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GENERALIZED FRACTIONAL INTEGRAL OPERATORS
AND FRACTIONAL MAXIMAL OPERATORS
IN THE FRAMEWORK OF MORREY SPACES

YOSHIHIRO SAWANO, SATOKO SUGANO, AND HITOSHI TANAKA

ABSTRACT. The action of the generalized fractional integral operators and the
generalized fractional maximal operators is investigated in the framework of
Morrey spaces. A typical property of the functions which belongs to Morrey
spaces under pointwise multiplication by the generalized fractional integral
operators and the generalized fractional maximal operators is established. The
boundedness property of the fractional integral operators on the predual of
Morrey spaces is shown as well. A counterexample concerning the Fefferman-
Phong inequality is given by the use of the characteristic function of the Cantor
set.

1. INTRODUCTION

The purpose of the present paper is to study certain estimates related to the
generalized fractional integral operator, defined by

p(lz —yl)
Tpf(x)= | fy) 57— dy,
P() - ()|J)—y‘"
where p : [0,00) — [0,00) is a suitable function, and to the generalized fractional
maximal operator, defined by

M) = sup LD [ 1765) .
seee  1Ql Jg

in the framework of Morrey spaces. Here, we use the notation Q to denote the
family of all cubes in R™ with sides parallel to the coordinate axes, £(Q) to denote
the sidelength of @ and |@Q| to denote the volume of Q. If p(t) = t"*, 0 < a <
1, the operators T, and M, are the usual fractional integral operator (the Riesz
potential) and the usual fractional maximal operator, which we write as I, and
M, respectively. The fractional integral operator is one of the important tools in
harmonic analysis with a background in partial differential equations. In fact, for a
nice function f on R"”, the solution of Laplace equation Au = f can be represented
by using a fractional integral operator (cf. [19]).
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The integral kernel of I, |y|™®/|y|", has singularity at zero and infinity. One
could expect more singularity to the integral kernel T, p(|y|)/|y|", for example, up
to logarithmic factors. However, it is impossible to add any more singularity in the
framework of the (ordinal) Lebesgue spaces. By use of the other function spaces
that cover the Lebesgue spaces, the theory of the generalized fractional integral
operator T, has been developed by many authors who have focused their interest
mainly on giving the sufficient conditions in order to obtain the boundedness of T,
on those spaces (see [0l [7, 8, 12, T3] [14]).

Morrey spaces, which were introduced by C. Morrey in order to study regularity
questions which appear in the Calculus of Variations, describe local regularity more
precisely than Lebesgue spaces and widely use not only harmonic analysis but also
partial differential equations (cf. [I0]). To define Morrey spaces we recall some
definitions and notation.

All cubes are assumed to have their sides parallel to the coordinate axes. We
denote by Q the family of all cubes in R™. For @ € Q we use the notation ¢(Q)
to denote the sidelength of @ and c@ to denote a cube with the same center as @,
but with sidelength ¢£(Q). |E| denotes the Lebesgue measure of E C R™.

Let 0 < p < oo and ¢ : [0,00) — [0,00) be a suitable function. For a function f
locally in LP(R"™) we set

1 » l/p
(L.1) I£1ls = 500 S(E(Q)) (@ /Q /@) d:c) |

We will call the Morrey space MP:¢(R™) = MP:¢ the subset of all functions f locally
in LP(R™) for which ||f||smee = || fllp,¢ is finite. Applying Holder’s inequality to
(1), we see that ||fllp,.6 > || fllp,,6, provided that p1 > pa > 0. This tells us that
MPL? C MP2? when p; > pa > 0.

We now claim that without loss of generality we may assume

(1.2) ¢(t) is nondecreasing and ¢(¢)Pt~" is nonincreasing.

Indeed, if we let
¢1(t) = sup ¢(t),

t’€[0,t]
then
1 £llpo < 1Fllpgr < 277 (1 Fllps-

This holds by using the simple geometric fact that for any cubes @ € Q and any
positive numbers ' < ¢4(Q),

1 1
ol / f@Pde <2t sp / S d.
Q 0@ cae)=t Q| Jor

Next, if we let

¢a(t) = "/ sup p(¢)t' "7,
t'>t

then || fllp.¢ = || fllp,4.. Hereafter, we always assume that ¢ satisfies (.2).

If ¢(t) = t"/Po, py > p, MP? is the usual Morrey space, and we write this for
MPPo and the norm for || - || pmrro. Then we have the inclusion

(1.3) LPo — AMPOPO — A[PLPO — AfP2:PO
when pg > p1 > p2 > 0.
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A classical result for the fractional integral operator I,, which is known as the
Hardy-Littlewood-Sobolev inequality, is that it is bounded from LP to L? provided
that 1/¢ = 1/p—« (cf. [19]). More generally, I,, is bounded from the Morrey space
MPPo to M2 provided that 1 < p < py < o0, 1 < qg< gy < oo, 1/gq0 =1/pp —
and ¢/qo = p/po. This result was first due to Adams [I, Theorem 1.3] and was
reproved by Chiarenza and Frasca [3, Theorem 2]. If ¢/qo = p/po is replaced by
1/q¢ = 1/p — a, then, since f in MPP° implies f locally in LP, using the Hardy-
Littlewood-Sobolev inequality locally and taking care of the larger scales by cruder
estimates, one has a naive bound for I,, (cf. [I5, Theorem 1]).

For a nice function f in R”, n > 2, and a weight w € MP"/2 1 < p < n/2, it
holds that

| 1f@Pu(@) do < Cllullygs [ 1961 de

This is the so-called Fefferman-Phong inequality obtained in [9] and has been widely
used in partial differential equations. In [I5], Olsen obtained an interesting inequal-
ity concerning fractional integral operators on the Morrey spaces, which can be
understood as a sort of Fefferman-Phong inequality since one has (cf. [I9] p. 125])

ey [

The original proof due to Olsen is somehow complicated and implicitly involves the
Calder6n-Zygmund decomposition. In [20], the second and third authors gave an
alternative proof based on a variant of the good-\ inequality of Fefferman and Stein
introduced in [5]. In [21], the third author gave another simple proof and extended
the result to vector-valued functions. His proof is based on the idea of C. Pérez
introduceed in [I7] (c¢f. Lemma 2. In the present paper, we introduce Olsen’s
inequality for the generalized fractional integral operator T, (Theorem [T and
for the generalized fractional maximal operator M, (Theorem [[7). As a corollary
(Corollary [[:2)), we have a boundedness property of T, on the Morrey spaces, which
is closely related to the theorem due to Eridani, Gunawan and Nakai [8, Theorem
3.1].

It is evident that M, f(x) < CI, f(z) for all nonnegative functions f due to the
estimate

af —n+1
=) .

,rna

— fly)dy < I,f(x), x€R" r>0.

r ly—z|<r
However, as the examples f(y) = |y|~™"® and x = 0 show, the reverse inequality is
false. In view of this, it is a significant relation between I, and M, that

(1.4) /R Iaf@)Pde<C [ Mof(e)de, p>1.

This relation can be proved by use of the good-\ inequality of Fefferman and Stein.
In [2], motivated by the development of the theory of capacities for potentials of
functions of the Morrey space, Adams and Xiao extended this relation to the Mor-
rey space MPPo, In [21], the third author extended it further to the vector-valued
functions. In the present paper, concerning (4], we introduce some relations be-
tween the generalized fractional operator and the generalized fractional maximal
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operator in the framework of the Morrey spaces M?*® (Theorem [[3]). Theorem
is a generalization of the result in [2I], which was found when analysing the proof
of Olsens’s inequality. Theorem [[3] and a boundedness property of the general-
ized fractional maximal operator (Lemma [2.0]) give us a generalization of Olsen’s
inequality (Theorem [L]).

In the third section, we prove a dual version of Olsen’s inequality on the predual
of Morrey spaces (Theorem[3]). As a corollary (Corollary B.2]), we have the bound-
edness properties of the operator T}, on the predual of a Morrey space. The results
are new even for I, as far as we know. In the last section, we discuss the optimality
of our estimates for the fractional integral operator (the Riesz potential) I, and
give an interesting counterexample concerning to the Fefferman-Phong inequality
by use of the characteristic function of the Cantor set.

The Hardy-Littlewood maximal operator M is defined by

Mf(z) = sup ﬁ /Q () dy.

TEQEQ

It is well known that the Hardy-Littlewood maximal operator M is bounded on the
Morrey space MPP0 with 1 < p < pg < oo (see [3, Theorem 1]). A boundedness
property of the Hardy-Littlewood maximal operator M on the Morrey space MP>?,
p > 1, was first proved by Nakai [I1]. Our new result in Lemma [Z4] will cover his
result, and we shall not postulate a superfluous assumption in [I1].

Following [§], in the definition of T, we always postulate the Dini and the dou-
bling conditions on p.

(1) p satisfies the Dini condition

(1.5) /01 ps) ds < o0;

S

(2) p satisfies the doubling condition

1 p(s) o1

1.6 — <=L <0 if =

(16) Ci = pt) =T 2
A function p satisfying (6] is said to satisfy the doubling condition (with a dou-
bling constant C7). We notice that, satisfying (L.2)), ¢ satisfies the doubling condi-

tion (with a doubling constant 2"/). If p satisfies the doubling condition, then

<Z<2

s
t

¢
(1.7) 100%2,0(0 < / @ ds <log2 - Cip(t) for all £ > 0.
t/2

We define for p satisfying (I5]) and (L)

We now state our main theorems.

Theorem 1.1. Let 1 <p<oo,¢>r,0<b<1,a>1and (a+b—1)r = ap.
Suppose that p satisfies (L5), (L) and that p(t)m>x@pbag=n s nonincreasing[l

1The fact that condition p(t)™ax(ap,b)¢=" i nonincreasing implies that F(t)*Pt~" and
p(t)29t~" are nonincreasing, since

ﬁ(t)min(ap,bq)tfn — ﬁ(t)min(ap,bq)7max(ap,bq) .ﬁ(t)max(ap,bq)tfn'
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Then

19 - Tl pesr—1 < Cllgllgzo 1 f1lp. 50
where the constant C' is independent of f and g.

Theorem [[Tlis a generalization of [15], Theorem 2] and [20, Theorem 1]. Theorem
[[1lis no longer true when g = r (see Proposition [A.1]).
Letting b = 0 and g = 1 in Theorem [[LT] we have the following:

Corollary 1.2. Let 1 <p < oo, a>1 and (a — 1)r = ap. Then
ITo fllr o1 < Cllfllp,pe-
Corollary is a generalization of [I, Theorem 1.3].

p<qifp=1,
p<qifp>1,
that p satisfies (LH), (LB) and that p(t)™>@PdDt=n js nonincreasing. Then

g - Tpfllppe < Cllgllg, e 1Mz1-2 fllppe
where the constant C' is independent of f and g.

Theorem 1.3. Let 1 < p < oo, { 0<b<1andb<a. Suppose

Corollary 1.4. Let 1 <p < oo and a > 0. Then
1T fllp.pe < ClIM5f

|p7/3“'

Corollary [[ 4l is a generalization of [2, Theorem 4.2].
Letting b = 1 in Theorem [[.3] we have the following corollary as well.

< ] =
Corollary 1.5. Let 1 < p < oo, { i - g gg N 17 and a > 1. Then

g Tofllp.pe < Cllgllg s Mflp,pe-

Remark 1.6. The functions belonging to the Morrey space have been used as weights
in the Fefferman-Phong inequality. Corollary would be interesting to give a
better understanding of this fact, since the right-hand side contains no p factors.

|q7ﬁ

It would be interesting to compare Theorem [ with the following Theorem [[7l

Theorem 1.7. Let 0 < p < o0, 0 <b <1 and b < a. Suppose that p is nonde-
creasing and p(t)*Pt~—™ is nonincreasing. Then

lg - Mpfllp.oe < Cllgllp,p [ Mpr-v fllp,p0
where the constant C' is independent of f and g.

We restate Theorem [[I] in terms of the fractional integral operator I,. The
result holds by letting p(t) =t"*, aa = 1/py and ba = 1/qp.

Proposition 1.8. Let 0 < a < 1, 1 < p < pg <00, 1 < q < gy <00 and
1<r<ryg<oo. Suppose that g >r, 1/po > «a, 1/q0 < o, 1/ro =1/q0 + 1/po —
and r/ro = p/po. Then

g - Lafllarro < Cllgllaaao | fllatero,
where the constant C' is independent of f and g.
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Remark 1.9. Our result is stronger than that of Olsen. In fact, Olsen’s theorem
[15, Theorem 2] is stated with r/rq = p/pg replaced by 1/r =1/qo+1/p — . Then
the target spaces of our result are strictly smaller than that of Olsen by noticing
the inclusion (L3)). A simple calculation suffices to verify this fact: If r/rq = p/po
and 1/rg = 1/q0 + 1/po — «, then

1 1 1 1 1 1 1 1
im (L1 gmo (1w lolt,
r To P qo Po p q0 p p qo p

where we have used the fact that 1/go — a < 0 and po/p > 1.

Remark 1.10. If r/rg = p/po = q/qo, then our result can be proved by using
Holder’s inequality. Indeed, the boundedness property of I, on the Morrey space
gives us that

||IOtfHMS’SO < CHfHMp,po,

where 1/sg = 1/pp — a and 1/s = po/(pso). If r/ro = p/po = q/qo and 1/rg =
1/q0 + 1/po — v, we also have

1/ro=1/q0+ 1/sg and 1/r = 1/q+ 1/p.

2. PROOF OF THE THEOREMS

The letter C' will be used for constants that may change from one occurrence
to another. Constants with subscripts, such as C7, C3, do not change in different
occurrences. For any 1 < p < oo we will write p’ for the conjugate number defined
by 1/p + 1/p’ = 1. Hereafter, for the sake of simplicity, for any @ € Q and
0 < p < oo we will write

mal(f) = |Qi| /Q f(@) de and m®(f) = ma(|fP)7.

2.1. Proof of Theorem [I.3l First, we shall prove Theorem [[L3l Except for some
sufficient modifications, the proof of the theorem follows the argument in [21].
We denote by D the family of all dyadic cubes in R™. We assume that f and g
are nonnegative, which may be done without any loss of generality thanks to the
positivity of the integral kernel. We will denote by B(z,r) the ball centered at x
and of radius r. We begin by discretizing the operator T}, f following the idea of
C. Pérez (see [I7)]):

. pllz =31
Tf@) = / T =y @

VEL
p(2")
< oy [ S
pUQ))
<oy ¥ 5 /3Qf<y>dy

vEZ QEeD:Q3x,L(Q)=2"

¢
= C) oHQ)) /3Qf(y)dy~><c2(x)

21
= Y ot@)maolf) xale),

QeD
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where we have used the doubling condition of p for the first inequality. To prove
Theorem [[3] thanks to the doubling condition of p*, which holds by use of the fact
that p(¢)® is nondecreasing and 5(¢)*Pt~™ is nonincreasing, it suffices to show that

1/p
(/ (9(@)T, f(2))" dz> < Ollglly oI Mo Fllp e 1Qo[?5(8(Q0))

for all dyadic cubes @)y. Hereafter, we let

{ Di1(Qo) ={Q€D: Q C Qo},
Dy(Qo) ={Q €D : Q2 Qo}-

Let us define for i = 1,2

Fix)= Y pl(@)mso(f)xe(x),
Q€ED;i(Qo)

U @R @) iz ) "

The case i =1 and p = 1. We need the following crucial lemma, the proof of which
is straightforward and is omitted (see [17} 21]).

and we shall estimate

Lemma 2.1. For a nonnegative function h in L>(Qo), we let vo = mg,(h) and
c=2"t Fork=1,2,... let

Dy, = U Q.
QED1(Qo): mq (h)>vock

Considering the maximal cubes with respect to inclusion, we can write
Dy = @x.j
J

where the cubes {Qr ;} C D1(Qo) are nonoverlapping. By virtue of the mazimality
of Qk,; one has that

Yok < mgq,.,(h) < 2"~ock.
Let
Eo=Qo\ D1 and Exj = Qk j \ Di1.
Then {Eo} U{Ey ;} is a disjoint family of sets which decomposes Qo and satisfies
(2.1) |Qo| < 2[Eo| and |Qr,;| < 2|Ej;l-

Also, we set

Dy = {Q € Di(Qo): mq(h) <7oc},
Dij = {Q€Di(Qo): QC Quy, voc" <mg(h) <ot}
Then
(2.2) D1(Qo) = Do U| Di 5.

k,j
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We need only verify that

(2.3) / g(:c)Fl(x)dx<C|g|q7l—,b/Q Mz f(x) do

0

Inserting the definition of F7, we have

/Q S@R@dE= Y p@)msa() /Q g(a) da.

QeD1(Qo)

Letting h = g, we shall apply Lemma[2.T] to the estimate of this quantity. Retaining
the same notation as in Lemma 2] and noticing (Z2]), we have

/ g(x)F1(z) dx
Qo
= > plQ)maq(f) / (@)dz+Y " > pl(Q)maq f)/ g(x) da.
QeD, k.j QEDs; Q
We first evaluate
(2.4 > plt@mao(h) [ gl
QEDy 5 Q
It follows from the definition of Dy, ; that ([24) is bounded by
Croc Y / 1) dy.

QGDk

The support condition and (1) gives us that

@ [ z( 5 o)

QEDIH v=—00 QEDy,;j: £(Q)=2"
log, £(Qk,5)
<cof gwa| S a)
3Qk,; v=—00
<

HQra) p(s)
c/ L ( JR—— ds>

CAUQe) [ 1)y

If we invoke relations |Q ;| < 2|Ex ;| and yoc* < mgq,;(g), then ([2.4) is bounded
by

Cp(l(Qr.j))msq, ; (f) may ;(9) | Bk ;-

Now we have from the definition of the Morrey norm that

ma,,(9) <m) (9) < llgllgpmAC(Qri),

and we conclude that
@A) < Cllgllg,7A(E(Qr ) maq, , (F)IEk;] < Cllgllq,,sb/E Mo f(z) dx
k.

Here, we have used the fact that p is nondecreasing and
ALBQK ) maq,,; (f) < inf Mz f(y).
YEQk,;
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Similarly, we have

> olt@mao(f) [ g()de < Clallpp [ Mposf(a) da.
QEeDy Q Eqg

Summing up all factors, we obtain (23] by noticing {Eo} U {E} ;} is a disjoint
family of sets which decomposes Q.

The case t =1 and p > 1. In this case we establish

@) ([ won@r daz)l/p < Clalyp (| Mpossa o) "

by the duality argument. Take a nonnegative function w € v (Qo), 1/p+1/p' =1,
satisfying that [|wl| . g,y = 1 and that

( /Q ) (9(z)Fi(z))” da;>1/p = /Q O g(z)Fy (z)w(z) dz.

Letting h = gw, we shall apply Lemma 2] to estimate this quantity. It follows
that

(26) | g@)Fi(v)w(z)dr = pl(Q))msq(f) | g(x)w(x)dx
/QO QEDZMQO) ’ /Q
= (U(Q))msq(f) | g9(@)w(x)dx
Q%;Op 5Q /Q g
+ 3 wt@)maof) [ leyule) ds
k.j QEDy Q
First, we evaluate
(2.7) (UQ)msq(f) | g(@)w(z)dx.
Q;D;J p 3Q /Q g
It follows from the same argument as above that (27 is bounded by
(2.8) Coll(Qr.5))msq.,; (f) mq, (g w) [Er;l-
These yield
B < CalQr,) " "maq,, (FA(Qk;))'ma, (g w)|Ek,l

< C : 'Mﬁlfbf(x)Mﬁb[qw](:c)d:c.

Similarly, we have

> p(f(Q))m:sQ(f)/Qg(x)W(x) dx < CHqu,ﬁ”/E Mo f(x) Mo |g - w](x) d.

QEDy
Summing up all factors we obtain

2o <C Mz f(x) M [g - w](x) de.
Qo
Another application of Holder’s inequality gives us that
@ <c(

1/p’

N Mo f(x)P dm) v ( N Mg - w](z)” dx)
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The fact p’ > ¢’ and the L/ -boundedness of the maximal operator M yield

1/p , 1/p’
Cllgly (/Q Mﬁlbf(x)fﬂdx> (/ w(z)? dx)

1/p
| g, </Q Mz f(z)P da:> .

This is our desired inequality.

2.8)

IA

Cllg

The case i = 2 and p > 1. By a property of the dyadic cubes, for all z € Q¢ we

have
By@)= Y pl(Q)mq(f)
Q€eD2(Qo)

and

p(l@)msq(f) = pl(@)pL(Q))" " - AL(Q)) " maq(f)

< p(UQ)A(Q)) ™ mg (M- f).

It follows that

mo(Ma—of) <m® (Mo f) < | Mpioo f 1, 5o pUQ)) ™"
Inserting these estimates, we obtain
(2.9) Fy(x) < OlMpsflpp >, pU@)pUQ)"

QEeD2(Qo)

oo

CllMp-ofllppe D, p2)5(2)"7

v=1+log, £(Qo)

o0
~ o S
< Ol lg [ 129 g
0

IN

Here, in the last inequality we have used (7)) and the fact that p is nondecreasing.
Now we see that

[ ety = [ () as < AU

(Qo) $ (Qo) ds
where we have used b < a for the last inequality. Thus, for all € ()¢ we obtain

Fa(x) < C|Mpi-o fllp, 5o 5(€(Q0))" ™"

and
1/p
([ G@r@y ) < Cnf@M i@l
< CHUQ0)) ™ mE (9)|Mpi-s 1,50 |Qol /7
< ClglgmllMpis fllp.ze 5E(Q0)) Qo] /7.

This is our desired inequality.

Remark 2.2. Let 1 < p < co. Suppose that ¢ satisfies (I2)). In the course of the
proof, if we let b = 0 and g = 1, then we have

1/p 1/p
( Fi(x)? das) <C ( M;f(x)? das) .
Qo Qo
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Also, if we mimic the way to obtain (29, then for all € Q¢ we have

o0

Fy(z) < C||Msfllpe /e(Q ) % o

and hence

( F2<x>pdm)l/p<cuM~f|| N
Qo N P ©Qo) SP(5) 9(s)
These imply

HTpf |p7¢ < CHMﬁszmﬁ
if, for all ¢ > 0, ¢ satisfies further that

< ple)
o0 [ s e

Remark 2.3. Let 1 < p,q < oo. Suppose that ¢ satisfies (IL2)). Then, similarly, we
see that

1/q 1/q
c(/ Tpf@cwx) <<QM,sf(x)qd:v> 1@l s [

2.2. Proof of Theorem [I.1l We need some lemmas.

o0

P(s) 4o
(Qo) 5 (s) o

Lemma 2.4. Let p > 1. Suppose that ¢ satisfies (L2). Then

||Mf||p,¢ < CHf |p,¢'

Proof. Fix a cube Q. Let f1 = x3¢,f and fo = f — fi. Then M f(z) < M f1(z) +
M fo(x). It follows from the definition of M that for all x € Q,

1
Mpw = sw o il
2eQeQ: 1(Q)>0(Q0) Q] Jo

Suppose that z € Qo, z € Q € Q and £(Q) > ¢(Qo). Then
3(L(Q0))ma (| f1) < o(UQ)ME (F1) < 1f Iy

where we have used Holder’s inequality and the fact that ¢ is nondecreasing.
This gives us that

P(U(Q0)) M fo(z) < |[flp.e for all z € Qo

and that
SL(Q0))mE (M < G((Q0))mE) (M f1)? + ¢(£(Q0))mE) (M f2)"
< CH(t(3Q0))MmYY, (f) + 1 fllp.s < Cllfllpos

where we have used LP boundedness of the maximal operator M. This implies our
desired inequality. (|

A

Remark 2.5. A similar proof can be found in [18, Theorem 2.3].
Lemma 2.6. Let 1 < p < g < oco. Suppose that ¢ satisfies (L2). Then
[My1-p/afllg,gra < Cllflp.e-
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Proof. Let x € R™ be a fixed point. For every cube @@ 5 x we see that

SUQ) P mg(If]) < min(s(U(Q) M f (), 6(E(Q)) ] fllp.e)
< supmin(t'PIM f(z), P flp0)

>0

| £l "0 £ ().
This implies

Myi-psa f(2)? < || fIl5 "M f ()"
It follows from Lemma 2.4] that for every cube QO,
mig) (Mys-o/0f) < | f g mG) (M P < Cfp.00(6(Q0)) /1.

The desired inequality then follows. (]

For b = 1 Theorem [[T] can be proved by using Corollary and Lemma 2]
and for b < 1 it can be proved by using the following:

Lemma 2.7. Let 1 < p < oo, a > 1 and (a — 1)qg = ap. Assume that p(t) is
nondecreasing and p(t)*Pt~" is nonincreasing. Then

||Mpf||q,p“*1 < CHf”p,p“'
Proof. To prove this lemma we merely check all the conditions of Lemma 2.6l when
¢ = p”. U
Remark 2.8. Let 1 < p < ¢ < co. Suppose that ¢ satisfies ([2)). Remark 23] and

Lemma give us that

15 fllg,60ra < ClIfllp.e
if, for all ¢ > 0, ¢ satisfies further that

TORE /too S;()) ds < C and p(t) < Cp(t)* P/,

This condition can be restated as

@ iC) s —p/q
¢®+l s < ConT, 120,

and can be seen in [8 Theorem 3.1] with some superfluous conditions.

2.3. Proof of Theorem [I.7. Since the operator M, is nonlinear, an alternative
approach will be necessary. First of all, we notice that p satisfies the doubling
condition (with the doubling constant 2°7), which can be proved by using the
conditions postulated on p. The monotonicity of p yields

1

FMpf(x) < Mg, f(xz) < CoM, f(x) for a.e. z € R",
2

where

Mg, f(z) = sup p(t(Q))msq(f)-

zEQED
Thanks to the doubling condition of p, to prove Theorem [[.7] it suffices to show
that

1/p
(/Q (9(x) My, f ()" dw) < Cllgllp,pp 1M 1o fllp.pe Qo™ p(£(Q0))
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for all dyadic cubes Qg. Fix Qo € D and recall D1(Qq), D2(Qo) defined earlier.
Then it follows that

M, f(x) < Md;pf(x) + Md;pf(x)’

provided that

Md;pf(x) = SUPzeQeD (Qo) P(Z(Q))msQ(f)’
M, f () = SUPegep,(0o) PU(R))Maq(f)-

IfQe DQ(Qo), then

p(U@)ms(f) = pU@)’'mE (p(t(@Q)Pmsq(f))
< p(0(Q) T p(UQ)) mE (M- f)
< p(UQ0)) ™ Mo fllppo-

Here, we have used Qg C @ and b < a. For all x € Q¢ this implies that

Mg f () < p(0(Q0))’ ™| Mgepr o fllp o
and hence
p(0(Q0))*mE) (9 Map f) < Nlgllp o | Moo f

Thus, we concentrate ourselves on estimating the integral

| (ot s)" d

A standard density argument allows us to assume that f is bounded. One knows
that for each A > 0 there exists a nonoverlapping collection of maximal (with
respect to inclusion) dyadic cubes {Q?} C D;(Qo) such that

{x€Qo: My,f(zx) >\ = UQ?‘

|p,pa'

It follows from the definitions that

£l (30)

for every A > 0 and 1.
In view of the distribution function of My, f, we can rewrite the integral as

o A —1
p /0 ;g”@i )ALy,

where ¢P(Q) = fQ g(x)P dx. For every Q € {Q}a>0\{Qo} define the mother cube

p(Q) by a minimal cube @’ such that Q C Q' € {Q} and £(Q) < ¢(Q’). Then
we can rewrite the integral further (assuming that u(Qo) is an empty set and the
integral over p(Qg) is understood as zero) as

Y Q) ((p(eQ)mso(N))” — (p(Ur(@)maua)(f))") -

Qe{Q}}
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By use of ¢7(Q) < llgll, #?Qlp(6(@) " and p(6(Q)) < p(E(u(Q))), this term is
bounded by a ||g||, ,»* multiple of the following:

(2.10)
p0@) N (@) ’
QE%N'Q((MW () = (‘g o) )
< 3 1RIH{(pE@)  msa(£)” = (@) mua)(£)) -
Qe{Q}}

For z € Qg define the cube @, by a minimal cube @ such that x € Q € {Q}}, and
define an operator S by

Sf(x) = pt(Qx))' " maq, (f)-

Then we assert that ([2I0) is equal to / Sf(x)? dx. In fact, by Fubini’s theorem
Qo

> 101 (@) " mag(£)” = (p(URQ)N) "Mz (£)")
Qe{Q}}

= / > (@) maa()” = (PR maue) ()" ) xal) d
©0 Qe

- / (P(E(Qu)) s, ()" da = / Sf(x) d.
Qo Qo

Clearly, from Sf(x) < Mgy, - f(x), we obtain

(] (st r)’ da:)l/p <lglh, [, Mapsstoy dx)l/ g

This is our desired inequality.

3. A DUAL VERSION OF OLSEN’S INEQUALITY

In this section, as an application of Theorem [[LT] we consider a dual version of
Olsen’s inequality on the predual of a Morrey space (Theorem B1). As a corollary
(Corollary B.2)), we have the boundedness properties of the operator T, on the
predual of a Morrey space. We shall define the block spaces following [16].

Let 1 < p < oo and 1/p+ 1/p’ = 1. Suppose that ¢ satisfies (L.2). We say that a
function b on R™ is a (p’, ¢)-block provided that b is supported on a cube @ C R™
and satisfies

P(U(Q))

QI -
If, in addition, b is a continuous function, then we say that b is a continuous (p’, @)-
block. The space Bp/"f)(R”) = BP% is defined by the set of all functions f locally
in L”' (R™) with the norm

| fll . = inf {H{)\k}ﬂﬂ = ZAkbk} < 00,

where by, is a (p, ¢)-block and [[{Ag}][ir = D4 [Ak] < 00, and the infimum is taken
over all possible decompositions of f. If ¢(t) = t™/P0, py > p, B*"% is the usual block

(3.1) md)(b) <
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space, which we write for B 20 and the norm for || - || v vy » because the right-hand
side of (3] is equal to |Q|/Po~1 = |Q|~/Po. Then we have the inclusion
Lpo — Bpmpo D) BPlvPO D) BZDmZDO

when 1 < pj < pj < ph < oco. In [I6] Theorem 1] or [22] Proposition 5], the
following is essentially proved:

The predual space of /\/lp"z5 is BY? in the following sense: If g €
MP? then / f(x)g(x) dz is an element of (B”¢)*. Moreover,

for any L € (BP ’¢)*, there exists g € MP? such that
L) = | f@)g(x)ds, [eB".
RTL

In this section we shall prove the following theorem.

Theorem 3.1. Let 1 <p<o0,q>7,0<b<1,a>1and (a+b—1)r = ap.
Suppose that p satisfies (D), (L8) and that p(t)™2>@PbOt=" s nonincreasing.
Then

15 (9 Nl e < Cllgll pgai [1fllgrr pese—rs
if g is a continuous function.

Corollary 3.2. Let 1 <p < oo, a>1 and (a — 1)r = ap. Suppose that p satisfies
[@TA), (C8) and that p(t)*Pt~™ is nonincreasing. Then

1T fllgor.e < Cllfllgrr -
To prove the theorem we need some elementary lemmas.
Lemma 3.3. For any cube Q and f locally in ) (R™) we have
Ixa s < A2 ol
= 30@)
Proof. Just observe that

‘1/11

e /

with b a (p/, ¢)-block. O

Lemma 3.4. A function f belongs to Br® if and only if there exists g € Br'¢
such that |f(z)| < g(z) a.e. x € R™.

Proof. Suppose that f € BP'¢. Then there exist a (p, #)-block by, and a sequence
{A\r} € 1" such that f = 3", Agby. Letting g = 32, [Ax||bx|, we have g € B”¢ and
|f| < g. Conversely, suppose that there exists g € B¢ which satisfies |f(z)| <

g(x). Decompose g as g = Y, A\ b}, where b}, is a (p/, ¢)-block and {\,} € I*. Then
we see that

X{y: g(y)20} (@ Z k ;c

and hence

o Sy
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f((l";| < 1, the function Mb% (z) becomes a (p’, ¢)-block. This proves the
g(x

g9(z)

lemma. O

Since

Lemma 3.5. Let B”¢ be the set of all functions f in B2 which is generated by
continuous (p, )-blocks. Then B is a dense subspace of B 9.

Proof. Suppose that f € BY%. Then f admits a decomposition f = >, Apbg,
where each by, is a (p’, #)-block which is supported on a cube Qy and {\z} € 1. If
e > 0 is given, choose a continuous function ¢ such that |cx(x)| < |bg(z)| and

o(L(Qr) e
1QulYP [{

Now, we let g = >, Axck. Since ¢, is a continuous (p', ¢)-block, g belongs to Br'®
and, by using Lemma [3.3] we see that

1f = gllgere <D Ikl 1k = crllgor s <e
k

b — crllp <

Thus, the proof is complete. (Il

Proof of Theorem Bl Fix a continuous function g € M%7 so that it satisfies
9l pgap = 1. By Lemma it suffices to show the continuity on the subspace

Bt Moreover, thanks to the linearity, we may assume that f is a continuous
(r', p@T0=1)-block. By the Hahn-Banach theorem, once we verify T,(g f) € BP P
then

1T(g Pll g e

[ Tta i)t s

= sup
w

= sup
w

[ s@Tu() - foyde]

where the supremum is taken over all the normalized w € MP?" and, by use
of Theorem [Tl one would conclude that ||T,(g f)||ge.;e < C. Thus, we need
only verify that T,(g f) belongs to Br7*. We may assume further without loss of
generality that f and ¢g are nonnegative and that f is supported on a dyadic cube
Qo € D and satisfies

, 1/r ~ a+b—1

In the same manner as in the previous section, noting Lemma [B4 we wish to
estimate

Fi(w)= Y pl@)msq(g xe(x), i=1,2,
QeD;(Qo)

in view of the decomposition into blocks.

The case i = 1. Tt follows from (1) that

(3-3) p((Q))msq(g fxq(z) < Cpll(Q))msq(g flxq(@).
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First, we assert that the right-hand side of ([33) becomes a (p/, p%)-block if @ €
Dl(QO)- Indeed,

/ /v
([ te@imsats oy az)
= PU@Q)maolg NIQI? < pE@)IQI mig(9) mig) (1)
/ 1/
< CHQ)IQIM P m(g) ( /Q oy dy)

500 a+b—1 o(¢ a
< Cﬁ(f(@))lib |Q‘1/7‘71/p P( (|C?Q(;)|)1/T < CpTQ(ﬁ/)p) 7

where we have used (B2) and the fact that ¢ > r, mgg(g) < p(l(Q))~t and
p(t)(@+P=Dr¢=n is nonincreasing.

Let € = p(£(Qo))* Y Qo|™™. Since g f is uniformly continuous, we can choose
0 > 0 such that |g(z)f(z) — g(v)f(y)| < € whenever |x — y| < . Let F be the set

4]
of all dyadic cubes Q € D1(Qo) such that £(Q) < e and let Fy be the set of all
n
maximal (with respect to inclusion) cubes in F. Take a cube @1 € Fy. Then, for
every dyadic cube Q) C @)1, we see that

dy + zg& 9(2)f(2)

1 .
o) < oo /SQ‘g(y)f(y)— min g(=)f(2)

2€3Q1
< €+m3Q1(gf)'

This gives us that

> p(L(Q))m3q(g fxq(z)
QED1(Qo): QCQ1

log, £(Q1)

(6+m3Q1(gf))( > p(2”)) XQi (%)

V=—00

IN

< C(ep(t(Q1))xqi () + pl(Q1))maq, (9 f)xa, (x)) .-
These yield
> pl(@)msq(g Nxe()

QeF

< C ) (=p(UQ))xq(@) + AUQ1))maq, (9 )xa: (2)) -

QeF:
Since p(¢)?~1¢~" is nonincreasing,

) R 1 AQ0)™ Y _ Q)"
Q)R = 5(U@))IQ) o = o

This means that £5(4(Q))xq(x) becomes a (p/, p%)-block. Thus, we know that
Fy can be majorized by the finite sum of the (p/, p%)-blocks and conclude that
Fye BY 7",
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The case i = 2. For every cube Q € Dy(Qq) we have

_ Q) - aXQ(z)
P@Imaals xale) = Foe [ o))y pe@) G
Because ﬁ(((Q))“XTgT) becomes a (p’, p%)-block, we shall compute
S p(2")
(3.4) | swrway X e

It follows from ¢ > r and (B.2) that

| sty = 1Quima,(a 1) < IQolm)0) m) (1)

0

IN

(Qolm)(9) me, (£) < H(0(Q0))* .
The fact that p is nondecreasing and (7)) yield that

> 2v . p(s
3 ﬁp((zy))a < /é A(s) %ds

v=1+log, £(Qo) (Qo)

o d 1 ~ 1a)
= — o(s ds
/Z(Qo) ds (1 —a (5)

L (0@

a—1

Multiplying both sides, we obtain [34) < C, and hence F; € Br"#*. The proof of
the theorem is now complete.

Remark 3.6. We do not know that if a function f satisfies

sup (2)w(z) dz

w

< 00,

R’Vl
where the supremum is taken over all the normalized w € MP?, then f belongs to
B,

We finish the section by restating Theorem [BI] and Corollary B2 in terms of the
fractional integral operator I,. The results hold by letting p(t) = "%, aa = 1/po
and ba = 1/qp.

Proposition 3.7. Let 0 < a < 1, 1 < p < pg < o0, 1 <q < qo <00 and
1 <r<rg<oo. Suppose that ¢ >r, 1/po > a, 1/q0 < a, 1/rog =1/q0 + 1/po — «
and r/ro = p/po. Then

e (g Pl o5, < Cllgllamtaao [[ £l .

if g is a continuous function.

Proposition 3.8. Let0<a<1,1<p<py<ooandl <r <ry<oo. Suppose
that 1/po > «, 1/ro = 1/po — « and r/ro = p/po. Then

||Iaf||BP/1P6 < CHf|

BT



GENERALIZED FRACTIONAL INTEGRAL OPERATORS 6499

Remark 3.9. In Proposition B8] if r/rg = p/po is replaced by 1/r = 1/p — «, then,
using the Hardy-Littlewood-Sobolev inequality locally and taking care of the larger
scales in the same manner as in the proof of Theorem [3] one has a naive bound
for I,,.

4. SHARPNESS OF THE RESULTS

Finally in this paper, from two points of view, we shall discuss the sharpness of
the results for the fractional integral operator (the Riesz potential) I,,. First, we
examine the optimality of the Fefferman-Phong inequality.

Let 0<a<1. Ifl<p<py<ooand p<q<1/a, then
(4.1) g - Lafllprro < Cllgll pansa

For the fractional integral operator I, inequality (1)) is crucial in the following
sense: Since one has (cf. [19, p. 118])

(42) IO&(IBf) = o¢+5fa aaﬂ > Oa a +B < ]-7
we obtain, when 1 < ¢ < ¢qg, 1 <7 <719, ¢g>rand a« —1/qy > 0,

f”_/\/[p,po.

lg - Lo fllamrro < Cllgllpaao [[Ta—1/g f [l prro -
This and the Adams theorem (the boundedness of the Riesz potential in the classical
Morrey spaces) yield Proposition [[8l We remark that, instead of ([@2), we have
verified Theorem [[3] for the generalized fractional integral operator T,. We shall
prove the following.

Proposition 4.1. Let 1 <r <rg < oo and r < 1/a. Then, for any ¢ > 0 we can
find positive measurable functions f and g such that

lg - Lo fllmmro > ellgllparsall fllaarro-

This proposition can be proved by using the method developed in [4]. Although
the Fefferman-Phong inequality is elementary and has important applications, the
results corresponding to the Lebesgue spaces cannot be found in the literature as
far as we know. In ([@I]), if one replaces the fractional integral operator I, by the
fractional maximal operator M,, then it holds when ¢ = p (see Theorem [[.7] and

Lemma [2.4)).

Proof. If the claim is not true, then, by noticing that the block space B0 is the
predual space of the Morrey space M"™" (see the previous section), there exists a
constant ¢y > 0 such that

h(x) - g(x) - Lo f(2) da

R"L
Let 0 < § < 1 be the solution to the equation

(4.4) <%)a(1—5)1/’“ =1

and let V be a positive large integer.

2 \ V"
Let EO = QO,I = |f), (m)

9 \V 9 \N-1
Po.1, of side 6 (m) , and the 2" closed corner cubes Q) ;, of side (m) ,

(4.3) < collhl

g 19l arasa lLf Larro.

. Delete from @)g,; all but an open middle cube




6500 Y. SAWANO, S. SUGANO, AND H. TANAKA

on

to obtain F; = U Q1,; and Fy = Py;. Continue in this way N steps: At the
j=1

k < N stage replace each cube of E;_; by an open middle cube Pj_; ;, of side

9 \ Nkt Nk
d (—) , and the 2" closed corner cubes @y, ;, of side (L) , to obtain

1-96 1—5
2nk 2n(k71)
E, = U Qr,j and Fj,_1 = U Pj;_1,5. Thus Ey contains 27N closed unit cubes
j=1 j=1

N—k
2
and Fj, k=0,1,--- , N — 1, contains 2"* open cubes of side § <ﬁ> . Then,

we have the following:

E .
(4.5) [En 0 Qg ]T; Q|’”| =(1-0)"N-k  k=0,1,---,N,
k,j
and
o (1Ex 0 Qi
(4.6) |Qk.1 W =1, k=0,1,---,N,
k,j

where we have used (£4).
We first let g() = xgy(z). Then it follows from (6] and simple geometric
observation that

(47) lgllagrase < C.
It also follows from ([@4]) and (X)) that

1/r!
1} @)
‘Q0,1| (|Q0,1
B | —1/r
E —1/7ro ( N )
|EN|Qo,1 1Goal

— 2nN|QO 1|a71/r0.

~1
This yields that (2”N|Q071|a*1/”’> g is an (1, r()-block. Since the characteristic

function of a unit cube is also an (', r{))-block, we obtain

2”N‘Q0,1|a_1/r07 roa < 1)
(48) ||g||BT/xT6 S { 2nN’ ToQ 2 1.

For x € En we clearly have I,g(z) > C. For x € Fi, k=0,1,--- , N — 1, noting
that there exists a unique cube @)y ; containing x, we have
|Ex N Qk.j

=) u-a)"

These yield I,g(x) > Cu(x), provided that

v =+ Y- ((125) 0 6))"(N_k) X (2.

k=0

lag(x) > C|Qy,4|°
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It follows by using ([£4) again that

(2" e-0) =((Z) 0-0) " -2

and by using
9 n(N—k)
_ onk LA
By =2 5(T;§
that
/ u(z)” de = 2"V (1 + N&™).

Similarly, we see that

(4.9) / w(@) dz = 2" F (1 4 (N — k)5™), k=0,1,--- ,N.
Qk,j

Finally, we wish to prove

n\1/r 1/ro—a 1
vy o AN TQo| , roa <1,
D age < £ G ENTN L

To this end, it suffices to check only for the cubes Q. ; and Py ;. Since, by simple
geometric observation, the average of u'/("=1 over all cubes Q € Q, Q C Qo,1 and
2(Q) > 1 can be controlled by the averages of that over cubes Q, ; and Py ;. Hence,

1/r
5t / u(z)” d
Qr,j

1/r
= 1Qusl Qe 1o (2P (L4 (V = K)o
— (2n(N—k))—1/r|Qkj|1/m—a‘ij a(l _ 5)n(N—k)/r
1/r
X (2"<N*k>(1 +(N - k)é”))
= [Qugl" T L+ (N —K)§")T,
where we have used (£9)) to obtain

1/r
&J%%</ umVM>
Py,

= (") Quyl T (@M Ry
— (5n)%*% (zn(N—k))—l/rleJ|1/r0—a(2n(N—k)5n)1/r
5n/ro|Qk7j|1/rgfa.
These imply ([@I0).
Letting f(z) = u(z)"/"=Y and h(z) = g(z) in @3J), using

/n hz)g(z) I, f(z)dz > c/ w(z)” dx = C2"N (1 + No&™),

n

(4.10)

|Qk.j

%)

we obtain (1 + N&™)V/"™ < C- ¢ by @T), @ER) and @IT). This is impossible for
large N. O

Second, we shall prove that Proposition [[.8 is sharp in the following sense.
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Proposition 4.2. Let0 < a< 1,1 <p<py<oo, 1 <gy<ocoandl <r <
ro < 00. Suppose that 1/rg = 1/qo + 1/po — « and r/rg = p/po. Then for every
0<e<ry—r, there exist f € MPPo and g € M1P/Pod0 sych, that

g - Lo f| pgrtero = 00

Proof. Let 1 < s < sg, 1/s9g = 1/pg — a and s/sg = p/po. Then we can select an
f € MPPo that satisfies

||Iaf||MS,S() =1 but ||Iaf||MS+ESO/TDvSD = OQ.

This is justified by Theorem 10 in [I5].
First, a simple arithmetic shows that

HgHMqop/Povqo =1, g= (Iaf)so/qo

( so> (1 1> r
r{l1+—)=rsg( —+— ] =5—=s.
q0 S0 q0 To

It then follows that

and

1 - Laf || aarteiro

1 ) 1/(r+e)
= o (W/@Iaf(w)““’( +S°/q°)dfﬂ>
S

1 1/(r+e)
= Sle)_% <7Q|15/506/T0 ‘/Qlaf(l')s-ﬁ-sso/ro dl’)

= (IHafllps+es0/r0.50 )T/(H‘E) — 0.

Therefore, the proof is now complete. O
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