IOSR Journal of Mathematics (IOSR-JM)
e-ISSN: 2278-5728, p-ISSN:2319-765X. Volume 10, Issue 2 Ver. VII (Mar-Apr. 2014), PP 05-13
www.iosrjournals.org

Generalised cr-submanifolds of an (¢,s)-trans-Sasakian manifold
with certain connection

Mohd. Danish Siddiqi*1, Janardan P. Ojha”2 and Mobin Ahmad”3

~,3Department of Mathematics, College of Science
Jazan University, Jazan, K.S.A.
~2Department of Mathematics, SRMGPC
Faizabad Road, Lucknow-227105, India

Abstract:In this paper, generalised CR -submanifolds of an (&,0) -trans-Sasakian manifolds with
semi-symmetric non-moetric connection are studied. Moreover, integrability conditions of the distributions on
generalised CR -submanifolds of an (&,0) -trans-Sasakian manifolds with semi-symmetric non-moetric

connection and geometry of leaves with semi-symmetric non-metric connection have been discussed.
2000 Mathematical Subject Classification :53C21, 53C25, 53CO05.

Keywords:Distributions, (&,0) -trans-Sasakian manifolds, Generalised CR submanifolds, Semi-symmetric

non-metric connection.

I. Introduction
Ion Mihai [1] introduced a new class of submanifolds called Generalised CR -submanifolds of Kaehler

manifolds and also studied generalised CR -submanifolds of Sasakian manifolds [2]. In 1985, Oubina [3]
introduced a new class of almost contact Riemannian manifolds knows as trans-Sasakian manifolds. After M. H.

Shahid studied CR -submanifolds of trans-Sasakian manifold [4] and generic submanifolds of trans-Sasakian
manifold [5]. In 2001, A. Kumar and U.C. De [6] studied generalised CR - submanifolds of a trans-Saakian
manifolds. In 1993, A. Bejancu and K. L. Duggal [7] introduced the concept of (&) -Sasakian manifolds. Then U.

C. De and A. Sarkar [8] introduced (&)-Kenmotsu manifolds. The existence of a new structure on indefinite

metrices has been discussed. Moreover, Bhattacharyya [9] studied the contact CR -submanifolds of indefinite
trans-Sasakian manifolds. Recently, Nagaraja et. al. [10] introduced the concept of (&,0) -trans-Sasakian

manifolds which generalised the notion of (&) -Sasakian as well as (&) -Kenmotsu manifolds. In 2010, Cihan

Ozgiir [11] studied the submanifolds of Riemannian manifold with semi-symmetric non-metric connection.
Moreover, Ozgiir and others also studied the different structures with semi-symmetric non-metric connection in
([12], [13]) . On other hand, some properties of semi-invariant submanifolds, hypersurfaces and submanifolds with
semi-symmetric non-metric connection were studied in ( [14], [15], [16]). Thus motivated sufficiently from the

above studies, in this paper we study generalised CR - submanifolds of an (&, O) -trans-Sasakian manifolds with
semi-symmetric non-moetric connection.
We know that a connection V with a Riemannian metric g on a manifold M is called metric such that

Vg = 0, otherwise it is non-metric. Further it is said to be a semi-symmetric linear connection [17]. A linear

connection V is said to be a semi-symmetric connection it its torsion tensor is of the form
T(X,Y)=n¥)X -n(X)Y,
where 77 is a 1-form. A study of semi-symmetric connection on Riemannian manifold was enriched by K. Yano

[18]. In 1992, Agashe and Chaffle [19] introduced the notion of semi-symmetric non-metric connection. It is well
known that a linear connection is symmetric and metric if and only if it is the Levi-Civita connection.

Semi-Symmetric metric connection plays an important role in the study of Riemannaian manifolds, there are
various physical problems involving the semi-symmetric metric connection. For example if a man is moving on the
surface of the earth always facing one definite point, say Mekka or Jaruselam or the North pole, then this
displacement is semi-symmetric and metric [20].

In this paper, we study Generalised CR -submanifolds of an (&,0) trans-Sasakian manifolds with a
semi-symmetric non-metric connection. This paper is organized as follows. In section 2, we give a brief
introduction of generalised CR -submanifolds of an (&,0) trans-Sasakian manifold and give an example. In
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section 3, we discuss some Basic Lemmas . In section 4, integrability of some distributions discuss. In section 5,
Geometry of leaves of Generalised CR -submanifolds of an (&,0) -trans-Sasakian manifold with
semi-symmetric non-metric connection have been discussed .

II. (&,0) -trans-Sasakian manifolds

Let M be an almost contact metric manifold with an almost contact metric structure (@, &,77, g ), where ¢ is

a (1,1) tensor field, § is a vector field, 77 isa 1-formand g is a compatiable Riemannian metric such that

P =—1+n®&, g =0, nop=0, (&) =1, (2.1)

8(@X,pY) = g(X,Y) —an(X)n(Y), (2.2)
g5.c)=¢ (2.3)
8(X,pY) =—g(¢X.Y), &g(X,&) = n(X) 2.4

for all vector fields X , ¥ on TM , where & = g(&,&)==1. An (&)- almost contact metric manifold is
called an (&,0) -trans Sasakian manifold [10] if

(Vi)Y = a(g(X.V)E— (V) X)+ Bg(X.)E- X)) (2.5)
for some smooth functions & and 8 on M and €=+1, S=+1. For =0, a=1, an (¢,6)

-trans-Sasakian manifolds reduces to (&) -Sasakian and for ¢ =0, f =1 it reduces to a () -Kenmotsu
manifolds. From (2.5) it follows that

V, &= —augX - p>X. (2.6)
for any vector field X tangent to M.

Example of (&,0) -trans Sasakian manifolds
Consider the three dimensional manifold M ={(x, y,z) € R’ | z#0}, where (x,y,z) are the cartesian

coordinates in R 3 and let the vector fields are

e’ 0 e’ 0 —(¢+90) 0
=S54 QT4 65—
7" Ox Z~ Oy 2 0z
where e,,e,,e; are linearly independent at each point of M .Let g be the Riemannain metric defined by
g(e1»e1) = g(ez’ez) = g(e3,e3) =&, g(€1,€3) = g(€2,€3) = g(epez) =0,
where ¢ ==1.
Let 17 be the 1-form defined by 7(X) =¢&g(X,&) for any vector field X on M, let ¢ be the (1,1)

tensor field defined by  @(e,) =e,, @(e,) =—e¢,, @(e;)=0.
Then by using the linearty of ¢ and g, wehave ¢°X =—X +17(X)E, with & =e;.
Further g(¢#X,@Y) = g(X.,Y)—en(X)n(Y) for any vector fields X and Y on M .Hencefor ;=&

€

2

) 3
, the structure defines an (&) -almost contact structure in R .

Let V be the Levi-Civita connection with respect to the metric g, then we have

which is know as Koszul’s formula.

We, also have

= (e+0) (e+0)
€ =~ 2 €, 263 = 2 € a6 =0,

<
<l
<l
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using the above relation, for any vector X on M , we have

€x§ =—agX — fP°X .  where o= 1 and f= 1 . Hence (¢,&,1,g) structure defines the
< <

(&,0) -trans-Sasakian structure in R 3
I11. Semi-symmetric non-metric connection
We remark that owing to the existence of the 1-form 77, we can define a semi-symmetric non-metric connection
V in almost contact metric manifold by
V.Y =V,Y+n)X, (3.1

where V is the Riemannian connection with respect to g on 71 -dimensional Riemannian manifold and 77 is

a 1-form associated with the vector field & on M defined by

n(X) = g(X,3). (3.2)
[19] BY (3.1) the torsion tensor 7" of the connection V is given by

T(X,Y)=V,Y -V, X —[X.Y]. (3.3)
Also, we have

T(X,Y)=n¥)X —n(X)Y. (3.4)

A linear connection V , satisfying (3.4) is called a semi-symmetric connection. V s called a metric connection
if
Vg=0
otherwise, if Vg # 0, then V s said to be non-metric connection. Furthermore, from (3.1), it is easy to see that

V,g(Y.2)=(Vyg)Y,2)+g(V,Y,Z2)+g(Y.V,Z)

= (Vi )Y, 2)+V, gV, 2)+n(Y)g(X, Z) +1(Z)g(X,Y)
which implies
(Vx)Y,2)=n(Y)g(X,Z)—n(Z2)g(X.Y) (3.5)
for all vector fields X , Y, Z on M . Therefore in view of (3.4) and (3.5) V is a semi-symmetric
non-metric connection.

forall X,Y € TM . Now from (3.1), (2.5) and (2.6), we have

(V)Y =a{(g(X.V)E-en(NX |+ B(g(@X.Y)E  (3.6)

+(1= oY )¢X.
From (3.6) it follows that
V. E=X —agX — pop> X (3.7)
for any vector field X tangent to M.

Now, let M be a submanifold isomertically immeresed in an (&, ) -trans-Sasakian manifold M such that
the structure vector field & of M is tangent to submanifolds M . We denote by { is the 1- dimensional
distribution spanned by £ on M and by {g‘g}L the complementary orthogonal distribution to & in TM .

Forany X € TM , we have g(¢#X,&) =0. Then we have

#X = BX +CX, 3.8)

where BX € {f}l and CX €T"M . Thus X — BX is an endomorphism pf the tangent bundle 7M and

X — CX is anormal bundel valued 1-formon M .
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Definition. A submanifold of M of an almost contact metric manifolds M with an (&, )-trans-Sasakian

metric sructure (@, &,77, g ) is said to be a generalised CR -submanifold if

D =TMngl,'M;  forxeM
defines a differentiable sub-bundle of 7 .M . Thus for X € D" onehas BX =0.

We denote by D the complementary orthogonal sub-bundle to D'® {f } in TM .
Forany X € D, BX #0. Also we have BD = D.

Thus for a generalised CR -submanifold M , we have the orthogonal decomposition

TM =D®D " ®{). (3.9

Iv. Basic Lemmas
Let M be a generalised CR -submanifold of an (&,0) -trans-Sasakian manifold M . We denote by g

both Riemannian metrices on ]\7 and M .
For each X € TM , we can write
X =PX +0X +n(X)&, “4.1)

where PX and QX belong to the distribution D and D™ respectively.
Forany N € Tle , We can write
#X =tN + fN, “4.2)

where fN is the tangential part of ¢N and fN is the normal part of @N .

By using (2.2) we have
8(@X,CY)=g(¢X,BY +CY) = g(¢X,pY) = g(X,Y) =0,

for X erl and Y € D_. Therefore

g(¢D,",CD,)=0. (4.3)

We denote by Vv the orthogonal complementray vector bundle to @D @ CD in T™M .
Thus, we have

T"M =¢D" ®CD®v 4.4)
Lemma 4.1. The morphism ¢ and f satisfy
H(¢DY) = D* (4.5)
t(CD)c D 4.6)

Proof. For X e D" and Y e D.
g(tp,Y)=g(tgX + foY.Y) = g(#’X.Y)=—g(X,Y)=0

ggX,&) = g(¢*X, ) = —g(¢X . #) =0.
Therefore, t¢gD )< D" .
For X € D", we have
— X =¢’X =t¢X + f¢X, which implies — X =r¢X.
Consequently, D' c t(¢DL) . Hence the equation (4.5) follows. The equation (4.6) is trivial.

Let M be a submanifold of a Riemannian manifold M with Riemannian metric g . Then Gauss and
Weingarten formulae are given respectively by
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V,Y=V,Y+hX,Y) (X.YeTM), (4.7)

V,N=-A, X +VN+n(N)X (NeT*M), (4.8)
where ?, V and V* respectively the semi-symmetric non-metric, induced connection and induced normal

connections in M , M and the normal bundle T*M of M respectively and /i is the second fundamental
form related to A by

g(h(X,Y),N)=g(AyX.Y) 4.9
for X,Y,eTM and NeT*M.
We denote
u(X,Y)=VBPY — Ay X — Ay X. (4.10)

Lemma 4.2. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with
semi-symmetric non-metric connection. Then we have

P(u(X,Y))—BPV,Y —Pth(X,Y) =—-axn(Y)PX 4.11)

—(1- BSn(Y)PBX —21(CPY)PX,

Qu(X,Y)) ~ Qth(X,Y) = —an(Y)QX — (1 &)n(Y)OBX (4.12)
—25(CPY)QX,
nu(X,Y)) = ag(¢X,4Y) + B (#BX ., #Y) — 20(CPY (X )&, (4.13)

h(X,BPY)+VCPY +V1¢QY —CPV ,Y — OV .Y — fh(X,Y) (4.14)

=(1-Bo)n¥)CX,
for X,YeTM.
Proof. For X,Y € TM by using (3.8), (4.1), (4.2), (4.7), (4.8) in (3.6), we have

VyPBY +h(X,BPY)— A, X +VCPY +n(CPY)X — A,,, X +V QY
—BPV Y —CPV,Y —¢OV,Y — Pth(X,Y)—Qth(X,Y)— fi(X,Y)

= (X, V)E—an (V)X }+ B(g(#X, Y )E + (1= BSn(Y )gX .
Then (4.11), (4.12), (4.13) and (4.14) are obtaining by taking the components of each vector bundles D, D* ,
{cf } and T (M) respectively.

Lemma 4.3. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with
semi-symmetric non-metric connection. Then we have

P(tVyN+A, X -V N)=BPA, X —n(fN)PX, (4.15)

Q(uVyN+AyuX -V iN) =-n(fN)OX, (4.16)
(AN X —ViiN) =—Pg(CX,N)+n(fN)n(X)s, 4.17)
h(X,tIN)+¢QA, X +V; N +CPA, X = fVyN (4.18)

for XeTM and NeT*M .

www.iosrjournals.org 9 | Page



Generalised CR -Submanifolds Of An (&,0) -Trans-Sasakian Manifold With Certain Connection

Proof. For X €TM and N e T*M by using the equations (3.8), (4.1), (4.2), (4.7) and (4.8) in (3.6), we get
PV N + OV N +1n(V 4 IN) + h(X ,tIN) — PAﬂ\,X —-n(fN)PX — QAfNX

—n(fN)OX —11(A, X )+ Vi N +n(fN)(X)& + BPA, X +CPA, X

+@QA X —PtVyN—-QVN— fVyN = Bg(CX,N)
Then (4.15), (4.16), (4.17) and (4.18) are obtaining by taking the components of each vector bundles D , Dt ,
{Cf } and T*(M) respectively.

Lemma 4.4. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with
semi-symmetric non-metric connection. Then we have

V,&=PX + X —axBX, for X e D 4.19)

h(X,&)=0X—-axCX and (1- Bo)n(X)=0, for X € D (4.20)

V,E=PY + Y, forY e D* 4.21)
WY,&) = QY —angY; n(Y)(1—£5)=0,forY e D* (4.22)
V.Eé=P¢ (4.23)

h&,8) =08 po=1. (4.24)

Proof. The proof of above lemma from (3.7) by using (3.8), (4.1) and (4.7).

Lemma 4.5 Let M be a generalised CR -submanifold of an (&,0) -trans-Sasakian manifold M  with
semi-symmetric non-metric connection. Then we have

AyY=A,X, for X,YeD". (4.25)
Proof. By using (2.2), (2.3), (4.7) and (4.9), we get

=—g(V,Y,X)=g(#Y,V,X)=g(hZ,X),4Y) = g(h(X,Z),4Y)

for X,Y € D' and Z €TM . Hence the Lemma follows.

Lemma 4.6. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with
semi-symmetric non-metric connection. Then we have

V.Ve D", for Ve D' and (4.26)

VW eD, for W e D. 4.27)

Proof. Letustake X =& and V =@N in (4.15), where N € @D . Taking account that tN =N, fN =0
we get

PV.V =PiV;N —BPA,Z. (4.28)
The first relation of (4.20) gives
8(PANEW) =g(AyS, W) =g(h(W,5,N)) =—ag(CW,N)+g(QW,N) =0
for W € D . Hence, (4.28) becomes
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PV.V =PiV,N. (4.29)
On the other hand (4.18) implies

h(&,V) = fVéN—¢QAN§. (4.30)

For VeD", h(&EV)=hV,E)=—axdV e gD", by (3.22)
Now for X € D* by using the lemma (4.5) and of (4.9), we have
g(h(&,V),¢X) = g(h(V,$),¢X) = g(AxV.5) = g(A, X, &)

=g(W(X,8), V) =g(N(X,&),—N) =—g(A, S, X) =—g (A S, ¢X)

=—g(PPALS, ¢X) — 8 (POA S, 9X) = —g(POA\ S, ¢X)
since CD" e gD
Therefore, h(&,V) =—@QA, &, which together with (4.30) implies  fV éN =0.

Hence V§N6¢Dl, since f is an automorphism of CD @ v . Thus, tVéNGDl and from (4.29) it

follows that
PV.V=0, forallVeD" 4.31)
Next from (4.17), we have

nvV.V)=0 (4.32)

forall V=¢De D", where N €@D" . Hence (4.26) follows from (4.31) and (4.32).
Finally using the (4.1), (4.23) and (4.26), we have
g(V§W,X) = g(V§W,PX)

for X €TM and W € D.Thuswehave V.W € D, for W € D and this completes the proof.

Corollary 4.1. Let M be a generalised CR -submanifold of an (&,0) -trans-Sasakian manifold
semi-symmetric non-metric connection. Then we have

[Y,£le D", forY e D" (4.33)

[X,&E)e D, for X e D (4.34)

The above corollary follows immediate consiqueces of the Lemma (4.4) and Lemma (4.6).

V. Integrability of Distributions
Theorem 5.1. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold

semi-symmetric non-metric connection. Then the distribution D~ 1is always involutive if and only if

g([X.,Y],5)-2p%(X.Y)=0. (5.1
Proof. For X,Y € D" by using (4.21), we get
g([X.Y].8)=g(VyY.5)—g(V,X.S)

g([X.Y],8) =g(X.,V, ) —g¥Y, V&) =2p%(X.Y). (5.2)
On the other hand, from (4.10), we have
BPV .Y = —PA¢YX —Pth(X,Y), (5.3)

for X,Y € D*. Then using lemma (4.5), we get from equation (5.3)
BP[X,Y]=0,for X,Y e D". (5.4)

M  with

M  with
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Theorem 5.2. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with

semi-symmetric non-metric connection. Then the distribution D is never involutive.
Proof. For X,Y € D by using (4.19), we have

g([X,Y].6)=8(VyY,5)—g(V,X,0)

=25g(Y,BX)+2B%(X.Y)+ g(X,PY)—g(Y,PX). (5.5)

Taking X #0 and Y = BX in (5.5), it follows that D is not involutive.
Next we have the following theorem.

Theorem 5.3. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with
semi-symmetric non-metric connection. Then the distribution D @ {§ } is involutive if and only if
h(BX,Y)—hX,BY)+V,;CX —VCY e CD®v (5.6)
Proof. Applying ¢ to equation (4.14) and taking component in D", we have
OV .Y =—0t(W(X,BY)+VCPY — fi(X,Y))

for X,YeD.
Thus

O[X,Y]=Qt(WX,BY)—h(X,BY)+V,CX —V,CY (5.7)
for X,Y € D . Hence, the theorem follows from (5.7) and (4.34).

VL Geometry of Leaves
Theorem 6.1. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with

semi-symmetric non-metric connection. Then the leaves of distribution D" are totally geodesic in M if and
only if

h(X,BZ)—I—Vf(CZ—H](CZ)X eCD®v (6.1)
for X e D" and Z eD@{f}.
Proof. For X,Y € D* and Z € D®{&} by using (2.2), (2.3), (4.7) and (4.8), we get
gV Y, 2)=-g(Y,V Z)=-g(V,Z,Y) = —g(V  Z,¢X)

= g(VyPZ.fY)— g(V y¢Z.4Y) = —g(V yBZ +V ,CZ.4Y)
=—g(VyBZ +h(X,BZ)— A, X +1(CZ)X +VCZ,$Y)

=—g(h(X,BZ)+VCZ+n(CZ)X,¢Y). (6.2)
Hence the theorem follows from the (6.2).
Theorem 6.2. Let M be a generalised CR -submanifold of an (&, ) -trans-Sasakian manifold M with

semi-symmetric non-metric connection. Then the distribution D@ {f } is involutive and its leaves are totally
geodesicin M  if and only if
h(X,BY)+VyCY +n(CY)X e CD®v (6.3)
for X,Y e D" ®{&}.
Proof. For X,Y € D* ®{£} and Z € D" by using (2.2),(2.3),(3.8), (4.7) and (4.8), we get

g(V,Y,2)=g(V,Y,Z) = g(¢V , Y4Z) = g(V 1 4Y ,¢Z)

= g(VBY + h(X,BY)— A, X +(CY)X +VLCY,4Z).  (6.4)

Hence, the theorem follows from the equation (6.4).
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