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1. Introduction

During the recent years, there is substantial interest in the
econometric models with qualitative and censored dependent variables.
The important contributions on these topics by Amemiya [1973],
McFadden [1973] and Heckman [1974] among others stimulate the recent
development and empirical applications. The speéiffcations of the
econometric models with censored dependent variables are based on the
normal distributions, see, for example, Amemiya [1973,1974], Heckman
[1976,1979] and Lee et al. [1980]. For the development of qualitative
response models, normal distributions play an important but limited
role. The qualitative response models have attractive theoretical
properties, see Hausman and Wise [1978], but are computationally com-
plicated and almost intractible for polychotomous responses with many
categories. For the complexity and the Timitations in the empirical
implementation of the multinomial probit models, one can consult the.
reports in Lerman and Manski [1980] and Daganzo [1979]. The condi-
tional logit models of McFadden [1973] based on extreme value distri-
butions are apparently much easier to be implemented and are the widely
used models for multiple responses.

The normality assumption in the censored regression models

may not be appropriate theoretically for some cases. For example, when



the dependent variables take only positive values, Poirier [1978]
recommends the Box-Cox transformation to transform the dependent
variables and then specify normd]ity for the transformed variable.

Olsen [1979] and Goldberger [1980] investigate the misspecification of
the normal distribution assumption on various estimation methods. Models
with nonnormal marginal distributions are of interest and need to be
developed.

In Lee [1979] and Duncan [1980], among others, econometric
models with both continuous and discrete variables are formulated.

These models unified the censored regression models and discrete choice
models. These models formulated with normal distributions are restricted
for computational tractibility to binary choice. Many economics problems,
such as immigration and occupational choice, do involve multiple choice
and censored dependent variables. Computationally tractible and theoreti-
cal sound economic models need to be developed for the multiple choice
problems with mixed discrete and continuous dependent variables. Some
recent attempts to model these cases can be found in Dubin and McFadden
[1980].

In this article, we will suggest some approaches to formulate
models with given marginal distributions and models with multiple
‘discrete choice and censored dependent variables. Our generalized
models have tractible likelihood functions and can be computationally
implemented. Two-stage estimation methods similar to the two-stage
methods in Amemiya [1974], Heckman [1976], and Lee [1976] can also be

derived for some of our generalized models. This article is organized



as follows. In section 2, we suggest some methods to formulate selectivity
models with specified marginal distributions. In section 3, we consider
the two-stage estimation procedure and provide the proper asymptotic
covariance matrix for the estimators. In section 4, multiple-choice

models with mixed discrete and censored continuous dependent variables

are specified and analyzed. Finally, we make our conclusions.

2. Abnormal Selectivity Models

Consider the simple two equations censored regression model

Yy = XxB +u (2.3,

ny

y* = 2y - € (2.

where x and z are exogenous variables, E(ulx,z) = 0, E(e[x,z) = 0 and
var (elx,z) = 1. The disturbances u and e conditional on x and z have
absolutely continuous distribution functions G(u) and F(e), which are
specified except for some unknown finite dimensional vectors of parame-
ters which are suppressed in our notations for simplicity. The
dependent variable y* is unobservable but has a dichotomous observable

realization I which is related to y* as follows:

—
"

1 if and only if y* > 0,

—
1

0 if and only if y* < 0.



The dependent variable ¥ conditional on x and z has well-defined
marginal distribution but y, is not observed unless y* > 0. The observed

samples y's of y, are thus censored and
Yy =xB+u if and only if Zy 2 €.

For the model in ecuations (2.1) and (2.2), the distributions
u and € are allowed to be correlated. Since only the marginal
disturbances of u and € are specified but not the joint bivariate distri-
butions of u and e, the formulation of the complete model is to suggest
some interesting proper bivariate distributions which have the specified
marginal distributions.

Any joint bivariate distribution that will be of interest should
allow unrestricted correlation between the disturbances u and €. For
any bivariate distribution H(u,e) with marginal distributions G(u) and

F{e), it is known that, as given by Fréchet,

H o (u,e) < H(u,z) < H](u,e)

-1

where H](u,e) =min{G(u),F(c); and H_](u,e)==|nax{G(u) + F(e)-1,0}. The
boundary distributions H](u,s) and H_](u,e) are two distribution func-
 tions with the marginal distribution functions F(e) and G(u). u and

c are perfect positive dependent when they give H]; perfect negative
dependence when they give H_]. The proof of the above inequalities

are straightforward and is cmitted here. Interested readers can find
the proofs in Mardia [1970], page 31. It is true that there may exist

many families of bivariate distributions which have the specified



marginal distributions and contain the boundary distributions as special
cases. However, the following bivariate distrfbution of (u,e) is of
particular interest.

Let &(-) be the standard normal distribution function and
B(+,+;p) be the bivariate normal distribution N(0,0,1,1,p) with zero
means, unit variances and correlation coefficient p. With the completely
specified marginal distributions G(u) and F(e) of u and €, respectively,
each of them can be transformed into a standard normal random variable

N(0,1). Let

and

Hi
Ls]
1
—
—
[ep]
—
=
~—
~—
—
n
o
~—

Uy = J2(u)

Both the transformed random variables u, and g, are standard normal
variables with zero means and unit variances. A bivariate distribu-

tion having the marginal distributions F(e) and G(u) can be specified as
H(e,usp) = B[, (), J5(u)sp] (2.5)

Thus this bivariate distribution of (e,u) is derived by assuming that
the transformed variables u, and e, are jointly normally distributed
with zero means, unit variances and correlation coefficient p. Let
f(e) and g(u) be the corresponding density functions of € and u respec-
tively. The joint density function corresponding to the distrubtion

H is



h(e,usp) = (1 - 02)7 V28 (e)g(u) exp{-p(2(1 - pz))'][o(Jf(E)

+ 35(u)) - 233(e)d,(u) ]} (2.6)

This class contains the Fréchet's boundary distributions. Specifically,
H(g,u31) = H](e,u) and H(e,u;-1) = H_](e,u). When p = 0, it corresponds
to statistical independence of u and . When the marginal distributions
of u and € are normally distributed, the above bivariate distribution
will be a bivariate normal distribution.

With this specification, one can easily derive the likelihood
function for the censored regression model in (2.1) and (2.2). Let

zy
uly,1]x,2) = J ooh(e,y-xB)de (2.7)

be the mixed continuous-discrete density function of y and I = 1. It
follows

(y,1]%,2) = 2 H(e,u3p) U=y-x8

e=zy

3B[J;(e), J5(u)sp] g(u)
- 3,(u) " o3, ()

u=y-x8
le=zy

where &(+) is the standard normal density function. Since

aB(atgs;p) ¢>(15) _ @[(t ) QS)/\/TT?}



we have
{ 2
Wly,1]x,2) = <I>[(J1(2Y) - edy {y - XB))//l -p ! +g(y - xB)
(2.8)
Let (y;,x;.25,15), 1 =1, . . ., N be the given random samples. The
log likelihood function based on this specification is
&n L(B’Y,e]:ezsp)
N
= T -
121 {*1- an gly; - x48) + I, 2n @[(J](;iy)
- 0dyly; - x8)//1 - o
2\ i’
+(1-1) (1 - F(ziy))} (2.9)

where 6, and 6, are the unknown parameters in F(e) and G(u), respec-
tively. Maximum likelihood method can be applied to this likelihood
function.

Another class of bivariate distribution with specified marginal
distributions which may be of interest is known as the contingency type
distributions. Given marginal distributions F(e) and G(u), a contin-

gency-type: distribution with margins F and G is

C

H (e,usn) = {s (52 - an(e - 1)F(e)e(u)]‘/2}/?z(x-1)% x>0

(2.10)



where S =1 + (F(e) + Gu))(x - 1). As A tends to 1, HC converges to
F(e)F(u); X tends to O, HC tends to max (0O, F(é) + G(u) -1) and A terds
to =, HC tends to min (F(e), G(u)) Thus this class also contains the
Fréchet boundary distributions and the distribution corresponding to
indepeﬁdent random variables. For the details, one can see Mardia [1¢72].

The joint density function of (e,u) corresponding to HC is

32H

h (e,u31) = 3—,3;% f(e)g(u)

Af(e)g(u)[{x - 1) (F(e) + 6{u) - 2F(e)G(u))

£ 137052 - aa(x - 1)F(e)6(u) 132 (2.11)

Let Kc(e|u) be the conditional distribution function of € given u. As

K (e|u)

g .
c J_whc(t,u;x)dt/g(u)

it follows that

1t

K (elu)



Under this bivariate distribution (2.10), the mixed probability
density function wc of y and I = 1 for the censored regression model

is
velysTlx,z) = K (zvly - x8) gly - x8) (2.13)
It follows that the corresponding log likelihood function is

I L (Bsy507505,))

He-12

i ]{Ii an g(yi-xie) +Ii 2n Kc(ZiY]yi' xiB)

+(1-1,) tn (1 -F(ziy))} (2.12)

From the above derivations, one can see that both approaches
give tractible analytical likelihood functions and are attractive
approaches for the modelingof selectivity models. As will be shown in
in the subsequent sections, simple consistent estimation methods can be
derived for some important models based on the first approach. Further-
more, when both the marginal distributions are normal, the bivariate
distribution derived from the first approach is bivariate normal but
" the bivariate distribution from the second approach is not. Based on
these reasons, the first approach may be preferred over the second

approach.

3. Two-Stage Estimation Method

Whether simple consistent estimation methods rather than the

maximum likelihood method can be derived are apparently depended on the
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specific marginal distributions and the bivariate distribution. In
this section, we will consider the possibi]ity'of generalizing the
two-stage estimation methods in'Amemiya [1974], Heckman [1976], and
Lee [1976] to some of our models.

Consider the models where the marginal distribution of u is
normally distributed N(O,oz) and the marginal distribution of € can
be arbitrary. The bivariate distribution of (u,e) with the given
margins is specified by the translation method as in (2.5). As
g(u) = ¢(J2(u»dJ2(u)/du and g(u) is a normal density function of
N(O,oz), Jz(u) = u/o and g(u) = ¢(u/c)/o. The corresponding mixed den-
sity of y, I =1 in (2.8) becomes -

Wlys11x,2) =0 (J;(zy) - oly - XB)/O»/ /1-0° «¢(u/o)/o

(3.1)
It follows from the above equation that, as shown in Lee [1976],
E(ul|x,2) = -(o0)9(3;(zy)) (3.2)

and

E(u?l]x,2) = o%(dy(2v)) - (00)20;(2v) - 89 (2v))  (3.3)

Hence, conditional on I 1, the censored regression equation can be

rewritten as

y = xB - (op)a(dy(zy))/F(zy) + n (3.4)
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where E(n|I=1,x,z) = 0 and

var (n11=1,x,2) = o° - (00)%[9; (1)

+ (0 (2))/F(20) 1203, (20))/F(z0)
(3.5)

since F(zy) = i(J](zy)). The above expressions are the familiar ex-
pressions in the cited Titerature with the term zy replaced by J](zy)
throughout the truncated mean and variance. Thus the two-stage
estimation method suggested in Heckman [1976] and Lee [1976] can be
extended to cur generalized abnormal selectivity models. In the first
step, we estimate the parameter y from the log likelihcocd function for
any specified crobability model where, without loss of cenerality, the

only unknown parameter vector is assumed to be v,

IIlV1"

f ;o Flzyy) + (1 - 1) &n (1 - F(Zi‘:’))}

: {-,
xNn L]\:) |

Let ¥ denote the derived maximum likelihood estimate of v. The second

stage estimaticn is to estimate the equation

Y. = X;8 - oo ¢(J](zi§))/F(zi§) +n; (3.6)

with the observed samples on 2 by the ordinary least square. If the
choice equation is a probit equation, this two-stage-method is exactly
the same one in the literature. When the choice equation is a logit

equation, our ~ethcd becomes a logit-OLS two-stage method. Our two-stage
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method.is thus quite flexible and can be applied to any binary choice
models.

As pointed out in Heckman [1979], Lee et al. [1980], the OLS
step does not provide the correct asymptotic covariance matrix since
the disturbances n; are heteroscedastic and autocorrelated. It is
also true for our generalized models, the conventicnal COLS variance
matrix with heteroscedastic errors corrected will underestimate the
correct asymptotic covariances of the two-stage estimates. The detail
arguments follow almost exactly those in Lee et al. [1980] with minor
modifications.

For the sake of completeness, we write dbwn explicitly the
correct asymptotic variance matrix for our generalized models. For a
given sample with size N, suppose there are N] (<M) observed non-
censored subsamples of Yy Without Toss of generaiity, the observa-

tions are rearranged such that the first N] observations are non-

censored. Let

1 X2 N

<, .
XI i . . .

_¢(J](zly))/F(z]Y) '¢(J](22Y))/F(22y) '?(J1(ZN]Y))/F(ZN]Y)
and D, = [di,. C e dﬁ]] where d. = -Op[J](ziy) + ’(Jl(ZiY))/F(ZiY)]

(f(ZiY)/F(ziy))z.. Furthermore, let A be an NxN diagonal matrix;

1

A = Diag [F2(zv)/(F(zy) (1 = F(z;)))]
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and V] be an N]xN] diagonal matrix constructed from the first N] obser-

vations,
V, = Diag [o% - (c:)Z(J](ziv)
+ ¢(J](ZiY))/F(ZiY))¢(J](ZiY))/F(ZiY)]

The correct asymptotic covariance of our two-stage estimates is

~

var [;Z]=(

where 7' = [zi,zé, .. .,z&]. This expression becomes the same asymptotic

viy Y= g t =T oy, (xox )]
X]X]) X](V1 + D](Z AZ) D])X](X]X]) (3.7)

covariance of the probit-0LS two-stage estimation when the choice
equation is a probit equation. Slight differences occur as there is @
nonlinear transformation J](zv) involved in the generalized model.

Our approach based on the translation method does generalize
the traditional selectivity model. The similarity of the two-stage
estimation methods can be easily understood from the following viewpoint
when the choice is binary. From the model specification in (2.1) and
(2.2), 1 =1 if and only if Zv > . Given any absolutely continuous
distribution function F(e), the transformation J] = Q;]F is a strictly
increasing function. Therefore, we have I = 1 if and only if
3,(zv) > 3,(e). Define ¢ = g (). It follows that € is a standard
normal random variable. The censored regression model with given normal
marginal distribution G(u) of u, arbitrary marginal distribution F(g) of
e and the bivariate distribution in (2.5) is statistically equivalent

to the model with
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Yy = x8 +u (3.8)

y** = dq(zy) - e* (3.9)

2 1.0). Thus,

where uand e* are bivariate normally distributed N(0,0,0
the results derived can be regarded as standard results of the normal
selectivity model in (3.8) and (3.9).

The transformation J] involves the inverse of the standard
normal distribution function &. Computationally simple and accurate
methods involving the use of approximate function can be found in
Appendix II, C, in Bock and Jones [1968] and Hildebrand [1956]. Errors

of approximation for those methods are less than 3x10_4.

4. Multiple-Choice Selectivity Models

The approaches introduced in section 2 provide frameworks for
modeling multiple-choice problems with mixed continuous and discrete
dependent variables. Consider the following multiple-choice model with

M categories and M regression equations:

‘ySZXSBS+uS

S=],---,M (4'])
* =
‘yS ZS’YS“.nS

where all the variables x .,z  are exogenous, E(uslxl""’XM""’ZM) =0
and E(nslx],...,xM,z],...zM) = (0. A1l the distributions ug are assumed
to have specified absolutely continuous marginal distributions and the

joint distribution of (n]""’”M) has also been specified. The dependent
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variable or outcome Ys is observed if and only if the category s is

being chosen. Category s is chosen if and only if

y* > max y*
So=1,...,M 79
J#s

Let I be a polychotomous variable with values 1 to M and denote I = s if

category s is chosen. Equivalently,

I1=s5 if and only if .Y > € (4.2)

where

For each pair (us,ss), suppose the specified marginal distribution of Ug

is Gs(u) and the implied marginal distribution of € is Fs(e). Consider

the bivariate distribution of (u ,es) specified by the translation method

s
as in (2.5),

H (e,usp ) = BLI ()5 I, (u)sn ] (4.4)

1

: - - =1 . ‘s . . .
where J]s =9, FS and J2$ = @O Gs' With these specified bivariate dis

tributions for all s =1, ... , M, the Tikelihood function for this

multiple-choice model can be easilty derived. The mixed density function

of A and I = s is

ws(ys,I=S|X1-,...,XM,Z],...,ZM)

- Q((JZS(ZSYS)"sz1s(ys"sts))/(]' pi)]/zygs(ys"xs

™w



16

where gs(-) is the density function of GS(-). Define dummy variables

DS, s=1, ..., Msuch that

(e
[

it
w

1 if and only if I

The Tog likelihood function for this muliple choice model with random

samples of size N is

N M
ganL= Y 73 {054 i og (y . -x_.3)
L& 1 i

The likelihood function depends on the dersity functions 9s> s=1,..., M
and the transformations J]S, JZS’ s=1, .. ., M. Whether this likelihood
functicn is computationally simple or not, depends on the density func-
tions and the transformations.

In the econometrics literature, cne of the well-known and most
widely used multiple-choice model is the ccnditional multinomial logit
model of McFadden [1973]. In this model, y* are stochastic utility func-

S
‘tions and Y] S Y= - o - =Yy in (4.1), i.e.,

* = BN =1 .. .
YE =z +ong s=1, M (4.6)
where z,, = 0 is used as a normalization rule. The stochastic parts of

the utility functions, Ng s s=1, ..., M are assumed to be independent and

identically Gumbel distributed, i.e., the distribution function of Ng is
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Qng) = exp (- exp (- ng))

As shown in Domencich and McFadden [1975],

max y*
j=1,...,m 79
4

is also Gumbel distributed with parameter

M

- 8n ) exp (z.v)
3=1 )
J#s

and

-n

—
Q]

~—
1

= Prob [es < €]

= Prob | |max y$ - N <e
j=1,...,M ¥
j#s
- exp {e) (4.7)
exp () + ) exp (ij)
J=1
J#s

Hence the distribution function of € in (4.3) is the function FS in
(4.7) and J]S(e) = Q'](Fs(e)). For this multiple-choice model, the
likelihood function in (4.5) will be computational tractible as long as-
the marginal density functions g are not extremaly complicated.
Maximum likelihood method can then be applied.

When the marginal distributions of u, are normal distributed

N(O,og), two-stage method can be used to estimate the equations
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Yo = XBg - osos¢(d]s(zsy))/Fs(st) tng s=1,...,M

(4.8)

Thus, if the multiple-choice model is multinomial logit model and the
marginal distributions of the potential outcome functions y, are normal,
we have a multinomial logit-OLS two-stage estimation method. The
conditional multinomial logit model will be estimated by the method of
maximul likelihood. The likelihood function for the multinomial logit

model 1is

N M
gnly=3 1D

M

AL oilZgsY - 2n jz] exp (zjiv)) (4.9)

Let ? be the multinomial logit maximum likelihood estimate of y. The
second stage estimation is to estimate the following equations for the

observed noncensored samples by OLS,

yS'i = XS'iBS - Osde)(J]S(ZS'iY))/FS(ZSiY) + nSi

i=1,...,Ns (4.10)

The correct asymptotic covariance matrix of this multinomial logit-OLS
two-state estimates has similar expression as in (3.7) with appropriate.

modifications. Let

As shown in McFadden [1973], the asymptotic covariance matrix of ? is
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-1
X N M _ _
var (Y) = [Z] SZ] (ZS'i - zi)'FS(ZSiY)(ZSi - Zi)]

th

Corresponding to the observations in the s* regime, let Xs’ DS and ¥

be the matrices constructed as in the equation (3.7). The correct

~

asymptotic covariance matrix of the two-stage estimates BS, 0P of 3

nd i
and o_p, is

(Vg + Dy (var (1))7'Dg) X (X;X

The translation approach can be easily extended to the cases
where there are multiple equations or outcome functions in each regi-e
with the joint multinomial distribution. Suppose there are LS equaticns

in regime s,

<
]
=

=X .8 .+ U_.
s si"si si

+ u

y =X, B
sLS sLS sLS sLS
= $.12
y: ZsYs * Ng (+.12)

Suppose the joint distribution of (uS], ceealgy ) is N(O,ZS). A joint
s

distribution of (u -l ,es) where e is defined in (4.3) can be
S

si? " -
constructed as
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[u u U
1 S
H (U ’ s U ’E) B s s ) s J (E)’
st Ls [?s] 952 OsLS 1s
Pijs® Pig’ i,j=1, ..., %} (4.13)

2 . . . . ..
where Ogq 18 the variance of Uggs pijs is the correlation coefficient
of Ug and usj and B is the standardized multivariate normal distribu-

tion function. It follows that the bivariate distribution of (uz,s) is

Hs(uﬁ,e) = B[(ul/oz), J]S(e);p]. Furthermore, it implies that

u
u u L
= FJ_ _2 s
HS(U-I, s e . ’ULsgs) - B - s »

and

Hs(w, ... ,@,E) = FS(E)

are the specified marginal distributions. Under this specification,
the 1ikelihood function can be derived and the two-stage method can be
applied to estimate each equation in each regime as described in the

previous paragraph.
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6. Conclusions

In this article, we have introduced some generalized censored
regression models where the disturbances are not necessarily normal.
Wle have suggested some approaches to construct computationally and
theoretically tractible models with discrete choice and selectivity.
Likelihood functions are derived for the models. Simple consistent es-
timation procedures are also derived for some of the models. These
consistent methods generalize the familiar two-stage methods in the
limited dependent variables literature with minor modifications and
are applicable to any binary or multiple choice models. Models with
both continuous and finite discrete variables are also introduced.
These models generalize the two regimes switching regession models
with censored dependent variables to models with any finite number of
regimes. If the multiple choice equations are specified as the
McFadden's conditional multinominal logit model, the generalized switca-
ing regression model can be estimated by multinomial logit-OLS two-stace

method. Correct asymptotic covariance matrix is derived.

University of Minnesota
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