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We establish a Hermite-Hadamard type identity and several new Hermite-Hadamard type inequalities for conformable fractional
integrals and present their applications to special bivariate means.

1. Introduction Let 0 < « < land h : [0,00) — R be a real-

valued function. Then the a-order (conformable) fractional
In the field of nonlinear programming and optimization  derivative of hat s > 0 is defined by

theory, no one can ignore the role of convex sets and

convex functions. For the class of convex functions, many h( S+ esl_“) —h(s)

inequalities have been introduced such as Jensen’s, Hermite- D, (h) (s) = lim . 2)

Hadmard, and Slater’s inequalities. Among those inequalities, 0 €

the most famous and important inequality is the Hermite-  / is said to be «a-differentiable if the «-order (conformable)

Hadamard’s inequality [1] which can be stated as follows. fractional derivative of h exists, and the «-order (con-
Let I € Rbean intervaland h: I € R — R be a convex formable) fractional derivative of h at 0 is defined as h*(0) =

function defined on I. Then the double inequality lim,_ o+ h*%(s).

Now we discuss some theorems for the (conformable)
fractional derivative.

h<a1+a2>s 1 th(x)dxsh(al)+h(a2) W

2 G — a1 Jg 2 Theorem 1. Let « € (0,1] and hy, h, be a-differentiable at s >
0. Then one has the following:

holds for all a;,a, € I with a; < a,. Both inequalities in (1) _

(i) (dy/dys)(s") = ns"* foralln € R.

hold in the reverse direction if the function / is concave on

I (ii) (d,/d,s)(c) = 0 for all constants ¢ € R.

.In ‘Fhe last 60 years, many efforts have.z gone on gen- (i) (d, /d,s)(a,hy(s) + ahy(s) = ay(dy/d,s)(hy(s)) +
eralizations, extensions, variants, and applications for the a)(d_ /d s)(hy(s)) for all constants a,, a, € R.
Hermite-Hadamard’s inequality (see [2-13]). Anderson [14] el Tan v
and Sarikaya et al. [15] provide the important variants for the (iv) (do/ds)(hi($)hy(s)) =y ()(d o/ ) (hy () +hy(s) (d o/
Hermite-Hadamard’s inequality. ds)(hy (5)).

Recently, the author in [16] gave a new definition for the (v) (d,/d,s)(hy(s)/hfs))=(hs)(d,/ds)(h(s))—h{(s)(d,/

(conformable) fractional derivative as follows. d,s)(hy(s))/ (hz(s))z.
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(Vi) (d/dos)(hy(hy(s))) = Hy(hy(9))(d/dy)(hy(9)) if by
is differentiable at h,(s).

In addition,

d, o d

gz (P )= (i (9) ()
if h, is differentiable.

Definition 2 (conformable fractional integral). Let « € (0, 1]
and 0 < a; < a,. Then the function h; : [a,,a,] — R is said
to be a-fractional integrable on [a,, a,] if the integral

a, a,
j By (x) dyx = J By () < 'dx 4)
a a
exists and is finite. All a-fractional integrable functions on
[a,, a,] are indicated by L, ([a;,a,]).

Remark 3.

]Zl (hl) (s) = I?l (Sa—lhl) _ J'S hy (x)

o xl—a

dx, (5)

where the integral is the usual Riemann improper integral
and o € (0,1].

Recently, the conformable integrals and derivatives have
attracted the attention of many researchers, and many
remarkable properties and inequalities for the conformable
integrals and derivatives can be found in the literature [17-
24]. Anderson [14] found the conformable integral version of
the Hermite-Hadamard inequality as follows.

Theorem 4 (see [14]). If« € (0,1] and h; : [a;,a,] — R
is an a-fractional differentiable function such that D,(h) is
increasing, then we have the following inequality:

@ h h
a“ aJZh(X)d“XS (611)+ (612). (6)
a; —ay Ja 2
Moreover if the function h is decreasing on [a,, a,], then we
have
a, +a, o o2
h(222) < | B dex
T2) < e |, e 7)

If a = 1, then inequalities (6) and (7) reduce to the classical
Hermite-Hadamard's inequalities.

The main purpose of the article is to present the
conformable fractional integrals version of the Hermite-
Hadamard’s inequality. We first establish an identity for the
conformable fractional integrals (Lemma 5) and discuss their
special cases. Then applying Jensen’s inequality, power mean
inequality, Holder inequality, the convexity of the functions
x*'and —x* (x > 0,« € (0,1]), and the identity given by
Lemma 5, we obtain inequalities for conformable fractional
integrals version of the Hermite-Hadamard’s inequality. At
last, using particular classes of convex functions we find
several new inequalities for some special bivariate means. For
some related results, see [25, 26].
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2. Main Results

The main results of our work can be calculated with the help
of the following lemma associated with inequality (8).

Lemma 5. Let a;,a, € R* witha, < a,, « € (0,1], and
h : [a;,a,] — R be an a-fractional differentiable function
on (a,,a,). Then the identity

(a5 =n*)h(ay) + (0"
a5 —at

. rz h(s)d,s

a;

—a))h(a) _ «a

O _
a, —a)

_ 1
- rl_ala “O (((1 ~t)a, + 1.‘17)20‘_1

‘X_
a, —a;

— 7 (L=t ay +tn)" ") x Dy (W) (1 - ) ay +tn) ®

.tl_“dat] ;271 [Jl (((1 -ta,+ 1‘17)206_1
as —af Lo

— 1" (L=t ay + 7)) x D () (1 =) @y + )
-t“"‘dat]

holds for any n € [a,,a,] if D, (h) € L, ([a,,a,]).

Proof. It follows from Theorem 1, Definition 2, and integrat-
ing by parts that

H-—a jl (((1 ~tya, +tn)*"
0

as —ay
~ 1 (L= t)a, + 7)) Dy () (1 - ) @y +ty) dit

L2 Jl (((1 —tya, +tn) "

104 (04
a, —ap Jo

—* (L= ay +ty)* ) D, (W) (1 - t)ay +tn)dt  (9)

_ 1
i L (((1 —~t)a, +tn)" - 11“) H(1-t)a

104 o
a, —aq

_ 1
+t;1)dt+;2 ij (a1 -Day+tn)"

o
2 1 70

— ") W (1= t)a, + tn) dt
- ay — aj

-4 [(((1 —t)a, +tn)" —y")

) h((l_t)al +t’7)

n—a

1
1

[[ata-na o
0

0

) h((l -t)a, + t”)dt]

(n-a n—a
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a, —a;

+?j1[«u—o%+mf—w)

W -ta+ty)| N
.TO_J,O a((1-t)a, +1tn)

- a) h(1-t)a, +tq)dt]

n—a,

-1

_ x _ g% n
_ - [uh(al)— ¢ J h(s)das]
/! H—=a; Ja

asy —ay
- @
A [“2 " h(a j h(s)das]
a - 41 “Nn
_ @ =n)h(a) + (1" —a))h(a)  «
ay —ay as — ay
@
J h(s)dgs,

(10)

where we have used the changes of variable s = (1 - t)a, +t7
and s = (1 — t)a, + t7 to get the desired result. O

Remark 6. Let a = 1. Then identity (8) becomes

(@, —m)h(a) +(n-a)h(a) 1 J%h(s)ds
a, —a; a) —a; Ja,
_(’7_“1)2 : !
o L (- 1)K ((1-t)ay +tn)dt (1)
+( ’7) J (1-t)h' (A =t)a, +tn)dt,
o —a

which was proved by Kavurmaci et al. in [2].

Theorem 7. Let a;,a, € R" witha; < a,, « € (0,1], and
h: [a;,a,] — R be an a-differentiable function on (a,, a,).
Then the inequality

(@3 —n") h(a,) + (1" —af) h(a)

as —af
® ( B ) 1 «
- ag‘(ja‘l" Ll h(s)das| < azx —‘2‘1" [5’7 |h, (a1)|
_ 1 o hl _ 1 o ! 1 o4 hl
Sai B (@)] = o W @)+ o™ [ ()
—2at i G| - 5 W )]
+ Zz 1) [4 4 'h ' 1_12’7a_laz |h, (a2)|

+—17a2 'h (a2'+—r] 'h az'

i (@) + S5 W )] + 5o W ()

+ éna?_l W ()| + in"‘ W' ()| - %71“ |n' (fl)l]
(12)

holds for any n € [ay,a,] if Dy(h) € L ([a;,a,]) and |W'| is
convex on [a,, a,].

Proof. Let x > 0, ¢,(x) = x*7!, and @,(x) = —x*. Then we
clearly see that both the functions ¢, (x) and ¢, (x) are convex.
From Lemma 5 and the convexity of ¢, ¢,, and |1'|, we have

(@ -1 h(a) + (" —ai)h(a)  «a

o (04 _
a, —a; a, —a;

(n-ay)
o

-th(s)das <

. J: (;7‘" -((1-t)a, + tn)“)

AW (=t ay + ty)|dt + (‘f )
a; —ay
1
| (@=na v -op)
W (@ - t)ay + o) dt = EZ ‘21)
1
. L (;7“ -((1-t)a, + tn)“)
A (1 =ty ay + )| dt + = (@, ~ 1)
a; —ay
1
. JO (((1 -t)a, + tr])“ﬂ_l - r]"‘)
. |h (1-t)a, + t11)|dt < ng 2113
1
ARCGRICERERRTY)
| (=1 ay + ty)|dt + (“ "a)
a4~ 4

1
. JO (((1 -t)a, + 1_‘17)06_1 (1-t)ay +tn) - 11“)

(n-a)
a§ — af

W (-t a, + )| dt <

1
ARCGEICETERTY)



4
-|h' (1-t)a +t17)|dt+ (a, ~ 1)
! a§ — af

1
. J (((1 ~tya !+ tr]“_l) (1-t)a, +tn) - 17“)

0

(’7‘“1)
~h’ 1-t tn)|dt < ——
[P (=10, + ) <a§‘—aix

1
ARCGRICERERTY)

(a, - 1)

O _ 0
a, —a;

(a0 @)+t ()] de +

1
[ (@=0a v o) (@ =00+ o) -

Ja-oln @)+t |n ()] .
(13)

From the final upper bound above, we have the following:

‘(aé" —n")h(a,) + (1" —af) h(a)

o _ L
a, —a;

<P e ()

__« “JZh(s)das
a a

2~ % e

- 5a W ()] = 2 (@) + 5" W )

- zat W ()] - 37 W )]

(14)
S L b @) e @)
+ %na;-l I (a)] + ﬁn"‘ |1 (@)
- %,7“ W (ay)] + 1—12a;‘ W ()] + 1—12'1""1% [ ()
+ e i) + o O] = S )]
(I

Remark 8. Let o = 1. Then inequality (12) leads to

‘(’7 —a;)h(a;) +(a,-n)h(a,)

a —a,

R rzh(x)dx

) —ay Ja
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6

ey [l 2]

a4 —a

() [th' ()] +2 <a2>l]
a, —a 6 ’

(15)
which was proved by Kavurmaci et al. in [2].
Theorem 9. Letaj,a, € R" witha, > a;, a € (0,1], p,g > 1

such that 1/p + 1/q = 1 and h : [a,a,] — R be an a-
differentiable function on (a,, a,). Then the inequality

(@ —n)h(a)+ (" —ai)h(a) _ «a

as —af as —af

[T @] < 20 (4 (@)

a; h T4

’ q ' q\ la
(I @)+ | ()]
2 (16)

2 1/p

| (i)

| ( I (@) + [ () >/]
2

holds for any y € [ay,a,] if D, (h) € L,(la,,a,]) and |W'|9 is
convex on [a,,a,], where

A (p)= [ 6 - (- 0a - o)) s

B, (e, p) -
17

1
= L (((1 —1) ag‘_l + tn“_l) ((1-t)a, +tn)
- n“)p dt.

Proof. It follows from inequality (13) that

(@ -1 )h(a) + (" —af)h(a)  «

(04 o
a — a4 a —a

n-a
o« _
h T4

<

. sz h(s)d,s

a,

1
ARCGRICETERTY)

W (@ - 1ay ) d + 2
—a

o
1
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1
. Jo (((1 -ty + tr]“_l) (1-t)a, +tn) - 17“)

| (1 =ty a, + )| dt.

(18)
Making use of Hélder’s inequality, one has
! !
L (= (L= )@ + ) |1 (1 = 1), + )| dit
1 1/p
< <J (" = (1 -ty ay + ")) dt)
0
1 1/q
<J | (1-t)a +t11)|th)
' (19)

< (A, (@ p))"”?
. <Ll (@-t)|n (ay)[" +¢ |0’ (;7)|q)dt>
I ()| + i ()] >/

1/q

2

= (4, (@ p))" (

(n-a)h(a)+(a, -n)h(a,)

a —a

- th(x)dx
a, —a; Ja

Similarly, we have
1
L (A-tas +en* ") (1 -t ay +tn) - 1*)
| (= t)a, + )| dt
1
_ a—1 a—1 _
<([ (@@t v oy @-na s
1/p
_ 1’]“)[] dt)
(20)
' 1/
X (L |h’ (1-t)a, + t’7)|q dt) < (B; (o,
p))l/p <Jl ((1 1 'h' (a )|q +t 'h’ (”)'q)dt>1/q
. 7}
' , Y
< (B, (a p))‘”’<|h (%)'q; - W) .
Hence, we have the result in (16). O

Remark 10. By putting « = 1 in (16), we obtain the inequality

2 q q11/q 2 q q11/q (1)
< < 1 )”P (1>1/q (=a) [|W W[ +|F @]+ (@-n)[|F ()| + |1 (@)]']
“\p+1 2 @ -4 ,
which was proved by Kavurmaci et al. in [2]. _ n*—ay
Al (OC) - 2 >
Theorem 11. Let a;,a, € R witha, < a,, « € (0,1], q > o a1 el N
land h : [a;,a,] — R be an a-differentiable function on B, (a) = 2a) +1 a4y +na, T -4y
(a1, a,). Then the inequality ! 6 ’
(04 o (04 o = ’1“ _ aix
(a5 -n")h(a) + (1" —ai)h(a)  « Ay (@) = ——,
agc - atlx ag - atlx 1’[“ _a® (23)
a —a A3 (0‘) = 6 ! >
. j h(s)dys| < -2 [(A1 (@)
g h~a B, (@) 3a5 + 7" 'a, + nay ! - 51
x) =
1/q 2 12 ’
. {Az (9) |h' (a1)|q + A5 (@) 'h' (’7)|q} ] (22) . .
a 1 atnay -3
_ B; (o) = 2 )
v 2L (B @) ’ 12
a — 4

By @1 (@)] + B 1 ()]}

holds for any € [ay,a,] if D, (h) € L,(la,,a,]) and |K'1 is

convex on [a,,a,], where

Proof. It follows from inequality (13) that
(@ —n*)h(a) + (" —af)h(a) o

(04 (04 (04 (04

a, —ay a; —ay
ay —-a
J h(s)d,s| < ’1 1“
a a, —a




1
ARCGRICERERRTY)
eI

ox __ 4K
m—a

AW (@ -1y a, + )| dt +

1

J(@=0a7 v o) (=00, + o) -

| (1 =ty a, + )| dt.
(24)

Making use of the power mean inequality, we get

1
[, G = (= o) (110, 4 )

- <Jol (" = (A -t)ay +15%)) dt>l_l/q

) (25)
(], 0 = - +or)
1/q
-'h'((l—t)a1+t17)|th) .

Similarly, we have

1
L (A=tas +en* ) (- ay +tn) - 1)

' (- t)a, + )| dt
< <Jl (((1 —1) ag_l + tn““l) ((1-t)a, +1n)
B 0

- 1) dt)l_w s <Ll (a-na™ +or)

(A =t)ay +ty) — 1)

(26)

1/q
R (-t ay + ) dt) .
From the convexity of | |9, we have
1
|, G = (@=nat e[ (@ =oa )

1
< | G- (-t
0

l(ﬂ—al)h(a1)+(az—f7)h(az) o1 J

a, —a, a —a

Journal of Function Spaces

Ja-olp @) +t|n’ ()]"] dt = |1 (a)"

[ o= - nar e a - ode o)
! « o « ! q(1

| @ =nat )= | @) (5

« loc loc ! q la loc 1
1 —§a1—g’1>+|h ()| (577 i

)

(27)
and
! -1 -1
JO (((l—t)ag + " )((1—t)a2+t11)—11“)
W (-t a, + )|t
1
< J (((1 -taS ™+ tr]“_l) ((1-t)a, +tn)
0
— ) [ =) (@)[" + |1 ()|"] dt (28)
gt a(l o | 1 a-1 ™
= |h (a2)| <Zaz TRt Rt TN
1 [o4 ! q 1 o 1 a—1 1 a—1
X )+lh ()| <12a2 + iy + —ras
NESTI vc)
4’7 2’7 >
where we have also used the facts that
1
L (= (=) a® + t%)) dt = A, (o)
_ ’/loc laoc ll/la
B
1 (29)
Jo (((1 —1) ag_l + tq“_l) (1-t)ay +tn) - q“)dt
| | RS
=B, () = 3% +gn 1a2+gf1a2 1+§11 -7
Hence, we have the result in (22). O
Remark 12. If a = 1, then inequality (22) becomes
’ h(x)dx
(30)

<1<1ym{(ﬂ—%f[MT@F+2V/@JFTM+(%—WVHﬁ(mr+2MW%Nﬂuq
T 21\3

which can be found in [2].

>

a4 —a
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Theorem 13. Let a,,a, € R" witha, < a,, a € (0,1], q >
land h : [a;,a,] — R be an a-differentiable function on
(ay, a,). Then the inequality

@ -n")h(a) + (" —a)h(a) _ «

o _ o _
a, —a; a, —a;

n-a
(04 o

1-1/q
o (A, (a))

: J h(s)d,s

a

<

{a @ @) A @] O

4N
a5 —af

{B, (@) |h' (az)'q + B; (a) |h' (’7)|q}l/q]

+

[(Bl (“))l_l/q

is valid for any n € [a,, a,] if D, (h) € L ([a;,a,]) and |W'|1 is
convex on [a;, a,], where

a+1 a+1
I 7’] —611
A= [(«xn)(n—al)]’
a+1 o+l
_ n -4 L«
Bl(a)_[(“+1)(%_”l)] T
Ay (@)= 31
ai*! (oc+2)(;1—a1)—a1]
+
(a+1)(n—ay) («+2)(n—ay)
ﬂa+2

- (oc+1)(17—a1)2(oc+2)’

a+1
_ ) (oc+2)(a2—17)+a2]
P = (a+1)(az—f1)[ (@ +2)(a - 1)
a+2 (32)
Ul 1y
(oc+1)(a2—11)2(oc+2) 277
Ay@ = 31"
o (06+2)(11—a1)—17]
(a+)(n-a) | (@+2)(n-a))
~ a(1x+2
(oc+1)(17—a1)2(oc+2)’
a+1
_ 1 (0‘+2)(“2_’7)_’7]
By (o) = (@+)(ay-n) | (@+2)(ay-7)
aéx+2

1
S

_(oc+1)(a2—11)2(oc+2)

Proof. From Theorem 1, Definition 2, and Lemma 5, we get

(@ -n")h(@)+ (" —ai) k(@)  «a

(04 (04 (04 (04

a, —a a, —a;
uz _a
J h(s)d,s| = |1—2
a% — g*
a; 2 1

) Jl (((1 —t)a, +tn) "
0

— 7 (L=t a, +tn)" ") Dy (h) (1 - 1) ay

+tn)dt + S Jl(((l—t)a + )"
as —af Jo :

2 (33)
~* (1=t ay +tn)* ) D, (W) (1~ 1) a,
n-—a ! o
+t1’])dt < M J;) (1’] —((1 —t)al
+t)*) [0 (1= t)a, + )| dt + azf__;
1
. L (((1 ~t)a, +tn)" - 11“) |h' (1-1t)a,
+ty)| dt.
Making use of power mean inequality, we get
1
L (17“ -(1-t)a, + tn)“) 'h' (1-t)a, + tr]“)' dt
1 l—l/q
< <L (r]“ -((1-t)a + tn)a) dt)
) (34)
X (L (;1“ -((1-t)a + tn)“)
1/q
K (= ay + )] dt) .
Similarly, we have
1
L (((1 ~t)a, +tn)" - 11“) |h' (1-t)a, + t11)| dt
1 1-1/q
< <J.0 (((1 —t)a, +tn)" - q“)dt)
(35)

([} (-na o)

/
AW -ta, +t thlq.
W (=0, on)at)



It follows from the convexity of |9 that

1

L (17“ -((1-t)a, + tn)“) 'h' (1-t)a, + tr])'q dt
! (04
< L (n* - (1 =t)a, +tn)")
Ja-o|u @) +t|n’ ()| at
1

=W @[] (o

'h ’7)|qj n* = ((1-t)a, +tn)) tdt

(A =tya +ty)*) (1 -t)dt

= | (a)l'q<%17“ (36)
alt! (oc+2)(r]—a1)—a1]
+
(a+1)(n—ay) (a+2)(n-a)

B rl(x+2 > + |h/ (’7)|q (lrl
(oc+1)(17—a1)2(¢x+2) 2

- ! (“+2)(’1—a1)—f7]
(a+)(n—a) | (@+2)(n-a)

B azlx+2 >
(@+1)(n-a,) (a+2)

and

1
L (((1 —t)a, +tn)" - 17“) 'h' (1-t)a, + tr])'q dt
1 o N
SL (((1—t)a2+t11) —17)
Ja-o|n @) +t|n (n)["] at
=K' a2)|J (1-tay+tn)* —n*) (1 - t)dt
Gl [ (@ 0a s i) o)

= i ()|’ (37)

(oc+2)(a2—r1)+a2]
(e +2) (a, —1)

' (_ a(2x+1
(c+1)(ay—1n)

N 1’]“+2 _l (x>+|h/( )'q
(a+1)(a2—rl)2(¢x+2) 21 1

.( 7 m+m@—m—q
(@+D)(ay-n) | (@+2)(a,—7)
a+2

1,
—11)2(04+2)_5’7>’

- (+1)(a,
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where we have used the identities

1
L (1" - (1 -t ay +1tn)")dt

ot o+l
- ’7 611
o [(om)(n )]

(38)
1
Jo (((1 ~t)a, +tn)" - 11“) dt
zx+1
) i
i m]”
Hence, we have the result in (31). O

Theorem 14. Let aj,a, € R witha, < a,, a € (0,1] and
h : [a;,a,] — R be an a-differentiable function on (a,, a).
Then the inequality

(1" —a’)h(a)

‘(%“—n“)h(az)+

ay —ay

__« “Jazh(s)das

az_al a,

(39)

< @ (23]

T af-ay A (a)

a, — C, (a)
i «[1”| (m)”

holds for any y € [ay,a,] if D,(h) € L{x([al,az]) and W' is
concave on [a,, a,] for some q > 1, where

o o

nm-a
A = R
1(0‘) >
B, (a) = 22t lay +nay”! — ay®
1 6 >
a _za(x+1+ o+l 40
C, (@) = 7 = 2ap +1q ’ (40)
6
C, (o)
3a2a+1+’1a la§+277a2 —40271 +rlrx+1 a—1 3’10(1—1
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Proof. We clearly see that || is concave because |H'|1 is
concave for some g > 1 (see [27]). From Theorem 1,
Definition 2, Lemma 5, the concavity of |H'|, and Jensen’s
integral inequality, we have
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(a5 ~ ) (@) + (1 ~a) (@) _ a [T

o _ o _
@ —aq a, —a; Ja

_ 1
S L (n" = (@ =Daf + ") |B (1 =) ay + )| dt

= _a_ L«
a —a

_ 1
s 2N J (((1 ~t)as "+ m“‘l) (1-t)a, +tn) - 11“) |h' (1-t)a, + tr/)' dt,

o _ o
a2 al 0

1
JO (= (L= )@ + ) |1 (1 = ) @, + )| die

1
o 1 _ o o 1 _ d
< <Jl (- (1 -0a*+ t?]a))dt> < |1 ( .[0 (n (1( t)ay +t7%)) (1 - t) ay +tn) t> ()
0 [y (= (L= t)af + 1n®)) dt
_ 1 Ci ()
=A (x)h <A1(“)>’
1
L (a=-ta™ +o" ) (A=) a, +tn) =) |F' (1 - )&y + t)] dt
1
< <L (a=-pa +tn* ) (- ay+tn) - 1) dt)
e ( jol (A=-tyas +tr") (1 - ay +tn) —7*) (1= t) @, + ty) dt> B @ <C2 (oc))
Jo (=005 + ) (1= 1) ay + 1) = ) S \BW@
where we have used the identities = % an® - % a‘l"“ - é a + %,7““ - én «
1 a+l
! 3
J, = (@ =nar e o) de = 4, (1)
o« 14 14 and
=" = ay - o' 1
. L (((1—t)a‘2x_1+tr]“_1)((1—t)a2+t17)—17“)
Jo (((1 ~t)as +t17“_1)((1 —t)a2+t11)—17“)dt . |
(1-t)ay +tn)dt =C, (a) = Za;”l T (43)

_B(“)_laa+lzx—l +l zx—1+loc_oc
- - 3 2 6’1 a2 617“2 3’1 ’7 ’ . a—1a2+l aoc_ la zx+ i zx+1azx—1 _l o+1
. m a 6’7 273 oM 12’7 2 471 .
L (= (1= £ a® + 1)) (1 - D) ay + t7) dt -
=C (o) Remark 15. If = 1, then inequality (39) becomes
(n-a)h(a)+(a-nh(a) 1 Juzh(x)dx
ad — 0 B~ ay Ja,
(44)

1 [(n ~a)’ |1 ((r+ 20) /3)] + (@~ )’ [ ((n + 2) 3) ]
T2 a, —a '
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3. Applications to Special Means

A bivariate function M : (0,00) x (0,00) +— (0,00) is
said to be a mean if min{x, y} < M(x,y) < max{x, y}
for all x, y € (0,00). Recently, the mean value theory has
been the subject of intensive research, and many remarkable
inequalities and properties for various bivariate means can be
found in the literature [28-33].

In this section, we use the results obtained in Section 2 to
give some applications to the weighted arithmetic mean

wa, + w,a,

Alay, aywy,wy) = (a,a, > 0) (45)

w; +w,

and («, r)-th generalized logarithmic mean

( oatr oc+r) 1/r
. a)= | 2% _—4 )
(o) (a1, a,) [ (o +7)(af —a¥) ] (46)

(a,a, > 0,0, # a,r € R,r # 0,0, —a € (0,1]).

Proposition 16. Let a;,a, € R™ witha, < a, andr > 1. Then
the inequality

|A (ap, a5 n™ —ay,a5 —n*) - Lr(ot,r) (ar a2)|

e
ay —ay (2
1 o r—1 1 o r—
—g a5l ——%Iﬂ
T ()
— 31 Il }+a(;7{gz|az|
(47)
1 4 _ 1 _ _
+ Eﬂa laz |azlr Lt E’l‘l‘zx ' |azlr 1
1 - 1
bl = Sl Sl
+ i a—la | |7’—1 + i a—1 | |r—1 + l (x| |7’—1
12’7 22U 12’7“2 n 4’7 1
_ l (x| |T—l}
2’7 n

holds for any o € (0,1] and n € [a;,a,].

Proof. Let h(x) = x". Then the result follows easily from The-
orem 7 and the convexity of h(x) on the interval [a;,a,]. O

Proposition 17. Let a;,a, € R witha, < a, and r > 1. Then
the inequality

|A (al_l’az_l;ﬂa —aj,a; - ’7“) - Lr(a,—n (al,az)'

—a) (1 o 2 1
<(’7 1){517 lallz_

- a_ 2
a; —aj 3

501 _
“?l“ll z_gﬂ‘x |“1| ’
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1 40 2 1 4, 22
S0l = 2 bl > = 30l
)

L1
T3
, (@

I 41 -2
e g el e

+lf*|ﬁ S el = 3l
12’72 ) 12’7 ) 2’7 2
|72

o - 1 -
wa il Sl e

127
+1“H”—1“IW}
2T S
(48)
holds for any o € (0,1] and y € [a;,a,].

Proof. Let h(x) = 1/x. Then Proposition 17 follows from
Theorem 7 and the convexity of the function h(x) on the
interval [a;,a,]. O

Proposition 18. Let a,,a, € R witha, < a, andr > 1. Then
the inequality

|A(af, ahsn® - at',a5 —n") - L, (a,0,)|
< r(n-a) (A, (« ))1 1/q
as —a¥

r— r— /
.{Az((x)|a1|( Dt Ay (o) [y Uq}lq] (49)

e I
2 %
) {Bz (@) |a2l(r—1)q 1 B, (a) |rl|(r71)q}1/q]

holds for all « € (0,1] and n € [ay,a,], where A;(a) and
B(«) (i = 1,2,3) are defined as in Theorem I1.

Proof. Let h(x) = x". Then Proposition 18 follows from Theo-
rem 11 and the convexity of i(x) on [a,, a,] immediately. [

Proposition 19. Let a;,a, € R* witha, < a, andr > 1. Then
the inequality

|A (al_l’ az_lma - aix’ “;x - ’la) - Lr(ot,—l) (al’az)'

) [

b T4
A4y (@ a7+ A5 (@) |’1|72q}1/q] (50)
+( -7) [(Bl( ))1 1/q

ay —ay
. {Bz (@) |a2|72q + B; («) |’1|72q}1/q]

holds for all « € (0,1] and n € [ay,a,], where A;(a) and
B;(«) (i = 1,2,3) are defined as in Theorem I1.



Journal of Function Spaces

Proof. Let h(x) = 1/x. Then the result follows easily from
Theorem 11 and the convexity of h(x) on the interval [a,,

a,). O

4. Conclusion

In the article, we establish an identity and several new
inequalities of Hermite-Hadamard type for conformable
fractional integrals by use of the convexity theory and Jesen’s
inequality, Holder inequality, and power mean inequality
and present their applications to special bivariate means. The
given Hermite-Hadamard type inequalities for conformable
fractional integrals are the generalizations of the correspond-
ing results established by Kavurmaci, Avci, and Ozdemir in
[2], and the idea may stimulate further research in the theory
of Hermite-Hadamard’s inequalities, conformable fractional
integrals, and generalized convex functions.
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