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Generalized augmented matrix preconditioning 
approach and its application to iterative solution of 

ill-conditioned algebraic systems *

A le x a n d e r  P ad iy *  O w e A xelsson*  B e n  P o lm an *

A b s tra c t

T h e  p resen t w ork is d ev o te d  to  a  c la ss  o f  p reco n d itio n ers  b a sed  on  th e  a u g m en te d  
m a tr ix  ap proa ch  co n sid ered  ear lier b y  tw o  o f  th e  p resen t a u th o rs . I t  p resen ts  so m e g en er 

a liz a tio n s  o f  th e  su b sp a ce -co rr ec tio n  sch em es s tu d ie d  earlier an d  g iv es  a  b r ie f co m p a r iso n  
o f  th e  d ev e lo p ed  te ch n iq u e  w ith  a  so m e w h a t sim ilar  “d e fla tio n ” a lg o r ith m .

T h e  d ev e lo p ed  p reco n d itio n ers  are a b le to  im p ro ve  s ig n ific a n tly  an  eig en v a lu e  d is 

tr ib u tio n  o f  cer ta in  sev e re ly  ill-co n d itio n ed  a lg eb ra ic  s y s te m s  b y  u s in g  p ro p er ly  ch osen  
p ro je c tio n  m a tr ice s , w h ich  cor rect th e  lo w -freq u en cy  c o m p o n e n ts  in th e  sp ectru m . O ne  
o f  th e  m ain  a d v a n ta g es  o f  th e  p ro p o sed  ap proach  is th e  p o ss ib ility  to  u se  in e x a c t  so lv ers  
w ith in  th e  p ro je c to rs . A n o th er  a t tr a c t iv e  fe a tu re  o f  th e  d ev e lo p ed  m e th o d  is th a t  it 
can  b e  e a s ily  co m b in ed  w ith  o th er  p reco n d itio n ers , for in s ta n c e  th o s e  w h ich  cor rect th e  
h igh -freq u en cy  e ig en m o d es .

K E Y  W O R D S  ite ra tiv e  solvers, p recond ition ing , subspace  co rrec tion

1 I n t r o d u c t io n

In  m any  p rob lem s th e  convergence of ite ra tiv e  schem es can  b e  sign ifican tly  slowed dow n by 

a  p resence of several very sm all eigenvalues in  th e  sp e c tru m  of th e  a lgebraic  sy stem  to  be 

solved. T h is  occurs, for exam ple, w hen  th e  con ju g a te  g rad ien t (C G ) m eth o d  is ap p lied  to  

a lgebraic  p rob lem s aris in g  from  d isc re tiza tio n  of second o rd er e llip tic  p rob lem s, especially  in 

th e  case o f s tro n g ly  d iscon tinuous a n d /o r  an iso tro p ic  p rob lem  coefficients.

O ne o f th e  ways to  im prove th e  convergence r a te  of th e  C G  m eth o d  is to  “defla te” ce rta in  

com ponen ts of th e  resid u a l by  using  th e  p ro je c to r

B  =  I  ^ V { V T  A V ) - l V T  A

as a  (righ t) p recond itioner, see e.g. [12]. H ere A  is th e  o rig inal sy stem  m a tr ix  a n d  V  is a  
re c tan g u la r  m a tr ix  c o n s tru c te d  in  such  a  way th a t  th e  R ayleigh  q u o tien t (x T x ) / ( x T A _ 1x)

*T his w ork w as p a r tly  su p p o rted  by th e  N W O  D u tch -R u ss ian  co llaborative research  p ro g ram  0 4 7 .0 0 3 .0 1 7  

t I n s t i t u t e  of N um erical M athem atic s , 8 G u b k in a  S tr ., G S P -1 , 1 1 7 3 3 3  Moscow, R u ssia  a n d  D e p a rtm en t of 
M athem atic s , U niversity  of N ijm egen, Toernooiveld  1, 6525 ED  N ijm egen, T h e  N ethe rland s

* D ep a rtm e n t of M athem atics , U niversity  of N ijm egen, Toernooiveld  1, 6525 ED  N ijm egen, T h e  N ethe rland s
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does no t tak e  ex trem ely  sm a ll/la rg e  values on  th e  subspace  o rth o g o n a l to  th e  im age o f V .  

N ote, th a t  a  p ro je c to r  o f a  sim ilar s tru c tu re  a p p e a rs  also in  th e  m u ltig rid  se ttin g . I f  V  is chosen 

to  b e  a  coarse-to-fine p ro lo n g a tio n  o p e ra to r  th e n  B  is n o rm ally  referred  to  as a  coarse-grid  

correction operator  (an  overview of th e  m u ltig rid  fram ew ork  can  b e  found  in  e.g. [8], [16], [17]).

A nice fea tu re  o f th e  a lg o rith m  is th a t  th e  convergence ra te  o f th e  “defla ted” p recond i 

t io n ed  co n ju g a te  (P C G ) m eth o d  depends on th e  ra tio  k ,

a" n r n r

~ _  Amax ~ x 1 x  ~ x 1 x
K — ~ , ■''Vnax — S l i p  n r a—i ’ -^min —~ i /vm a x  -  T a _1 ’ ' vm m  —  T a — î

A m i n  x l I m V ' x  A  X  x i l m l  X  A X

r a th e r  th a n  on  th e  co n d itio n  n u m b er n.

. .  V a x  ,  ^ X r l x  , .. , . x r .l
K  —  ,  ' ' m a x  —  S U p  r p  ,  ' > m i n  —

X
x ; ' ' m a x  —  ou -j j  rp , ' > m m  —  rp

A m i n  X  X J  X

Since Amax <  Amax, Am;n >  Am;n, th e  convergence ra te  o f th e  “d efla ted ” P C G  m eth o d  is 

alw ays b e tte r  th a n  th e  convergence ra te  o f th e  u n p reco n d itio n ed  one. As was show n in  [12] 

for a  class of second o rd er e llip tic  p rob lem s w ith  sm o o th  iso trop ic  coefficients, th e  d im ension  

o f th e  low -frequency e igencluster is no rm ally  re la tive ly  sm all and , therefo re , th e  n u m b er of 

co lum ns in  V  can  also be  chosen sm all as com pared  to  th e  d im ension  o f A .  T h is  m akes 

efficient im p lem en ta tio n s of th e  “defla tion” p ro ced u re  possib le, see [10, 11, 12]. However, 

th e  a lg o rith m  requ ires th e  system  w ith  th e  m a tr ix  A y  =  V T A V  to  b e  solved exactly  on  

every ite ra tio n  of th e  P C G  m ethod ; if th e  ac tio n  of A y 1 is c o m p u ted  in accu ra te ly  th e n  th e  

convergence of th e  ite ra tiv e  schem e can  b e  slow or even d ivergence can  occur. T h is  is a  

d raw back  of th e  “d efla tion” p ro ced u re  since th e  c o m p u ta tio n  of A y 1 can  b e  costly  if its 

d im ension  is n o t sm all; th e  system  w ith  A y  c an  b e  efficiently solved only  if it has a  sim ple 

sp a rs ity  s tru c tu re  (p referab ly  b lock-d iagonal) and , th u s , th e  choice of V  is severely  res tric ted .
Follow ing th e  idea  suggested  in  [2], b u t  s tro n g ly  ex ten d in g  a n d  im prov ing  th a t  m eth o d , in 

th e  p resen t p a p e r  we consider a n  a lte rn a tiv e  ap p ro ach  to  tack le  th e  low -frequency eigenm odes. 

In s te a d  o f “d efla ting” th e  sm all eigenvalues we p ropose  to  “m ove” th e m  to  th e  v ic in ity  of th e  

largest eigenvalue by using  a  p reco n d itio n er B  in  th e  form

B  1 +  c r V B y 1V T ,

w here B y  is a n  easily  invertib le  ap p ro x im atio n  of A y ;  we also refer to  [9], w here a  som ew hat 
s im ilar a lg o rith m  was s tu d ied .

O ne o f th e  m ain  advan tages of th e  p roposed  a lg o rith m  is th e  p o ssib ility  to  avoid exact 

solv ing o f system s w ith  A y .  T h is  relaxes th e  re s tric tio n s  posed  on  th e  choice o f V  a n d  often  

leads to  m ore efficient im p lem en ta tio n s of th e  solver. M oreover, th e  a lg o rith m  involves no 
e x tra  m u ltip lica tio n  w ith  th e  sy stem  m a tr ix  A  (as req u ired  in  th e  “d efla tion” m eth o d ) an d  

can  b e  easily  com bined  w ith  a n o th e r  p reco n d itio n er M  w hich  b o u n d s  th e  largest eigenvalues:

B  =  M  1 +  a V B y l V T .

T h e  developed a lg o rith m  belongs to  th e  ad d itiv e  Schw arz fram ew ork. W h en  app lied  

recursively  w ith  p a rtic u la r  choices of M , V  a n d  B y  it leads to  a  n u m b er o f know n m ethods 

such  as I-A M LI [1, 3], B P X  [4] or M DS [20]. T h is  issue is ad d ressed  in  Sections 3 a n d  4.

We w ill first in tro d u ce  th e  m eth o d  as a  genera liza tio n  o f th e  au g m en ted  m a tr ix  p recon 

d itio n in g  ap p ro ach  [2] a n d  th e n  d iscuss its  ap p lic a tio n  to  th e  p rob lem s aris in g  from  finite- 

e lem ent d isc re tiza tio n  o f second o rd er e llip tic  eq u a tio n s w ith  h igh ly  d iscon tinuous a n d /o r  

an iso tro p ic  coefficients.
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2 T h e  a u g m e n te d  m a tr ix  p re c o n d itio n in g  a p p ro a c h

Let th e  m atrices  A  a n d  V  b e  o f o rd er n x n  a n d  n x m  respectively. A ssum e th a t  ra n k  V  =  m .  

C onsider th e  au g m en ted  m a tr ix

[ - V T A  V T A V  \  [ ^ V T  I m \  [ 0 0 J [ 0 I m \

of o rd er ( n + m )  x  (n + m ).

T h e o r e m  2 .1  [2] Th e  fo llow in g  re la tions between the e igenvalues o f  A  and  A  hold.

a) A  has a t  least m  zero e igenvalues. Th e  rest o f  the  spectrum, o f  A  co incides with the  

spectru m  o f  (I  +  V V T )A .

b) I f  A  is s y m m e tr ic  pos itive  defin ite  th en  f o r  every  e igenvalue  A j o f  A  there exis ts  an  

eigenvalue  A j o f  A  such  th a t  A j >  A

c) I f  A  is no n s in g u la r  a n d  s y m m e tr ic  and  V  is cons tructed  as V  =  [ « i v i , . . . ,  a m v m ], 

where  Vj are the  norm al ize d  e igenvectors  o f  A  corresponding  to  A*, * =  1 , . . . ,  m ,  then  

the  nonzero  e igenvalues o f  A  are the  fo llow ing:

X, =
(1 +  o f  )Aj, * =  1 , • • •, m ,

A,: i =  m 1, . . .  , n.

P ro o f  I t  follows from  (1) th a t  A  is s im ila r to

1 1

In 0 ' A 0 '

. 0 I m _ - v T I-m 0 0

( In + V V T ) A  0 

^ V t A  0

T h is  show s p a r t  a). T h e  eigenvalues of ( I n +  V V T ) A  a re  equal to  those  o f A  +  A-2V V T A -2 

so p a r t  b) follows from  x 1 A x  +  ( V T A? x ) T ( V T A?  x ) >  x 1 A x  for any  x .  P a r t  c) im m ed ia te ly  

follows from  th e  th e  o rth o n o rm a lity  of th e  eigenvectors v* of A, * =  1, . . . ,  n .  □

A ssum e th a t  A  is s .p .d . w ith  a n  o rdered  se t o f eigenvalues {Aj}”=1, Ai <

In  th is  case th e  above th eo rem  im plies th a t  in  o rd er to  im prove th e  co n d itio n  n u m b er o f A  

one can  define th e  m a tr ix  V  by  using  th e  eigenvectors v*, * =  1 , . . . ,  m  of A .  If  th e  scaling  

facto rs a i  a re  chosen as a* =  \ /A „ /A  * — 1 or a* =  \/A „ /A  th e n  th e  sm allest eigenvalues A * 

o f A  a re  “m oved” to  A* =  Xn =  Amax o r to  A* =  Xn +  Xjt <  2Amax, respectively. As was p o in ted  

o u t in  [2], in stead  o f using  th e  m a tr ix  A  in  th e  ite ra tiv e  schem e one can  a lte rn a tiv e ly  use th e  

m a tr ix  ( I  +  V V T ) A , i.e. one can  use I  +  V V T  as a  p reco n d itio n e r to  A .  T h e  p reco n d itio n er 

can  also b e  w r itte n  in  th e  form  I  +  V D ^ l V T  w here D  =  d ia g (a ? )  a n d  V  =  [ v i , . . . ,  v m].

T h e re  a re  two p rob lem s asso c ia ted  w ith  th e  p rac tic a l im p lem en ta tio n  o f th is  m ethod , 

nam ely, in general th e  eigenvectors v* a re  no t know n a n d  likewise th e  scaling  fac to rs a* 

are  no t know n. To h an d le  th is  we consider th e  case w hen  v* a re  only  assum ed  to  be  linearly  

in d ep en d en t vectors sp an n in g  a  p ro p e r subspace  a n d  in tro d u ce  a  m ore general scaling  m atrix . 

M oreover, as it tu rn s  ou t, it is th e  subspace  sp an n ed  by {vi}™ w hich m a tte rs  a n d  n o t th e  

p a rtic u la r  basis vectors used. F u r th e r  we s tu d y  a  p reco n d itio n er in  a  m ore general form  

I  +  V D ^ l V T\  w here th e  m a tr ix  D  is no longer assum ed  to  be  d iagonal.
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p  =  A W { V t  A V ) - 1V t  A h

is an  orthogonal projection , i.e. P 2 =  P .  Therefore, 0 an d  1 are the  only  e igenvalues o f  P .  

P ro o f  P 2 =  A l2V { V T A V ) - l V T A V { V T A V ) - l V T A li =  A ] V ( V r A V )  1 V' 7 , t 1 =  P .  □

L e m m a  2. 2  [13] (M o n o to n ic i ty ) .  L e t  A  a n d  A  be s y m m e tr ic  pos itive  de fin ite  m a tr ices  o f  

order n x n  a n d  let V^ be rectangular m a tr ices  o f  order n x m ^ ,  k  =  1, 2 such  th a t  ra n k  14  =  m  

k  =  1 ,2 . I f  I m V i  C I m V 2 th en  f o r  a l i i ,  1 < i < n  the  fo llow in g  inequality  holds

A*( ( /  +  F2( V f A  V2) - l V ? ) A )  > Xt ( ( /  +  V i(V f  A V i ) ~ 1Vjr ) A ) .

P ro o f  I t  is read ily  seen th a t  th e  p ro p o sitio n  holds if F  =  V2{V2 A  V2) ^ l V2 A

is nonnegative  defin ite . B u t since Im  Vi C Im  V2, th e re  ex ists som e m a tr ix  Q  o f o rd er m 2 x  m \  

such  th a t  Vi =  V2Q. T h e n  w ith  D*. =  V jF A V ^  we have

1 1  1 1  
, 1 1 r r t . m  ------- , — 1 rr t  — , ------- m

F  =  V2( D 2- x -  Q D ^ Q ^ V ?  =  V2D 2 H I  -  D * Q D ^ Q T D i ) D 2 W 2T ,

w here
i  1 rr t  i  i -  m  1 rr t  i

D > Q D ^ l Q T D i  =  D ZQ (Q t D 2Q ) - 1Q t DZ  

is a n  o rth o g o n a l p ro jec to r, w hose only eigenvalues a re  0 a n d  1 . □

C o r o l la r y  2 .1  If  Im 1', =  I m V 2 th e n  I  +  V2 D., 11 '/ ' =  /  +  Y l l ) l l V]r .

P ro o f  In  th is  case Q  in  Vi =  V2Q  is invertib le . T h u s , D 2 Q ( Q T D 2Q ) ^ l Q T D 2 =  I .  □

R e m a r k  2 .1  T h e  above co ro llary  shows th a t  th e  in d iv id u al eigenvectors of A  a re  n o t needed 

w hen  co n s tru c tin g  th e  m a tr ix  V ; we a re  r a th e r  in te res ted  in  th e  subspace  sp an n ed  by  them .

N ext we consider a  specific version  o f th e  p reco n d itio n e r B  =  I  +  c r V A y 1 V T  w ith  th e  scaling  

m a tr ix  A y  =  V T A V .  T h e  following th eo rem  is s im ilar to  a  th eo rem  from  [13].

T h e o r e m  2 .2  L e t  A  be an  n x n  s y m m e tr ic  p os itive  sem id e f in ite  m a tr ix  a n d  let a rectangular  

m a tr ix  V  o f  order n  x  m  be defined  as V  =  [ v i , . . . ,  v m]. A s s u m e  th a t  ra n k  V" =  m .  Further, 

define  A  as A  =  ( I  +  a V  A y l V T )A ,  where A y  =  V T A V .  T h e n  the  fo llow in g  s ta te m e n ts  hold:

a) Amax ( A ) < a + Amax i A );

b) i f  f o r  so m e  i,  1 <  * <  m ,  Vj is an  e igenvector o f  A  with e igenvalue  A th en  it  is also 

an e igenvector o f  A  with e igenvalue  Aj +  a ;

c) le t  (A¿, Vj) be the e igenpairs o f  A  a n d  as su m e  th a t  V  =  [ v i , . . . ,  v m] con ta in s  m  e igen 

vectors. T h e n

~  f (Aj +  cr)vj, i =  1 , . . .  , m
A v i  =

I AjVj, i =  m  +  l , . . . , n

L e m m a  2 .1  L e t A  be s .p .d . T h en

4



x T V ( V T  A V ) ^ l V T x

Proof Clearly,

Amax(^4) <  Amax(A) +  a  sup

=  Amax(A) +  a  sup  

=  Amax(A) +  cr,

x / ' , t  ix  

x r A ' v ( V r A V )  1 Y  r  A ' x

X 7 X

w here th e  las t equa lity  follows from  L em m a 2.1. T h is  proves p a r t  a).

L et w i =  ( V T V ) ~ l V T v i . T h e n  for * =  1 , . . . ,  m

A v i  =  X m  +  v V ( V T A V ) - l V T A v t 

=  Xtv t +  a V ( V T A V ) - l V T A V w t 

=  XiVi +  a V w i  =  ( \ i  +  a ) v i

w hich show s p a r t  b ). To prove p a r t  c) n o te  th a t  th e  eigenvectors a re  o rth o g o n a l so I ' 7 , t v ( =  0,

* =  m  +  1, . . . ,  n .  □

C o r o l la r y  2 .2  L et F  be  such  th a t  I m F  is sp an n ed  by th e  m  eigenvectors v i , . . . ,  v m of A  

co rresp o n d in g  to  th e  c lu s te r o f m  sm allest eigenvalues A i , . . . ,  Xm . T h e n  th e  eigenvalues of 

A  =  ( I + a V ( V T A V ) ^ l V T )A  a re  A* =  cr +  Xi for * =  1 , . . . ,  m  a n d  A* =  A* for * =  m  +  1 , . . . ,  n , 

w hich  im plies th a t

m in  {cr +  Ai, Am + i} <  A ¿(A) <  m ax { a  +  Am , Amax(A)} . (2)

Proo f  Use C oro lla ry  2.1 a n d  T h eo rem  2.2. □

C o r o l la r y  2 .3  A ssum e th a t

I m F  D s p a n - f v i , . . . ,  v TO}. (3)

T h e n  th e  following e s tim a te  holds:

m in  {cr +  Ai, Am+i} ^  Aj(A) <  a  +  Amax ( A ) .

Proo f  Use C oro lla ry  2.2 a n d  L em m a 2.1. □

As follows from  th e  above corollaries, th e  p reco n d itio n er

B  =  I  +  a V ( V T A V ) - l V T , a  =  Amax(A ), I m F  D sp an  { v i , . . .  , v TO} (4)

efficiently scales th e  sm allest eigenvalues A* o f A  as th e y  are  “m oved” to  A* =  Amax(A) +  A 

Since Xi <  2Amax(A ), th is  leads to  th e  following co n d itio n  n u m b er e s tim a te

k { b a )  <  2V ax(A )  ̂ (5)

Am+l

However, th e  p reco n d itio n e r (4) is no rm ally  expensive to  a p p ly  because  o f th e  need to  invert 

th e  m a tr ix  A y .  In  th e  following section  we show th a t  th e  ac tio n  o f A y 1 can  b e  rep laced  by 

th e  ac tio n  of a  p reco n d itio n er B y 1 to  A y 1. We also d iscuss th e re  th e  p o ssib ility  to  re lax  th e  
co n d itio n  (3).

5



3 G e n e r a l iz e d  v e r s io n  w i t h  in e x a c t  p r o j e c t o r s

T h e o r e m  3 .1  D efin e  the  preco nd it ione r  B  as

B  =  I  +  a V B y l V T , b  =  Xmilx(A )  /  Xmilx( B y l A y ) ,  I m V  D s p a n j v i , . . . ,  v m }, (6 )

where B y  is an  m  x  m  s y m m e tr ic  posit ive  de fin ite  a p prox im atio n  o f  A y .  The  e igenva l 

ues X ( B A )  o f  B A  are bounded as fo l lows:

A-rriax (A) 

K ( B y l A y )
m i n  {  +  A 1> W  >  <  H B A )  <  2A m a x ( A ) .  (7)

Proo f  T h e  m in im al eigenvalue o f B A  c an  b e  e s tim a ted  as 

Amin(-B-4) =
x T ( I  +  a V B y l V T ) x  

x T A - h

„ x T V B y 1V T x  

a ' x r A - h

r r r  1 m  m  . 1 m

x  V B y  V  x  X T V A ^ } V T X

°  x ' V A v ' V ' x  x ' A  'x

x T V A - l V T xA K  ̂ A.

x 7'/!  ' x

>  m in

w here th e  las t in equa lity  follows from  C oro lla ry  2.2 w ith  a  =  <rAmin ( B y 1 A y  

A nalogously, Amax(B A )  <  2Amax(A ). □

Amax (A) 

n ( B y l A y )

R e m a r k  3 .1  T h e  value of a  in  (6 ) was chosen as a  =  Xmax(A ) / Xmax( B y l A y )  for th e  ease of 

p re sen ta tio n . T h e  o p tim al value of o  ( th e  value o f b  w hich  m inim izes th e  co n d itio n  n um ber 

of B A )  co rresponds to  th e  case w hen  bXmin( B y l A y )  +  Ai =  Am+ i. N ote, th a t  Am+i is not 

know n in  general.

R e m a r k  3 .2  As follows from  (7), if  n ( B y l A y )  <  Amax(A )/A m+i th e n  th e  b o u n d s  for k (BA)  

an d  k (BA)  coincide.

R e m a r k  3 .3  As follows from  th e  above rem ark , if n ( A y )  <  Amax(A )/A m+i th e n  one can  
define B y  s im ply  as B y  =  I  or B y  =  d iag  A y .

As follows from  T h eo rem  3.1, th e  p reco n d itio n e r (6 ) is ab le  to  im prove th e  sp e c tru m  of A  

even in  th e  case w hen  th e  ac tio n  o f A y 1  is rep laced  by th e  ac tio n  o f a  p reco n d itio n er B y 1 . It 

shou ld  b e  no ted , however, th a t  th e  p reco n d itio n er (6 ) is s till difficult to  im plem ent in  p rac tice  

since th e  co n d itio n  I m F  D s p a n j v i , . . . ,  v TO} is no t easy to  satisfy. L a ter, in  T h eo rem  3.2, 

we show th a t  th is  co n d itio n  can  b e  sign ifican tly  relaxed.

6



In  th e  following we use th e  n o ta tio n  cos(W i.,W 2) for cos(</?(Wi., W 2)), w here 9? deno tes th e  

angle  betw een  th e  vector subspaces W \  a n d  W 2, nam ely,

cos(W i., W 2) =  cos(9p(Wri, W 2)) =  sup
x T y

x e m  ( x T x ) t ( y T y ) f
y  e  w 2

L e m m a  3 .1  C o nsider  tw o arb itrary  m a tr ices  Vi €E K n x m u  ra n k  Vi =  m \  and  V2 6  IR„xto2 : 

r a n k V -2 =  m 2. I f  there exis ts  7  <  1 such  tha t

c o s (Im V i,Im V 2) =  sup
X

y  e lm V2

xTy  <

eimXi (xT x ) l ( y Ty ) l  7

then

( 2 \I % >  rr~t -1 rr~t t

Amax ^ J 2 V t ( V ^ V t ) - l V ^  J  < 1  +  7-

P ro o / D efine a n  a u x ilia ry  (m \  +  m 2) x n  m a tr ix  i? as

i? =

( v f v i H v f

( v f F 2) - § v f

T h e  m a tr ix  i? ex ists since Vi a re  full ra n k  m atrices  and , th u s, th e  m atrices  V ?V i  a re  s .p .d . 

Since Amax(^5 Q') =  Amax{QQ  ) for &H Qi

Am„  ( E  v , ( v ? v i r =  S1,p =  w j f » )  =  w w f ) .
,¿=1

T aking  in to  accoun t th e  exp lic it form  of R R 1 we have

I  W fW 2
Amax ( RRT ) — A

W -fW i I
=  1 +  cos(Im  W i , I m  W 2),

w here W* =  Vj(V^ VJ) 2 , « =  1 ,2 . C learly, Im  VJ =  I mWj .

T h u s , Amax V ^ V f  =  Amax(i?i?T ) =  1 +  c o s ( Im V i,Im F 2) < 1  +  7 -

U=1

□

T h e o r e m  3 .2  Cons ider  the  p reco nd it ione r  B

B  =  I  +  a V B y l V T , a  =  Amax(A )/A max( S y 1Av')- (8)

A ssum e th a t  {(A*, V j ) } ”= 1  ¿s an ordered se t  o f  e igenpairs o f  A  such  tha t  Ai <  • • • <  A„. I f  V  

is such  th a t  the  subspaces W  =  ( I m l i F )1  a n d  Ve =  s p a n j v i , . . . ,  v TO} sa ti s fy  the  cond ition

cos(W , Ve) =  sup
x Ty  <

x e VV (x T x ) 5 ( y T y )5  7  
y e Ve

( 9 )
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Xmin (BA )  >  m a x  | a i ,  (1 -  7 ) • m in  |  ^ b ^ ' a  ) ’ ^ m+1}  }  ^

while Xm ax{BA ) is bounded as Xmxx( B A )  <  2Amax(A) f o r  a ny  choice o f  V  a n d  B y .

P ro o f  As follows from  T heorem  2.2, th e  m ax im al eigenvalue Amax( B A )  can  b e  e s tim a ted  as 

x _  ( x T ( I  +  a V B - l V T ) x \
Amax \ B A )  — Slip < x ^ 'A -  1 x  |

f x '  x  ( n  —1 x 7V . t, 1 V' 7 x  1

-  S^ P  |  x i \ . \  i x  +  l ?  v   ̂ ‘ x 7 .1 ' x  j

I  x ' x  , X , „  x T V A y 1 V T x  |   ̂ ,)V , „
— sup  \  ĵ j , +  Amax(AJ • ĵ j , A_ ^  <  2Amax(A ).

f o r  so m e  7 <  1, th en  the m in im a l e igenva lue  o f  B A  is  bounded as

x 7 .1 > x  ' '  x 7 .1

If  we tak e  in to  accoun t th a t  th e  eigensubspaces Ve a n d  (Ve)1" o f A  a re  A -orthogonal, th e n  th e  

m in im al eigenvalue of B A  c an  be  e s tim a ted  as follows

A rm n{BA)  =  i n f '

>  i n f '

inf

rr r  , 1 m ,
x  ( I  +  â V B y  V  ) :

x T A - h

x 7 X A m a x ( A )  X 7 V M S 1 I ' 7 }

x 7 .1 >x K( B y l A v ) x ' A >x J  

' y T A y  , Amax(A) y ^ A l v A ^ V T A l y

ÿ ’ [ y Ty  k ( B v 1A v ) y T y  j

y T p ± A P ± y  +  y T p eA P ey  X max(A) y T Pwy
in f

>  in f

ÿ" [ y Ty  k (b v 1a v ) y T y

y ' r ,  AP, y  x max(A) y T Pw~y 1

ÿ~ [ y Ty  n ( B y l A v ) y Ty  J

y T P f t y  , Amax(A) y T P wy  1

-  “ \ Am+1' y ‘ y  ' «(fl-'A ,.) y Ty  ƒ

^  . i x  Amax(A) )  \ y T P e y  +  y T P w y

-  — ÿ ï-y —

Amax(^4) 1 fr ,  f y T P e y  +  y T P w ym in  < Am +i , ------—:------ > • I 2 — sup
k (b v l a v ) }  V y l  y  y

w here Pe , P^-, P w a n d  P uJ- a re  th e  o rth o g o n a l p ro jec to rs  on to  V e, V j- ,  Im  A ^ V  a n d  ( I m l ^ F )1  

respectively . As follows from  L em m a 3.1 w ith  th e  m atrices  Vi a n d  V2 chosen such  th a t  

Im  Vi =  Ve a n d  I121V2 =  ( I m l ^ F ) 1 ,

Amin ( B A )  >  ( I - 7 ) - m i n  f \ , Am + i  I .I 4Bv Av) J
8



Finally noting th a t V B v l V T  is positive sem idefinite we conclude the  proof of (10). □

R e m a r k  3 .4  As follows from  (7), k (BA)  <  2k (A)  for a ll choices of V  a n d  B y .  T hus, for 

a ll V  a n d  B y  th e  convergence ra te  o f th e  ¿ -p re c o n d it io n e d  ite ra tiv e  schem e is n o t w orse as 

o f th e  sam e o rd er as o f th e  u n p reco n d itio n ed  one. In  p a rtic u la r, no d ivergence of th e  ite ra tiv e  

schem e can  occur (if we assum e th a t  th e  round-off effects a re  neg lected). T h is  is a  nice fea tu re  

o f th e  developed a lg o rith m  as com pared  to  th e  “d efla tion” p ro ced u re  [12], since th e  la t te r  can  

b e  d ivergen t if th e  m a tr ix  B y  is chosen inap p ro p ria te ly .

L e m m a  3 .2  I f  the e igensubspace Ve =  s p a n j v i , . . . ,  v m} o f  A  is known  th en  the  va lue  

o f  cos(W , Ve) in  (9)  is readily computable. I t  can be evaluated as

cos(W , Ve) =  Amax(iL 4), Z  =  Ve (V'r A V e) - % r  -  V { V T A V ) - l V T ,

where the  m a tr ix  Ve is chosen  such  th a t  rankV^. =  m ,  I m V e =  Ve.

P ro o f  In tro d u c e  tw o a u x ilia ry  m atrices  Ve a n d  W  such  th a t  l m V e =  Ve, r a n k F e =  d im V e, 

V j 'V e  =  I ,  I m W  =  W , r a n k W  =  d i m W ,  W  =  ( I m A ^ V ) 1 , W T W  =  I .  S im ilarly  to  th e  

p ro o f of L em m a 3.1, we have

co s(W ,V e) =  Amax
w T v fe

v j w  I

/  nn  m \

=  Amax {VeV ^  +  W W T ) -  1

=  Amax { v ev j  +  1 -  A W { V T A V ) - l V T Ak^j -  1

x r v ; ( v ; r v ; )  ' v . ' x - x > A ' v ( y r A V )  ' v ^ . i ' x
=  s u p ---------------------------------- =----------------------------------

x  X

y T Ve( V ? A V e) - ' V ? y  -  y r Y ( Y ' W Y )  ' Y ' y  
sup  y T A - l y  ’

w here th e  last eq u a lity  follows from  C oro lla ry  2.1 by  ta k in g  in to  accoun t th a t  th e  subspace  Ve 

is A 2 - in v arian t. Since

x T O x

Amax(Q-4) =  sup  XT^4 - 1X ’ Q  =  Q T  >  0 , A  =  A 1' >  0 , 

we conclude th a t  cos(W , Ve) =  Amax( Z A ) ,  Z  =  Ve{ V j A V ey xV j  -  V ( V T A V ) - l V T . □

R e m a r k  3 .5  Since th e  e igensubspace Ve =  sp a n  { v i , . . . ,  v TO} is A ? -in v arian t, it follows from  

I m F  D Ve th a t  Im  A ^ V  D V e . T h is  im plies th a t  7  =  0 if I m F  D Ve .

As follows from  T h eo rem  3.2, th e re  is no need to  ap p ro x im ate  th e  subspace  sp an n ed  by {vi}™ x 

w ith  a  very h igh  accuracy. For th e  iso trop ic  second o rd er e llip tic  p ro b lem  w ith  a  sm o o th  

coefficient fu n ctio n  we can  let, for in stance, V  =  [ w j , . . . ,  w m], w here w* a re  th e  po in tw ise  

n oda l values of th e  coarse m esh  fin ite  elem ent basis functions <pf . A n  ite ra tiv e  schem e based  

on such  choice of V  was c o n s tru c te d  in  [12]. A n o th e r choice of w i , . . . ,  w TO could  be  th e  basis
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vectors of a  know n eigensubspace o f a  s im ila r p rob lem , such  as of a  p ro b lem  w ith  a  different 

coefficient function . T h is  ap p ro ach  was tak e n  in  [3] a n d  [14] w here th e  low -frequency subspace 

o f a  s tro n g ly  an iso tro p ic  d iffusion o p e ra to r  was a p p ro x im ated  using  th e  eigenvectors o f th e  

lim it p rob lem  w ith  a  d eg en era te  d iffusion tensor.

I t  shou ld  also b e  no ted  th a t  th e  a lg o rith m  (8 ) can  b e  ap p lied  recursively, i.e. we can  

consider a  nested  sequence o f p reco n d itio n ers  { B k } Jk=Q defined as

B k =  I  +  <jkVk,k_ i B k_ i V £ k_ v  (11)

A ccording to  th e  classification  in tro d u ced  in  [17] th e  above recursive a lg o rith m  belongs to  th e  

class o f parallel subspace correction  m ethods.

R e m a r k  3 .6  In  th e  case w hen  B q = I  a n d  Vkyk^ i  a re  p ro lo n g a tio n  o p e ra to rs  in  th e  s ta n d a rd  

m u ltig rid  se ttin g  th e  developed  a lg o rith m  co rresponds to  th e  B P X  m eth o d  [4],

R e m a r k  3 .7  T h e  m atrices  Vk,k - 1 in  th e  m ultilevel p reco n d itio n er (11) can  b e  c o n stru c ted  

using  th e  m atr ix -d ep e n d e n t p ro lo n g a tio n  o p e ra to rs  developed  in  [6], [19] o r [5, 15]. W e also 

refer to  [7], w here a  n u m b er o f p reco n d itio n ers  of a  sim ilar s tru c tu re  was s tu d ied .

I f  we ad d itio n a lly  in tro d u ce  a  po lynom ial s ta b iliz a tio n  p ro ced u re  to  b o u n d  th e  co n d itio n  

nu m b er o f n ( B kA k ) (see [1], for in stan ce), th e n  we arrive  a t  th e  B P X -like p reco n d itio n e r of 

th e  W -cycle type:

B k =  ( l  ~  Ppk {B kA k ) ĵ A ^ 1, B k =  I  +

w here

A[ =  A , A k- \  =  FfeTfe_ 1A feF feîfe_ i 

an d  PVh deno tes a  C hebyshev  po lynom ial of degree v k no rm alized  a t th e  origin .

4  I n c o r p o r a t io n  o f  a n  “e x t e r n a l” s m o o t h e r

T h e  m eth o d  p resen ted  above im proves th e  co n d itio n  n u m b er o f th e  p reco n d itio n ed  system  

by “m oving” th e  sm allest eigenvalues to  th e  u p p e r p a r t  of th e  sp ec tru m . N ext we show how 

it can  b e  com bined  w ith  a  sm oo ther, w hich  essen tia lly  im proves th e  co nd ition ing  by m aking  

th e  largest eigenvalues sm aller.

T h e  p reco n d itio n er is c o n s tru c te d  as

B  =  M  1 +  à V B ÿ l V T\  à  =  Xmsx( M - 1A ) /X mabX( B ÿ l A v ), (12)

w here M  a n d  B y  a re  sy m m etric  positive  defin ite  p reco n d itio n ers  for A  a n d  A y  respectively.

R e m a r k  4 .1  P reco n d itio n e rs  in  th is  form  a p p e a r  w ith in  th e  a d d itiv e  Schw arz fram ew ork 

(w ith  ap p lic a tio n  to  d o m ain  d ecom position  m eth o d s). T h e  te rm  a V B y l V T  th e n  norm ally  

co rresponds to  th e  coarse m esh  co rrec tion  o p e ra to r  w hile th e  sm o o th er M  1 co rresponds to  

a  series o f su b d o m a in  solves.

R e m a r k  4 .2  W h en  ap p lied  recursively  in  th e  s ta n d a rd  m u ltig rid  se ttin g  w ith  M k =  d iag  (A k ), 

th e  a lg o rith m  (12) co rresponds to  th e  M DS m eth o d  [20].
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R e m a r k  4 .3  C onsider th e  case w hen  th e  m atrices  A k a re  g en era ted  using  th e  h ierarch ica l b a 

sis o f fin ite  elem ents. I f  th e  sm o o th er M k is defined as M ^ 1 =  / —Vfc)fc_i(VrfcTfc_ 1Vfc)fc_i)_ 1VrfcTfc_ 1 

th e n  th e  a lg o rith m  co rresponds to  th e  m ultilevel m eth o d  developed in [18]. I f  th e  sm o o th e r Mj~ 

is ex ten d ed  to  th e  form

M , - 1 =  ( /  -  Vfc)fc_ 1( V ^ _ 1^ , fc_ 1) - 1^ ' fc_ 1) M «  ( I  -  v k,k - l ( v £ k_ 1v k ,k- l ) - 1v £ k_ 1)

an d , add itiona lly , th e  po lynom ial s ta b iliz a tio n  p ro ced u re  is used  to  b o u n d  th e  co n d itio n  

n u m b er of n ( B kA k ) th e n  th e  m eth o d  reduces to  th e  a d d itiv e  version  of th e  a lgebraic  m ultilevel 

ite ra tio n s  (A M LI) m eth o d  [1, 3].

T h e o r e m  4 .1  Consider  the  p recondi tione r  (12) .  A s s um e  tha t  {(A*, V j ) } ”= 1  is an  ordered se t  

o f  e igenpairs o f  M  1 A such  tha t  Ai <  • • • <  A„. Defin e  the  m a tr ix  Ve as Ve =  [ v i , . . . ,  v m]. 

I f V  is such  th a t  the  subspaces  W  =  ( I m l ^ F )1  an d  Ve =  I m A ? V e sa ti s fy  the  cond ition  (9) 

f o r  som e  7  <  1 th en  the m in im a l  e igenvalue  o f  B A  is bounded as

Ama 1 A )  

n ( B ÿ l A v )
Amin (B A )  >  m ax  <( Ai, (1 -  7 ) • m in  <( m/a^ _ 1 , x , Am+i } . (13)

The m ax im a l  e igenvalue  o f  B A  is bounded as

Amax(B A )  < 2Xmsx( M - l A)  (14)

f o r  any  choice o f V  and  B y .

P ro o f  T h e  m ax im al eigenvalue Amax(.BA) can  b e  e s tim a ted  as in  th e  p ro o f of T h eo rem  3.2. 

T ak ing  in to  accoun t th a t  Ve is th e  e igensubspace o f A  • M  1.1 • th e  m in im al eigenvalue can  

be  e s tim a ted  as

(  nn  .1 1 . I  m  . 1 1 m  . 1
, - x  .*1 *•’ M  .*1 *•’ x  +  rrx  .*1 *•’ 1 7 i, V .1 x  I

Amin(BA) =  in f

>  in f

x T x  [

x r , l '  M  M ' x  Ama,;(A/ ' , ! )  x r A ' Y A { l Y r A ' x

x  ̂ x T x  k ( B v 1A v ) x t x

^  x Amax(M _ 1A) I  f  x r I), x  +  x r  I \ x

-  m m { A ”,+1' K ( B ? A y )  r ‘Sf \ ---------=?X---------

. j  x Amax(M  lA) \  (  f  x T Pex  +  x r I \  x
=  m m  Affl+i , —  i-i—i , s > ' 2 ~ s u P 1 -----------r -----------

[  k (Bv  Ay)  J V * I XJ X

w here Pe , P P* a n d  P *1 a re  th e  o rth o g o n a l p ro jec to rs  on to  Ve =  ImAïVe,  V =  (Im  Aï  Ve)-*-, 

I m A ï V  a n d  (Im  A^V)1- respectively. As follows from  L em m a 3.1 w ith  th e  m atrices  V\ a n d  V2 

chosen such  th a t  Im  Vi =  Ve a n d  I 111V2 =  ( I m i ^ F ) 1 ,

Ar a U B A )  >  (1 ~  7 ) • m in   ̂ m^ v_ 1 , / ,A m+1
Amax(Ai l A )  

n ( B ÿ l A v )

Now (13) follows by ta k in g  in to  accoun t th a t  V B v l V T  is positive  sem idefin ite . □
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R e m a r k  4 .4  T h e  value of a  in  (12) was chosen as a  =  Amax( M _1 A ) / Xraax( B y l A y )  for th e  

ease of p resen ta tio n . T h e  o p tim al value o f a  ( th e  value of a  w hich  m inim izes th e  co nd ition  

n u m b er o f B A )  co rresponds to  th e  case w hen  aXmin ( B y l A y )  +  Ai =  Am+ i.

L e m m a  4 .1  I f  the  e igensubspace Ve =  s p a n j v i , . . . ,  v TO} o f  M ^ l A  is k nown  th en  the  va lue  

o /c o s (W , Ve) =  cos((Im  A i V ) J- ^ lm  A z V e) is readily computable . I t  can be evaluated as

cos(W , Ve) =  Xmax( Z A ) ,  Z  =  Ve(V'r A V e) - % r  -  V { V T A V ) - l V T ,

where the  m a tr ix  Ve is chosen  such  th a t  rankV^. =  m ,  I m V e =  Ve.

P ro o f  S im ilar to  th e  p ro o f o f L em m a 3.2. □

In  th e  following T h eo rem  4.2 th e  a ssu m p tio n s  of T h eo rem  4.1 a re  s ligh tly  relaxed .

T h e o r e m  4 .2  C onsid er  the  p recon di tio ne r  (12). A s s um e  tha t  there exis t two ma tr ices  M  

and  A  such  tha t  M  =  M 1 >  0, A  =  A 1' > 0, M  > M  and  A  < A  (all inequalities  here  

are m e a n t  in  pos itive  defin ite  sen se) . A s s um e  also th a t  {(A*, Vj)} ”=1 is an  ordered se t  o f  

eigenpairs o f  AI 1 A such  tha t  Ai <  • • • <  Xn . D e fin e  the  m a tr ix  Ve as Ve =  [ v i , . . . ,  v m]. I f  

the subspaces W  =  ( Im A ^ V ) 1  an d Ve =  I m A ^ V e sa ti s fy  the  co ndi tio n  cos(W , Ve) <  7  fo r  

so m e  7  <  1 th en  the  m in im a l  e igenvalue  o f  B A  is bounded as follow s:

X ( B A )  >  m ax  I  Amin(M _ 1A), (1 -  7 ) • m in  I  A \  Xm+i 1 1 . (15)
n ( B y  A y )

P roo f  S im ilarly  to  th e  p ro o f of T h eo rem  4.1 

A u im (BA )  =  in f
x T A* AI 1. t : X  +  à x 1 A'- V 7ir  1 V' 7 ,1 'x

X 1 X

>  i n f '

>  i n f '
X

c r A '  AI  U ' x  Ama,;(A/ ' , ! )  x r A ' v A v ' V r A ' :

x T x  k ( B v 1 A y )  X T X

J a ' m  ' / l ' x  A,na,;(A/ ' . ! )  x r A ' V A v l V r A 1 x

X T X  K ( B y l A y )  X T X

. ) v Amax(M  1A )  \  j  x T P eLx  +  x r  I \ x

-  m m ^ Am+1' k ( b ? a V ) r ‘s f i — —

^ n M . J amax M XA ~
>  (1 — 7 ) ' m m  < —  , Am+i > ,

[ k (B v  A y )  J

w here Pe , P ^ ,  P* a n d  P ^  are  th e  o rthogonal p ro jec to rs  onto  Ve =  Im  A ?  Ve , V =  (Im  A 2 Ve)1 , 

I m A ? V  an d  (Im  A ^ V ) 1- respectively. C om bin ing  th e  above e s tim a te  w ith  th e  resu lt of T h e 

o rem  4.1 we o b ta in  (15). □

T h e  above th eo rem  show s th a t  th e re  is no need to  know  th e  eigenvectors o f th e  m a tr ix  AI 1 A 

to  co n s tru c t th e  m a tr ix  V  in  th e  p reco n d itio n e r (12). I t  suffices to  find  th e  m atrices  AI a n d  A

12



such  th a t  th e  low -frequency e igensubspace Ve =  sp a n  { w i , . . . ,  w TO} of M  1 A is know n. T h e n  

th e  m a tr ix  V  can  b e  defined s im ply  as V  =  [ w j , . . . ,  w m]. T h is  ap p ro ach  is tak en  in  th e  nex t 

section  w here we c o n s tru c t a  n u m b er o f p recond itioners  for a  class of s ingu la rly  p e r tu rb e d  

e llip tic  p rob lem s by using  th e  know n eigensubspace o f a  degenera te  lim it prob lem .

5 A p p l i c a t io n  t o  s e c o n d  o r d e r  e l l ip t ic  p r o b le m s  w i th  s t r o n g ly  
d is c o n t in u o u s  a n d / o r  a n is o t r o p ic  c o e f f ic ie n t s

In  th is  section  we illu s tra te  th e  ap p lic a tio n  o f th e  a lg o rith m  (12) on  a  n u m b er o f severely 

ill-cond itioned  m odel p rob lem s involving a  p a ra m ete r.

E x a m p l e  5 .1  C onsider th e  following one-d im ensional d iffusion problem :

(a ( x ) u ') '  =  ƒ, i  £  [0 , 1],

« ' ( 0 )  =

w ( l )  =  U \

l0i (16)

d iscre tized  by m eans o f conform ing  piecew ise-linear fin ite-elem ents on  a  un ifo rm  C arte s ian  

m esh  w ith  stepsize  h. A ssum e th a t  a ( x )  =  1 for x  <  1 /2  a n d  a ( x )  =  e for x  >  1 /2 . T h e  

stiffness m a tr ix  o f th e  d isc re te  p ro b lem  has th e  following s tru c tu re :

A  =  h 2

- 1

1 +  e
2e

2e

2 e

For th is  p ro b lem  th e  m atrices  A  a n d  M  in  T h eo rem  4.2 can  be  defined as follows:

A  =  A-i =  h M  =  M i  =  2 d i a g i i .  (17)

2e

2e

As can  b e  easily  verified, th e  following s ta te m e n ts  hold:

a) Ä \  < A , M i >  d iag  A ,

b) th e  null-space o f M ^ l A \  consists of th e  single vec to r vo =  (1 , . . . ,  1, 0 , . . . ,  0 ),

c) on  th e  subspace  o rth o g o n a l to  th e  null-space o f M ^ l A \  th e  sp e c tru m  of M ^ l A \  is 

co n ta in ed  in  a n  in te rval [ 0 ( / i 2 ), 0 ( 1 ) ] .

13



Thus, th e  preconditioner (12) for A  can be constructed  as

B  =  M  1 +  a V B y l V T , M  =  d iag  A , V  =  [v 0].

As follows from  T h eo rem  4.2, th e  sp e c tru m  of B A  is co n ta in ed  in  th e  in te rval [0 ( / i2), 0 (1 )]  

an d  th e  b o u n d s  for A (B A )  a re  in d ep en d en t on  e.

R e m a r k  5 .1  T h e  above a lg o rith m  for co n s tru c tin g  th e  p reco n d itio n e r (12) can  b e  s tra ig h t 

fo rw ard ly  ex ten d ed  to  th e  case w hen  th e  d im ension  o f th e  space is g rea te r  th a n  1 .

R e m a r k  5 .2  T h e  p rob lem s w ith  m u ltip le  ju m p s  in  th e  coefficient fu n ctio n  a n d  w ith  o th er 

ty p es o f b o u n d a ry  cond itions can  be  tre a te d  analogously. In  th is  case th e  null-space of M ^ l A \  

con ta in s th e  vectors v* w hich  a re  co n s ta n t a long  th e  “su b d o m ain s” Qjt w ith  co n s ta n t value of 

a(æ ), w hich  are  no t ad jacen t to  th e  D irich let p a r t  o f th e  b o u n d ary . T h e  m a tr ix  V  in  (12) is 

th e n  co n s tru c te d  as

i.e. we can  rep lace  all th e  b o u n d a ry  cond itions of D irich let ty p e  by b o u n d a ry  cond itions of 

N eu m an n  ty p e . In  th is  case th e  null-space o f A-/._, 1/!•_> con ta in s th e  vectors w hich  are  c o n stan t 

a long  a ll th e  “su b d o m ain s” Qjt (even along  th e  “su b d o m ain s” w hich  a re  ad jacen t to  th e  

D irich let p a r t  o f th e  b o u n d a ry ) . I f  th e  m a tr ix  F  i n (12)  is chosen such  th a t  Im  V  =  k e r M ^ 1^  

th e n  th e  p reco n d itio n e r “sh ifts” th e  low -frequency e igencluster a t  least as well (or even b e tte r)  

as th e  p reco n d itio n e r w ith  th e  m a tr ix  V  defined by (18). T h e  im provem ent is possib le  since

V  =  [ v0 , . . . ,  v m]. (18)

R e m a r k  5 .3  A lte rn a tiv e ly  to  (17), we can  define th e  m atrices  A a n d  M  as

1 - 1  

1 2 - 1

Â  =  Â 2 =  h 2

1 2  - 1  

- 1  1 M  =  M 2 =  2 d i a g i 2,
£  — £

—£ 2e —£

£

th e  sm allest nonzero  eigenvalue A ^in(M 2 1A 2) o f M 2 1A 2 is a t  least as large as th e  sm allest 

nonzero  eigenvalue A^lin(M 1_ 1A i) o f M ^ l A \  (and  in  som e cases it can  b e  even significantly  
la rg e r) .

E x a m p l e  5 .2  C onsider th e  following tw o-d im ensional d iffusion p rob lem

V if ( x ) V i i ( x )  =  / ( x )  in  x e i l

u ( x )  = 0  on  x e T £> C  <9fi,

du(-x) /dn  =  0 on  x  €  T jv  =  OF/Vd

w ith  h igh ly  an iso tro p ic  d iffusion ten so r K (x )

0 <  e «  1
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d iscre tized  by m eans of conform ing  p iecew ise-linear fin ite  e lem ents on  a  un ifo rm  C arte s ian  

grid . For th is  p rob lem  th e  a u x ilia ry  m atrices  A  a n d  AI  in  T h eo rem  4.2 can  b e  chosen as 

follows: th e  m a tr ix  A  can  b e  defined to  b e  th e  stiffness m a tr ix  of th e  d eg en era te  lim it p rob lem  

w ith  e =  0 , th e  m a tr ix  AI  can  b e  defined as M  =  2 d iag  A .  C learly, A <  .1. AI  > AI  d iag  A .  

W ith  th is  choice of A  a n d  AI  th e  null-space o f AI  1 A is know n, it consists o f c o n stan t 

vectors a ligned  w ith  th e  y-axis (except th e  co n s ta n t vectors w hich  a re  ad jacen t w ith  th e  

D irich let p a r t  o f th e  b o u n d a ry ) . T h e  sp e c tru m  of AI  1 A on th e  subspace  o rth o g o n a l to  th e  

kernel is co n ta in ed  in  th e  in te rval [0 ( / i2), 0 (1 )] . T hus, if we choose th e  m a tr ix  F  such  th a t  

I m F  =  ker AI 1 A. th e n  th e  sp e c tru m  of B A  is co n ta in ed  in  th e  in te rval [0 ( / i2), 0 (1 )]  a n d  is 

b o u n d ed  in d ep en d en tly  on  e.

R e m a r k  5 .4  As can  b e  easily  verified, w ith  th e  above choice o f F  ( I m F  =  ker M ^ l A )  th e  

c o n d itio n  n u m b er k ( A y )  of A y  =  V T A  V  is o f o rd er 0 ( / i - 2 ), i.e. it is of th e  sam e o rd er as th e  

effective co n d itio n  n u m b er k + ( M ^ 1A )  of AI  1 A.  k + ( M ^ 1A )  =  Amax( M _ 1A ) / A + in( M _ 1A). 

T h u s , th e  p reco n d itio n e r B y  for A y  can  be  c o n s tru c te d  as B y  =  I  or B y  =  d iag  A y ,  

see R em ark  3.3. Such a  choice of B y  allow s a n  efficient p a ra lle l im p lem en ta tio n  o f th e  
p reco n d itio n e r ( 12).

R e m a r k  5 .5  A sim ilar ap p ro ach  for co n s tru c tin g  th e  m atrices  F  a n d  B y  can  also b e  app lied  

in  th e  th ree -d im en sio n al case. If  th e  d iffusion ten so r K ( x )  has th e  form

K ( x )  =

s'3 0  0  

0  e  0  

0  0  1

0 <  e <  1, ¡3 >  1,

th e n  th e  p reco n d itio n e r can  b e  c o n s tru c te d  by ap p ly in g  th e  above described  a lg o rith m  recu r 

sively: first to  th e  m a tr ix  A  a n d  th e n  to  th e  m a tr ix  A y .  As in  th e  tw o-d im ensional case, th e  

resu ltin g  p reco n d itio n e r can  b e  efficiently para lle lized .

R e m a r k  5 .6  W e can  define th e  m a tr ix  A  in  T h eo rem  4.2 to  be  th e  stiffness m a tr ix  w hich 

co rresponds to  th e  p ro b lem  no t only  w ith  e =  0, b u t  also w ith  T jv =  d T.  In  th is  case th e  

subspace  I m F  con ta in s a ll th e  co n s ta n t vectors a ligned  w ith  th e  y-axis.

R e m a r k  5 . 7  T h e  above a lg o rith m  for th e  an iso tro p ic  prob lem s can  be  easily  com bined  w ith  

th e  a lg o rith m  for th e  d iscon tinuous p rob lem s. T h is  allows us to  t re a t  th e  prob lem s w here th e  

d iffusion ten so r is n o t only  an iso trop ic , b u t  also d iscon tinuous.

6 A  p u r e ly  a lg e b r a ic  a lg o r i t h m  fo r  c o n s t r u c t in g  t h e  m a t r ix  V

For th e  class of d iffusion-type p rob lem s considered  in  th e  prev ious section  th e  m a tr ix  F  can  

b e  c o n s tru c te d  au to m a tic a lly  using  a  h eu ris tic  techn ique  developed in  [3, 14] (see also [15] for 

a  s im ila r ap p ro ach ). For th e  sake of com pleteness a  b rie f  d esc rip tio n  o f th e  a lg o rith m  follows. 
C onsider th e  d iffusion p ro b lem  as in  E xam ple  5.2

V i f ( x ) V i i ( x )  =  f ( x )  in  x  €E Q
u ( x )  = 0  on  x  G Ç 3 f i ,  (19)

d u ( x ) / d n  =  0 on  x  €E T jv  =  dF /V f )
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d iscre tized  on a  reg u la r fin ite  elem ent m esh. A ssum e th a t  th e  d iffusion ten so r K ( x )  is piece 

w ise co n s ta n t a n d  un ifo rm ly  s .p .d .
L et A  =  b e  th e  stiffness m a tr ix  resu ltin g  from  th e  d isc re tiza tio n  of (19). Define

th e  m a tr ix  Q  =  w hich  con ta in s a  p a tte rn  o f “s tro n g  coup lings” w ith in  A :

{
0, if  \a,i.j\ <  oo ■ m in {  m a x  |a*,fc|, m a x  |a fe j|} , oo 6  (0 ,1 ) ,

k  =  l , n  ’ k  =  l , n  ’ . .

k i k j

1, otherw ise.

D efine a  sy m m etric  fu n ctio n  x i h  j )  of two in teger variab les i a n d  j :  let th e  fu n ctio n  x i h j )  

b e  equal to  u n ity  e ith e r  if q i j  =  1 o r if th e re  ex ists a  k  such  th a t  x i h  k ) - x ( k , j )  =  1; o therw ise  

define th e  fu n ctio n  x i h j )  to  b e  equal to  zero. As can  b e  read ily  seen, th e  defin ition  o f x i h j )  

im plies th a t  x i h j )  =  1 if a n d  only  if th e re  is a  “s tro n g  co nnectiv ity  p a th ” betw een  th e  

unknow ns i a n d  j ; o therw ise  x i h j )  =  0 .
Define also a  n u m b er o f sets G ^  o f size n p :

G (p) =  { 4 P\  • • • , 4 Pp } ,  p = l , . . . , m ,

such  th a t  th e y  sa tisfy  th e  following conditions:

•  GiP1) f |  G (P2) =  {0} for a ll Pl  +  p 2,

•  for any  i a n d  j  th e re  ex ists p  such  th a t  i €  G ^  a n d  j  e  G ^  if a n d  only  if x i h j )  =  1-

As follows from  th e  above defin ition , each se t G ^  con ta in s a  list of “s tro n g ly  connected  

unknow ns” (w ith  resp ec t to  A ) .  T h e  defin ition  o f G ^  also im plies th a t  if th e re  is no “stro n g  

co nnectiv ity  p a th ” from  i to  j ,  th e n  th e  unknow ns i an d  j  be long  to  different sets. If  th e re  

is a  “s tro n g  co nnectiv ity  p a th ” betw een  th e  unknow ns i a n d  j ,  th e n  th e y  belong  to  th e  

sam e set G&K  As can  be  read ily  show n, th e  se ts  G ^  can  b e  co m p u ted  w ith  a n  a rith m e tic  

cost 0 (n).

D efine a  se t of rh sparse  vectors of size n:=  1 if i 6  o therw ise  =  0 . (2 1 )

C learly, th e  vectors w(p) a re  L 2-o rth o g o n a l to  each  o ther. N ext, define a  vector h  such  th a t

a i,jh; =  1 if >  oo; h i =  0 o therw ise. (22 )

D efine a  set X  o f indices pi, i =  1 , . . . ,  m , m  < rh such  th a t

P i  e  X  if a n d  only  if h Tw ^  =  0. (23)

R e m a r k  6 .1  T h e  a lg o rith m  (22)-(23) selects only  th o se  se ts  G^Pi\  w hich  a re  “w eakly con 

n ec ted ” w ith  th e  D irich let p a r t  of th e  b o u n d a ry  (see th e  prev ious section  for th e  m o tiv a tio n ).

D efine th e  m atrices  V\  a n d  V2 as follows:

Vi =  [ w ^ 1) , . . . , ^ ™ ) ]  , pi €  X ,  i =  1,

V2 =  [ w M , . . . ,  w (m)] , i =  l , . . . , r h .
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prob lem  A  p rob lem  B  p ro b lem  C  pro b lem  D

F ig u re  1: T est p rob lem s used  in  o u r num erica l experim en ts

N N N N

N N N N

N N N N

D D D D

N N N

Finally , define th e  m a tr ix  V  in  th e  p reco n d itio n er (12) as e ith e r  V  =  V\  o r V  =  V2.

As was d e m o n stra ted  in  th e  prev ious section , b o th  Im  V\  an d  Im  V2 ap p ro x im ate  well th e  

low -frequency e igensubspace of n early  d eg en era te  d iffusion-type o p era to rs . A nice fea tu re  of 

th e  choice V  =  V\  is th a t  it leads to  a  sm alle r co n d itio n  n u m b er of A y  =  V T A V .  In  m any 

p rac tic a l cases th is  allow s a n  easier co n s tru c tio n  of B y .  I t  shou ld  b e  no ted , however, th a t  in 

th e  case V  =  V2 th e  sm allest eigenvalues o f A  cou ld  b e  c a p tu re d  m ore efficiently th a n  in  th e  

case V  =  Vi  since I mV i  C I m V 2 (see L em m a 2.2).

As follows from  th e  defin ition  o f { w ^ } ,  th e  m a tr ix  V  is sparse , it con ta in s a t  m ost n  

nonzero  en tries. T h is  m eans th a t  if th e  ac tio n  of B y 1 requ ires 0 ( n )  a r ith m e tic  opera tions, 

th e n  th e  ac tio n  o f th e  w hole p reco n d itio n e r ( 12) also requ ires only  0 ( n )  o pera tions.

A n o th e r im p o rta n t fea tu re  o f th e  developed p reco n d itio n e r is th a t  it can  b e  efficiently 

para lle lized  since in  m any  p rac tic a l ap p lica tio n s it suffices to  use a  (block) d iagonal p re 

co n d itio n er B y 1  for A y 1 .  As can  b e  easily  verified, if we d is tr ib u te  th e  a lgebraic  sy stem  

betw een  th e  processors in  th e  m u ltip rocesso r sy stem  such  th a t  th e  unknow ns from  th e  sam e 

g roup  G belong  to  th e  sam e processor a n d  d is tr ib u te  th e  blocks o f B y  accordingly, th e n  

no in te rp ro cesso r com m unica tions a re  needed  to  p erfo rm  th e  m u ltip lica tio n  w ith  V B y l V T  (if 

th e  m a tr ix  B y  is b lock-d iagonal a n d  th e  blocks a re  p ro p erly  d is tr ib u te d ) .

7 N u m e r ic a l  e x p e r im e n t s

In  th is  section  we illu s tra te  th e  num erical perfo rm ance  of th e  developed tech n iq u e  on  a  n um ber 

o f s ingu la rly  p e r tu rb e d  e llip tic  p rob lem s o f th e  form  given in  E xam ple  5.2. Nam ely, we 

consider piecew ise linear conform ing  fin ite  elem ent d isc re tiza tio n  of th e  d iffusion e q u a tio n  (19) 

w ith  fi =  [0 , l ]2, Yd  =  {x =  (a:, y)  : x  =  0 , 0 <  y  < y  <  1} a n d  r jv  =  d f l / Y o  on  a  un ifo rm  

C a rte s ia n  grid . T h e  d iffusion ten so r K (x) is considered  to  be  o f th e  form

K ( x )  =  a (x)
e 0 

0 1
a ( x )  > 0 , e >  0 .

T h e  value o f e is chosen to  b e  equal to  1, 103 o r 106. T h e  coefficient fu n ctio n  a ( x )  is assum ed  

to  b e  th e  following:

, , f a, if x  belongs to  th e  sh ad ed  a re a  (see F igu re  1),

“ (X) =  1  1, o th e r w ise ,

w here th e  value o f a  is chosen to  b e  e ith e r  10- 6 , 10- 3 , 1, 103 o r 106.
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T h e  m ain  concern  is to  d e m o n stra te  in sen sitiv ity  of th e  developed  a lg o rith m  w ith  respec t 

to  th e  p rob lem  p a ra m ete rs . T h e  resu lts  of o u r num erical ex p erim en ts  a re  p resen ted  in  T a 

b les 1- 8 , w here we s tu d y  th e  perfo rm ance  of th e  m eth o d  w ith  resp ec t to  v a ria tio n s o f a , e, 

y  a n d  d ifferent m odifications of th e  p reco n d itio n er (12). T h e  perfo rm ance  of th e  d iagonal 
(po in tw ise Jacob i) p reco n d itio n e r is also p resen ted  for com parison . T h e  s to p p in g  c rite rio n  

w ith in  th e  P C G  m eth o d  is chosen to  b e  ||rW  | | / | | r ^  || <  I I P 6, w here r ®  is th e  in itia l res id u a l 

a n d  rW  is th e  resid u a l a fte r  th e  fc-th ite ra tio n . T h e  r ig h t-h a n d  side in  th e  a lgebraic  sy stem  is 

chosen to  b e  ran d o m . T h e  m a tr ix  V  in  (12) is c o n s tru c te d  au to m a tic a lly  using  th e  h eu ris tic  
a lg o rith m  (20)-(24) w ith  oj =  0.1.

T ab le  1 show s th a t  for th e  p rob lem  w ith  sm o o th  iso trop ic  coefficient fu n ctio n  th e  con 

vergence ra te  o f th e  d iagonally  p reco n d itio n ed  P C G  m eth o d  d ep en d s m ild ly  on  th e  choice of 

th e  b o u n d a ry  cond itions, w hereas th e  s itu a tio n  is o p p o site  in  th e  case w hen  th e  coefficient 

fu n ctio n  is h igh ly  an iso trop ic . Tables 2 -8  show th a t  th e  ju m p s  in  th e  coefficient fu n ctio n  have 

th e  effect o f a d d in g  e x tra  ( in te rn a l) N eu m an n -ty p e  b o u n d a ry  cond itions w hich  ag a in  leads to  

a  slow er convergence of th e  d iagonally  p reco n d itio n ed  ite ra tiv e  schem e. To th e  con trary , th e  

P C G  m eth o d  p reco n d itio n ed  by m eans of (12) ex h ib its  ro b u st pe rfo rm ance  in  a  w ide range  

o f a  a n d  e a n d  is insensitive  to  th e  choice o f th e  b o u n d a ry  cond itions, see Tables 1-8.

N um erical experim en ts  show th a t  th e  developed  subspace-co rrec tion  techn ique  perfo rm s 

well even if th e  m a tr ix  A y  is rep laced  by a  sim ple  d iagonal p reco n d itio n e r B y ;  in  m any  

p rac tic a l cases it suffices to  tak e  B y  =  d iag  A y .  However, if th e  m a tr ix  A y  is severely  ill- 

cond itioned , special care  has to  b e  tak e n  w hen  co n s tru c tin g  th e  p reco n d itio n er B y ;  one of th e  

possib le  app roaches was m en tioned  in R em ark  5.5, a lte rn a tiv e ly  one can  use a n  incom plete  

fac to riza tio n  p ro ced u re  to  co n s tru c t a n  ap p ro x im atio n  to  A y 1. In  a  m ultilevel se ttin g  th e  

m a tr ix  B y  can  be  co n s tru c te d  by using  th e  a lg o rith m  (12) recursively; in  th is  case we o b ta in  

a  p reco n d itio n e r of th e  form  B k =  M ^ 1 +  O kV k ,k - iB k - iV jF k_ v  see Sections 3 a n d  4.

In  F igures 2 a n d  3 we also illu s tra te  th e  eigenvalue d is tr ib u tio n  of th e  p recond itioned  

m a tr ix  B A  for d ifferen t a , e a n d  B .  As one can  see from  th e  above figures, th e  sp e c tru m  of 

th e  sy stem  p reco n d itio n ed  by ( 12) is co n ta in ed  in  th e  in te rval [0 (/i2), 0 (1)], a n d  th e  b o u n d s 

a re  in d ep en d en t of e a n d  a , w hereas in  th e  case o f Jacob i p reco n d itio n in g  th e  sp e c tru m  

no rm ally  con ta in s a  n u m b er of ex trem ely  sm all eigenvalues, som etim es well se p a ra te d  from  

th e  rem a in d e r o f th e  sp ec tru m , w hich  m ay cause slow convergence o f th e  P C G  algo rithm .

T h e  resu lts  o f o u r num erica l ex p erim en ts  a re  in  good agreem ent w ith  th e  developed theory . 

T ak ing  in to  accoun t th a t  th e  c o m p u ta tio n a l overhead assoc ia ted  w ith  th e  p reco n d itio n er is 

very  low (especially  in  th e  case w hen  th e  m a tr ix  B y  is chosen to  b e  d iagonal) we conclude 

th a t  th e  developed a lg o rith m  could  b e  view ed as a  v iab le  o p tio n  w hen  co n s tru c tin g  efficient 

solvers for th e  considered  class o f ill-cond itioned  e llip tic  p rob lem s. N ote also th a t  th e  m eth o d  

is even m ore a ttra c tiv e  in  a  p a ra lle l env ironm en t, w here it can  b e  a  serious c o m p e tito r  to  

m ore advanced  m eth o d s  (of m u ltig rid /m u ltile v e l ty p e , for in stance) as it requ ires only  a  

sm all a m o u n t of in te rp ro cesso r com m unications.

8 A c k n o w le d g m e n t s

T h e  tim e  invested  by Igor K a p o rin  (C o m p u tin g  C en te r of R u ss ian  A cadem y of Sciences) 

d u rin g  a  n u m b er of d iscussions a b o u t th e  developed a lg o rith m s is very  m uch  ap p rec ia ted .
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P recond ition er

V  = Vb V  =  Vi
B  = (d iag  A ) ^ 1 B v  = A v B v = A v B v = I B v  = d iag  A v

y An iso tropy : e =  1 ( iso trop ic  ca se )

0 .1 2 5 2 41  ( -  ) 2 03  ( 1) 241  ( 0 ) 241  ( 0 ) 241  ( 0 )

0 .2 5 0 2 39  ( -  ) 2 38  ( 1) 2 3 9  ( 0 ) 2 3 9  ( 0 ) 2 3 9  ( 0 )

0 .3 7 5 2 39  ( -  ) 2 3 9  ( 1 ) 2 3 9  ( 0 ) 2 3 9  ( 0 ) 23 9  ( 0 )

0 .5 0 0 2 3 4  ( -  ) 2 32  ( 1) 2 3 4  ( 0 ) 2 3 4  ( 0 ) 2 3 4  ( 0 )

0 .6 2 5 2 25  ( -  ) 2 23  ( 1) 2 2 5  ( 0 ) 2 2 5  ( 0 ) 22 5  ( 0 )

0 .7 5 0 2 22  ( -  ) 2 2 0  ( 1 ) 2 2 2  ( 0 ) 2 2 2  ( 0 ) 22 2  ( 0 )

0 .8 7 5 2 12  ( -  ) 2 09  ( 1) 2 1 2  ( 0 ) 2 1 2  ( 0 ) 21 2  ( 0 )

1 .0 0 0 179  ( -  ) 117 ( 1) 179  ( 0 ) 179  ( 0 ) 179  ( 0 )

V An isotropy: e =  103 (a n iso trop ic  ca se )

0 .1 2 5 1910  ( -  ) 2 37  ( 6 5 ) 3 31  ( 5 7 ) 3 4 6  ( 5 7 ) 347  ( 5 7 )

0 .2 5 0 1781  ( -  ) 2 43  ( 6 5 ) 4 2 3  ( 4 9 ) 41 7  ( 4 9 ) 42 1  ( 4 9 )

0 .3 7 5 1548  ( -  ) 241  ( 6 5 ) 4 2 0  ( 4 1 ) 4 1 4  ( 4 1 ) 4 1 4  ( 4 1 )

0 .5 0 0 1290  ( -  ) 2 3 5  ( 6 5 ) 4 0 5  ( 3 3 ) 40 7  ( 3 3 ) 4 1 0  ( 3 3 )

0 .6 2 5 1032  ( -  ) 2 26  ( 6 5 ) 3 9 8  ( 2 5 ) 3 9 6  ( 2 5 ) 387  ( 2 5 )

0 .7 5 0 8 05  ( -  ) 221  ( 6 5 ) 3 8 9  ( 17 ) 3 8 5  ( 1 7 ) 3 8 4  ( 17 )

0 .8 7 5 5 6 4  ( -  ) 2 1 9  ( 6 5 ) 3 6 2  ( 9 ) 3 6 0  ( 9 ) 35 9  ( 9 )

1 .0 0 0 2 8 4  ( -  ) 162  ( 6 5 ) 2 6 2  ( 1) 2 6 2  ( 1) 26 2  ( 1)

T ab le  1: P rob lem s A ,  B ,  C  a n d  D ,  h  =  — , a =  1, P C G  ite ra tio n  coun t a n d  th e  d im ension
64

of Im  V  (in  b rackets) for d ifferent values of e, y  a n d  d ifferent choices o f th e  p recond itioner.

P recond ition er

V  = Vb V  =  Vi
È  = (d iag  A ) -1 B v = A v B v = A v B v = I B v  = d iag  A v

y An iso tropy : e =  1 ( iso trop ic  ca se )

0 .1 2 5 3 10  ( -  ) 195  ( 2 ) 2 1 6  ( 1) 2 1 6  ( 1 ) 2 1 6  ( 1 )

0 .2 5 0 3 07  ( -  ) 1 94  ( 2 ) 2 1 4  ( 1) 2 1 4  ( 1) 2 1 4  ( 1)

0 .3 7 5 3 08  ( -  ) 193  ( 2 ) 2 1 3  ( 1) 2 1 3  ( 1) 21 3  ( 1 )

0 .5 0 0 3 03  ( -  ) 2 0 5  ( 2 ) 2 1 9  ( 1) 2 1 9  ( 1) 21 9  ( 1)

0 .6 2 5 2 98  ( -  ) 2 05  ( 2 ) 217  ( 1) 217  ( 1) 217  ( 1)

0 .7 5 0 2 90  ( -  ) 1 94  ( 2 ) 2 07  ( 1 ) 2 07  ( 1 ) 207  ( 1)

0 .8 7 5 2 80  ( -  ) 182  ( 2 ) 197  ( 1) 197  ( 1) 197  ( 1)

1 .0 0 0 2 60  ( -  ) 160  ( 2 ) 171  ( 1 ) 171  ( 1) 171  ( 1 )

y An isotropy: e =  103 (a n iso trop ic  ca se )

0 .1 2 5 2 1 1 4  ( -  ) 2 75  (1 3 1 ) 4 1 5  (1 2 3 ) 9 0 5  (1 2 3 ) 47 7  (1 2 3 )

0 .2 5 0 20 07  ( -  ) 2 9 4  (1 3 1 ) 5 5 9  (1 1 5 ) 8 0 8  (1 1 5 ) 52 0  (1 1 5 )

0 .3 7 5 1917  ( -  ) 2 52  (1 3 1 ) 4 8 0  (1 0 7 ) 7 5 5  (1 0 7 ) 4 2 2  (1 0 7 )

0 .5 0 0 18 84  ( -  ) 2 46  (1 3 1 ) 4 8 0  ( 9 9 ) 7 0 0  ( 9 9 ) 42 1  ( 9 9 )

0 .6 2 5 1877  ( -  ) 247  (1 3 1 ) 4 7 4  ( 9 1 ) 7 2 3  ( 9 1 ) 4 2 2  ( 9 1 )

0 .7 5 0 1851  ( -  ) 2 33  (1 3 1 ) 4 7 4  ( 8 3 ) 7 2 8  ( 8 3 ) 4 1 6  ( 8 3 )

0 .8 7 5 1648  ( -  ) 2 51  (1 3 1 ) 47 1  ( 7 5 ) 5 9 5  ( 7 5 ) 4 2 9  ( 7 5 )

1 .0 0 0 1382  ( -  ) 2 45  (1 3 1 ) 47 1  ( 6 7 ) 4 2 0  ( 6 7 ) 4 0 6  ( 6 7 )

T ab le  2: P ro b lem  A,  h  =  — , a =  103, P C G  ite ra tio n  coun t a n d  th e  d im ension  of I m F
64

(in  brackets) for d ifferent values o f e, y  a n d  d ifferent choices o f th e  p recond itioner.
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P recond ition er

V  = Vb V  =  Vi
B  = (d iag  A ) ^ 1 B v  = A v B v = A v B v = I B v  =  d iag  A v

y An iso tropy : e =  1 ( iso trop ic  ca se )

0 .1 2 5 4 0 0  ( -  ) 267  ( 3 ) 2 8 8  ( 2 ) 2 8 9  ( 2 ) 29 2  ( 2 )

0 .2 5 0 3 97  ( -  ) 2 63  ( 3 ) 2 8 4  ( 2 ) 281  ( 2 ) 2 8 3  ( 2 )

0 .3 7 5 3 9 4  ( -  ) 2 6 2  ( 3 ) 2 7 9  ( 2 ) 2 7 6  ( 2 ) 27 9  ( 2 )

0 .5 0 0 3 93  ( -  ) 2 62  ( 3 ) 2 7 5  ( 2 ) 2 7 2  ( 2 ) 27 3  ( 2 )

0 .6 2 5 3 89  ( -  ) 2 60  ( 3 ) 271  ( 2 ) 2 6 8  ( 2 ) 27 2  ( 2 )

0 .7 5 0 3 88  ( -  ) 2 6 2  ( 3 ) 2 7 3  ( 2 ) 2 6 6  ( 2 ) 271  ( 2 )

0 .8 7 5 3 82  ( -  ) 2 62  ( 3 ) 271  ( 2 ) 2 6 8  ( 2 ) 27 2  ( 2 )

1 .0 0 0 3 80  ( -  ) 2 6 0  ( 3 ) 2 6 8  ( 2 ) 2 6 5  ( 2 ) 2 6 8  ( 2 )

y An isotropy: e =  103 (a n iso trop ic  ca se )

0 .1 2 5 3 4 1 0  ( -  ) 2 70  (2 6 1 ) 4 2 3  (2 5 3 ) 611  (2 5 3 ) 4 4 5  (2 5 3 )

0 .2 5 0 3 2 7 5  ( -  ) 2 40  (2 6 1 ) 3 9 4  (2 4 5 ) 5 6 2  (2 4 5 ) 39 5  (2 4 5 )

0 .3 7 5 31 11  ( -  ) 2 3 3  (2 6 1 ) 3 8 8  (2 3 7 ) 5 4 2  (2 3 7 ) 38 6  (2 3 7 )

0 .5 0 0 30 87  ( -  ) 2 22  (2 6 1 ) 3 8 0  (2 2 9 ) 5 4 4  (2 2 9 ) 377  (2 2 9 )

0 .6 2 5 2 8 7 0  ( -  ) 2 20  (2 6 1 ) 3 7 9  (2 2 1 ) 5 3 5  (2 2 1 ) 36 9  (2 2 1 )

0 .7 5 0 2 9 1 8  ( -  ) 2 22  (2 6 1 ) 3 7 9  (2 1 3 ) 5 0 6  (2 1 3 ) 341  (2 1 3 )

0 .8 7 5 2 7 6 6  ( -  ) 2 2 5  (2 6 1 ) 3 8 0  (2 0 5 ) 5 0 6  (2 0 5 ) 341  (2 0 5 )

1 .0 0 0 2 6 2 0  ( -  ) 2 3 2  (2 6 1 ) 4 6 3  (1 9 7 ) 3 9 2  (1 9 7 ) 4 0 8  (1 9 7 )

T ab le  3: P ro b lem  C , h  =  — , a =  103, P C G  ite ra tio n  coun t a n d  th e  d im ension  of I m F
64

(in  b rackets) for d ifferent values o f e, y  a n d  d ifferent choices o f th e  p recond itioner.

P recond ition er

V  = V2 V  = Vi
È  = (d iag  A ) -1 B v = A v B v = A v B v =  I B v  = d iag  A v

y An iso tropy : e =  1 (iso trop ic  ca se )

0 .1 2 5 6 06  ( -  ) 148 ( 17 ) 153  ( 1 6 ) 172 ( 16 ) 174 16 )

0 .2 5 0 6 06  ( -  ) 179 ( 17 ) 191  ( 1 5 ) 186 ( 15 ) 165 15 )

0 .3 7 5 6 03  ( -  ) 178 ( 17 ) 183  ( 1 4 ) 181 ( 14 ) 183 14 )

0 .5 0 0 6 03  ( -  ) 178 ( 17 ) 183  ( 1 4 ) 177 ( 14 ) 184 14 )

0 .6 2 5 5 63  ( -  ) 173 ( 17 ) 180  ( 13 ) 176 ( 13 ) 179 13 )

0 .7 5 0 5 60  ( -  ) 170 ( 17 ) 172  ( 13 ) 168 ( 13 ) 173 13 )

0 .8 7 5 5 15  ( -  ) 159 ( 17 ) 158  ( 1 2 ) 158 ( 12 ) 168 12 )

1 .0 0 0 5 12  ( -  ) 154 ( 17 ) 156  ( 1 2 ) 156 ( 12 ) 156 12 )

y An isotropy: e =  103 (a n iso trop ic  ca se )

0 .1 2 5 3 7 0 9  ( -  ) 199 (3 1 7 ) 207  (3 0 9 ) 965 (3 0 9 ) 508 3 0 9 )

0 .2 5 0 4 1 2 8  ( -  ) 2 39 (3 1 7 ) 377  (3 0 1 ) 988 (3 0 1 ) 610 3 0 1 )

0 .3 7 5 3 9 6 4  ( -  ) 2 29 (3 1 7 ) 3 3 5  (2 9 3 ) 913 (2 9 3 ) 546 2 9 3 )

0 .5 0 0 3 7 6 0  ( -  ) 247 (3 1 7 ) 4 6 4  (2 8 5 ) 831 (2 8 5 ) 612 2 8 5 )

0 .6 2 5 34 61  ( -  ) 211 (3 1 7 ) 3 3 9  (2 7 7 ) 691 (2 7 7 ) 47 0 2 7 7 )

0 .7 5 0 2 8 1 2  ( -  ) 247 (3 1 7 ) 4 3 3  (2 6 9 ) 586 (2 6 9 ) 45 8 2 6 9 )

0 .8 7 5 21 11  ( -  ) 2 05 (3 1 7 ) 3 3 4  (2 6 1 ) 45 5 (2 6 1 ) 326 2 6 1 )

1 .0 0 0 1553  ( -  ) 2 29 (3 1 7 ) 3 9 8  (2 5 3 ) 356 (2 5 3 ) 358 2 5 3 )

T ab le  4: P ro b lem  D , h  =  — , a =  103, P C G  ite ra tio n  coun t a n d  th e  d im ension  of I m F
64

(in  b rackets) for d ifferent values o f e, y  a n d  d ifferent choices o f th e  p recond itioner.
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C oefficien t ju m p  a
IO -6 1 (T 3 1 IQ3 1Û6

A n iso tro p y : e  =  1 (iso tr o p ic  ca se )

È  = (d ia g  A ) -1  

B y  = A y  , V2 

B y  = A y  , Vi 

B y  = I ,  Vi 
B y  =  d ia g  .4 y , Vi

2 8 2  ( -  ) 
2 7 5  ( 2 )  
2 8 5  ( 1 ) 
2 7 1  ( 1 ) 
2 8 5  ( 1 )

2 8 1  ( -  ) 
2 7 6  ( 2 )  
2 8 2  ( 1 ) 
2 8 8  ( 1 ) 
2 8 6  ( 1 )

2 3 9  ( -  ) 
2 3 9  ( 1 ) 
2 3 9  ( 0 )  
2 3 9  ( 0 )  
2 3 9  ( 0 )

3 0 4  ( -  ) 
19 3  ( 2 )  
2 2 4  ( 1) 
2 1 4  ( 1) 
2 1 0  ( 1)

3 8 2  ( -  ) 
2 2 8  ( 2 )  
2 3 2  ( 1 ) 
2 4 0  ( 1 ) 
2 4 0  ( 1 )

A n iso tro p y : e  =  103 (a n iso tro p ic  ca se )

B  = (d ia g  A ) -1  
B y  =  A y  , V2 
B y  = A y  , Vi 
B y  = I ,  Vi 
B y  =  d ia g  .4 y , Vi

2 3 5 1  ( -  ) 
2 5 7  (1 2 7 )  
4 5 5  (1 0 3 )  
4 2 5  (1 0 3 )  
4 2 9  (1 0 3 )

2 3 3 5  ( -  ) 
2 6 5  (1 2 7 )  
4 6 7  (1 0 3 )  
4 2 8  (1 0 3 )  
4 2 8  (1 0 3 )

1 5 4 8  ( -  ) 
2 4 1  ( 6 5 )  
4 2 0  ( 4 1 )  
4 1 4  ( 4 1 )  
4 1 4  ( 4 1 )

1 9 1 1  ( -  ) 
2 5 2  (1 3 1 )  
4 8 0  (1 0 7 )  
7 5 8  (1 0 7 )  
4 2 2  (1 0 7 )

2 1 4 6  ( -  ) 
3 0 0  (1 3 1 )  
5 8 2  (1 0 7 )  

1 1 7 1  (1 0 7 )  
6 5 8  (1 0 7 )

A n iso trop y: e  =  10e (s tr o n g ly  a n iso tro p ic  ca se )

B  = (d ia g  A ) -1

B y  = A y  , V2 

B y  = A y  , Vi 
B y  = I ,  Vi 
B y  =  d ia g  .4 y , Vi

9 2 6 6  ( -  ) 
1 9 5  (1 2 7 )  
2 6 9  (1 0 3 )  
3 1 2  (1 0 3 )  
2 8 8  (1 0 3 )

7 9 1 6  ( -  ) 
19 5  (1 2 7 )  
2 5 7  (1 0 3 )  
5 6 2  (1 0 3 )  
4 3 6  (1 0 3 )

4 8 8 2  ( -  ) 
1 1 5  ( 6 5 )  
16 1 ( 4 1 )  
1 7 0  ( 4 1 )  
1 7 0  ( 4 1 )

6 1 7 3  ( -  ) 
1 5 0  (1 3 1 )  
2 4 3  (1 0 7 )  

2 0 8 6  (1 0 7 )  
4 5 1  (1 0 7 )

5 9 2 3  ( -  ) 
15 0  (1 3 1 )  
2 1 5  (1 0 7 )  

2 5 0 1  (1 0 7 )  
2 5 4  (1 0 7 )

T ab le  5: P ro b lem  A , h  =  — , y  =  - ,  P C G  ite ra tio n  coun t a n d  th e  d im ension  o f I m F
6 4 ’ y 8

(in  b rackets) as a  fu n ctio n  o f th e  coefficient ju m p  a  a n d  th e  an iso tro p y  ra tio  e

C o efficien t ju m p  a

IO- 6 1(T 3 1 IQ3 1Û6

A n isotro p y: e  =  1 (iso tr o p ic  ca se )

È  = (d ia g  A ) -1 3 3 5  ( -  ) 3 3 3  ( -  ) 2 3 9  ( -  ) 4 3 1  ( -  ) 6 1 9  ( -  )

B y  = A y  , V2 3 1 7  ( 5 ) 3 2 0  ( 5 ) 2 3 9  ( 1) 177  ( 5 ) 197  ( 5 )

B y  = A y  , Vi 3 3 8  ( 4 ) 3 3 8  ( 4 ) 2 3 9  ( 0 ) 19 2  ( 4 ) 2 0 8  ( 4 )

B y  = I ,  14 3 3 2  ( 4 ) 3 3 2  ( 4 ) 2 3 9  ( 0 ) 18 9  ( 4 ) 2 0 1  ( 4 )

B y  = d ia g  A y , Vi 3 3 7  ( 4 ) 3 4 7  ( 4 ) 2 3 9  ( 0 ) 19 2  ( 4 ) 2 0 8  ( 4 )

A n iso trop y: e =  103 (a n iso tro p ic  ca se )

B  = (d ia g  A ) -1 3 0 6 4  ( -  ) 2 7 7 9  ( -  ) 1 5 4 8  ( -  ) 3 0 1 5  ( -  ) 4 6 3 7  ( -  )
B y  = A y  , V2 2 3 9  (2 1 7 ) 2 4 2  (2 1 7 ) 2 4 1  ( 6 5 ) 2 3 2  (2 3 3 ) 2 7 8  (2 3 3 )

B y  = A y  , Vi 4 0 0  (1 9 3 ) 4 1 4  (1 9 3 ) 4 2 0  ( 4 1 ) 3 8 4  (2 0 9 ) 4 2 2  (2 0 9 )

B y  = I ,  14 3 8 0  (1 9 3 ) 3 9 2  (1 9 3 ) 4 1 4  ( 4 1 ) 5 7 1  (2 0 9 ) 1 2 6 0  (2 0 9 )

B y  =  d ia g  A y , Vi 3 8 7  (1 9 3 ) 3 8 4  (1 9 3 ) 4 1 4  ( 4 1 ) 3 9 5  (2 0 9 ) 9 0 2  (2 0 9 )

A n iso trop y: e  = 10e (s tr o n g ly  a n iso tro p ic  ca se )

È  = (d ia g  A ) -1 1 3 3 1 4  ( -  ) 1 2 3 4 5  ( -  ) 4 8 8 2  ( -  ) 1 0 5 2 6  ( -  ) 1 2 2 2 5  ( -  )
B y  = A y  , V2 2 1 9  (2 1 7 ) 2 3 4  (2 1 7 ) 1 1 5  ( 6 5 ) 1 6 4  (2 3 3 ) 197  (2 3 3 )

B y  = A y  , Vi 3 0 7  (1 9 3 ) 3 0 3  (1 9 3 ) 16 1  ( 4 1 ) 2 4 9  (2 0 9 ) 2 7 9  (2 0 9 )

B y  = I ,  14 3 1 8  (1 9 3 ) 8 0 1  (1 9 3 ) 1 7 0  ( 4 1 ) 2 0 0 0  (2 0 9 ) 1 6 8 9  (2 0 9 )

B y  = d ia g  A y , Vi 3 2 1  (1 9 3 ) 6 5 9  (1 9 3 ) 1 7 0  ( 4 1 ) 5 9 9  (2 0 9 ) 3 2 3  (2 0 9 )

T ab le  6 : P ro b lem  B , h =  — , y  =  - ,  P C G  ite ra tio n  coun t a n d  th e  d im ension  of I m F
64 8

(in  b rackets) as a  fu n ctio n  of th e  coefficient ju m p  a a n d  th e  an iso tro p y  ra tio  e
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C oefficien t ju m p  a

IO -6 1 (T 3 1 IQ3 1Û6

A n iso tro p y : e =  1 (iso tr o p ic  ca se )

È  = (d ia g  A ) -1  
B y  = A y  , V2 

B y  = A y  , Vi 
B y  = I ,  14 
B y  =di&g A y ,  Vi

3 8 4  ( -  ) 
3 8 4  ( 3 )  
3 9 1  ( 2 )  
3 8 2  ( 2 )  
3 9 0  ( 2 )

3 8 1  ( -  )
3 8 4  ( 3 )  
3 8 8  ( 2 )  
3 8 3  ( 2 )

3 8 5  ( 2 )

2 3 9  ( -  ) 
2 3 9  ( 1) 
2 3 9  ( 0 )  
2 3 9  ( 0 )  
2 3 9  ( 0 )

3 9 4  ( -  ) 
2 6 3  ( 3 )  
2 7 9  ( 2 )  
2 7 7  ( 2 )  
2 7 9  ( 2 )

5 2 7  ( -  ) 
2 8 1  ( 3 )  
2 8 9  ( 2 )  
2 9 7  ( 2 )  
2 9 4  ( 2 )

A n iso tro p y : e =  103 (a n iso tro p ic  ca se )

Ê  =  (d ia g  A ) -1

B y  = A y  , V2 

B y  = A y  , Vi 
B y  = I ,  14 
B y  =di&g A y ,  Vi

3 7 7 7  ( -  ) 
2 4 7  (2 5 3 )  
4 0 5  (2 2 9 )  
4 4 4  (2 2 9 )  
4 3 4  (2 2 9 )

3 1 6 8  ( -  ) 
2 5 1  (2 5 3 )  
4 1 3  (2 2 9 )  
4 0 2  (2 2 9 )  
3 9 4  (2 2 9 )

1 5 4 8  ( -  ) 
2 4 1  ( 6 5 )  
4 2 0  ( 4 1 )  
4 1 4  ( 4 1 )  
4 1 4  ( 4 1 )

3 1 1 3  ( -  ) 
2 3 3  (2 6 1 )  
3 8 7  (2 3 7 )  
5 5 3  (2 3 7 )  
3 8 7  (2 3 7 )

3 7 7 1  ( -  ) 
2 5 7  (2 6 1 )  
4 0 9  (2 3 7 )  
9 3 4  (2 3 7 )  
6 6 3  (2 3 7 )

A n iso trop y: e  = 10e (s tr o n g ly  a n iso tro p ic  ca se )

È  = (d ia g  A ) -1

B y  = A y  , V2 

B y  = A y  , Vi 
B y  = I ,  14 
B y  =di&g A y ,  Vi

1 5 0 0 7  ( -  ) 
2 1 3  (2 5 3 )  
2 9 8  (2 2 9 )  
3 3 4  (2 2 9 )  
3 2 2  (2 2 9 )

1 4 8 5 3  ( -  ) 
2 2 7  (2 5 3 )  
3 0 1  (2 2 9 )  
9 4 7  (2 2 9 )  
6 9 3  (2 2 9 )

4 8 8 2  ( -  ) 
1 1 5  ( 6 5 )  
16 1 ( 4 1 )  
1 7 0  ( 4 1 )  
1 7 0  ( 4 1 )

1 3 7 2 7  ( -  ) 
16 1 (2 6 1 )  
2 7 3  (2 3 7 )  

2 2 1 8  (2 3 7 )  
7 2 6  (2 3 7 )

1 3 2 7 4  ( -  ) 
1 8 4  (2 6 1 )  
2 8 7  (2 3 7 )  

1 6 5 3  (2 3 7 )  
3 2 4  (2 3 7 )

T ab le  7: P ro b lem  C , h  =  — , y  =  - ,  P C G  ite ra tio n  coun t a n d  th e  d im ension  of I m F
6 4 ’ y 8

(in  b rackets) as a  fu n ctio n  o f th e  coefficient ju m p  a  a n d  th e  an iso tro p y  ra tio  e

C o efficien t ju m p  a
l ( T b 1 (T 3 1 IQ3 10b

A n isotro p y: e  =  1 (iso tr o p ic  ca se )

È  = (d ia g  A ) -1 2 9 2  ( -  ) 2 5 9  ( -  ) 2 3 9  ( -  ) 6 0 2  ( -  ) 9 8 4  ( -  )

B y  = A y  , V2 2 4 0  ( 1 7 ) 2 4 4  ( 1 7 ) 2 3 9  ( 1 ) 1 78  ( 1 7 ) 2 0 5  ( 1 7 )

B y  = A y  , Vi 2 9 9  ( 1 4 ) 2 9 9  ( 1 4 ) 2 3 9  ( 0 ) 1 83  ( 1 4 ) 2 0 3  ( 1 4 )

B y  = I ,  14 3 0 4  ( 1 4 ) 3 0 3  ( 1 4 ) 2 3 9  ( 0 ) 1 79  ( 1 4 ) 18 3  ( 1 4 )

B y  =  d ia g  A y , Vi 3 1 1  ( 1 4 ) 3 1 2  ( 1 4 ) 2 3 9  ( 0 ) 1 83  ( 1 4 ) 181  ( 1 4 )

A n iso trop y: e =  103 (a n iso tro p ic  ca se )

B  = (d ia g  A ) -1 2 4 9 5  ( -  ) 2 4 3 2  ( -  ) 1 5 4 8  ( -  ) 3 8 5 2  ( -  ) 7 4 2 2  ( -  )

B y  = A y  , V2 2 3 8  (2 6 8 ) 2 4 6  (2 6 8 ) 2 4 1  ( 6 5 ) 2 2 9  ( 3 1 7 ) 2 7 3  (3 1 7 )

B y  = A y  , Vi 3 9 4  (2 4 4 ) 4 1 8  (2 4 4 ) 4 2 0  ( 4 1 ) 3 3 4  ( 2 9 3 ) 3 8 1  (2 9 3 )

B y  = I ,  14 3 9 1  (2 4 4 ) 3 8 3  (2 4 4 ) 4 1 4  ( 4 1 ) 9 1 4  ( 2 9 3 ) 3 0 9 9  (2 9 3 )

B y  =  d ia g  A y , Vi 3 8 6  (2 4 4 ) 3 9 0  (2 4 4 ) 4 1 4  ( 4 1 ) 5 4 0  ( 2 9 3 ) 2 0 9 9  (2 9 3 )

A n iso trop y: e  = 10e (s tr o n g ly  a n iso tro p ic  ca se )

È  = (d ia g  A ) -1 1 0 0 3 2  ( -  ) 1 3 0 1 6  ( -  ) 4 8 8 2  ( -  ) 1 8 7 4 2  ( -  ) n / a

B y  = A y  , V2 15 2  (2 6 8 ) 14 9  (2 6 8 ) 1 15  ( 6 5 ) 1 16  ( 3 1 7 ) n / a

B y  = A y  , Vi 2 7 8  (2 4 4 ) 2 7 6  (2 4 4 ) 161  ( 4 1 ) 187  ( 2 9 3 ) n / a

B y  = I ,  14 2 8 3  (2 4 4 ) 8 3 2  (2 4 4 ) 1 70  ( 4 1 ) 3 5 5 9  ( 2 9 3 ) n / a

B y  = d ia g  A y , Vi 3 0 2  (2 4 4 ) 5 8 8  (2 4 4 ) 1 70  ( 4 1 ) 7 8 5  ( 2 9 3 ) n / a

T ab le  8 : P ro b lem  D ,  h =  — , y  =  - ,  P C G  ite ra tio n  coun t a n d  th e  d im ension  o f I m F
64 8

(in  b rackets) as a  fu n ctio n  o f th e  coefficient ju m p  a a n d  th e  an iso tro p y  ra tio  e
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No p recond ition ing : B  =  I

5 0  1 0 0  1 5 0  2 0 0  2 5 0

5 0  1 0 0  1 5 0  2 0 0  2 5 0

D iagonal scaling: B  =  (diagA)~

5 0  1 0 0  1 5 0  2 0 0  2 5 0 5 0  1 0 0  1 5 0  2 0 0  2 5 0

A lgorithm  (12): B  =  (d ia g A) 1 +  a V B v l V T\  B y  =  Ay, V  =  V2

3
F ig u re  2: P ro b lem  D , h  =  1 /16 , e =  1, y  =  - ,  eigenvalue d is tr ib u tio n  of B A  for d ifferent p re 

cond itioners  B  a n d  d ifferent values of th e  coefficient ju m p  a: a =  1 (left) a n d  a =  106 (righ t)
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No p recond ition ing : B  =  I

:1 0 -2

1 0 -2 . __ 1"

-
1 0 -4

1 0 -6
1 0 -4

o

1 0 -8 ?

1 0 -6

Ï
1 0 -10

3
) 1 0 -12

1 0 -8 - -

5 0  1 0 0  1 5 0  2 0 0  2 5 0 5 0  100  1 5 0  2 0 0  2 5 0

D iagonal scaling: B  = (d iag  A ) -1

1 1 1 1
1 0 0 0

1 0 0

_

<«>

1 0 -1
—

1 0 -1
40

—

1 0 -2, 1 0 -2, A I I i I I -
5 0  1 0 0  1 5 0  2 0 0  2 5 0  5 0  1 0 0  1 5 0  2 0 0  2 5 0

A lgorithm  (12): B  =  (d ia g A ) ^ 1 +  a V B y l V T , B y  =  A y , V  =  V2 

1 3
F ig u re  3: P ro b lem  D , h  =  — , e =  106, y  =  - ,  eigenvalue d is tr ib u tio n  o f B A  for d ifferent pre-

16 8
cond itioners  B  a n d  d ifferent values of th e  coefficient ju m p  a: a =  1 (left) a n d  a =  106 (righ t)
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