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1. Introduction. In this paper we continue the work, started in [2], on generaliza-
tions of the Greenberg-Rascle construction of spatially and temporally periodic solutions
to quasilinear wave equations. We consider the system of 1-D elasticity equations

u —v, =0 and v —ofu), =0, (WE1)

where o(u) is an odd function satisfying ¢'(u) > 0 and ¢"(u) > 0 for u > 0.
We let c(u) = \/o(u) denote the propagation speed and write (WE1) as

u —v, =0 and v, —c?(u)ug = 0. (WE2)

We are interested in propagation speeds, ¢, that satisfy

def

c(-u)=clu) >cy =c(0) >0 and (u)>c; >0, u>0, (1.1)

and, thus, have jump discontinuity in % at u = 0.

Following the famous papers of Lax [5] and MacCamy and Mizel [6], researchers have
collected a large body of evidence supporting the belief that solutions of systems of
conservation laws develop shocks.! This paper deals with shock-free solutions that have
a very remarkable property: they are spatially and temporally periodic!

The mathematical importance of having a periodic solution is amplified by the follow-
ing observation. Let (v,u) be a bounded, nonconstant periodic solution of (WE1) and
let

(0F,u) () ) = (v, ) <f f) : (1.2)
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!The Lax paper deals with genuinely nonlinear versions of (WE1) in which the condition o/ (u) > 0
is required for all u and, thus, o cannot be an odd function. MacCamy and Mizel, however, deal with
1-D elasticity equations that are not genuinely nonlinear and have an inflection point. Their analysis
admits odd functions o.
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Fic. 1

It is easy to show that all (v, u®) satisfy the same equation (WE1) and that they con-
stitute a bounded sequence without any strongly converging subsequences. This obser-
vation shows, in particular, that the regularity assumption ¢ € C? made in DiPerna's
compensated compactness result (see [3]) cannot be relaxed.

Greenberg and Rascle [1] were first to observe that for the special choice of sound
speed relation given by

(1.3)

coli®
(UU+—“>2, —U<USO,

o 0<u<U,
w-{75
Eqs. (WE2) admit spatially and temporally periodic solutions. A schematic representa-
tion of their solutions is shown in Figure 1.
The Greenberg-Rascle construction exploits the fact that the non-constant interaction
v = & and u = t could be matched to expanding and focusing simple waves that connect

constant states
(U7 U) = (07 U()), (07 —U'())7 (1)()7 0)~ (—v(h 0)7 (14)

where

)
vy = / c(s) ds. (1.5)
0

The Greenberg-Rascle solution is obtained by superposing odd and even reflections
of the same solution defined on the rectangle K, ;, (see Figs. 1, 2). The graph of the
solution inside K, ,, resembles a butterfly and for this reason the Greenberg-Rascle
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Fi1G. 2. Rectangle K, ¢,

solutions are sometimes referred to as the butterfly solutions. The solution consists of
constant states (1.4) on triangles E, S, W, and N, simple expanding waves in regions
D3 and Dy, and simple focusing waves in regions D; and Ds. In the diamond-shaped
interaction region Qr the solution is given by v = x and u = ¢, and along boundary curves
I'1,I2,I's, and I'y is matched to appropriate simple waves. The width and height of K, ;,
and amplitudes of the solution are characterized by four parameters (x;, t7, ug, vo) related
by (1.5) and

x; = coty + vy. (1.6)

The spatial period of their solution is 4x; and the temporal period is 4¢;.

The sequence (v¢,uf), obtained by applying dilatation (1.2) to the Greenberg-Rascle
solution provides important limitations to the conjecture of Serre [4]. Serre has con-
jectured that the Young Measure associated with the sequence of solutions to certain
systems of two conservation laws is a tensor product, v} , ® v¥,, in Riemann invariant
coordinates r, w. Explicit calculations show that (v, u®) produces a Young Measure that
is not a product measure. The same can be shown about solutions constructed in this
paper.

Greenberg and Peszek [2] allowed more complicated interactions than v = z and u = ¢.
They used a hodograph transformation inside the interaction region Qr and regarded x
and t as functions of v and u. They proved that for sufficiently small uy and for any
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sufficiently small W = {w;}2, € [ there exist a sound speed relation, ¢, and a one-to-

=1

one map (v,u) — (x,t) that defines a smooth solution in the interaction region satisfying

2n

(0,00 =0, t,(0,0)=g(v) 1+ 1222)' . (1.7)

n=1
The Greenberg-Peszek result shows that there are sound speed relations other than (1.3)
that admit spatially and temporally periodic solutions of Greenberg-Rascle type. How-
ever, no attempt was made to characterize the class of wave equations of the form (WEI)
that admit such solutions.
We note that the class of all admissible (WE1} is closed with respect to taking the
inverse of o. More precisely, if (v, u) is a shock-free solution of (WEL) then U(z,t) =
o(u(t,x)) and V(z,t) = v(t, z) satisfy

U =Ve=0, Vi—o '(U),=0.

This “nonlinear 90° rotation” of Greenberg-Rascle solutions produces a class of ¢’s that
are continuous, even, positive and satisfy de/du < 0 for v > 0. In this paper, however,
we restrict attention to sound speed functions that satisfy (1.1).

Our goal is to obtain some descriptions of the class of admissible ¢’s. The first result
reduces the problem of constructing shock-free spatially and temporally periodic solutions
to solving a linear, hyperbolic boundary value problem. We show that if p is defined by

([ o) - 285

and if the boundary value problem

tag — tee + 0@tz =0 inQ,, ={(wa):v>0,0<u<y -0},
t(v,0) =0, 0 <v <y,
t.(0,7) =0, 0 <7 <y,
t(vog —w,u) = t;(1 — e 5 My P dsy ) < g < vy
(1.8)
has a solution such that
ta > |t (1.9)

then (WE2) admits a Greenberg-Rascle type solution with parameters (xy,t;, u, Vo),
where z; = ¢(0)(t; + f(]v” tz(s,0)ds), ug is such that vy = f“““ c(s)ds, and vy and ¢; are
as in (1.8). The proof of this result utilizes ideas developed in [2]. We note that the
above linear problem is much more complicated than standard hyperbolic initial value
problems; in particular, it has a solution only for a certain class of functions p.

Our interest is in determining the class of functions p > 0 for which (1.8) has a solution
satisfying (1.9). We assume that p € C'(R,) is an arbitrarily given function and that
p > & > 0. Our basic observation is that, for small vy, the solution of (1.8) on the
characteristic triangle L, bounded by the lines @ = 0,27 = v, and © = vy — v, can be
uniquely determined from the data

tlvg — W) =t,(1 — ¢t 2l Py g < <y /2. (1.10)
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Thus, the initial data
tz(v,0) = g(v), 0<v <y (1.11)
is defined uniquely in terms of (1.10). We replace (1.8) with the initial value problem

tW - tvv + p(ﬂ)tﬂ =0 in Q++,

t(v,0) = 0<v<w
ot mst,  02usm 1)
t,(0,7) = 0, 0<u<ug
and ask whether (1.12) has a solution satisfying (1.9) and
tvo — W, m) =t/ (1 — e~ 2o Pds) /2 <7 < vy (1.13)

It turns out that in most cases such a solution does not exist; however, one can modify
p on the set (vy/2, 00) in such a way that p > 0 and (1.12) has a solution satisfying (1.9)
and (1.13). The modified p|[y,/2,v,] is determined uniquely in terms of its values on the
set [0,v9/2]. Summarizing, we show that any function pg € C*(R) satisfying pg > § > 0
can be modified in a unique way to a function p € C([0, vo]) satisfying p(u) = pg (@) for
u € [0,v9/2] and such that (1.8) has a solution satisfying (1.9).

Now, let us assume that c¢ is a given function satisfying (1.1), ¢; and vy are given
positive parameters, and v is sufficiently small. We let u; /o be such that

u
v _ / " cals) ds.
2 0
Our main result states that there exist positive parameters uy and zy, and a unique sound
speed function c satisfying c(u) = cg(u) for —uy/; < u < uy/p and such that (WE2)
admits a Greenberg-Rascle construction of spatially and temporally periodic solutions
with parameters (zy,t7, ug, o).

2. Reformulation of the problem. We assume that the propagation speed func-
tion ¢ satisfies (1.1) and is continuous and C! away from u = 0. In this section we state
and prove sufficient conditions for (WE2) to admit a Greenberg-Rascle type construction
of spatially and temporally periodic solutions.

We let I denote the primitive function of ¢,

M(u) & /u c(s)ds, u>0 (2.1)
and regard II as a new variable which Sve call @,
u=1I(u) = /u c(s)ds, u > 0. (2.2)
We note that II satisfies ’
ILI,1I" >0 for u> 0. (2.3)

We define a new function

o) =p ([ cts)as) = 5,

£l
S

v
e
o
N
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TU—v=uv 0 T+v=1vy, 0T < v

Q44

T+v=—v, —v<uUL0 T—v==—vy, =< <0

Fi1G. 3. Sets Q,Q+, Q++, and L

In this section we follow the ideas developed in [2]. The basic change from the previous
paper is the use of variables (@, v), which will prove more convenient in reformulating
the problem.

THEOREM 2.1. Consider the following boundary value problem (see Fig. 3):

tus — two + D(Wtz =0 inQyy={(v,u):v>0,0<T< vy — v},
t(v,0) =0, 0 < v < v,
£,(0,T) = 0, 0 <7<,

t(vo —u,u) =tr(1 — e_%foﬂp(s)ds), 0<u<w
(2.5)

and assume that p > 0 is continuous and that (2.5) has a solution ¢t € C! satisfying
tz > [ty]. (2.6)

Then (WE2) admits a Greenberg-Rascle type solution with parameters (zy,tr, uo,vo),
where

Vo
xz; = ¢(0) (t1 +/ tz(s,0) ds) , (2.7)
0
up is such that vg = Ouo c(s) ds, and vy and ¢; are as in (2.5).

Proof. To prove the theorem, we assume that t;,v are given, that t € C! satisfies
(2.5) and (2.6), and that z; and uo are as described in the theorem. Our goal is to
construct the interaction between expanding and focusing waves shown in Figure 2.
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Define the variable u by the identity (2.2), let

z(v, @) déf/ c(u)tz(s, u) ds, (2.8)
0
and extend variables x and ¢ on the whole closed square
Q={(v,8): —vo-v<u<L v —v,—vp <v <}

shown in Figure 3 by requiring that
(i) t{v, —u) = —t(v, ), t(—v,w) = t(v, ),
(i) z(v, —u) = z(v,7@), z(—v,°) = —z(v,°).
We note that « and ¢t satisfy

Z,(v,T) — c(u)tz(v,7) =0 and zz(v,T) — c(u)t,(v,7) =0 in (2.9)
and
tz > [ts| in Q. (2.10)
We have the following lemma.

LEMMA 2.1. Suppose (z,t) satisfy (2.9) for (v,@) € Q. If, in addition, ¢ satisfies (2.10)
then the map (v,u) — (z,t) is one-to-one on 2.

Proof of the lemma. Suppose the map is not one-to-one. Then there are points (v1,%;)
and (ve,Us) in Q with (vy,T;) # (ve,Ws) such that t(vy, @) = t(ve,Us) and z(v1,%U1) =
z(v2,T2). Since § is convex, the identity

1
0 =t(v1,u1) — t{ve,Ua) = (v1 — vg)/ ty(sv1 + (1 — s)vg, su1 + (1 — s)us) ds
0

) (2.11)
+ (T — ﬂg)/ tz(sv1 + (1 — 8)vg, sy + (1 — $)u2) ds,
0
obtained by integrating the derivative, implies that
El - EQ _ fO SUI + 1 - S)v2,su1 + (1 - S)U2) (2 12)
v — Vg fo (sv1 + (1 — s)va, sur + (1 — 8)Tp) ds ’ .
while
1
0=2x(v,u) — z(v2,U2) = (v1 — 1)2)/ Zy(sv1 + (1 — 8)ve, sy + (1 — 8)Ua) ds
0 (2.13)
. .
+ (@ — ﬂg)/ rg(sv1 + (1 — s)vg, sty + (1 — 8)Us) ds,
0
together with the fact that x satisfies (2.9), implies that
1
0 = z(ve, o) — x(v1,u1) = (v — Ug)/ ctz(svy + (1 — 8)ve, sT1 + (1 — 8)Us) ds
0 (2.14)

+ (my —ug)/ o(sv1 + (1 — s)vo, 811 + (1 — s)uz) ds
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and (2.14) in turn yields

v — V2 f()l cty(svr + (1 — s)va, sty + (1 — s)us) ds

= . (2.15)
U — U2 Jo cta(svr + (1 — s)vp, suy + (1 — s)uz) ds
The identity (2.12), together with (2.6), implies that
Mg, (2.16)
V1 — U2
while (2.15) and (2.6) imply that
ke (2.17)
Uy — Ug
and (2.16) and (2.17) provide the desired contradiction. O

We note that the condition (2.10) also implies that the Jacobian of (v,u) — (z,t)
is bounded away from zero on Q and, thus, the map (v,u) — (x,t) constitutes a C*
diffeomorphism.?

We write z and t in terms of variables (v, u), where u is defined by (2.2). The set ) is
now transformed onto a diamond-shaped set 1, in the (v, u)-plane, bounded by curves

v= / c(s) ds, 0 <u < ug, (2.18)
u o

v = —/ c(syds, 0<u < ug, (2.19)

v = —/ c(s)ds, —up<u<o, (2.20)

v= / c(s)ds, —uy <u<0. (2.21)

Finally, we use the inverse hodograph transformation and regard v and u as functions
of  and ¢. The set §2, is now transformed onto a new set which we call Qr. We use the
notation from Figure 2. Set Q1 is bounded by curves I'y, '3, '3, and I'y defined by

Iy : (z(vg — w,u), t{vo — u,w)), 0 <@ < v, (2.22)
Ty : (z(vo + T, 1), t(vo + 4, 7)), —vg <Tu<LO, (2.23)
Iy (x(~vo — %), t(-vo — W, u)), —v9<u<O, (2.24)
Ty (z(—vg +7,u),t(—vp + 74, u)), 0<LT< vy, (2.25)

and simple calculations show that v and u satisfy (WE2) on Qr.

As we will show, Qr is the region of interaction between forward and backward simple
waves shown in Figure 3.

The symmetries (i), (i) guarantee that the triangle

Q. =0n{(u,v):w>0,v>0}

is mapped onto Qr N {(z,t) : x > 0,t > 0}.
We observe that the solution (z,t) — (v,u) defined on Qr and satisfying (i) and (ii)
represents the interaction of forward and backward simple waves emanating from points

2The fact that the Jacobian is bounded away from zero follows from the compactness of Q2.
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(—x1,—t;) and (x5, —t;) and reconverging at points (—xy,t;) and (x;,t;) and bounded
by the constant states shown in Figure 2 if and only if the rays emanating from points
(x(vo — 4, 1), t(vo — @, u)) € 'y with speed c(u) pass through (xy,t;), that is, if

z(vg — W, ) — 1 _
= < < . 2-2
C(U) t('U() _ ﬂ,ﬂ) _ t[ s 0 SUS Y ( 6)
To show (2.26) we rewrite (2.5)4,
—é / p(s)ds = In(t; — t(vo — @, 7)) — In(ts), (2.27)
0

and differentiate (2.27) using the identity p(7) = z;((z)) to get

2c2 (u)(tg — t) (vo — T, W) = %(tl — t{vg — T, U)). (2.28)

Equations (2.9) yield
dt dz

/ F(=Y 2 Rt
¢ (w)(8(u) = tr) + c*(u) = = e, (2.29)

where ¢(%) = t(vo — u,u) and Z(u) = z(vp — U, u). Note that

Vo
7Z(0) = z(vp,0) = c(O)/ tz(s,0) ds
0
and that the condition (2.7) can be written as

Z(0) = z; — t;¢(0). (2.30)

We integrate (2.29) with respect to u and utilize (2.30) and the fact that £(0) = 0 and
du = cdu to obtain

(t(vo — @, @) — t1)c(u) = x(vo — w0, W) — 7. (2.31)

This proves (2.26) and show that, along the curve I';, the constructed functions {(u,v)
match a simple backward wave focusing at (z;,t;) and connecting constant states (vg, 0)

and (0, up).
We also note that, if (2.26) holds, then the fact that ¢(—u) = c(u) and the sym-
(z,t)er
metry conditions (i), (ii} guarantee that the rays emanating from ((x‘t)er) with slope
(I,t)€F4

—c(u) (—=zr.tr)

( c(u) ) pass through <(—z;,—t1) ) Thus, constructed interaction matches, along curves
—c(u) (zr,—t1)

I'5, T3 and Ty, appropriate simple waves defined on Ds, D3 and D, and connecting con-

stant states

(0,u0), (z,t) €N
_J0,~up), (z,t)€S

(v,v) (0,0), (2.0 ¢ E (2.32)
(_U070), (.’L‘,t) eEW

(see Fig. 3). This concludes our construction of (v, u) inside the rectangle K, .,.
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To construct spatially and temporally periodic solutions we superpose odd and even
reflections of the solution defined inside K, :, (as shown in Figure 1). The obtained
solution is spatially and temporally periodic with periods 4z; and 4t;.

3. Technical lemmas. Let L denote the characteristic triangle in the {v,%)-plane
bounded by the lines % = 0,7 = v and ¥ = vy — v (see Figure 3). Let v, h € C'([0,v0/2])
be such that A(0) = 0.

We prove the following.

LEMMA 3.1. Assume v§||y|/=[0,u0/2] < 16. The boundary value problem
foz — too +Y(@E=0 in L,
(v,0) =0 for 0 < v < vy, (3.1)
t(vo -4, @) = h(@)  for 0 <@< vy/2

()

has a unique weak solution ¢ € C*(L).

Proof. For convenience, we transform the problem to diagonal (£, n)-coordinates de-
fined by

¢= (32)

and let

melp Ho=n(5 )

Note that £ satisfies (3.1) if and only if

item) = hie)~him+ [ [1ie (33)
The reader is advised to consult Figure 4.
We let
. . 1 7o n _
T ) = A~k + 5 [ [ EmdEan (3.4)
n

and our goal is to find £ such that T(f) = ¢
We note that for any #; and ¢, € C(L)

. 70
@@ -1@en=g| [ [ 20k Een| < Il Bl ~ falia
(35

and, thus, T is a contraction on C(L). Let ¢ be the unique fixed point of T : T(f) =
From the definition of T, ¢ satisfies (3.3). The fact that ¢ € C*(L) follows immediately
from (3.3). d

LEMMA 3.2. Assume
Ilvlle[o,vo/zle <8 (3.6)
and that h € C?([0,v0/2]) satisfies h, b’ > 0.
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(&, 770) (777 o)

To

(¢,m) (m,m)

Fi1G. 4

Then the solution #, constructed in the previous lemma, satisfies #z(-,0) € C! and

1€l Lo L) < voll ] Loo (0,00 /2] (3.7)

tz(v,0) > min_B'(s) = vVl Lo (0,002 17 Il Lo (0,00 /2] (3.8)
86[0,‘00/2]

ta(v,0) < [ ll Loo(0,00/2) (1 + V3 Y]l Lo (0,00 /2)) (3.9)

. A"l Loot0,00/2) | w
o (v,0)] < =222 4 SRR | e 0,0 /21 (17 = 0,002
) (3.10)
v
+ 70H’Y||%oo[o,vo/2] + v0l1Y' | Lo (0,002} )-
Proof. Again, it is more convenient to work in (£,7) coordinates. We observe that
h(¢) — h(n) < mollh'||o and apply identity (3.3) to obtain

2 2
~ ~ ! « Vo Y ~
18l zoozy < mollA'lloo + §0||7”oo||t”L°°(L) < S W L io,we2 + %Ilvlloolltlle(L)-

(3.11)
Inequalities (3.11) and (3.6) yield (3.7).
Differentiating (3.3) and using 5 = \%(tn — t¢) gives
o . 1 5, LI
Flem=G) = 7 —2R'(s) + i (vt)(s,r)dr (3.12)

which, in turn, implies (3.8), (3.9) and the fact that fz(-,0) € C.
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Inequality (3.10) is obtained by differentiating the identity (3.12) in the v direction

o . 1 - oo
%tkg’n):(s’s) = 5 [—Qh (3) ‘*‘/s ('Yt)E(S,T) d7':|

O

and using the fact that f¢(s,7) = #'(s) + & [ (vE)(s,7) dF.
Let Q, be the characteristic triangle bounded by the lines & = 0,u + v = vg, and

7 — v = vp (see Fig. 3). Consider the following initial value problem

tum — too +P(U)tz = Q(v,u) in Oy,
t(v,O) = 09 —Vo <v< Vo, (313)
tu(v,0) = g(v), —vg < v < v,

where Q € L>(Q24), p € C([0,vy]) is nonnegative, and g € C([—wvo, vo))-

LEMMA 3.3. The solution of (3.13) satisfies
Itz (-, )| < o Ple)de (||g||L°<’([—v0,v0]) +/0 e Jo P Q(, 5)| oo dS) - (3.14)

Proof. We differentiate the identity
1 v+ 1 U v+8
t(v, W) = = / g(s)ds+ = / / Q(r,u—s) — ptg(r,u — s)drds (3.15)
2 v—u 2 0 V-8
to obtain
tz(v, %) = 3(9(v +7) + g(v — W)
1 /" _ _
+§/0 (Q(v—u+s,s)+Q(v+u—s,s) (3.16)
— ptg{v —T+s,s) —ptg(v+T — s,s)> ds
and
ltz(-, D)oo < gl ((—v,001) +/ 1QC $)llse + p(s)lta(:, 5)|loo ds- (3.17)
0
The generalized Gronwall inequality yields (3.14). O
COROLLARY 3.1. Assume that t satisfies (3.13) and that @ = 0. Then
[ O e [ e (3.18)
o (-, @)oo < Tl P 16" poc ([0, (3.19)
and
[t (-, W) < (1 +/ p(s)els P(7) d’ds) 19/ lloo + €/ P4l g] . (3.20)
0
If, in addition, & = min, g(v) satisfies
(3.21)

- U()”p”L%([O.vo])evoHp“Lw([O'UOD ||g||L:x:([_vO'v0]) >0,
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then
lta(s Wlloo < HlgllLoo((—vo,v0])s (3.22)
(s Do < TGl Loo (= vo,000)> (3.23)
and
min o0 > 4= loloe(omeny [ PS)ds. (3.24)
vE(—vo+T,v0—T) 0

Proof. Inequalities (3.19) and (3.18) are a direct consequence of (3.14) once the initial
data g in (3.13)3 is replaced by ¢'. We calculate tz from (3.16),
tuw(v,1) = 5(¢' (v +7T) = ¢'(v — ¥)) — p(@)tz(v,T)
1 U
+ 3 / p(s)(ta(v —T+s,8) — tgu(v+T — s5,9)) ds,
0

and use (3.18) and (3.14) to obtain (3.20). Inequality (3.23) follows immediately from
(3.22). To prove the remaining inequalities we observe that (3.16) implies

(3.25)

1 U
min tz(v,7) > ~3 / pta(v — U+ s,8) + ptz(v+T — s,8))ds
v 0

v 3.26
> p— /0 pefo p”g”Lw([—vo,vo]) ds ( )
> p = vollpll e 10,00)) €171 000D [|g]| Low (v, )

and that the condition (3.21) implies that tz > 0 on . This together with (3.16) and
the fact that p > 0 give (3.22). Finally, the first inequality in (3.26) together with (3.22)
yield (3.24). d

COROLLARY 3.2. If p € C([0,v]), @ = 0, and g € C([—vo,v0]), then the solution ¢ of
(3.13) satisfies t € C1(Q24).
If, in addition, g satisfies

lg'(v)] < Const a.e.
then tz and ¢, are Lipschitz continuous on 2, .

Proof. Inequality (3.14) can be used to show that t;z € C(24). This and the identity
(3.15) imply that ¢, € C(Q4). The Lipschitz continuity of the derivatives follows from
(3.18), (3.20), and (3.14). O

4. The main result. Assume we are given positive parameters vy and t; and a
function pg € C?(R,) satisfying

pc > 6> 0. (4.1)
Let g > 0 be an arbitrary constant and define
__ def . —
1(@) = 3@ ~ 3 (w). (4.2)

Our concern is in verifying whether the boundary value problem (2.5) admits a solution
satisfying (2.6). We will prove the following.
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THEOREM 4.1. There exists a constant
e = e(llpclle©,r0)s 1PG N Loo10,ro]> 1PE N Loo[0,m0)5 6, E1) < 270

such that if vg < €, then there exists a unique Lipschitz continuous function py satisfying
pn (@) = pe(@) for @ € [0,vp/2] and such that

tagg — tow TN (Wtz =0 in Q4 ={(v,¥):v>0,0<u<L Y —v}
t('U,O)=O, 0 <v <,
t,(0,7) =0, 0 <1 < vy,
t(vo — B, ) = t;(1—e 2o Pv(ds) 0 <g<y,
(4.3)
has a solution t € C! satisfying
tz > |tu]. (4.4)

REMARKS. We explain the meaning of the word “unique” used in the above theorem.
As will become clear in the proof, if p € C([0, vg]) is such that p|(,.,/2] = Pcljo,ue/2) 2nd
if there exists v9/2 < v < vy for which p(v) # pn(v), then (2.5) has NO SOLUTIONS.

We note that, if B is a bounded subset of C2([0,v0/2]) satisfying

B {pe C*[0,u/2]) : p 2 6 > 0}

and if vy is sufficiently small, then Theorem 4.1 defines a map pGlpv,/2) € B —
PN [wo/2,00] € C([v0/2,v0]). It can be shown using estimates similar to those developed in
the last section that, for small vy, the map pglio,vo/2) € B = PNljwo/2,00) € C([v0/2,v0})
is continuous (see how py is constructed in the proof of Theorem 4.1).

We delay the proof of the theorem to explicitly list the smallness conditions on vy. To
simplify our notation we define

t; L _
PO = 5”pG||L°°[O,vO/2]e4 ollpclic [0,vg/2] (1 + U(2)||’Y|IL°°[O,U0/2]), (45)
tr 1 - o
Pl = —e4’U0||PG”L [0,vg/2] {H’YHLOO[O,Uo/Q] + _4—”pG“LOO[OYvO/Q](|]7]|Loo[0w0/2]
2 (4.6)
v§ ,
+E”'VHL‘”[O,vo/?] + volly ||L°°[0,vo/2])} ,
AT Yuollpcllzo 0.v0/2
K = (6 = w17l (0.0 /2)IPG || Lo 0,00 /2067 0v0/2]), 4.7

2
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Following are the sufficient conditions on the parameters t; and vy to construct a
Greenberg-Rascle type solution:

7]l Lo 0,00 /2175 < 8, (4.8)
’l)()PO > t1/2, (49)
vo Py B/t < By, (4.10)
K > 8ugPgebvoto/t gy, (4.11)
8
K > Vo (PO + exp(8v0P0/t1) ) (412)
A = vgts {Po + vo P + 1)0 (PO + PP, eSvoPo/tj)} g8voFo/ts <1. (4.13)

Proof of Theorem 4.1. Our goal is to construct functions py and t that satisfy (4.3),
(4.4) and such that py(7) = pe(T) for T € [0,v9/2]. First we construct solution ¢ in the
characteristic triangle, L, bounded by the lines 4 = 0,% = v, and u = vy — v. Define

h(@) = ty(e2 JoPo(ds 1y 0 <7< w2, (4.14)
and let v be such as in (4.2). We note that ¢ is a solution of (4.3); 2 4 on L if and only if
§9f 4ok o pa(s)ds (4.15)
satisfies
w2 — tow +Y(@WEt=0 in L,
t(v,0) = 0, 0<v <y, (4.16)
(

t(vo — @, @) = h(w), 0<u< v.

Lemma 3.1 together with assumption (4.8) yield the existence of solution f to (4.16) in
L. Thus, (4.3)124 has a unique solution ¢ defined on L by (4.15).
To construct the solution t of (4.3) in the whole region 2, we define

tz(v,0) = tz(v,0), ifv>0,
g(v) = . A

2(=v,0) = tz(-,0), ifv <0. (417)

Function g is Lipschitz continuous on [~vg, vp] and C! away from v = 0. Lemma 3.2 and
(4.8) imply that g satisfies the following conditions:

t
p=_min g(v)> -

—(6— oo 0o 4U0||pG”L°°[0v /2] 4.1
el o) 5 ( U511 oo 0,00 /21 1PG 1| oo 0,0 /21 0/2),  (4.18)

tr 1 -
g1l Lo (=vo/2,00/2] < 5 1PG I Lo0 (0,002 0 IPENE=10 00721 (1 4 0 ||y]| oo 2))s  (4:19)

t; 1 o 2
19'l| Lo = vos2,00/2) S €3 NPENL= 000121 ||| oo 0,0 s21 + — PG| Lo 0,00 /2
2 4 (4.20)

2
Y
X (H’Y“Lw[o,vom] + ?O,|’7“L°°[O,vo/2] + vO”')’,”L'\[O,voﬂ])}'
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These conditions can be simplified using (4.5)—(4.7),
= min v) > K, 4.21
UQG[O,UO/Q]g ) - ( )
91l Lo —vo/2:00/2) < Pos (4.22)
I|gI|lL°°[—vo/2,v0/2] < Py (4.23)
We write (4.3) in the following form:
tam — too + PN (Wtz =0 in Q. ={(v,m) :v>0,0<7 < v — v}
t(v,0) =0, 0 < v <y,
t,(0,7) = 0, 0< < v,
pn (@) = 2[(tz — to)(tr — )" J(vo — T w), 0<u < v
(4.24)
Let t97 € C'(2,;) denote the solution® to the following initial value problem:
Zrtop — 2gop 4 p(m) 249 =0 in QO
tgp(v90) = 07 —o S v S Vo, (425)

297 (v,0) = g(v), —vg < v < v,

where p is a given continuous, nonnegative function, g is as in (4.17), and €, is the
characteristic triangle bounded by lines uw = 0,% + v = vy, and  — v = vy (see Fig. 3).
We observe that (4.17) implies

8
5o P(0, W) =0, 0<m< . (4.26)

We define the mapping S,

2

8, (p)(@) = 238170 Z BT ~ 5% ~TT)
L (0)(@) =

t; — t9P(vo — U, W)
and observe that if p; is a fixed-point of Sy (i.e., if S¢(py) = py) then t9/ satisfies (4.24).

Our goal is to show that S, has a fixed-point py such that p; = pg on [0,v0/2].
Let

, (4.27)

Dy = {p € C([0,%)]) : p=pc on [0,v9/2] and 0 < p < M}, (4.28)
where
M =8Py /t;

and note that Dy is a convex, closed subspace of C([0,vp]). We will show that S, :
Dyr — Dy and that S is a contraction on Djy.
Let p € Dyy; the identities

Sq(p)(@) = pa(w) for @ e [0,v0/2]
and
t% =t onlL

follow directly from the definition of g.

3See Corollary 3.2.
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Condition (4.11) implies that the assumption (3.21) of Corollary 3.1 is satisfied for
P € By and g defined in (4.17). We need to show that 0 < S,(p) < M. To show the
second inequality we apply Corollary 3.1 and use the assumption (4.9) which, together
with (3.23), implies that 97 < 4, t1—1 < 2 and

9P — iy

2197 (vo — U, W) — 2P (vp — T, W) i

voM 4.29
b= (v — T,T) (”g”oo+voe lg'llc).  (4.29)

Sg(p) =2

(‘F

Inequalities (4.29), (4.22), (4.23), and (4.10) imply that Sy(p) < ¢ 2 (llglloe + Po) < M.

The inequality Sq(p) > 0 follows from the fact that %tgp > | avtgp | which will also
imply the bijectivity condition (4.4). To see that, we apply Corollary 3.1, (4.21)—(4.23),
and (4.12) to obtain

3] 8
9P >y — M>K—-vg—P?
Fol 2 H vollgllee M > vo3-Fo (4.30)

> vg exp(8voPo/t1) Pr > vo€™M [|g'l| Loo (1=vp.w0]) = [t (5 B)].

We still need to show that S, is a contraction on Dj;. To do that let py,p; € Dy and
t! = t9P1 ¢2 = 972 and define w = ¢! — t2. We note that w satisfies

Wz — Wyy + P1(Wwg = (p2 —p1)t3 in Oy, (4.31)
wg(v,0) = w(v,0) =0, -y < v < . .
Applying Lemma 3.3 and Corollary 3.1 gives
T .
ozl < 11 = P2l ov(0,001 191222 (1=s0 0 /0 el ) (432)
< v Ppe®Fo/tr||p; — P2/l o0 [0,v0)
lwlloo < v5Poe® 7/  ||py — pal| 1 [0,00] (4.33)
and
[wolleo < Ug||9/”ooeM”p1 -2l < USPIESUOPO/UHPI - p2“L°°[0,vo]' (4.34)

Assumption (4.13) yields

S1(Su(m1) = S4(p2))| =

th—tl 1242 _
- Vo — U, U
(t,—tl b ) 0BT

) K% Flteo ) ((tz —tl;lzt, - t2)>> (vo - %)

2
< 5 (Jwal + |wol) + ZI(It2|+It )|l

< Uo{Po +vo Py + Uo (Po + Py Pyefrofo/tiyy 21 eBvolo/tr|p, — P21l 2o0(0,v0)

<3 ||P1 — p2(l L (0,v0]
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and, thus, S, is a contraction as stated. We have constructed functions py def ps and

t L gops satisfying (4.3). Estimates (4.30) show that ¢ satisfies (4.4). We note that
(4.27) and Corollary 3.2 imply that py is Lipschitz continuous.

To prove that function py is determined uniquely we let p; and #; satisfy (4.3) and
(4.4), and let p1(T) = pe(@) for @ € [0,v9/2]. We note that ¢; has to satisfy (4.16) on L
and, thus, t; = 9. We also note that Corollary 3.1 and conditions (4.8)-(4.12) imply
that p; € Ba.* Thus, p; € By is a fixed point of Sg. Since S, is a contraction on By,
we conclude that p; = py. This observation ends the proof of Theorem 4.1. O

Now we return our attention to elasticity equations (WE2). Assume we have a given
cg € C(R) N C3(R,) satisfying

ca(—u) =cg(u) > cgo e cg(0) >0 and cg(u) >0, u>0 (4.35)

and let I15 denote the primitive function of cg,
Hg{u) def /Ou cg(s) ds, u > 0. (4.36)
Function Il satisfies
Og, g, 1% >0 for u> 0. (4.37)
We assume that ¢, vo, and u,;/5 are positive parameters related by
g (uy/2) = vo/2. (4.38)

The following is an immediate consequence of Theorems 2.1 and 4.1 and is the main
result of this paper.

THEOREM 4.2. Assume that vy is sufficiently small. There exist x; > 0 and a unique
function cy € C(R) N C*(R,) satisfying (1.1) and

CN(U) = CG(U’) fOI‘ u € [_u1/27u1/2]>
and such that
ur—vy, =0 and v, -— c?\,(u)uﬁz =0 (WE)

admit a Greenberg-Rascle type solution with parameters (z,ts, ug, vg), where ug is such
that vo = [, cn(s)ds.

Proof. Let pg be such that

polllo) © 20 (4.39)
Equation (4.39) is equivalent to
¢ (u) = pe(Ha(u)) (Mg (u)?. (4.40)

4To prove that p; € Bps one needs to repeat estimates (4.29) and (4.30).
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Theorem 4.1 implies that there exists a Lipschitz continuous function p = py satisfying
pn (@) = pg(@) for T € [0,v9/2], and such that (2.5) admits a solution satisfying (2.6).
Theorem 2.1, in turn, shows that if ¢ = ¢y is such that

o ([ i) = 565

then (WE2) admits a Greenberg-Rascle construction of spatially and temporally periodic
solutions. We define

en(u) =1y (u), u>0 and cn(u)=My(-u), <0
where Il is the solution of the following ODE:

IT% (u) = piv (IIn () (I (u))?,
N (0) =0, (4.41)

We show that if t—SI-P()CG(O)Uo < 1, then (4.41) has a unique solution defined on [0, vg).
This follows from standard results on local existence and uniqueness of ODEs, and from
the fact that

0 < TI7% (u) < [Iplloo (Ty ())?

implies the uniform bound on I}y,

L cg(0) cc(0)
0sen(u) =Iyu) < 7= v S 17 # Poca(0)vo

for 0 < u < vg. Function IIy satisfies
Iy, Iy, Oy >0 foru>0. (4.42)

We observe that IIxy = Ilg as long as IIg < vp/2. Inequalities (4.37) and (4.42) show
that IIy =Ilg for 0 < uw < uy /9 and, thus, that cny(u) = cg(u) for —uy/, Su < uyp. O

We conclude this paper with the following remark. All admissible sound speed re-
lations ¢y constructed in the above theorem satisfy cy € C(R) N CY(R,). One can
construct (nonuniquely) more regular cy € C(R)NC™(R,), 1 < m < oo. We note that
the basic obstacle in improving on regularity of cy (away from u = 0) is the fact that
the function g constructed in (4.17) has, in general, a singularity in the first derivative
at v = 0. One can bypass this problem by redefining g smooth for —¢; < v < £; and
repeating our construction. This procedure yields smoother cy satisfying ey (u) = ¢g(u)
on a smaller set u € [~u;/p —€2,u)/2 +€2], where & is such that IIg(u; /2 —€2) = 2 —e.
We note, however, that ¢y is no longer uniquely defined in terms of cglou, -
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