GENERALIZED BRANCHING PROCESSES II: ASYMPTOTIC
THEORY"

BY
P. E. NeY

1. Introduction

This paper continues the study of the process X () = total energy at ¢,
defined in [9], the latter paper to be referred to from now on as I. All the
notations and definitions of I carry over here. In addition some strong
regularity conditions will be imposed on the underlying distributions G,
®;, {g;}. These will be essentially (a) a homogeneity restriction on &; ;
(b) the requirement that 1 — G and ®; be sufficiently small, respectively, for
large and small values of their arguments; (¢) the existence of certain moments.

After some preliminaries in Section 2, it will be shown in Section 3 that
the moments of the process satisfy renewal equations, and thence their asymp-
totic behavior is given. In Section 4 the convergence, to a random variable,
of the energy X (¢) divided by its mean is studied. Some regularity properties
of the limit random variable are given in Section 5. Section 6 deals briefly
with the total energy of all particles which have existed up fo time .

Since paper I will be frequently referred to, specific expressions or theorems
from that paper will be identified by preceding them by a I, e.g., expression
(1.2.1) or Theorem I.3.

The results and techniques of the present paper follow closely the develop-
ment of Bellman and Harris [1] for the standard age-dependent process, and
the purpose of the present paper is to extend the results of [1] to the generalized
process. In certain instances it has been possible to reduce problems in this
paper to ones which have already been dealt with in [1]. To save space and
avoid repetitious analysis, this device has been adopted wherever practicable.

2. Preliminaries and assumptions
It will be assumed throughout that for any integer j and any constant ¢
(A.1) ®i(cxr, -+, cxjlex) = Pi(we, -+, x5 | x0).

If (x| 2) is defined as in (I1.3.8.1), then (A.1) implies ®™(cz | cxo) =
™ (x| w). Write®™ (x| 1) = ®™(x). Tt will be further assumed that

(A.2) f '@ (dz) exists;
0

also that

(A.3) p+a<l;
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and

(A4) fw LAG() < w.
0

In Sections 3 and 4 it is also assumed that G/(¢) is nonperiodic, i.e., not a step
function with all its jumps at integral multiples of some constant.

The homogeneity condition (A.1) is essential in the subsequent analysis.
The condition (A.2) will guarantee the existence of the required moments of
the process. Note that by Lemma 1.3, (A.2) is somewhat stronger than re-
quiring the existence of the second moment of the total energy of the first
generation offspring of a parent particle of unit energy. It also implies that
> n'q, < © (see 1.3.8.1). The purpose of (A.3) is to avoid certain un-
interesting degeneracies.

By Theorem 1.1, (A.2) is thus sufficient to guarantee that (1.2.1) has a
unique, bounded solution P(z, ¢ | 2,), which is a .distribution function. By
replacing by ex, and z;,7 = 0,1, --- , 7, by cx; in (1.2.1), and using the
homogeneity property (A.1), one can show that P(cz, ¢ | cx) is also a solution
of (I1.2.1). Hence by the uniqueness of the solution, it follows that

(2.1) Plex, t|cxo) = P(w, i x0)

for any constant ¢. From (2.1) it follows at once that if

u™ (¢ 20) = / " P(dz, ¢| 20)
0
exists, then
(2.2) ,u.(n)(t I cxo) — Cnn(n)(t | xo)-

Now write P(z, 1| 1) = P(x,1),®;(21, -+ ,2;|1) =®;(x1, -+, z;), and
let P(s, t) be the characteristic function of P(x, t). Then (1.2.1) and (I1.2.2)
become

P(x,t) = [1 — GWZ(x — 1) + G()Z(x)

(2.3) +;qj£th(y) /ow"'fomi‘j(dm,---,dxj)
[re=)ereerre)]
and
P(s,t) =11 — G()]e” + @G (1)
(24)

+ :;qj fo dG(y)fow---f:@j(dxl, e day) ;iIIP<xis,t — .

By Theorem 1.1, (2.3) and (2.4) have unique bounded solutions; P(x, ¢) is a
distribution function, and P(s, ¢) is its characteristic function. Furthermore,
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writing 4™ (¢] 1) = ' (t), the moment equation (1.3.9) becomes

(25) W) =1 — GO+ 2 elna, -++,n;) [0 da(y) 1:11“("”“ — ),

where

) © J
e(n, -+, my) = (m,-’f-,n,-)qffo fo &j(day, -+, doy) [T ¥

=1

and the summation in (2.5) isoverj = 1,2, --- ,andalln, , - - - , n; such that
m+ -+ n;=mnmn =0, forall 4.

The existence and uniqueness properties of x™ (¢) can be established directly
from Theorem I.2.

TuroreMm 1. If f%" 2" ®™ (dx) exists forn = 1, -+, r, then
() = f 2"P(dz, ), n=1 -7
0

extst, are of exponential order, satisfy (2.5), and are the unique stmulianeous
solutions (forn = 1, --- ,r) of (2.5) among the class of solutions of exponential
order.

Proof. Let N5 (a0) be the function defined in (I1.3.7) and (1.3.8). Then
N (20) = b [ [ x%(")(dx)]
0

Hence Nyt (zo) /N5 (20) = f v 2"®™ (dz), and the theorem then follows by
hypothesis and Theorem 1.2,
Let

(26) cn:;Qi/{; "'l q)j(dxh"';dxj)(xl ++$])=‘£ x@(dm),

where ®(z) = ®(x | 1), and ®(x | zo) is defined in (1.3.3). Ife¢; = 1, then the
equation

(27) a [ Tt dG() = 1

k

will have a nonnegative root s = ¢. If ¢; < 1, then (2.7) may not have a
root. In what follows, it will be seen that the asymptotic behavior of the
moments u,(f) will depend on the constants ¢, , and several cases will have to
be considered, depending on the values of the constants. In order to simplify
the enumeration of hypotheses for these cases, it will be assumed, once and
for all, that:

(A5) If a1 < 1, then @ is such that f8° ¢ " dG(t) converges in a negative
s-interval containing a root o of (2.7). Furthermore 1 — G(t) =
0(”).

As a final preliminary, some well known results in renewal theory which
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will be extensively used in the next section will be summarized in two lemmas.
The results contained in these lemmas can be extracted from Ieller {3], and
from similar summary lemmas in Bellman and Harris [1]. Further references
are given in the latter paper.

Lemma 1. If U(t) satisfies the equation
(28) U() = bK(t) +a [ Ut — ) dH(y),
0

where | K(t) | is bounded, K(1) — 1 as t — », and H is a distribution function,
then

(1) ifa > 1and K is a distribution function, then

U(t) ~ b;g [ fo e dK(t)] [ fo " dH(t)T,

where o 1s the positive root of
(29) af AR (L) = 1;
0
(i) #fa =1, then

U(t) ~ bt [fow th(t)T;

(ili) #fa < 1, then U(t) — b/(1 — a).
Lemma 2. If u(l) sotisfies the equation
(2.10) u(t) = bk(t) + a ftu(t ~ y) dH(y),
0

where k is a density function and H is a nonperiodic distribution function, then
(1) #fa > 1, then
ot

(2.11) u(t) ~ bz [[ e k(1) dt] U: te " dH(t):l—l;

(ii) 4fa =1, then B
u(t)—eb[/:tdﬂ(t)} ;

(i) fa < 1andif [§e° dH(t) converges in a negative s-interval con-
taining a root o of (2.9), and if |7 ¢ "'k(t) dt converges, then (2.11) holds.

3. Asymptotic behavior of moments

TaroREM 2. Let ci be defined as in (2.6), o as defined in (2.7). (Write
wa(t) = wu(t).)
(1) Ife # 1, then

(3.1) p(t) ~ (e — 1) U: e dG(t)]
(i) If e = 1, then p(t) — 1.

—1
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Proof. (A1), (A.2), and Theorem 1 imply the existence of u(¢), which
by (2.5) therefore satisfies the equation

(32) mw=n—wmn+m£%u—wdwm.

Application of Lemma 2, and integration by parts of [¢ ¢ [l — G(£)]dt,
yields the theorem.
Let

(3.3) Cu = 2291‘[ f ®;(dwy, -+, dx;) Z T Ty,
0 0

i=1 1<i<hksd

If ¢; [3 ¢ d@(t) > 1, then denote by o3 the positive root of the equation
(3.4) o f e T gq(t) = 1.
0

TarorREM 3. Lelcy, ¢y, cu, o, 02 be as defined in (2.6), (3.3), (2.7), (34).
(i) Ife [ e dQ(t) > 1, then

@ o 1
(35) “2(t)e~(v2+2d)t =t |:/ B(y) dy:l |:f ye—(n+2a)u dG(y):I ,
0 [

where
(3.6) mw=aw%{1—mw+m£um—ymmw]
(i) Ife 3™ dG(t) = 1, then

0 ) —1
(3.7) pe() e = ener'd f ¢ dG(y) [f ye Y dG(?J)] )
0 0
where
) —1
d= (¢ — D% [f te dG(t):l if e #1,
(1]
= 1 ’Lf Cc = 1.
(i) Ife [¢ e dG(t) < 1,then

@ w —1
(39)  w()e™ — cnd f ¢ 4G (y) [1 — & f P dG(t):I .
0 0

Remark 1. The integrals on the right sides of (3.7) and (3.9) are explicitly
computable, and hence the limits in these expressions can be evaluated. This
is however not the case for (3.5), since B(?) is not explicitly known. Thus
[§ B(t) dt is to be regarded as a finite but unknown constant.

(3.8)

Remark 2. g2+ 20 (>, =, <) Owhenc, (>, =, <) 1.

Proof of Theorem 3. (A.1), (A.2), and Theorem 1 imply the existence of
u2(%), which by (2.5) therefore satisfies the equation
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(310) w(®) =1 — G(t) + cufo Kt — y) dG(y) + 62[ ue(t — y) dG(y).

(i) Ife [7e™ dG(t) > 1, then
t

(811)  w(t)e ™" = B(t) + 62f la(t — y)e TP GG (y),
0

Theorem 2 and (A.5) imply that f?f B(y) dy < e, and hence the result
follows from Lemma 2(ii) and (3.11).
(i) Ife [5 e dG(t) = 1, write
12
pa(t)e ™ =1 — G(O)]e ™" + e f [u(t — y)e VT dG(y)
(3.12) ’

i
+ e fo [ps(t — y)e 1™ dG(y).

By (A.5), [1 — G(t)]e ™" — 0. Using Theorem 2 onc can see that as { —
12 w0
(818) en [ [t =) P dGy) — end [ dG(y),
0 0

and hence Lemma 1(ii) and (3.12) imply (3.7).

(i) e [T e dG(t) <1,thenagain[l — G(£)]l¢™ — 0. By Theorem
2(i), (3.13), and Lemma 1(iii), one obtains (3.9).

Example. In the case of the binary age-dependent process treated in [1],
e =¢ =cy =2 Henceo>0,and1l =2 [7 e dG(t) > 2 f3° e dG(1).
Thus Theorem 3 is always in case (iil), which with ¢1 = ¢; = 2 is Lemma 7

of [1]. Similarly in the general age-dependent process ¢; = ¢, and hence
1=c [ce7dG(t) > e [ e dG(2).

4. Convergence of X (1)/u(t)

In this section we will study the mean square convergence of X (t)/u(t) =
w(t) to a random variable. In the case of the binary branching process,
where X (¢) is the number of particles at ¢, such convergence was proved by
Bellman and Harris [1]. Convergence in probability was proved by Levinson
[7] for the general age-dependent process, without requiring Y n’q, < o,
but subject to rather strong regularity conditions on . He also assumed
> ng, = v > 1. (Recall that for this process ¢; = ».) Since

:U'(t)_)<°°707 1) if V(>a<’=)1’

one would expeet limit theorems for X (¢) to show different character for these
cases. Most work for age-dependent branching processes has been for » > 1
(see [5], [7]).

It will be seen below that the mean square convergence of w(t) does not,
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in fact, depend on » > 1, but rather on ¢, [¢ ¢ **dG(f) < 1. In Theorem 4
it will be shown that this inequality (together with some regularity conditions)
is sufficient for mean square convergence. Conversely, if the inequality is
violated, then it is clear from Theorems 2 and 3 that Ew’(¢) diverges as
t — o, and hence in this situation u(¢) is not the correct normalizing factor
for X(&).

If ¢, = ¢, as is the case in the age-dependent branching process, then
the condition » < 1implies ¢, [5 ¢ *dG(t) > 1, as is indicated in the example
at the end of Section 3. In the present process, however, one can easily
construct examples for which ¢; < 1 and ¢, [ ¢ dG(t) < 1. Such an
example will be given after Theorem 4.

It will be necessary to consider the joint distribution of X(#;) and X(%)
given an initial particle of unit energy at time zero. Denote this distribution
by P21, %2, t1, t2). The law of total probability suggests that it satisfies
the equation

Po(xy, 2, b1, ) = [1 — G(8)]Z(xy — DZ(xy — 1) + qo G(t) Z(21) Z ()
+ qlG(t:) — G(t)1Z (21 — 1)Z(22)

+ 2= S [ a6t [ o [ o, o, du)

(4.1) : (x_z (™ _>
P ul’t2 y) * P uj,t2 Y

+ 50 [ dow) [ [ e, dw)

X Iy X
P2<@)‘£ tl_y,t2—y>*"'*P2<_1y_2,t1—yyt2—'y>-
1 U; Uj

Uy
An argument analogous to that of Theorem I.1 shows that if » < e, then
(4.1) has a unique bounded solution, that this solution is a distribution func-

tion, and that the bivariate characteristic function P, of P, is the unique
bounded solution of the equation

Po(si, 8, t1,t) =[1 — G(1)]e" ™ + qu@(t) + ¢lG() — G(1)]le™

(4.2) + 6”1;% _/h2dG(y) f f@j(dul, ooy duy) LIIP(uisZ,tz - y)

0 £y i R
+Zlq]‘ / dG(y) f e /éj(dul y T, du,-)IIng(uisl,uisz,tl -1, ts — y)
J= 0 =

By the methods of Theorem 1.2, and using (4.2), one can then show that
(A.2) implies that m(t, &) = [ [7 @125 P(d2, das, 41, 1) exists, and is the
unique exponential order solution of
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mn, ) = 1= G0 +a [ " ults — y) dG(y)
(4.3) '

t i

+ cuf plh — y)ults — y) dG(y) + ch 1 m{ts — ¥, b — ) dG(y).
0 0

TarorEM 4. If ¢, f3° e dG(t) < 1, then w(t) converges in mean square to
a random variable w.

Proof. Asin 1}, set ty = &, &2 = t + h for any ¢, h > 0, and let
m(t, t + h)e " = y(¢, ). Then by (4.3)

t+h
w(t, B) = L 4 G D+ e [ i b~ y) d6 ()
¢
t
(44) + en f [(t — 9)e PN ult 4+ b — y)e 0 da(y)
0

12
+ 02f u(t — y, h)e ™ dG(y).
0
By (A.5),¢ ™[l — G(t+ h)] > 0ast— . Also
t-t+h
ce / p(t 4+ h — y) dG(y) = constant -¢ [G(t + h) — G(t)] — 0
1

as t— ». Define d as in (3.8). By Theorem 2 the third term on the right
side of (4.4) converges to cud® [§ ¢ dG(y). Hence by hypothesis and
Lemma 1(iii)

(45) u(t, h) —end fow e dG(y) I:l — ¢ fow ¢ Y dG(y):I~1 =y

ast— . But by Theorem 3(iii), us(t)e *" converges to u. Hence
Ele'X(t) — ¢ ““™MX(t + W) = pa(8)e™ + pa(t + h)e ™ — 2u(t, h)

—0 as t— o,
and E[w(t) — w(t + )" — 0.

Ezample. To show that the remarks preceding the above theorem are not
void, we give a simple example satisfying (A.1)-(A.5) and

@) a<1; (i) a f G = 1; (i) e f ¥ dQ(t) < 1.

Takeqi = = 3;G() =0ift < 1,=1ift = 1;P(z) = 0ifx < %, =1
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fe=3;®(21,2) =1if 21 2 3 and ay, = 5, = 0 otherwise. Then ¢; = £,
¢ = %; (ii) becomes 2¢~° = 1, and hence ¢ < &e ™ = 1.

The special case when G is an exponential distribution has received much
attention in the literature on cascades, and deserves special comment in the
present process. The following property was pointed out to the author by

T. E. Harris.
TarOREM 5. If G(1) is exponential, then w(t) is a martingale.

Proof. From (2.2) it follows that u(¢| ) is a linear function of z. This
implies that the mean total energy at ¢ due to any number of independent
particles with total energy xo at time zero, is simply p(¢ ] o).

Define the random vector V(1) = (N(1), Xi(t), - - , Xy (t)), where N(t)
is the number of particles at ¢, and X;(¢),7 = 1, - - -, N(2), is the energy of the
¢th particle. If G(-) is exponential, then the process defined by V(i) is a
time-homogeneous Markov process. For a further discussion of such proc-
esses, see Moyal [8]. Let Py (-) denote the distribution function of V(i).
For a formal definition of Pyu)(-) see [8]. Choose ty = --- £ t, = ¢

Then using the linearity of u(¢| -) and the Markovian property of V,
BlX(ts) | X() = 21, -+, X(8) = ]

n+l »

= [E[X(tn+1) [ X(t1> = Lp,y yX(tn) = Xn , V(tn) = U]PV(t,.)(dU)

= [ BX(ir) | X(0) =20, Vi) = 01Pyiu ()

f

f M(tn+1 — tn l xn)PV(tn)(Ch)) = M(tn—H — I 1 xn)

= T plas — o).
Hence
Elw(tas) | w(h) = wi, -+, w(t,) = w,)
= ()T EX () | X(8) = wip(h), -+, X(t) = wn u(ta)]
= [u(tus) " w0 w(t)ubuss — ) = wa,
since u(1) is an exponential function in the present case.

CororLLArY. If G(&) is exponential, then w(t) converges with probability one
to a random variable.

Proof. The corollary is a direct consequence of Theorem 5, the martingale
convergence theorem (see Doob [2, p. 319]), and the fact that Ew(¢) = 1.

In the next section some properties of the limit random variable will be
studied.
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5. The limit random variable

TaEOREM 6. If w(t) converges in probability to a random variable w, then the
characteristic function of w, say f, satisfies the equation

0 ®© 2] @0 ]
(5.1) 1) =+ 2 [ d6) [ o [ @ldnr, oo doy) [ f@id™).
J= 0 0 0 1=
(Note that the hypothesis of Theorem 4 or 5 implies that of Theorem 6.)

Proof. Let f(s, t) denote the characteristic function of w(t). Then
J(s,8) = E exp {isX(t)/u(t)} = P(s/u(t),t). Also

sf. s wlt—9y) N _ <~M(t‘“y) _
I(xm(t—w POR y) o= o y)

Hence, substituting s/u(¢) for s in (2.4) yields
f(s,t) =1 — G(®)]e"™ + qG(t)

+;(b’£dG(y)f... /‘bj(dxl,"',dxj)gf(mi%—)s,t—y>_

(5.2)

Clearly by hypothesis, f(s, t) — f(s) as t — «.
Turning to the right side of (5.2), and given any ¢ > 0, we may choose a
Ty < o and a K; < o« such that

(5.3) 1— G(T) < &/8

and

(5:4) S [ [aam, o ) < e,

where B; = {(z1,---,2;) 1@ = Ky,4 =1, ---,J}, and the prime denotes

complementation. This is clearly possible since | f| = 1 and ®; and G are dis-
tributions. By Theorem 2, u(t — y)/u(t) — € uniformly in every bounded
y-interval, and hence thereis a T < « and a K; < « such that forall{ > T;,
y < Ty, one has u(t — y)/u(t) < Ky. But f(u, t) — f(¢) uniformly in any
bounded u-interval, in particular for | u | £ K K, s (see e.g. Doob [2, p. 39]);
and hence there is a T’ such that if ¢ > Tsand |u; | S K1 Kas, 6 =1, -+, 5,
then | Tl fus, &) — Tliatf(us) | < /4. Choose Ts > Ti + Ts.
Finally, since f(u) is uniformly continuous in any closed interval, one may
choose a 6 such that if | uy — up| < dfori =1, .-+, 7, then

| HZ=1f(u11) - ‘21‘=1f<ui2) ‘ < ¢/4,

and since u(t — y)/u(t) — ¢’ uniformly on 0 £ y = T, one may choose
Tysothat fory < Ty, and ¢ = T, one has | u(t — y)/u(t) — ™| <8/sK;.
Now take T = max (T, Ty, Ty). Thenfort > T
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=1

-foth(y) /Om---/ow@j(dxl,-' dx,)Hf(x,“(t(t) )9,t—y>
- gq]' fow dG(y) fow fow ®;(dwy, -+, day) I;.If(%emws)

f dG(y)f f &;(dwy, - -+, da;) I]If(xie—"”s)
(5.5)
+ ; fdG(y)f f<1>(dx1,- dx])gf< E%-GT—) ,t—y>|

i=1

+;iq /o dG(y) f v fd),-(dxi, cee, day) gf(xie_””s)
0 [ o) [ [ e, )

Hf( ”(t (t) ) :t - y) - iI__—Ilf(xie—”ys)

=1

The sum of the first four terms on the right side of (5.5) is = ¢/2. To
'7 —
the last term add and substract [] f <ocz i (tﬂ 0 y) s> under the absolute value
T=1
sign. Then (5.5) <

8/2+gq]"£T1dG(y) foxl foxl@j(dﬁh, e, day)
Ijlf<xi“(tu(_t)y>s’t_y> Hf< u(t—-y)8>

i=1 =1 u(t)

@0 Ty K, Ky
+;quo dG(y)fo / & (day , -+ day)

gf (w%—y—) s) - ﬁf (zi6s)

=1

But now forallt > T and fory < Tv, z; £ Ki, one has

xzi(-%(jt}—@ s £ K K,s and L‘(tu_(’"t)ﬂ s — x€ Vs

Alsoy < Tiand ¢ > Timplyt —y > Ts — Ti > Ts. Thusforallt > T,
y < Ti, one has
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and

e I-‘(t oY
fi (52 - a5
Hence (5.5) < ¢/2 + ¢/4 + ¢/4 forallt > T, which proves the theorem.
The next result is the generalization of Theorems 5 and 6 of [1]. It will be
shown that f(¢) is of exponential order as ¢ — 4=, and thence that the dis-
tribution function of w is absolutely continuous. To state the conditions of
the theorem we will first have to introduce some more notation. Let

A k) ={(y, 21, -+, x;) tz;¢ " £ 1 for at least k; subscripts ¢},
B, k) ={(y,za, -, 2;) sx:¢"" = 1 for at least k; subscripts ¢},
wGi k) = [ o [ ae)s, o, - ),
oGt = [ oo [ a6)e; e, - d).

Ba,,

a; = the conditional expected total energy of the offspring of a particle

of unit energy, given that there are j offspring
= [ [ edm, e dm) @ ).
0 0

The statement and proof of the theorem will be substantially simplified
if we assume that ¢o = 0, and we will hence do so. In some remarks following
the proof of the theorem we shall indicate what modifications must be made
to treat ¢o # 0.

TurorREM 7. Assume that
(i) there is a A >0 such that for all j=1,2,--- we have
D21, - ,2;) =04z, < Aforanyi=1,---,5;
(ll) 0 a1/01 < A
(iii) there is a sequence of integers {k},j = 1,2, -+« ,such that0 < k; < j
and max [ 2 k; q;u(d, k), 225k qiv(, k)] > 1;
(iv) 1 — G(t) is of exponential order;
(V) q@=0.
Then either w has an absolutely continuous distribution, or is identically equal to
a constant with probability one.

Remarks. Since some of the conditions of the theorem may at first sight
appear artificial, the following remarks might be in order.

Condition (i) is far from necessary, and is made because it greatly simplifies
the analysis. A close inspection of the following proof will show that the
difficulties created by the ®,-distributions near zero are very similar to those
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of the G-distribution for large values of the argument. (The proof would be
further simplified if we assumed G(t) = 1 for sufficiently large ¢.) In the
present case 1 — G(t) has been assumed of exponential order as { — o, and
it seems fairly clear that if the kind of treatment of G carried out in [1, Lemma,
2, p. 290], and below, were mirrored for ®; near zero, then condition (ii) could
be replaced by the weaker one that ®; be of exponential order near zero.

Next note that if we had ¢1 = 1, i.e., that all offspring were “only”’ children,
then the theorem would be false. (Take for ®;(z) a step function with unit
mean.) What is in fact required is that not too large a proportion of the
energy of a parent should be transmitted through an “only child”. The
precise formulation of this idea is condition (ii), namely that the conditional
expected energy of the offspring given that there is exactly one of these, times
the probability that there is one, divided by the unconditional mean energy
transmitted by the parent, should be less than A.

Condition (iii) is a technical one needed in the proof which will be satis-
fied in a great variety of circumstances. In the case of the age-dependent
branching process it is equivalent to > jg; > 1, and in more general circum-
stances it will always be satisfied if the {¢;} distribution is large enough in its
upper tail. It thus re-enforces the kind of property already required in (ii).

Together, (ii) and (iii) assure us that a sufficiently large part of the trans-
mitted energy is spread among a sufficiently large number of offspring
particles.

Agsumption (iv) has already been made throughout the paper for the case
¢1 < 1, and is now needed for all ¢; .

Note also that (by (5.1)) it would be easy to guarantee that w not be
identically equal to a positive constant by such conditions as that G not be
a step function of one step, or ¢; % 1 for any j, or ®; not be a step function
of one step, ete.

Proof. The main outline of the proof is as in {1], and certain steps will be
treated by reducing them to situations in [1]. We shall show that

(5.6) fls) >0 as s— oo
thence that
(5.7) f(s) =0(s|[™®) as s—

for some 8 > 0; and finally that (5.7) implies
(58) [ <

where f' is the derivative of f.

The conclusion of the theorem follows by an argument similar to that given
in Theorem 4.1 of {4], and given in detail in [10].

It will first be shown that there exist an s’ and a é such that

(5.9) 1f(s)] <1 =35 forall s>+
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As in [1], suppose the contrary, and write
(5.10) f(s) = 1 + isEw — (§/2)Ew’ + o(s%).

Either w = a constant with probability one, or Ew’ > (Ew)®. In the latter
case (5.10) implies that there is a pair (o, s.) such that

f(s)| <1 —a when s =s,,
(5.11) |
<1 when 0 < s < s,.

Let s, and sy be the first points to the left and right respectively of s, , such
that

(5.12) | f(s0) | = [ f(sw) | =1 — a.

The former exists since f(s) is a continuous function of s with | f(0) | = 1 and
[f(sa) | < 1 — a. The latter exists by assumption of the nonexistence of
(¢', 8) satisfying (5.9).

Suppose now that there is a sequence {£;} as hypothesized in (iii) such that
> ikigu(g, k) > 1. Let Ti = (1/0)log (Soo/s0) if o > 0, Ty = o if ¢ £ 0.
Let b1 = (so/sw),and C; = {(y, 21, -++ ,%;) 1@ 2 bi,v=1,--- j;y = Ti}.
Then by (5.1) (and the assumption that ¢, = 0)

f<8> l Z q; / f dG(y)cb (dﬁlh, cee, dxj) Zlill If(xie_‘”’s) |

+ 2. ¢l — P{C;n A(j, k;)}].

7nA(Jk )}

Setting s = sg in (5.1) yields
(1-a)= ZJ—l @PICin A(F, k)i (1 — O‘)k] + ZJ—I ¢l —P{C;n A(g, k)1,

or

(5.13) 1z 2 g P{CinAGG, k(1 — (1 — a)*)/al.

If o — 0, then sy — 0 {continuity of the characteristic function at zero), and
since sg will not decrease, b, — 0, and thus 77 — « (if it does not already
equal ). Therefore P{C;nA(j, k;)} — u(j, k;), and the right side of (5.13)
converges to 2 ¢; u(j, k;)k; , which is > 1 by hypothesis. Thus (5.13) is
contradicted.

Suppose on the other hand that

Dokigiu(i, ki) <1 but D kjqiv(d, ki) > 1.

In this case let Ty = (1/0) log (so/se) if ¢ < 0, T, = » if ¢ = 0; and let
by = (sw/ss). Then setting s = s, in (5.1) and arguing as above but with
A(j, k;) replaced by B(j, k;) and u(j, k;) by v(j, k;), we are again led to a
contradiction like (5.13). Hence the pair (s, 6) in (5.9) exists.

We shall now prove (5.6) for the case ¢ = 0. Take ny, & so large that for
a given ¢ > 0 we have 1 — G(#) < ¢, Z}Lnl q; < &. Take s so large that
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¢ ™A = §'. Then

| ()] < (1 — &)@ G(t) + 3¢
- [ aw [ [ e, o @),
Let M(s) = sup{]f(¢)|:¢t = s}. Then

(5.14) M(s) < (1 = a)qa G(t) +3e + (1 — &) (1 — q)G() M (Ae""s).
Let @ = max [A7'¢™, 2]. Then (5.14) implies

1— o)+ 3e
(5.15) Mfai' s) < 1 _( (1 --)aq)("l——ém)

Since ¢i/[1 — (1 — a)(1 — @1)] < 1, it is clear that one may choose ¢ so that
(1 - a)g+ 3e)/l1 — (1 — a)(1 — q)] < (1 — a)by, where b, < 1. Then
it follows from (5.15) that there is an s such that for all s = s, M(s) <
(1 — a)by, where b, < 1. Repeating this argument with (1 — «) replaced
by (1 — a)bs, then repeating it similarly n-fold, implies that there is an s,
such that M (s) < (1 — a)b; foralls = s,. This proves (5.6) for o = 0.

We shall next prove (5.7) for the case ¢ = 0. By (5.1) and hypothesis
(1) of the theorem we see that

1f(8)] £ 1 — G(4)
+;qu0 dG(y) f:’ f:q)j(dxl, ,,.,dxj)gmm-wm

for any A < . In particular set A = (1/20) log (s/A%), s > 1;and let
b(s) =1 — G(A). Theny < A implies ¢ = 4/5/A, and hence

M(s) 21 qi M7 (A/s) +bs
e M (Vs) + (1= q) M (Vs5) + b(s).

This expression is the same as that obtained by Bellman and Harris [1] for
the age-dependent branching process. The binary case is identical to the
right side of (5.16) with ¢; = 0, and is expression (11}, [1, p. 290]. The not
necessarily binary case is discussed in Section 9 of the same paper. The
conclusion is (5.7).

Turning to the case ¢ < 0 we shall prove (5.7) directly without going
through the intermediate step (5.6). By (5.1)

M) = ;q,- [ [ [ astam, ) LT Moo

+ (1 — a)(1 — q)]"M(s).

IIA

(5.16)

IIA

< Jﬁ::lqj[: a6 [ [ elan, ---,dxf>;illM<xit>

< 20 ¢ M(A).
But this is a stronger inequality than (5.16), and hence implies (5.7).
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Turning to the proof of (5.8) let Mi(t) = sup{|f'(s)|:s = t}, where
J’ is the derivative of f. Then

Mit) < gqj [ e dG(y) /: [:<1>,.<dx1, e day)
(5.17)

. <i x,-) Mi(Ae ") M7 (a6 ").

=1

Let B(T) = [§ M.(t) dt, and set te ™ = w. Then
e = Te— oY
(518) B(T) £ 3 g;a f ¢ dG(y) f M (&w) M7 (Aw) du.
=1 o o
Suppose first that ¢ > 0. Then

BT 5 3 gres [ 7 d6) [ " M w) M (Aw) du

IIA

0 0 'y .,
> ey f ¢ dG(y) f Mi(w) M () du,
j=1 0 0

and hence, if we recall that [ ¢ dG(y) = 1/a,
® @ T
(1 _ @Ai> B(T) < (qu,.a,) [ a6t [ ) i,
0 (]

Acy j=2

By (5.7) and hypothesis (ii) of the theorem it follows that there is a constant
K < o such that
T
Mi(uw) du
5.19 B(T) <K f it du
(5.19) () | T w0
This is of exactly the same form as (31), [1, p. 292], and the ensuing argument
of the latter paper implies our result.
Now suppose that ¢ = 0. Then by (5.17)

o« ® ~ay w--- ® . .- e 0 I3
VAOED W fo e ag) [ - [ ada, o)

. <i1 x) Mi(At) M7 (at).

=

Defining B(T) as before, we get
] T
B(T) < i—Z qja,-f M7 At) M (At) dt,
1 j=1 0

and this again implies (5.19), proving the theorem.
Remark. Tt remains to consider the case when ¢o > 0. Define the func-
tion (as suggested in [1])

w0y (1 — Qs — @
() = -0 ;
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where Q is the unique nonnegative root, less than one, of s = D7 q;s".
Then

(5.20) () = Q + (1 — @)f* <I—_§-—Q>>
and substituting this into (5.1) yields
Q+ (1 —Q)f*(l_sQ>
(52)  —w+Xe[ 6w fom f: B,(dur, - -, day)
LI{Q 41— Qf (’f‘fé)}

If the product on the right side of (5.21) is multiplied out, then it is seen
that it yields a term 27 ¢; Q’, which when added to ¢, cancels the Q on
the left side of (5.21). We are thus left with an equation similar in form to
(5.1) with go = 0, but with the products [[i_.f(x;e™s) of (5.1) replaced
by linear combinations of the form > j.i a; ] [ix,; f*(2:ie™¥s), where the co-
efficients a; are functions of €, and the sets {K;} over which the products are
taken are appropriate subsets of the integers {1, ---, j}. The argument
of Theorem 7 can now be pushed through as before, provided that hypotheses
(ii) and (iii) are suitably modified to correspond to the more complicated
version of (5.1).

The conclusion will then be that f*(s) is the characteristic function of a
random variable which either equals a constant with probability one, or has
an absolutely continuous distribution. In the latter case it follows from
(5.20) that w itself has a distribution which is absolutely continuous except
for a jump @ at zero. Thus P{w = 0} = @, as was the case in the regular
age-dependent branching process (see [1]).

Note that if g0 = 0, then @ = 0.

6. The total energy of the process

In I we introduced the random variable Y (), namely the total energy of
all particles which have existed up to time ¢. It is possible to carry out a
development for Y (¢) analogous to that of this paper for X(¢). Letting
R(y, t|z) denote the distribution of Y (¢) with an initial particle of energy
2, and using Theorem I.4 and assumptions (A.1) and (A.2), we can show
that R(cy, t | cxo) = R(y, t|a:). Hence the characteristic function of R, say
R, satisfies R(s, t | cz) = R(cs, t | x0), and hence writing B(s, ¢ | 1) = R(s, t),
(1.5.2) becomes

R(s,t) = [1 — (1 — g)G(1)]e"

6.1) & ¢ .
( + e”;quo dG(y) f f%(dxl, oy dry) JT Blass, ¢ — y).
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From (6.1) one may obtain equations for the moments of Y (¢). These
are again renewal equations, and hence their asymptotic behavior may be
determined. The convergence of a suitably normalized version of Y (f) to a
random variable, the derivation of an equation satisfied by the characteristic
function of this random variable, and regularity properties of the distribution
of the limit random variable, may all be developed as for X (¢).

We will not go through this repetitious procedure, and will content our-

selves with looking at the results for the mean »(?) = %% R(0, 1), and point-

ing out their similarity to known results for discrete branching processes.
From (6.1) it follows that

(6.2) 2(8) =1+ ¢ fot 7(t — y) dg(y).

Then by Lemma 1, there follows at once from (6.2)

TaeorEM 8. (i) If ¢1 > 1, then

ot

20 ~ & Uow 6" dG(t)]_l.

(i) If e = 1, then
n(t) ~ tl:fow th(t)]_l.

(ii) If er < 1, then n(t) — (1 — ¢) %

In the discrete branching process, with v = > nga , let N be the mean total
number of particles that ever exist in the course of the process until extinction
(see Kemeny and Snell [6, p. 83]; Harris [4]). Then N is finitive if and only
if & < 1. In the latter case N = (1 — »)™". This is obviously a special
and less precise form of Theorem 8, with ¢1 = v and G(t) = Z(t — 1). In
the continuous-parameter age-dependent process, which also leads to a spe-
cialization of Theorem 8, such questions have been studied only for binary
processes, in which the case ¢ = 1 does not arise. Hence the result
n(t) — (1 — »)™" has not been explicitly stated before.
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