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ABSTRACT: We begin the exploration of holographic duals to theories with generalised
global (higher-form) symmetries. In particular, we focus on the case of magnetohydrody-
namics (MHD) in strongly coupled plasmas by constructing and analysing a holographic
dual to a recent, generalised global symmetry-based formulation of dissipative MHD. The
simplest holographic dual to the effective theory of MHD that was proposed as a descrip-
tion of plasmas with any equation of state and transport coefficients contains dynamical
graviton and two-form gauge field fluctuations in a magnetised black brane background.
The dual field theory, which is closely related to the large-N., N' = 4 supersymmetric
Yang-Mills theory at (infinitely) strong coupling, is, as we argue, in our setup coupled
to a dynamical U(1) gauge field with a renormalisation condition-dependent electromag-
netic coupling. After constructing the holographic dictionary for gauge-gravity duals of
field theories with higher-form symmetries, we compute the dual equation of state and
transport coefficients, and for the first time analyse phenomenology of MHD waves in a
strongly interacting, dense plasma with a (holographic) microscopic description. From
weak to extremely strong magnetic fields, several predictions for the behaviour of Alfvén
and magnetosonic waves are discussed.
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1 Introduction

Magnetohydrodynamics (MHD) is a hydrodynamic theory of long-range excitations in plas-
mas (ionised gases) (see e.g. [1-4]), which has been applied to systems ranging from the
physics of fusion reactors to astrophysical objects. In the modern language of hydrody-
namics formulated as an effective field theory [5-19], MHD should describe the dynamics of
infrared (IR) charge-neutral states in terms of massless effective degrees of freedom. These
plasma ground states are characterised by an equation of state with a finite magnetic field.
On the other hand, the electric field is suppressed due to the screening of electromagnetic
interactions and is only induced on shorter length scales than the (thermodynamic) size of
the system. In their standard form, the equations of motion that describe the evolution of



plasmas are formulated as a combination of macroscopic fluid equations (continuity equa-
tion and the non-dissipative Euler, or dissipative Navier-Stokes equation), coupled to the
microscopic electromagnetic Maxwell’s equations. In ideal, non-dissipative form, the set of
dynamical equations is

dp+V-(p?) =0, (1.1)
p(O+7-V)T=-Vp+JxB, (1.2)
B =V x (17>< E) , (1.3)
- p
The magnetic field is constrained by
V-B=0. (1.5)

Eq. (1.1) is the continuity equation and eq. (1.2) the Euler equation in the presence of the
Lorentz force J x B, with J given by the low-frequency limit of the Ampere’s law ((9,:5 —0)

- 1= =
J=—VxDB. (1.6)
Ho

Eq. (1.3) is the Faraday’s induction law with the electric field fixed by the assumption of
the ideal Ohm’s law

E4+GxB=0, (1.7)

which is derived by taking the conductivity in the (Lorentz transformed) Ohm’s law J /o =
E+x B to infinity, i.e. 0 — oo. The constraint equation (1.5) is the magnetic Gauss’s law.
Since the ideal Ohm’s law completely fixes E , the electric Gauss’s law plays no role in the
equations of MHD. Eq. (1.4) is the adiabatic equation of state relating density and pressure.
Usually, one takes v = 5/3. Altogether, eqgs. (1.1)—(1.4) give eight dynamical equations for
eight unknown functions p, p, ¥ and B, subject to the magnetic field constraint (1.5).
While the above equations are closed, solvable and have been successfully applied to
a variety of phenomena in plasma physics, they are only applicable within the specific
assumptions used to construct them. This means that they are only valid for electromag-
netism controlled by Maxwell’s equations in the limit of ideal Ohm’s law (no possibility of
strong-field pair production, etc.) and for the specific equation of state in eq. (1.4). This
equation of state encodes a separation between the fluid and the charge carrying sectors,
for which the justification, beyond assuming weakly coupled Maxwell electromagnetism,
also assumes very weak interactions between the fluid degrees of freedom and electromag-
netism inside the plasma. Concretely, the latter statement is reflected in the equation
of state permitting no dependence on the magnetic properties controlled by the charged
sector. Furthermore, because of a lack of a symmetry principle behind the construction
of ideal MHD, these equations are difficult to extend unambiguously to the most general,



higher-order, dissipative theory in the gradient expansion (the Knudsen number expan-
sion) [20-23].1 As such, the traditional formulation of MHD lacks generality and cannot
be compatible with a variety of IR effective theories of plasmas that could (in principle) be
derived from quantum field theory, in particular, in the presence of a strong magnetic field.

These issues were addressed in a recent work [24], where MHD was formulated by
following the effective field theory philosophy behind the construction of relativistic hy-
drodynamics (see e.g. [23, 25]). Namely, MHD was formulated by only considering global
conserved operators and writing them in terms of the most general hydrodynamic gradient
expansion of the IR hydrodynamic fields [24].2 With such an expansion in hand, con-
servation equations then completely determine the temporal dynamics of a plasma with
any equation of state. As in hydrodynamics, all of the details of the equation of state and
transport coefficients are left to be determined by the microscopics of the underlying theory.

The two relevant global symmetries describing the long-range dynamics of a plasma
were argued to give the stress-energy tensor T#” and a conserved anti-symmetric two-form
current J* [24]:

VT = H,y J" | (1.8)
V" =0 (1.9)

While TH” corresponds to conserved energy-momentum, J* is the manifestation of a gen-
eralised global one-form U(1) symmetry, which can be sourced (and gauged) by a two-form
gauge field by, [33]. H "o 18 a three-form field strength that can be turned on by an exter-
nal two-form gauge field, H = dbe,;. This generalised global symmetry is a consequence
of the absence of magnetic monopoles and directly corresponds to the conserved number
of magnetic flux lines crossing a co-dimension two surface (in a four dimensional plasma).
Normally, it is expressed in terms of the (topological) Bianchi identity

dF =0, (1.10)

where F = dA and A is the abelian electromagnetic field.? In the language of a two-form
current used in eq. (1.9),

, 1
JH = ieMV’JUFpU. (1.11)
The power in identifying eq. (1.10) as a conservation equation of a global symmetry becomes

apparent when one attempts to describe a phase of matter dominated by electromagnetic

1We note that in standard MHD, as formulated in egs. (1.1)—(1.4), only the fluid sector has a well-defined
and finite Knudsen number.

2See also [26] and ref. [27], which includes a valuable comparison of various related past works, such
as [28-30]. For a new treatment of charged fluids in an external electromagnetic field, see [27, 31]. Of
further interest is also a recently proposed field theory description of polarised fluids [32].

3Note that in a theory with only electromagnetic fields, the number of electric flux lines crossing a
two-surface is also conserved in four dimensions. For this reason, in absence of matter, the theory of
electrodynamics has two one-form U(1) symmetries. In terms of the photon field, the statement of the
conservation of the electric one-form symmetry is analogous to its equation of motion: xd x F' = 0.



interactions, but without massless photons, i.e. the particles associated with A. In fact,
this is precisely the situation in a plasma in which long-range electric forces are (Debye)
screened and the photons are massive. Treating J#” as a globally conserved operator
without invoking a massless gauge field A can then be used directly to organise the infra-red
dynamics of such states [24]. We note that in the language of generalised global symmetries,
photons only become massless particles when the (one-form) symmetry is spontaneously
broken — i.e. photons are the Goldstone bosons present in the broken symmetry phase.*
From this point of view, the Maxwell action is the effective Goldstone boson action that
realises this symmetry non-linearly.

The equations of motion (1.8) and (1.9) give seven dynamical equations (and one
constraint). To solve them, we introduce the following hydrodynamical fields: a velocity
field u*, a temperature field T', a chemical potential p that corresponds to the density of
magnetic flux lines and a vector h*, which can be though as a hydrodynamical realisation
of a fluctuating magnetic field. The vectors are normalised as w,u* = —1, h,h* = 1,
u,h* = 0, together resulting in 10 — 3 = 7 degrees of freedom. A (directed) velocity flow of
the plasma breaks the Lorentz symmetry from SO(3,1) to SO(3), which is further broken
by the additional vector (magnetic field) to SO(2).5 The projector transverse to both u#
and h* is defined as A* = g" + u#u” — h*h” and has a trace Af), = 2.

The constitutive relations for the conserved tensors with a positive local entropy pro-
duction [17] and charge conjugation symmetry can now be expanded to first order in
derivatives as [24]

TH = (e + p)ulfu” +p g’ — pp hPRY + 5 f AP + 51 h*hY 4+ 20-RY) 4 ¢ (1.12)
JH = 92p wlrpl 4 omlepvl 1 s (1.13)

where

5f = —CLA™V u,, — CVRFRYV u,, (1.14)

or = DAY uy — GRPRYY (1.15)

P = —2T]HA“U}‘LVV(UUV) s (1.16)

g <A“PA”" -~ ;A“”Ap"> Viptio) (1.17)
hy,

mt = —QTJ_AM/B}LV (TV[/B (#) + Uy Ug,,) s (1-18)

S = <2 AFAYT (U hg) + unH?,, ) (1.19)

4We note that the order parameter that distinguishes between a broken and an unbroken magnetic one-
form symmetry is an expectation value of the t Hooft loop operator. When the symmetry is preserved, then
the expectation value of the loop operator obeys the area law, (W¢) ~ exp {—T Area[C]}. On the other
hand, in the symmetry broken phase with massless photons, the expectation value obeys the perimeter law,
(We) ~ exp{—T Perimeter[C]} [33].

5Note that at zero temperature, in a plasma with a non-fluctuating temperature field, the symmetry is
enhanced to SO(1,1) x SO(2) [24].



The frame choice which leads to this particular form of constitutive relations was specified
in ref. [24]. The thermodynamic relations between e, p and p, which need to be obeyed by
the equation of state p(T, u) are

e+p=sT+pp, (1.20)
dp =sdT + pdpu. (1.21)

Furthermore, for the theory to be invariant under time-reversal, the Onsager relation im-
plies that ¢ (Xl) = (XQ) = (x. Thus, first-order dissipative corrections to ideal MHD are con-
trolled by seven transport coefficients: 0., n, (1, {|, Cx, 7L and r. Each one can be com-
puted from a set of Kubo formulae presented in [24, 27] and reviewed in appendix A. The
transport coefficients should obey the following positive entropy production constraints:
nL=>0,n >20,ry >0, >0,¢ >0and ¢1¢ > ¢2. In absence of charge conjuga-
tion symmetry, the theory has four additional transport coefficients, resulting in total in
eleven transport coefficients [27]. The precise connection between the above formalism of
MHD using the concept of generalised global symmetries and MHD expressed in terms of
electromagnetic fields, which match in the limit of a small magnetic field (compared to the
temperature of the plasma), was established in ref. [27].

Since the effective theory [24] makes no assumption regarding the microscopic details of
the plasma, then, should such details somehow be computable from quantum field theory, or
otherwise, the effective MHD can be used in solar plasma physics, fusion reactor physics,
astrophysical plasma physics and even QCD quark-gluon plasma resulting from nuclear
collisions. Of course, computing the microscopic properties of such systems is extremely
difficult. In this work, we will resort to using holographic duality. By using standard
holographic methods applicable to hydrodynamics [34-36], our analysis will provide us
with the required microscopic data of a strongly interacting toy model plasma needed to
describe the phenomenology of MHD waves.

In process, we will construct and develop holographic duality (the bulk/boundary
dictionary) for field theories with generalised global (higher-form) symmetries. For this
reason, this work should be thought of as not only a study of strongly interacting MHD
but also as providing and executing for the first time the necessary systematic procedure
for studying higher-form symmetries in holography.

The paper is structured as follows: first, in section 2, we review important aspects
of gauge theories with a matter sector coupled to dynamical U(1), which can describe a
plasma in the IR limit. In particular, we focus on the discussion of how to couple a strongly
interacting field theory with a holographic dual to dynamical electromagnetism, all within
a holographic setup. Then, in section 3, we explore this holographic setup in detail, develop
the holographic dictionary for theories with higher-form symmetries and use it to compute
the microscopic properties of the dual plasma, i.e. the equation of state and first-order
transport coefficients. In section 4, we then use this data to analyse the phenomenology of
propagating MHD modes — Alfvén and magnetosonic waves. Finally, we conclude with a
discussion and a summary of the most important findings in section 5. Three appendices are
devoted to a derivation of the relevant Kubo formulae (appendix A), details regarding the



derivation of horizon formulae for the transport coefficients (appendix B) and a derivation
of the magnetosonic dispersion relations (appendix C).

Note added. We note that in addition to this paper on the holographic dual of MHD
from the perspective of generalised global symmetries, a closely related work, i.e. ref. [37],
also studies various aspects of generalised global symmetries in gauge-gravity duality and
holographic dual(s) of [24]. Although the two concurrent and complementary papers focus
on different aspects of holography, there is overlap between our sections 2.3 and 3 and parts
of ref. [37].

2 DMatter coupled to electromagnetic interactions

A microscopic theory from which an effective description of a plasma can arise comprises of
a matter sector that interacts through an electromagnetic U(1) gauge field. In all theories
that will be studied here, matter will only couple to electric flux lines. For this reason,
the electric one-form symmetry will be explicitly broken. However, the magnetic one-form
symmetry will remain a symmetry and 9,J"” = 0, where J = xdA in a phase with sponta-
neously broken magnetic global one-form U(1) symmetry. The simplest example of such a
theory is quantum electrodynamics. In other theories, the matter sector may itself exhibit
complicated physics with additional gauge interactions, such as in QCD. In this work, the
theory that we will study contains an infinitely strongly coupled holographic matter sector
(closely related to N' = 4 supersymmetric SU(V;) Yang-Mills) with infinite N.. Because
of the coupling between matter and dynamical electromagnetism, the holographic setup
and the interpretation of results is somewhat subtle. For this reason, we begin our dis-
cussion by reviewing some relevant aspects of quantum field theory in a line of arguments

similar to [38].

2.1 Quantum electrodynamics

The simplest example of a theory coupling matter to electromagnetism is quantum elec-
trodynamics (QED). QED is a U(1) gauge theory that contains a (massive) Dirac fermion
1 (describing electrons and positrons) and a massless photon field AM:6

- - 1 v
SQED = — /d4x [mp'y“D,ﬂ/J + mapp + @FWF“ . (2.1)

D, is the gauge covariant derivative that couples A, to the fermion current (with the
coupling e scaled out from the interaction). For a detailed discussion of various properties
of QED, see e.g. [39-41].

The stress-energy tensor of the theory is

uyv 1 . n v v v - 1 v 1 v
| = 71/)2(’7 D"+~ D”)LZJ—n‘ 1/J<Z’}/\D)\+m)w—|—|:pﬂ>\p)\ N FPeF .
(2.2)

5We use the mostly positive convention for the metric tensor, so that Nuw = {—1,+1,+1,+1}.



In the massless limit (m = 0), the theory is classically scale invariant, which is reflected in

the vanishing trace of the stress-energy tensor, 7%, = 0. Quantum mechanically, the theory

does not remain scale invariant. The trace receives a correction proportional to the beta
function of the electromagnetic coupling,

e __B)

M 2¢3

This is the anomalous breaking of scale invariance — the so-called trace anomaly. The

F, F™ (2.3)

running electromagnetic coupling e(u) depends on the renormalisation group scale u. To
first order in perturbation theory, the beta function is

de e3
B(e) Mo = 12m2 (2.4)
which, integrated on the interval p € [M, A], gives the running coupling

1 1 In(A/M)

e(M)2 ~ e(M)? 672
Here, M is some IR renormalisation group scale at which the electric charge takes the
renormalised physical value, e, = e(M), and A is the UV cut-off. Note that at the Landau
pole;, A = Agyy, the left-hand-side of (2.5) vanishes. On the other hand, the expectation
value of the stress-energy tensor is a physical quantity and therefore cannot depend on pu.

(2.5)

This statement is encoded in the following identity, which leads to the Callan-Symanzik
equation:
4

Since we are interested in neutral IR plasma states in QED that can be described by

(THy = 0. (2.6)

an effective theory of MHD, we can consider the (ground state) expectation value of the
photon field to produce a non-zero magnetic field and a vanishing (screened) electric field,

(Ay) = %B (z'6%, —2%6",) . (2.7)

B is the magnitude of the “background” magnetic field pointing in the 23 = z direction.
The IR spectrum of the theory has a gapped-out photon, i.e. long-range charge neutrality,
which allows us to neglect quantum fluctuations of A,. For such a plasma state, eq. (2.3)
yields

(") = —’86(5)32 = —121782 +0(e?). (2.8)

Furthermore, the expectation value of the stress-energy tensor can be conveniently split
into the matter (containing matter-light interactions) and the purely electromagnetic parts,

v 1
(1) = (i) + g5z [ PP = PP

e(n)?

100 0
ln(A/M) B2 010 0
T 62 5 oot ol

, 1
— T 820 + (
T 000 —1



where in the second line, we chose to evaluate the expectation value at the UV cut-off
p = A. Note that because (I'") is p-independent (cf. eq. (2.6)), this choice does not
influence the final value of (T*¥).

2.2 Strongly interacting holographic matter coupled to dynamical electromag-
netism

We now turn our attention to the holographic strongly interacting theory that will be
investigated in the remainder of this paper. Throughout our discussion, it will prove useful
to think of the matter sector as that of the best understood holographic example — the
conformal N' = 4 supersymmetric Yang-Mills theory (SYM) with an infinite number of
colours N, and an infinite 't Hooft coupling A. However, as will become clear below, the
theory dual to our holographic setup will not be precisely the A =4 SYM theory coupled
to a U(1) gauge field, but rather its deformation, of which the microscopic definition will
not be investigated in detail. Instead, the model studied here should be considered as a
bottom-up construction — the simplest dual of a strongly coupled plasma, which can be
described with magnetohydrodynamics in the infrared limit.

The field content of N' = 4 SYM is four Weyl fermions, three complex scalars and a vec-
tor field, all transforming under the adjoint representation of SU(N,). The theory also has
an SU(4)g R-symmetry owing to its extended supersymmetry. The adjoint fields together
represent the matter content of a hypothetical plasma, which further requires the fields to
be (minimally) coupled to an electromagnetic U(1) gauge group (with e the electromagnetic
coupling). In N' = 4 SYM, this can be achieved by gauging the U(1)z subgroup of SU(4)g.
Under U(1) g, the Weyl fermions transform with the charges {43, —1,—1,—1}/v/3 and the
complex scalars all have charge +2//3 (for details regarding the choice of the normalisa-
tion, see [38]). Such a system can be considered as a strongly coupled toy model for a QCD
plasma in which the quarks interact with photons as well as with the SU(3) vector gluons.

A crucial fact about N'=4 SYM is that the R-current of N’ = 4 becomes anomalous
in the presence of electromagnetism. For this reason, the U(1)g, which is gauged, is also
anomalous and thus the theory has to be deformed in some way to reestablish its self-
consistency. As pointed out in [38], one way to do this is by adding a set of spectator
fermions that only interact electromagnetically and “absorb” the anomaly. We will assume
that the gauge anomaly can be cancelled by some deformation of the theory so that the
quantum expectation value of the U(1)g R-current J}, remains conserved, V,(Jg) = 0.
We can then write the total bare action of the SU(NN,) x U(1) gauge theory as

1
Splasma = Smatter + /d4$ AHJI'L_% - M/d4x FHVF“V, (210)

where A, is the dynamical electromagnetic gauge field and F' = dA. The expectation value
of the conserved operator J 1’% contains a trace over the colour index of the adjoint matter
field and therefore scales as N2. Since it is coupled to a single photon, the Maxwell part
of the total plasma action Spjasma contains no powers of N..



As in the QED plasma, we will consider the photons to be gapped out from the IR
spectrum so that A, will only produce a (classical) magnetic field

1
(Ap) = 5B (x5, — 2%6",) . (2.11)

In order to maintain the neutrality of the plasma, we will set the electric U(1)z chemical
potential to zero, ur = (Ag) = 0.7 For this reason, the electric one-form (or vector)
conserved U(1)r R-current will play no role in the hydrodynamic IR limit of the theory,
so (Ji) = 0.

The plasma has a conserved stress-energy tensor to which both the matter (along
with its interaction with the electromagnetic field) and the purely electromagnetic sectors
contribute,

() = (Tl MM + s |((PPFR) = g0 (P E)| . 212)
The trace of the superconformal theory again experiences an anomaly proportional to the
beta function of the electromagnetic coupling (cf. eq. (2.8)), which in A/ = 4 theory turns
out to be one-loop exact in the presence of a background electromagnetic field and follows
from a special case of the NSVZ beta function due to the fact that the U(1)g sector has a
remaining N = 1 supersymmetry (see refs. [38, 44, 45]),%

B(e) 122 N 2
The beta function for the inverse electromagnetic coupling is then

4 3 )

de2 N2 |1 1 N
1 2 — g c —_ a 2 _ a 2 = — ¢ 214
B (1/e%) /‘du o2 6Z(Qf> +122(q5) 22’ (2:14)

a=1 a=1

with the fermionic and the scalar R-charges being ¢& = {+3,—1,—1,—-1}/v/3 and ¢ =
{2,2,2}/4/3, respectively. In analogy with eq. (2.5) in QED, by integrating the beta func-
tion equation, we find

2
62(1/\) = 62(1]\4) ;\77:2 In (A/M). (2.15)

It is essential to stress that even though our holographic theory will not be exactly dual
to the N' = 4 SYM theory, it will give us the same trace anomaly and thus the same
electromagnetic beta function. Since the NSVZ beta function (2.14) is only sensitive to
the matter content, this match can be interpreted as our working with a theory with the
U(1)-gauged matter content and R-charges of N' = 4 but with a deformed Lagrangian and
possibly additional matter that is ungauged under the U(1).

Beyond the stress-energy tensor of the theory discussed thus far, the only other (gen-
eralised) global symmetry of interest to describing a plasma state is the higher-form U(1)

"For a discussion of supersymmetric gauge theories with non-zero R-charge densities, see e.g. [42, 43].
8Note that as N. — oo, N2 — 1 ~ N2.



symmetry that corresponds to the conserved number of magnetic flux lines crossing a
two-surface. The symmetry results in a conserved two-form current (J*”) # 0 and was
discussed in section 1. The generating functional of the field theory that can be used to
study MHD of a magnetised plasma in which the two globally conserved operators are TH"
and J* is therefore

W (g bys] = <exp [ [dtav=g (;T“”guu + J“”bw)] > | (2.16)

The remainder of this paper is devoted to constructing and analysing its holographic
bulk dual.

2.3 Holographic dual

The simplest holographic dual of a strongly interacting state with the generating func-
tional (2.16) is one that contains a five-dimensional bulk with a dynamical graviton (metric
tensor G ) described by the Einstein-Hilbert action, a negative cosmological constant and
a two-form bulk gauge field Byy:*

S 1/d5x\/—G<R+12 !

— - H, . H%c) . 2.17
232 L2 3e% abe ) (2.17)

In standard (Dirichlet) quantisation, the two fields asymptote to g, and b,, at the bound-
ary and source T and J*”. Furthermore, H is the three-form defined as H = dB. In
component notation, B = %Bab dz® A dx® and H = %Habc dz® A da® A dz¢. The two-form
gauge field action is the bulk Maxwell Lagrangian F' A % F' written in terms of the five-
dimensional Hodge dual three-form H = % F', giving the Lagrangian term H Ax H. In most
of our work, we will set ey = L = 1. Because the two bulk theories are related by dualisa-
tion, the background solution to the equations of motion derived from (2.17) give rise to
the same magnetised black brane solution known from the Einstein-Maxwell theory [46].

In the absence of the two-form term, the action (2.17) arises from a consistent trun-
cation of type IIB string theory on S° and is upon identification of the Newton’s constant
k5 = 27 /N. dual to pure N' =4 SYM at infinite N, and infinite 't Hooft coupling A. For
reasons discussed above, the full dual of the action (2.17) is unknown and we are not aware
of a mechanism for deriving this action from a consistent truncation of ten-dimensional
type IIB supergravity. Nevertheless, for purposes of comparing the sizes of matter and
electromagnetic contributions to the total operator expectation values, it will prove useful
to keep the definition of k5 in terms of the number of colours N, of the hypothetical dual
deformed N =4 SYM coupled to dynamical electromagnetism.

To show further evidence that the action (2.17) is a sensible dual of a strongly coupled
MHD plasma, it is useful to elucidate the connection between eq. (2.17) and the Einstein-
Maxwell theory. To put an uncharged holographic theory in an external magnetic field,
one normally adds the Maxwell action F' A x F' with F' = dA to the Einstein-Hilbert bulk
action. If one imposes Dirichlet boundary conditions on the bulk one-form A,, then A,

9Throughout this paper, we use Greek and Latin letters to denote the boundary and bulk theory indices,
respectively.

~10 -



sources the R-current Jﬁ% at the boundary, [ dx JpoA,, and thus the electromagnetic
field A, is external and non-dynamical. The investigation of the physics of such a setup
with an external magnetic field was initiated in [46] and studied in numerous subsequent
works, including recent [29, 30, 38, 47, 48]. The semi-classical generating functional of the
field theory dual to the Einstein-Maxwell bulk action with Dirichlet boundary conditions
corresponds to

ZolA,) = /D(D exp {iSo(@) +i/d4xANJ1’;§(<I>)}, (2.18)

where Sy is the strongly coupled field theory action that depends on a set of fields ®, which
we collectively denote as ®. For uncharged solutions of the Einstein-Maxwell theory, Sy is
the ' =4 SYM action and A, is an external gauge field that sources the U(1)g current.
The bounday gauge field A, can be made dynamical by performing a Legendre transform
of (2.18) and adding a kinetic term for A, (see also refs. [24, 27]):

1
Zjexs] = /DA/D‘I’ exp {iSO(‘I’) + i/d4x <AMJ1%(¢) - @FMVFW + Aufﬁm) } )

1
= /DA ZolA,] exp {i/d4x <—MFWFW + Aﬂjgxt> } , (2.19)

where jli, is the external current which sources the dynamical U(1) gauge field A,. To
describe a stable plasma state, which is charge neutral in equilibrium, we must impose .J }’é—k
jhe = 0. The variation [ d'z A4,0j%, can then be used to obtain correlation functions of
the dynamical vector field. Now, since jk . is conserved, one can express it through an anti-
symmetric two-form b, as €"?0,b,,, which, upon integration by parts, yields a dualised
[ d*z J*b,,,, where J* is the anti-symmetric current from eq. (1.11). Furthermore, as we
will explicitly see in section 3, the gravitational dual formulation of a theory with a two-
form source b,,, and a corresponding conserved two-form current J** allows us to interpret
the kinetic Maxwell term in (2.19) as a double-trace deformation [ d*z J,,J* of a CFT
(with a broken scale invariance). The necessity of imposing double-trace deformations to
ensure that the U(1) boundary gauge field be dynamical will thus require us to impose
mixed boundary conditions [49] on the two-form gauge field.'”

Instead of imposing Dirichlet boundary conditions on the bulk A,, one can work in al-
ternative quantisation and impose Neumann boundary conditions. Such a choice exchanges
the interpretation of the normalisable and the non-normalisable mode in A,. From the
dual field theory point of view, this can be interpreted as the Legendre transform of the
boundary theory, as in eq. (2.19), leading to the variation [ d%xz A,8.J%. Physically, this
means that in alternative quantisation, an external current sources a dynamical (bound-
ary) vector field.!! The two boundary theories, one with Dirichlet and one with Neumann
boundary conditions, are normally related by a double-trace deformed RG flow. In our
case, we require the boundary double-trace deformation [ dAAxdA, or its Hodge dualised
S d*x JuwJH, to be explicitly present regardless of the choice of the quantisation.

19See also refs. [50-53] and references therein.
HGee refs. [64-56] for discussions regarding the exchange of boundary conditions and (emergent) dynam-
ical gauge fields in lower-dimensional theories.
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From the point of view of the quantum bulk theory, as in a lower-dimensional the-
ory [57], the Einstein-Maxwell bulk (quantum) path integral runs over the metric and the
Maxwell field A,. Alternatively, one can write the path integral over the fields strength
Fup, but at the expense of ensuring the Bianchi identity dF' = 0 by introducing a Lagrange
multiplier Bgp:

N,

2
C
872

Z> / DF,, DBy exp {z / dPrv/—-G (FabF“b + e;Babeabcdechde)}. (2.20)

Since the second (Bianchi identity) term vanishes for any classical field solution, it has no
influence on the saddle point of the path integral. However, it does generate a non-zero
contribution to the boundary action, i.e. (N 2/8m%e H) / d*x PO F vo By, which is precisely
the source term [ dia J b, once we identify B, ~ b,, and J* ~ e*"P?F,,. The precise
dictionary between the bulk and boundary quantities will be discussed in section 3.2. By
varying the action with respect to F;, one obtains the equation of motion

F® = e teey By, . (2.21)

Then, the field strength F_;, can be integrated out in the saddle point approximation
which gives the two-form gauge field Lagrangian term from eq. (2.17). Furthermore, in the
language of the Einstein-Maxwell theory, by using eq. (2.21), one finds the relation between
the one-form R-current J% and the By, field:

N2 NZ
R = = g iy P = =5 My 70, B 2

where u is the radial coordinate and © = 0 the boundary of the bulk spacetime. Thus,
imposing Dirichlet boundary conditions on By, (in this case, necessarily with an additional
double-trace deformation) corresponds to treating Jg as a source, which is the same as
performing alternative quantisation discussed above. This is again consistent with the in-
terpretation that the dual field theory of (2.17) contains dynamical photons. Furthermore,
as we will see from a detailed holographic renormalisation in section 3.2, the (double-trace)
boundary counter-terms, which are required to keep the on-shell action finite, will give us
precisely the Maxwell theory for A,, (dual of b, ) on the boundary, including a renormalised
electromagnetic coupling e,., as in QED.'? All further details of this holographic setup will
be presented in section 3.

12We note that the way the Maxwell Lagrangian arises on the boundary is equivalent to the way holo-
graphic matter can be coupled to dynamical gravity on a cut-off brane [58]. There too, a holographic
counter-term gives rise to the Einstein-Hilbert action at the cut-off brane (the boundary) of a more intri-
cately foliated bulk. As shown by Gubser in [58], such a theory can result in a radiation (CFT)-dominated
FRW universe at the boundary with the stress-energy tensor of the A’ = 4 SYM driving the expansion.
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3 Holographic analysis of theories with generalised global symmetries:
equation of state and transport coefficients

In this section, we study the relevant details of the simplest holographic theory with Ein-
stein gravity coupled to a higher-form (two-form) bulk field, cf. eq. (2.17), which can source
a two-form current associated with the U(1) one-form generalised global symmetry in the
boundary theory. In other words, we construct the holographic dictionary for theories with
higher-form symmetries. As our main goal is to study the phenomenology of MHD waves
in a strongly coupled plasma using the dispersion relations of [24], we will use holography
only to provide us with the necessary microscopic data: the equation of state and the
transport coefficients.

In section 3.1, we will begin by discussing details of the magnetic brane solution [46, 59]
supported by the bulk action introduced in section 2.3. In section 3.2, we will consider
holographic renormalisation of the theory in question and show how the bulk gives rise
to a dual theory coupled to dynamical electromagnetism (as in section 2). In particular,
we will derive the expectation values of the stress-energy tensor (T*”) and the two-form
(J*) and show that they satisfy the Ward identities (1.8) and (1.9). We will also recover
and match all expected renormalisation group properties, such as the beta function of the
electromagnetic coupling, from the point of view of the bulk calculation. In section 3.3, we
will then compute and analyse thermal and magnetic properties of the equation of state of
the dual plasma. Finally, in section 3.4, we will derive the membrane paradigm formulae
for the seven transport coefficients required to describe first-order dissipative MHD [24]
and compute them.' Further details regarding the horizon formulae for the transport
coefficients can be found in appendix B.

3.1 Holographic action and the magnetic brane

A holographic action dual to a plasma state with a low-energy limit that can be described
by MHD was stated in eq. (2.17). Including the boundary Gibbons-Hawking term and the
(relevant) holographic counter-term, the full action is

N2 12 1
S =< /d%\/—c R+ —5 — —5 HapH™
72 L? 3es;
(3.1)

1
+ / drz/—~ <2 trK — 6+ 5 H,uH" lnC’> ] ,
oM €

where trK is the trace of the extrinsic curvature of the boundary (OM) defined by an
outward normal vector n®. For convenience, we set both the AdS radius L = 1 and
ey = 1. The two-form #H,, is defined as a projection of the three-form field strength in the
direction normal the boundary, H,, = n®H,,,. C is a dimensionless number that needs

!3These horizon formulae are analogous to the expression for shear viscosity in A = 4 theory [60]. For
more recent discussions of other transport coefficients that can be computed directly from horizon data, see
e.g. [61-67].
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to be adjusted to fix the renormalisation condition, of which the details will be discussed
below. The equations of motion that follow are

2
R + 4G — <Hacde ed _ gGabHCdeHCde> =0, (3.2)
1
V-G

Since the theory (3.1) is S-dual to the Einstein-Maxwell theory, we can express the

0u (V=GH™) =0. (3.3)

magnetised black brane solution of [46] by dualising the Maxwell terms and writting

dx? + dy?

2V(u) 2W(u) du2
ds® = Gypdz®dz® = r? (—F(u)dt2 + ¢ ¢ d22> + “

(3.4)
B Br}%e—Qv-‘rW

H=_"h
2u3/2\/w
The equations of motion (3.2) for this ansatz reduce to three second-order ordinary dif-

ferential equations (ODE’s) for {F, V, W} and one additional first-order constraint. The
equation of motion derived from the variation of the two-form (3.3) is automatically satis-

dt Ndz N du .

fied. The equations are equivalent to those derived from the Einstein-Maxwell theory [46]
upon identification of the Maxwell bulk two-form F with F' = B dxzAdy, where B = Bri /v.'

The undetermined functions F', ¥V and W are obtained numerically by using the shoot-
ing method. We first expand the background fields near the horizon as

F=f1—u)+ 1 —u)?+001-u)?,
V=g +oi(l—u)+ 01 —u)?, (3.5)
W = wf +wi(1—u) + O(1 - u)?,

where the constants {f/*, v}, wl} can be written in terms of {fI', vf, wh} after solving
the equations of motion order-by-order near the horizon. The scaling symmetry of our
background ansatz then allows us to rescale dr and dy so that vg = wg = 0. Next,
we match the numerical solutions generated by shooting from the horizon towards the
boundary, where the analytical near-boundary expansions of the metric functions are

1 P B2
F=- (1 + fivu+ %u+f}ju2 +O(ud?) + <3 - (’)(ﬁ)) u21nu> ,
b)2 2
e?V = 1 (v +ufoy/u+ v(‘il) u+ viu? + O(u?/?) — (i +(’)(\/ﬂ)> u? lnu> ,
u
b)2 b 2
62W _ l <w+wff’\/ﬁ+ w({ll) " — 2wv4u2+0(u3/2) - <U)3B+O(\/a)> UZIHU) )
u v

(3.6)

YThe metric ansatz is chosen to have the form used in [47]. It can be obtained from the ansatz ds® =
—U(r)dt? +e*V ) (da? + dy?) 4+ €2V (M dz? +dr? /U (r) used in [46] by performing a coordinate transformation
r = r,/+/u and shifting V and W by constant —Inv and — In w, respectively, which are chosen so that the
near-boundary expansion has the form ds? = (1/u) . dztdz” + du?/(4u?).
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As before, one can solve for the coefficients {f?, v?, w?} in terms of {f?, f2, v4}. Further-
more, f? can be removed by residual diffeomorphism freedom of the metric ansatz [47].
For a given value of B = vB /r}%, we can therefore generate a numerical background by
shooting from the initial conditions of the functions set by the near-horizon expansion with
{fh b wh} = { f ,0,0}. The numerical value of f is chosen so that the near-boundary
expansion has f? = 0. The near-boundary behaviour of this function then determines the
properties of the dual field theory. Note that the theory is governed by a one-parameter
family of such numerical solutions characterised by the dimensionless ratio 7'/ VB, where
T = flry/27 is the Hawking temperature (see eq. (3.45)). In practice, this ratio can
be tuned by changing the parameter B of the background ansatz. The numerical solver
encounters stiffness problems when B ~ /3, i.e. where the temperature is close to zero.
All of our numerical results will therefore stop near 7'/ VB = 0. In this work, we do not
attempt an independent analysis of the theory at T = 0.

3.2 Holographic renormalisation and the bulk/boundary dictionary

The next step in analysing the dual of (3.1) is a systematic holographic renormalisation.
In this section, we derive the one-point functions of the stress-energy tensor (7),,) and
the two-form current (J,,), and show that they satisfy the Ward identities of magneto-
hydrodynamics (1.8) and (1.9) [24], which in terms of operator expectation values take
the form

V(T = HY (J*), V. (J") =0, (3.7)

where H = db is the field strength of the background gauge field b in field theory. The
precise definition of these quantities will become clear below. Since we are only interested
in the expansion of MHD to first order in the gradient expansion around a flat (bound-
ary) background, it will be sufficient to only work with terms that contain no more than
two derivatives along the boundary directions. The procedure for obtaining holographic
renormalisation will closely follow refs. [68, 69].1°

We begin by writing the bulk metric in the Fefferman-Graham coordinates [68]

2 2

d d 1
ds?c = Gap dzda® = ﬁ + Y (p, x)daFdz” = 4—';2 + ;guu(wa)d$“d$ya (3-8)

so that near the boundary, p ~ 0, the metric g,,, can be expanded as

g, 2) = g0 (@) + pgl) (@) + 0* (92(@) + b (8) np) + O (3.9)

Note that Greek (boundary) indices in a tensor A" are raised with the metric gf *, which

0)
satisfies g,(f,),) gé‘o'/) = 4. There are two types of covariant derivatives that we will use: V,(Lg)

and V. Firstly, V,(f

=

and V‘(‘g) = g“”V,(f) are defined with respect to the metric g, (p,x),

while V,, and V¥ = gé‘o'j)vﬂ are defined through the metric ggf,) (). The Ricci tensors of

9uv and gfg,) are denoted by RLg,,) and RSJ,,), respectively.

15This part of the calculation was performed by using the Mathematica package xAct [70].
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The components of bulk two-form gauge field B, in the boundary field theory direc-
tions can similarly be expanded near the boundary as

Bu(p,) = BR(2) + B (@) Inp + O(p). (3.10)

In the boundary directions, the three-form field strength is defined as H,,, = 0,B,s +
0y Boj 4 03By, with the near-boundary expansion H,,,,(p, z) = H,Sg)g(x) + H,Sly)g(x) Inp+
O(p). Each H™ is defined in terms of B(™), i.e. in the same way at each order. Note that
both quantities B,(P) and BS}) are related to the two-form gauge field source of the boundary
theory, [ d*z/—gJ #§b,,. The variation of the regularised bulk on-shell contribution from

the H? term, evaluated at the boundary cut-off p = py, is

2
6Son—shell = *% d4l‘\/jg7-[’w (5353,) + 5Bl(j/) In CZpA) . (3.11)
This expression makes it clear that the boundary source should be identified with the linear
combination of Bﬁ?,) and Bfﬁ) In C2pA in the parenthesis. Thus, H*¥ sets the expectation
value of J* in the boundary theory. However, due to the fact that, by definition, J* =
%e’“’ A By, of which the expectation value contains no colour trace, we need to identify
the combination of Bl(fl],) and B,(j,) with the field theory source b,, by including a factor
proportional to 1/N2, i.e.,

2

BY) +BYn C?py = %bw. (3.12)

(&
In holography, such boundary conditions are known as mized boundary conditions. They
arise in the presence of double-trace deformations [49], which is precisely how the logarith-
mically running H? term in the renormalised on-shell action should be interpreted. From
the point of view of the boundary field theory, as we will see below, this term is a con-
sequence of dynamical boundary electromagnetism — it is the boundary Maxwell action.
Now, since the source b, is a physical quantity, it cannot depend on the cut-off scale pj.
Hence, the renormalisation group equation

db,,

=0 3.13
on (3.13)

prompts us to set the value of C ~ 1/,/px, which makes the on-shell action formally finite in
the limit of py — 0. Of course, we need to scale C — oo so that the product C?p, remains
finite. As we will see below, the proportionality constant in the relation between C? and pa
sets the value of the renormalised electromagnetic coupling, and corresponds to the choice
of the renormalisation group condition. This procedure replaces the necessity to keep the
cut-off scale of the theory explicit in our final results and replaces the need to explicitly
choose the Landau pole scale in favour of choosing the renormalisation group scale, or the
electromagnetic coupling. With these boundary conditions in hand, the expectation value
of J* can then be obtained by taking a variational derivative of the on-shell action with
respect to the source by,
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The Ward identities (3.7) can be obtained by solving the equations of motion (3.2)
and (3.3) [69]. In the Fefferman-Graham coordinates (3.8), these equations (together with
the trace of (3.2)) become

1 _ 1 _ _ 1 _ _ 1 _
itr l97'd"] - Ztr 97 d'a " d] + §p2tr g 'B'g B - Eptr[g g% =0, (3.14)

1 _ _
3 (V/(Lg)trg/ _ (Vg)g;/u/> _ :02Hu0¢6 (g 1By 1)

p (290, — 20997 ) + dutrle 1)) + R — 290, — gutrlg'g]

Y20, (3.15)

B 1 I 2 .
+80° |(B'g™ B — g0mtr[g7 By IB’]] +p° |:H,31/ — §9mtrlg 1H2]] =0, (3.16)

d - - v 1 o v
o (e B + 5V (929" Hyas) =0, (3.17)

V. (¢g7'B'g )" =0, (3.18)
where g~! denotes the matrix inverse of g (in components, this is g**) and where

tlg ™ By B = = By,,,B,,,9" ¢ Hiy = Huig Huo0,9™ 7927 (3.19)

Expanding equations (3.14)—(3.18) around small p, we find that

1 1 1
ot =5 (R - Go2rO), (4, = o R. (320)

Since gf}l,) is proportional to second derivatives of the boundary metric, and we are only
keeping track of terms up to second order in boundary derivatives, we can ignore terms

with gf}l,) The remaining equations of motion can thus be written as

1 ) ) )
(9®) — 3 BWBD™ =0, A, =0,  V,BU" =0, (3.21)
1~
~H\BY™ 1 vl (gf?) () — g2 - 2h;w> =0, (3.22)
- 1 . . .
Py + 5 (4B (BD),> — g9 B BM) < 0. (3.23)

The expectation values of the stress-energy tensor and the two-form current follow
from the generating functional (2.16):

20 6lnW ] Oln W
(1) = —71% : (Jwy=——- 227 (3.24)
\/W 69#” —g(o) 5buy
In holography, W is computed from the (on-shell) action (3.1), giving us'®
N2 7“,% 1
<THV> = - ) lg% ? <K,u1/ - 'Y;WK - 3’7;w + QR[’Y]MV
1 1 .
— Y B = (’HMH,} = P HagH 5) ln(CZp)) , (3.25)
pP=pA
<J;w> - - 15% H”‘”‘p:pA . (326)

Note that in order to raise indices of the boundary theory expectation values, one needs to use the
induced metric v, .
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Note that while the expectation value of TH" scales as N2, the expectation value of J* is
of order O(1).

By using eq. (3.21) and the fact that H,, = n’H,u = —23,%,) + O(p), we find that
the boundary two-form current is conserved:

v#

(0)<J;w> = QVMB;(L) =0. (3.27)

Using the definition (1.11), which gives (J,,) = 3€up0(F?7) and connects eq. (3.27) with
the Bianchi identity, we find that « B() sets the expectation value of the Maxwell field
strength (F'). Furthermore, the (regularised) stress-energy tensor (3.25) becomes

. N? 1- s
<T,ul/> = pA—>111;I(lLA)2 ﬁ <gl(12V) - g;(AOV) (9(2)))\)\ + §huy + h‘mj In (CQP) + O(p, 82)>

p=pA
(3.28)

It is useful to write py = 1/(LA)?, where A is the UV cut-off energy of the theory and
L is the AdS radius which we set to be L = 1. As discussed in section 2, the choice of
the constant C must now be made in order to fix the renormalisation condition, which will
render the renormalised expectation value (7),,,) physical and finite in the formal limit of
A — co. This again implies that C?py has to be finite and invariant under the change of the
cut-off scale, which is consistent with the renormalisation group-invariant condition for the
dual field theory source by, in eq. (3.13). It will prove useful to introduce a renormalisation
group-invariant energy scale M, = A/C, which is the energy scale associated with the
Landau pole. Furthermore, we also introduce the combination 1/e? = In(AL/C), which, as
we shall see shortly, plays the role of the renormalised electromagnetic coupling.

To see how the constant C in eq. (3.28) is related to our discussion in section 2, we
write the last term by introducing a mass scale M:

2 2
T ez

2 2 B 2
N g (ALYC) = Yo f in(A/M) + (2 A 1n(A/M)> . (329
s T

What can be seen from eq. (3.29) is that this splitting precisely reproduces the way the
logarithmic divergence enters into the stress-energy tensor from two different pieces of the
Lagrangian: the matter content (with its coupling to the photons) and the electromagnetic
(Maxwell) part:

(L) = (L) + (") (3.30)
with the two terms being
matter N02 15 N02 7
ree) = 25 (o~ IO+ i)~ T map), @3)
2 N2 .
(T = - <e2 =) D(A/M)> Py - (3.32)

Finally, we note that the electromagnetic <THEZ}\/I) would follow precisely from the Maxwell
boundary action, which induces a double-trace deformation into the boundary field theory
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(see discussion below eq. (3.12))

_ 1 4 » 1 (1 N?
SEM =~ A2 /d g Ew T e T <eg oz WA/M) ), (3.33)
upon using eq. (3.23) and the fact that the bulk x B() determines (F),,):
1 1
TEMY — = (R, F % — = (F.sF
il (R )
1 1
- - ay _ 2 o
e (Fa B = J0uFas) (5 ) (3.34)

where the last equality follows from the fact that quantum fluctuations of the photon field
are suppressed in the boundary QFT. Our holographic calculation thus fully reproduces
eq. (2.12), which followed from the field theory discussion in section 2.2. Furthermore,
the running electromagnetic coupling constant matches the one found from field theory
(cf. eq. (2.15)) [38]. Hence, our holographic setup appears to contain the U(1)-gauged
matter content of the N' =4 SYM theory. In terms of bulk quantities, the renormalised
stress-energy tensor and the two-form current are

N (o 0@ L LE 2;
<TMV> = ﬁ g;u/ - g,ul/ (g ) A + ihl“/ - 672hl“/’ (335)
(Ju) = QB}}V) , (3.36)

where, as in section 2, e, is the renormalised coupling which needs to be set by experimental
input — the renormalisation condition. In practice, this constant is fixed by choosing the
value of C in (3.25). For the same reasons as in any QFT with the Landau pole, there is
therefore an inherent ambiguity in holographic results, which has to be fixed by external
physically-motivated input. Here, instead of simply choosing the Landau pole scale, which
would have rendered all our results explicitly dependent on the UV cut-off scale of the
theory, we underwent a renormalisation group analysis of the theory and traded the cut-off
scale for the renormalisation group scale M, which set the more physically relevant electric
charge e,. As a result, the stress-energy tensor in eq. (3.35) and all other physical quantities
are formally independent of the cut-off scale A.

We conclude this section by noting that the relation (3.22) and a relation between H,
H© and H® implies that the Ward identity for the stress-energy tensor satisfies eq. (1.8),
or in terms of our holographic notation, V, (T*) = ﬁ“/\U<J’\”>, as in eq. (3.7).

3.3 The equation of state

To find the equation of state of our theory, we can use the renormalised stress-energy
tensor (3.35) and the two-form current (3.36) computed in the previous section. The
results are then expressed in terms of the near-boundary expansions (3.6), which can be
read off from the numerical background. Upon changing the radial coordinate from the
Fefferman-Graham p to u used in section 3.1, the logarithmic term in the near-boundary
expansion becomes shifted by

hyuwInp = by Inw+ hy, In(ry,/L). (3.37)
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Hence, in order to extract g,(?,,) in the Fefferman-Graham coordinates from the near-boundary

expansion in the u coordinate, one has to take into account the fact that the term pro-
portional to «? is a combination of g,(?,,) and B/w In(rp/L). This effectively changes the
value of the renormalised electromagnetic coupling and the resulting stress-energy tensor
in equilibrium, written in terms of variables in (3.6), are

N2 T 3 B2
1) = 55 |3+ g (339
N? : 1 v} B B
TEEy — yyy — ¢ | _— b P4 4 Z & 3.39
(™) = %) 22 ( 4 +U>Th 4 " 8ral (3:39)
N2 [/ 1 vl B?
T2y — ¢ _Zfb_9r4 )4 Z 4
(=) 212 ( 4 v)rh 8ra|’ (3.40)

where we have used the (renormalised) fine-structure constant of the electromagnetic cou-
pling in the plasma

1 1 Th
- 4 (—)zl M.ry) . 3.41
ra = () =) (3.41)

The argument of the logarithm is nothing but the energy scale of the Landau pole M,
(introduced below eq. (3.28)) measured in the units of energy set by 1/rp,. For convenience,
we will rescale a by N2 /272 (or |3(1/e?)|):

N2

a= 5. (3.42)

The coupling & (or alternatively, the dimensionless ratio between the Landau pole scale
M, and the energy scale set by 1/rp) has to be fixed by experimental observations as in
any other quantum field theory, which is not easy in an unrealistic toy model.

In studying strongly coupled MHD, it is phenomenologically relevant to not only con-
sider the matter and light-matter interactions, but to also include large electromagnetic
self-interactions encoded in the Maxwell action. However, since we are working with a holo-
graphic large- N. matter sector and a single photon, it is unnatural to expect a Maxwell
term of the same order. The choice that we make here is to set the rescaled constant & to
the physically motivated & = 1/137. There are several ways to think about this choice: one
is imagining that our plasma contains magnetic properties, which have non-trivial scalings
with ., while another interpretation may assume that the bulk studied here could remain
a valid dual of a theory with a reasonably small N.. Of course, by considering only a clas-
sical bulk theory, we are restricting the strict validity of any computed observable to the
limit of N. — co. As soon as one moves towards finite N., it becomes crucial to estimate
the size of subleading 1/N? corrections (topological expansion in the string coupling gs)—
an endeavour in holography (and string theory) which to date has been largely neglected
and will continue being neglected in this work.!” A less problematic limit is that of the
infinite 't Hooft coupling, which is also implied by the choice of our action.'® Perhaps the

"For some discussions of 1 /NC2 corrections to the thermodynamic free energy (the equilibrium partition
function) and hydrodynamic long-time tails, see [71-75].
8For recent discussions of coupling-dependent holography, see [76-80] and references therein.
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best interpretation is one of an “agnostic choice” led by our having to fix a free parameter
to some value. We will return to a more careful investigation of the dependence of our
results on this choice in section 4.3.

The expectation values of the stress-energy tensor expressed in (3.38)—(3.40) are related
to the MHD stress-energy tensor in eq. (1.12) by

(T") =¢, (") = p, (T%) =p—up. (3.43)

We note that, as required in a conformal field theory with a trace anomaly induced by
electromagnetic interactions, the trace of stress-energy tensor is non-zero. The holographic
two-form current,
Br?
(J¥)=B=—", (3.44)
v

is related to the equilibrium magnetic flux line density appearing in the MHD equa-
tion (1.13) as (J**) = p. Temperature and entropy can be expressed in terms of the
background geometry as

_ Lo _ N2 ([
T—%flrh, 5= 53 o) (3.45)

and are therefore independent of the renormalised electromagnetic charge. The chemical

potential, which is conjugate to the density of magnetic flux lines, can be computed by
using the thermodynamic identity € + p = sT + pp (cf. (1.20)):

(T™) —(T*) N2 (3 B, B \ ,

— — i _ 3.46

(Jt#) 20\ B 4o 4ma)'" (3:46)

Note that with our choice of the bulk theory scalings, p ~ O(1) and p ~ O(N?2). Further-

more, while 7'~ O(1), p, € and s all scale as O(N2).
Using the above relations, we can perform two consistency checks on our holographic

setup and numerical calculations of the background. First, the value of the pressure com-
puted from the stress-energy tensor component (7%*) = p can be compared with the value
of the Euclidean on-shell action, p = —i(8V3) ' Son_shell, where 8 = 1/T and V3 is the
spatial volume of the theory. Secondly, we can compute € + p — pp from the stress-energy
tensor evaluated near the boundary and by using the thermodynamic relation (1.20), check
whether its values agree with sT" computed purely from horizon quantities. Both calcu-
lations show consistency of our setup in that we find (T%%) = —i(8V3) ! Son_shen and
(T') + (T**) = sT, within numerical precision.

We can now plot various thermodynamic quantities in a dimensionless manner by
dividing them by appropriate powers of B. The natural dimensionless parameter with
respect to which we present our numerical results is 7'/ VB. The results for the energy
density, pressure, entropy density and chemical potential are shown in figure 1. The theory
has two distinct regimes: the low- and the high-temperature regimes, or alternatively,
the strong and weak magnetic field regimes, respectively. The high-temperature regime
T/ VB > 1 is one to which MHD has been historically applied and to which the formulation
of MHD, which assumes a weak-field separation between fluid and charge degrees of freedom
can be applied. The claim presented in the ref. [24] is that within the dual formulation,
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Figure 1. Dimensionless energy density /B2 (top-left), pressure p/B? (top-right), entropy density
5/B%/% (bottom-left) and chemical potential u/B (bottom-right), in units of N2/(272), plotted as

a function of the dimensionless parameter 7'/ V/B. The first three plots use logarithmic scales on
both axes.

weak field (T'/v/B > 1) | strong field (T/vVB < 1)
e | D5 (141 x T X (562 x B?)
p | 5 (253 x 1) N (5.32 x B2)
s | N5 (99.4 % T3) N (741 x BT)
po | 25 (109 x B) N (2.88 x B)

Table 1. Approximate asymptotic behaviour of the equation of state in weak- and strong-field
limits for & = 1/137.

however, MHD applies for all values of T/v/B provided that the state remains in the
hydrodynamic regime. The profiles of the thermodynamic functions in figure 1 show a
smooth crossover between the two regimes, which occurs around

T/VB=~05—0.7. (3.47)

By using numerical fits, the equation of state in the two limits behaves as expected on
dimensional grounds [24]. We present our numerical results in table 1.
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In the limit of B — 0, the weak-field result approximately limits to the equation
of state of a strongly coupled, thermal N = 4 plasma, dual to a five dimensional AdS-
Schwarzschild black brane with py—4 = éNCQTI'QTZl; i.e. im0 Pwear ~ 1.28 X N3T4 and
pa=14 ~ 1.23 x N2T*. We also note that the value of the pressure at low temperature
strongly depends on the renormalised (re-scaled) fine structure constant &, which we set
to & = 1/137.

3.4 Transport coefficients

Next, we compute the seven transport coefficients, n,, ny, v, |, (1, ¢ and (x, by using
the Kubo formulae derived in [24, 27] and reviewed in appendix A. The procedure only
requires us to turn on time-dependent fluctuations of the background fields without any
spatial dependence, Gy — Gap + 6Gap(t) and By — Bap + 0Bgy(t). The perturbations
asymptote to the boundary sources 59,(3,) and 5b,(2, of the dual stress-energy tensor and
the two-form current. In the absence of spatial dependence, the fluctuations decouple into
five separate channels, from which the seven transport coefficients are computed, with
each channel containing one independent dynamical second-order equation. The sets of

decoupled fluctuations responsible for their respective transport coefficients are

nL: 5Ga¢y >
n - 5sz; 5Bt:07 5BCEU7
CL; C||7C>< : 6Gtt7 5G$$7 6ny7 5G227 6Bt27 5Gtu7 5BZU7 (5GUU7 (348)
1 0By, 0Giz, 0Goy
7“” : 5Ba¢y,

with only one of the three bulk viscosities being independent. Each one of the transport
coeflicients can then be related to a membrane paradigm-type formula and can be expressed
in terms of a simple expression. We summarise these relations here and discuss their
derivation below:

_NZ (L
= o doJw) i’

N Y _ 1w
M=o \aw32) =~ dnw®

2 SRS
L (i) (62
N2 \ rp bg;;)((]) ’ (3.49)

R

=N v )

1 N2 [ o <6+B2>2

29 = 529 | 2oy \6- B2

(¢}

3011
3000y | |

1
CL:ZCH =-

where 6(=) and 3(-) are the time-independent solutions of the fluctuations 6 B,, and Z; =
8G*, + 6GY, — (2V'/W')8G?,, respectively. The arguments denote that the functions are
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evaluated either at the horizon, © = 1, or the boundary, u© = 0. Note that the value at the
boundary is set by the Dirichlet boundary conditions.

What we see is that the ratio of the transverse shear viscosity (w.r.t. the background
magnetic field) to entropy density is universal, resulting in 1, /s = 1/4x. Furthermore, the
expressions for 7 and r only depend on the background quantities v and w, while (y,
and 7| also depend on the fluctuations of the fields.

In order to derive the horizon formulae, we use the Wronskian method (see e.g. [65]).
Here, we will only explicitly show the derivation of the transverse resistivity r,. The
other formulae from eq. (3.49) are derived in appendix B. First, we combine the equations
of motion for the relevant fluctuations, dB,,, 0Gt,, and §G,,,, into a single second-order
differential equation by eliminating the metric fluctuations,

3  F

6B, +|—+—=-W)d6B,, + W B 6B, =0 (3.50)
»? \2u F 0 \4riudF? W F e '

Since we are only computing first-order transport coefficients, it is sufficient to solve

eq. (3.50) to linear order in w. To find the solution, we assume that there exists a time-
independent solution bg(c_)(u), which asymptotes to a constant both at the boundary and
the horizon. At the boundary, this asymptotic value is related to the source of the two-
form background gauge field, i.e. bg;)(u —0) = 5BY. The time-dependent information is
contained in the second solution, linearly independent from bg;_). We refer to this solution

as bg(;zr). It can be expressed as an integral over the Wronskian Wg of (3.50):
1 /
w,
e (351
where
1 (!
3 F'(u) 1
o _ [ 2 _ 100 _
Wr(u) = exp [ /u du <2u’ + Flu) W' (u ))] T (3.52)
The near-boundary and the near-horizon expansions of bg(;zr) are
-1
N [bgj(())} Inu+ OWa), for w0,
b = . (3.53)
—Tp {277Tb3(c;)(1)} In(l —u)+0(1 —u), for ux1.
Finally, 0 B,,(w,u) is then the following linear combination of the two solutions:
0 Ba:(w,u) = b2 (u) + a(w)blD (u) + O(w?). (3.54)

The coefficient a(w) can be determined by imposing a regular ingoing boundary con-
dition at the horizon, which corresponds to computing a retarded dual correlator [81, 82]:

§Bys(u) = (1 — u)~ 7 By, . (3.55)

9For a holographic derivation of bulk viscosity in neutral relativistic hydrodynamics, see [61].
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The function B,.(u) is regular at the horizon. This choice of the boundary condition
implies that near the horizon, d B;, behaves as

w
47T

6By (u) = b (u) + a(w)blH) (u) + ... = {7 (1) <1 - In(1 — u)> +....  (3.56)

Comparing eq. (3.56) with the asymptotic behaviour of bg(;) in (3.53), we find a =
2
(iw/2rp) [bgc;)(l)} . Thus, the near-boundary expression for d B,, becomes

‘ SRNE

ba.’ (1

6By (u) =62(0) | 14 = Jw (L) Inu | +O(u). (3.57)
27y, b;(p;)(o)

By substituting this expression into the expectation value (3.26) of the two-form current

(J*), we obtain

2
62 (1)

2 ] Sbes + O(w?). (3.58)
b\2(0) " T

(6J7%) = lim (2u3/2\/1753;m(u)) 2ior /W [
u—0

The expression on the right-hand-side of the second equation is obtained by using the
relation between 5B§?, 5Bg(glz) and db,, in (3.12). Note that the dependence on the electro-
magnetic coupling enters into the one-point function at order w? and, thus, & plays no role
in the holographic formula for the resistivity; , and other first-order transport coefficients
are independent of the renormalised electromagnetic coupling. Finally, using the Kubo
formula for r, , which is derived and presented in eq. (A.5) of appendix A, we recover the
expression presented in eq. (3.49). All of the six remaining transport coefficients can be
obtained by following the same procedure. We refer the reader to appendix B for their
detailed derivations.

The plots of the (dimensionless) transport coefficients #, (|, r1 and 7 as a function
of T/ VB are presented in figure 2. The remaining three viscosities can easily be inferred
from eq. (3.49). In particular, n, /s = 1/(47), (1 = (/4 and (x = —(j|/2. We note that all
transport coefficients satisfy the positive entropy production bounds discussed in section 1.
It is interesting that the bulk viscosity inequality ¢, ) > (2 is saturated, i.e. ¢ g = ¢2 in
the plasma studied here for all parameters of the theory.

We can now investigate the behaviour of the transport coefficients in the two extreme
limits of T/\/E — 0 and T/\/E — 00, i.e. the strong- and the weak-field regimes, respec-
tively. The leading-order power-law scalings (which we assume) and the coefficients follow
from numerical fits. The results are presented in table 2.

Since the entropy density s vanishes in the limit of zero temperature, all first-order
transport coefficients vanish in the strong-field limit of T' — 0. Furthermore, as we will
see, all (first-order) dissipative effects also vanish in the 7" — 0 limit. These observations
are consistent with predictions of [24] based on symmetry arguments.

In the regime of a weak magnetic field, T > v/B, we find that both shear viscosities 7,
and 7 converge to 11 = n = s/(4w) as B/T* — 0. On the other hand, the longitudinal
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Figure 2. The plots of (dimensionless) first-order transport coefficients as a function of T'/v/B.

weak field (T/vB > 1) | strong field (T/vB < 1)
N\ iz i
| 100 % = =(2132x 5)
¢, | 033x = (1634 x &)
g | 133x 5 £ (65.37 < &)
Co | 066 x = i (3269 x &)
re | B(3.37x k) B (47>< g;;)
r | B (337 x k) VE (62.3 x L)

Table 2. Approximate asymptotic behaviour of all first-order transport coefficients in weak- and
strong-field limits. The temperature-dependent scaling of the shear viscosities at low temperature
agrees with what was reported in ref. [29].

bulk viscosity limits to ¢ — 47/3, which is consistent with the fact that as B/T? —
0, the evolution of the plasma should be governed by uncharged relativistic conformal
hydrodynamics (see e.g. [25] or appendix B). Indeed, both resistivities, r; and 7|, also
tend to zero in the limit.
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We also note that the weak-field behaviour of r; and r is consistent with the assump-
tion used to construct standard (ideal) MHD, whereby conductivity is taken to infinity,
o ~ 1/r — oo, and whereby one adds corrections proportional to 1/¢.2° In other words,
small weak-field resistivities are compatible with the assumption of ideal Ohm’s law, which
gives rise to eq. (1.7) (see also our discussion around this equation in section 1). Further-
more, note that in standard MHD, only one resistivity (conductivity) is typically added
to include dissipative corrections. What we see is that in our theory, the two resistivities
take similar values in the weak-field limit in which standard MHD applies. However, in
the strong-field limit, they assume drastically different values, including a different scaling
with T'/ V/B. This observation therefore further points to the important role of anisotropic
effects in MHD [24] and the necessity for using the formulation of [24, 27] as one moves
from the weak- to the strong-field regime.

The fact that r;, and 7| tend to zero both in the limits of T/\/B —0and TVB — 00,
along with the positivity of the entropy production bounds r; > 0 and 7| > 0 [24], implies
that there always exists a maximum value of the resistivities at some intermediate 7'/ VB. It
would be interesting to find the sizes of these maxima in experimentally realisable systems
and probe the regimes of the “least conductive” plasmas. Finally, it would be interesting
to further investigate the connection between maximal r and various discussions of lower
bounds on conductivities, e.g. [83-85].

4 Magnetohydrodynamic waves in a strongly coupled plasma

We are now ready to use the information obtained from the holographic analysis of sec-
tion 3 to study dissipative dispersion relations of magnetohydrodynamic waves in a toy
model of a strongly coupled plasma. We will use the theory of MHD [24], which is a phe-
nomenological effective theory, and supplement it with microscopic details — the equation
of state and transport coefficients — of the holographic setup investigated above. We will
be particularly interested in the dependence of the MHD modes on the angle between mo-
mentum and magnetic field, as well as the ratio between temperature and the strength
of the magnetic field. The 't Hooft coupling of interactions in the matter sector is not
tuneable in our model, however, the electromagnetic coupling is. In all sections, except in
section 4.3, it will be set to a = 272/137N2.

Before presenting the numerical results, we review the relevant facts about MHD
modes. For a detailed derivation of these results, see ref. [24] and for a discussion of
the general procedure, see refs. [25, 86]. First, we write the hydrodynamic variables u*, h*,
T and p in terms of oscillating modes perturbed around their near-equilibrium values, e.g.
ut — (1,0,0,0) + dut e~ iwttikesinf+ikzcos g4 that @ € [0, 7/2] measures the angle between
the equilibrium magnetic field pointing in the z-direction and the wave momentum £ in
the xz—z plane. The dispersion relations w(k) are then derived from the equations of MHD,
i.e. egs. (1.8) and (1.9), with the external H,,, = 0. The solutions depend on the angle
0, temperature 7" and the strength of the magnetic field (or the chemical potential of the
magnetic flux number density), parametrised in our solutions by B. Any dimensionless

20Gee ref. [24] for a discussion regarding the subtleties in relating resistivities to conductivities.
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quantity will only depend on the single dimensionless ratio 7'/ VB. The resulting modes
can be decomposed into two channels — odd and even under the reflection of y — —y.
The first channel is the transverse Alfvén channel. The second is the magnetosonic channel
with two branches of solutions: slow and fast magnetosonic waves.

The linearised MHD equations of motion (1.8) and (1.9) need to be expanded in the
hydrodynamic regime in powers of small w/Ap < 1 and k/Aj < 1, where Ay is the UV
cut-off of the effective theory. In standard MHD, where T >> v/B, then Aj, ~ T, whereas
in the strong-field regime of T' < /B, the cut-off can be set by the magnetic field, then
Ay =~ V/B. As argued in [24], hydrodynamics may exist all the way to T' — 0, even when
0T = 0. Such an expansion, performed to some order, gives rise to a polynomial equation
in w and k. For example, in the Alfvén channel, within first-order dissipative MHD),

29 r
—w? 4+ (MP o8 ) K* —i [(l“l + M > cos? 6 + <,u|| + C > sin? 9] wk?
eE+p p E+p p E+Dp
(71 cos? 6 + 2r) sin? 9) (UL sin? @ + ull cos? 9) E*=0.
(4.1)

K
2p(e +p)

The two solutions of the quadratic equation for w are given by

= = (DA K+ £V cost — (Da )22, 42)

where Dy 4 and Dy _ are

r
DAi:(m:tw>00829+<Mim>sin29. (4.3)
’ P eE+p p E+p

One can now series expand w(k) = Dok+D1k?, or alternatively, plug this ansatz in eq. (4.1)
and solve it order-by-oder in k. What we find is the Alfvén wave dispersion relation [24]:

w = EVskcosf — ! < 1 (m_ sin? 0 + ull cos? 9) + K (m_ cos? 0 + Gl sin? 9)> k%, (4.4)
2\e+p P

where the speed is given by V% = up/(e + p). The dispersion relation appears to be well-

defined for any angle 6 € [0, 7/2] between momentum and equilibrium magnetic field. In

particular, if we were to take the § — 7/2 limit, (4.4) would yield two diffusive modes,

both with dispersion relation

_ ! < oy M”) k2, (4.5)

2\e+p P

which are, however, unphysical and only result from an incorrect order of limits of k£ and 6.
As can be seen from the structure of the square-root in eq. (4.2), the expansion in
small k is only sensible so long as k? < V2 cos?0/(D4,—)%. Hence, even for a small finite
k, this expansion is inapplicable for angles 6 near § = 7/2 where cos 6 becomes very small.

In fact, for
Vi cos?0 < (Da_)%k?, (4.6)
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the propagating modes cease to exist altogether and the two modes become purely imag-
inary (diffusive to O(k?)). The transmutation of two propagating Alfvén modes into two
non-propagating modes occurs when the inequality in (4.6) is saturated, i.e. at the critical
angle 6. when Relw] = 0:

_cos(0) _ K (4.7)
Da—(0.) Va
In other words, the plasma exhibits propagating (sound) modes for 0 < 6 < 6. and non-
propagating (diffusive) modes for 6. < 6 < w/2. We plot the dependence of the critical
angle 6, on k/v/B and T/+/B for the Alfvén waves in our model in figure 3. What we see
is that for small k/ VB and small T/ \/E, the transition to diffusive modes occurs closer to
0. ~ /2. For any fixed and finite T//v/B, eq. (4.7) indeed implies that 6. — 7/2 as k — 0.
We note that as already pointed out in [27], the limits of & — 0 and # — 7/2 do not
commute and we obtain different results depending on which expansion (k= 0 or § ~ 7/2)
is performed first. If one first takes the limit 8 — 7/2, then eq. (4.1) becomes

r r
_wz_z.<'”+m>wk2+/‘”77lk4_0, (4.8)
p e+p p(e +p)
which instead of eq. (4.5) results in two non-degenerate diffusive modes
T
w= —iniLkQ, w=—iltlg2, (4.9)
e+p p

The dispersion relation (4.4) is therefore only sensible at a finite T/v/B and infinitesimally
small k/Ap,.

In the magnetosonic channel, the story is entirely analogous to the one described for
the Alfvén waves. By expanding around k£ = 0 first, we obtain the dispersion relation
of [24]:

w = *upk — itk?, (4.10)

where the speed of magnetosonic wave is given by

1
Vi = 3 {(V%—H)g) cos? 0+Vgsin? 0 i\/[(Vi—Vg) cos? 0-+V?2 sin? 6]2+4V* cos? 0 sin? 9} :

(4.11)
The functions Vg4, Vo, Vs and V appearing in (4.11) are
up 2 S
V2 = 5 V == )
AT etp O Txn
_ 2 _
V2 = (s — px12)(s + pxa21) +p X11X227 Vi s5(s — px12)(s + pxa1) (4.12)

(e +p)x11 T(e+p)xi

The susceptibilities are?!

n=\zn), xXe2=\{5-) » xXa=\(55) ,» x2=\5-] - .
oT o op) oT p op )

ZINote that these susceptibilities are different from the ones used in [24], where independent thermody-

namic quantities were T' and p, not T' and p. For this reason we also use different notation.
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Figure 3. The critical angle 6. for Alfvén waves (left) and slow magnetosonic waves (right),
plotted as a function of T'/v/B for k/v/B = {0.1, 0.2, 0.4, 0.6}. The dashed line at the top of both
sub-figures indicates the value of 8. = w/2.

The two types of magnetosonic waves, corresponding to + solutions in (4.11), are known
as the fast (with +) and the slow (with —) magnetosonic waves. We refer the reader to
appendix C for further details regarding the derivation of the magnetosonic modes. Each
pair of the propagating slow magnetosonic modes also splits, in analogy with the Alfvén
waves, into two non-propagating diffusive modes for 6 > .. The critical angle 6. for
magnetosonic modes is also defined as in the Alfvén channel: the angle at which Re[w] = 0.
We plot the numerically-computed dependence of the magnetosonic 6. on k/ VB and T/VB
in figure 3. As can be seen from the plot, the critical angles for the two types of waves are
independent. However, they show similar qualitative dependence on the parameters that
characterise the waves.

We summarise the #-dependent characteristics of MHD modes in figure 4. We observe
the pattern of a transmutation of sound modes into diffusion to be different in the weak-
and strong-field regimes. Namely, the two magnetosonic waves interchange their dispersion
relations at small 6. Since the complicated expressions for dispersion relations greatly
simplify at = 0 and § = /2, we state them below. The sound mode dispersion relations,
denoted by S, are

SE w:ngk—Z{w
2 e+p

T2x11 [(s — px12) (s + pxa1) + p2x11X22]

52 : w:iVAk—Z<n”+m>k2,
2\e+p P

LT [(s—px12)(L—Tx21) — pTx11x22) [(5 + px21) (1 + Tx12) — pT'x11X22] }kg

S3: w=+Vok — ;iﬂ“?
(4.14)
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Figure 4. Diagrams depicting the #-dependent pattern of transmutation from sound to diffusive
modes for Alfvén waves and slow and fast magnetosonic waves. The left and right diagrams corre-

spond to weak- and strong-field regimes. The relevant dispersion relation are stated in eqgs. (4.14)
and (4.15).

and the diffusive modes, denoted by D, are

Dl: w= —iﬂk:Q,

sT
: 2

D2: w=-— 5 irL(e+p)"x2 5 k2,

T2 [(s — px12)(s + px21) + p*x11x22] (4.15)
D3: w= —iLkZ,

eE+p

,
DA: we=—ill2

P

In the regime of a large T'/ VB, the results agree with those of [27]. Furthermore, using
the asymptotic form of the thermodynamics quantities and transport coefficients in the
T/ VB — 0o limit, one can show that these modes reduce to sound and diffusive modes of
uncharged relativistic hydrodynamics.

In the strong-field regime, which cannot be described within standard MHD, the speeds
of S1 and S3 become large and approach the speed of light in the limit of T" — 0. It
is clear that in the strong-field regime, MHD sound waves can easily violate any causal
upper bound on the speed of sound [87-90]. Furthermore, as discussed above, all diffusion
constants vanish and the system becomes controlled by second-order MHD [24], which we
do not investigate in this work. All details regarding angle-dependent wave propagation
are presented in section 4.2.

4.1 Speeds and attenuations of MHD waves

Here, we plot the speeds (phase velocities) and first-order attenuation coefficients of the
three types of MHD sound waves: the Alfvén and the fast and slow magnetosonic waves
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T/VB =0.09 T/VB=0.7

Figure 5. Angular dependence of the speeds of Alfvén (black, solid), fast (blue, dotted) and slow
(red, dashed) magnetosonic waves in the strong-field, the crossover and the weak-field regimes.

for the holographic strongly coupled plasma discussed above. These results assume an
infinitesimally small value of momentum k, and follow from first expanding the polynomial
equation of the type of (4.1) around k =~ 0 and writing each dispersion relation as w =
+vk —iDk?. The speeds v (presented in figure 5) and attenuation coefficients D (presented
in figure 6) are then plotted for all 0 < 6 < /2, which, as discussed above, is only physically
sensible when 0. — 7/2, i.e. as k — 0.

The angular profiles of the speeds and the dissipative attenuation coefficients show
distinct behaviour in the strong-, the crossover (cf. eq. (3.47)) and the weak-field regimes.
In particular, the speeds of sound enter the weak-field regime, where they reduce to well-
known standard MHD results, rapidly after the temperature exceeds T'/ VB ~ 0.7. There,
Alfvén and slow magnetosonic waves travel with very similar speeds for all § and their
speeds coincide at § = 0 and § = 7/2. The situation is different in the strong-field regime
where the profiles of speeds qualitatively match the strong-field predictions of [24]. There,
slow magnetosonic and Alfvén waves can travel faster at small 6, with speeds comparable
to those of fast magnetosonic waves. At 6 = 0, the Alfvén speed equals that of fast, instead
of slow, magnetosonic waves (cf. figure 4). It should also be noted that there exists a value
of T/ VB in the crossover regimes where all three speeds are equal at = 0.

The attenuation coefficients, computed with all seven transport coefficients [24, 27],
are computed for the first time for a concrete microscopically (holographically) realisable
plasma and therefore difficult to compare with other past results. What we observe is
that the Alfvén waves experience the strongest damping for all values of 7'/ VvB. Beyond
that, the qualitative behaviour again displays distinct angle-dependent features in the
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Figure 6. Angular dependence of the (dimensionless) attenuation coefficients of Alfvén (black,
solid), fast (blue, dotted) and slow (red, dashed) magnetosonic waves, D+v/B, in the strong-field, the
crossover and the weak-field regimes.

three regimes, which are apparent from figure 6. A noteworthy, but not a surprising fact
is that the strength of attenuation appears to be much more strongly dependent on the
angle between momentum and magnetic field in the regime of small T'/v/B. Furthermore,
in the crossover regime, we find that the strengths of fast and slow magnetosonic mode
attenuations interchange roles as T/v/B increases. In plots at T/v/B = 0.5 and T/v/B =
0.66, there exists an angle 6 at which the two attenuation strengths coincide.

4.2 MHD modes on a complex frequency plane

By assuming a finite value of momentum k, a full analysis of the spectrum requires us to
take into account the transmutation of sound modes into non-propagating diffusive modes.
The pattern of this behaviour, as a function of the angle between momentum and the
direction of the equilibrium magnetic field 6, was summarised in figure 4. Motivated by
holographic quasinormal mode (poles of two-point correlators) analyses, we plot the motion
of the MHD modes on the complex frequency plane — here, as a function of # and T'/v/B.
One should consider these plots as a prediction of how the first-order approximation to the
hydrodynamic sector of the full quasinormal spectrum computed from the theory (3.1) is
expected to behave.

In figure 7, we plot the typical f-dependent trajectories of w(f) for Alfvén and mag-
netosonic modes in distinctly strong- and weak-field regimes. At all temperatures (except
at T' = 0 where D = 0), the behaviour is consistent with our previous discussions, includ-
ing the fact that the transmutation of Alfvén and slow magnetosonic waves into diffusive
modes occurs at lower 6. as k/+/B increases.

In the crossover temperature regime (around 7'/v/B ~ 0.6), we can observe in more
detail the interplay between fast and slow magnetosonic modes, which was noted in sec-
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Figure 7. Dependence of the complex (dimensionless) frequency w = w/+/B on 6, plotted for Alfén
(black) and fast (blue) and slow (red) magnetosonic waves in the strong- and weak-field regimes
with T'/ VB = 0.4 and T/ VB = 1.15, respectively. The arrows represent the motion of poles as 6 is
tuned from 0 to 7/2. Momentum is set to k/v/B = 0.05.

tion 4.1. While the speed of fast magnetosonic waves always exceeds that of slow waves,
their attenuation strengths exchange roles around 7'/ VB ~ 0.675, which manifests in a
characteristically distinct behaviour for § < 6., presented in figure 8 (see also figure 6). The
f-dependence of Alfvén waves remains qualitatively similar to those depicted in figure 7.

For a fixed 6 < 6., where 6. depends on k and T/+/B, we plot the typical behaviour of
w(k) as a function of T/v/B in figure 9. At T = 0, all poles start from the non-dissipative
regime (the real to axis), with the speed of fast magnetosonic waves given by v = 1. As they
move towards larger T'/ VB, the Alfvén and the slow magnetosonic modes again asymptote
to each other, eventually transforming into diffusive modes, while the speed of the fast
magnetosonic modes gradually converges towards that of neutral conformal sound with
v=1/V3.

In the high temperature limit, the “collision” of the Alfvén and, independently, the
slow magnetosonic poles on the imaginary axis occurs close to the real axis, which follows
from the fact that for both types of waves,

1 B
I [ro] ~ —2 (é_ipﬁg)\/EN—T—m, (4.16)

as T/ VB — 0o. The Alfvén waves then become the diffusive modes of uncharged conformal
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Figure 8. Dependence of the complex (dimensionless) frequency o = w/v/B of fast (blue) and
slow (red) magnetosonic modes on 6 in the crossover regime. The arrows represent the motion of
poles as # is tuned from 0 to /2. Momentum is set to k/v/B = 0.05.

hydrodynamics with w = —ink?/(2sT). As for our final plot, in figure 10, we present the
dependence of the four diffusion constants and one sound attenuation coefficient on the
temperature at § = 7/2 (cf. figure 4 and eqs. (4.14)—(4.15)). The modes D1, D3 and S1
reduce to dispersion relations of uncharged relativistic hydrodynamics. D2 and D4 are new.

4.3 Electric charge dependence

We end our discussion of MHD dispersion relations by investigating their dependence on
the choice of the U(1) coupling constant, or equivalently, the position of the Landau pole,
which has so far been set to the (N -rescaled) & = 1/137. All dependence on & enters
into the expectation value of the stress-energy tensor through the term proportional to
HuwH* InC (cf. eq. (3.25)), which contributes no terms linear in w. For this reason, while
the equation of state strongly depends on &, the first-order transport coefficients do not.
Hence, all speeds of sound and attenuation (and diffusive) coefficients depend on the choice
of & through the equation of state and susceptibilities.

What we observe is that the speeds of waves and attenuation coefficients strongly
depend on the renormalised electromagnetic coupling, so, unsurprisingly, the strength of
electromagnetic interactions plays an important role in the phenomenology of MHD. For
concreteness, we only present the detailed behaviour of the Alfvén waves (with speed
V4 cos @), which reduce to the neutral hydrodynamic diffusive mode D3 (and D4) at 6 =
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Figure 10. Plots of the four diffusion constants (D1, D2, D3, D4) and the sound attenuation (S1)
as a function of T/v/B at 6§ = 7/2. Black, red and blue curves depict dissipative coefficients that
originate from the Alfvén, slow magnetosonic and fast magnetosonic waves, respectively.

7/2. Both V4 and the diffusion constant of D3, Dpg, strongly depend on &. For a small
variation in the values of @, we plot the results in figure 11.22 To show the importance of

22\We remind the reader that in the boundary Lagrangian, the electromagnetic coupling is scaled out from
the covariant derivatives. Thus, only the Maxwell term depends on e,.. As we vary e,., we keep the strength
of the electromagnetic field fixed.
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Figure 12. The plot of the Alfvén V3 at a varying a ranging from @ = ag to @ = 80y, where
ap = 1/137. We see that as & increases, the waves develop an instability in the strong-field regime.

a sensible choice of the renormalisation condition, we also vary the coupling over a larger
range (to a = 80/137), where we see that the system develops unphysical behaviour with
instabilities. As is apparent from figure 12, Alfvén waves become unstable at low T'/v/B.

In all to us known literature, the unavoidable choice of the constant C, which sets &, is
made in a different way. C is either chosen so that the logarithmic terms vanish altogether,
or so that it sets the UV scale to that of the magnetic field, which is convenient when
studying strong magnetic fields as e.g. in [38, 47]. Here, we wish to point out some of the
consequences of setting C to either of the two standard options. The first option, which
eliminates the logarithmic terms, results in the following thermodynamics quantities:

N2/ 3, ., N2 1, o\ , B NZ (3 , B2
=g (i) v=g | (it )= T ) w=ga (T,

(4.17)
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The second choice results in

N2/ 3., B N? 1, ¥\ , B B
5:27fz<‘4f47“h+41“3>’ p:M(—Mﬁv)%wumB :
NZ (3% , B B2
= A2 _Z mB). 4.1
HP = on2 < v Py 4 nb (4.18)

While these two renormalisation conditions are suitable for studying certain physical se-
tups involving static electromagnetic fields, we claim that they lead to unphysical results
when the boundary U(1) gauge field is dynamical. By comparing the renormalised stress-

energy tensor (3.38)-(3.40) to expressions in (4.17) and (4.18), we find that the two choices

2

2 oo and €2 ~ InB, respectively. An

correspond to the renormalised coupling being e
infinite U(1) coupling is unphysical in a plasma state. The problem with the second choice
is that if extrapolated to the weak-field regime, In B/M, where M is some scale, can be-
come negative and e, imaginary, which is again unphysical. Thus, these choices may lead
to instabilities and superluminal propagation, which were absent from our results with &
near 1/137. We plot the Alfvén speed parameter V4 for the two couplings from (4.17)

and (4.18) in figure 13.

5 Discussion

This work is the first holographic study of states with generalised global (higher-form)
symmetries. Moreover, it is the first step in a long road to a better understanding of
magnetohydrodynamics in plasmas outside of the regime of validity of standard MHD,
be it in the presence of strong magnetic fields or in a strongly interacting (or dense)
plasma with a complicated equation of state and transport coefficients — all claimed to
be describable within the recent (generalised global) symmetry-based formulation of MHD
of ref. [24]. In order to supply a hydrodynamical theory of MHD with the necessary
microscopic information of a strongly coupled plasma, we resorted to the simplest, albeit
experimentally inaccessible option: holography. Nevertheless, our hope is that in analogy
with the myriad of works on holographic conformal hydrodynamics, which have led to
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important new insights into strongly interacting realistic fluids, holography can also help
us understand observable MHD states in the presence of strong fields, high density and of
strongly interacting gauge theories, such as QCD.

With this view, we constructed the simplest theory dual to the operator structure
and Ward identities used in MHD of [24], investigated the relevant aspects of the holo-
graphic dictionary and used it to compute the equation of state and transport coefficients
of the dual plasma state. This information was then used to analyse the dependence of
MHD waves — Alfvén and magnetosonic waves — on tuneable parameters specifying the
state: the strength of the magnetic field, temperature, the angle between momentum of
propagation and the equilibrium magnetic field direction, as well as the strength of the
U(1) electromagnetic gauge coupling. We believe that the latter feature of our model —
dynamical electromagnetism on the boundary — which in the (dual) language of two-form
gauge fields in the bulk allows for standard (Dirichet) quantisation, could in its own right
be used for holographic studies of U(1)-gauged systems, unrelated to MHD.

Our results have revealed several new qualitative features of MHD waves, particularly
in the regime of a strong magnetic field, which is inaccessible to standard MHD methods.
Various properties of the equation of state, transport coefficients and dispersion relations
found here, may now be compared to those in experimentally realisable plasmas, or at the
least, used as a toy model for future studies of MHD. Approximate scalings in the limiting
regimes of large and small T'/v/B are collected in tables 1 and 2. Here, we summarise some
of the most interesting observations:

e The equation of state and transport coefficients strongly depend on the strength of
the magnetic field, i.e. on whether the plasma is in the weak-field, the crossover, or
the strong-field regime.

e In the weak-field regime with 7'/ VB > 1, the system is well-described by stan-
dard MHD (see [27] for a full description) with small resistivities (large conductivity
regime, which is assumed by ideal Ohm’s law) and small effects of anisotropy. As
T/vVB — 00, the plasma becomes an uncharged, conformal fluid with a single inde-
pendent transport coefficient, n = s/4w. In the strong-field limit of 7'/ VB — 0, the
plasma limits to a non-dissipative regime with all first-order transport coefficients
(along with sound attenuations and diffusion constants) tending to zero. Effects of
anisotropy are large.

e Resistivities have a global maximum in the intermediate T'/v/B regime, which in-
dicates a regime of least conductive plasma. If the assumptions of standard MHD
are correct at T'/v/B > 1 and the symmetry-based predictions of [24] are correct at
T/ VB < 1, such a regime should be generically exhibited by any plasma.

e Out of the three bulk viscosities, (1, | and (x, only one is independent and they
saturate the positivity of the entropy production inequality, i.e. they are related by
g = ¢2. One may speculate on how general this result is and whether it is related
to the suppression of entropy production at strong coupling [91, 92] or perhaps some
form of (holographic) universality at infinite (or strong) coupling.
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e Various qualitative features of slow and fast magnetosonic modes are exchanged in
the weak- and strong-field regimes (usually at small angles, 6, between momentum
and the equilibrium magnetic field direction), such as their asymptotic tendency to
the speed of Alfvén waves and the strength of sound attenuation.

e For a finite momentum, propagating Alfvén and slow magnetosonic modes (sound
modes to O(k?)) transmute into pairs of non-propagating, diffusive (to O(k?)) modes.
This occurs at large angles between the direction of momentum propagation and the
equilibrium magnetic field, 0. < 6 < /2, where 0. is some momentum- and 7'/ VB-
dependent critical angle (cf. eq. (4.7) for Alfvén waves).

e The phenomenology of MHD modes strongly depends on the strength of the electro-
magnetic coupling (or the position of the Landau pole) and can, for large ranges of
the coupling, lead to unstable or superluminal propagation.

Beyond the types of waves studied in this work, it would be particularly interesting to
better understand the role of finite charge density, as studied in [27], within the formalism
of [24]. The important question then is how the phenomenology of such MHD waves,
which typically experience gapped propagation and instabilities (e.g. the infamous Weibel
instability), becomes altered by strong interactions, strong fields and for more ‘exotic’ field
content.

Finally, the holographic setup studied here will need to undergo extensive further tests
and analyses in order to unambiguously establish its connection to plasma physics and
MHD. In particular, it is essential to study the quasinormal spectrum of the theory to
verify that the hydrodynamic modes indeed describe the small-w and small-k expansion
of the leading infrared poles. Furthermore, it will be interesting to understand the role
of higher-frequency spectrum and its interplay with MHD modes. We leave all these and
many other interesting questions to the future.
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A Kubo formulae for first-order transport coefficients

In this appendix, we outline the derivation of the Kubo formulae that have been used
to compute the seven first-order transport coefficients of (1.12) (or egs. (1.14)—(1.19)) in
section 3.4 [24, 27]. We derive the Kubo formulae by using the variational background field
method (see e.g. [25] for a review), which amounts to varying the background metric g,
and background two-form gauge field b, sourcing T*” and J*”, by writing

dw —iw e dw —iw
Guv — N + / ge tdhm/(w)a by — buqy + / %e téb,uu(w) ) (A1)

where 6h,, and 6b,, are small variation, 7, is the flat Minkowski metric and buy = 0
(no external equilibrium source). These variations of the background fields can be viewed
as sources that generate variation of the hydrodynamic variables T', p (which we use here
instead of u in [24]), u* and h*:

T(t) = T+08T(t), p—p+0p(t), u'—uls +3u(t), h*— ki +8h*(1), (A.2)

where we choose the equilibrium configuration to be ugq = 5# and hé‘q = §¥. The normali-
sation and orthogonality conditions for the two vectors (u,u* = —1, h,h* =1, u,h* = 0)
imply
t 1 t F1 z 1
ou’ = §5htt, 0h' = du® + dhy, 6h* = —§5hzz. (A.3)

After writing 07", 6p, dut and 6h* in terms of dh,,, and db,,, we can insert these solution into
T = V=g {T")lgp T =V=g{J")gp (A.4)
which give

Im 77 +Im TY = wCy (Shag + 0hyy) + wCOh., + O(w?, 5h2,6b?)

T = ZaGyohes + 5C ) (Shas + Ghyy) + O(2, 517, 507),
Im 7% = W77L6hzy + O(WZ’ 5h2’ 5b2)’ <A5)

Im 7% = wn0hy. + O(w?, 6h%, 6b7),
Im J™ = 2wr|0bgy + O(w?, 517, 6b°),
Im J%% = 2wr | 6b,, + O(w?, 0h?%, 6b%),

where we have not imposed the Onsager relation equating ¢ (Xl) with C(Xz) [24, 27]. By using

the linear response formulae relating the variations of one-point functions to retarded two-

point Green’s functions,

1 1
0T (w,k) = —3 G (W, K)dhag (w, k) — 5 G7 (w,K)bys (w, k) + O(3h?, 607), "
5T (w, k) = —%G%’\"(w, )3ho (@, k) — U2 (w, k) 3y (w, k) + O(5h2, 6%),
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it is then easy to extract the relevant Kubo formulae for the seven transport coeffi-
cients [24, 27], which we used in this work:

ze,:cz 0 nyw"?y 0
n) = lim —H——— .0 g = lim ZT7_ (920 (A7)
w—0 —iWw w—0 —w
Gzz,zz 0 G$CE7IJZ 0
¢ = lim LT -(M ) ; ¢+ = lim T 2 .(w’ ) ; (A.8)
w—0 —iW w—0 —iw
as well as
GZZ s LT 0 GZI‘ZE,ZZ O
G =l ST @00y G (@0,0) (A.9)
w—0 —w w—0 —w
and
G:):y,xy 0 Gzz,a:z 0
T = lim w, r; = lim w (A.10)
w—0 —W w—0 —Ww

B Further details regarding the derivation of the transport coefficients

Here, we show the details of the derivation of horizon formulae for all remaining transport
coefficient: 7., 7y, (1, |, (x and r|. The computations are analogous to the calculation
of r| in section 3.4.

(i) Shear viscosity 1)

The only relevant bulk fluctuation for n, is G, with the equation of motion

w2

3 F
Gy —+ —=+2V " 0GY,) + = 0GY, = 0. B.1
x+<2u+F+ Vi+W ”C+4r§u3F2 - (B.1)
The solution to leading order in the frequency w can be found analytically and its near-
boundary expansion gives

2

v _ wu 3
0GY, = bhyy (1 + 747%1)\/1»0 + O(u )> , (B.2)

where dhy sets the Dirichlet boundary condition and is the boundary theory source. If we
plug this solution into to the stress-energy tensor, we find that

o < 5 (AT )

272 2
) ) (B.3)
N .
=< adl Shay + ...
272 \ dvy/w
Using eq. (A.5), we find that
N? 3 1
= = — B.4
T on2 <4v\/a A’ (B-4)

as stated in eq. (3.49).
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(ii) Shear viscosity n

Similarly to the computation of r, , the xu-component of the two-form gauge field fluc-
tuation equation can be used to reduce the two coupled second-order differential equations
coupling 6G ., and d By, to a single equation:

2

4r,%u3F2

/
0G7," + (23 + % + 3W’> 0G7, + 067, =0. (B.5)
u

The solution to linear order in w can again be found analytically and in the near-boundary
region yields

w
Arpw3/?

6G*, = 5h7, (1 + u® + (’)(u3)> . (B.6)

The relevant component of the stress-energy tensor is then

N2 [ iwr
TZ\ __ c h
(T**) = 52 <4w3/2> Ohgy + ..., (B.7)
which gives
N2 [ 1} 1w
=52 <4w3/2> T irw (B.8)

as stated in eq. (3.49).
(iii) Resistivity |

The only equation of motion in this channel is

58t (2 oy iw)sm W 5B, = B
:cy+ E+f—2V+W T/y+4r%ui3Fz xy—O, ( 9)
which leads to the near-boundary solution
WU

By = 6BY) (1 T 3 N In u + O(u)) : (B.10)

The two-form current can then be written as

272 [ 2iww

§JW) = =) by + O(w? B.11
< > NCQ (Th\/w) zy+ (w )7 ( )

which yields

272 v
= — B.12
1=z () (12

as stated in eq. (3.49).

(iii) Bulk viscosities (1, ¢ and (x
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By counting the number of the relevant degrees of freedom, it turns out that there
is only one dynamical mode in this decoupled system coming from 4 x (2"4-order ODE’s
for 6g+t,09aa, 0922, 0bt,) — 3 X (15%-order ODE’s for §g4u, dguu, 0b2y). To find the dynamical
mode, we start by solving the algebraic equations for d¢s,, 0guy and 6b,, from the tu
and uu components of Einstein’s equations combined with the zu component of Maxwell’s
equations. Plugging these solutions into the four second-order equations involving gy,
0Gaas 0G-» and dbs,, we find that the remaining two non-trivial equations involve only dguq
and d0g,,. The single resulting equation of motion can then be expressed in terms of the
gauge-invariant variable Zs(u) defined as

/
Zo(u) = 6G°. — %5@@, (B.13)

where 0gqq = 09z + dgyy- The equation of motion for Z, can be written as

Z!(u) + C1(w,u) ZL(u) + Ca(w,u) Zs(u) =0, (B.14)
where
3 F/ zwl/ , , 2vl/ + W//
Cl—%—kf-l-iw, +2V+ W _2<2V’—|—W’>’
b26—4V F/ , w2 2F/2 , , 4V/F/(V/ _ W/)2
C2= =g a (F * 4W> T sew YY) T sEwiar ey
8V/2 (V/ 4 2W’)(V’ _ W/)
2N/ (2V + W)
(B.15)

Now, suppose that the time-independent solution for Z, is 3(), so that 3(_)(u —0) =
Z©) = §hy, — 26h., (note that V'/W' — 1 and u — 0). The second solution, denoted as
3, contains the time-dependent information and can be found from the Wronskian

' Wr(w') 2V + W'\ 2 2Vt
() () = 3= du’ R Wp = . B.16
3 (u) =3 (U)/u u (O < W ) B F (B.16)
We then find that the near-boundary and the near-horizon expansions for 3(*) are
9 -1
) 2 3

ONGT [3 (0)} u” + O(u?), near u — 0,

(+) — (B.17)
6+ B2\* -1 :
—9rp, <6—BQ> [QWTE(_)(I)} In(l —u)+O(1 —u), near u—1.

The full solution is a linear combination, Zs(u) = 3(~) +a3(*), and the ingoing boundary

condition sets the frequency-dependent function a(w) to be

alw) = QZ:L <3((66—EB;2))>2 [3(_)(1)}27 (B.18)

which allows us to write the solution for Z; near the boundary as

iw  (6+B2\2[300m)]°
Zo=20 1+ ( ) w4 (B.19)

drpvy/w

6—B2) |30)(0)
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This expression can then be used to compute the bulk viscosities, for which we follow
the approach by [93] and their analysis of the Green’s function in the sound channel. In
summary, we first find the expression for (§7%* + §T%¥) and (67%*) in terms of dhy, dhgq,
0h,, and 0bs,, and then relate the near-boundary data of the bulk modes 0G4, 0Gaq, 0G..
and 0By, to those of Z,. Then, we impose the radial gauge, G, = 0 and 0B,, = 0, and
solve the equations of motion near the boundary. The first-order equations of motion give
the following relations:

27 (0)
W2+ b+ b+ e g,
36v? (B.20)
@ 4 5@ 0 _ b Y =
2(hm+hzz) U(h 2h 0 ) f( )_0.

The coefficients hl(ff,) are defined through the near-boundary expansion of the metric fluctu-
ation. By using the second-order dynamical equation and the radial gauge, the solutions are

© , () hiW B 2 3
6G*, = h® + {2 —i—WU Inu+ O(w?, u’),
(0) 32
5G', = by + hiPu? L;(‘;li u?Inu+ O(w?, 4, (B.21)
v

h(o) B2
6G*, = h\ D + hPy? — ggﬁuz Inu+ O(w?,u?),
where hg)l,) = 0hy, is the metric perturbation used throughout the paper. By combining
egs. (B.20) and (B.21), and using the definition of the gauge-invariant mode Zs, we find that

(0) (0) 2
Zy =20 42 6r“ + 7%’ h“‘lvf u’Inu+ O(w?), (B.22)
h
where
20 = b _2p©) 2@ = —3h@ = 27004 gt (n0) + ) . (B.23)

It is most convenient to extract the transport coeﬂicients from (0T%%):

2 .4 2W !
(5T = — Ve The (;\/uF (5@3’ + 5G§’) + (3 + \/Zf + 2\/uFV’> 5G§> +

22w 2u

N2

2 iwr? 2\ 2
= —5:2 (m \}“‘@ <2fg2) [3“(1)/3“(0)}2) (0haa — 2hz.) + ... .

Using the Kubo formula (A.5), we find that

= 3% (s (4252) ool

< (S omsool)

(B.24)

and C£<2) = —C”/Q
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Similarly, we can extract (| and ¢ (Xl) from

(6T 4 (§TVY) =

2 .4 .2V
_ Ne e [1\/uF <5GZ’+6G§' +5G;’)

212w 2

3 VuF' , ,

— F z
+(2u+ S+ VUF(V W) ) 662 | +

N2 oS 6 BQ 2 9
25 (g (5 s -

which gives (1 = (/4 = —C(Xl)/2. Hence, we find that C(Xl) = C(X2), which is the man-
ifestation of the Onsager relation imposed in [24, 27]. This completes the derivation of
expressions stated in eq. (3.49).

As a simple check of our results, one can show that in the zero magnetic field limit,

4 4
— 1 I ZZ,2Z E— I LY, rY = — B.2
q lim 0,ImG777 (w,0) 7 lim O ImGry™ (w, 0) 3" (B.25)

which is consistent with the fact that as B — 0, our plasma should become described by
conformal hydrodynamics. By using standard relations between two-point functions in a
neutral CFT fluid, (B.25) is equivalent to the statement that bulk viscosity vanishes in
conformal relativistic hydrodynamics (see e.g. [25]).2® For another check, one can write
the relation (| = 4(, in the language of two-point functions and obtain the relation
limy,—0 [0,G7g" (w, 0) — %8wG;’ZLZZ(w,O)] = 0, which is also satisfied by conformal rela-
tivistic hydrodynamics. Interestingly, this relation holds for all strengths of the magnetic
field in the model studied in this work.

C Dispersion relations of magnetosonic waves

In the magnetosonic channel, the polynomial equation in w and k, which needs to be solved
in order for us to find the dispersion relations w(k) is a quartic equations in w, which can
be written in the following form:

Det [—iwl + M) =0, (C.1)

with 1 the 4 x 4 identity matrix and the non-zero components M;; of the matrix IM given by

scosf
M11 = T‘ij SiIl2 9./411 y M12 = —TL/{TQ.AH N M13 = ik sin 9A13 5 M14 =ik
X11
Mgl = —’I“J_k'Q sin2 0./421 5 M22 = TJ_]{J2.A22 s M23 = z’k,osin@,
M3y = iksin 0. Az, M3z = ik A3z, M3z = Asgh?, My =n1k*Ass,
k

My = if cosf, My =n1k*Asg, My = k*Aus.

(C.2)
**For a meutral relativistic fluid, one can show that Im(67%*) + Im(67%¥) = w (% +()0haa +

w (C — %7]) Ohsz+ ..., and that Im{(6T**) = %w (C — %77) Ohaa +w (%n + %{) Oh,.+.... In a conformal fluid
with ¢ = 0, one therefore finds that lime,—o $9,ImGH2"" (w, 0) = limy 0 $0.ImG577* (w,0) = —n/3. The
relation {1 = ();/4 arises from equations lim, ;0 0, ImG772*" (w,0) = —2¢1 and lim, 0 0. ImG777* (w,0) =
—(| (see eq. (A.5)).
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The coefficients A;; are

_ _ 2 .2
A = m(u +Txa2)(p — Tp21), Az = T oxns (1 + Tx12)(p cos”™ 0 + pxaz sin”6),
s — pXi2 p—Txa
Ajg = — 222 Aol = ———,
o X11 2T
1 : 5+ pxa1
Ay = — (pcos? 0 + sin?6) , Agp = ————,
22 2 (M PX22 ) 31 c+p
2p njcos? 0 + (nL + ¢1)sin? 6
Azg = ———————— Ao, Aszz = ,
82 (e +p)sinf 22 53 ( e+p
cosfsinf e+p
A3y = ——, Ayz = Asa,
34 ctp 43 ST 4
2( cos? 0 + ny sin? 0
Ay = I I ‘ (C.3)
sT
By computing the determinant in (C.1), the resulting quartic equation is
wt + ng3 + ng2 +ciw+c =0, (04)

where ¢; are functions of thermodynamics quantities, transport coefficients, k and 6. The
expressions for ¢; in terms of A;; in (C.3) are

C3 = ik2 (A33 + ./444 + AQQTL + A117‘L sin2 9) s

cy = — Ty (5 cos? 0 + T'x11 sin 0(Aszp + A13.A437 sin 9)) — k4 |:A22A447"J_
11
+ Asg(Aug + Aoor 1) — Azan? + 11 (Ar1(Ass + Aug) + 71 sin? 0(Ag1. Az — A12A21))} :
k4
c=— iTX {S(MAm + Ass) cos® § — 11 cos 0sin 0(sT Az1 + x11-413A434)
11

+ x11 7T sin 6 [pA32A44 + A3z sin 0 (A13Agq + r1 A1z Aze + 71 pA12)
+ 71 Azo sin? 0( A3 491 + P-All)] } - 2'717*176{-/422(~'43?v444 — Azani)
+ sin? 0{ —r1A12 A2 (Ass + Aug)

+ Ay sin® 0 (AsgAaa + 1 AsoAss + 11 Ag Aug — 17 Asa) } }7

20 w2 6
o — (8,0./423 cos* @ sin 0>k4 n rik
Tx11
+ x11 413431 A44(A13 A2 + pAi2) + 11 cosfsinb [STA22A31 + x11A13A22A434

. {sAnggg cos? 0 + X11A32A44(A13A21 + pAi1) sin®
11

+ x11pA12A34 + ST A1 A3z sin 9} } + 77 (A2 Az — A11Age) (AssAzan? )k® sin® 0.
(C.5)

In principle, eq. (C.4) gives a closed-form solution for the four w(k). In practice, the
explicit solutions are extremely lengthy so it is often more convenient to find the roots
of (C.4) numerically (our equations of state and transport coefficients are in any case given
numerically), or by using various expansions, e.g. small k/T or small k/v/B.
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