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Abstract.

In this paper, we consider a class of quasilinear stationary Kirchhoff type potential systems with Neumann

Boundary conditions, which involves a general variable exponent elliptic operator with critical growth. Under

some suitable conditions on the nonlinearities, we establish existence and multiplicity of solutions for the problem

by using the concentration-compactness principle of Lions for variable exponents found in [5, 7] and the Mountain

Pass Theorem without the Palais-Smale condition given in[43].
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1. INTRODUCTION

The purpose of this article is to investigate the existence and multiplicity of solutions for the

following class of nonlocal quasilinear elliptic systems




−Mi

(
Ai(ui)

)
div
(
Bi(∇ui)

)
= |ui|si(x)−2ui +λ (x)Fui

(x,u) in Ω,

N.Mi

(
Ai(ui)

)
Bi(∇ui) = |ui|ti(x)−2ui on ∂Ω;

(1.1)

for 1≤ i≤ n (n∈N), where Ω is a bounded domain in R
N(N ≥ 2), with smooth boundary ∂Ω,

and N is the outer unit normal vector on ∂Ω. λ is continuous function, pi(x),qi(x),ri(x),si(x)
and ti(x) are Lipschitz continuous real-valued functions such that

1 < p−i ≤ pi(x)≤ p+i < q−i ≤ qi(x)≤ q+i < N, (1.2)

and

γ−i ≤ γi(x)≤ γ+i ≤ r−i ≤ ri(x)≤ r+i ≤ s−i ≤ si(x)≤ s+i ≤ γ⋆i (x)< ∞, (1.3)
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and

γ−i ≤ γi(x)≤ γ+i ≤ r−i ≤ ri(x)≤ r+i ≤ t−i ≤ ti(x)≤ t+i ≤ γ⋆⋆i (x)< ∞, (1.4)

for all x∈Ω, where p−i := infx∈Ω pi(x), p+i := supx∈Ω pi(x), and analogously to r−i ,r
+
i ,q

−
i ,q

+
i ,γ

−
i ,

γ+i ,s−i ,s
+
i , t

−
i and t+i , with γi(x) = (1−H (k3

i ))pi(x)+H (k3
i )qi(x) where k3

i is given in (H2)
and

γ⋆i (x) =

{
Nγi(x)

N−γi(x)
for γi(x)< N,

+∞ for γi(x)≥ N,
and γ⋆⋆i (x) =

{
(N−1)γi(x)

N−γi(x)
for γi(x)< N,

+∞ for γi(x)≥ N,

for all x ∈ Ω, where H : R+
0 →{0,1} is given by

H (ki) =

{
1 if ki > 0,

0 if ki < 0.

Moreover, we consider K1
γi

:= {x ∈ ∂Ω, ti(x) = γ⋆⋆i (x)} and K2
γi

:= {x ∈ Ω, si(x) = γ⋆i (x)},

nonempty and disjoint sets.

The operator Bi : Xi → R
n, and the operator Ai : Xi →R, are respectively defined by

Bi(ui) = ai(|∇ui|pi(x))|∇ui|pi(x)−2∇ui, and Ai(ui) =
∫

Ω

1

pi(x)
Ai(|∇ui|pi(x))dx,

where Xi is the Banach space

Xi :=W 1,pi(x)(Ω)∩W 1,γi(x)(Ω),

Ai(.) is the function Ai(t) =

∫ t

0
ai(k)dk, and the function ai(.) is described in the hypothesis

(H1).
In this article, we consider the function ai : R+ →R

+ satisfying the following hypotheses for

all 1 ≤ i ≤ n :

(H1) The function ai(.) is of class C1.

(H2) There exist positive constants k0
i ,k

1
i ,k

2
i and k3

i for all 1 ≤ i ≤ n, such that

k0
i +H (k3

i )k
2
i τ

qi(x)−pi(x)
pi(x) ≤ ai(τ)≤ k1

i + k3
i τ

qi(x)−pi(x)
pi(x) ,

for all τ ≥ 0 and for almost every x ∈ Ω.
(H3) There exists c > 0 such that

min

{
ai(τ

pi(x))τ pi(x)−2,ai(τ
pi(x))τ pi(x)−2 + τ

∂ (ai(τ
pi(x))τ pi(x)−2)

∂τ

}
≥ cτ pi(x)−2,

for almost every x ∈ Ω and for all τ > 0.

(H4) There exists positive constants βi, θi and σi for all i ∈ {1,2, ...,n} such that

Ai(τ)≥
1

βi
ai(τ)τ with γ+i < θi < s−i and

q+i

p+i
≤ βi

σi
<

θi

p+i
,

for all τ ≥ 0 and σi satisfy (M2).
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The real function F belongs to C1(Ω×R
n) and Fui

denotes the partial derivative of F with

respect to ui.

Mi : R+
0 → R

+ is a nondecreasing and continuous function, satisfying

(M1) There exists M0
i > 0, such that

Mi(t)≥M
0
i = Mi(0), ∀t ∈ R

+
0 ,(i = 1,2, ...,n).

(M2) There exists σi ∈ (
q+i

inf{s−i ,t
−
i } ,1] such that

M̂i (t)≥ σiMi(t)t, ∀t ∈ R
+
0 ;

where M̂i (t) :=
∫ t

0 Mi(s)ds.

We can see that there are many functions satisfying conditions (M1)− (M2), for example

M(t) =M
0 +bt

1
σ with σ ≤ 1, M0 > 0 and b ≥ 0.

The system (1.1) is related (in the case of a single equation) to a model firstly proposed by

Kirchhoff in 1883 as the stationary version of the Kirchhoff equation

ρ
∂ 2u

∂ t2
−
(

ρ0

h
+

E

2L

∫ L

0

∣∣∣∣
∂u(x)

∂x

∣∣∣∣
2

dx

)
∂ 2u

∂x2
= 0, (1.5)

which extends the classical D’Alembert’s wave equation by considering the small vertical

vibrations of a stretched elastic string when the tension is variable and the ends of the string

are fixed. A distinguishing feature of equation (1.5) is that the equation contains a nonlocal

coefficient
ρ0

h
+

E

2L

∫ L

0

∣∣∣∣
∂u

∂x

∣∣∣∣
2

dx which depends on the average
1

2L

∫ L

0

∣∣∣∣
∂u

∂x

∣∣∣∣
2

dx, and hence the

equation is no longer a pointwise equation. The parameters in equation (1.5) possess the fol-

lowing meanings: u = u(x, t) is the transverse string displacement at the space coordinate x

and time t, E is the Young modulus of the material (also referred to as the elastic modulus, it

measures the strings resistance to being deformed elastically), ρ is the mass density, L is the

length of the string, h is the area of cross-section, and ρ0 is the initial tension, see [31]. Almost

one century later, Jacques-Louis Lions [35] returned to the equation and proposed a general

Kirchhoff equation in arbitrary dimension with external force term which was written as

{
∂ 2u
∂ t2 −

(
a+b

∫
Ω |∇u|2 dx

)
∆u = f (x,u) in Ω,

u = 0 on ∂Ω;
(1.6)

this problem is often called a nonlocal problem because it contains an integral over Ω. This

causes some mathematical difficulties which make the study of such a problem particularly

interesting. The nonlocal problem models several physical and biological systems, where u de-

scribes a process which depends on the average of itself, such as the population density,see [14]

and its references therein. For a more detailed reference on this subject we refer the interested

reader to [4, 9, 15, 30, 39, 42].

Moreover, the study of differential equations and variational problems driven by nonhomo-

geneous differential operators have been extensively investigated and received much attention
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because they can be presented as models for many physical phenomena. We note that the p(x)-
Laplacian operator is a special case of the divergence form operator

div
(

ai(|∇ui|pi(x))|∇ui|pi(x)−2∇u
)
,

for which the natural functional framework is described by the Sobolev space with variable ex-

ponent W 1,pi(x). We recall that, in the last two decades, particular attention has been given to

variable exponent Lebesgue and Sobolev spaces, Lp(x) and W 1,p(x), where p(x) is a real func-

tion. With the apparition of nonlinear problems in applied sciences and engineering. Lebesgue

spaces Lp and Sobolev spaces W 1,p with p constant, has shown its limitations in applications.

The variable exponent Lebesgue spaces and Sobolev spaces has been used in the last decades

to model phenomena concerning nonhomogeneus materials, this is, a new field research and

reflects a new type of physical phenomena, for example electrorheological fluids (sometimes

referred to as ”smart fluid”). In these fields, the exponent p must be allowed to vary. In fact,

electrorehological fluids are fluids that dramatically change their mechanical properties at the

presence of an electromagnetic field, which have been used in robotics and space technology.

Another field of application of these spaces is in image restoration and image processing. More-

over, other applications have emerged in thermorheological fluids, mathematical biology, flow

in porous media, polycrystal plasticity, the growth of heterogeneous sand piles, and fluid dy-

namics, for more details see [1, 3, 17, 24, 25, 29, 41, 45, 46, 47] and the references therein.

Now, we will illustrate the degree of generality of the kind of problems studied here, with

adequate hypotheses on the functions ai, in the following we present more some examples of

problems which are also interesting from the mathematical point of view and have a wide range

of applications in physics and related sciences:

Example I. Considering ai ≡ 1, we have that ai satisfies the (H1),(H2) and (H3) with k1
i = 1

and k2
i > 0 and k3

i = 0. Hence, we get the p(x)-Laplacian:

−div
(

ai(|∇u|p(x))|∇u|p(x)−2∇u
)
=−div(|∇u|p(x)−2∇u) =−∆p(x)u,

which coincides with the usual p-Laplacian when p(x)= p, and with the Laplacian when p(x)=
2.

Example II. Considering ai(t) = 1+ t
q(x)−p(x)

p(x) , we have that ai satisfies the (H1),(H2) and

(H3) with k0
i = k1

i = k2
i = k3

i = 1. Hence, we get the p&q-Laplacian:

−div
(

ai(|∇u|p(x))|∇u|p(x)−2∇u
)
=−div(|∇u|p(x)−2∇u)−div(|∇u|q(x)−2∇u),

=−∆p(x)u−∆q(x)u.

This class of operators comes, for example, from a general reaction-diffusion system:

ut = div[D(u)∇u]+h(x,u), (1.7)

Where D(u) = |∇u|p(x)−2 + |∇u|q(x)−2, and the reaction term h(x,u) is a polynomial of u with

variable coefficients. This system has a wide range of applications in physics and related sci-

ences, such as biophysics, plasma physics and chemical reaction design. In such applications,

the function u describes a concentration, the first term on the right-hand side of 1.7 corresponds

to the diffusion with a diffusion coefficient D(u); whereas the second one is the reaction and
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relates to source and loss processes. Typically, in chemical and biological applications, (for

further details, see [38, 27] references therein).

We continued with other examples that are also interesting from mathematical point of view:

Example III. Considering ai(t)= 1+ t√
1+t2

,we have that ai satisfies the (H1),(H2) and (H3)

with k0
i = 1,k1

i = 2 and k3
i = 0, k2

i > 0. Hence,we obtain the operator p(x)-Laplacian like or so-

called the generalized Capillary operator (which is essential in applied fields like industrial,

biomedical and pharmaceutical) see [40]:

−div
(

ai(|∇u|p(x))|∇u|p(x)−2∇u
)
=−div

((
1+

|∇u|p(x)√
1+ |∇u|2p(x)

)
|∇u|p(x)−2∇u

)
.

Example IV. Considering ai(t) = 1+ 1

(1+t)
p(x)−2

p(x)

,we have that ai satisfies the (H1),(H2) and

(H3) with k0
i = 1,k1

i = 2 and k3
i = 0, k2

i > 0. Hence,we obtain the the generalized mean curvature

operator :

−div
(

ai(|∇u|p(x))|∇u|p(x)−2∇u
)
=−div

(
|∇u|p(x)−2∇u+

|∇u|p(x)−2∇u

(1+ |∇u|p(x))
p(x)−2

p(x)

)
.

Example V. Considering ai(t)= 1+t
q(x)−p(x)

p(x) + 1

(1+t)
p(x)−2

p(x)

, we have that ai satisfies the (H1),(H2)

and (H3) with k0
i = 1,k1

i = 2 and k3
i = k2

i = 1. Hence,we obtain the operator

−div
(

ai(|∇u|p(x))|∇u|p(x)−2∇u
)
=−div(|∇u|p(x)−2∇u)−div(|∇u|q(x)−2∇u)−div

( |∇u|p(x)−2∇u

(1+ |∇u|p(x))
p(x)−2

p(x)

)
,

=−∆p(x)u−∆q(x)u−div
( |∇u|p(x)−2∇u

(1+ |∇u|p(x))
p(x)−2

p(x)

)
.

On the one hand, it’s well known that the class of nonlinear elliptic problems with constant

critical exponents in bounded or unbounded domain occupies a considerable place in the liter-

ature, which was discussed for the first time in the seminal paper [8] by Brezis and Nirenberg.

Afterward, Lions [36] established the concentration-compactness principle in the limit case in

the calculus of variation and it became one of the main techniques played an important role in

order to deal with such issues. Several results have been obtained by variational methods, thus,

it would be interesting to refer the reader to some works for more related results, we refer the

interested readers to [22, 34] and references therein.

When Mi ≡ 1, ai ≡ 1 (with k1
i = 1 and k2

i > 0 and k3
i = 0 for i=1 or 2) and pi 6= 2 (a constant

in system of two equations), Djellit and Tas [18] established the existence of nontrivial weak

solutions for the systems





−∆pu = f (x)|u|p⋆−2u+λFu(x,u,v), in Ω,

−∆qv = g(x)|v|q⋆−2v+λFv(x,u,v), in Ω,

u,v → 0, as |x| → ∞;
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for all λ ∈ (0,λ1) by using Lions’s principe with mountain pass theorem. here λ1 is the first

eigenvalue of the system




−∆pu = f (x)|u|p⋆−2u+λFu(x,u,v), in R
N ,

−∆qv = g(x)|v|q⋆−2v+λFv(x,u,v), in R
N ,

u,v → 0, as |x| → ∞, u > 0,v > 0.

Lalilia, Tasa and Djellit [33], inspected in detail the following system on bounded set of RN

with Dirichlet boundary condition





−∆p(x)u = |u|α(x)−2u+λFu(x,u,v), in Ω,

−∆q(x)v = |v|β (x)−2v+λFv(x,u,v), in Ω,

u = 0, v = 0, on ∂Ω,

where λ is a positive parameter and α,β , p,q : Ω → R are Lipschitz continuous functions

verifying 1 ≤ α(x) ≤ p⋆(x) and 1 ≤ β (x) ≤ q⋆(x),for all x in Ω. They proved the existence of

solutions under suitable assumptions on the potential F based on variational argument.

When Mi satisfying some conditions, ai ≡ 1 (with k1
i = 1 and k2

i > 0 and k3
i = 0), The author

[12], established the existence of nontrivial weak solutions for the systems




−Mi

(∫

Ω

1

pi(x)
|∇ui|pi(x)

)
∆pi(x)ui = |ui|qi(x)−2ui +λFui

(x,u1,u2, ...,un) in Ω,

ui = 0 on ∂Ω;

(1.8)

for (1 ≤ i ≤ n), for all λ ≥ λ⋆ by using Lions’s principe with mountain pass theorem, where

λ1 isa positive constant and pi,qi : Ω → R are Lipschitz continuous functions verifying 1 ≤
qi(x)≤ p⋆i (x),for all x in Ω.

The author [11], showed the existence of infinite solutions for a class of Kirchhoff-Type

Potential Systems with critical exponent :

{
−Mi

(
Ai(ui)

)
div
(
Bi(∇ui)

)
= |ui|si(x)−2ui +λFui

(x,u) in Ω,

u = 0 on ∂Ω;

for (1 ≤ i ≤ n), where Ω ⊂ R
N is is a bounded domain with a smooth boundary ∂Ω, N ≥ 2,

λ is positive parameter, pi ∈C(Ω) and F ∈C(RN ×R
n,R). Existence and multiplicity results

are subjected to some natural growth conditions which guarantee the Mountain Pass geometry

and Palais-Smale condition.

Our objective in this paper, is to study the existence and multiplicity of solutions for the

nonlocal problem 1.1. Precisely, the main theorems extend in several directions previous results

recently appeared in the literature, see for example [2, 11, 12, 28, 48], and references therein.

As we will see in the next sections, there are three main difficulties in our situation. The first

one is that our problem involves the critical growth that the lack of compactness in Sobolev

embedding. The second one comes from the appearance of the nonlocal term Mi, which causes

some mathematical difficulties because 1.1 is no longer a pointwise identity. Finally, we can see

that problem 1.1 is considered with non-standard growth conditions. This leads to the fact that
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the operators appeared in the problem are not homogeneous. To overcome the above difficulties,

we first use a variant of concentration-compactness principle on variable exponents Sobolev

spaces extended by Bonder and Silva [5], and the same principle to the variable exponent spaces

from the point of view of the trace, extended by Bonder and Silva [7]. Then, applying variational

methods combined with mountain pass theorem and the Rabinowitz’s symmetric mountain pass

theorem, we obtain some existence and multiplicity results for the problems which involves a

general variable exponent elliptic operator, see Theorems 2.13 and 2.14.

Organization of the paper The rest of the paper is organized as follows: in section 2 we give

some preliminary results and state the main results and section 3 is dedicated to prove the main

results.

2. PRELIMINARIES AND BASIC NOTATIONS

In this section, we review some preliminary basic results regarding Lebesgue and Sobolev

spaces with variable exponent. We refer the book [17], and the papers by O. Kováčik and J.

Rákosnı́ [32],and by X. Fan and D. Zhao [21], for more detailed properties.

Throughout this paper we assume p ∈ C(Ω), p(x) > 1, and Ω a bounded domain of R
N .

Write

C+(Ω) = {p; p ∈C(Ω), p(x)> 1 for a.e. x ∈ Ω}.
and

L∞
+(Ω) = {p; p ∈ L∞(Ω), p(x)> 1 for a.e. x ∈ Ω}.

For each p ∈C+(Ω) we define

p+ = sup
x∈Ω

p(x) and p− = inf
x∈Ω

p(x).

For any p ∈C+(Ω), we define the variable exponent Lebesgue space as

Lp(x)(Ω) = {u : u is a measurable real-valued function and

∫

Ω
|u(x)|p(x)dx < ∞},

endowed with the Luxemburg norm

|u|p(x) := |u|Lp(x) = inf

{
µ > 0;

∫

Ω

∣∣∣∣
u(x)

µ

∣∣∣∣
p(x)

dx ≤ 1

}
.

Remark 1. Variable exponent Lebesgue spaces resemble to classical Lebesgue spaces in many

respects, the inclusions between Lebesgue spaces are naturally generalized, that is, if 0< mes(Ω)<
∞ and p,q are variable exponents such that p(x)< q(x) a. e. in Ω, then there exists a continuous

embedding Lq(x)(Ω) →֒ Lp(x)(Ω).

On the other hand, the variable exponent Sobolev space W 1,p(x)(Ω) is defined by

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)},
and is endoweded with the norm

‖u‖1,p(x) := ‖u‖W 1,p(x)(Ω) = |u|p(x)+ |∇u|p(x), ∀u ∈W 1,p(x)(Ω).
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It is well known that the spaces Lp(x)(Ω) and W 1,p(x)(Ω) are separable and reflexive Banach

spaces.

Proposition 2.1 (Hölder Inequality, see [17, 21]). The conjugate space of Lp(x)(Ω) is Lp′(x)(Ω),
where

1

p(x)
+

1

p′(x)
= 1.

For any (u,v) ∈ Lp(x)(Ω)×Lp′(x)(Ω), we have

|
∫

Ω
u(x)v(x)dx| ≤

( 1

p−
+

1

(p′)−

)
|u|p(x)|v|p′(x) ≤ 2|u|p(x)|v|p′(x).

Moreover, if h1,h2,h3 : Ω → (1,∞) are Libschitz continuous functions such that

1

h1(x)
+

1

h2(x)
+

1

h3(x)
= 1,

then for any u ∈ Lh1(x)(Ω),v ∈ Lh2(x)(Ω), w ∈ Lh3(x)(Ω) the following inequality holds

∫

Ω
|uvw|dx ≤

( 1

h−1
+

1

h−2
+

1

h−3

)
|u|h1(x)|v|h2(x)|w|h3(x).

Proposition 2.2 (see [17, 21]). Denote ρp(u) =
∫

Ω |u|p(x)dx, for all u ∈ Lp(x)(Ω). We have

min{|u|p
−

p(x)
, |u|p

+

p(x)
} ≤ ρp(u)≤ max{|u|p

−

p(x)
, |u|p

+

p(x)
}

and the following implications are true

(i) |u|p(x) < 1 (resp. = 1,> 1) ⇔ ρp(u)< 1 (resp. = 1,> 1);

(ii) |u|p(x) > 1 ⇒ |u|p
−

p(x) ≤ ρp(u)≤ |u|p
+

p(x);

(iii) |u|p(x) < 1 ⇒ |u|p
+

p(x)
≤ ρp(u)≤ |u|p

−

p(x)
.

Proposition 2.3 (see [19]). Let p(x) and q(x) be measurable functions such that p ∈ L∞(Ω) and

1 ≤ p(x),q(x)≤ ∞ almost everywhere in Ω. If u ∈ Lq(x)(Ω), u 6= 0. Then, we have

|u|p(x)q(x) ≤ 1 ⇒ |u|p
−

p(x)q(x) ≤
∣∣|u|p(x)

∣∣
q(x)

≤ |u|p
+

p(x)q(x),

|u|p(x)q(x) ≥ 1 ⇒ |u|p
+

p(x)q(x)
≤
∣∣|u|p(x)

∣∣
q(x)

≤ |u|p
−

p(x)q(x)
.

In particular, if p(x) = p is constant, then

||u|p|q(x) = |u|p
pq(x)

.

Proposition 2.4 (see [17, 21]). If u,un ∈ Lp(x)(Ω), n = 1,2, . . . , then the following statements

are equivalent to each other:

(1) limn→∞ |un−u|p(x) = 0,

(2) limn→∞ ρp(un −u) = 0,

(3) un → u in measure in Ω and limn→∞ ρp(un) = ρp(u).
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For all x ∈ Ω, denote by

p∗(x) =

{
N p(x)

N−p(x) for p(x)< N

+∞ for p(x)≥ N

the critcal Sobolev exponent of p(x).

Proposition 2.5 (see [17, 19]). When infx∈Ω(p∗(x)−q(x))> 0, we write q(x)≪ p∗(x). Then,

we have

(1) If q ∈ L∞
+(Ω) and p(x) ≤ q(x)≪ p∗(x), for all x ∈ R

N , then the embedding W 1,p(x)(Ω) →֒
Lq(x)(Ω) is continuous but not compact.

(2) If p is continuous on Ω and q is a measurable function on Ω, with p(x) < q(x) < p∗(x)
for all x ∈ Ω, then the embedding W 1,p(x)(Ω) →֒ Lq(x)(Ω) is compact.

Let

q ∈C+(∂Ω) := {h ∈C(∂Ω),h(x)> 1 for all x ∈ ∂Ω}.
The Lebesgue space Lq(x)(∂Ω) is de

ned as

Lq(x)(∂Ω) = {u : u is a measurable real-valued function and

∫

Ω
|u(x)|q(x)dS < ∞},

and the corresponding (Luxemburg) norm is given by

|u|Lq(x)(∂Ω) := |u|q(x),∂Ω = inf

{
µ > 0;

∫

Ω

∣∣∣∣
u(x)

µ

∣∣∣∣
q(x)

dS ≤ 1

}
.

For all x ∈ ∂Ω, denote by

p∗∗(x) =

{
(N−1)p(x)

N−p(x) for p(x) < N

+∞ for p(x) ≥ N

the critcal Sobolev exponent of p(x).

Proposition 2.6 (see [17, 19]). Suppose that Ω is a bounded smooth domain in R
N , q∈C+(∂Ω)

and p ∈C+(Ω) with N > p+. Then, if q(x)≤ p∗∗(x)( q(x)< p∗∗(x)), for all x ∈ Ω, the embed-

ding

W 1,p(x)(Ω) →֒ Lq(x)(∂Ω),

is continuous (compact).

Considering Γ ⊂ ∂Ω,Γ 6= ∂Ω a (possibly empty) closed set, and defining

W
1,p(x)
Γ (Ω) := {φ ∈C∞(Ω) : φ vanishes in a neighborhood of Γ },

where the closure is taken in ‖.‖W 1,p(x)(Ω) norm. This is the subspace of functions vanishing

on Γ. Obviously, W
1,p(x)
/0 (Ω) = W 1,p(x)(Ω). In general, W

1,p(x)
Γ (Ω) = W 1,p(x)(Ω)if and only if

the p(x)-capacity of Γ is zero, for more details, we refer the interested readers to [26]. The best

Sobolev trace constant T (p(.),q(.),Γ) is defined by
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0 < T (p(.),q(.),Γ) := inf
v∈W

1,p(x)
Γ (Ω)

‖v‖W 1,p(x)(Ω)

‖v‖Lq(x)(Ω)

.

Now, we recall two important versions of the concentration-compactness principle of Lions

for variable exponents found in [5, 7], which will be used in the proof of our main results.

Theorem 2.7 (see [7]). Let Ω ⊂ R
N be a bounded smooth domain, pi ∈ C+(Ω), ti ∈ C+(∂Ω)

with

ti(x)≤ p∗∗i (x), ∀x ∈ ∂Ω.

Let {un}n∈N be a weakly convergent sequence in W 1,p(x)(Ω) with weak limit u, and such that:

• |∇un|pi(x) ⇀ µ weakly-* in the sense of measures.

• |un|ti(x) −→ ν weakly-* in the sense of measures.

Also assume that K1 = {x ∈ ∂Ω : ti(x) = p∗∗i (x)} is nonempty. Then, for some countable index

set J1, we have:

ν = |u|ti(x)+∑
j∈I

νJδx j
ν j > 0 (2.1)

µ ≥ |∇u|pi(x)+∑
j∈I

µ jδx j
µ j > 0 (2.2)

T x j
ν

1/p∗i (x j)
i ≤ µ

1/pi(x j)
i ∀ j ∈ J1. (2.3)

where {x j} j∈J1
i
⊂ K1, δx j

is the Dirac mass at x j ∈ Ω and T x j
is the localized Sobolev trace

constant, namely

T x j
:= sup

ε>0

T (pi(.), ti(.),Ωε, j,Λε, j), (2.4)

where Ωε, j = Ω∩Bε(x j) and Λε, j = Ω∩∂Bε(x j).

Theorem 2.8 (see [5]). Let si(x) and pi(x) be two continuous functions such that

1 < inf
x∈Ω

pi(x)≤ sup
x∈Ω

pi(x)< N and 1 ≤ si(x)≤ p∗i (x) in Ω.

Let {un}n∈N be a weakly convergent sequence in W 1,p(x)(Ω) with weak limit u, and such that:

• |∇un|pi(x) ⇀ µ weakly-* in the sense of measures.

• |un|si(x) −→ ν weakly-* in the sense of measures.

Also assume that K2 = {x ∈ Ω : si(x) = p∗i (x)} is nonempty. Then, for some countable index set

J, we have:

ν = |u|si(x)+∑
j∈I

νJδx j
ν j > 0 (2.5)

µ ≥ |∇u|pi(x)+∑
j∈I

µ jδx j
µ j > 0 (2.6)

Sν
1/p∗i (x j)
i ≤ µ

1/pi(x j)
i ∀ j ∈ J. (2.7)
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where {x j} j∈J2
i
⊂K2, δx j

is the Dirac mass at x j ∈Ω and S is the best constant in the Gagliardo-

Nirenberg-Sobolev inequality for variable exponents, namely

S = Sq(Ω) := inf
φ∈C∞

0 (Ω)

‖|∇φ |‖Lp(x)(Ω)

‖φ‖Lq(x)(Ω)

. (2.8)

Definition 2.9. Let X be a Banach space and a functional E ∈C1(X ,R). Given sequence (um)
in X , if there exist c ∈ R such that

E(um)→ d and E ′(um)→ 0 in X ′, (2.9)

we say that (um) is a Palais-Smale sequence with energy level c ( or (um) is (PS)c for short).

When any (PS)c sequence for E possesses some strongly convergent subsequence in X , we say

that E satisfies the Palais-Smale condition at level c (or E is (PS)c short).

Our main tools are the classical Mountain Pass Theorem and the Rabinowitz’s Z2–symmetric

version, that is, for even functionals, recalled respectively in the next Theorems.

Theorem 2.10 (see [43]). Let X be a real infinite dimensional Banach space and E ∈C1(X ,R)
such that E(0X) = 0 and satisfying the (PS) condition. Suppose that

(I1) There are R,ρ > 0 such that E(u)≥ R and for all u ∈ ∂Bρ ∩X;

(I2) There exists e ∈ X with ‖e‖> ρ such that E(e)< 0.

Then, E possesses a critical value c ≥ R, which can be characterized as

c := inf
ξ∈Γ

sup
t∈[0,1]

Eλ (ξ (t)),

where

Γ = {ξ : [0,1]→ X ,continuous and ξ (0) = 0X ,E(ξ (1))< 0} .

Theorem 2.11 (see [43]). Let X be a real infinite dimensional Banach space and E ∈C1(X ,R)
be even, satisfying the Palais-Smale condition and E(0X) = 0. Suppose that condition (I1)

holds in addition to the following:

(I ′
2) For each finite dimensional subspace X1 ⊂ X, the set S1 := {u ∈ X1 : E(u) ≥ 0} is

bounded in X.

Then E has has an unbounded sequence of critical values.

In the following discussions, we will use the product space

X :=
n

∏
i=1

(
W 1,pi(x)(Ω)∩W 1,γi(x)(Ω)

)
,

which is equipped with the norm

‖u‖ := max{‖ui‖i} , ∀u = (u1,u2, ...,un) ∈ X ,

where ‖ui‖i := ‖∇ui‖pi(x) +H (k3
i )‖∇ui‖qi(x) is the norm of W 1,pi(x)(Ω)∩W 1,γi(x)(Ω). The

space X⋆ denotes the dual space of X and equipped with the usual dual norm.
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Definition 2.12. Let X be a Banach space, an element u = (u1,u2, ...,un) ∈ X is called a weak

solution of the system (1.1) if

n

∑
i=1

Mi (Ai(ui))
∫

Ω
ai(|∇ui|pi(x))|∇ui|pi(x)−2∇ui∇vi dx−

n

∑
i=1

∫

Ω
|ui|si(x)−2uivi dx

−
n

∑
i=1

∫

∂Ω
|ui|ti(x)−2uivi dσx −

n

∑
i=1

∫

Ω
λ (x)Fui

(x,u1, ...un)vi dx = 0,

for all v = (v1,v2, ...,vn) ∈ X = ∏n
i=1(W

1,pi(x)(Ω)∩W 1,γi(x)(Ω)).

We denote by Eλ the energy functional associated with the problem (1.1)

Eλ (.) := Φ(.)−Θ(.)−ϒ(.)−Ψλ(.),

where Φ,Θ and Ψ : X −→ R are defined as follows

Φ(u) =
n

∑
i=1

M̂i (Ai(ui(x))) ,

Θ(u) =
n

∑
i=1

∫

Ω

1

si(x)
|ui|si(x)dx,

ϒ(u) =
n

∑
i=1

∫

∂Ω

1

ti(x)
|ui|ti(x)dσx,

Ψλ (u) =
∫

Ω
λ (x)F(x,u1(x), ...,un(x))dx,

for any u = (u1, ...,un) in X .

In order to ensure that the function F satisfies the topological conditions and the geometric

conditions of the mountain pass theorem (see [43]), we assume some growth conditions.

Hypotheses.

(F1) F ∈C1(Ω×R
n,R) and F(x,0, ...,0) = 0

(F2) There exist positive functions bi j (1 ≤ i, j ≤ n), such that

∣∣∣∂F

∂ui

(x,u1, ...,un)
∣∣∣≤

n

∑
j=1

bi j(x)|u j|ℓi j−1,

where 1 < ℓi j < infx∈Ω γi(x) for all x ∈ Ω and for all (i, j) ∈ {1,2, ...,n}2
. The weight-

functions bii (resp bi j if i 6= j) belong to the generalized Lebesgue spaces Lαi(Ω) (resp

Lαi j(Ω)), with

αi(x) =
γi(x)

γi(x)−1
, αi j(x) =

γ∗i (x)γ
∗
j (x)

γ∗i (x)γ
∗
j (x)− γ∗i (x)− γ∗j (x)

.

Example: We give an example of potential F satisfying hypotheses (F1) and (F2)
for n = 2. Let

F(x,u1,u2) = a(x)|u1|l1(x)|u2|l2(x),
where

l1(x)
γ1(x)

+ l2(x)
γ2(x)

< 1 and a is a positive function in Ls(x)(Ω) such that

s(x) =
γ⋆1 (x)γ

⋆
2 (x)

γ⋆1 (x)γ
⋆
2 (x)− l1(x)γ

⋆
2 (x)− l2(x)γ

⋆
2 (x)

for each x ∈ Ω.
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We can easily verify that F(x,u1,u2) satisfies the condition (F1). Moreover, by

using Young inequality we easily check that the condition (F2).
(F3) There exist K > 0 and ∃θi ∈ (γ+i , inf{s−i , t

−
i }) for all (x,u1, ...,un) ∈ Ω ×R

n where

|ui|θi ≥ K

0 < F(x,u1, ...,un)<
n

∑
i=1

ui

θi

∂F

∂ui
(x,u1, ...,un).

(F4) There exists c > 0 such that

|F(x,u1, ...,un)| ≤ c
( n

∑
i=1

|ui|ri(x)
)
,∀(x,u1, ...,un) ∈ Ω×R

n,

where ri ∈C+(Ω) and q+i < r−i ≤ r+i << inf{s−i , t
−
i } ≤ inf{s+i , t

+
i } ∀1 ≤ i ≤ n.

Note that according to the above hypothesis, we have Eλ ∈C1(X ,R) and for all v=(v1,v2, ...,vn)∈
X

E ′
λ (u)v =

n

∑
i=1

Mi (Ai(ui))
∫

Ω
ai(|∇ui|pi(x))|∇ui|pi(x)−2∇ui∇vi dx−

n

∑
i=1

∫

Ω
|ui|si(x)−2uivi dx

−
n

∑
i=1

∫

∂Ω
|ui|ti(x)−2uivi dσx −

n

∑
i=1

∫

Ω
λ (x)Fui

(x,u1, ...un)vi dx.

Consequently, u = (u1,u2, ...,un) in X is a weak solution of (1.1) if and only if u is a critical

point of Eλ .

We end this section by stating the following existence and multiplicity results.

Theorem 2.13. suppose that (M1)− (M2) and (F1)− (F4) hold. Then, there exists a con-

stant λ⋆ > 0, such that if λ (x) verifies 0 < infx∈Ω λ (x)≤ ‖λ‖L∞(Ω) ≤ λ⋆, then problem (1.1) has

at least one nontrivial solution in X.

Theorem 2.14. Assume (M1)− (M2), (F1)− (F4), and F(u1, ...,un) is even in ui for all i ∈
{1,2, ...,n}. Then, there exists λ⋆> 0, such that if λ (x) verifes 0< infx∈Ω λ (x)≤‖λ‖L∞(Ω)≤ λ⋆,

then there exists infinitely many solutions to (1.1) in X.

3. THE MAIN RESULTS

To prove the main result of this paper which is given in Theorem 2.13, we need to first prove

few lemmas related to the mountain pass theorem and Palais-Smale condition.

Lemma 3.1. Under the assumptions (F1) and (F2),the functional Ψ is well defined, and it is

of class C1 on X. Moreover, its derivative is

Ψ
′
λ (u)h =

n

∑
i=1

∫

RN
λ (x)

∂F

∂ui
(x,u1(x), ...,un(x)hi(x)dx,

for all u = (u1, ...,un),h = (h1, ...,hn) ∈ X.
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Proof. We consider Ω = R
N . For all u = (u1, ...,un) ∈ X , under the assumptions (F1) and

(F2), we can write

F(x,u1, ...,un) =
n

∑
i=1

∫ ui

0

∂F

∂ s
(x,u1, ...,s, ...,un)ds+F(x,0, ...,0),

F(x,u1, ...,un)≤ c1

[
n

∑
i=1

(
n

∑
j=1

bi j(x)|u j(x)|ℓi j−1|ui(x)|
)]

. (3.1)

Then,

∫

RN
λ (x)F(x,u1, ...,un)dx ≤ c2

[
n

∑
i=1

(∫

RN
λ (x)

( n

∑
j=1

bi j(x)|u j(x)|ℓi j−1|ui(x)|dx
))]

(3.2)

≤ c2

[
n

∑
i=1

‖λ‖∞

(∫

RN

( n

∑
j=1

bi j(x)|u j(x)|ℓi j−1|ui(x)|dx
))]

(3.3)

If we consider the fact that W 1,γ(x)(RN) →֒ Lℓ(x)(RN), for µ(x)> 1, then there exists c > 0 such

that

||u|ℓ|γ(x) = |u|ℓℓγ(x) ≤ c‖u‖ℓγ(x),
and if we apply Propositions 2.1, 2.3 and 2.4 and take bii ∈ Lαi(x), bi j ∈ Lαi j(x) if i 6= j, then we

have
∫

RN
F(x,u1, ...,un)dx ≤ c3

[ n

∑
i=1

( n

∑
j=1

|bi j|αi j(x)||u j|ℓi j−1|γ⋆j (x)|ui|γ⋆i (x)
)]

(3.4)

≤ c3

[ n

∑
i=1

( n

∑
j=1

|bi j|αi j(x)|u j|ℓi j−1

(ℓi j−1)γ⋆j (x)
|ui|γ⋆i (x)

)]
(3.5)

≤ c3

[ n

∑
i=1

( n

∑
j=1

|bi j|αi j(x)‖u j‖ℓi j−1

γ j(x)
‖ui‖γi(x)

)]
< ∞. (3.6)

Hence, Ψλ is well defined. Moreover, one can easily see that Ψλ
′ is also well defined on X .

Indeed, using (F2) for all h = (h1, ...,hn) ∈ X , we have

Ψλ
′(u)h =

n

∑
i=1

∫

RN
λ (x)

∂F

∂ui

(x,u1, ...,un)hi dx

≤ c4

n

∑
i=1

( n

∑
j=1

bi j(x)|u j(x)|ℓi j−1
)
|hi(x)|dx.

Following Hölder inequality, we obtain

Ψλ
′(u)h ≤ c5

[ n

∑
i=1

( n

∑
j=1

|bi j|αi j(x)||u j|ℓi j−1|γ⋆j (x)|hi|γ⋆i (x)
)]

.

The above propositions yield

Ψλ
′(u)h ≤ c

[ n

∑
i=1

( n

∑
j=1

|bi j|βi j(x)‖u j‖ℓi j−1

γ j(x)
‖hi‖γi(x)

)]
< ∞.
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Now let us show that Ψλ is differentiable in the sense of Frechet, that is, for fixed u =
(u1, ...,un) ∈ X and given ε > 0, there must be a δ = δε,u1,...,un

> 0 such that

|Ψλ (u1 +h1, ...,un+hn)−Ψλ (u1, ...,un)−Ψ
′
λ (u1, ...,un)(h1, ...,hn)| ≤ ε

n

∑
i=1

(‖hi‖γi(x))

for all h = (h1, ...,hn) ∈ X with ∑n
i=1(‖hi‖γi(x))≤ δ .

Let BR be the ball of radius R which is centered at the origin of RN and denote B
′
R =R

N −BR.

Moreover, let us define the functional ΨR on ∏n
i=1W 1,pi(x)(BR)∩W 1,γi(x)(BR) as follows:

ΨR(u) =
∫

BR

λ (x)F(x,u1(x), ...,un(x)) dx.

If we consider (F1) and (F2), it is easy to see that ΨR ∈C1
(

∏n
i=1W 1,pi(x)(BR)∩W 1,γi(x)(BR)

)
,

and in addition for all h = (h1, ...,hn) ∈ ∏n
i=1W 1,pi(x)(BR)∩W 1,γi(x)(BR), we have

Ψ
′
R(u)h =

n

∑
i=1

∫

BR

λ (x)
∂F

∂ui
(x,u1(x), ...,un(x))hi(x)dx.

Also as we know, the operator Ψ
′
R : X → X⋆ is compact [21]. Then, for all u= (u1, ...,un),h=

(h1, ...,hn) ∈ X , we can write

|Ψλ (u1 +h1, ...,un+hn)−Ψλ (u1, ...,un)−Ψ
′
λ (u1, ...,un)(h1, ...,hn)|

≤ |ΨR(u1 +h1, ...,un+hn)−ΨR(u1, ...,un)−Ψ
′
R(u1, ...,un)(h1, ...,hn)|

+

∣∣∣∣
∫

B
′
R

λ (x)
(

F(x,u1 +h1, ...,un+hn)−F(x,u1, ...,un)
)
−

−
n

∑
i=1

∫

B
′
R

λ (x)
∂F

∂ui
(x,u1, ...,un)hi)dx

∣∣∣∣∣ .

According to a classical theorem, there exist ξ1, ...,ξn ∈]0,1[ such that
∣∣∣∣
∫

B
′
R

λ (x)
(

F(x,u1 +h1, ...,un+hn)−F(x,u1, ...,un)
)
−

−
n

∑
i=1

∫

B
′
R

λ (x)
∂F

∂ui
(x,u1, ...,un)hi dx

∣∣∣∣∣

=

∣∣∣∣∣
∫

B
′
R

λ (x)

(
n

∑
i=1

∂F

∂ui
(x,u1, ...,ui+ξihi, ...,un)hi −

n

∑
i=1

∂F

∂ui
(x,u1, ...,un)

)
dx

∣∣∣∣∣ .

Using the condition (F2), we have

∣∣∣
∫

B
′
R

λ (x)
(

F(x,u1 +h1, ...,un+hn)−F(x,u1, ...,un)
)
−

n

∑
i=1

∫

B
′
R

λ (x)
∂F

∂ui

(x,u1, ...,un)hi dx

∣∣∣

≤
∣∣∣

n

∑
i=1

( n

∑
j=1

∫

B
′
R

λ (x)bi j(x)(|u j +ξ jh j|ℓi j−1 −|u j|ℓi j−1)hidx
)∣∣∣.
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Using the elementary inequality |a+b|s ≤ 2s−1(|a|s+ |b|s) for a,b ∈ R
N , we can write

≤
n

∑
i=1

‖λ‖∞

( n

∑
j=1

(
(2ℓi j−1 −1)

∫

B
′
R

bi j(x)|u j|ℓi j−1|hi|dx+

+(ξ j2)
ℓi j−1

∫

B
′
R

bi j(x)|h j|ℓi j−1|hi|dx
))

.

Then, applying Propositions 2.1, 2.3, and 2.4, we have

≤
n

∑
i=1

c
( n

∑
j=1

(
|bi j(x)|αi j

‖u j‖ℓi j−1

γ⋆1 (x)
+ |bi j(x)|αi j

‖h j‖ℓi j−1

γ⋆j (x)

))
‖hi‖γi(x),

and by the fact that

|bii(x)|Lαi(B
′
R)
−→ 0,

|bi j(x)|Lαi j(B
′
R)
−→ 0

for 1 ≤ i, j ≤ n, as R → ∞, and for R sufficiently large, we obtain the estimate
∣∣∣∣
∫

B
′
R

λ (x)
(

F(x,u1 +h1, ...,un+hn)−F(x,u1, ...,un)−

−
n

∑
i=1

∂F

∂ui
(x,u1, ...,un)hi

)
dx

∣∣∣∣∣≤ ε
n

∑
i=1

(‖hi‖γi(x)).

It remains only to show that Ψ
′

is continuous on X . Let um = (um
1 , ...,u

m
n ) be such that um → u

as m → ∞. Then, for h = (h1, ...,hn) ∈ X , we have

|Ψ′
λ (u

m)h−Ψ
′
λ (u)h| ≤ |Ψ′

R(u
m)h−Ψ

′
R(u)h|

+
n

∑
i=1

∫

B
′
R

∣∣∣λ (x)
(∂F

∂ui
(x,um

1 , ...,u
m
n )hi −

∂F

∂ui
(x,u1, ...,un)hi

)
dx

∣∣∣.

Since Ψ′
R is continuous on ∏n

i=1W 1,pi(x)(BR)∩W 1,γi(x)(BR)(see [21]), we have

|Ψ′
R(u

m)h−Ψ
′
R(u)h| −→ 0,

as m → ∞. Now, using (F2) once again and taking into account that the other terms on the

right-hand side of the above inequality tend to zero, we conclude that Ψλ
′ is continuous on X .

◭ �

Lemma 3.2. Under the assumptions (F1) and (F2), Ψ
′
λ is compact from X to X⋆.

Proof. Let um = (um
1 , ...,u

m
n ) be a bounded sequence in X . Then, there exists a subsequence (we

denote it also as um = (um
1 , ...,u

m
n ) ) which converges weakly in X to u = (u1, ...,un) ∈ X . Then,

if we use the same arguments as above, we have

|Ψ′
λ (u

m)h−Ψ
′
λ (u)h| ≤ |Ψ′

R(u
m)h−Ψ

′
R(u)h|

+
n

∑
i=1

‖λ‖∞

∫

B
′
R

|(∂F

∂ui
(x,um

1 , ...,u
m
n )hi −

∂F

∂ui
(x,u1, ...,un)hi)dx|
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Since the restriction operator is continuous, we have um ⇀ u in ∏n
i=1W 1,pi(x)(BR)∩W 1,γi(x)(BR).

Because of the compactness of Ψ
′
, the first expression on the right-hand side of the inequality

tends to 0, as m −→ ∞, and, as above, for sufficiently large R we obtain

n

∑
i=1

∫

B
′
R

∣∣∣
(∂F

∂ui
(x,um

1 , ...,u
m
n )hi −

∂F

∂ui
(x,u1, ...,un)hi

)
dx

∣∣∣−→ 0.

This implies Ψ
′

is compact from X to X⋆. ◭ �

Lemma 3.3. Let {um = (u1m,u2m, ...,unm)} be a Palais-Smale sequence for the Euler-Lagrange

functional Eλ . If (F3) is satisfied, then {um} is bounded.

Proof. Let {um = (u1m,u2m, ...,unm)} be a Palais-Smale sequence for the Euler-Lagrange func-

tional Eλ , we have

Eλ (um) =
n

∑
i=1

M̂i (Ai(uim(x)))−
n

∑
i=1

∫

Ω

1

si(x)
|uim(x)|si(x)dx

−
n

∑
i=1

∫

∂Ω

1

ti(x)
|uim(x)|ti(x)dσx −

∫

Ω
λ (x)F(x,u1m(x),u2m(x)...,unm(x))dx

=C+om(1).

On the other hand for all v = (v1,v2, ...,vn) ∈ X , we have

E ′
λ (um)v=

n

∑
i=1

Mi (Ai(uim))

∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)−2∇uim∇vi dx−

n

∑
i=1

∫

Ω
|uim|si(x)−2uimvi dx

−
n

∑
i=1

∫

∂Ω
|uim|si(x)−2uimvi dσx −

n

∑
i=1

∫

Ω
λ (x)Fui

(x,u1m,u2m, ...,unm)vi dx = om(1). (3.7)

Then

Eλ (um)−E ′
λ (um)

(um

θ

)
≥

n

∑
i=1

(
M̂i (Ai(uim))−

1

θi
Mi (Ai(uim))

∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)

)

+
n

∑
i=1

( 1

θi
− 1

s−i

)∫

Ω
|uim|si(x)dx+

n

∑
i=1

( 1

θi
− 1

t−i

)∫

∂Ω
|uim|ti(x)dσx

+ inf
x∈Ω

λ (x)
∫

Ω

[
n

∑
i=1

uim

θi

∂F

∂ui
(x,u1m,u2m, ...,unm)−F(x,u1m,u2m, ...,unm)

]
dx.

Next, using (H4),(M1)− (M2) and (F3), we obtain

Eλ (um)−E ′
λ (um)

(um

θ

)
≥

n

∑
i=1

M
0
i

( σi

p+i β

∫

Ω
Ai(|∇uim|pi(x))dx− 1

θi

∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)dx

)

≥
n

∑
i=1

(σiM
0
i

p+i β
−M

0
i

θi

)∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)dx.

Therefore, by using (H2), there are positive constants Ci1 and Ci2 such that
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Eλ (um)−E ′
λ (um)

(um

θ

)
≥

n

∑
i=1

[
Ci1

(∫

Ω
|∇uim|pi(x)

)
+Ci2H (k3

i )
(∫

Ω
|∇uim|qi(x)

)]
. (3.8)

Suppose, by contradiction, that there exists a subsequence, still denoted by {uim}, such that

‖uim‖i →+∞.

If k3
i = 0, proposition 2.2 gives us

Eλ (um)−E ′
λ (um)

(um

θ

)
≥

n

∑
i=1

Ci‖uim‖p−i
i ,

thus

C+om(1)≥
n

∑
i=1

Ci‖uim‖p−i
i ,

which is a contradiction because p−i > 1. Thus, we conclude that {um} is bounded in X .

On the other hand, if k3
i > 0, we will need to analyze the following cases :

(i)‖uim‖pi(x)
→+∞ and ‖uim‖qi(x)

→+∞ as m →+∞;

(ii)‖uim‖pi(x)
→+∞ and ‖uim‖qi(x)

is bounded;

(iii)‖uim‖pi(x)
is bounded and ‖uim‖qi(x)

→+∞.

In the case (i), for m large enough, ‖uim‖q−

qi(x)
≥ ‖uim‖p−

qi(x)
Hence, by (3.8), we get

C+om(1)≥
n

∑
i=1

[
Ci‖uim‖p−i

pi(x)
+CiH (k3

i )‖uim‖q−i
qi(x)

]
,

≥
n

∑
i=1

[
Ci‖uim‖p−i

pi(x)
+CiH (k3

i )‖uim‖p−i
qi(x)

]
,

≥
n

∑
i=1

Ci‖uim‖p−i
i

which is absurd.

In the case (ii), by (3.8), we have

C+om(1)≥
n

∑
i=1

Ci‖uim‖p−i
pi(x)

,

Thence, since p−i > 1, taking limit as m →+∞, we obtain a contradiction.

The case (iii) is similar to case (ii).
Therefore, we conclude that {um} is bounded in X .

�

Lemma 3.4. Let {um = (u1m,u2m, ...,unm)}m∈N ⊂ X be a Palais-Smale sequence with energy

level Cλ , if

Cλ (x) < min

{
inf

1≤i≤n

{( 1

θi
− 1

t−i

)
Tx j

N
(

Di

)N/γi(x j)}
, inf

1≤i≤n

{( 1

θi
− 1

s−i

)
SN

i

(
Di

)N/γi(x j)}}
,
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wehre Di =M
0
i (k

0
i (1−H (k3

i )+H (k3
i )k

2
i )). Then there exists a subsequence strongly con-

vergent in X. Tx j
and Si are the best positive constants of the Sobolev trace and the Gagliardo-

Nirenberg-Sobolev embedding, see 2.4 and 2.8.

Proof. Let {um}m∈N be a bounded Palais-Smale sequence for the functional Eλ . By Lemma

3.1, there is a subsequence still denoted by {um}m∈N which converges weakly in X . So there

exists positive and bounded measures µi, νi ∈ Ω and ν i ∈ ∂Ω such that

|∇uim|γi(x) ⇀ µi, |uim|si(x) ⇀ νi and |uim|ti(x) ⇀ νi.

Hence by Theorem 2.7 and Theorem 2.8, if
⋃n

i=1(J
1
i ∪ J2

i ) = /0 then uim ⇀ ui in Lsi(x)(Ω) and

uim ⇀ ui in Lti(x)(∂Ω) with i = 1,2, ...,n. Let us show that if

Cλ < min

{
inf

1≤i≤n

{( 1

θi
− 1

t−i

)
Tx j

N
(

Di

)N/γi(x j)}
, inf

1≤i≤n

{( 1

θi
− 1

s−i

)
SN

i

(
Di

)N/γi(x j)}}

and {um}m∈N is a Palais-Smale sequence with energy level Cλ then J1
i ∪ J2

i = /0 for all i ∈
{1,2, ...,n}. Suppose there exists i ∈ {1,2,3, ...,n} such that J1

i ∪ J2
i is nonempty, then J1

i 6= /0

or J2
i 6= /0.

Firstly assume the case J1
i 6= /0. Let x j ∈ K1

γi
be a singular point of the measures µi and νi.

We consider φ ∈C∞
0 (R

N , [0,1]) such that |∇φ |∞ ≤ 2 and

φ(x) =

{
1, if |x|< 1,

0, if |x| ≥ 2.

We define, for any ε > 0 and j ∈ J1
i , the function

φ j,ε := φ
(x− x j

ε

)
, ∀x ∈ R

N.

Note that φ j,ε ∈C∞
0 (R

N, [0,1]), |∇φ j,ε |∞ ≤ 2
ε and

φ j,ε(x) =

{
1, x ∈ B(x j,ε),

0, x ∈ R
N \B(x j,2ε).

Since
{

uimφ j,ε

}
is bounded in the space W 1,pi(x)(Ω)∩W 1,γi(x)(Ω), it then follows from 3.7 that

E ′
λ (u1m, ...,uim, ...,unm)(0, ...,uimφ j,ε , ...,0)→ 0 as m →+∞, that is, we obtain

E ′
λ (um)(0, ...uimφ j,ε , ...,0) = Mi (Ai(uim))

∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)−2∇uim∇(uimφ j,ε)dx

−
∫

Ω
|uim|si(x)−2uim(uimφ j,ε)dx−

∫

∂Ω
|uim|ti(x)−2uim(uimφ j,ε)dσx

−
∫

Ω
λ (x)Fui

(x,u1m, ...,uim, ...,unm)uimφ j,ε dx → 0 as m →+∞.

That is,

Mi (Ai(uim))
∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)−2∇uim∇φ j,εuim dx=

∫

Ω
|uim|si(x)φ j,ε dx+

∫

∂Ω
|uim|ti(x)φ j,ε dσx

−Mi (Ai(uim))
∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)φ j,ε dx+

∫

Ω
λ (x)Fui

(x,u1m, ...,uim, ...,unm)uimφ j,ε dx+om(1).

(3.9)
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Now, we will prove that

lim
ε→0

{
limsup
m→+∞

Mi (Ai(uim))
∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)−2∇uim∇φ j,εuim dx

}
= 0. (3.10)

We remark that, due to the hypotheses (H2) enough to show that

lim
ε→0

{
limsup
m→+∞

Mi (Ai(uim))
∫

Ω
|∇uim|pi(x)−2∇uim∇φ j,εuim dx

}
= 0. (3.11)

and

lim
ε→0

{
limsup
m→+∞

Mi (Ai(uim))

∫

Ω
|∇uim|qi(x)−2∇uim∇φ j,εuim dx

}
= 0. (3.12)

First, using the Hölder inequality, we obtain
∣∣∣∣
∫

Ω
|∇uim|pi(x)−2∇uim∇φ j,εuim dx

∣∣∣∣≤ 2

∣∣∣|∇uim|pi(x)−1
∣∣∣ pi(x)

pi(x)−1

∣∣∇φ j,εuim

∣∣
pi(x)

,

since {uim} is bounded, the real-valued sequence

∣∣∣|∇uim|pi(x)−1
∣∣∣ pi(x)

pi(x)−1

is also bounded, then

there is a positive constant C, such that

∣∣∣∣
∫

Ω
|∇uim|pi(x)−2∇uim∇φ j,εuim dx

∣∣∣∣≤C|∇φ j,εuim|pi(x).

Moreover {uim} is bounded in W 1,pi(x)(B(x j,2ε)), then there exists a subsequence denoted

again {uim} weakly convergente to ui in Lpi(x)(B(x j,2ε)). Hence

limsup
m→+∞

∣∣∣∣
∫

Ω
|∇uim|pi(x)−2∇uim∇φ j,εuim dx

∣∣∣∣≤C|∇φ j,εui|pi(x)

≤ 2C limsup
ε→0

||∇φ j,ε |pi(x)|
(

p⋆
i
(x)

pi(x)
)
′
,B(x j,2ε)

||ui|pi(x)| p⋆
i
(x)

pi(x)
,B(x j,2ε)

≤ 2C limsup
ε→0

||∇φ j,ε |pi(x)| N
pi(x)

,B(x j,2ε)||ui|pi(x)| N
N−pi(x)

,B(x j,2ε).

Note that

∫

B(x j,2ε)
(|∇φ j,ε|pi(x))

(
p⋆
i
(x)

pi(x)
)′

dx =
∫

B(x j,2ε)
|∇φ j,ε |Ndx ≤

(2

ε

)N

meas(B(x j,2ε)) =
4N

N
ωN ,

where ωN is the surface area of an N-dimensional unit sphere. As
∫

B(x j,2ε)(|ui|pi(x))
p⋆
i
(x)

pi(x) dx → 0

when ε → 0, we obtain that |∇φ j,εui|pi(x) → 0, which implies

lim
ε→0

{
limsup
n→+∞

∣∣∣∣
∫

Ω
|∇uim|pi(x)−2∇uim∇φ j,εuim dx

∣∣∣∣
}
= 0. (3.13)
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Since {uim} is bounded in W
1,pi(x)
0 (Ω), we may assume that Ai(uim) → ti ≥ 0 as m → +∞.

Observing that Mi(ti) is is continuous, we then have

Mi

(
Ai(uim)

)
→ Mi(ti)≥M

0
i > 0, as m →+∞.

Hence, by 3.13, we obtain

lim
ε→0

{
limsup
m→+∞

Mi (Ai(uim))

∫

Ω
|∇uim|pi(x)−2∇uim∇φ j,εuim dx

}
= 0. (3.14)

Analogously, we verify 3.12. Therefore, we conclude the proof of (3.10).

Similarly, we can also get

lim
ε→0

∫

Ω
λ (x)

∂F

∂ui

(x,u1m, ...,uim, ...,unm)φ j,εuimdx = 0, as m →+∞. (3.15)

Indeed, using Hölder’s inequality with (F2) and since 0 ≤ φ j,ε ≤ 1 we obtain

lim
ε→0

∫

Ω
λ (x)

∂F

∂ui
(x,u1m, ...,uim, ...,unm)φ j,εuimdx ≤ lim

ε→0
‖λ‖∞

∫

Ω

(
n

∑
j=1

bi j(x)|u jm|ℓi j−1

)
φ j,εuimdx

≤ lim
ε→0

c

∫

Ω

(
n

∑
j=1

bi j(x)|u j|ℓi j−1

)
|φ j,εuim|dx

≤ lim
ε→0

c1

( n

∑
j=1

|bi j|αi j(x)||u jm|ℓi j−1|q⋆j(x)|φ j,εuim|q⋆i (x)
)
.

The above propositions yield

lim
ε→0

∫

Ω
λ (x)

∂F

∂ui
(x,u1m, ...,uim, ...,unm)φ j,εuimdx ≤ lim

ε→0
c1

( n

∑
j=1

|bi j|βi j(x)‖u jm‖ℓi j−1

q j(x)

)
‖uim‖qi(x),B(x j,2ε).

and this last goes to zero because of

n

∑
j=1

|bi j|βi j(x)‖u j‖ℓi j−1

q j(x)
< ∞.

On the other hand,

lim
ε→0

∫

Ω
φ j,εdµi j = µi jφ(0) and lim

ε→0

∫

∂Ω
φ j,εdν i j = ν i jφ(0),

and since K1
γi
∩K2

γi
= /0, for ε > 0 sufficiently small

∫

Ω
|uim|si(x)φ j,εdx →

∫

Ω
|ui|si(x)φ j,εdx,

once that, when ε → 0,

∫

Ω
|ui|si(x)φ j,εdx → 0.
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Since φ j,ε has compact support, going to the limit m → +∞ and letting ε → 0 in 3.9, from

3.10 and 3.11,we obtain

0 =− lim
ε→0

[
limsup
m→+∞

(
Mi (Ai(uim))

∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)φ j,ε dx

)]
+ν i j, (3.16)

≤−M
0
i lim

ε→0

[
limsup
m→+∞

(∫

Ω
ai(|∇uim|pi(x))|∇uim|pi(x)−2φ j,ε dx

)]
+ν i j, (3.17)

≤−M
0
i lim

ε→0

[
limsup
m→+∞

(∫

Ω
(k0

i |∇uim|pi(x)+H (k3
i )k

2
i |∇uim|qi(x))φ j,ε dx

)]
+ν i j. (3.18)

Note that, when k3
i = 0, we have γi(x) = pi(x). Hence, by using (2.7) we have

0 ≤ ν i j −M
0
i k0

i lim
ε→0

∫

Ω
φ j,ε dµi

≤ ν i j −M
0
i k0

i µi j −M
0
i k0

i lim
ε→0

∫

Ω
|∇ui|pi(x)φ j,ε dx.

By using Lebesgue Dominated Convergence Theorem, we have

lim
ε→0

∫

Ω
|∇ui|pi(x)φ j,ε dx = 0

Then, we get

M
0
i k0

i µi j ≤ ν i j. (3.19)

On the other hand, if k3
i > 0, then γi(x) = qi(x) Therefore, follows from (2.4) and (3.18) that

0 ≤ ν i j −M
0
i lim

ε→0

[
limsup

m→0

(∫

Ω
H (k3

i )k
2
i |∇uim|qi(x)φ j,ε dx

)]

≤ ν i j −M
0
i H (k3

i )k
2
i lim

ε→0

∫

Ω
φ j,ε dµi

≤ ν i j −M
0
i H (k3

i )k
2
i µi j −M

0
i H (k3

i )k
2
i lim

ε→0

∫

Ω
|∇ui|pi(x)φ j,ε dx,

and by using Lebesgue Dominated Convergence Theorem, we have

lim
ε→0

∫

Ω
|∇ui|qi(x)φ j,ε dx = 0.

Then, we get

M
0
i H (k3

i )k
2
i µi j ≤ ν i j. (3.20)

Then, by combining 3.19 and 3.20, we have M
0
i ((1−H (k3

i ))k
0
i +H (k3

i )k
2
i )µi j ≤ ν i j. Using

(2.4), we obtain

T x j
ν

1
γ⋆
i
(x j)

i j ≤ µ
1

γi(x j)

i j ≤
(

ν i j

M
0
i ((1−H (k3

i ))k
0
i +H (k3

i )k
2
i )

) 1
γi(x j)

.

which implies that ν i j = 0 or ν i j ≥ Tx j

N

pi

(
M

0
i (k

3
i (1−H (k3

i )+H (k3
i )k

2
i ))
)N/γi(x j)

for all j ∈ J.

On the other hand, from the conditions (M1), (M2) and (F3), we get
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Cλ = Eλ (u1m, ...,uim, ...,unm)−E ′
λ (u1m, ...,uim, ...,unm)

(u1m

θ1
, ..,

uim

θi

, ...,
unm

θn

)

=
n

∑
i=1

M̂i (Ai(uim))−
n

∑
i=1

∫

Ω

1

si(x)
|uim|si(x)dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|uim|ti(x)dσx

−
∫

Ω
λ (x)F(x,u1m(x), ...,unm(x))dx−

n

∑
i=1

Mi (Ai(uim))

∫

Ω
ai(|∇uim(x)|pi(x))

|∇uim(x)|pi(x)

θi
dx

+
n

∑
i=1

∫

Ω

|uim(x)|si(x)

θi
dx+

n

∑
i=1

∫

∂Ω

|uim(x)|ti(x)
θi

dσx +
n

∑
i=1

∫

Ω

λ (x)

θi
Fui

(x,u1m(x), ...,unm(x))uim dx+om(1),

≥
n

∑
i=1

σiM
0
i

p+i βi

∫

Ω
ai(|∇uim(x)|pi(x))|∇uim(x)|pi(x)−

n

∑
i=1

1

s−i

∫

Ω
|uim(x)|si(x)−

n

∑
i=1

1

t−i

∫

∂Ω
|uim(x)|ti(x)

−
∫

Ω
λ (x)F(x,u1m(x), ...,unm(x))dx−

n

∑
i=1

M
0
i

θi

∫

Ω
ai(|∇uim(x)|pi(x))|∇uim(x)|pi(x)

+
n

∑
i=1

1

θi

∫

Ω
|uim(x)|si(x)+

n

∑
i=1

1

θi

∫

∂Ω
|uim(x)|ti(x)+

n

∑
i=1

∫

Ω

λ (x)

θi

Fui
(x,u1m, ...,unm)uim dx+om(1)

≥
n

∑
i=1

M
0
i

( σi

p+i βi

− 1

θi

)∫

Ω
ai(|∇uim(x)|pi(x))|uim|pi(x)dx+

n

∑
i=1

( 1

θi
− 1

s−i

)∫

Ω
|uim|si(x)dx

+
n

∑
i=1

( 1

θi

− 1

t−i

)∫

∂Ω
|uim|ti(x)dx+ inf

x∈Ω
λ (x)

∫

Ω

[
n

∑
i=1

uim

θi

∂F

∂ui

(x,u1m, ...,unm)−F(x,u1m, ...,unm)

]
dx+om(1),

hence

Cλ ≥
n

∑
i=1

( 1

θi
− 1

t−i

)∫

∂Ω
|uim|ti(x)dσx +om(1)

Now, setting K1
iδ =∪x∈K1

γi
(Bδ (x)∩Ω) = {x∈Ω : dist(x,K1

γi
)< δ}, when m→+∞ we obtain

Cλ ≥
n

∑
i=1

( 1

θi

− 1

ti
−
K1

iδ

)(∫

Ω
|ui|ti(x)dx+ ∑

j∈Ji

νi jδx j

)

≥
n

∑
i=1

( 1

θi
− 1

ti
−
K1

iδ

)(∫

Ω
|ui|si(x)dx+(Tx j

)N
i

(
M

0
i (k

3
i (1−H (k3

i )+H (k3
i )k

2
i ))
)N/γi(x j)

CardJi

)

Since δ > 0 is arbitrary and ti is continuous, we have

Cλ ≥
n

∑
i=1

( 1

θi

− 1

ti
−
K1

γi

)(∫

Ω
|ui|si(x)dx+(Tx j

)N
i

(
M

0
i (k

3
i (1−H (k3

i )+H (k3
i )k

2
i ))
)N/γi(x j)

CardJi

)
,

suppose that ∪n
i=1J1

i 6= /0 and thus

Cλ ≥ inf
1≤i≤n




( 1

θi
− 1

ti
−
K1

γi

)
Tx j

N

pi

(
M

0
i (k

3
i (1−H (k3

i )+H (k3
i )k

2
i ))
)N/γi(x j)



 .
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Therefore, if Cλ < inf1≤i≤n

{(
1
θi
− 1

ti
−
K1

γi

)
Tx j

N

pi
(M0

i )
N/pi(x j)

}
, the set ∪n

i=1J1
i is embty, which

means that |uim|ti(x) → |ui|ti(x) for all i = 1,2, ...,n. Taking this together with the fact that

(u1m, ...,unm)⇀ (u1, ...,un) in X, we have uim → ui strongly in Lti(x)(∂Ω) for all i ∈ {1,2, ...,n}.

Now, considering J2
i 6= /0, following the same steps as for the case J1

i , we obtain

Cλ ≥ inf
1≤i≤n




( 1

θi

− 1

si
−
K2

γi

)
SN

pi

(
M

0
i (k

3
i (1−H (k3

i )+H (k3
i )k

2
i ))
)N/γi(x j)



 .

Therefore ∪n
i=1J2

i = /0, which means that |uim|si(x) → |ui|si(x) for all i = 1,2, ...,n. Taking

this together with the fact that (u1m, ...,unm)⇀ (u1, ...,un) in X, we have uim → ui strongly in

Lsi(x)(Ω) for all i ∈ {1,2, ...,n}.

On the other hand

〈
E ′

λ (u1m, ...,unm)−E ′
λ (u1k, ...,unk),(u1m−u1k,0, ...,0)

〉
=

〈
Φ′(u1m, ...,unm)−Φ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉

−
〈
Θ′(u1m, ...,unm)−Θ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉

−
〈
ϒ′(u1m, ...,unm)−ϒ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉

−
〈
Ψ′

λ (u1m, ...,unm)−Ψ′
λ (u1k, ...,unk),(u1m−u1k,0, ...,0)

〉
,

thus E ′
λ (u1m, ...,unm)→ 0, i.e E ′

λ (u1m, ...,unm) is a Cauchy sequence in X⋆. Moreover, again by

Hölder’s inequality, we obtain

〈
Θ′(u1m, ...,unm)−Θ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉

=
∫

Ω

(
|u1m|s1(x)−2u1m −|u1k|s1(x)−2u1k

)
(u1m −u1k)dx

≤ ‖|u1m|s1(x)−2u1m −|u1k|s1(x)−2u1k‖
L

s1(x)
s1(x)−1 (Ω)

‖u1m −u1k‖Ls1(x)(Ω),

in a similar vein, we have

〈
ϒ′(u1m, ...,unm)−ϒ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉

=
∫

∂Ω

(
|u1m|t1(x)−2u1m −|u1k|t1(x)−2u1k

)
(u1m −u1k)dσx

≤ ‖|u1m|t1(x)−2u1m −|u1k|t1(x)−2u1k‖
L

t1(x)
t1(x)−1 (∂Ω)

‖u1m −u1k‖Lt1(x)(∂Ω).

Since {u1m} is a Cauchy sequence in Ls1(x)(Ω) and in Lt1(x)(∂Ω), then Θ′(u1m, ...,unm) and

ϒ′(u1m, ...,unm) are Cauchy sequences in X⋆.

The compactness of Ψ′
λ gives

(u1m, ...,unm)⇀ (u1, ...,un)⇒ Ψ′
λ (u1m, ...,unm)→ Ψ′

λ (u1, ...,un),

i.e. Ψ′
λ (u1m, ...,unm) is a Cauchy sequence in X⋆.
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Therefore, according to the elementary inequalities (see, e.g., Auxiliary Results in [28]) for

any ρ ,ζ ∈ R
N




|ρ −ζ |pi(x) ≤ cpi

(
Bi(ρ)−Bi(ζ )

)
· (ρ −ζ ) if pi(x)≥ 2

|ρ −ζ |2 ≤ c(|ρ |+ |ζ |)2−pi(x)
(
Bi(ρ)−Bi(ζ )

)
· (ρ −ζ ) if 1 < pi(x)< 2

(3.21)

where · denotes the standard inner product in R
N. Replacing ρ and ζ by ∇u1m and ∇u1k respec-

tively and integrating over Ω, we obtain

c

∫

Ω
|u1m −u1k|p1(x)dx ≤

〈
Φ′(u1m, ...,unm)−Φ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉
,

if p1(x)≥ 2, and if 1 < pi(x)< 2, we get

∫

Ω
σ1(x)

pi(x)−2|u1m − u1k|2dx ≤
〈
Φ′(u1m, ...,unm)−Φ′(u1k, ...,unk),(u1m−u1k,0, ...,0)

〉

where σ1(x) =C(|∇u1m|+ |∇u1k|). Hence by Hölder’s inequality and by lemma , we get

∫

Ω
|u1m −u1k|p1(x)dx =

∫

Ω
σ

p1(x)(p1(x)−2)
2

1

(
σ

p1(x)(p1(x)−2)
2

1 |u1m−u1k|p1(x)
)

dx

≤C‖σ
p1(x)(2−p1(x))

2

1 ‖
L

2
2−p1(x) (Ω)

‖σ
p1(x)(p1(x)−2)

2

1 |u1m −u1k|p1(x)‖
L

2
p1(x) (Ω)

≤C max

{
‖σ1‖

[
p1(x)(p1(x)−2)

2 ]−

Lp1(x)(Ω)
,‖σ1‖

[
p1(x)(p1(x)−2)

2 ]+

Lp1(x)(Ω)

}
×

max

{(∫

Ω
σ

p1(x)−2

1 |u1m −u1k|2dx
) p−

1
2
,
(∫

Ω
σ

p1(x)−2

1 |u1m −u1k|2dx
) p+

1
2

}
.

Taking into account the fact that {u1m} is bounded in W 1,p1(x)∩W 1,γ1(x)(Ω)
〈
Φ′(u1m, ...,unm)−Φ′(u1k, ...,unk),((u1m−u1k,0, ...,0)

〉
→ 0 as m,k → ∞,

we find that {u1m} is a Cauchy sequence in W 1,p1(x) ∩W 1,γ1(x)(Ω). We proceed similarly for

{uim} with 〈Φ′(u1m, ...,uim, ...,unm)−Φ′(u1k, ...,uik, ...,unk),(0, ...,uim−uik,0, ...,0)〉 for all i ∈
{2,3, ...,n}. �

Now we are in position to prove Theorem (2.13).

Proof. (of Theorem (2.13)) The proof is an immediate consequence of the mountain pass theo-

rem, Lemma 3.3 and Lemma 3.4. Precisely, it suffices to verify that Eλ has the mountain pass

geometry and that Eλ (tu1, ..., tun)< 0 for some t > 0.

From (M2), we can obtain for t > t0

M̂i(t)≤
M̂i(t0)

t
1
σi

0

t
1
σi ≤ cit

1
σi . (3.22)
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About the latter condition, we have

Eλ (u) =
n

∑
i=1

M̂i (Ai(ui))−
n

∑
i=1

∫

Ω

1

si(x)
|ui|si(x)dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|ui|ti(x)dσx −

∫

Ω
λ (x)F(x,u1(x), ...,un(x))dx,

≤
n

∑
i=1

M̂i (Ai(ui))−
n

∑
i=1

∫

Ω

1

si(x)
|ui|si(x)dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|ui|ti(x)dσx − inf

x∈Ω
λ (x)

∫

Ω
F(x,u1(x), ...,un(x))dx.

Then, because of infx∈Ω λ (x)
∫

Ω F(x,u1(x), ...,un(x))dx> 0 and 3.22, we obtain for (z1, ...,zn)∈
X/{(0, ...,0)} and any t > 1

Eλ (tz1, ..., tzn)≤
n

∑
i=1

ci (Ai(tzi))
1
σi −

n

∑
i=1

∫

Ω

1

si(x)
|tzi|si(x)dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|tzi|ti(x)dσx,

≤
n

∑
i=1

ci

(∫

Ω

1

pi(x)
Ai(|∇(tzi)|pi(x))dx

) 1
σi −

n

∑
i=1

∫

Ω

1

si(x)
|tzi|si(x)dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|tzi|ti(x)dσx,

≤
n

∑
i=1

ci

(∫

Ω

( k1
i

pi(x)
|t∇zi|pi(x)+

k3
i

qi(x)
|t∇zi|qi(x)

)
dx
) 1

σi −
n

∑
i=1

∫

Ω

1

si(x)
|tzi|si(x)dx

−
n

∑
i=1

∫

∂Ω

1

ti(x)
|tzi|ti(x)dσx,

≤
n

∑
i=1

cit
q+
i

σi

(∫

Ω

( k1
i

pi(x)
|∇zi|pi(x)+

k3
i

qi(x)
|∇zi|qi(x)

)
dx
) 1

σi −
n

∑
i=1

ts−i
∫

Ω

1

si(x)
|zi|si(x)dx

−
n

∑
i=1

tt−i
∫

∂Ω

1

ti(x)
|zi|ti(x)dσx.

which tends to −∞ as t →+∞ since σi ≥ q+i
inf{s−i ,t

−
i } .

On the other hand, For all u = (u1, ...,un) ∈ X , under the assumptions (M1)− (M2),(H2)
and (F4), we obtain

Eλ (u)≥
n

∑
i=1

Mi

[∫

Ω

k0
i

pi(x)
|∇ui|pi(x) dx+H (k3

i )k
2
i

∫

Ω

1

qi(x)
|∇ui|qi(x) dx

]

−
n

∑
i=1

∫

Ω

1

si(x)
|∇ui|si(x) dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|∇ui|ti(x) dσx − c‖λ‖∞

∫

Ω

( n

∑
i=1

|ui|ri(x)
)
.

Consider 0< ‖u‖=∑n
i=1 ‖ui‖i = ρ < 1 with ‖ui‖i = ‖∇ui‖pi(x)

+H (k3
i )‖∇ui‖qi(x)

. By Proposi-

tons (2.1), (2.3) and (2.4), we have

Eλ (u)≥
n

∑
i=1

ci

(
‖∇ui‖q+

pi(x)
+H (k3

i )‖∇ui‖q+

qi(x)

)
−

n

∑
i=1

c1i

s−i
‖ui‖s−i

i −
n

∑
i=1

c2i

t−i
‖ui‖t−i

i −
n

∑
i=1

c3i ‖λ‖∞ ‖ui‖r−i
i

≥
n

∑
i=1

(
ci ‖ui‖q+i

i − c1i

s−i
‖ui‖s−i

i − c2i

t−i
‖ui‖t−i

i − c3i ‖λ‖∞ ‖ui‖r−i
i

)

Hence, since q+i < r−i < inf{s−i , t
−
i }, follows that there are 0< ρ < 1 small enough and R > 0

such that
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Eλ (u)≥ R > 0 as‖u‖= ρ .

That means the existence of an element (u0
1, ...,u

0
n) of X such that Eλ (u

0
1, ...,u

0
n)< 0. Conse-

quentely, the critical value is

Cλ := inf
ξ∈Γ

sup
t∈[0,1]

Eλ (ξ (t)),

where

Γ =
{

ξ : [0,1]→ X ,continuous and ξ (0) = (0, ...,0),ξ (1) = (u0
1, ...,u

0
n)
}
.

That concludes the proof. �

Next we will prove under some symmetry condition on the function F that 1.1 possesses

infinitely many nontrivial solutions.

Proof. (of Theorem (2.14)) We will use a Z2-symmetric version of the Mountain Pass theorem

2.11, to accomplish the proof of theorem 2.14. By assumption the function F is even, the

functional Eλ is even too. Considering the proof of theorem 2.13, we need only check the

condition (I ′
2). In fact by using 3.22 and infx∈Ω λ (x)

∫
Ω F(x,u1(x), ...,un(x))dx > 0, we obtain

Eλ (u1, ...,un)≤
n

∑
i=1

ci (Ai(ui))
1
σi −

n

∑
i=1

∫

Ω

1

si(x)
|ui|si(x)dx−

n

∑
i=1

∫

∂Ω

1

ti(x)
|ui|ti(x)dσx,

≤
n

∑
i=1

ci

(∫

Ω

( k1
i

p−i
|∇ui|pi(x)+

k3
i

q−i
|∇ui|qi(x)

)
dx
) 1

σi −
n

∑
i=1

∫

Ω

1

s+i
|ui|si(x)dx

−
n

∑
i=1

∫

∂Ω

1

t+i
|ui|ti(x)dx.

Let u = (u1, ...,un) ∈ X be arbitrary but fixed. we define

Ω< = {x ∈ Ω : |ui(x)|< 1} , Ω≥ = Ω\Ω<,

∂Ω< = {x ∈ Ω : |ui(x)|< 1} , and ∂Ω≥ = ∂Ω\Ω<.

Then we have
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Eλ (u1, ...,un)≤
n

∑
i=1

ci

(∫

Ω

( k1
i

p−i
|∇ui|pi(x)+

k3
i

q−i
|∇ui|qi(x)

)
dx
) 1

σi −
n

∑
i=1

∫

Ω

1

s+i
|ui|si(x)dx

−
n

∑
i=1

∫

∂Ω

1

t+i
|ui|ti(x)dx,

≤
n

∑
i=1

ci

(∫

Ω

( k1
i

p−i
|∇ui|pi(x)+

k3
i

q−i
|∇ui|qi(x)

)
dx
) 1

σi −
n

∑
i=1

∫

Ω≥

1

s+i
|ui|s

−
i dx

−
n

∑
i=1

∫

∂Ω≥

1

t+i
|ui|t

−
i dσx,

≤
n

∑
i=1

ci

(∫

Ω

( k1
i

p−i
|∇ui|pi(x)+

k3
i

q−i
|∇ui|qi(x)

)
dx
) 1

σi −
n

∑
i=1

∫

Ω

1

s+i
|ui|s

−
i dx

+
n

∑
i=1

∫

Ω<

1

s+i
|ui|s

−
i dx−

n

∑
i=1

∫

∂Ω

1

t+i
|ui|t

−
i dσx +

n

∑
i=1

∫

∂Ω<

1

t+i
|ui|t

−
i dσx,

≤
n

∑
i=1

ci

(∫

Ω

( k1
i

p−i
|∇ui|pi(x)+

k3
i

q−i
|∇ui|qi(x)

)
dx
) 1

σi −
n

∑
i=1

∫

Ω

1

s+i
|ui|s

−
i dx

−
n

∑
i=1

∫

∂Ω

1

t+i
|ui|t

−
i dσx.

The functional |.|s−i : Xi → R defined by

|ui|s−i =
(∫

Ω
|ui|s

−
i dx
)1/s−i

is a norm in Xi. Let X1
i be a fixed finite dimensional subspace of Xi. Then |.|s−i and ‖.‖i are

equivalent norms on Xi, so there exists a positive constant c1i = c(X1
i ) such that

‖ui‖s−i
i ≤ c1i |ui|s

−
i

s−i
, for all ui ∈ X1

i ,

and similarly, we can see that ‖ui‖t−i
i ≤ c2i |ui|t

−
i

t−i
, for all ui ∈ X1

i ,

Assume ‖ui‖i > 1 for convenience. According to proposition 2.2 and proposition 2.5, for any

u ∈ S1 we obtain

0 ≤ Eλ (u)≤
n

∑
i=1

(
ci ‖ui‖q+i /σi

i − c1i ‖ui‖s−i
i − c2i ‖ui‖t−i

i

)

since inf{s−i , t
−
i }> q+i /σi we conclude that S1 is bounded in X .
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[15] F. J. S. A. Corrêa, R. G. Nascimento; On a nonlocal elliptic system of p-Kirchhoff type under Neumann

boundary condition, Mathematical and Computer Modelling (2008), doi:10.1016/j.mcm.2008.03.013.

[16] E. DIBENEDETTO, Degenerate Parabolic Equations. Springer-Verlag, New York ,1993.
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