with the assigned weights as specified in D,,,.

Theorem 3.3.1. Let Wy, = HLH,, + (I — P;) with H,, = Dy/*H where Ht are s > k
normalized estimable functions with R(H) = &€ and D,, are the desired weights for HT.
Then Agw with respect to Wy, is proportional to the average weighted variance for the s

estimable functions where the diagonal elements of D,, are the weights assigned to HT.

Proof. Rewrite Wy, using its spectral decomposition as Wy, = EDyE” where the columns
of E are eigenvectors satisfying ET E = I,,. Define M = ED/I\/ % and let M be the k columns
of M orthogonal to (I — P;). It is easily checked that M{ W ;. M = I} so the columns of

M, make up a set of weighted orthogonal contrasts.

Applying Lemma 2.3.2, we have

Aagw o tr(M{ C; M)
=tr(M"C; M) since Cy(I — P;) =0
=tr(ETEM"C; M)
=tr(EM"C; ME")
= tr(W'2C, W/?)
=tr(H"D,HC})

=tr(D,HC;H") = Z ijard(f;T\‘r) .

J=1

The last expression is proportional to the average weighted variance of the s functions Hr

with corresponding weights specified in D,,,. O]
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Theorem 3.3.1 provides a very powerful optimality criterion that measures a design’s ability
to estimate a large set of estimable functions given expressed differential interest among
those functions. When applied to the weight matrix in Example 3.2.1, we have averaged
weighted variance proportional to
T, — Tj Ty — Ts Ti — Tj
w Var 2| + wyVar + ) Var J

i,jeEVI i€Vy
i#£j JEV2

even though this weight matrix does not in general assign weight wy to the within-group

contrasts.

Suppose we use the weighting scheme in Example 3.2.1 for a block design with 5 blocks
each of size 4, in which case a balanced incomplete block design, say d;, exists and is shown
below. When wy = 20, that is, larger weight is to be set to the within-group comparisons,
then Agw = 2.293. The incomplete block design, ds, displayed below has Agzw = 2.285
and so is Ay -better than d;. The designs below have blocks as columns and treatments are

labeled by 1,...,5:

171)1]1(2 171(1]1]1

21212133 21212123
dl — d2 =

313(4(4|4 313131414

4151555 4141555

Note that d, is nearly identical to the BIBD, except one of the replications for treatment 5

was replaced with one for treatment 1.

To see the impact of choosing dy over d;, we focus on the within and between-group variances

rather than comparing the Ayp-values. The BIBD is known to estimate all normalized

pairwise comparisons with equal variance, which in this case is Varg, (Ti\gj ) = 0.267. For
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ds the average variance for the normalized pairwise contrasts of the treatments in V; is 0.243
and Var (%) = 0.327, while the average variances for the between-group comparisons is
0.284.

We emphasize that the desired weights in D,, are maintained in the A,y expression, but are
not necessarily the weights individually assigned to the functions by Wy,,. Table 3.1 shows
the actual weights assigned to the within- and between-group contrasts. As anticipated, in
light of the variances discussed above, the largest weight among these comparisons is for the
within-group comparisons of V; and the next is for the comparison of treatments 4 and 5.
The smallest weight is placed on the between-group contrasts. Perhaps most surprising is
that larger weights than the desired wy = 20 are assigned to the within-group comparisons.

Table 3.1: Weights assigned by Wy, in Example 3.2.1 to pairwise comparisons for treatments
between and within treatment groups Vi and V5 with wy = 20.

Comparison group | Weight
Within V; 31.0
Within V; 21.5

Between V] and Vs 5.3

There are ways other than through the user-specified estimable functions H7 and chosen

weights D,, in Lemma 3.3.1 to interpret the Ay -criterion as shown by the following corollary.

Corollary 3.3.1. For given weight matric Wy, = H' D, H + (I — P;) consider any other
factorization Wy, = ﬁTﬁwﬁ + (I — P;) in which ﬁw 1S a 5 X § positive diagonal matriz
and HT are § > k estimable functions with T(ﬁ) = k. Then Agw is proportional to the
average weighted variance of the s estimable functions ﬁT, with weights specified by the

corresponding diagonal elements ofﬁw.

Apparently Az can measure average weighted variance for many different sets of functions.

We now extend Lemma 3.3.1 and Corollary 3.3.1 to a fully general result.
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Fix any weight matrix W. Let M., be a matrix whose rows are coefficient vectors for

estimable functions of interest. Let the rows of M, be those of M except that each is

T

multiplied by the square root of its weight. That is, if m” is a row of M then m”T is an

estimable function of interest and the corresponding row of M, is (m”W='m)~2m”. Let

P, be the orthogonal projector onto the column space of Cyyy, which is the same for all d.

Lemma 3.3.1. Suppose for some scalar o the matrix M described above satisfies

W YMIM W Y2 = aP,,.

Then the Agqw wvalue is proportional to the average weighted variance of the s contrasts

m M.

Proof. The average weighted variance of the s contrasts is proportional to

tr(M,C; M) = tr(M,W2C},, W2 M)
= tr(Cly WA M M, W 1/?)
= a X tr(Chy Prw)

=ax tr(Chy) .

Incidentally, there is no restriction that the rows of M be unique; repeats are allowed and
some may even be the zero vector. Standard optimality coincides with W = I and the
condition in Lemma 3.3.1 reduces to M? M = a P, where the rows of M are normalized, a

result reported in Morgan and Stallings (2013).
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3.3.1 Approximate and exact Ay -optimal CRDs

Having demonstrated the wide applicability of the Ay, -criterion, we now focus on deriving
optimal designs with general W and Wy, described in the previous section. Assume the

one-way ANOVA model for a completely randomized design
y=Xyt+1lu+e. (3.7)

It is known that regardless of the CRD d, the variance for a contrast hTT is of the form

2
p hi

iz1 7> where rg; > 0 is the replication for treatment ¢. We first focus on finding ap-

proximate Ay-optimal CRDs, meaning the replications are allowed to be any positive real

number, not just integers. The following result resembles the corollary in Section 8.8 in

Pukelsheim (2006).

Theorem 3.3.2. For any weight matriz with a factorization Wy, = H' D, H + %J de-
scribed previously, denote the i-th element of the j-th row of H as h;;. Then the approzimate

CRD d* with replications

i = N% (3.8)

where w; = Zj‘:1 wjh?j is Aw-optimal. Moreover, this design is optimal regardless of the

chosen factorization.

Proof. By assumption, W admits a factorization as in Corollary 3.3.1 so Agw is proportional

to the sum of the weighted variances of the s contrasts H T with weights equal to the elements
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of D,,,

s N 2y %3
Agw o Y w;Varg(h?'r) w —
aw J d\"t; - j o
]:1 ]:1 i=1 di
p S 2
o Zj:l w]hlj
T
i—1 di
p
wy
Tdi

where w} = ijl wjh?j. A straightforward application of Lagrange multipliers gives the

minimum solution

Z;:l Wy h?j
Zi Z;:l wy hzzj

We have chosen one factorization that gives us an equivalent expression to Agy. Corol-
lary 3.3.1 says that choosing another factorization gives another equivalent expression to

Agw. Hence the Ay -optimal approximate design is invariant to the factorization chosen. [J

The invariance property in Theorem 3.3.2 is not surprising; all factorizations come from the
same weight matrix W, which determines the design ordering. Notice that the weights in
(3.8) are comprised of the weights assigned, w;, and the squared coefficients in the corre-
sponding estimable function. If a treatment is not involved in h?r, then hfj = 0 so that
the corresponding w; does not apply to that treatment. Hence the weight, w}, for a given
treatment balances both the desired w; and the relative involvement of that treatment in
that contrast, h;;. The following corollaries show that equally-replicated CRDs can be Ayy-

optimal designs for some W.
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Corollary 3.3.2. For the conditions in Theorem 3.3.2, if the diagonal elements of Wy, are

equal then an equally-replicated CRD is Ay -optimal.

Proof. If the diagonal elements of Wy, are equal then the diagonal elements of H D, H

are equal. But these are w} = ijl W h?j and so Agy o Ag. O

We now offer the following corollary to Theorem 3.3.2 for when a cell means model may

be preferred. Under this model, all linear combinations h’7 are estimable and also have

. h?
variance ) 7, .
7

Corollary 3.3.3. Suppose we have a CRD scenario with p treatments and assume the cell
means model. For any weight matrix W with diagonal elements w;; the approrimate design

with replications
b Y
Z v Wi

is Ay -optimal.

We call \/w;;/ > \/wy the replication proportion for treatment i. Approximate designs are
only applicable when their replications are integers. However they can be very informative
by hinting at what the exact optimal design should be. For example, they can identify
groups of treatments that should be equally replicated and provide an overall picture of
relative treatment replication. This will be demonstrated for the baseline parameterization

in Section 3.4.

The following theorem demonstrates how exact Ay -optimal CRDs, assuming either the one-
way ANOVA model (3.7) or cell means model, can be built up from an existing Ay -optimal

design with less V.

Theorem 3.3.3. Let r}y be the replication numbers for an exact Ay -optimal CRD for p

treatments with N runs and consider optimizing a CRD for p treatments with N + 1 runs.
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Suppose the optimization target is to minimize

p

Ay =Y 2

T
i—1 i, N+1

for some fized weights w; and replication r; y41 for treatment i. Then there is a treatment i
for which
riy+1 ifi=1,
TiN+1 = .
TN if i # i
are the replications for an Aw-optimal exact CRD for p treatment with N + 1 runs. That

is, an Ay -optimal exact CRD for N + 1 adds one replication to one of the treatments in an

Aw-optimal CRD for N runs.

Proof. The proof is done by induction. The smallest possible number of runs is p, and
obviously the result is true for N = p 4+ 1. Provided the result is true for given N > p + 1,
we need to show it also holds for N 4+ 1. Let d be an Ay-optimal design for N runs.
Clearly an Ay-optimal design for N + 1 runs, dj,,, must for some treatment, call it i, have

v =iy T 1L The argument proceeds in two cases.

Case 1. Suppose 75 | =77 + 1. Then ditiTin = DiziTin41- Given this sum, both dy
and d}_, must achieve the minimal value of }_, 27 Wi /ri. Thus (up to permutation among
replication numbers for treatments assigned the same weight) the two designs assign the

same replication numbers to all treatments except 7. This is the claim of the theorem.

Case 2. Suppose 77 =17+ for some integer x > 2. Then doisiTiNg = i TN —

N+1
(x — 1) and relative to d};, the design dj,, has been found by increasing the replication of
treatment ¢ by x, and decreasing the total replication for all other treatments by = — 1. This

implies that adding « replicates to ¢ and removing a total of (z — 1) replicates from the other

treatments decreases Ay, more than adding one replicate to treatment 7 and maintaining
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the same replication sum for the other p — 1 treatments. Now removing one replicate of ¢
from each of these two possible modifications of d};, this in turn implies that adding z — 1
replicates to ¢ and removing a total of (x — 1) replicates from the other treatments decreases
Ay more than adding no replicates to treatment ¢ and maintaining the same replication
sum for the other p — 1 treatments. That is, dj is improved by adding x — 1 replicates to
treatment 7 and, in some fashion, removing = — 1 replicates from among the other p — 1

treatments. This contradicts the fact that d}, is Ay -optimal. O

Given dj, the exact design dj,, is found as follows. For each treatment ¢ calculate

w w; wy

* * = * *
TN Tin T 1 Ti,N(Ti,N +1)

(3.9)

which is the decrease in Ay for dj by increasing replication of treatment ¢ by one unit.
The optimal replication increase is for the treatment 7 which maximizes expression (3.9).
For the cell means model and any weight matrix W, w; in Theorem 3.3.3 equals the i-th
diagonal element of W. For the one-way ANOVA model and weight matrix Wy,,, the w; in

the theorem equals % w;h?;.

3.4 Ay-optimal CRDs for two-level OP and BP effects

For treatments comprised of m factors each at 2 levels, we defined Hpp and Hpgp in Sec-
tion 1.2.2 using a series of Kronecker products of 2x 2 matrices, which are reparameterizations
performed on 7 in the cell means model. The weight matrix corresponding to the 2™ OP
effects is HYpHop = Iyn and so the OP transformation places identity weights on the
treatment means. Hence optimality for all OP effects is equivalent to standard optimality

for estimation of all treatment means.
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A natural additional weighting for the OP effects would be to assign more weight to the main
effects than the interactions through the weight matrix Wyop,, = H g pDwHop which has di-
agonal elements w;; = 232:1 w;hy;. For Hop, h; = 27 for all hy; so w;; = 2™ 2521 w; is the
same for all treatments. By Corollary 3.3.2 an equally-replicated CRD will be Ay -optimal
for Wop,, with any chosen diagonal weight matrix D,,. While an interesting observation,
this result assumes we are interested in estimating all orthogonal factorial effects, includ-
ing the intercept. This does not coincide with most applications of factorial effects where
higher order interactions are assumed negligible, a scenario that falls under the theory to be

established in Chapter 5.

Finding Ay -optimal CRDs for efficient estimation of all 2™ BP effects is a much more
interesting problem. The Kronecker product representation for Hgp makes finding the
corresponding weight matrix and its inverse straightforward. Let A®™ = A® --- ® A, the

Kronecker product of m copies of A. Then we have

®m ®Xm
T 1 -1 1 0
WBP = HBPHBP =
0 1 -1 1
®@m
2 —1
-1 1
®m ®m
1 0 11
Wip=HppHpp' =
11 0 1
Xm
1 1
1 2

Recall that the Hadamard product of two column vectors v1 = (vy;) and vy = (vy;), denoted

v1 ® Vg, is the column vector having the i-th row element (v1;v9;). The matrix Hgll; is easily
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shown to have columns equal to 1om, A,,, and all possible Hadamard products of at least
two columns of A,,. This is clear when one thinks of Hg}, as the transformation matrix
of the BP effect parameter vector @ back into the treatment parameter vector 7, which is
discussed in Lemma 1.2.1. Finally, let A,,.,, h = 2,...,m, denote the 2™ x (T]’Z) matrix of
all Hadamard products involving h columns of A,,. The order of the columns in A,,, is

not important for the work that follows. Being comprised of Hadamard products of columns

with either 0 or 1 elements, each matrix A,,,, has elements equal to 0 or 1.
There clearly exists a column permutation of Hgllj giving Hgllgl_[ = (1om | Ay | Ao | -+ | Amm)-
We may then write W5p = HypHpp' = HypIIIITH LT as

Wip =117 + Ap AL + AnpAjp + - & A1 Ajny + Amim AL, (3.10)

m;m )

which will be a useful representation when finding the permutation class of Il corresponding

to WBP-

With the cell means model, the inverse of the diagonal elements of W é are the weights
assigned to the treatment means. It is straightforward to show that if a treatment mean
has heft h then the corresponding weight for that treatment mean is 27". The intercept,
which has heft 0, has the largest weight with 1, and the treatment with all factors not set

at baseline has the smallest weight of 27,

A similar Kronecker representation exists for the normalized BP effects by multiplying the
bottom row of Zgp by 271/2. It is easily shown that the corresponding weight matrix for the
normalized BP effects, say Wxp-, assigns weight 37" to treatments of heft h, which is (%)h
less than for those under the original BP model. One should then anticipate that optimal

CRDs for all BP effects will depend on whether we normalize the effects or not.

We now focus on finding Ay -optimal approximate CRDs for estimation of non-normalized
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and normalized BP effects for the cell means model. We begin by deriving general forms for
the diagonal elements of Wp and Wgp«, which are needed to find the optimal replications
given by Corollary 3.3.3. It is easily shown that the diagonal element corresponding to a

treatment of heft h is 2™~ " and 37;:1 for Wgp and Wgp-, respectively. Note these are not

the same weights assigned to the treatments by the weight matrix.

In order to calculate the optimal replications in Corollary 3.3.3 we need to find the sum of the
square roots of the diagonal elements. There are (7;) different treatment means with heft h,
each having diagonal element either 2"~" or ?’Z—T;h, depending on whether we are interested in

estimating the non-normalized or normalized BP effects. For the non-normalized BP effects,

the sum of the square roots of the diagonal elements will then be

Zm:(zb)\/w——h:(urx/i)m,

which may be verified using the binomial expansion theorem. It follows that the replication
proportion for a treatment of heft h equals V27— /(14+/2)™. For the normalized BP effects,
the replication proportion for a treatment of heft h are similarly shown to be V/3m—h /(1 +
\/§>m_ It follows that the approximate Ay -optimal design will replicate the baseline mean the
most and the treatment mean with all factors not set at baseline the least. The replication
proportions for estimation of the non-normalized BP effects are broken down by heft for
m = 3 to m = 8 in Table 3.2. The replication proportions for estimation of the normalized
BP effects are similar, and so not shown here, although slightly greater emphasis is placed

on replication of treatments of lower heft.

As the replication proportions are irrational there can never be an N such that the ap-
proximate design yields an exact design. However, the approximate theory sheds light onto
the optimal forms of exact designs, such as the observation that the baseline treatment will

likely be replicated the most. We also see that treatments having the same heft should be
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Table 3.2: Replication proportions for treatments of a given heft for A-optimal approximate
CRD with respect to estimation of all non-normalized BP effects.

m

Heft 3 4 5 6 7 8
0 ]0.201 0.118 0.069 0.040 0.024 0.014
1 10142 0.083 0.049 0.029 0.017 0.010
2 10.101 0.059 0.034 0.020 0.012 0.007
3 10.071 0.042 0.024 0.014 0.008 0.005
4 - 0.029 0.017 0.010 0.006 0.003
5 - - 0.012 0.007 0.004 0.002
6 - - - 0.005 0.003 0.002
7 - - - - 0.002 0.001
8 - - - - - 0.001

replicated as equally as possible. We may think of the design in terms of the N x m ma-
trix V; = X A,, where A,,, which was defined in Section 1.2.2, has rows organized under
the revlex order. Then equal replication of treatments of similar heft in the approximate
Aw-optimal CRD implies that an exact Ay-optimal CRD V, will likely be an N x m BA

of strength m or at least “close” to one.

We now identify the class of permutations that satisfy IIWgpII? = Wxp and IWgp.IIT =
Wpp« and show that the information matrix of the BP effects under a BA of strength m is
invariant to such permutations. We begin by first proving the following lemma, which will

be needed later.

Lemma 3.4.1. For a given m, the columns of WB_Ig indezed by {2"+1:h=0,1,...,m—1}

make up a 2™ X m array equal to

A,=A,+J

where A,, is the array of treatment indices under the revlex ordering.
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Proof. The proof is done by induction. For m = 1 we have

e = (1, | A)
BP; 2 1)
1 2

and clearly column 2 gives the result. For any m > 1, A,, may be written as

~ Am—l Om—l Am—l 1m—1
A,=A,+J= +J = -
Am—l ]-m—l Am—l 2]-m—l
For m = 2 we have
. 11 .
WBPQ = ® (12 | Al)

1 2

1, A|1, A

1, A, |21, 2A,

and columns 2 and 3 clearly give the required A,. Now assume the result holds for m = t

factors. It follows then that for m =t + 1 factors

1 1
Wip,, = . ® Wgp,
wal | Wil
. BP; BP;
Wb, | 2Wgp,

By the induction hypothesis, the set of columns {2,3,5,...,2"! + 1} produce the first ¢
columns of A, and column 2¢ + 1, which is the first column of (W3, | 2Wgp)7, is clearly

equal to (11| 211)7 giving the result. O
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We say a 2™ x 2™ permutation matrix II is a factor permutation if there exists an m x m
permutation matrix, IT,,, such that ITA,, = A,,II,,. That is, if the row permutation IT of
A,, is equivalent to a column permutation of A,,, we say II is a factor permutation. By
definition, a factor permutation of a BA of strength m again produces a BA of strength m

with the same index set.

Lemma 3.4.2. If P, = I, the permutation class Ily, for Wgp equals that for Wgp- and

is comprised solely of the m! factor permutations.

Proof. We are interested in finding those permutation matrices that satisfy IIW, ;.HT =
Wgp and IW A TIT = W, If two elements in W3 are equal they will also be equal in
Wgp. and if two elements are unequal in one they will also be unequal in the other. Hence

the class Iy will be the same for both weight matrices.

Recall the representation of W4 in (3.10). Let IT be any factor permutation: ITA,, =
A, I1,, for some m x m permutation matrix IT,,. Then TI117TI? = 117 and 1A, ALTIT =
AL IIE AT = A, AL | Each column of A, for h =2,...,m is comprised of some order
of Hadamard products of the columns of A,,, so it follows that the columns of I1A,,., may
be written as the same order of Hadamard products of the columns of ITA,,. But ITA,, =
A, IL,, a column permutation of A,,, so IIA,, ), may be written as a column permutation

of Ay, say Am;hH(m). Hence I1A,,, AT, TIT = Am;hH(m)HT
h ’ h

h

h=2,...,m, giving IW, 11T = W3,

Any permutation matrix satisfying ITIW 5 pII7 = W4 must preserve the diagonal elements
of Wy If two diagonal elements of W} are the same then the corresponding rows in A,,
must have the same heft. Hence I1A,, may only permute rows that have the same heft. The
index of the m columns in Lemma 3.4.1 is easily shown to index the m heft 1 rows of A,,.

Hence if W5 pII? permutes a column in this index, it must do so with another column that
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makes up A,,, as given in Lemma 3.4.1. Denote the permutation matrix of these m columns

of W5} corresponding to II7 as IT,,,.

If OW A IT = Wy} then W4pTTT = TI'W,}, and clearly their 2™ x m submatrices

composed of the columns in Lemma 3.4.1 must be equal. That is

A0, =T1"4, = (A, + I, =TT (A, + J) .

As J is invariant to any row or column permutation, we have A,,II,, = IIT A,,, so IT must

be a factor permutation. O

Corollary 3.4.1. For the cell means model, a design, d, has an information matriz invariant
to all permutations in Iy, for Wgp and Wgp« if and only if Vo = X4A,, is an N x m BA

of strength m.

Proof. Information matrices under the cell means model are diagonal matrices of replications
for each treatment, R;. For R, to be invariant to factor permutations, the replications for

treatments of a given heft must be equal. Hence V; must be a BA of strength m. O

Lemma 3.4.2 and Corollary 3.4.1 indicate that some form of a BA of strength m may be
weighted optimal, or at least reasonably efficient, for estimation of non-normalized and
normalized BP effects. However, the best BA will likely depend on the chosen weighted
criterion. For the Ay, -criterion, the replication proportions in Table 3.2 give insight into the
relationship between the BA indices, assuming one is optimal. That is, we anticipate such a

design will have larger BA indices for rows of lesser heft.

Let wj, ;,. denote the diagonal element of Wrp corresponding to the treatment mean with

index ji - - - jm and let 74, ;. denote the number of replications assigned to that treatment,

so Ry = Diag(raeo..0,Td10..05---,7a11..1)- Recall that J is the set of all indices jj ... jmn-
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For Wgp, HgpT make up 2™ weighted orthogonal functions each assigned weight 1, so by

Lemma 2.3.2 the Ay expression is proportional to

Agw o tr(Hpp R Hpp) = tr(R;'Wgp)
=y Hdn (3.11)
J1edm€J Tdji ... jm
Applying Theorem 3.3.3 and the selection rule (3.9) explained at the end of the previous
section to (3.11) proves the optimality of BAs for estimation of BP effects, regardless of

whether they are normalized, which we now show.

Optimization for the BP effects, whether or not they are normalized, is equivalent to a
weighted optimization in which every treatment mean of the same heft is assigned the same
weight, say wy,. That is, w;, ;. = wy, where h = > 5. Suppose the Ay -optimal design for
N runs dy is a strength m BA, which is true for N = 2™, the saturated case. This implies
that treatments of the same heft will also be replicated the same number of times, say 7}, y-.
This assumption simplifies expression (3.11), so that in order to find the Ay -optimal design

for N + 1 runs, we need only to maximize

W,

T (3.12)
7"h,N(Th,N +1)

with respect to h, rather than every possible treatment combination. That is, we need only to
find the maximum of m + 1 different values. For whatever treatment heft h that maximizes
(3.12), say R/, it does not matter which treatment of that heft we choose to increase the
replication for, it will always produce an Ay -optimal design for N + 1 runs. Say we decide
to replicate treatment ¢’ having heft A’. Suppose this d}_, is not a BA (we did not replicate

the baseline treatment or the treatment with heft m). When we want to find the Ay -optimal
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design for N + 2 runs we would not replicate treatment ¢’ again, since

Wht Wh Wh! Wht

< - 9
T;,NH(T;,NH +1) (@,N + 1)(7“;3,1\{ +2) TZ',N(TZ/,N +1) TZ/,NH(TZ/,NH +1)

which would be the decrease of Ag,,,w by replicating another treatment of heft A'. In fact,
we would clearly want to replicate another treatment having heft A’ as it is already known to
produce a greater decrease than the other treatments. This continues until we have increased

replication for every treatment having heft A’ by 1, giving another BA.

To demonstrate this recursive relationship, we used Theorem 3.3.3 to find exact A-optimal
designs for estimation of non-normalized and normalized BP effects for m = 3 factors and
increasing run size. The same procedure was used to find the designs shown in Tables 3.3
and 3.4, with the necessary modification of weights. Both scenarios begin with the saturated
design where N = 8, which must replicate each treatment once in order to estimate every
BP effect. Overall we see the expected hierarchical structure of treatment replications cor-
responding to hefts proposed from the approximate design theory. We also see how designs
that are not BAs for a given N are building up to a BA by adding replications to treatments
of the same heft. The A-optimal designs for the normalized BP effects tend to replicate the
baseline treatment more than for the non-normalized designs but in some cases the designs
for a given N coincide, such as for N = 8,9,13, and 20 runs. As N increases, we antici-
pate the A-optimal designs for non-normalized and normalized BP effects to deviate slightly,

based on the relative replications from the approximate design theory.

Tables 3.5 and 3.6 show the A-optimal CRDs that are BAs for non-normalized and normalized
BP effects, respectively, for m = 3 to 5 factors and a given number of runs. The displayed
run order depends on the number of factors and whether the effects are normalized. The
replications are displayed as the BA index set for treatments of different hefts. Any two

adjacent designs in the tables are nearly identical except the design on the right increases
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Table 3.3: A-optimal CRDs for estimation of all non-normalized BP effects for m = 3 factors.
The last row indicates whether the design is a BA of strength 3.

Treatment N

Index 13 14 15 16
000
100
010
001
110
101
011
111
BA
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Table 3.4: A-optimal CRDs for estimation of all normalized BP effects for m = 3 factors.
The last row indicates whether the design is a BA of strength 3.

Treatment
Index
000
100
010
001
110
101
011
111
BA
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replications for all treatments of some heft, say h’, by one. If the left design is for N* then

the right design is for N* + (m) runs, where (m

W h) is the number of treatments of heft h'. Tt

follows that an A-optimal CRD for N* + x runs where 1 < z < (Zﬁ) adds one replicate to
each treatment in any subset of x treatments of heft 7'

Across the m and N considered, there is a consistent pattern of which heft group is replicated

with increasing N. For example, for both the non-normalized and normalized BP models,

82



the indices for the A-optimal BAs for m = 3 almost always equal the A-optimal BA indices
for treatments of heft 0 to 3 for m = 4 and m = 5 factors. Furthermore, for the N considered,
the heft 4 treatment replications for m = 4 equal the heft 4 treatment replications for m = 5.
This equivalence does not hold for the N = 32 design for m = 3 factors and N = 50 design
for m = 4 factors, implying that this equivalence will likely not hold for large N. The
A-optimal CRDs are rarely the same for the non-normalized and normalized BP models,
although they are similar for small V. As expected, we clearly see greater importance being
placed on treatments of smaller heft for the normalized BP model as N increases.

Table 3.5: BA heft replications for A-optimal designs for estimation of all non-normalized
BP effects for m = 3 to 5 factors with increasing N.

Treatment N
m Heft & 9 12 13 16 17 20 21 22 25 28 29 32
0 1 2 2 3 3 4 4 4 5 5 5 6 6
3 1 1 1 2 2 2 2 3 3 3 4 4 4 5
2 11 1r 1r 2 2 2 2 2 2 3 3 3
3 11 1 1 1 1 1 2 2 2 2 2 2
Treatment N
Heft 16 17 21 22 28 29 33 37 38 42 48 49 50
0 1 2 2 3 3 4 4 4 5 5 5 6 6
1 T 1 2 2 2 2 3 3 3 4 4 4 4
4 2 11 1r 1r 2 2 2 2 2 2 3 3 3
3 i1 1 1 1 1 1 2 2 2 2 2 2
4 11 1 1 1 1 1 1 1 1 1 1 2
Treatment N
Heft 32 33 38 39 49 50 55 65 66 71 81 82 87
0 1 2 2 3 3 4 4 4 5 5 5 6 6
1 1 1 2 2 2 2 3 3 3 4 4 4 4
5 2 11 1r 1r 2 2 2 2 2 2 3 3 3
3 i 1r 1r 1r 1 1 1 2 2 2 2 2 2
4 i1 1 1 1 1 1 1 1 1 1 1 2
5 i1 1 1 1 1 1 1 1 1 1 1 1

Although the examples in this section exemplify the process of creating a weight matrix
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Table 3.6: BA heft replications for A-optimal designs for estimation of all normalized BP
effects for m = 3 to 5 factors with increasing N.

Treatment N
m Heft & 9 10 13 14 17 20 21 22 25 26 29 30
0 1 2 3 3 4 4 4 5 6 6 7 7T 7
3 1 1 1 1 2 2 3 3 3 3 4 4 4 4
2 11 1 1 1 1 2 2 2 2 2 3 3
3 i1 1r 1 1 1 1 1 1 1 1 1 2
Treatment N
Heft 16 17 18 22 23 27 33 34 35 39 40 46 50
0 1 2 3 3 4 4 4 5 6 6 7 7T 7
1 1 1 1 2 2 3 3 3 3 4 4 4 4
4 2 i1 1 1 1 1 2 2 2 2 2 3 3
3 11 1 1 1 1 1 1 1 1 1 1 2
4 11 1 1 1 1 1 1 1 1 1 1 1
Treatment N
Heft 32 33 34 39 40 45 55 56 5H7 62 63 73 83
0 1 2 3 3 4 4 4 5 6 6 7 7T 7
1 1 1 1 2 2 3 3 3 3 4 4 4 4
5 2 11 1 1 1 1 2 2 2 2 2 3 3
3 i1 1 1 1 1 1 1 1 1 1 1 2
4 i1 1 1 1 1 1 1 1 1 1 1 1
5 11 1 1 1 1 1 1 1 1 1 1 1

and finding weighted optimal designs, they do not necessarily reflect the typical approach
for estimation of OP and BP effects. Oftentimes the intercepts in both models are not
necessarily of interest and interactions involving more than 2 factors are often assumed to
be negligible. In chapter 4 we detail approaches to searching for weighted optimal designs
in SAS PROC OPTEX and investigate the impact of setting weights arbitrarily close to
zero on weighted information matrices. In chapter 5 we investigate the effects on the linear
model when the estimation space is reduced to a smaller subset and use that theory to
find A-optimal CRDs for estimation of BP effects under the assumption that higher order

interactions are negligible.
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Chapter 4

Weighted optimality criteria and

design search algorithms

Optimal designs with respect to standard optimality criteria often appeal to our intuition
regarding desirable design properties such as equal replication and variance balance. Kiefer’s
approach to design optimization provided a mathematical justification for why well-known
designs should be preferred. However, his universal optimality theorem does not shed imme-
diate insight into how to arrive at universally optimal designs; if a design cannot be found
that satisfies his sufficient conditions, the theorem is of limited use. Even if we can identify
the desired type of design, such as a balanced incomplete block design, it does not mean
that one exists or is easily constructed. In these cases, analytical approaches to find optimal
designs are intriguing but may become quite complex. Instead, researchers often rely on de-
sign search algorithms to seek out optimal, or at least highly efficient, designs with respect

to some criterion.

We begin this chapter with a brief overview of design search algorithms, focusing on the

general procedures commonly employed for approximate and exact designs, including se-
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quential and exchange point algorithms. We will focus on algorithms that require a set of
user-specified candidate points for the design matrix and describe how optimal designs are
searched for given the candidate points and desired number of runs, N. A straightforward
modification of these candidate points is easily shown to evaluate designs in terms of their
weighted information matrices. These algorithms, however, commonly assume the informa-
tion matrix has full rank which does not hold for all designs. We show how such algorithms
may be “tricked” into evaluating rank-deficient designs through a limiting weight approach,
where small weight is placed on model parameters that are not the target of estimation.
These techniques are used to find A-optimal designs that estimate all BP effects adjusted

for the intercept, and A-optimal incomplete block designs for comparative experiments.

4.1 Overview and modification of design search algo-

rithms

Design search algorithms we consider begin with an assumed model, often linear, having a
design matrix X, for some target parameters 7. The user specifies the total number of runs,
N, and then chooses a set of candidate points, which are possible rows of X ;. Continuous
experimental variables are usually assumed to be centered and scaled so their values range
between —1 and 1. For such variables, there are an infinite number of candidate points that
could be specified so an equally-spaced grid is often selected to represent the entire regression
range. Design search algorithms systematically run through subsets of the points of size N,
including replicated points, in order to find a design matrix X, that minimizes a chosen
criterion. The criteria are often standard optimality criteria described in this dissertation,
but other forms of criteria may be used as well. Standard design search algorithms assume

all parameters in the model need to be estimated, so X; must have full column rank and
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C, = XTI X,. Modifications are then put in place to include block effects, but the author has
not seen an algorithm in commercial software that operates for general information matrices

of the form Cy = XI(I — Pr)X,.

How the search is carried out depends on whether we are interested in finding an optimal

T
7

approximate or exact design. For approximate designs, the i-th candidate point, x; , is as-
sumed to have some replication proportion, p;, 0 < p; < 1 so that >, p; = 1. A general
expression for the desired criteria, which is a function of Cy = XF X, = N Y. piz;x], may
be derived and optimized with respect to the proportions p; under the constraint that they
must sum to 1. If there is no known closed-form expression, a steepest descent, sequential
procedure is commonly used, as detailed in Chapter 9 of Atkinson et al. (2007). An approxi-

mate design approach will be taken in Section 5.2, but here we are more interested in finding

optimal exact designs.

Finding exact optimal designs is more practical, but much harder since we are optimizing
over a discrete set of candidate points rather than continuous replications. To begin, the
user starts with an initial exact design with Ny runs which may be less than, greater than,
or equal to N. If less than /N, candidate points that most improve the initial criterion value
are added to the initial design until an N run design is reached. Similarly, if Ny > N,
candidate points that least affect the initial criterion are removed until an N run design is
reached. Once the initial design is modified so that we have an /N run design, a point within
the design, says @7, is possibly exchanged for another point, 7. The exchange should be
made between points that leads to the largest decrease in the chosen criterion. Points are
exchanged until some stopping rule is reached, such as a maximum number of iterations or

a minimal change occurs after points are exchanged.

In general, the algorithms for finding optimal exact designs are often slow and computation-

ally inefficient. This is especially true if one must invert C} after every point exchange in
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order to calculate the chosen criterion or if there are many possible point exchanges to con-
sider. Furthermore, there is no guarantee that a global optimal design is reached as standard
optimality criteria fail to be convex over the discrete domain of information matrices. For
some criteria, the resulting change in the criterion value by adding, removing, or exchanging
points has a straightforward expression, not requiring multiple inversions of the information
matrix. This is true of the D-criterion, which appears frequently in the design literature; see
Fedorov, Studden, and Klimko (1972), Mitchell (1974), Welch (1982), Cook and Nachtsheim
(1980, 1989), and DuMouchel and Jones (1994). It would however be unwise to choose the
D-criterion for design optimization simply because of its computational convenience. Its
scale-invariance property is often suitable for regression models, but the A- and FE-criteria
can be more appropriate for categorical predictor variables. Moreover, we are not interested
in the Dy -criterion in this dissertation for reasons shown earlier and so will seek a procedure

to search for either Ay - or Ey-optimal designs.

As weighted optimality criteria are standard optimality criteria that evaluate weighted in-
formation matrices, we need only modify standard design search algorithms so that they
optimize Cyp. The necessary modification is straightforward: instead of inputting the can-
didate points, say as rows in X, we input the weighted candidate points Xy = X, W~1/2.
The search algorithm then proceeds as usual until it outputs the determined set of optimal

weighted runs, X g+, which we transform into the optimal design, Xy = X gy W1/2.

4.2 Adjusted information matrices and limiting weights

For the cell means model, the set of candidate points is I,,, the p X p identity matrix, so
the weighted candidate points are simply the rows of W~1/2. The same would be true for

one-way ANOVA models with p treatments if the search algorithm were able to evaluate
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information matrices from general linear models, Cy = X1 (I — P;)X,. A simple, but
computationally intensive algorithm could easily be programmed to accomplish this, but
we are more interested in modifying existing software built on sophisticated computational

techniques that speed up design selection.

The information matrix for 7 in model (1.1) adjusts for 3, the nuisance parameters. That is,
we acknowledge that the parameters in 3 may explain variation but have no direct interest in
their estimation. This perspective can be operationalized in a weighted context by thinking
of functions of nuisance parameters as estimable effects that we assign very small weight to.
So small, in fact, that their variances play no role in how designs are evaluated. The same
idea can be employed with functions of the targeted parameters 7 that are of little or no

interest, which is where we begin.

For a given general linear model and class of designs D having information matrices with
row space equal to €, suppose we desire evaluation of designs in terms of a subspace of &,
say €1, of dimension k; < k. That is, we acknowledge that all estimable functions in € are
in the model, but are primarily concerned with weighted evaluation of functions in ;. We
focus on the case where we have k; linearly independent estimable functions that span &;
to which we wish to assign weights wy,...,wy,. Let H; be the matrix with the coefficient
vectors of these estimable functions along with p — k orthonormal rows that span that null
space of C;. Next let €, be the subspace of € having dimension ky (k1 + ko = k) such
that &€ = &1 @ &5 and every vector in €, is orthogonal to those in ;. Choose any set of ks
orthonormal estimable functions H,7 that span €5, which again we have minimal interest

in estimating but are still assumed to be in the model.

If HT = (HI'|HY) then H isinvertible, H{H! =0, and H™! = (H] (H,H])™'| HI (H,H])™).
The matrix H considered here is different from the general H in Chapter 3, whose rows

were made up of only coefficient vectors for estimable functions. By rewriting X7 =
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X H 'H~ in the general model (1.1), the information matrix for HT is easily shown to be
Cun = H'TC,;H~'. Note that the non-estimable functions in H will have no impact on
the evaluation of Cyg, as they lie in the null space of C,. Finally, the information matrix

for Hy7 adjusted for Hy7, denoted Cyp11(2), is

Canne) = H X, (I - P)[I— (I - P)X,;H (H,C;H])'H, X} (I — P.)|(I — P,)X,H{

= H|[C, - C;H! (H,C,H]) 'H,C,)H! . (4.1)

Suppose that we wish to further weight the k; estimable functions in H;7T through a weight
matrix, Wj. Then the weighted information matrix for which design optimization is to
be performed will be Wl_l/ 2CdH11(2)W1_1/ 2. We now show that design optimization with
respect to the eigenvalues of this matrix is asymptotically equivalent to weighted estimation

of T as we assign weights arbitrarily close to zero to HoT.

Theorem 4.2.1. For the scenario described above, eigenvalue-based weighted optimization
for the subset HiT with weight matriz W7y is asymptotically equivalent to eigenvalue-based

weighted optimization of T with weight matriz
‘/‘[H1 = H1TW1H1 + wH2TH2 s (42)

as w — 0.

Proof. From the discussion in Section 3.1, the positive eigenvalues of Cyyr = WI;I/ 2CdWI}11/ 2

equal those of C g = W ~V2C;5zW ~1/2 where Cyy = H-'TC,H ! and

~ W,| 0
W:

0 wIk2
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This matrix may be partitioned as

& w, P H . C,HT W ? \/LEWI_l/ZchdHQT Cawii | Cawia
dw = = — —
o HoC H W + H,CyHY Cawar | Cawa

We investigate the behavior of C o as we let w — 0. Note that the MP inverse of Cyy
under Wy, will have the same positive eigenvalues as C o Hence eigenvalue-based criteria

evaluated on C aw will equal that for Cyy .

Let P, be the orthogonal projector onto the null space of Cy and define Py = W12 H P,HTW /2.

~ - - -1 .
Then C 4 and P are orthogonal and [de + Pg} = CIW + Par. Partition Cyg as

Ey | Er»
Can =

E21 E22

where Eij = HZCdHJT for Z,] = ]_, 2. Note that E11(2) = E11 - E12E2_21E21 = CdHll(Q) given
in(4.1).

Rewrite the matrix C aw + P 0 as

Cur+Po=W2[Cyy + WHPOHTVT/} W12

E + W1H1P0H1TW1 E,,

—W1/? W -L/2

E21 E22

which follows because Hy Py = 0.

Denote Ell = E11 + W1H1P0HiTW1 and Ell(?) = Ell — E12E2_21E21. The matrix Ell(Z) is
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~ ~ 71
easily shown to be nonsingular, which we use to derive [C aw + P 0} :

-1

Eyn | Eyp ~
w

(o + By =W 12
E21 E22
E} —E} EE)
— W2 11(2) 11(2) 12722 W2
—Ey ExEqyy | By + B3y Es\Ej iy BBy
1/2 ;71— 1/2 1/2 ;— _
B W, 2B, W VoW, PE |\, B, Ey)

—\/EE;;EzlE;ll(z)Wf/ >l w [E;; + E3) Ex Ey ) EnnEy)

Taking the limit of this matrix as w — 0 clearly gives

2 — 1/2

. U W PE [, W | 0 =

lim [cdw +P0] - ~C%4, + P} (4.3)

w—0

0 0
Note that w is not involved in 150 SO
+
_ W PH, PBHTWY? | 0 _ [Wf/?HlPOHlTWf/ ﬂ 0

lim P, = = lim Pj =
w—0 0 0 w—0 0 0

Plugging this into (4.3) and solving for é;w gives

0

WL, W, (W, P W

limCt,, =
w—0 aw

0 0
Now E11(2) = FEi9 + W, H, Py HIW, is a sum of two orthogonal matrices so

o+ (WiH\PH{Wh)* = B, , + W, V(W2 H, R HT W, 2| rwy V2

11(2)
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showing that W, > B, W, —[W'2H, R HT W2t = W2 E{, , W/'"*, the MP inverse

)
of Wl_l/QCdHll(g)Wl_l/z. ]

It at first seems that setting small weight onto parameters/effects in the model would imply
that they are essentially zero. One must realize though that the weights only come into play
when comparing information matrices, which are design/model dependent. Making decisions
about the important effects in the model must be done prior to deciding on how to weight

information of the target parameters. This will be the main topic in Chapter 5.

Setting W7 = I, in Theorem 4.2.1 shows that unweighted estimation of H;7T is asymp-
totically equivalent to a weighted estimation problem for 7. The theorem also tells us that
adjusting information for the nuisance parameters 3 may be thought of as a weighted opti-
mization for the combined parameter vector (77]37)7. In some cases, the theorem allows us
to arrive at the necessary adjusted information matrix for 7 from a full rank matrix, Cyy.
This provides a computational technique to search for optimal adjusted information matri-
ces in commonly employed design search algorithms through a modification of the candidate

points.

To demonstrate this, reparameterize the treatment effects in the one-way ANOVA model

using a (p— 1) X p matrix H whose rows are coefficient vectors for p— 1 orthogonal contrasts:
y=1p+X,H Hr+e=X;0+e

where X; = (15| X.HT) = X4(1,|HT) has full column rank and 87 = (u|(H7)"). To show
that eigenvalue optimization for the information matrix of 7 equals that for H7, we show

that the positive eigenvalues for C; and C,y are equivalent. Let A be a positive eigenvalue
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for Cy. Then for some vector e,

Cie = )e
= C,H"He = )e as HTH = P,

= HC,H"(He) = \(He) .

Hence Theorem 4.2.1 says that eigenvalue-based optimization for 7 is asymptotically equiv-
alent to a weighted optimization for @ with W, = I,,_; assigned to H7 and w assigned to f.
The set of candidate points will be all possible rows of X and we must choose a sufficiently
small value of w which we use to generate the weighted candidate points X . This weight,
w, cannot be set too close to 0 lest the information matrix X7 X5 becomes nearly singular.
On the other hand, w must be close enough to zero to ensure optimization is focused on

Hr.

The following sections apply this computational approach to search for A-optimal CRDs for
BP effects, adjusted for the intercept, and A-optimal incomplete block designs. The latter
requires modification of the model as was done for the one-way ANOVA model above. In
both cases we compare the algorithm results to the theoretically derived optimal designs to

show how well the limiting approach works.

4.3 A-optimal CRDs for two-level BP effects adjusted

for 0y ¢

Suppose that we are interested in estimating all BP effects, either non-normalized or normal-
ized, except for the baseline mean. The development to follow focuses on the non-normalized

case; results may be similarly shown for the normalized BP effects by incorporating an ad-
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ditional weighting into the information matrix for non-normalized effects.

As mentioned prior to (3.10), we may permute the columns of Hpp so that Hgp =
(In]|Anmal- - |Amm). This permutation does not affect weighted information, as it is equiv-
alent to reordering the effects in & = Hpp7, and does not permute 7. Let 6 be the vector
of BP effect parameters excluding the baseline mean. The partition of 8 into the mean and

0,o) is reflected in the model thusly:

y=Xyt+e= Xng};HBpT +e
= X4(1,|Anal ... |Anm)0 + e

= 1N‘90...0 + Xd(Am;l‘ e |Am,m)0(0) +e. (44)

The Section 4.2 computational approach to finding A-optimal designs, when applied to BP
effects adjusted for 0y, requires us to specify a set of weighted candidate points X,y . Since
we are starting from a cell means model, this will be X = W ~1/2 for an appropriate weight
matrix, W. While we could use the weight matrix Wgp, = H %;PDU,H gp that is identical to
Wp except for assigning w to the intercept portion of the matrix through D,,, a clearer and
equivalent approach is to use the weighted candidate points X .gp = (wl,|Amal. .. |Amm)

where w is sufficiently small.

As there is some uncertainty about which w will achieve the required optimization, we
compare the computational approach to theoretically derived A-optimal CRDs that are

known to perform the correct optimization. From (4.4), the adjusted information matrix
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for 6 ) is

m;1

Cag, = : X; (I—%d) Xa(Anal .. |[Amm) -

T
Am;m

The adjusted information matrix Cog, is the lower right 2" —1x 2™ —1 principal submatrix
of Hyp" X1 (I — +J)X,Hpp and the remaining elements of Hyp' X1(I — LJ) X Hyp
are 0, since the first row of H g}DT is 1. Hence the positive eigenvalues of Cyg,, equal those
for Hpp" X7 (I — +J) X Hpp. Note that X1 (I — +J)X, is the information matrix for
(I— %J)T and the positive eigenvalues for Cyg , equal those for Wg;ﬂXdT(I— %J)degﬁ/z

where Wxp has been defined previously. This implies that one may think of eigenvalue-based

optimization for 6 as weighted optimization for contrasts of 7 with weight matrix Wgp.

Working now under the contrasts framework, we take Cy = Xg(I — %J ) X4 Let H BP(0)
be the 2™ — 1 rows of Hpp excluding that corresponding to the baseline mean, so 6 =
HppT, where 7 is the vector of treatment means. Clearly Hpp(g) are 2™ — 1 coefficient
vectors that make up 2™ —1 weighted orthogonal contrasts under Wgp where each is assigned

weight 1. Using Lemma 2.3.2 leads us to a similar expression seen in (3.11) in Section 3.4

Agw o tT(HBP(O)Cd_HgP(o)) = tr(HBP(O)RJIHgP(0)>

= tr(REIHEP(())HBP(O))
wr .
= Ldm (4.5)
jrdmed | Yredm
where w? . simply counts the number of BP effects, excluding the baseline mean, that

J1---Jm

the treatment indexed by j; ... J,, is involved in. This is due to the fact that the squared

elements of Hpp are either 0 or 1. The weights wj, ;. in (3.11) also counted the number of
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BP effects the treatment was involved in, but included the baseline mean. By Lemma 1.2.1
(ii), a treatment of heft h is involved in 2™~" BP effects when we include the baseline mean.
When we exclude the baseline mean, this only affects the count for 7y _q, since the first row

of Hpp is the unit vector with 1 in the first column. Hence the wj , = wpo.0 —1 =2" —1

and the weight in (4.5) for a treatment with heft h > 0is w}, ;= wj, ., =2"".

Optimizing (4.5) with respect to rgj, . j,, produces the same form of solution as in Theo-
rem 3.3.2, but using the weights just described. The impact of adjusting for the intercept

is first investigated for the approximate Ay -optimal CRD, which requires us to calculate

*

the sum of the square roots of the weights wj,

. The square root weight for the baseline
treatment is wg, o = /2™ — 1 while for the unadjusted case it was wy_o = 2™. Noting that

w:>

.= w;, ., for all other treatments, a concise expression for the sum of the square
Ji---Jm J1---Jm ?

roots of these weights may be found by adding and subtracting wg, , = V2™

Z \ Wi = VW00..0 = v/ Woo..0 + Z \ Wit

J1---Jm€J J1.--Jm€J
_ * .
=V Wpo..0 — VWoo..0 T E VWi jm
jl...ijJ

— V2T =1 — V2 (14 V2)" (4.6)

As m increases this sum will approximately equal (1 + v/2)™, which was the sum of the
square roots of weights for the unadjusted case. Furthermore, only slightly smaller relative
weight is placed on the baseline mean so we anticipate that designs optimal for all the BP
effects will be similar to those that adjust for the baseline mean, and will become identical

for all N as m grows large.

When working with the normalized BP effects, we premultiply Hpgp(o) by Diu/(%), a2m—1x

*

2™ — 1 diagonal matrix having the necessary normalization constants. Now letting wj,

97



denote the diagonal elements of H g P(O)Dw(O)H BP(0), We have w} adds the inverse squared

1ejim
lengths for those BP effects that the treatment indexed by j; ... j,, is involved in. This is
different from the non-normalized case, which simply counted the number of BP effects the
treatment was involved in. This gives the same weights under Wgp+ for the unadjusted case,

but again we must modify the weight for the baseline treatment to be wg o = (%)m —1. The

sum of the square roots of the weights is found similarly to that in (4.6):

dooJun =62 —1—/(3/2)m + (V3/2+1/v2)"

J1---Jm€J

where (1/3/2+1/v/2)™ equals the sum of the square roots of the diagonal elements of Wgp-.

As is apparent from a comparison of the adjusted and unadjusted weights, the A-optimal
approximate CRDs for both the non-normalized and normalized BP effects adjusted for the
intercept are nearly identical to those without adjustment. Again, because treatments of the
same heft have the same weight we anticipate BAs are optimal or highly efficient exact CRDs.
Theorem 3.3.3 was used to construct the A-optimal designs for m = 3 factors displayed in
Tables 4.1 and 4.2. Compared to Tables 3.3 and 3.4 we see that most designs are similar,
although replication of the baseline is less emphasized in the new tables. Greater emphasis
is placed on replicating treatments having heft 1. For example, for N = 17 runs for the
non-normalized BP effects, the number of replications is higher by 1 on a heft 1 treatment
and lower by 1 on the baseline treatment, as compared to the N = 17 design in Table 3.3.
For N = 10 runs the A-optimal CRD for the normalized BP effects shows the same shift of

replication relative to its Table 3.4 counterpart.

Tables 4.3 and 4.4 show the A-optimal designs that are BAs of strength m when we adjust
for the intercept for both the non-normalized and normalized BP effects. These tables are

presented in a similar fashion to Tables 3.5 and 3.6. Not surprisingly many of the designs
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Table 4.1: A-optimal CRDs for estimation of non-normalized BP effects, adjusted for the
intercept, for m = 3 factors. The last row indicates whether the design is a BA of strength
3.

Treatment N
Index
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Table 4.2: A-optimal CRDs for estimation of normalized BP effects, adjusted for the in-
tercept, for m = 3 factors. The last row indicates whether the design is a BA of strength
3.

=

Treatment
Index
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are exactly the same as those for unadjusted estimation of the BP effects. For m = 5 factors

all designs are exactly the same exact for N = 50 and N = 54.

The goal now is to determine whether the algorithm described in the previous section can

produce the same designs for the A-criterion and, if so, what weight w needs to be placed on
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Table 4.3: BA heft replications for A-optimal CRDs for estimation of all non-normalized BP
effects, adjusted for the intercept, for m = 3 to 5 factors with increasing N.

Treatment N
m Heft & 9 12 13 16 19 20 21 22 25 28 29 32
0 1 2 2 3 3 3 4 4 5 5 5 6 6
3 1 1 1 2 2 2 3 3 3 3 4 4 4 5
2 11 1r 1r 2 2 2 2 2 2 3 3 3
3 i 1r 1r 1r 1 1 1 2 2 2 2 2 2
Treatment N
Heft 16 17 21 22 28 32 33 37 38 42 48 49 50
0 1 2 2 3 3 3 4 4 5 5 5 6 6
1 1 1 2 2 2 3 3 3 3 4 4 4 4
4 2 i 1 1r 1r 2 2 2 2 2 2 3 3 3
3 i1 1 1 1 1 1 2 2 2 2 2 2
4 11 1 1 1 1 1 1 1 1 1 1 2
Treatment N
Heft 32 33 38 39 49 54 55 65 66 71 81 82 87
0 1 2 2 3 3 3 4 4 5 5 5 6 6
1 1 1 2 2 2 3 3 3 3 4 4 4 4
5 2 11 1r 1r 2 2 2 2 2 2 3 3 3
3 i 1r 1r 1r 1 1 1 2 2 2 2 2 2
4 i1 1 1 1 1 1 1 1 1 1 1 2
5 11 1 1 1 1 1 1 1 1 1 1 1

the intercept to achieve this goal. To implement the algorithm for non-normalized BP effects,
we modified the candidate points by post-multiplying Xy with Hg}J instead of W];]y 2,
yielding an information matrix with the same eigenvalues as if using W ;/ ?. Because Xy =
I,,, this means the candidate points are simply the rows of Hg,lp. It is unnecessary to input
the entire matrix Hzp as the set of candidate points, since all columns corresponding to
BP 2-fi.’s or higher can be generated as Hadamard products of A,,, defined previously.
The input to generate candidate points, prior to additional weighting of the intercept or

normalization, is thus simply (1]|A,,).

We construct A,, using SAS PROC FACTEX by generating a saturated main effects plan
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Table 4.4: BA heft replications for A-optimal CRDs for estimation of all normalized BP
effects, adjusted for the intercept, for m = 3 to 5 factors with increasing N.

Treatment N
m Heft & 9 12 13 14 17 20 21 24 25 28 29 30
0 1 2 2 3 4 4 4 5 5 6 6 6 7
3 1 1 1 2 2 2 3 3 3 4 4 4 4 4
2 11 1 1 1 1 2 2 2 2 3 3 3
3 i 1r 1r 1 1 1 1 1 1 1 1 2 2
Treatment N
Heft 16 17 21 22 23 27 33 34 38 39 40 46 50
0 1 2 2 3 4 4 4 5 5 6 7 7T 7
1 1 1 2 2 2 3 3 3 4 4 4 4 4
4 2 i1 1 1 1 1 2 2 2 2 2 3 3
3 11 1 1 1 1 1 1 1 1 1 1 2
4 11 1 1 1 1 1 1 1 1 1 1 1
Treatment N
Heft 32 33 38 39 40 45 55 56 5H7 62 63 73 83
0 1 2 2 3 4 4 4 5 6 6 7 7T 7
1 1 1 2 2 2 3 3 3 3 4 4 4 4
5 2 11 1 1 1 1 2 2 2 2 2 3 3
3 i1 1 1 1 1 1 1 1 1 1 1 2
4 i1 1 1 1 1 1 1 1 1 1 1 1
5 11 1 1 1 1 1 1 1 1 1 1 1

and then recoding the variables to be 0 and 1 instead of +1. We then append 15m to this
matrix, additionally weighting the intercept column with the inverse weight 1/y/w, where
w is close to zero in order to adjust for the intercept. Based on our approximate results,
we anticipated that w may not need to be too much smaller than 1 to produce the designs
in the above tables, although the theory dictates that w should be close to zero in order to

guarantee we are evaluating adjusted information matrices.

The intercept term must be included in the SAS PROC OPTEX model statement, along
with every possible product of the columns in A,,, in order to specify the full BP model.

SAS PROC OPTEX includes an intercept in the model by default, so the “noint” model
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option must be specified to prevent SAS from including an additional intercept in the model.

To achieve optimization for the normalized BP effects, we need only multiply each column
of A,, with v/2, the inverse normalization constant for the BP main effects. Given this

“normalized” A,,, the procedure described above is otherwise unchanged.

Experimental results employing the above approach will now be described. The modified
Fedorov algorithm based on the A-criterion with 500 iterations was run and the A-best design
was output. Due to the large number of required runs we only performed the experiment
for up to m = 5 factors. We initially started by setting w = 0.99, and when that did not
produce the known A-optimal design then we searched for the largest w < 0.99 that would
give the optimal design. In general, the weight w = 0.99 was able to find the designs listed
in the tables above, but usually failed for large N. Some of these cases are listed in Table 4.5
along with the first weight found to produce the known A-optimal design. When the SAS
PROC OPTEX design did not match the known A-optimal design, it often put replicates
that belonged on the treatments with heft 1 on the baseline treatment. The weight w = 0.99
always gave the known A-optimal design for the non-normalized BP effects for m = 5 up to
N = 350 runs.

Table 4.5: Cases where w < 0.99 was required for SAS PROC OPTEX to find known
A-optimal design for adjusted BP effects.

Normalized BP  A-optimal BA index set
m N (Y/N) (N, M1y e vy M) Required w
3 60 N (11,9,6,4) 0.25
3 44 Y (9,7,4,2) 0.01
4 151 N (17,13,9,6,4) 0.50
4 38 Y (5,4,2,1,1) 0.15
4 93 Y (13,9,5,3,2) 0.10
5 88 Y (7,5,3,2,1,1) 0.45

Although we see that our limiting weights approach does in fact lead us to the correct A-
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optimal design for the adjusted BP effects, these examples are rather tame. Evaluating

adjusted information is more interesting for blocked designs, which we now explore.

4.4 A-optimal incomplete block designs

SAS PROC OPTEX is capable of implementing blocking with fixed block sizes for the D-
criterion only, using the algorithm by Cook and Nachtsheim (1989). For the A-criterion,
there is no clear option in SAS PROC OPTEX for optimizing treatment estimation in the
presence of blocks. We will return to this difficulty shortly. To be clear, the goal of this
section is to use weighting to force OPTEX to find optimal block designs for the unweighted

A-criterion.

We can implement Theorem 4.2.1 for the block design problem in SAS PROC OPTEX by
including blocking factors in the candidate set and weighting them appropriately. We begin
by generating p+ h columns for the treatments and blocks, where each column is an indicator
variable for whether the unit is assigned treatment 7 or lies in block j, producing ph total
candidate points. The model statement, which includes treatment and block effects, must
give a full-rank information matrix. Let p be the intercept parameter, T be the p x 1 vector
of treatment parameters, and 3 be the h x 1 vector of block parameters. Instead of specifying

the overparameterized model

BE(y) = ply + Xq1 + LS,
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in SAS PROC OPTEX, we use

E(y) = X,H"HT + L3

= XdHTH + LIB 5

where 7 = HT is a vector of p — 1 orthonormal contrasts and Xy = X,H?” is now the
N x (p—1) design matrix. We maintain the indicator columns for the block effects to make
weighting them straightforward. It follows that X,g;, = (Xgg|L) has full column rank
and hence X dTH 1 Xamyr is invertible. Once an optimal design is found in terms of Xy and
output to a new data set, we perform this transformation to get back the original treatment

design matrix: Xy; XggH + Z%J.

The sample size must also be specified in the procedure, which we take to be N = hk, where
k is the proposed block size, not the dimension of the estimation space. Even though we
attempt to specify a block size, there is no guarantee that this will be reflected in the most
efficient design given. This is because when minimizing the trace of (X1;; Xapz)™", all
potential candidate points are considered and it is possible that unequal block sizes will be
found optimal. One strategy for maintaining equal block sizes, the opposite of setting block
weights close to zero, is to increase the block weight. This encourages “equal replication”
of the block effects and hence equal block sizes. The concern though is whether the design
is focusing too much attention on equal block sizes, and not on efficient estimation of the

treatment effects.

A variety of incomplete block design scenarios were implemented in SAS PROC OPTEX
for which an A-optimal IBD is known. Runs were carried out on both the unweighted and
weighted candidate points to explore the efficacy of the weighted approach. Due to the

previously mentioned computational issues, different block weights were used to get an A-
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efficient design with equal block sizes and efficient estimation of the treatment effects. We
performed 100 iterations of the modified Fedorov algorithm and recorded the number of
times the unweighted and weighted results gave the known A-optimal IBD. The results are
given in Table 4.6, which also includes the block weight which most often found the known

A-optimal IBD.

Overall we see the weighted approach performed just as well as the unweighted approach
and often outperformed it. The weighted approach worked particularly well when we had
6 and 7 treatments, often finding the A-optimal design twice as often as the unweighted
approach. When the A-best design had unequal block sizes we considered every iteration
a failure. For nearly saturated cases, we avoided this by setting large block weight, which
shifted the algorithm’s focus to having equal block sizes, leading to quick identification of the
A-optimal design. Placing larger weight works well in these cases because there are relatively
few saturated designs to consider and the algorithm is quickly able to find the one that is

A-optimal.

In practice, when the A-optimal design is unknown, it is only when the block weight is
“small”, and the best design gives equal block sizes, that we can be confident the design
is A-efficient for treatment estimation. That is, when large weight must be placed on the
blocks to achieve equal block sizes, the best design found may not be the most efficient for
estimation of all contrasts. In this case, efficiency of the found design can be compared to
known efficiency bounds to assess if it is reasonably good. Even though the unweighted
approach was capable of finding the A-optimal design, introducing weights, either large or

small, into the search proves to be a useful tool.
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Table 4.6: Number of A-optimal designs found of 100 modified Fedorov iterations for p
treatments in h blocks of size k. Missing block weight indicates unweighted approach found
the A-optimal design for all 100 iterations.

p h k| Unweighted | Weighted | Block Weight
3 8 2 100 100 -
3 10 2 100 100 —
4 4 2 100 100 -
4 6 3 100 100 —
4 9 2 0 100 0.5
5 4 2 0 100 5
5 5 4 100 100 —
5 8 3 100 100 -
6 2 4 0 100 5
6 5 2 0 100 5
6 12 2 48 83 0.1
6 12 3 7 72 0.05
7T 7 2 0 100 5
7T 7 3 40 88 0.05
7 9 5 1 3 0.5
8 2 5 0 100 5
8 5 3 0 85 10
8 8 6 98 96 0.05
9 2 5 0 100 5
9 3 6 100 100 -
9 6 6 11 12 0.05
10 2 6 0 100 5
10 10 6 1 27 0.05
11 4 4 0 100 10
11 5 3 0 100 10
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Chapter 5

Weighted optimality of reduced

models

In Chapter 4 we showed that vanishing weights do not cause certain parameters to be
dropped from the model. Rather, it leads to weighted estimation of non-vanishing parameters
adjusted for those receiving vanishing weights. This chapter outlines work on the linear model
theory of what we call reduced models resulting from constraints of the form Hy7 = 0, where
the rows of Hy are coefficient vectors for estimable functions. We call these reduced models
as they assume only some functions of the potentially larger estimation space have nonzero
effect sizes. Such models have also been referred to as affine linear models by Hinkelmann
and Kempthorne (2008). We then demonstrate the theory using BP fractional designs and
show that some form of strength 4 BAs are good candidates for A-optimality for reduced

models including all the BP 2-f.i.’s.
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5.1 Reduced cell means model and weighting
Consider the cell means model for some design d and any nonsingular transformation, H:

y=XyT+e

— X,H 'Hr +e.

where the elements of 7 are the p treatment means, and X, is an N x p 0/1 unit/treatment
incidence matrix. Suppose we partition H and 7 this way

H, H,, | Hy 1

H, H,, | Hy T2

where 7 is p1 X 1 and 7 is po X 1, implying dimensions of the partitioned components of
H. Let v = H7, and v = (v1,7)%, where v; = H;7, for i = 1 or 2. An experimenter may
want to reparameterize the model for two reasons: (1) they are more interested in estimating
~ precisely, not 7, or (2) they believe that some subset of the parameters v, say v, = HoT,
is negligible and want to impose this constraint in the model. That is, they may want to

declare that the potentially estimable functions s are all zero.

If Hym = 0 then Hyy7m + Hyym =0 or

—1
H21’T1 = —H22T2 <~ To = —H22 H21’T1 ,

assuming that Hys is nonsingular. That is, we can write 75 as a linear combination of 7,

and so
I

p1
T = QTl )

~]
Il

—~Hy,'Hy,
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and

v = HyT=(Hy — H12H231H21)71 :ﬁllTl .

This says that we can estimate H;T by estimating only 7, even if H; contains functions

involving the parameters in 7.

Assume now that we have initially defined H so that Hys is not invertible. Because H has
full rank, the rows of H, are linearly independent and there exists a ps X ps submatrix of
H, that is invertible. This submatrix, which is not necessarily unique, shows that we can
always assume Ho is invertible, for we need only to permute the columns of H to make it
so. Suppose a column permutation is necessary, H* = HII, so that H3,, the lower-right
P2 X po submatrix of H*, is invertible. This does not guarantee invertibility of H 11, so if
there are multiple permutations that give an invertible Hy,, we will choose one that gives a

nonsingular H'7,, assuming one exists.

If we must permute the columns of H we also must permute the elements of 7 since HoIIT #
Hy7T. The permutation H,IT must switch a column in Hyy with one in Hy;, otherwise a
permutation would not be necessary. It follows that at least one element in 7 must be
exchanged with an element in 7 to get a new mean vector, 7*. If we let 7* = (777 | 5 1)T =
177 then HoIIT* = HLIIII T = Hy7m. Hence we want to define 7 and 7 so that Hyy and
H 11 are invertible. Indeed, if H 11 is not invertible then our targeted parameters «; contain

redundancies under the reduced model and should thus be redefined.

Assume that H satisfies the necessary invertibility conditions. We may then rewrite the cell
means model as

y=X,Q1 +e

and the information matrix for 7; under this model is Cy,, = QT X? X,Q. Clearly @ has

full column rank so we may assume that there exist designs such that Cy,, is nonsingular;
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an obvious choice is the design that replicates all treatments in 7 at least once. Hence
every linear combination of 7y is an estimable function, which includes 7 = —H2’21H217-1.
It follows that the projector onto the estimation space for these information matrices will be

P, =1,

To find optimal designs for ~;, given 5 = 0, transform the cell means model in the following

way

y=X,Qm +e

= XdeIl_llﬁllTl +e. (52)

We may also represent model (5.2) using the approach found in Hedayat et al. (1999) via
a p; X p, 0/1 matrix K that selects the rows of H corresponding to the H; rows, giving
KH = H,, which implies KHT = H\T = ﬁllTl under the constraint Hom™ = 0. Note

that if we similarly define H 990 = Hoy — H21H1_11H 12, and assume it is also invertible, then

H-! = H} —H, H,H 3}

—1

—~H,,'Hy H
and it is easily shown that H'KT = QH ;. Using K, rewrite model (5.2) as

y=X,H'K"KHt +e

-~ X,H'K"Hm+e. (5.3)

This gives us two equivalent representations, (5.2) and (5.3), for the transformed cell means
model under the constraint Hym = 0. We call these reduced models since the dimension of

H T has been reduced to the dimension of H 1171
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We then have two different representations for the information matrix for v, = Hj7 =

H11T1:

Cd’h = I:Ifll TQTXdTXdQI:j fll

—KH'""X'X,H'K"

corresponding to models (5.2) and (5.3), respectively. Upon setting W = HL,H y;, we have

a weighted version of the information matrix Cy,
Cawr, = W PQ"XT X,.QW '/ |

which has the same eigenvalues as Cy,,. Hence optimization with respect to eigenvalue crite-
ria applied to Cy, is equivalent to that for weighted eigenvalue criteria based on the weighted
information matrix Cywr,. Approaching this as a weighted optimization problem brings new
insight into forms of optimal designs through an investigation of the weight-preserving per-
mutations Iy, for which @y (TICy,, IIT) = &y (Cyy,). This class of permutations identifies
forms of Cy,, that are permutation invariant, and so cannot be improved matrix averaging.
Of course this is a preliminary step in identifying the optimal designs for ~;; we would need

to find a corresponding X, that gives Cyr,, which may or may not be straightforward.

5.2 A-optimal designs for reduced BP 2-f.i. model

Suppose we have m factors each with two levels, so 2™ total treatment combinations.
Throughout this section k& will be used as an index parameter and should not be confused
with the dimension of the estimation space, which is always p;. Consider H = Hpgp, speci-

fied in Lemma 1.2.2, with corresponding 7 under revlex ordering, and let @ = Hgp7. Note
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that Hpp is lower triangular, since it is a Kronecker product of m lower triangular matrices.
Also, the first row of Hgp is a unit vector and is the only normalized row. We first present
results for the reduced BP model where all three or higher order interactions are assumed
negligible and, given this constraint, focus estimation on the non-normalized BP effects in-
cluding up to 2-f.i.’s. We then investigate estimation of the normalized BP effects including
up to 2-f.i.’s. Normalizing the BP effects in the reduced model is a specific example of a
weighting of the non-normalized BP effects where the same weight is applied to BP effects
of the same heft. Hence we generalize our results corresponding to this type of weighting

scheme and exemplify the approach with weights equal to the normalization constants.

Let A,, be the 2™ x m index matrix used to define the revlex ordering of 7. The order of the
rows of A,, corresponds to the order of the indices of the elements in both @ and 7. Using
Kronecker products was a convenient way to define Hgp for any number of factors, but if
we assume some BP effects are negligible, and want to use the results in Section 5.1, we will
need to reorder the rows of Hpp so that we can partition it to look like (5.1). In this section
we want Hy to contain the rows of Hgp corresponding to the higher order BP interactions.
We must then find permutation matrices I, and I, for row and column permutations, such
that EIBP = II,Hgpll. has the BP ¢g-f.i.’s for ¢ > 3 in Hy and has invertible partitions,
Hys and H 11. Note that if IT. is not the identity then we must also permute 7 as 7 = HZT

so Hyr = HoI1.7.

Let II, be any row permutation matrix so that the index matrix V,, = Il A,, has rows of
the same heft grouped together and the groups increase in heft as you go down the rows of

V,.. That is, V,, starts with the only zero heft row, next contains all of the heft one rows,
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and so on. For example, such a row permutation of Az is

000 000
100 100
010 010
A, — 1 10 L ov— 0 01 | (5.4)
001 110
1 01 1 01
011 011
111 1 11

which was the order of treatment combinations in Table 3.3. Note that since the rows of
A,, index the order of parameters in 0, this is equivalent to putting the intercept first, then
main effects, then two factor interactions, etc. in 8* = I1,.0 = II, Hgp7. If the negligible
effects are all 3-f.i.’s and higher this will give a row permutation so that HyT = 0 where H,

corresponds to the lower partition of I1, Hgp, not Hgp.

Let IT, be the permutation matrix satisfying this heft ordering and set IT. = IT!. Note that
the ordering of the elements in 7 = II,7 and 8* = 11,0 = I, HgpT = HTHBprf =
H ppT both correspond to the ordering of V,,. Take the row of H pp corresponding to a
g-f.i. where if ¢ = 0 we mean the BP intercept and ¢ = 1 means a BP main effect. This

corresponds to the element 6* with index of heft g, say 6; where g ji’s equal 1 and the

1---jm7
rest are 0. By Corollary 1.2.1, the linear combination of 7 giving the g-f.i. includes only one
element of 7 of heft g, 7;, ., which is in the same position in 7 as 6}, ;.. is in 8*. Hence
the corresponding diagonal element of Hpgp will be nonzero (in fact, it is 1). All elements

in 7 following 7;, ;. will have heft greater than or equal to g and so cannot be involved in

the linear combination. It follows that the diagonal elements of H pp are all 1 and every

113



element after a diagonal element is 0, i.e. H gp is lower triangular.

We use one particular IL,, giving a V,,, and information matrix for the BP significant effects
that are consistent with the literature of balanced OP factorial designs. This permutation
further defines the ordering of rows with the same heft. Essentially, the ordering takes
the lex ordering of the rows of similar heft, but then reverses that order. For this reason,
we will refer to it as the contra-lezicographic ordering (contralex). Note this is not revlex

ordering, which is lex ordering from right to left. We define contralex ordering in a similar

way as lexicographic, but with a minor modification. Let (j1,...,jm) and (ki,..., ky) be
two rows of A,, with the same heft. Then the row (ji,...,J,) comes before (ki,..., k)
in V,,, = I, A,, if there exists a v = 1,...,m where j, > k, and for all i < v, j; = k;. In

lexicographic ordering, the condition would be j, < k,.

One example of the contralex ordering is V5 in (5.4). For any m factors, the heft 1 rows in

V,, are organized into the identity I,,. The heft 2 rows when m = 4 would be arranged as

Henceforth, the order of the rows of V,, will correspon to the contralex ordering of the
treatment indices. We have shown that for this II,, H gp =11,Hp pﬂf is lower triangular,
so the submatrix Hy, of H gp and H 11 = Hi; clearly satisfy the invertibility conditions.
The corresponding 71 will first be the baseline mean, then the heft 1 treatment combinations,

and then the heft 2 treatment combinations.
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For sake of notational brevity, henceforth drop the ~ notation so that Hgp denotes the
re-ordered transformation matrix and the subscripts of the parameters in @ and 7 follow the
contralex ordering. To avoid confusion about the highest order BP effects included in the
reduced model, we denote the parameter vector of the BP intercept, main effects, and 2-f.i.’s
as 0. While this conflicts with the general notation introduced in Section 5.1 where 5 = 0,
we feel that @y better reflects the fact that we are including all BP effects up to the 2-f.i.’s.

Here 0, plays the role of vy = H;7 = H; 7 in the general framework of Section 5.1.

Let Vi) be the rows of V,, with heft h. In light of Corollary 1.2.1 it is easy to see that

1 Vm OTm
(0) (™)
Hll - —1m Vm(l) Omx(gz)

2

1(7n) —Vm(2) I('m)

Note that Vi) = 0F, Vi) = I, and VTZ(Q)Vm(Q) =(m—2)L, + J,, so

W = H| Hy, = —mly,, | (m— 1)1, + Jp, —VTZ(Q) : (5.5)
Lo Vi) Ty

We first find the class of permutation matrices Iy, being those permutations that satisfy
IWIIY = W (see Theorem 2.5.1; here Py, = I,,,. It follows from matrix averaging that
finding those Cyr, = QT X7 X,Q that are invariant to such permutations may be good

candidates for optimal designs.

If IT € [Ty, then it must preserve the diagonal elements of W, which are v, m, and 1. This
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implies that IT must permute within the partitions of W, or that IT has the form

where I1,, and H(m) are permutation matrices of size m and (g‘), respectively. Since
2
(m—1)I,, +J, and T (m) are completely symmetric, and so invariant to all permutations,
2
we only need to find a H(m) for a given II,, such that H<m) Vm(g)HTTn = Viu(2)- Equivalently,
2 2
we must find a H(m) such that H<m) Vi) = Vi) I, Note that Vi, o) is an (7;) X m array
2 2
containing all heft two rows exactly once. Hence it is a BA of strength m with ny = 1 and all
other indices equal to zero. Clearly V,,)IL,, is also a BA of strength m with the same heft
index. Since the rows of VI, are all unique, there exists one and only one H(m) such
2

that H(ZL) Vi) = Viue)lL,. Hence there exists m! permutation matrices II € Ily, which

are in one-to-one correspondence with the m! permutations IT,,, and they all satisfy

Vin(0) V(o)
O Vi [ =] Veo [He-
\ %) Vi)

We previously called such permutation matrices factor permutations, although here they are

defined only up to the heft two rows of V,,.

Eigenvalues of the weighted information matrix Cyy -, are equivalent to those of Cgg, =
HfllTQTXdTXdQHﬂl. As IT € Il must permute within the partitioned submatrices of
W shown in (5.5), and the same partitioned submatrices for H;' have a similar form as
those for W, it is easily shown that if IT € Iy, then ITH,;,'TI” = H;;'. This may be used

to prove the following lemma, which is offered without proof.
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Lemma 5.2.1. The matriz Cyr, = QTXdTXdQ 1s invariant to simultaneous row and col-
umn permutations for those I1 € Ty if and only if Cue, = H' T QT XTI X,QH ' is also

wmvariant to the same permutations.

It follows from Lemma 5.2.1 that instead of finding forms of Cy,, that are invariant to
permutations in Ily,, we may find forms of Cyg,. We choose to work with the alternate
representation of Cyg, = KHzL XTI X,H;LKT. Write V,, = (v |va] ... |vy,) and define
the vector v;; = v; ® v;, the Hadamard product of v; and v;. Note that these are also 0/1
vectors, and elements of these vectors equal 0 unless the corresponding elements of v; and

v; are both 1. Finally, let
Vm;2 = (1)12 | V13 | e \’U1m | V23 | e \’U(m—l)m) )

which has all (T;) Hadamard products of any two columns of V,,,. This should not be confused
with V,(2), which is the (75‘) x m array of all heft 2 rows of V,,. The ordering of the v;; in
Vini2 corresponds to the contralex ordering of the rows of V5. For example, the first row

of Vo is (1,1,0,...,0) and the first column of V5 is v; ® v = v12.

Note that H g}, serves to transform € to 7. The reduced transformation matrix Hgp K7 is

the first v =1 +m + () columns of Hyp, and by Lemma 1.2.1 (4), it follows that

HE;KT — (12'm

Vi | Vina) -
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Let X, be the N x 2™ 0/1 design matrix where X 1lom = 1y, so

XdeglngT = Xq(1am | Vi | Vinp2)

- (]-N | dem | Xde;Q)

= (In|Va|Va) , (5.6)
where V; = X4V, = (va1 |va2| - .. |Vam) is an N x m array of 0’s and 1’s and Vg =
XV = (Va2 |va13 ] - - | Vam-1)m), Where vg;; = vg; © vg;. Finding a design in terms of

X is equivalent to finding a design in terms of X;V,, = V,, which tells us the necessary

treatment combinations to replicate. It follows that

N | 13Va | 13V,
Coo, = KHpp' X X HppK' = VIVi | ViV |, (5.7)

ViV

where the empty partitions are implied by symmetry. Let Cy; = V'V, Ciy = V[I'Vy,
Cy = CY,, and Cy = V[V, where we drop the d for notational brevity. This notation
will be used throughout this section and it should be understood that the submatrices pertain

to a specific design.

If IT € Il then

X Hh K'Y = (Ly | Vi Vi) IT'

= (Ly | VAT | VauIIf )

= (v [ Vi Va)

where V' is a column permutation of V; and will be written as V) = (v |viy| ... |v},.)-
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Even though VJ; is a column permutation of Vi, it can be constructed the same way as Vo
but with the columns of V rather than V;. We use this and the following lemma to derive
those designs V; (which is equivalent to specifying an X,) having Cjg, that are invariant to

II e Il

Lemma 5.2.2. Let B be an N x m BA with two symbols (say 0 and 1) of strength t < m
with index set (ng,n1,...,ny). Suppose that for every N x (t + 1) subarray the row 1},
appears the same number of times, say Ny 1. Then B is a BA of strength t + 1 with index

set (fg, M, . .., Ner1) where iy = ng, + ZE;L;H(—l)"_gni forg=0,...,t.

Proof. Consider any N x (¢ + 1) subarray, Bi;1, of B. Then by assumption the row 17,
appears n;y1 times. But B;,; must also be a BA of at least strength ¢ and so every N x t
subarray, say By, of By has the row 1tT appear n; times. Note that these n; 1tT rows in By,
either increase in heft in B, ; or maintain the same heft. Hence n;,; < n; and we know that
n;+1 of these n; correspond to the 1tT+1 rows of By,1. It then follows that there are n; — ns11
rows of By, that have ¢ ones (within the columns of B;) and one zero. Since each heft ¢
run corresponds to a specific By, all heft ¢ rows appear ny — g1 = ny + (—1)"In; ., times

in Bt+1 .

Now assume for any fixed g < ¢ that every heft g+1 row appears 7ig41 = ng41 —i—ZZ;H (—1)9n,
times in every N X (¢t + 1) subarray. For the By, array above, since g < t < t + 1, every
heft g row in By, 7 must correspond to a heft g row for some N X ¢ subarray B; of Byy;.
Conversely, any given heft g row in B; has either heft g or heft g+ 1 in B;,;. This of course
depends on the column of By, not included in B;. Since B is a BA of strength ¢, any given

heft g <t row appears n, times in B;. By assumption every heft g 4+ 1 row appears in By,

Ngt+1 times, so there are n, — (ng41 + ZEZ;H(—l)i_(g*l)ni) rows in By that must have heft
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g in B;,,. But this is equal to

t+1 41
ng — Ngy1 = (Ng41 + Z (1) n,) = Ng + Z (=1)"n; = ny .
i=g+2 1=g+1

Hence every type of heft g < t row in By, appears f, times. By induction we have the

result. O

Theorem 5.2.1. The reduced information matriz Cag, = KHpp' X1 XqHyp KT is invari-

ant to all IT € Ty, if and only if X4V,, = Vg is a BA of at least strength 4.

Proof. The m diagonals of Cy; (defined after (5.7)) are vivy = 15wy and the (73) off-
diagonals are vg;vdj = lﬁ(vdi ® ;). If the diagonal elements are invariant to factor permu-
tations then 15vy = 14wy for some 4, which may or may not be equal to i. Hence every
column of V; must have the same number of 1’s, so V; must be a BA of at least strength
1. Furthermore, the off-diagonals must satisfy 1% (vy © vg) = 1% (vay © vgy) for some ¢/, 5.

Both of these count the number of (1,1) in the N X 2 subarray of V;. Since Vj is at least a

BA of strength 1, Lemma 5.2.2 implies that V; must be a BA of at least strength 2.

Assume 1 < j, k<[, 7 <k, and j <I[. Then any element of C5, can be written as

vg;j"’dkl = (vg; © ’Udj)T(Udk ® va)

=13 (v © Vg © v O V1) -

There are five cases to consider:

1 i=kj=1
2. i=Fk,j#I
3. itk j=k
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4 itk j=1
5. 04k AL

Case (1) corresponds to the diagonal elements of Csy, which are

T _ T
VaijVdkl = Vg Vdij
=17 (v, . . .
- N('Udz © vdj © Vy; © vd])
=17 (v . , .
— N(Udz © Vyi © /Udj ®© vd])

= 13 (vg © vg)

since the Hadamard product is commutative and vy ® vy = vy for all e = 1,...,m. These
are equal to the off-diagonals of C};, and so must be equal for the reduced information

matrix to be invariant to factor permutations.

Similarly, cases (2), (3), and (4) may be written as

T T

Vg Vait = 1y (Vai © Vg5 © vayr)
T T

VgVt = 1y (Vai © Vg5 © vayr)

T T
Vi Vakj = 1y (Ve © Vg © vak) |

respectively. Note that cases (2) and (3) are equivalent and all three cases are the sum of the
elements of the Hadamard product of three columns of V. It follows that Cy, is invariant to
all H(ZL) if and only if the sum of the elements of the Hadamard product of any three columns
of V; is the same. Since the Hadamard product gives a vector of 0’s and 1’s, every N x 3
subarray of V; must have the row (1,1,1) appear the same number of times. Lemma 5.2.2

then implies V; must be a BA of at least strength 3.

The same argument may be applied to case (5), and we may again use Lemma 5.2.2 to prove
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that V; must be a BA of at least strength 4. It is straightforward to show the converse. [J

Unless otherwise stated, we will now index the BP main effects by the factors they involve,
1=1,...,m, and BP 2-f.i.’s by the two factors they involve jk, where j =1,... . m—1; k =
2,...,m;and j < k. The concepts of factor sets and overlapping introduced in Section 1.2.3
will be needed for many proofs to follow and so will now be briefly demonstrated for a BP
2-fi. denoted by jk. The factor set for a BP 2-f.i. denoted by jk will be {j, k}, as those are
the two factors involved in that effect. This effect overlaps by two factors with itself; overlaps
by one factor with all other 2-f.i.’s involving either factor j or k; and does not overlap with

2-f.i.’s that involve neither j nor k.

Optimality criteria are frequently based on the eigenvalues of the matrix, so it is useful to
derive a general expression for the eigenvalues of Cyg, for m factors and a BA of strength
4, V, with index set (ng,ni, ne, ng,ny). The form of such a Cy, may be represented using

the following elements which are functions of the elements of the BA index set

co = ng + 4nq + 6ng + 4ng +ny = N, the number of runs
c1 =Ny + 3ng + 3ng + ng, # 1’s per column
Co = Ny + 2n3 + Ny, # (1,1)’s per N x 2 subarray of Vj (5.8)
c3 = N3 + Ny, # (1,1,1)’s per N x 3 subarray of Vj
Cy = Ny, # (1,1,1,1)’s per N x 4 subarray of V.

It is easy to see that 15,V = ¢;17 1LV = CQI(Tm), and Cy; = (¢ — ¢2) I, + cody,. The
2
m X (ZL) matrix C1s has rows and columns corresponding to the BP main effects and 2-f.i.’s,

respectively. The elements of C', are

co if BP main effect ¢ and BP 2-f.i. jk overlap
(Ch2)ijk = :
c3 otherwise
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Clearly the effects overlap if « = j or ¢ = k. It follows that each row of C15 has m — 1 ¢3's

and (7”2_1) c3’s. Also, each column has 2 ¢y’s and m — 2 ¢3’s, which are the rows of CL,.

The (Tg) X (7;) symmetric matrix Cy has rows and columns corresponding to the BP 2-f.i.’s.
For brevity, we will simply say jk rather than BP 2-f.i. jk in the following representation of
Co

(

co if jk and j'k’ overlap by 2 factors

(Co2)jkjw = c5 if jk and j'k’ overlap by 1 factor

¢4 otherwise
\

Note that the ¢, elements correspond to the diagonal elements of (s, since BP 2-fi.’s
overlap if and only if j& = j'k’. Each row/column in Cy has one ¢, (m; 2) cy’s, and
(M= (") —1=2m—4=2(m—2) c5’s.

2 2

We demonstrate the form of Cyp, when V; is a BA of strength 4, for m = 4 factors:

Cg|€1 €1 €1 (€ |C2 C2 C2 C2 C2 C2

Cl C2 C3 C2|Cy C2 C2 C3 C3 C3

Cy C1 Cy Cy|Cr C3 C3 C2 C2 C3

Ca C2 C1 C2|C3 C2 C3 C2 C3 C2

C2 C2 C2 C1|C3 C3 C2 C3 C2 C2

€3 €2 €3 (€3 C4 C3

€3 €3 C2 C4 C3 C3

C3 C3 C4 Cyp C3 C3

€3 €4 C3 €3 C2 C3

€4 C3 C3 C3 C3 C2
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5.2.1 Eigenvalues of Cy, for strength 4 BAs

The information matrix Cgzg, must be nonsingular to estimate all significant BP effects
and so has v positive eigenvalues that we wish to calculate. The following lemmas address
this problem; their proofs rely on association schemes linked to the concept of overlapping
introduced in Section 1.2.3. Many of the results are similar to those of Srivastava and Chopra

(1971b), who worked with reduced models assuming OP 3-f.i.’s and higher were insignificant.

Lemma 5.2.3. Three eigenvectors for a nonsingular Cgg, where Vy; is a BA of strength 4

have the form a = (a1 | ay17 | agl(m))T, where a1, as, as are constants.

2

Proof. Tt is clear that for a given submatrix in the partitioning of Cjg, shown in (5.7), the
elements in each row sum to the same quantity. In light of this, consider a vector of the form

a = (a;|ax17 | agl(m))T, which takes these row sums, so that
2

*

ay
Cw,a=| a1, |[=a
aley)

where

a; =copai+ mcyay +(T) ez as

ay =ciait+ [+ (m—1elas +[(m—1)ea+ (" )] as

ay =coar+ [2c0+ (m —2)cslay + [cz +2(m — 2)es + (m;2)c4] as
If a* = Aa then a is an eigenvector of Cyp,. That is, we want to find ay, as, and as

satisfying aj = Aai, a5 = Aag, and a5 = Aaz. We can reduce the problem down to an
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eigenvalue-eigenvector problem of the 3 x 3 matrix

Co mcey (rg)CQ
M= |c, ¢+ (m—1)c (m—1)cs + (m2_1)c3

ca 2co+(m—2)cs co+2(m —2)cg + (m;2)64

If A and b = (b, by, b3) is an eigenvalue-eigenvector pair of M then A and a = (by | by17 | bs 1:(Fm))T
2

is an eigenvalue-eigenvector pair of Cyg,. Because M is square, we know there are three

eigenvalue-eigenvector pairs for M and clearly every eigenvector is of the form b € R3. Hence

three of the eigenvectors of Cy, are of the form a. O

We know that Clyg, is symmetric and positive definite, so its v eigenvalues are real and
positive, which implies that the eigenvalues of M are real and positive. To find the corre-
sponding eigenvalues, we turn to the characteristic polynomial of M. Let M;; be the 2 x 2
submatrix of M with rows/columns ¢ and j removed. Then the characteristic polynomial
for M is

Py(t) =t> — Eit* + Ext — B3,

where

E1 = tI‘(M)
Ey = |My| + | M| + | M|

E; =|M|,

which are known as the principal minors of M. If we focus on A-optimality, we do not need to
solve for the eigenvalues individually. Instead, all we need is the sum of the inverse eigenvalues
of M, or the sum of the inverse roots of Py (t). Let P(t) = a,t" + a,_1t" ' + -+ + ag be

a polynomial of degree n with no roots equal to zero and consider the polynomial Q(t) =
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aopt" + a;t" ' + -+ + a,. Then X is a root of P(t) if and only if A~ is a root of Q(t).

The roots of Py(t) are positive reals, so the roots of the polynomial

Qu(t) = —Est® + Eyt* — Byt + 1

are the reciprocals of Py(t). By Vieta’s formula, the sum of the roots of Q(t) is

Sato-z b
— —E;  Es

It can be shown that since ¢ equals the number of available runs, N, and is fixed for a given

design, the values of 2F5 and 2F5 are:

2Fy = 2Ncy +2mNcy +4(m — 2)Nes + (m — 2)(m — 3)Ney — 2m?ct + 2¢1¢

+4(m — 2)cies + (m — 2)(m — 3)crey — (m +2)(m — 1)c2

+ (m — 3)(m — 2)(m — 1)eacy — (m — 2)*(m — 1)c3 (5.10)
2F5 = 2Ncycy +4(m — 2)Nees + (m — 3)(m — 2)Neyey — 2(m — 1)Neé3

+ (m — 3)(m — 2)(m — 1)Negey — (m — 2)*(m — 1)Nc3 + 2mcic,
2

—4m(m — 2)cies — m(m — 2)(m — 1)cieq + 3(m + 1) (m — 1)eic;

+2m(m — 2)(m — 1)eicacs — m(m — 1)%c; . (5.11)

Now we must find the remaining v — 3 eigenvalues, which must have eigenvectors orthogonal

)7,

to the three eigenvectors in Lemma 5.2.3. Vectors of the general form e = (0| eZ | e%’m>
2

where e’ 1,, = 0 and e\ 1,m\ = 0 clearly satisfy this. We first look for potential eigenvectors
2 2
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2

of the form e = (0|07 | e%m))T. Post-multiplying Cjgg, by such an e gives

) 0
CdGQe = Clge@) = 0126(73}
nge(gl) C226<7721)

If e is an eigenvector, then ClQE(m) = 0,, and nge(m) = /\e(m) for some A\, which implies
2 2 2
that A and e<m) are an eigenvalue-eigenvector pair of Cyy. If Cyg, is nonsingular then it
2
must be positive definite, which implies that Cs = V:i:g‘/:ig must also be positive definite

and hence have ("21) positive eigenvalues. The goal now is to find eigenvectors of Cy that

also satisfy Clg@(m) =0,, and 1(Tm)e(m> = 0.

2 2
Recall that the elements of Cy correspond to “products” of BP 2-f.i.’s. The diagonal ele-
ments all equal ¢, and the off-diagonals equal c3 if the corresponding 2-f.i.’s overlap by one
factor, and ¢4 if they do not overlap. Consider the matrix C 99 = %(ng — nyJ) which is

easily shown to have elements

(

netfaif jk and j'k' overlap by 2 factors

(C )k =41 if 7k and 7'k’ overlap by 1 factor

0 otherwise

Let Ay be the adjacency matrix for the BP 2-f.i.’s with elements

1 if jk and j'k’ overlap by 1 factor
(Ag2)jkjinr =
0 otherwise

It then follows that C 99 = %I + Ag. If e (7) is a contrast vector, and an eigenvector of
2
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C 99 with eigenvalue A, then

re(y) =Cme(y)

1
- _C m
3 226(2) )

implying that nsA and e(m) is an eigenvalue-eigenvector pair of Cy. The goal then is to
2
find eigenvectors of C,, that are contrasts and then check to see if they further satisfy

Clge(@ = Om

Clearly any eigenvector of Ass is also an eigenvector of Ca,. If X is an eigenvalue of Ao,
it follows that ns (% + )\) is an eigenvalue of Cy,. Note that Agl = (2m — 4)1, since
every 2-f.i. overlaps by one factor with (m — 2) + (m — 2) = 2m — 4 other 2-f.i.’s. The other
eigenvectors of Agy must be orthogonal to 1 so they must be contrasts. We now derive the
form of A2, to show that Ay, is the adjacency matrix for a strongly regular graph. The

adjacency matrices for such graphs have a known form for the eigenvalues.

Denote the 0/1 columns of Ajy as ajj, corresponding to the BP 2-f.i. ij. Clearly afjakl =
(a;; © a)T1. Note that all Hadamard products will be 0/1 vectors. These products have 1
elements for those 2-f.i.’s that overlap by one factor for both ij and kl. Assume i < j and

k < 1, and we again have five cases to consider for the elements of A3,:
l.i=k,j=1
2.i=k,j#I
3. i#kj=k
4. i# k=1

5. itk jAL.

128



Case (1) are the diagonal elements of Agy and clearly (a;; ® a;;)"1 = 2m — 4, the number

of 2-f.i.’s that overlap by 1 factor for any given 2-f.i. .

Cases (2) to (4) correspond to the Hadamard product of 2-f.i.’s that overlap by one factor.
Say one of these 2-f.i.’s is ij. Of the 2m — 4 = 2(m — 2) 2-f.i.’s that overlap by one factor
with 27, only m — 2 of them also overlap by one factor with the other 2-f.i. in the product.

Hence, the off-diagonals of A3, corresponding to cases (2) to (4) equal m — 2.

Finally, case (5) corresponds to Hadamard products a;; ® ay, being 2-fi.’s that do not
overlap. Of the 2m — 4 2-f.i.’s that overlap by one factor for ij, only 4 overlap by one factor
for kl, being the 2-f.i.’s ik, il, jk, and jl (assuming j < k and j < [, but there is no loss of

generality).

This system of overlapping may be used to develop a triangular association scheme of the
BP 2-fi.’’s which has two associate classes. Such association schemes were first introduced
by Bose and Shimamoto (1952) and results for such association schemes are well-developed.
Bose (1963) and Brouwer and van Lint (1984) established that an association scheme with
two associate classes corresponds to a strongly regular graph. A graph with v vertices is

known as a strongly regular graph if

e FEach vertex has degree k
e Every two adjacent vertices have A common neighbors

e Every two non-adjacent vertices have 1 common neighbors

The eigenvalues of the adjacency matrix for a strongly regular graph are known to be

1. k£ with multiplicity 1

: o 2%+ (v—1)(A—p)
2. 1 [()\ —u) + /(A — p)? + 4(k — p)|, with multiplicity 1 |(v —1) — Wi%kfu)
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. L et (v—1)(A—pa)
3. 3 [()\ —p) — /(A= p)? + 4(k — p)|, with multiplicity 1 (v —1) + m

The eigenvector for eigenvalue k is clearly 1, so the other eigenvectors must be contrast

vectors, since they must be orthogonal to 1,.

The elements of A2, imply that Aj, is the adjacency matrix for a strongly regular graph
with v = (7;), k=2m —4, A=m — 2, and u = 4, where m > 2. Hence the eigenvalues for

Ay, are

1. 2m — 4, with multiplicity 1

2. m — 4, with multiplicity m — 1

3. —2, with multiplicity ™22

It follows that there are 2 distinct eigenvalues of Cyy corresponding to contrast eigenvectors,
ng(%;”’* —2) =ny and ng(%f”?’ + (m—4)) = ny+ (m — 2)ng with multiplicity M and
m — 1, respectively.

The eigenvectors with eigenvalue m — 4 for Ay, are found in the following way. Group the
(’;) BP 2-fi.’s into m groups of (m — 1), 2-f.i.’s each, where group g, g = 1,...,m, consists
of those 2-f.i.’s that overlap by one factor with BP main effect g. Note that any specific 2-f.i.
will be in exactly two groups, and any two groups share exactly one 2-f.i.. Let G; be the sum

of the BP 2-f.i.s, 6,5, in group I. Consider any contrast of these Gy, written as »_,", d,G;. In

this contrast, the coefficient for the 2-f.i. 0;; is d; 4 d;, since it is in G; and G;. Hence the
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corresponding (7;) x 1 contrast vector for the 2-f.i.’s is

dy + ds

di +d
d=| 7 . (5.12)

dmfl + dm

It follows that each element of Agd, a;fpjd, may be written as

14,5 14,5
= (m = 2)d; + (m —2)d; +2) _d,
I£i,j
= (m—=2)d; + (m—2)d; — 2(d; + d;),  since 0= dy=» di+d;+d,

=1 |y

= (m—4)(d;+d;) .

Hence d is an eigenvector of Ags with eigenvalue m — 4 and so d is an eigenvector of Cyy

with eigenvalue ny + (m — 2)ns.

Now consider C}2d. Recall that the ith row of C15 has m — 1 values of ¢y corresponding to

2-f.i.’s that overlap with main effect ¢, and (m; 1) values of ¢z corresponding to the 2-f.i.’s
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that do not overlap with main effect 7. It then follows that the i-th row of C2d, (C2d);, is

(Cr2d); = ¢ Z(dz +d;) +c3 Z Z(dl +dy)
1#4 lllélé/'

= cl(m — 1)d; — d;] + c3(m —2) Y _dy
I#i

= CQ(TTL — Z)dl — Cg(TTL — Z)dz

= (CQ — 03)(m — 2)dz .

This implies that Ciod = (¢ — c3)(m — 2)dy where dy = (dy,ds,...,d,)" and so e =
(0|0Z |d™)T is not an eigenvector of Cyg, for any m > 2, unless ¢y = c3, or ny = nz = 0. But
ny is an eigenvalue of Cyy, a symmetric, positive definite matrix, so ny > 0. Hence if Cyg, is

positive define then Cod # 0,, and d cannot be an eigenvector of Clg,.

Recall that d was generated from a specific m x 1 contrast vector dy. The dimension of the
eigenspace for Ay corresponding to eigenvalue m —4 is m—1. There are m — 1 orthogonal d
contrast vectors that generate a d eigenvector of Ay corresponding to eigenvalue m — 4. It
can be shown that m—1 d’s generated from m —1 orthogonal d’s are also orthogonal. Hence
the eigenspace of Ay corresponding to eigenvalue m — 4 can be generated from any such
m — 1 orthogonal contrast vectors. Now consider the projection matrix onto this eigenspace,
P, = Zf:ll d;d! for some orthonormal d; generated from a set of (m — 1), m x 1 orthogonal

contrast vectors. The following lemma gives the representation for P;.

Lemma 5.2.4. The orthogonal projection matriz onto the eigenspace of Ass corresponding

to eigenvalue m — 4 is

2 1 4
P =—1 Ay — ——
"Tom +m—2 2 m(m—2)

(J-1). (5.13)
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Proof. The projection matrix onto the eigenspace of Ags for eigenvalue 2m — 4 is Py =

(’;)_IJ . Let e; be an eigenvector for Ay with eigenvalue —2. Note that e; is a contrast

m(m—3)
2

vector orthogonal to all d; and that there exists m’' = mutually orthogonal e;.

Define P, = z;nzll eje; for any such m’ orthonormal e;. Let Py be (5.13) and define
P, = Z::l did;fp, for any m — 1 orthonormal d;. We want to show that P; = P,. We know

I = Py + P, + P, and pre-multiplying both sides by P;* gives

-1
m
P = (2) P'J+ PP + PP,

It is straightforward to show that P;J = 0J =0, Py P, = > (Pydy)d! = Y. d,d! =
Py, and PrP, =37 (Pje;)el = 0. Hence P} = P;. O

This gives us the following corollary

Corollary 5.2.1. The orthogonal projection matriz onto the eigenspace of Ags for eigenvalue

—2 18
1

PQ:(m—l)(m—Q)

[(m—=1)(m—4)I+2J — (m —1)Ag)] .

We want to show that Ci2P, = 0. Consider C13.A5,, which has m rows and (";) columns.
Given a column of Ay, a;x, and row of Cia, ¢!, the product ¢! a;;, depends on whether the

i-th BP main effect and 2-f.i. jk overlap by one factor. The entry in row ¢ and column jk is

(m —2)ca + (m — 2)cs if i and jk overlap,
(C12A2);jk = (5.14)

2¢9 +2(m — 3)cs otherwise.

(5.15)

This matrix has the same form as Cio but different entries and so there are two possible
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entries to check in C19Ps,

m—1

ClQPQ = m [(m - 1)(m - 4)C12 + 2 ((m - 1)02 + ( 9

)@)J—OH—DCuAm

Ignoring the scale factor [(m — 1)(m — 2)]7!, if the entry in Cis is ¢y then the corresponding
element in C12P5 is

m—1

(m—nmf®@+20m—n@+(2

)%>—mp4xm—m@ﬁm@:o.

If the entry in C5 is c3 then its corresponding element in C'5 P; is

m— 1

2)@)—mfm@@+mm—@@:o.

(m —1)(m — 4)cs + 2 ((m — ey + <

Hence, if e(m) is in the eigenspace of Ay with projection matrix P,, then the vectors
2
e= (O|Oflle<T,;))T are eigenvectors of Cyg, With eigenvalue ny with multiplicity 2= thus

proving the following lemma.

Lemma 5.2.5. A nonsingular Cgzg, where Vy; is a BA of strength 4 has eigenvalue ny with

m(m—3) '

multiplicity —=

Now consider vectors of the form e = (0|qd}|d”)” where q is some constant to be determined,
and d is the vector created from dy as in (5.12). Note that for a given ¢, we can generate
m — 1 of these eigenvectors which are orthogonal by choosing m — 1 orthogonal dy’s. This
vector is also clearly orthogonal to eigenvectors corresponding to eigenvalue nsy. If e is an

eigenvector, then Cgyg,e = Ae for some A, or

qCrido + Ci2d = \gd, (5.16)

qCLdy + Cpd = \d . (5.17)
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We have already shown that C1; = c;I+co(J —1I) and Chad = (ca—c3)(m—2)dy. Thus (5.16)
is
(ca —c3)(m —2)

(c1—c2) + qdy = Aqd, ,

implying

P 632](7” -2 (5.18)

Next consider the (TQ”) x m matrix CL,, with rows and columns corresponding to 2-f.i.’s and
main effects, respectively. Hence row ¢7 will have ¢, in columns ¢ and j and c3 in the other

columns. Thus a given entry in Cldy is equal to

Cg(di + dj) + C3 Z dl = Cg(di + d]) — Cg(di + d])
l#1,5

= (co — ¢c3)(d; + dj) .
Clearly co — ¢3 > 0, otherwise ny = 0. Thus (5.17) is
q(ca — c3)do + (n2 + n3(m —2))d = \d ,
implying the corresponding eigenvalue is

A =q(ca —c3)+ (ng + (m —2)ng3) . (5.19)
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Setting the RHS of (5.18) and (5.19) equal, we solve for ¢:

€1 — Cy+ (2 - 033](771 L) = q(c2 — c3) + (n2 + (m — 2)n3)

& *(co — c3) + q(—c1 + o +ny + (m — 2)ng) — (m —2)(cy —c3) =0

= q2(n2 + ng) + q(—nl — 2712 + N9 + (m — 3)”3) — (m — 2)(77,2 + 713) =0 s

implying there are two solutions for g,

—(—=n1 —ng + (m — 3)nz) £ 1/(—n1 — na + (m — 3)n3)2 + 4(m — 2)(ng + ns)?
2(712 -+ ng) ’

q:

Plugging the two values of ¢ into (5.19) we get two eigenvalues

A= % a4 s+ (m — Dy /(i + g — (m— 82 1 40m — 2)(ma + nal]

Hence for a given dj, we can generate two eigenvectors corresponding to the two solutions.
There are m — 1 orthogonal dy, and since the eigenvalues do not depend on the elements of

dy, the two eigenvalues each have multiplicity m — 1.

Lemma 5.2.6. A nonsingular Cgag, where Vy is a BA of strength 4 has the two eigenvalues

1

ny 4 3ny + (m — Dns + v/ (n1 +na — (m — 3)n3)2 + 4(m — 2)(ny + n3)2}

>
[~}
[
I
N — N
[ —|

ny 4 3ny + (m — Dng — v/(n1 +na — (m — 3)n3)2 + 4(m — 2)(ny + n3)2] )
each with multiplicity m — 1.

The three eigenvalues corresponding to the eigenvectors in Lemma 5.2.3 are equivalent to
the eigenvalues of the matrix M defined in the proof of that lemma, but do not have a nice

form like in Lemmas 5.2.5 and 5.2.6. It is easier to derive a general expression for the sum
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of the inverse of the three eigenvalues, so we can have a general form of the A-value for
C0,. Even though this simplifies the problem, the expression is still quite involved. Taking
E,/FEs5 and the other v — 3 eigenvalues in the previous lemmas, we have accounted for all
the v eigenvalues and can derive an expression of the A-value for Cyg, when V; is a BA of

strength 4.

Theorem 5.2.2. Assume Cyg, is the reduced information matriz for a BA of strength 4 and

1s nonsingular. Then the trace of C'd_gl2 is

tr(Cup.) = % + (M) n% + (m=1)(A, + A" (5.20)

where Ey and E5 are specified in (5.10) and (5.11) and the values A\, and Ny, are given in
Lemma 5.2.6.

5.2.2 A-optimal approximate BAs for reduced BP 2-f.i. model

The goal of this section is to identify the A-optimal BA index set (ng, ..., n4) that minimizes
(5.20). Here we do not restrict the elements of the index set to integer values, which they
clearly must be in order to correspond to a design. Much like what was done previously
with approximate CRDs, design optimization in this way can often help us identify potential

structures that may lead to efficient and/or optimal designs.

Optimizing (5.20) is not a straightforward problem. It is complicated both by its nonlinearity,
especially in Ey/FE3, as well as the constraints on the elements of the index set. For example,

the following constraints will need to be met for the optimal solution:

L] no,nl,...,n420

[} n0+4n1+6n2+4n3+n4:]\7
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o N\ A, >0

e The eigenvalues of M are all positive .

Srivastava and Chopra (1971b) derived a similar expression to (5.20) for the reduced OP
2-f.i. model and focused much of their attention on additional constraints for the BA index
set that achieve positive eigenvalues of the comparable matrix to M defined in the previous
section. They did not attempt to optimize their equivalent expression, but rather used it to
quickly calculate A-values for BAs of strength 4, finding optimal designs within this subclass.
We could try to optimize with respect to ¢i,...,¢4 (co = N which we assume is fixed) but

the constraints are further complicated by the fact that ¢; > ¢o > ¢3 > ¢4.

We now show that optimizing (5.20) with respect to certain ratios of ¢y, ..., ¢4 simplifies the
constraints and leads to quick optimization results in Mathematica. Define the following

four ratios rg, 1,72, and rg as

&
Ty =
Ci+1
so that we have the following equivalent representations for c¢q,..., ¢4

i—1

1
ci = —.
i Co H r
j=0 7
These ratios will tell us the optimal relative sizes of ci,..., ¢4 to the sample size, ¢y, and
their linear relationship with nyg, ..., ns may be used to find the A-optimal approximate BA

index set.

Mathematica was used to represent (5.20) in terms of these ratios and this expression was
found to be proportional to the sample size, ¢y. Hence minimization of this expression
with respect to the ratios does not depend on the sample size, much like how finding optimal

designs with respect to replication weight for approximate CRDs does not depend on N. This
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means that we may either remove the sample size from the expression or we can minimize it
for a specifically chosen sample size (which must be greater than or equal to v = 1+m—+ (g‘))
and those optimal values will hold for any other sample size. We elect to do the latter,
otherwise the expression becomes close to zero and our experience shows that optimization

programs may have difficulty with convergence.

We utilized the Minimize function in Mathematica to minimize the expression for a given
m and set N = v, without restricting ourselves to integer values. Additional constraints
were placed to guarantee the eigenvalues of Cyg, were positive. We modified the constraints
1/ny > 0, A' > 0, and A;" > 0 by multiplying the left-hand side of each by E,. This
was done to ensure these the optimization method was sensitive to the constraints, since Fs
grows larger than these other constraints with increasing m. Each ratio was also constrained
to be greater than 1, that is, r; > 1, based on the following relationships, which are easy to

show

Ng + 3%1 + 3712 + ns

7’0:1
(&1
ny+2ns+n
p=14 AT m2t s
Co
No + N
7’2:1—|— 2 3

C3
r3 =1+ 13 .
Cq
Sometimes this set of constraints was slightly modified to r; > 1.01 to achieve convergence.
The resulting optimal ratios were then transformed back to the optimal BA index set, giving
an “approximate” BA of strength 4 and a lower bound for the A-criterion for any design, not
just BAs. This follows because this class of approximate BAs includes the matrix-averaged

versions of all designs with respect to Iy, .

Table 5.1 has the optimal ratios for m = 4,5,...,10, which hold for any given N > v, and
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the approximate optimal A-values and BA index set for saturated designs, i.e. N = v. For
all the m shown, every ratio is close to 2 and consistently decrease as m increases. The ratio
is largest for ry and smallest for r3, which is not surprising because ¢y > ¢; > - -+ > ¢4. There
appears to be some hierarchical structure of the BA indices in Table 5.1, with ng greater
than all other indices, followed by n;. For m < 5, ny > ny4, but thereafter ny, becomes the

third largest element in the BA index set, so the structure depends on the number of factors.

Table 5.1: Optimal ratios for m = 4,...,10 for saturated BP 2-f.i. model and optimal
A-values and BA index sets for N = v.

ro 1 r9 r3 A-value no ny N9 n3 o

2.3819 | 2.2185 | 2.0456 | 1.8973 || 1.3066 | 1.4831 | 0.8897 | 0.5828 | 0.4813 | 0.5364
2.3630 | 2.1888 | 2.0163 | 1.8739 || 0.9875 | 2.1589 | 1.2745 | 0.8438 | 0.7155 | 0.8188
2.3459 | 2.1679 | 1.9983 | 1.8609 || 0.7617 | 2.9475 | 1.7313 | 1.1597 | 1.0014 | 1.1633
2.3306 | 2.1519 | 1.9860 | 1.8529 || 0.6009 | 3.8462 | 2.2594 | 1.5307 | 1.3402 | 1.5713
2.3168 | 2.1392 | 1.9770 | 1.8477 || 0.4840 | 4.8523 | 2.8580 | 1.9570 | 1.7324 | 2.0438
2.3045 | 2.1286 | 1.9701 | 1.8441 || 0.3970 | 5.9631 | 3.5267 | 2.4390 | 2.1788 | 2.5812
2.2933 | 2.1196 | 1.9647 | 1.8417 || 0.3309 | 7.1763 | 4.2649 | 2.9768 | 2.6798 | 3.1839

S ©oo o oS

An orthogonal array of strength 4, which is a special case of a strength 4 BA, will have index
set (N/16,..., N/16) and is easily shown to have r; = 2 for ¢ = 0,...,3. This implies that
strength 4 orthogonal arrays may be A-efficient for the reduced BP 2-f.i. models, but may
not be A-optimal. BAs that are “close” to orthogonal arrays, but with larger ng and smaller

ny, are more likely to be A-optimal, as indicated in the approximate designs in Table 5.1.

5.2.3 Saturated A-optimal exact BAs for reduced BP 2-f.i. model

We first attempt to find A-optimal exact, saturated (N = v) BAs by searching for integer-

valued indices of possible BAs that are “close” to the decimal values in Table 5.1 and so are
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likely A-efficient. We call these possible BAs because establishing existence and construction
of BAs from a given index can be a difficult task. A program was written in R that considers
all integer-valued indices within some range of the decimal values found in Table 5.1 and
then calculates the A-value for each one, assuming that design exists. We calculated the
A-efficiency of each of these designs by dividing the optimal A-value found in Table 5.1 by
the A-value of a BA with given indices. As the optimal A-value should be smaller than the
A-value for any BA, these efficiencies will be less than 1; the closer the efficiency is to 1, the

better the BA is in terms of the A-criterion, provided it exists.

The top 3 BA index sets for saturated designs with m = 4,...,10 factors are given in Ta-
ble 5.2. We also include the relative efficiencies with respect to BP effects of different orders,
which were calculated by dividing the estimator variance under the optimal, approximate BA
by the variance for the possible BA. All of these designs estimate all BP effects of the same
order with the same variance. The top designs are typically around 90% efficient (except for
m = 4 and 7). For large m the efficiency quickly approaches 1. In some cases the designs
estimate the BP main effects better than the approximate optimal design (e.g. for m = 7 the
BP main effect efficiency is 1.182). Efficiency tends to be much better for estimation of the
BP 2-f.i.’s as m increases. This focus of estimation may be attributed to the fact that the
number of 2-f.i.’s in the model grows rapidly as we increase m, hence designs that minimize
the variance of estimates for these effects tend to minimize the A-criterion. An additional
weighting approach is shown in the next section that allows us to place greater emphasis on

the BP main effects.

Establishing existence of the possible BAs in Table 5.2 is a difficult task. Much of the theory
on the existence and construction of BAs focuses on strength 2. For m = 4 there is no
issue, since the indices describe the entire design (there is only one N X 4 subarray, the array

itself). The following lemma establishes that a strength ¢ BA is also a strength t — 1 BA, a
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Table 5.2: A-efficient strength 4 BA index sets for the saturated, reduced BP 2-f.i. model

for m =4, ...,10. Efficiencies are with respect to the approximate designs in Table 5.1.
m | A-eff | Op-eff Oi-eft O;-eff | ng 11 ny ng ng
4 10580 0215 0511 069 0 1 1 0 1
4 10.555 0550 0393 069 | 1 0O 1 1 O
4 10436 | 0.550 0568 0387 |1 1 1 0 O
510916 | 0497 0.741 1067 | 1 1 1 1 1
5 105950497 0463 068 | 2 1 1 0 0
51050110319 059 048 |1 2 1 0 1
6 0948 | 0.765 1.027 0929 | 3 2 1 1 1
6 | 0.898 | 0.454 0904 0932 |2 2 1 1 2
6 | 0842 | 0.695 0689 0932 |2 1 1 2 2
7 108210729 1182 07415 3 1 1 2
7 108162771 1133 07258 2 1 1 3
710816 3132 1.132 07239 2 1 1 2
8 108821971 0693 096 | 6 2 2 2 3
8 10.879 1608 0.690 0957 | 5 2 2 2 4
8 108792292 0689 0952 |7 2 2 2 2
9 10928 0733 1179 0873 | 7 4 2 2 3
9 10908 |0.529 1.108 0873 |6 4 2 2 4
9 {0903 0767 0984 083 |6 3 2 3 4
1010993 | 0.782 0949 1014 |6 4 3 3 4
101 0.991 | 0.905 0939 1010 7 4 3 3 3
101 0.973 10.892 0999 0968 | 8 5 3 2 2

well-known known result which may be found in Rafter and Seiden (1974).
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Lemma 5.2.7. Let B be an N x m BA with two symbols (say 0 and 1) of strength t < m
with index set (ng,ni,...,ny). Then B is also a BA of strength t — 1 with elements of the
index set

ny_

g = Mi—g+1 T Ny—g

where g =1,2,...,t.
One way to search for the optimal BAs of strength 4 would enumerate all N x m BAs of

strength m, which are straightforward to construct, and then recursively use Lemma 5.2.7 to

find its strength 4 index set. We demonstrate how this may be done for m = 7 in Example 77.

Example 5.2.1. Take the 29 x 7 BA of strength 7 with index set (1,0,1,0,0,0,1,0). This
array is also of strength 4 with index set (4, 3,1, 1,3). By recursively applying Lemma 5.2.7

we can produce the following table of decreasing strength: This demonstrates how the

Table 5.3: Index sets for a 29 x 7 BA with strength 7 for decreasing strength.

Strength | Index Set
7 (17 07 9 ) ) Y

6 (1,1
5 (2,2,
4 (4,3

higher indices “trickle down” to the lower ones when we consider lower strengths.

The strength 4 index set for the 29 x 7 BA in Example 5.2.1 appears “close” to the optimal
index set found in Table 5.2. The A-value for this design is 0.7821, which is 77% efficient
relative to the “optimal” approximate design found in Table 5.1 and 93% efficient relative

to the A-best design in Table 5.2.

As demonstrated by Example 5.2.1, one way to construct an A-efficient BA of strength 4 for

the saturated case is to start with a strength m BA with indices ng,no,n,,,—1 = 1 and all
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other indices equal to 0. Table 5.4 contains the indices for such designs for m = 5,...,10
and their relative A-efficiencies to the approximate A-optimal BA and the A-best design
in Table 5.2. We see that the BAs constructed in this way estimate BP main effects with
variances similar to the approximate, optimal BA, but estimates for the other effects become
less efficient. However, such designs may be appealing if estimation of the BP main effects
is preferred. There may be a further weighting of the BP effects for which this design would
be closer to optimality. For example, if we employ the techniques of this dissertation to
place more weight on the BP main effects, then the design may become more attractive.
The theory for additional weighting with the reduced BP model is the topic in Section 5.3.
Another property of these BAs is that the strength 4 indices always have ny and ng = 1,
while the approximate ny and ng in Table 5.1 become greater than 1 as m increases. This
may explain why the designs drop in efficiency as we increase m.

Table 5.4: Saturated designs constructed from the strength m BA with ng =ny =n,,_1 =1

and their A-efficiencies with respect to the A-optimal approximate BA and A-best exact BA
index sets. Efficiencies for BP effects are based on the A-optimal approximate BA.

Approximate | Exact BA
m | ng M1 MNg N3 Ny 90—eff Qi—eff Qij—eff A-eff A-eff
5|11 1 1 1 1 0497 0.741 1.067 0.9159 1.0000
6 12 2 1 1 20454 0.904 0.932 0.8984 0.9473
714 3 1 1 3 ]0420 0.960 0.735 0.7683 0.9353
|17 4 1 1 410391 0.962 0.577 0.6337 0.7187
9111 5 1 1 5 ]0366 0936 0.459 0.5205 0.5609
10]16 6 1 1 6 ]0.344 0896 0.373 0.4304 0.4334

There are many other ways to construct BAs of strength 4 from larger and smaller arrays.
Chakravarti (1961) details a construction method based on taking subarrays (both in terms
of removing rows and columns) of OAs of some strength that produce BAs of the same
strength. It may also be worthwhile to investigate necessary constraints on a BA index set

to determine whether such a BA could exist. This may allow us to pare down the list in
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Table 5.2 and get a better idea of the efficiency of the designs in Table 5.4.

We must be careful though in assuming a strength 4 BA is the A-optimal design. Certainly
these designs are candidates for A-optimal designs, but there may exist designs that are
“almost BAs” and that are truly A-optimal. For example, this was seen in Section 3.4 where
for some N a strength m BA was not A-optimal, but arrays built up from certain BAs were

optimal until they formed a new BA.

An ad hoc approach to finding optimal designs without restricting attention to only BAs is
to use the design search capabilities of SAS PROC OPTEX. A modification of the model
and candidate points with the procedure described in Section 4.3 allowed us to search for
A-efficient saturated designs under the BP 2-f.i. model for m = 4,...,10. We performed
5,000 iterations of the modified Fedorov algorithm for m = 4 to 6 and 10, 000 iterations were

performed for m = 7 to 10, due to the larger number of candidate points.

For m = 4, the A-best design SAS found was not a BA:

000011 101T171
00010O011O0T1T1
001 001O01T1O0T71
01 0010O011T1@O0

Its A-value for estimation of the BP effects is 2.0505 and its relative efficiency compared to
the A-optimal approximate BA is 0.6372 which is better than the BAs listed in Table 5.2.
We are cautiously confident that this design is A-optimal, as the search was extensive relative

to the number of possible designs that could be considered.

For m =5 and 6 the A-best designs were the BAs with index sets found in Table 5.4, which

is not surprising given their high efficiencies. For m > 7, OPTEX was unable to find designs
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with relative efficiencies close to what was seen in Table 5.2, even with a large number of
iterations. For these large m, OPTEX has provided some evidence that the designs discussed

previously may not exist.

5.2.4 A-optimal exact BAs for reduced BP 2-f.i. model with m =

4,5, and 6 and N > v

We next investigated whether the issue of finding BAs may be due to the restriction N = v.
That is, it may be that with larger N a BA would be easier to construct. For m = 4,5,
and 6, the ratios in Table 5.1 were used to calculate the optimal approximate indices for
increasing N and we then searched for the corresponding BAs with the R code described
in Section 5.2.3 as well as with the SAS PROC OPTEX macro described in the previous
section. Constructing the BAs for m = 4 is trivial, since the indices will uniquely describe
the N x 4 BA we are looking for. Tables 5.5 to 5.7 list the optimal BA indices for m = 4,5,
and 6 as found with the R program. Their efficiencies relative to the best design found with

the SAS PROC OPTEX macro is also noted in these tables.

The efficiency values for m = 4 are very encouraging. The worst A-efficiency (with respect
to the approximate, optimal bound) was for the saturated case (58%). When comparing
the design with the best BA index set found with R with the best design found in SAS, we
see that the efficiency is 91%. As soon as we add one more run to the saturated case, the
A-efficiency increases to 75% and continues to increase overall with N until it hits around
95%. The efficiencies with respect to the SAS-best design are even more encouraging. For
N = 16,17,22, and 23 the same designs were found, and even when they were different
the A-values were nearly the same. The high efficiencies carry over to m = 5 and m = 6,

but there is still the issue of constructing these BAs. In some cases we may be evaluating
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non-existent BAs, including those where the OPTEX A-best designs have efficiency greater
than 1. In those cases, either the BA does not exist or OPTEX was unable to find the BA

(or a better design).

Based on the results for m > 6 in the previous sections, we did not explore this approach for
a larger number of factors. Other analytical tools will need to be developed to handle these
larger problems and will likely require an exploration of the properties of strength 4 BAs.

Table 5.5: A-efficient strength 4 BAs with m = 4 factors for the reduced BP 2-f.i. model.

Efficiencies for individual BP effects are based on the A-optimal approximate BAs. The last
column is relative to the best design produced by OPTEX.

N | A-eft | Op-eff O;-eft O;-eff | ng n1 ny ng ny | OPTEX A-eff
11 1 0.580 | 0.215 0.511 069 | 0 1 1 0 1 0.910
1210749 1 0.702 0854 0709 |1 1 1 0 1 0.995
13| 0.741 | 1.113 0.911 0.667 | 2 1 1 0 1 0.940
14 1 0.709 | 1.466 0904 0624 |3 1 1 0 1 0.863
151082310504 0694 09451 1 1 1 0 0.945
16 [ 0.925 | 0.550 0.781 1.063| 1 1 1 1 1 1.000
1710970 | 0874 0863 1.039 | 2 1 1 1 1 1.000
1810962 | 1.161 0879 0998 | 3 1 1 1 1 0.997
191 0937 | 1.419 0871 0954 | 4 1 1 1 1 0.972
2010912 | 1.361 0.844 0931 | 4 1 1 1 2 0.942
2110975 |0.773 0974 0991 (2 2 1 1 1 0.997
2210990 | 1.013 1.037 0973 2 1 1 1 1.000
2310982 |1.232 1062 09374 2 1 1 1 1.000
24 1 0968 | 1.202 1.046 0924 | 4 2 1 1 2 0.991
2510951 | 1.396 1.049 0893 |5 2 1 1 2 0.977
26 | 0.935|0.891 1066 0884 |3 3 1 1 1 0.961
2710939 [ 1.082 1.119 0864 | 4 3 1 1 1 0.970
28 10.958 | 0.818 0910 099 (3 2 2 1 1 0.994
2910963 10999 0938 0974 (4 2 2 1 1 0.999
3010961 | 0981 0931 0975 | 4 2 2 1 2 0.997
3110954 10981 0940 0951 |5 2 2 1 2 0.987
3210961 | 0.756 0965 0974 | 3 3 2 1 1 0.991
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Table 5.6: Potential A-efficient strength 4 BAs with m = 5 factors for the reduced BP 2-f.i.
model. Efficiencies for individual BP effects are based on the A-optimal approximate BAs.
The last column is relative to the best design produced by OPTEX.

N | A-eft | Op-eff O;-eft O;-eff | ng n1 ny ng ng | OPTEX A-eff
16 | 0.916 | 0.497 0.741 1.067 | 1 1 1 1 1 1.000
1710962 | 0935 0827 10372 1 1 1 1 1.000
18 1 0945|1324 0833 0990 | 3 1 1 1 1 0.989
19 109151286 0809 095 | 3 1 1 1 2 0.960
20 | 0.885 [ 1.619 0.792 0912 | 4 1 1 1 2 0.926
21 10929 | 0583 0913 0963 | 2 2 1 1 1 0.966
22 10974 | 0918 1.046 0948 | 3 2 1 1 1 1.000
2310972 | 1.224 1.096 0919 | 4 2 1 1 1 1.000
24 1 0.960 | 1.235 1.100 0.901 | 4 2 1 1 2 0.998
2510941 | 1.503 1.107 089 |5 2 1 1 2 0.987
26 | 0917 | 1.751 1.099 0839 | 6 2 1 1 2 0.969
2710.892 | 1.980 1.083 0809 | 7 2 1 1 2 0.946
281 0.894 | 0.851 0.801 0944 | 3 2 2 1 1 0.950
29 1 0.892 | 1.142 1.198 0.796 | 5 3 1 1 2 0.948
301088211369 1229 0746 3 1 1 2 0.944
31087110449 0.68 1037 | 2 2 2 2 1 0.929
3210936 0648 0909 099 | 3 3 2 1 1 0.991
33109571089 0974 0954 3 2 1 1 1.003
3410962 0935 0827 1.037 | 4 2 2 2 2 1.000
3510956 | 1.135 0.834 1014 |5 2 2 2 2 0.991
36 | 0947 | 1.273 1.018 0908 |6 3 2 1 2 0.976
3710950 | 0.561 0.860 1030 | 3 3 2 2 2 0.972
3810984 |0.755 0933 1023 |4 3 2 2 2 0.999
39109950940 0973 1.008| 5 3 2 2 2 1.000
40 1 0.994 | 1.115 0993 09%0 |6 3 2 2 2 1.000
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Table 5.7: Potential A-efficient strength 4 BAs with m = 6 factors for the reduced BP 2-f.i.
model. Efficiencies for individual BP effects are based on the A-optimal approximate BAs.
The last column is relative to the best design produced by OPTEX.

N | A-eft | Op-eff O;-eft O;-eff | ng n1 ny ng ng | OPTEX A-eff
2210948 | 0.765 1.027 0929 | 3 2 1 1 1 1.056
23 10960 | 1.167 1.122 0903 | 4 2 1 1 1 1.005
24 10951 | 1.249 1.153 0882 | 4 2 1 1 2 1.000
2510931 | 1599 1164 080 | 5 2 1 1 2 0.993
26 1 0.906 | 1.922 1.155 0.820 | 6 2 1 1 2 0.977
27 1 0.880 | 2.221 1.136 0.791 | 7 2 1 1 2 0.957
28 1 0.854 | 2.180 1.109 0765 | 7 2 1 1 3 0.934
29 10.859 0969 1.222 0766 | 5 3 1 1 2 0.945
3010854 1270 1291 0745 |6 3 1 1 2 0.941
31 0.841 | 1.552 1.322 0.724 | 7 3 1 1 2 0.926
3210908 | 0454 0.707 1070 | 2 2 2 2 2 0.992
3310949 | 0.743 0.772 1.057 | 3 2 2 2 2 1.000
3410953 | 1.016 0.790 1034 |4 2 2 2 2 1.000
3510943 | 1.272 0.792 1009 |5 2 2 2 2 0.987
36 10929 | 1.274 0.78 0991 |5 2 2 2 3 0.965

5.3 A-optimal designs for the reduced BP 2-f.i. model

with weighted effects

In the previous section, Cyg, was shown to be equivalent to a weighted information matrix
of the treatment means with heft at most 2 with weight matrix W = H H,;,. Suppose
we wish to further weight the BP intercept by wy, BP main effects by w;, and BP 2-
fi’s by wy (this could be done for a variety of reasons). To achieve this weighting, let
w = (wo,wllﬁ,wgl(@)T, D,, = Diag(w), Hf; = DY*H,;, and 0; = H{ T . A natural
selection of these weights is \/wy = 1, \/w; = \%, and \/w; = %, the normalization constants

for the BP effects. We could also potentially use this technique to put more emphasis on
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estimating main effects rather than 2-f.i.’s.

For some such D, let W, = H; ' H;,, which has the form

W,=H!D,H,

wo + wim + wa () —(wy + wa(m —1))17 w21<m)
2
= (w1 + wa(m — 2)) L, + wodyy | —ws VL, | (5.21)
6

Clearly wq, wy, and wy > 0, so the diagonal elements of the diagonal submatrices in the
partition of (5.21) are the same within each submatrix but different between them. Using
this fact and previous arguments used to find Iy, where W = H[, H,, it is easily shown
that Iy, = Il since the respective matrices that make up the partitions for W, shown in
(5.21) have a similar structure to the corresponding partitions in W = H[ H;;. That is,

Iy, contains all and only the m! factor permutations.

The weighted information matrix for a design d corresponding to W, is defined to be
Cow.r, = w. Y QQTXdTXdQW[U * and we want to find forms of Cyy.», that are invariant
to permutations in IIy,. Rather than working with this weighted information matrix, we

instead focus on the following information matrix:

Cup; = D) P KH "X X, Hyp, K"D'?

_ D;1/2Cd92D;1/2 ’
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which has the same eigenvalues as Cyy,r,. It is easily shown from (5.7) that

UILON wﬁ 1V \/ﬁ 1V
Cd@é‘ - le ‘/dT‘/d \/ﬁ ‘/dT‘/d2 ’ (522)
L VIV,

so the submatrices in the partitions of Cyg, and Cyg; found in (5.7) and (5.22), respectively,
are proportional. The proof of Theorem 5.2.1 relied only on arguments for the submatrices

in (5.7) and the added weights do not change these results, giving us the following corollary.
Corollary 5.3.1. The information matriz Cye; = D;l/ZCdHQ D'? is invariant to all TI €

[y, = w of and only if X4V,, = Vg is a BA of strength 4.

Even though BAs of strength 4 create optimal forms for both Cjg, and Cdgg, we expect that
for any substantially different values of wg, wy, and wy that a BA that is optimal for one is

not optimal for the other.

A BA of strength 4 will have Cyg; of the following form

Cd@; — D;1/2Cd02D',:,1/2

c c T c T
w_% w;wl L \/ﬁ 1(’;)
- w% Cn rllw Ciz (5.23)
ws Cy

Suppose we want to find an A-optimal design for Cyg;. If we knew the diagonal elements
of Cy, ! then we could easily derive the trace of Cd_elg given the BA indices using tr(Cd_elg) =
tr(Da QCd_gqul,,/ ) = tr(Cly, Dw). We instead use the same eigenvalue approach that was

used for Cyp, in Section 5.2.1.

The eigenvectors for Cyg, when we have a BA of strength 4 are clearly eigenvectors for
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Dy'?* and so Ca, and Cgp; have the same eigenvectors. First note that even though
the submatrices in the partitions of Cgg; seen in (5.22) are different from those in (5.7),
the row sums of each partition are still constant. Hence we consider vectors of the form
a= (al\aglﬁlag)l(m))T. For Cge,, this gave a 3 x 3 matrix M. For Cyg;, we get a similar

2

matrix, M*, which is easily shown to be

wy? 0 0 we? 0 0
_1 _1
M= 0 w?*® 0 |M| o0 w?> 0],
0 0 wy? 0 0 wy?

a diagonal weighting of the original M. Mathematica was used to find £ and Ej, the

analogs of Fy and Ej3 in (5.10) and (5.11), which are omitted from the dissertation.

The next eigenvectors to consider are those of the form e = (O]Oﬂe?m))T. Note that any
2

eigenvector of Cy, is also an eigenvector for w%C’gg with the original eigenvalues of Cy, scaled

1
wiw2

by w%) The eigenvectors of WLQCQQ with eigenvalue 2 will clearly satisty Clg@(m) =0,
2

which implies that #2 is an eigenvalue of Cyp; with multiplicity w

Now consider eigenvectors of the form e = (0|qd}|d”)? defined previously for Cyg,. Then

Clp;e yields expressions analogous to (5.16) and (5.17)

wicndo + 012d - )\qdo (524)
1

1
\/ W1W2

q T 1
——Cydy + —Cad = )d . 2
i, Chpdo + o Cy (5.25)
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Solving for ¢ as was done in Section 5.2.1, we get

_ —bE /B2 4+ 4(ny +n3)?(m — 2)
B 2(ng + n3)

w1 Wa
b=,/— -2 — 4/ —(c; — .
™ (ny + (m — 2)ng) o (1 — ¢2)

This form is similar to that for Cyg,, except the b term did not have the weights involved.

These q produce two different eigenvalues, each with multiplicity m — 1

—b+ \/b% + 4(na + n3)2(m — 2) L + (m —2)ns

A=
« 2,/wywsy Wo

Vo —b— \/b2 + 4(ny + n3)?(m — 2) N ng + (m — 2)n3
q2 .

2,\/w wy Wa

Corollary 5.3.2. Assume Cagy is the reduced information matriz for 03 for a BA of strength

4 and 1s nonsingular. Then the trace of Cd’elz 18

_ E} m(m — 3)\ ws _ _
1 2 *—1 *—1
tr <Cd0§> o (T) = DG N (5.26)
Representing (5.26) in terms of the ratios rg,...,rs again gives an expression proportional

to cp. We again minimize this expression with respect to the ratios using the same approach
taken to construct Table 5.1, but here for weights wg, w;, and we. We first investigate the
A-optimal approximate BAs for the normalized BP effects under the reduced BP 2-f.i. model
by setting wg = 1, w; = %, and wy = }1. The results for m =4, ..., 10 are shown in Table 5.8.
Focusing on the normalized BP effects caused ry and r; to increase over those in Table 5.1
while 7y and r3 decreased. As for the saturated A-optimal approximate BA, we see that
greater emphasis is placed on ny and n; than found previously, implying that treatments
of smaller heft will likely be replicated more in the exact A-optimal design for estimation

of the normalized BP effects. This is consistent with what was found for the full model in
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Section 3.4.

Table 5.8: Optimal ratios for the saturated, normalized BP 2-f.i. model, optimal Ay -values,
and optimal BA index sets.

ro 8} 79 r3 Ayp-value no ny N9 ns o
2.6614 | 2.3694 | 2.0623 | 1.8307 0.4193 | 2.0124 | 0.9755 | 0.5147 | 0.3838 | 0.4620
2.6189 | 2.3066 | 2.0118 | 1.8004 0.3153 | 2.9190 | 1.3819 | 0.7468 | 0.5853 | 0.7313
2.5812 | 2.2635 | 1.9813 | 1.7833 0.2416 | 3.9634 | 1.8626 | 1.0302 | 0.8348 | 1.0657
2.5483 | 2.2316 | 1.9609 | 1.7730 0.1893 | 5.1406 | 2.4166 | 1.3651 | 1.1338 | 1.4668
2.5196 | 2.2069 | 1.9464 | 1.7664 0.1514 6.4456 | 3.0431 | 1.7522 | 1.4833 | 1.9354
2.4944 | 2.1871 | 1.9357 | 1.7622 0.1234 7.8746 | 3.7417 | 2.1918 | 1.8841 | 2.4719
2.4722 | 2.1708 | 1.9275 | 1.7595 0.1022 9.4239 | 4.5115 | 2.6843 | 2.3368 | 3.0769

5 © 00 1o ot

Now suppose we are more interested in precisely estimating the non-normalized BP main
effects than we are the intercept and 2-f.i.’s. We reflect this relative importance by setting
wy = 20 and wy = we = 1 and again optimize the Ay expression in Mathematica; the results
are reported in Table 5.9. As expected, the ratios ry and r; become even larger compared
to the unweighted case but decrease much more dramatically as m increases. This gives a
saturated Ay -optimal approximate BA that has large ng and n; values.

Table 5.9: Optimal ratios for the saturated BP 2-f.i. model with w; = 20 and wy = ws =1,
optimal Ay/-values, and BA index sets.

To 1 r9 r3 Aypr-value no ny N9 n3 o

3.4698 | 3.2830 | 1.9932 | 1.4402 7.8249 2.5114 | 1.3903 | 0.3331 | 0.1481 | 0.3364
3.4281 | 2.9003 | 1.8504 | 1.4458 5.3702 4.1093 | 1.8470 | 0.4714 | 0.2681 | 0.6015
3.3998 | 2.6789 | 1.7747 | 1.4380 3.8227 5.9223 | 2.3893 | 0.6475 | 0.4195 | 0.9577
3.2909 | 2.5394 | 1.7305 | 1.4317 2.8155 7.9523 | 3.0168 | 0.8602 | 0.6047 | 1.4006
3.2283 | 2.4449 | 1.7028 | 1.4279 2.1363 | 10.1983 | 3.7286 | 1.1099 | 0.8250 | 1.9280
3.1729 | 2.3774 | 1.6848 | 1.4260 1.6627 | 12.6574 | 4.5240 | 1.3972 | 1.0814 | 2.5382
3.1238 | 2.3268 | 1.6724 | 1.4255 1.3225 15.3246 | 5.4019 | 1.7226 | 1.3751 | 3.2318

S ©oo o oS

It remains to be seen whether these weighted criteria lead to different exact designs than those
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found in the previous section. We enumerated A-optimal BA indices using the previously
mentioned program in R and found them to be different from those in Table 5.2. However, in
many instances the Ay -best design produced by SAS PROC OPTEX was either the same or
nearly identical to the unweighted case. As m or N increases we will likely see these designs

diverge.

155



Chapter 6

Future work

Having developed a new general approach to design evaluation, there are many avenues of
future work. Although the class of weight matrices we have focused on has many applications,
it would be worthwhile to investigate other forms of weight matrices that give a desirable
weighting of estimable functions. We have spent much time exploring the Ay -criterion and
should develop properties and applications of other weighted criteria, including the Ey-
criterion. Many of the results in this dissertation are for completely-randomized designs,
although the theory generalizes outside this class of models, and we should begin to consider

what happens when we introduce blocking.

For factorial experiments, it is sometimes desirable to estimate all OP main effects and 2-
f.i.’s and it is known that a Resolution V design is universally optimal. If such a design does
not exist, then typically an orthogonal array is chosen that maximizes the number of 2-f.i.’s.
Alternatively, design search algorithms like OPTEX are used to find an efficient design that
can estimate all effects. But, as mentioned before, the number of 2-f.i.’s can increase quickly
and so standard optimization may implicitly focus its attention on estimating these effects

well, instead of the main effects. By employing weights, we can search for a design that
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not only estimates all the effects, but emphasizes precise estimation of main effects. Blocks

could also be introduced, leading to optimal partially confounded factorial designs.

Much of the work in this dissertation has been devoted to developing a general theory for
BP, and there is still much to be done. We could extend the baseline parameterization to
factors with more than two levels by modifying the Kronecker construction in Lemma 1.2.2,
following the approach in Hedayat et al. (1999). One specific application of BP is with cDNA
microarray experiments, which often employ one or two blocking factors and small block size.
Our modification of SAS PROC OPTEX to search for A-optimal incomplete block designs

could be used to quickly search for good designs for cDNA microarray experiments.

Finally, general weighted optimality criteria has so far been defined in terms of the informa-
tion matrix of a linear model. When working with nonlinear models, optimization is typically
based on the Fisher information matrix, which itself is based on a linear approximation to
the nonlinear model. Weighting this matrix like we have done for linear models will create

weighted optimality criteria for estimation of parameters in a nonlinear model.
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