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ABSTRACT: We study reductions of 6d theories on a d-dimensional manifold My, focusing
on the interplay between symmetries, anomalies, and dynamics of the resulting (6 — d)-
dimensional theory T'[My]. We refine and generalize the notion of “polarization” to polar-
ization on Mg, which serves to fix the spectrum of local and extended operators in T'[My].
Another important feature of theories T'[Mjy] is that they often possess higher-group sym-
metries, such as 2-group and 3-group symmetries. We study the origin of such symmetries
as well as physical implications including symmetry breaking and symmetry enhancement
in the renormalization group flow. To better probe the IR physics, we also investigate the
't Hooft anomaly of 5d Chern-Simons matter theories. The present paper focuses on devel-
oping the general framework as well as the special case of d = 0 and 1, while an upcoming
paper will discuss the case of d = 2, 3 and 4.
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1 Introduction

Nothing in physics seems so hopeful to as the idea
that it is possible for a theory to have a high degree
of symmetry was hidden from us in everyday life.
The physicist’s task is to find this deeper symmetry.
Steven Weinberg

Throughout the history of physics, symmetries played a central role. They help to identify
physical laws and principles that describe observable phenomena. In quantum physics,
they guide us toward non-perturbative formulations of Quantum Field Theory and exact
mathematical descriptions of strongly coupled systems.

In this paper, we study quantum field theories in 6d and their dimensional reduc-
tions. Considering such problems produced many interesting connections between low-
dimensional topology and dynamics of quantum field theories. For example, on the physics
side, it led to a very large collections of novel dualities and, on the math side, to novel

invariants of manifolds.



A large class of 6d theories whose compactifications have been studied are the so-called
“relative theories” [1], which means they have an anomalous 2-form global symmetry with
the anomaly captured by a 7d Topological Quantum Field Theory (TQFT) with possibly
degenerate ground states. As a consequence, such 6d theories alone are not QFTs in the
usual sense, e.g. they do not have well-defined partition functions. In the literature, a
notion of polarization was introduced in order to define a partition function on a given
6-manifold Mg [1-4].5 A closer inspection reveals, however, that a refinement is needed in
order for the partition function to be fully specified and unambiguous.

One of the main goals of the present paper is to refine and generalize the notion
of polarization, to the notion of refined polarization on My, so that not only it specifies
the partition function but also defines a full-fledged quantum field theory upon partial
compactification on a d-manifold My,

(refined) polarization P on My ~» (6 — d) dimensional QFT T'[M, P] (1.1)

Questions we address in this paper (and in the sequel [8]) include
e How to classify polarizations on a given M;?
» How does a polarization P control the symmetries and anomalies of T'[My, P]?
o What is the spectrum of charged operators in the theory T'[My, P]?

e How does the mapping class group of My act on polarizations? And, what does this
tell us about dualities of the theory T'[Mg, P]?

o What happens when My itself has symmetries (i.e. isometries)?

One useful way to tackle these questions about the reduction of 6d theory is to reduce
the entire 6d-7d coupled system to lower dimensions. Then, it turns out that all of the
above questions can be rephrased in terms of the (7 — d)-dimensional TQFT 7TPUk[M].
For example, one can shed much light onto the first question by relating polarizations with
topological boundary conditions of the TQFT TPWK[My]. One advantage of this approach
is that is it universal, meaning that it does not depend on specific details of the boundary
6d theory. This is a typical feature in the study of quantum field theory via symmetries
and anomalies.

Moreover, this approach naturally leads to a systematic classification of polarizations
on any My by relating them to symmetry protected topological phases (SPT phases) in 6—d
dimensions. It turns out that polarizations can be naturally sorted into two classes that
we call pure polarizations and mized polarizations, and they lead to theories with different
types of extended operators. While the former have been used, sometimes implicitly, in the
reduction of 6d theories on various My in the literature (see e.g. [9-12]), mixed polarizations

!This is similar to the 2d chiral Wess-Zumino-Witten conformal field theories living on the boundary of
3d Chern-Simons theories, where the 2d theory has chiral conformal blocks that correspond to vectors in
the Hilbert space of the 3d theory [5, 6]. See also [7] for a discussion on the interplay between polarization
in 3d TQFTs and the boundary lattice models.



give rise to novel dimensional reductions, enlarging the zoo of T'[My] theories even for a
particular My such as S! or a Riemann surface (thus, producing new theories of class S).
For each type of polarization, we discuss how symmetries, anomalies, and spectrum of
charged operators are constrained and determined by the polarization.

Another interesting feature of T'[My] theories is the presence of higher-group symme-
tries [13-16] when M, itself has isometries. In other words, the (0-form) symmetry coming
from the isometry of M, often combines in a non-trivial way with higher-form symme-
tries of T'[My], whose gauge transformations are modified in the presence of a background
gauge field for the isometry symmetry. Higher-group symmetry has interesting implications
for physics of the effective low-dimensional theory, including constraints on the symmetry
breaking patterns in the renormalization group flows or enhancement of global symmetry.
We will discuss these applications to 5d theories in this paper,? relegating applications to
lower dimensional theories to the upcoming work [8].

We also compute the 't Hooft anomaly for the one-form symmetry in 5d SU(N) gauge
theory with Chern-Simons term at level k, where the Chern-Simons term breaks the Zy
one-form center symmetry to a subgroup Zg.q(nx) and contributes to the 't Hooft anomaly
of the remaining one-form symmetry. Similarly, we compute the 't Hooft anomaly for the
flavor symmetry when matter fields are included. The anomaly has interesting applications
to the strongly-coupled dynamics and can be used to test dualities between different 5d
gauge theories, which will be discussed in another work.

The present paper is organized as follows. In section 2, we discuss partition functions
of 6d relative theories (which can be alternatively viewed as the special case of T[My] with
d = 6, and T[Mg] being a zero-dimensional theory), reviewing and refining the notion of
polarization. In section 3, we generalize the notion of polarization to arbitrary My, and
build on it a theoretical framework for studying reductions of 6d theories.® Section 4 is
devoted to a seemingly degenerate case of d = 0 with M, being a point, which in fact
turns out to be remarkably rich. Section 5 focuses on the case of d = 1 and My = S*,
where we will find many examples of mixed polarizations and higher-group symmetries.
Section 6 delves deeper into a special class of 6d and 5d theories associated with the Lie
algebra s0(8).

There are several appendices. In appendix A, we discuss the level quantization of the
7d three-form Chern-Simons theory. In appendix B, we discuss a class of Zy higher-form
gauge theories in various space-time dimensions. In appendix C, we discuss a 5d discrete
two-form gauge theory with its symmetry and anomaly, which describes the discrete theta-
angles in the 5d gauge theories relevant to this paper. In appendix D, we discuss a discrete
gauge theory that couples gauge fields of different degrees, which describes the mixed
discrete theta-angles. In appendix E, we review some properties of linking forms in various

2See also [17-21] for some recent discussions of the higher-form symmetry (without non-trivial higher-
group structures) in 5d and 6d.

3In the past, certain decoupling procedures were used to construct different global forms of the theory
T[My] (see e.g. [12] where higher-form symmetries coming from 6d N = (2, 0) theories also play an important
role). Our approach does not make use of any decoupling procedure. See also [22] for an alternative approach
using boundary conditions of RR fields in type IIB string theory.



dimensions. In appendix F, we discuss dualities between 7d three-form Chern-Simons
theories. In appendix G, we show that fermionic Abelian Chern-Simons theory factorizes
into a bosonic Abelian TQFT and an invertible fermionic TQFT.

Summary of the upcoming work [8]

In a companion paper [8], we will apply the method developed here to systematically explore
compactifications of 6d theories on manifolds My with d = 2, 3, and 4. For instance, we
will demonstrate how discrete theta angles in 4d gauge theories given by the Pontryagin
square appear from choosing suitable polarizations, verifying a proposal in [11]. We also
find higher-group symmetries to be almost ubiquitous as long as one keeps enough degrees
of freedom from the Kaluza-Klein tower on My of finite size. Just as in other dimensions,
the global symmetry and ’t Hooft anomaly of the compactified theory T[My, P] depend on
the polarization P and can be obtained by studying the compactification of the 7d TQFT
TPk coupled to the 6d theory on the boundary. In the special case of compactifying
a free 6d U(1) tensor multiplet to 3d, this gives a decoupled 3d Abelian Chern-Simons
theory [23], and we show that the mapping class group symmetry reproduces some of the
anyon permutation symmetry in the TQFT that is studied systematically in [24]. We will
also show that symmetry consideration can help us study Gluck twist on S? x S, relevant
for the construction of exotic smooth 4-manifolds.

1.1 Frequently used notations
We list some notations used throughout the paper for quick reference.
Thulk: A seven-dimensional 3-form Abelian Chern-Simons theory.
D: Defect group of the 7d TQFT that classifies 3-dimensional operators in the theory.
Myg: A connected d-dimensional (smooth) manifold.
TPuk[My]: A (7 — d)-dimensional theory obtained by reducing the 7d TQFT on Mj.

T: A six-dimensional quantum field theory living on the boundary of 7P"X It has 2-form
D symmetry whose anomaly is described by 7Puk,

T[Mg]: A (6 — d)-dimensional theory obtained by reducing the 6d theory on M, which
might be a relative theory living on the boundary of 7PUK[My].

H?(My, D): The i-th cohomology of My with D coefficients. It classifies (3—4)-dimensional
topological operators in 7°Uk[ ]

H(Mg): The Hilbert space of TP"X on Mg or, alternatively, the Hilbert space of the 1d
TQFT TPUk[Mg] on a single point.

{-,-): An anti-symmetric bilinear form on H3(Mg, D) (with Mg implicit from the context).
It measures non-commutativity of operators (labeled by elements in H3(Mg, D)) in
the 1d TQFT TP"[M;] acting on H(Ms).



A: A maximal isotropic subgroup of H?(Mg, D) with respect to (-, -), often referred to as
a “polarization”. It is a set of maximal commuting operators in 7 P"X[Mg)].

¢: A quadratic function on A that refines certain (possibly degenerate) symmetric bilinear
form on A. Together with A, it leads to a well-defined partition function of the 6d
theory T on Mg.

Pol(Ms) The set of polarizations on Mg.

Pr’;l(MG) The set of refined polarizations (A, q) on Mg. It also classifies topological bound-
ary conditions of T PWk[Mg).

T[Ms, (A, q)]: An absolute O-dimensional theory constructed from T'[Mg] with the refined
polarization (A, q).

AV: The Pontryagin dual of A. Tt is the group of (—1)-form symmetries of T'[Mg, (A, q)].
It is isomorphic to H3(Mg, D)/A.

A: A lift of AV to H3(Mg, D), which then can be decomposed into A @ A. A choice of A
leads to an explicit set of basis for the partition vector of T" on Mjg.

1?(;1(Md): The set of refined polarizations on M. It also classifies topological boundary
conditions of 7TPUk[My].

P: A refined polarization on My (with the manifold understood from the context).

T[Mg4,P]: An absolute (6 — d)-dimensional theory constructed from T'[Msg] with refined
polarization P.

S(P): A subgroup of H*(My, D) classifying charged objects in T'[My, P].

S(P)ina: A subgroup of S(P) classifying charged objects that are independent, e.g. those
which exist without the need to be attached to higher-dimensional objects. (See
section 3.3 for details.)

L: A maximal isotropic subgroup of H43<*<3(My, D). Tt is a sum of graded pieces LW,

Pr: A “pure polarization” labeled by L. It satisfies S(Pr) = S(P)ina = L. The theory
T[My, Pr] has (2 — i)-dimensional charged objects classified by L(4~%),

LV: The Pontryagin dual of L, which is isomorphic to H?3<*<3(My, D)/L. It describes
the symmetry of the theory T[Mg, Pr]. More precisely, the theory has a (LV)®
(2 — 7)-form symmetry.

L: A lift of LY to HY3<*<3(My, D)/L. Existence of such a lift is equivalent to the LY
symmetry of T'[My, Pr] that is anomaly-free.



2 Partition functions of 6d relative theories

The main objects of study in this paper are 7d/6d coupled systems with the 7d theory being
a 3-form abelian Chern-Simons theory and the 6d theory carrying 2-form symmetry whose
anomaly is captured by the 7d TQFT. More precisely, the 7d theory has three-dimensional
operators given by the holonomy of the three-form gauge field, which generate the two-
form symmetry on the 6d boundary [25]. In this paper, we will not use supersymmetry
in any essential way, and the boundary theory can have either (2,0) supersymmetry, (1,0)
supersymmetry, or no supersymmetry at all.

When the 7d theory is non-invertible, the 6d theory is said to be a relative theory [1].
For such theories, the notion of a partition function on a 6-manifold Mg is not well-defined
and requires choices of additional data, which serve to specify a state in the TQFT Hilbert
space H(Ms).

Such additional data were best understood previously when the boundary theory
has (2,0) supersymmetry, coupling to a Wu Chern-Simons theory of three-form gauge
field [3, 26, 27]. It was found that part of the additional data is a choice of a “polariza-
tion,” which we will briefly recall below.

The 6d N' = (2,0) superconformal theory is labeled by a Lie algebra g. And we
denote the corresponding simply-connected Lie group by Gga and its center by Z. On the
tensor branch of the 6d theory, these three-form gauge fields are trivialized by the self-dual
fields [26] and they have non-trivial holonomy only in the presence of surface operators.
In 6d there are strings where the worldsheets have non-trivial linking with three-spheres
that have holonomy of the three-form gauge field i.e. they are operators charged under the
two-form symmetry [25, 26, 28]. The charges for the 6d strings are valued in the weight
lattice of g. In general, the Dirac quantization condition is not satisfied, and its violation
is encoded in the anti-symmetric bilinear forms on

H3(Mg, Z) x H*(Mg, Z2) — U(1). (2.1)

Then, the choice of a polarization is given by a maximal isotropic subgroup A of
H3(Mg, Z). Here, “isotropic” is with respect to the anti-symmetric bilinear form on
H3(Mg, Z). Often it is assumed that there is a decomposition

H3(Mg,Z2) =A@ A (2.2)

where A is another maximal isotropic subgroup and is sometimes regarded part of the data
for the choice of polarization.

In the following, we will re-examine and generalize the notion of polarization, both
in the context of 6d (2,0) theories and in a more general setting. Questions that we will
answer inlcude:

e Is a choice of A enough to specify the partition function, or is more data need?

« For the same choice of A, often there can be multiple compatible choices of A. What
is the role played by different choices of A?



« For some A, there may be no choice of A. What is special about such A?
e When polarization is changed, how do the partition functions change?

We start by discussing in more detail the anomaly of the two-form symmetry and
properties of the 7d TQFT.

2.1 The 7d TQFT

The action of the abelian 3-form Chern-Simons theory takes the following form [3, 26, 28-30]

1
EZKU/cfch, IJ=1,---r, (2.3)
1,J

where C! are U(1)-valued three-form gauge fields, and K;; = K;; € Z can be assembled
into an integral symmetric coupling matrix. This theory is a three-form analogue of the
usual Abelian Chern-Simons theory.

For a 6d N = (2,0) theory with Lie algebra g of ADE type, K can be identified with
the Cartan matrix of g. In this case, the 7d bulk theory can be referred to as “the 3-form
Chern-Simons theory based on the root lattice of g” in the notation of [26]. Indeed, the
scalar product on the root lattice induced by the Killing form for simply-laced Lie algebra
is given by the Cartan matrix.

In the case of 6d (2,0) theory on the world volume of a single M5 brane, the TQFT
can also be obtained from 11 dimensions by reducing the Chern-Simons like theory for
the 5-form gauge field. For more general 6d SCFTs that can be realized by F-theory on
singular elliptic Calabi-Yau 3-folds, these matrices describe the intersection pairing between
collapsing 2-cycles on the base of the elliptic fibration [28].

One important subclass of such 7d theories consists of those with even K, whose
diagonal entries Kjj are all even. Such a theory is well-defined on any closed orientable
7-manifold. On the other hand, if any diagonal entry K;; is odd, the theory requires the
manifold to have additional structure such as a spin® structure. (This generalizes [2, 3, 31]
where a similar choice of spin structure is required, and [26, 27| where a choice of Wu
structure is required.) See appendix A for more details about the quantization of the
coefficient matrix K. We assume for a moment that K is even.

The fusion rule of the three-dimensional operators ¢'$ 5 can be derived from the
equation of motion and is given by the quotient

D=7"/KZ", (2.4)

which we will refer to as the “defect group,” following the terminology for the 6d boundary
theory [32]. It is isomorphic to Z, the center of the simply-connected Lie group Ggq when
K is the Cartan matrix of an ADE Lie algebra g.

The correlation function of the operators eif Cs

can be computed as in the usual
Abelian Chern-Simons theory

(2G5 1 NiC Y — oxp (—zmxT(Kfl)A-Link(v, V’)) . (2.5)



It gives a bilinear pairing on the defect group D
(wy: DxD—=UQ). (2.6)
The bilinear form can be derived from the quadratic function
q: A={\}eDw— %)\TK_l)\ . (2.7)

We will call the quadratic function the “spin” of the three-dimensional operator, by analogy
with the spin of line operators in 3d TQFT. It is associated with the framing described by
the free part of 77(S*) = Z x Z15 (see [8] for further explanations of this perspective). Just
as in the 3d case, the spin of the operator is defined modulo 1. The braiding is related to
the quadratic function by

(A N) = exp [=2ri(a(A+ ) —a(\) —a(V))] - (2.8)

Explicitly, for K given by the Cartan matrix of ADE type Lie algebra, the operators
in the 7d TQFT are as follows:*

e A,_1. The three-dimensional operator has Z, fusion algebra, and the generator has

s n—1
spin 5=

e Dsy,. The fusion algebra is Zo X Zs, generated by U and V of spin % and %”.5

2n+1

e Dapy1. The operators have Zy4 fusion algebra and the generator has spin =g

e Fs. The fusion algebra is trivial and there is only one trivial three-dimensional
operator.

e FE7. The fusion algebra is Zy and the generator has spin %.
2

o Eg. The fusion algebra is Z3 and the generator has spin 3.

“We note the discussion between (2.58)—(2.59) of [29] only consider the case without pairing between
different cyclic factors in D, while here we consider the most general cases. For instance, consider g = Dy.
The Cartan matrix is

2 =10 0
-1 2 —-1-1
K= 0 -1 2 0 (2.9)
0 -1 0 2
The operators Uy = eif Cr satisfy
U2 - 17 U1U3 = U47 U3U4 = U1, U1U4 = U3 (2.10)
and thus the fusion rule is
D =75 X Z> (2.11)

generated by Us, Us. The operators Us and Uy have trivial self-braiding but non-trivial mutual braiding.
Thus, one cannot relabel the operators to remove the mutual braiding between the two generators and in any
basis the bilinear pairing on D is non-trivial only between the two Zs factors. This theory is the analogue
for the three fermion theory in the condensed matter literature, where the usual anyons are replaced by
anyonic three-dimensional operators.

50ur convention is such that the spin is defined modulo 1. Namely, spin
2n—16
8

2n
8

2n—8
3

is the same as spin
, etc.



Indeed, fusion algebra of the three-dimensional operator in this theory is given by
D = 2(Gea). (2.12)

where 66(1 is the simply-connected form of the group with the Lie algebra g.
In particular, we have the following dualities between 7d TQFTs:

EN <~ ZS—N, D2n+1 <~ {A3 odd n s DN — DN+87 (213)
Az even n
where bar denotes the theory obtained by reversing the orientation, and the duality is up
to multiplying with copies of the trivial TQFT associated with Eg. Their counterparts in
3d are discussed in [33, 34].
Since the three-dimensional operators obey non-trivial braiding relation, this leads to
degenerate ground states on 6-manifold Mg with non-trivial H3(Mg, D), as in the 3d Chern-

Simons theory. More precisely, this leads to ground state degeneracy |Hs (Mg, D)|*/2.6

“Fermionic” TQFT and extended defect group

When the coupling matrix K is odd, i.e. it has at least one odd diagonal entry, the theory

has fermionic three-dimensional operator of spin % Denote a row that contains the odd

diagonal entry Ky by K; = (el K); with (e;); = 61, then the fermion operator can
be written as exp (z ¢ K;C! ) The operator has trivial braiding with other operators

exp (z $ 01 ) and it is non-trivial only because of the self-statistics,
exp (—27Ti61TKK_1)\) =1, %G?KK_IKSI = %KH = % mod 1. (2.14)
The fusion algebra of the complete set of operators is
D=Dx1Zsy, (2.15)

where D = Z"/KZ". See appendix G for a proof that it always factorizes in this way.
Notice, however, that the non-degenerate pairing (-,-) on D becomes degenerate on D.
To understand better what “fermionic” means, consider the case K = 1. We have

| 4-cdc+ -cax = ACdC | 5 dCdX
7

— — 2.16
4 4m o 8d7r27r o 7r27r or’ ( )

where we rewrite the action using a bounding 8-manifold, and we include a background
3-form X. To make the theory independent of the bounding 8-manifold, we require

— =—-v4 (modZ), (2.17)

where vy is the 4th Wu class. It is related to the Stiefel-Whitney classes w; of the tangent
bundle by v4 = wyq + w% + wyiws + w‘ll and it reduces to wy4 + w% on orientable manifolds (as

|1/2

Since H*(M, D) has a non-degenerate skew-symmetric pairing, |H*(M, D) is always an integer.



we will consider here). If we absorb X by shifting C' — C' — X, then the three-dimensional
operator § C' depends on the bounding 4-surface:

exp (z Ad dC) = exp (m’ Ad v4> . (2.18)

Namely, the operator § C' depends on the framing described by a trivialization of v4. This
is analogous to the neutral fermion particle in a spin TQFT, which depends on the framing
specified by a trivialization of ws (i.e. the spin structure). Similar higher fermion structures
are discussed in [35, 36].

Consider the Hilbert space of the 7d TQFT on a Wuy manifold Mg. It decomposes as

H(Ms)fun = &P H(Me)B, - (2.19)
By€H3(Mg,Z2)
Different pieces labeled by By are all isomorphic, with the isomorphisms given by the
action of the central fermionic operator in 7d wrapped on a cycle dual to By € H 3(Msg, Zs).
Alternatively, the theory quantized on a Wuy manifold Mg depends on the trivialization of
the 4th Wu class vy = d03, which is called the 4th Wu structure.” Different trivializations
03, 0% satisfy 6(o3 — 04) = 0 and thus the trivializations are classified by H?3(Mg, Zz).

As a consequence, one can focus on the subspace given by By = 0. In the following,
we will actually omit the subscript in H(Msg)p =0, with the understanding that when K is
odd, there are other sectors, one for each elements in H3(Mg, Zs2), obtained by the action
of the central fermionic operator.

The 6d theory can be viewed as a boundary condition of the 7d theory, as shown in
figure 1. Later, gapped boundary conditions will also play important role in our discussion.
To specify such a 6d boundary we need to pick a boundary condition for the three-form
gauge field, labeled by H3(Mg, D). As in the case of ordinary Chern-Simons theory [6],
different choices can be related by adding boundary terms, and in some cases it takes the
form of a Legendre transformation on the boundary.® The three-form gauge field gives
rise to three-dimensional operators in 6d that generate the two-form symmetry. There can
also be open operators ending on the boundary as two-dimensional operator, and they are
charged under the two-form symmetry.

2.2 Polarizations from reduction to 1d TQFT

As the boundary theory is coupled to the bulk TQFT, one cannot define its partition
function entirely by itself. Instead, one has to specify a state in the Hilbert space H(Mg)
of the 7d TQFT on Mg. And such choices were conjectured to be labeled by maximal
isotropic subgroups in H3(Mg, D),’

Pol(Mg) := {A C H?(Mg, D)|A maximal isotropic}. (2.20)

"The 2nd Wu structure that trivializes the second Wu class v = ws + wf is the pin~ structure. For an
orientable pin~ manifold i.e. a spin manifold it is the spin structure.

8In 3d TQFT the gapped boundary conditions are discussed in [37-41], where they are classified by the
maximal isotropic subalgebras in the set of operators.

9By definition, Pol(Ms) also depends on D, the pairing on D, and possibly its quadratic refinement if
Mes is not spin. As such data is often clear from the context, we suppress it in the notation to avoid clutter.
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7d TQFT

Boundary condition:
6d theory

Figure 1. 6d theories can be viewed as boundary conditions of a 7d TQFT.

Such a choice of A is often referred to as a “polarization”. As we will later see, this is only
part of the data, and one needs an additional piece of information to fully specify a state
projectively in the Hilbert space H(Mg). We will return to this problem at a later point.

To prepare for the discussion in the next section that generalizes the notion of “polar-
ization on My” with d < 6, we will look at the maximal isotropic condition from a slightly
different perspective. We will now argue that each polarization (together with one piece of
additional data that we will specify later) corresponds to an absolute 0-dimensional theory
obtained from reduction of the 6d theory on Mg,

Pol(Ms) ~ {Absolute 0-dim theory obtained by reduction on Ms}. (2.21)

Here, “absolute” means that a theory has a well-defined partition function (up to a phase),
or, equivalently, the 7d TQFT reduces to an invertible 1d TQFT.'® Also, the right-hand
side of (2.21) is restricted to ones that are “universal” from the point of view of the 7d
theory. For example, the same 7d TQFT can have different boundary 6d theories, which
can have additional global symmetries either in 6d or when reduced to lower dimensions.
And, when we reduce the theory on Mg, there are going to be additional choices to make,
such as choices of holonomies/fluxes along various cycles on Mg. When they are included,
strictly speaking, the map (2.21) is injective, but not in general an isomorphism.

The construction for (2.21) is as follows. First, reduce the coupled 7d/6d system on
Ms. This gives a coupled 1d/0d system. In the continuous notation, the reduction of the
7d TQFT (2.3) gives

1 ,
EZK” / ordedm™ (2.22)

10« Absolute theories” are opposite of “relative theories”. This terminology goes back to the work [1],

where it was used in a slightly stronger sense, requiring the bulk TQFT to be trivial, not only invertible.
According to that terminology, some of the absolute theories studied in this paper are actually “projective
theories”. They are consistent quantum field theories with an 't Hooft anomaly for global symmetry as
described by the bulk invertible TQFT.
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where gbfy ~ gbfy +27 denotes the holonomy of the three-form fields C! over a three-cycle 7 in
Mg, and 7 is the intersection form on Mg.'! Since [ qﬁfydd)i, =—/ d);]/,d(bfy + ¢{Y¢§,|en dpoints
and K/ is symmetric, this is consistent with the anti-symmetric 777’7/ = —177/’7. The
operators e obey fusion algebra given by D. The braiding in the original 7d TQFT
becomes the braiding between the operators e’®: exchanging the order of insertions of the
point operator produces a phase, which when summed over different ~, " weighted with the
intersection 7 produces the 7d braiding for the corresponding three-dimensional operators.
This is in general a non-trivial theory, coupled to a relative 0-dim theory with “(—1)-form
symmetry” H3(Mg, D) on the boundary, which, however, can be made absolute by gauging
a subgroup of H3(Mg, D).

(—1)-form symmetries and their anomaly

A (—1)-form symmetry in a quantum field theory is not a symmetry in the usual sense. Its
existence implies that there are (continuous or discrete) theta angles that can be turned
on to modify the theory. When such a theory is obtained from reduction of a theory in one
higher dimension on S! with a usual (0-form) symmetry, a theta angle is the holonomy of
the symmetry along the circle. Familiar examples include the U(1) “(—1)-form instanton
symmetry” in 4d gauge theories; this symmetry corresponds to the theta angle 6 [ TrF?
with periodic continuous 6 parameter. The discrete “(—1)-form” symmetry corresponds
to discrete theta angle. The discrete theta angles are discrete topological actions of the
gauge fields and can be thought of as coupling the gauge theory to SPT phases. They
are classified by cobordism groups [42-45], and in some cases they can be described by
group cohomology [46]. Both continuous and discrete theta angles can lead to interesting
consequences for other global symmetries [47].

The reason that (—1)-form symmetries are usually not referred to as a symmetry is
because the symmetry action will in general transform the theory, as theories with different
theta angles are in general distinct. Another way of saying this is that the symmetry defect
of (—1)-form symmetry is space-filling.

In this paper, however, it is more convenient to refer to them as symmetries. One
reason is that they can have anomalies which are direct generalizations of anomalies for
usual symmetries [48-50].

In our present case, the (—1)-symmetry H3(Mg, D) will indeed have an anomaly com-
ing from the inflow of a 1d TQFT (2.22). Namely, if we turn on a discrete theta angle
a € H3(Ms, D), then it will break the symmetry group from H3(Mg, D) to a smaller
one, composed of elements that pair trivially with «. In other words, under a “gauge

transformation”!2

o a+ NB, (2.23)

" The reduction of U(1)-valued field on torsion cycles and free cycles should be treated differently. More
details are given in section 3.7 and [8].

12T see that this is the right notion of gauge transformation for (—1)-form symmetries, consider reducing
a theory with O-form symmetry on a circle. Then a large gauge transformation for the latter on the circle
will leads to transformation for “gauge field” « of the (—1)-form symmetries of this particular type.
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where N € Z~q is the smallest annihilator of 8 € H3(Mg, D), the partition function will
pick up a phase (a, ) given by the pairing in H3(Mg, D). In the continuous notation,

the anomaly can be described by the periodic scalars that are no longer periodic in the

I

presence of a boundary: under a “gauge transformation” (;S,IY — (;S,IY + 27rn€ with integer n;,

the action (2.22) transforms by the boundary term

1 ,
5 2 K 6l (), (2.24)

where there is a sum over the boundary (endpoints) p.
Another reason we refer to (—1)-form symmetries as symmetries is because one can
consider gauging them i.e. summing over the (continuous or discrete) theta angles.

Gauging (—1)-form symmetry

Just as with usual symmetries, a subgroup of (—1)-form symmetry can be gauged if it is
anomaly-free.

In the present example, we hope to start with a quite non-trivial 1d/0d coupled system
and obtain an absolute theory on the boundary, coupled to an invertible TQFT in the bulk.
To get closer to the goal, one can first consider a subgroup A C H3(Mg, D) that is anomaly-
free. This is equivalent to requiring A to be isotropic,

(a, ) =0, Va,B €A. (2.25)

Being anomaly-free also means that the action (2.22) becomes trivial when restricted
to A. The TQFT with trivial action is not necessarily invertible, as it can have different
topological sectors given by non-interacting invertible TQFTs and labelled by B € AY :=
Hom(A,U(1)). One can project onto one of them. From the boundary point of view, this
procedure corresponds to gauging A, and choosing a particular summand to project onto
corresponds to choosing a background for the dual (—1)-form symmetry AV = H3(Mg)/A
appearing after gauging.

More explicitly, each o € H?3(Mg, D) corresponds to an operator @ acting on the
boundary Hilbert space, and

Py = 1 > a (2.26)
|A| a€A

is a projection operator, PI% = Pj. Similarly, one can define

_ 1 5 -iBle),
Pyp = 0 a%e a (2.27)

where B € AV and e2™B(®) involves the pairing A x AY — U(1). These projection operators
satisfy

Pp gP\ g = Py oBR/, (2.28)

and therefore give a decomposition of the Hilbert space.
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Another effect of gauging A is breaking H?(Ms, D) to a subgroup A+ composed of
those elements that pair trivially with elements in A. Obviously, one has

AcC At (2.29)

After gauging A, we will have an invertible theory if and only if the remaining action on
A+ /A gives an invertible TQFT. The TQFT is similar to the original one but defined with
the pairing

AL/A x AL/A — UQD). (2.30)

It is easy to check that this pairing is well-defined and is, in fact, non-degenerate. Requiring
the theory to be invertible implies that A+ /A has no further isotropic subgroups, which is
equivalent to saying that A is a maximal isotropic subgroup.

When this is the case, Py p’s give rise to a set of rank-1 projection operators that
decompose the Hilbert space of TQFT into one-dimensional subspaces. This is not yet
equivalent to choosing a basis in the Hilbert space on Mg, as there are still phase ambigu-
ities, which can be readily fixed if the short exact sequence

0—A— H*(Mg,D) — A =0 (2.31)

splits. Because this gives a lift of AV to H3(Mg, D), denoting the resulting subgroup A,
we learn that the Hilbert space H(Mg) can be canonically identified with CA. Then there
exists a canonical basis given by elements in A. We will denote these elements |A, B), with
B e A.
In this case, we have
H3(Mg,D) = A®A. (2.32)

Although A ~ AY as groups, there can be different lifts of AV in H?(Mg, D). When a lift
A is changed to K/, the basis vectors are transformed by phases. Namely, for B € A

|B) = e*mi#(B)|BY (2.33)

where ¢ is a homomorphism from AY to U(1). Such basis changed will be studied in more
general setting in subsection 2.3.
If the extension
A — H3(Mg, D) — AY (2.34)

is non-trivial, then AV cannot be lifted to a subgroup of H3(Mjg, D). Although the projec-
tion operators are still well defined, there is no canonical choice of basis due to an anomaly
that will be discussed further in later sections.

In the above, we presented a procedure to obtain absolute theories on the boundary,
and one can now ask whether this is the only such procedure. As it is very natural
(i.e. functorial from the TQFT point of view) and has many nice properties (e.g. closed
under mapping class group action which we will discuss later), we conjecture that other
constructions will not yield any new theories, unless additional properties specific to the
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boundary theory (such as additional symmetries) are used. Then we can summarize the
above discussion as follows:

Pol(Mgs) ~ {Absolute 0-dim theory obtained via reduction on Mg}. (2.35)

Projections operators like Py p can be interpreted as domain walls between the non-
trivial 1d TQFT and an invertible TQFT. This point of view will be explored further in
later sections. Indeed, any such domain wall will look like a projection operator mapping
states in the Hilbert space H(Ms) to a one-dimensional vector space. As we will see later,
the invertible TQFT will actually be trivial if AV can be lifted to a subgroup of H?(Mg, D)
(in other words, AV is anomaly free). Otherwise, it will be a non-trivial SPT whose action
can be written in terms of B € AV.

2.3 Polarizations and partition functions

As explained above, one purpose of choosing a polarization A is to obtain a state in the
Hilbert space H(Mg) of the 7d TQFT on Mg and render the partition function of T'[Mg]
unambiguous. In this subsection, we will study explicitly these partition functions. In order
to be more explicit, though, one needs to choose a basis in H(Mg). One way to achieve
this is by choosing a decomposition of the abelian group H?3(Mg, D) into a direct sum

H3(Mg,D) = A @ A, (2.36)

where A can also be chosen to be a maximal isotropic subgroup. Although such a decom-
position always exists, only specific A can appear.'?

This decomposition sometimes can be realized geometrically by choosing a 7-manifold
M2, with M2 = Mg, such that the two maps in the following long exact sequence for the

relative cohomology
- — H3(Mz7, D) 55 H3 (Mg, D) 2 H*(My7, Mg; D) — - - (2.37)

give a decomposition
H3(Mg; D) ~ Ker(8) @ Im(5). (2.38)

In other words, in the discussion here we choose M7 such that the following short exact
sequence splits
0 — Ker(8) — H3(Mg, D) — Im(6) — 0, (2.39)

and we choose a splitting identifying Im(§) with a subgroup of H3(Mg; D). We will refer to
this data as a choice of a “framing” on M7. Later in section 3 we will discuss more general
cases where the sequence might not split.

Since 7* is the pullback under the inclusion ¢ : Mg — M7 and

A = Ker(0) = Im(i") (2.40)

13As an example, when Mg = S® x S and D = Z,,, one cannot use the maximal isotropic subgroup
Lo X L, C H* (Mg, L) = Z2,.,.
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it follows that A contains 3-cocycles on Mg that can be obtained from restricting 3-cocycles
in M7. On the other hand, we identify

A = Im(6) (2.41)

as a subgroup of H3(Mg, D). Using relative version of the Poincaré duality, its elements
can be interpreted as dual of the 3-cycles in M7 that come from 3-cycles in Mg. The pairing
between A = Ker(d) and A = Im(§) can be computed using either the intersection pairing
on H3(Mg, D), or using the natural pairing between H*(M7, Mg; D) and H3(My, D). This
unifies the boundary perspective and the bulk perspective.

Then, once such M7 is chosen, one can consider a basis given by the TQFT states
|M7; B) with B € A prescribing a defect inserted along Hs(My, D). These states yield a
set of independent partition functions Zg of the boundary theory.

For a given A, the choice of A may not be unique. Similarly, for the same My, there
are different choices of framing, leading to different basis, with the state |M7; B) modified
by a phase proportional to B as mentioned in the previous subsection. Only the state
corresponding to B = 0 can be specified without choosing a A. Given a pair (A, A), any
other maximal isotropic subgroup A’ can be decomposed as

I":=ANNA— AN — T :=pg(A) (2.42)

where py is the projection to A

py - H*(Mg, D) — A. (2.43)
With such choice of basis, for any polarization A’ we have a partition function'
ZN = N el zh | (2.44)
acN!

Here B, € I" is the image of o under the map Py, up to a possible shift,'> and the sum of

2mig(@) _ wwhose explicit form will be given below — over a fixed By,

S ermiele) (2.45)

aepil (Ba)

the phase factors e

can be identified with the inner product of states |Mrz; B,) and |M7). Here M} is a choice
of a 7-manifold such that the image of the restriction map H3(M2%, D) — H3(Mg, D) is A'.

Alternatively, e2™(®) can be computed as the partition function of the 7d TQFT on
M7 UM with insertion of defects along B € H3(Mz, D). This calculation can be performed

141 this paper, we mostly ignore the overall normalization of partition functions. In other words, we
specify ¢ up to a constant term, independent of B.

15Technically, there might be a “quantum effect” modifying this condition, which is only exactly correct if
¢(c) is 0 when restricted to ANA’. In general, this function can be also be a non-trivial one, ANA” — {0, 3}.
Then B, will be shifted from pg(A’) by a constant amount. The right condition for the shift B, is such
that ¢(a) + B, (a) become the zero function when restricted to A N A’. We will address this subtlety in
section 2.4, after giving the explicit formula for ¢.
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classically on-shell, by finding configurations of the C-field on the 7-manifold compatible
with the defects and summing over such configurations. When no such configurations exist,
e?(@) is set to zero. Up to a normalization factor, the partition function does not depend
on a particular choice of manifolds My and M2,'0 and it usually makes sense to choose
ones that are sufficiently simple. (The simplest ones are those on which there is a unique
on-shell configuration for C' given a choice of a B.)

A special case is A’ = A. Then, the configuration with B # 0 cannot extend to the
entire 7-manifold on-shell, as the image of B under

H3(Mg, D) — H*(M; U My, D) (2.46)

is non-zero. Therefore, only B = 0 contributes, with e®(® = 1. This gives us a consis-
tency check.

The reason why in (2.44) one only needs to consider B in I” C A is that for other
elements of A there are no on-shell configurations of the C field. This can be understood
in the following way. When a B € A is not in I”, then by exactness of the Mayer-Vietoris
sequence

H3(M7,D) & H3(MY,, D) — H3(Mg, D) — H*(M; U M3, D), (2.47)

it determines a non-trivial class in H*(M7; UM%, D), and this is an obstruction to having a
flat connection for the C-field. On the other hand, different flat connections are classified
by elements in the pre-image of the first map over a B.

Next, we explore how the basis given by |M7, B) changes when we change the decom-
position of H3(Mg, D). Now we consider a different decomposition

H3(Mg,D) =N &N (2.48)

assumed to be realized geometrically by a 7-manifold M7, and we should have a collection
of TQFT states given by |M}, B') with

B' € N ~ Hs(M}, D). (2.49)

If we pair it with the state |M7, B), the result is only non-zero if B — B’ is in the image of
the first map of (2.47), as otherwise there is no on-shell solution. Let B, € A denote the

image of B’ € K/, then by inserting a complete basis, we have!”
M7, By = 37 ™) My, B, + B.) (2.50)
acN
where
S el = (M, B, + B M}, B) (2.51)
aEp%l(Ba)

16 A5 the TQFT is invertible, replacing M; with another 7-manifold M7 only results in an overall phase
change, as long as it does not give 0 in H(Ms).

17 Again, as in Footnote 15, there could be a shift B, for B, + B.. Since this is a constant shift, we will
absorb it into the definition of B..
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o \Ba
(My, B + B. | M}, BY) (My, B, | Mj,0)

Figure 2. 7d partition function from gluing 7-manifolds with defects described by the Poincaré
dual of B. Removing the pair B’, B, together introduces a phase.

is given by the partition function of the 7d TQFT on M, U M} with defects determined
by B = B, + B, and B’. Here ¢(a, B’) is the action of the 7d TQFT for an extension of
C-field over My U MZ%. In fact, it will be linear in B’, given by

o(a, B") = p(a) + (Ba, B'). (2.52)

Geometrically, this relation comes from the fact that the defects inserted on both sides can
be combined and brought to the M7 side, with B, cancelling B’, up to a change of framing.
See figure 2 for an illustration. In other words,

(My, By + B,|M%, B') = 2™{BaB) (AN B, | ML, 0). (2.53)

We will see this relation more clearly later in the next subsection.

At the level of partition functions, changing from old basis to the new basis is described
by the relation

Zh =Y etmeleBlzl o (2.54)
acN

which reduces to (2.44) when B’ = 0.

In the above, we used geometric realizations of TQFT states to describe ¢(«a). This
is not necessary, though, and sometimes not practical in applications. We will find in the
next subsection an alternative group-theoretic way of defining these states.

2.4 Polarization and quadratic refinement

Explicit formula for ¢(«, B) can be obtained using the projection operators defined in (2.26),
by acting with Pys (or Py p/) on |A,0) (respectively |A, By), where B, € A is the image
of B’ under the projection to A) and rewriting it as a linear combination of |A, B) with
different B. To carry out this computation, we will first need to introduce some notation
to describe the action of A’ on H(Ms).

The function ¢ will implicitly depend on the decomposition of H3(Mg, D) into A & A.
We denote the two projections as py and pg. Then, given an element « € A’, one needs
to define an operator & acting on the Hilbert space H(Mg). There is a potential phase

ambiguity, as neither

—_—

a— a=pr(a) - pa(a), (2.55)
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Figure 3. Linking in the bulk and intersection on the boundary.

where pr(a) and pp(a) are operators corresponding to py(a) and pa(a), nor the op-

posite order & = pj(a) - py(a) is canonical, and these two choices differ by a phase
exp[2mi(py(a), pa())]. More importantly, none of these two choices give a group action.
Nevertheless, there is a choice of the phase factor, such that

— i(ﬁ(a),p/\(a)) — (Pp (@),pi())

s = pa(a) pgla) T2 (2.56)

In fact, this makes the operator & well defined and free from ordering ambiguity. In this
process, there is a sign choice, which can be interpreted as a choice of quadratic refinement
of an inner product'® on A’ that, in turn, can be defined by starting with the anti-symmetric
pairing on H3(Mg, D).

The anti-symmetric intersection pairing on Mg is related to the symmetric braiding

Q2milanB) _ <a',§>M7 (2.57)

(&),

where @’ and B’ are obtained by resolving the intersection between the two operators by

pairing br(-,-) on M7 by

pushing either & or 3, respectively, into the bulk of M7, whose correlation functions in M~
are denoted with a subscript M7. Thus the ratio of the two correlation functions is given
by the braiding. This is shown in figure 3. As elements in A correspond to 3-cycles in Mg

—_—
that are contractible in Mz, <pK(a) pa(a) > is an unlinked configuration. Therefore,
M~
one has

—_—
(px(a),pa(e)) = br(pg(e) , pala)). (2.58)
The braiding pairing is the linking pairing on M7 combined with the pairing on D. The
latter admits a quadratic refinement q, and similarly, we can define the quadratic function
2q,5: H*(Mg, D) —R/Z (2.59)
given by
2q, () = (pg(a), pa(a)). (2.60)

181t suffices to fix the sign for any a € A’. In fact, the sign can’t be fixed on the entire H3(Ms, D) to
define an honest group action on the Hilbert space H(Mg). This is related to the existence of a non-trivial

associator in the category of defects. Analogous aspects in 3d abelian Chern-Simons theories have been
discussed in [37]. See also [27] for a detailed discussion of this phenomenon on the free part of H*(Ms, D).
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In fact, it is the quadratic refinement of the symmetric pairing

20 Bymns = P(@):pa(8) + (p(8), a (). (2.61)

When restricted to an isotropic subgroup A’ C H3(Mg, D), this pairing can be divided
by 2,

(@, B ymn s = Px(@):a(8) = (0x(8):pa(0)) = ala+ B) —qla) —q(B).  (2.62)

Therefore, one can define a quadratic refinement of (-, -) ~on A9
sym,A,A ’

e AN = R/Z. (2.63)

There are choices to be made, parametrized by Z5 for some n; they form a torsor over the
subgroup of A’V composed of 2-torsion elements. To see this, consider any v € A’ with
2~y = 0. Then it is easy to check that given a quadratic refinement, ¢’ = q + 7 is another
quadratic refinement. Conversely, the difference between any two quadratic refinements
¢’ — q automatically gives such a . They represent additional choices of background fields
in the reduction of 7D TQFT.

More precisely, one can choose a collection of Zs-valued 3-form fields X;, one for each
C;, and couple them to the 7D theory via

Kij 1
—CdCj + -—Cid X;. 64
§ij:/ 1 CidCy + - CidX (2.64)

The effect is that although commutation relation is not changed, “spin” (in the 1d TQFT
sense as the phase in the ordering in (2.55)) can get modified by a sign.

For each Zs C D (or Zs C 15), the corresponding combination of the background fields
can be related to a trivialization of the Wu structure. These are special backgrounds with
‘% = vy, the fourth Wu class, that makes them invariant under diffeomorphism symmetry
of Mg and allows a lift to the 7d TQFT. In other words, they can be used to shift the spin
of three-dimensional operators in the 7d TQFT by % See appendix F for more details.

The fact that g, 1 is a quadratic refinement ensures that the map

a—a = e%iq(o‘)p/x_(;) ~m (2.65)

defines a group action of any isotropic subgroup A’ on the Hilbert space H(Mg) (again up
to a sign). In other words, given o, € A’, the action of o+ 8 is simply described by
af = fa, such that

af = (ezmq(a)m : /A@) : <€2ﬂ'iq(r3)m M) _ (ezmq(wﬁ)m(/a?/g) ‘pA(/ozTﬁ)) .

Since the projection operators depend on a choice of g, we will sometimes make this explicit

by writing them as Py/ , and Pys pr 4. Their eigenstates also depend on ¢ and can be written
as |\, B, q).%°

9Both the symmetric pairing (-, Veymax and g, 7 depend on the decomposition H3(Ms,D) ~ A® A,
and when the dependence is clear from the context we simply denote them by (-, }sym and gq.
For A’ = A or A’ = A, there is a canonical choice of origin given by g(a) = 0. And when we write

|A, B), it is implicitly |A, B, q = 0).
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Furthermore, it makes sense to define the set of refined polarizations:

Pol(Mg) = {(A’, q) ‘ A’ € Pol(Mg) and ¢ a quadratic refinement of (-, -) (2.66)

sym,A,X} :
The definition of ¢ depends on a choice of a decomposition of H3(M3z, D) ~ A @ A. On the
other hand, the set Pol(Mg) is independent of such choice because it can be identified with
the image of the map

Pol(Mg) — PH(Ms). (2.67)

In other words, they are represented by physical states in the Hilbert space H(Mg). While
both sides of (2.67) require a decomposition to be made explicit, the map is necessarily
covariant under a change of basis. When there is a canonical choice of the background
fields, one can identify the fiber of l?o/l(Mg) — Pol(M;g) as 2-torsion elements in A’V.

Such functions ¢ = ¢ can be divided into two types: the ones that are trivial when re-
stricted to ANA’, and those which are not. The former have the property that Pys pr 4|A, By)
is always non-zero, because

(A, B\ Py g oA, B.) #0. (2.68)
Then we have
Py pglA, By = Y milEB@td@t B\ B+ B,). (2.69)
aclN

This shows that only states |A, B) with B € I” + B, can appear, and
p(a, B') = q(a) — B'(a) + Bi(a) = q(a) + (Ba, B'). (2.70)

where

B'(a) = (B',a) = (B', Ba) + (Bs, ). (2.71)

was used.
On the other hand, ¢ of the second type defines a non-trivial homomorphism

' =ANN = Z, (2.72)

such that
PA’,B’7¢|A7 B.,)=0 (2.73)

because Y, €274 = 0. However, notice that
Py gy = P BriB,.g (2.74)
for a certain ¢ of the first kind and B, € A satisfying
By(B) = ¢(B), VBeT, (2.75)

and
o(a) — By(a) =gq(a), Vael. (2.76)
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Such a B, always exists because any one-dimensional representation of I'' can be extended
to all of A and the pairing between A and A is perfect. All choices for B, live in a coset of
IV in A. And then ¢(a) — By(a) is obviously another quadratic refinement. Therefore, we
can always view a quadratic refinement of the second type as a pair (¢, B,) where ¢ is of
the first type and B, € A. Then we have

PA’yB’,<p|Aa B, + Bg0> = PA’,B’—&-Bw’q‘Aa B, + B<P> = Z €2m[q(a)+<BWB,>]|A7 Bo + Bs + BQO>'
acN
(2.77)

By definition, the function g(«) in this formula is a quadratic refinement of the first type.
Therefore, the exponent is invariant under o — a + 3 with 8 € I”,

g+ B) —qla) = q(B) + (o, B) a5 = 9(B) + (@, B) = 0. (2.78)

In other words, it only depends on B,, once the choice for A’, A and A is made. With a
slight abuse of notation, we define

q(By; B') = Q(a)|a6pil(Ba) + (Ba, B'). (2.79)

In fact, ¢(B) := q(Ba; B’ = 0) can be regarded as a quadratic refinement of the symmetric
product on I”, given by

(B1, B2)iym = <a1’a2>sym,A,K’ a € pil(Bl), ag € p%l(Bg). (2.80)

This is well defined because (o, B>Sym AT = (a2, B)Sym A% =0 for any g eI
Then, up to an overall normalization factor, (2.54) can be rewritten as

Zg}/’q’B“’) = Z €2Wiq(B;B,)Z§+B*+B<p’ (2.81)
Bel’

where we made the dependence on the quadratic refinement ¢ = (¢, B,) explicit. When
we set B’ = 0, this becomes

7(N.a.By) _ Z eQﬂiq(B)Zg+Bw. (2.82)
BeTl’

Notice that, although (2.82) seems to be a special case of (2.81), it applies to any refined
polarization (A’,q) and does not require a decomposition of H?(Mg, D) into A’ & A for
some A'. One might wonder whether this would allow one to define a set of basis given by

|A/,q, B’ € A/v> = PA’,q,B’|A> B*> (283)

even when A’V cannot be lifted to a subgroup N of H 3(Mg, D). This is possible, but
not in a canonical way because now B, is not determined by B’ and there are multiple
choices, corresponding to different ways of lifting B’ to H3(Mg, D). Different choices differ
by elements in A’, which will lead to relative phases given by (B, ) with 8 € A’.
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From the physics point of view, the obstruction to consistently choosing phases of the
basis vectors is given by the anomaly of the (—1)-form symmetry AV, which vanishes only
if the following short exact sequence splits:

AN — H3(Mg, D) — NV ~ H3(Mg, D)/N. (2.84)

In other words, any |A’, B" € A’V) can be obtained by action of operators on |A’, B" € A"V},
but different ways of getting the same state can differ by relative phases. Such symmetries
and their anomalies will be the topic of the next subsection.

2.5 Remaining symmetries and their anomalies

In previous subsections, we studied interfaces between the 1d TQFT and invertible theories.
In this subsection, We explore further the connection between the invertible theory and
anomalies for the theory T'[Mg, A

As we have seen, in the 1d TQFT, operators indexed by A C H3(Mg, D) are mutually
commutative. In this subsection, we explore what happens to the remaining symmetry
H3(Mg,D)/A. One might also ask what happens to the dual symmetry obtained after
gauging A. Indeed, it is a general phenomenon that, when one discrete symmetry (such
as A) is gauged, a dual symmetry valued in AV := Hom(A, U(1)) appears. In the present
case, both are (—1)-form symmetries.

It turns out that AV can be canonically identified with H3(Mg, D)/A, and acts in the
same way on the Hilbert space. This is a general feature that we will also encounter in
higher dimensions. One interesting phenomenon is that the H3(Mg, D)/A symmetry can
have an 't Hooft anomaly, which we have seen at the level of Hilbert space H(M;g) using
projection operators in the previous subsection. There are many different but equivalent
ways of stating this. For example, at the level of partition functions, one can explicitly
check that performing a gauge transformation in a non-trivial background specified by
B € H3(Mg, D)/A leads to a phase that can not be absorbed by a redefinition if AV is
anomalous.

As we have been focusing on the “bulk perspective,” it might be worthwhile to under-
stand the 't Hooft anomaly of the AY symmetry in the T[Mg, A] theory by identifying its
anomaly field theory in 1d. This can be achieved in two steps:

1. Deformation. Each B € H3(Ms, D)/A, after lifting to H3(Mg,Z"), determines a
deformation of the action of the 1d TQFT,

1 / 1 :
2 K /¢§d¢>§, D K /(¢>§ — Bd(¢), — BY), (2.85)

and the boundary condition given by the projection operator Py will be deformed to
Py p. The terms linear in B in the deformed action combine to give a total derivative
on-shell, and can be interpreted as a deformation of the boundary action. Then, what
remains is the original action plus

L 1 v [ RlgRI
> K / BldB:). (2.86)
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It turns out that this action, up to total derivatives and equations of motion, does
not depend on the particular lift of B. Since this action interacts with the original
one only via the boundary, we can perform the next step.

2. “Unfolding”. We unfold the deformed theory coupled to the boundary to become two
theories with an interface sandwiched between them. As illustrated in figure 4 and
further explained in the next subsection, the 1d SPT (2.86) can be interpreted as the
anomaly field theory for T[Mg, Al.

This procedure is quite general and will be applied to TQFTs 7 Pulk [My] of higher dimen-
sions in later sections.

Gauging remaining symmetries

Even if the remaining AV symmetry has an anomaly, there can be an anomaly-free subgroup
G C AV. Gauging this subgroup, one can obtain another theory, with a symmetry given
by the extension of AV/G by GV. This new theory corresponds to a polarization A’,

AC 5 N =G, (2.87)

where A€ is the subgroup of A that pairs trivially with G. And, to realize A’ as a subgroup
of H3(Mg, D), one needs to choose a lift of G to H?(Mg, D). This is possible because G is
anomaly-free. Furthermore, one can define states |A, a) with a € G. To fix the phase, a
quadratic function on G is needed.?! At the level of the TQFT states, gauging G leads to

) =D A, ). (2.88)
aceG
The analysis in higher dimensions is very similar (see also [51] for a systematic study on
gauging finite group symmetries), one interesting feature is that the choice of a lift of G
generalizes to a choice of a G-SPT in higher dimensions.

Another source of symmetries comes from isometries of Mg. The discrete ones coming
from MCG(Ms) in general act non-trivially on Pol(Ms), and will be discussed separately,
later in this section. The continuous ones are also interesting, and will be discussed when
we move on to the higher-dimensional T'[My] theories.

Next, we will discuss an alternative way of looking at polarizations, which will be very
useful later when we generalize it to other dimensions.

2.6 Polarizations and topological boundary conditions

The projection operator Py p can be interpreted as a topological domain wall between the
original 1d TQFT and the invertible one discussed above. When the remaining symme-
try AV is anomaly-free, the invertible theory is trivial, and the domain wall becomes a
topological boundary condition.

2'When GV has 2-torsion, there can be different choices of the quadratic function on G. We will very soon
encounter analogues of this ambiguity in higher dimensions in later sections. Also, if a quadratic function
q on A is given, the chosen quadratic function on G will combine with ¢|,¢ to a quadratic function on A’,
and uniquely determine the partition function of the new theory in a consistent way.
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Domain wall (moved to collide with boundary)

Boundary: Boundary:

Relative theory Absolute theory

(w ‘t Hooft anomaly)

Figure 4. An absolute theory can be constructed from a domain wall separating the original bulk
and an invertible TQFT, after colliding it with the boundary.

Then, the operation of gauging the symmetry A of T'[Ms] can be interpreted geomet-
rically as moving the topological domain wall to collide with T[Mg], creating an absolute
(or projective) theory coupled to an invertible TQFT, as illustrated in figure 4.

Shrinking the interval where the 1d TQFT lives produces a theory T[Mg, A] which is
now coupled to an invertible theory. The theory T'[M;g, A] is now absolute, with symmetry
AV, whose anomaly is captured by the invertible TQFT.

We remark that the colliding picture of the topological domain wall with the bound-
ary provides a correspondence between the polarizations and the topological boundary
conditions of the TQFT. This holds true in any space-time dimension. For instance, in 3d
Abelian TQFT where the line operators (i.e. the worldlines of the anyons) form a fusion
algebra A, the polarization is given by a Lagrangian subgroup A of

HY (M, A) = ADA, (2.89)

where M, is a Riemann surface, and H'(Ma, A) has the pairing given by the composition
of the intersection form on the Riemann surface My with the braiding of the line operators
in A. The possible polarizations are given by the Lagrangian subalgebra Ay, of the fusion
algebra A of the line operators with respect to the braiding,

A = H' (M, Ara) (2.90)

On the other hand, the topological boundary conditions in the 3d Abelian TQFTs are
also known to be classified by the Lagrangian subalgebra [37, 39, 40, 52, 53]. This is in
agreement with the correspondence between the polarizations and the topological boundary
conditions explained above using the colliding topological domain wall picture.

2.7 Example: Mg =53 x 3

We will now illustrate the general framework introduced above with a concrete example of
Mg = S3 x §3. This example will be closely related to many examples that will appear in
later parts of the paper.
In this case
H3(Mg,D) =D @ D, (2.91)
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and there is a decomposition of D & D into direct sums of abelian groups of the form
ZnN @ Zy, with a pairing determined by a number x € Zy. Without loss of generality, we
can assume that D @ D contains a single such copy. The non-degeneracy requires that & is
invertible in Zy. When N is even, we will also need a refinement of x, which we denote by
K € Zsn. Because k equals k when modded by NV, there are two such refinements, namely
k and N + K.

In order to distinguish the two S3’s in Mg, we denote them as S3, and S3,, respectively,
for “electric” and “magnetic”. They have non-trivial intersection pairing but have no self-
intersection. Similarly, we will write H3(Mg, D) = Ap @ Ay, with both Ap and Ay
isomorphic to D. Elements in Ag are the cocycles dual to cycles along S3, and, therefore,
have non-trivial periods over Sﬁ/l but trivial period over S‘?’E, and vice versa.

In this example, there is a canonical electric decomposition of H?(Mg, D) into A @ A,
given by

A=Ag, A=Ay (2.92)

Geometrically, this corresponds to choosing My = D4E x 5%, with oD% = S3.. Then, we

can identify
Ap = H3(D}, x S3;) — H3(S% x S3)). (2.93)

A choice of framing can be realized geometrically as a trivialization of the tangent bundle
of D} in D} x S3,. There is a unique one (up to homotopy) that is compatible with the
product structure. This choice enables us to find a section of the quotient map

H3(S3, x §3;) = H3(S% x S3;) — H3(D% x S3,) = A}, (2.94)

by pushing a 3-cycle in M7 to the boundary Mg using a vector field given by the framing of
the normal bundle, similar to pushing a framed loop lying along the core of the solid torus
to the boundary two-torus.?? This identifies A%, ~ A = Ajs thus canonically splitting the
short exact sequence

A - A DAy —)A% (2.95)

There are other ways of decomposing H?(Mg, D), such as the magnetic one given by
A = Ay and A = Ap. The basis change is given by

1 2MiK
|AM,BM> = — Z e N BEBM’AE,BE>, (2.96)
VN 4
EELN
whose inverse transform is
1 TiR
yAE,BE>:ﬁ > e REBEBM (A Byy). (2.97)
By €Zn

In the special case of kK = 1, the TQFT has action

i:;/adﬁ, (2.98)

22Notice that in either case the framing consist of a collection of vector fields, but using any non-degenerate
linear combination of them will lead to the same element in the homology group of the boundary.
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for U(1)-valued o and (3, and on shell we have @ € Ag and 8 € Aj;. For more general
r, the 1d TQFT can be described by the same action using the relabelling B — Bpr ™"
where k! is the inverse of k in Zy.

The projective action of Ag x Aps on the Hilbert space is carried by a discrete Heisen-
berg group, a central extension of Zy X Zy. More explicitly, in the electric basis, the action
of a is diagonalized _

&|Ag, Bp) = e 8" Be|A g Bp) (2.99)

while 3 acts by shifting,
B|Ag, Bg) = |Ag, Be + B). (2.100)
These two actions do not commute:

2mik

Ba =e v “Pag. (2.101)

In the magnetic basis, we have instead

27

BlAng, Byr) = e X BuB|A By (2.102)

and

We now study more general polarizations. For any subgroup A of Ag x Ay, it is an
extension
e —>A—Tuy (2.104)

where 'p = AN Ag, and ')y C Apy is the image of A under the projection to Ays. Notice
that the roles of I'y and I'j; are asymmetric in this definition, reflecting a preference to
work with the “electric basis”. If one is working in the magnetic basis, the roles of 'y and
I'ys should be reversed.

Because all subgroups of Zy are cyclic, we assume I'p C Ag is an index-k subgroup of
Zn, generated by (k,0) after embedding it into Zy x Zy. Then, I'j; ~ Z%. Its generator

can be lifted to (p, %) € ZN x Zy for some p. Using the freedom to add copies of (k,0)
to this representative, we can assume p € Zj. Now, it is easy to check that these two
elements, (p, %) and (k,0), generate a subgroup Z; X Z¥, where [ := gcd(%,p), and it is
already maximal isotropic. To summarize:

Mazximal isotropic subgroups A of Zn X Zn are uniquely specified by a pair of
integers (k,p) with k|N and p € Zy. Given such a choice, A = Z; X Zn while
l
FE = Zﬂ and FM = Zk.
k

Denote this maximal isotropic subgroup by Ay ,. It gives a state [Ay, ,) in the TQFT Hilbert
space:

2 ~
. Bpkp

™% 3¥ |Ag, Bg). (2.105)

1
[Akp) = —=—
’FM| Brel'y

Here, because Bg € I'js is a multiple of N/k, BgEkp/N is a well-defined element in Zy.
When multiplied further by k € Zsy, it gives an element in Zopy, which can be further
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exponentiated to obtain a phase. If N is odd, then k/2 € Zy is interpreted as multiplying
k by the inverse of 2.

When N is even, there are two quadratic refinements which correspond to lifting  to
either kK or N 4 K in (2.105). We denote the latter state by |Aj,, —). If we have both 2|
and 2|¥, then there is another Zs choice, associated with a choice of the homomorphism
I'p — Zo. If this is non-trivial, we will have a “polarization of the second type”. Activating
this choice corresponds to shifting every |A, Bg) in the sum (2.105), which in general is a
phase. In the simplest case of A, the Za x Zsy choice of quadratic refinement leads to the
following four states:

N/l
‘ALO? BE, ++> = Z
§=0
N/
|Ar0, B, —+) = Z(—)j
§=0
N/
Ao, Be,+—) =
§=0
N/
Ao, B, ——) =Y (=)

j=0

A, Bg = ]\IZJ> (2.106)

N
A, Bp = k~7> (2.107)

A, Bg = +

=t o (2.108)

N] N>

A,BE—i—I—

2.1
k 2k (2.109)

Nj N>

The explicit expression in the case of more general A, can be obtained by performing an
SL(2,Z) transformation, which we discuss in the next subsection.

There is a special class of theories obtained by choosing a A with 'y = 0 and ANAy; =
0. They are labeled by (N, p) with p coprime with N, generated by (p,1) € Zn xZy. Then,

Anp) = \ﬁ S 2B EN |Ap, Bp). (2.110)

BreAn

When expanded in the magnetic basis, one similarly has

A Z e 2 BYP 3% | Ay, Bu), (2.111)
BMGAE
where p* is the inverse of p € Zy. Now it is easy to check that this is compatible with the
basis change between the electric and magnetic basis.??

We now look at symmetries that act on |[Ay,). They are given by A, isomorphic to
H3(Mg,D)/A as a group. The anomaly for this symmetry is captured by the failure of
lifting it to a subgroup of H3(Mg, D).

An example where the anomaly is non-vanishing is p = 0 and k # 1 a proper divisor
of N. Then, AV ~ 7Z; x Z Nk, and the anomaly is given by

H/BldBQ. (2112)

Z31n fact, there is an overall phase given by Gauss quadratic sum. It can be incorporated if one suitably
normalizes the expression (2.44) by including a constant term for ¢. We will not deal with this phenomenon
here. In higher dimension, the analogue for such a phase is a decoupled invertible TQFT. See e.g. appendix B
of [25] for more details.
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This can be explicitly checked using

N/k
Aip) =D |Ag, jk). (2.113)
7=0

Now, let & and § be the generator for the two factors of Zy x Zy, then the action of oV /k

and (¥ on |Akp) is trivial, and the remaining symmetry is generated by o’ and (7, with
0 <i< N/kand 0 < j < k, subject to

2mik _

Ba=e ™ ap. (2.114)

This action is anomalous, however, because

2k~ 2mink _Ap

gfa=e N ap". (2.115)
This shows that, in the presence of a Zy/;, (—1)-form symmetry background, the gauge
transformation of the Zj; symmetry given by 3% is broken by a phase.

2.8 Mapping class group action on polarizations

In this section, we will discuss how the mapping class group MCG(Mjs) acts on Pol(Mg).

Let 9M(Mg) := Aut(H>(Mg, D)) be the group of automorphisms of H3(Mg, D) that
preserves the symplectic structure. Since the action of 9¥(Mg) preserves the maximal
isotropic condition, it also acts on Pol(Mg). As any orientation-preserving diffeomorphism
of Mg preserves the symplectic form, we have a homomorphism

MCG (M) — D(Mg). (2.116)

This can be made very explicit when Mg is simple enough.

Choosing a decomposition of H3(Mg, D) into A @ A enables one to identify H(Mg) ~
CA. The action of 91 is then represented by unitary matrices acting on CA, as the inner
product is preserved.

Let 9o be the stabilizer of A. Although it fixes A, there can be a non-trivial action
on AV. As explained before, such action is diagonalized in the basis of |A, B). On the
other hand, the coset space 9t/MNy is isomorphic to the orbit of A under the action of 9.
One might view different polarizations related by 9t (or by MCG(Ms)) as giving the same
theory in different duality frames. From this point of view, different theories are labeled
by cosets of Mix. Although this is a valid perspective, in the present paper we find it more
convenient (linguistically) to refer to different duality frames as different theories. Notice
that they will necessarily have the same symmetries and anomalies.

Anomaly of mapping class group action

Since MCG(Mjg) acts on both Pol(Mg) and H(Mg), one could have assumed that the map

Pol(Mg) — H(Msg) (2.117)
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obtained by sending A to |A,0) discussed previously is MCG(M;g)-equivariant. However,
this is not always the case due to a possible anomaly of the 9t action on H(Ms), coming
from the phases factor ¢(«) in (2.44) defined through a quadratic refinement. On the other
hand, the map taking into account this additional choice,

Pol(Mg) — H(Ms) (2.118)

is expected to be equivariant under the action of MCG(Mjg). More precisely, the action of
M on H(Ms) is only projective, given by an extension M of M. In other words, for an
order N element A in 9, it can have order 2N when acting on H(Mg), with the action of
AN being central.

Let us illustrate general principles outlined here with a concrete example of S3 x S3 and
D = Zy. In this case, the action of the mapping class group MCG(S? x S3) on H?(Mg, D)

factors through the quotient?*

SL(2,Z) — M(S? x S3) = SL(2,Zy) = SL(2,Z)/T(N), (2.119)

and the Z? part of MCG(S® x S3) acts trivially on homology. The group SL(2,Zy) is
generated by two elements, T" and S, acting on Zy & Zx by

S: (a,b) — (b,—a), (2.120)

and
T: (a,b)— (a+b,b), (2.121)

that has order N. This group is isomorphic to a product ], SL(Z,ZP?), where p; are
prime factors of N and r; is the maximal number such that p*|N.

First, let us classify orbits of the action of MCG on Pol(Mg). When N is a prime,
SL(2,Zy) acts transitively on Pol(S® x S3) as

TPS . ALQ — ANJ, (2122)

sending A1 to any other maximal isotropic subgroup. The stabilizer of Ay is given by

(g‘ TZ) (2.123)

with m* being the inverse of m in Zy and n € Zy. This stabilizer group has order

matrices of the form

N(N —1), and contains a subgroup Zy generated by powers of 7. The coset space is then
parametrized by {1,5,TS,...T N-1g }. It has cardinality N + 1, consistent with the fact
that the order of SL(2,Zy) is N(N — 1)(N + 1) when N is prime.

When N is not a prime, we know that there must be multiple orbits for the action of
the mapping class group on Pol(Mg), at least one for each k|N with k < v/N, as the action
does not change A and, therefore, cannot send Ay o to Ay o unless kk' = N.

One can actually show that such orbits are in bijection with the isomorphism classes
of A. In other word, if Ay, and Ay, are isomorphic as groups, then they are in the same

24The whole mapping class group was determined in [54, 55]. Modulo ©7, it is given by Z* @ SL(2,Z).
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SL(2,Zy) orbit. A group element relating them can be explicitly constructed as follows.
Without loss of generality, let (k',p’) = (%, 0), where [ := ged (%, p). Because ¥ and %
are coprime, there exist a,b € Zy such that

N
a-§+b-H —1 (mod N). (2.124)
Then
N _p
(kl bl) € SL(2,Zy) (2.125)
a

will send (p, %) to (0,1), hence mapping Ay, to Ay, . Therefore, there is an orbit for each
divisor I of N with [ < v/N. The stabilizer for the action of SL(2,Zy) on the polarization
A\ is isomorphic to the stabilizer for Ax ,, which is generated by T and U

As an example, consider N = 4. There are two types of orbits: those with A isomorphic
to Z4, and the other one consisting of a unique Ay >~ Zg x Zg. The action of SL(2,7Z) on
the first orbit is given by

Agn
V4 N
S s
Al,o — A4,0 A4,2 — A2,1
2N /5
Ay3
Using (2.54), it is easy to work out the action of S and T on H (M) ~ CN. We have
S|Ap.B) = Ay, B) = —— 3 FTBBUN|AL B (2.126)

\/N B'eAg
and T shifts A to be the diagonal of Zy x Zy;,

T|Ag, B) = "5 |Ap, B), (2.127)
where we have restored an overall phase to ensure this is a representation of SL(2,7). When
k = 1, this is the same as the action of SL(2,Z) on the torus conformal blocks of U(1)y
Chern-Simons theory, while for higher & it is the minimal Abelian theory AN* discussed
in [56, 57].

In general, the action of SL(2,Zy) is projective because (ST)? usually acts by a non-
trivial phase. Such overall phases typically will not concern us. In fact, it can be corrected
by modifying the action of T’ by a “central charge” correction e27i¢/24 (with ¢ =1 for kK =1,
and see e.g. [57] for other values of k). However, the action also has a more interesting
anomaly if IV is even, in the sense that it leads to a relative phase. When N is even, due
to the quadratic refinement, only 7%V = 1, while the action of TV is given by

TN|Ag, B) = (-1)B|Ag, B). (2.128)

Then, if one starts with the states |A) and acts by SL(2,Z), one finds more than
Pol(S% x S3) in the orbit if N is even. In fact, the PSL(2,Zy) action on Pol(S?® x S3),
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will be lifted to an action of PSL(2,Zax) on Pol(S® x S3). The fiber of A is the union
of |A, ¢), with all possible quadratic refinements ¢ (a total of four if A is a product of two
cyclic groups of even order, which can only happen when 4|N, and two otherwise). The
kernel {1, TV, STNS, STNSTN} of the map PSL(2, Zan) — PSL(2,Zy) acts transitively
on this fiber.

This is the analogue of the metaplectic correction for SL(2,RR), but one difference is
that the extension is no longer central.

D =75 and the “su(2) theories”
As an example, consider D = Zsy. Then, we have three choices of A generated by (1,0),
(0,1) or (1,1) in Zs & Zsy. They correspond to the states

1 1
V2 V2

On the other hand, the orbit of the mapping class group action contains three additional

0) := |Ap,0), S|0) = —=(|0)+ 1)), and TS|0) = —=(|0) +i[1)).  (2.129)

states
1 1
V2 V2

The four states T%S|0) correspond to theories that are analogues of the four SO(3) theories

T2510) = —=(|0) — 1)), T3S5]0) = —=(]0) —4[1)) and ST?S|0) =|1).  (2.130)

in 4d distinguished by different discrete theta angles, while |0) and |1) are the analogues
of the SU(2) and Spin-SU(2) theory. For example, the theory given by A’ = Ap with the
non-trivial quadratic refinement ¢(1) = 2 € Z4 leads to a projection operator

Pyg,=1-a, (2.131)

which indeed projects onto a one-dimensional space generated by |[1).
We can summarize the SL(2,Z) action in the following diagram:

SO(3);
Y N
SU(2) -2+ S0(3)o SO(3)s —>+ Spin-SU(2)
BN A
SO(3)3

When lifted to 4d theories, this confirms the SL(2,7Z) action on SU(2) gauge theories on
non-spin manifolds conjectured in [58], and it equally applies to the reduction of any relative
6d theory whose bulk is the same TQFT. For example, we also have

(E7/Z2):
4 N
BEr 2 (Er)Z)o (E7/Z3)2 —— Spin-Er
N A
(E7/Z2)s

when we start with the 6d (2,0) theory labeled by Ex.
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Spin-SU(2)

Figure 5. Six theories permuted by PSL(2,Z4) arranged as vertices of an octahedron. PSL(2, Zy4)
then acts as orientation preserving isometries of the octahedron.

The action of SL(2,Z) factors through the quotient PSL(2,Z4) = S4, which is an
extension of PSL(2,Zs) = S3 by Za x Zy generated by T? and ST2S,

7y x Ty — PSL(2,Z4) — PSL(2, Zs). (2.132)

A good way to visualize this is to put the six theories at the six vertices of a regular octa-
hedron, see figure 5. Then, PSL(2,Z4) is isomorphic to the group of orientation preserving
isometries of the octahedron (S4 acts by permuting the four pairs of opposing faces), and
the subgroup Zo X Zo contains m rotations along the three diagonals. The regular octahe-
dron maps to a regular triangle by collapsing the three diagonals, and this Zs x Zy subgroup
is exactly the kernel of the quotient map S4 — S3.

Next, let us consider an example where D is no longer a single copy of Zy.

D =7y x Zy and the “spin(8) theories”

To give another example — relevant to compactification of 6d (2,0) theory of Cartan type
Dy — consider D = Zg x Zg with the pairing between (a,b) and (a’,b") given by ab’ + ba'.
The quadratic refinement of D is given by

K= (2,2, 1) € Ly X Ty X Xy = F(D) (2133)

Since all maximal isotropic subgroups in H?(S® x S3, D) = Z3 are isomorphic to
Zo X Zo, it is enough to specify two generators. Each generator is specified by four binary
digits, equal to 0 or 1. We use an abbreviated notation v = (1,0), s = (0,1) and ¢ = (1,1)
to write (v,s) = (1,0,0,1) and (¢,0) = (1,1,0,0), and so on. We also assemble two such
strings into a 2 x 2 matrix. Then, up to permutation and addition of rows, each matrix
uniquely specifies a subgroup in Z4. To make sure it is isotropic, one needs to check the
inner product between rows is zero. For example, a good choice is

“Spin(8) theory” : (v 8) . (2.134)
s
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We refer to it as the Spin(8) theory since this is the direct analogue of the 4d theory with

gauge group Spin(8). Furthermore, we have

“SO(8)+ theory” : (U O) , and “SO(8)_ theory”: (U 0) .
0w 5w

(2.135)

There are two more “Ss(8) theories” and two more “Sc(8) theories” obtained by replacing
v above with s or ¢ and replacing s with v. There are 8 more theories given by

0
“PSO(8)0,0,0 theory” : (0 U) , and
s

0
“PSO(8)0,4,» theory” : ( U) , and
v s

0s

(c U) , and
cs

“PSO(8)s,0,s theory” : (S U) , and

“PSO(8)c,c,0 theory” :

“PSO(8)y.5. theory” : (” ”) : (2.136)
S S

“PSO(8)y.c.s theory” : (” ”) : (2.137)
C S
CcCv

“PSO(8)c,s,0 theory” : ( ) , (2.138)
S S
S v

“PSO(8)s,v,c theory” : ( ) . (2.139)
v S

Here we use a convention that the PSO(8), 4. theory corresponds to the isotropic subgroup

containing 0, (z,v), (y,s) and (z, ¢).

It is easy to study the action of SL(2,Zsy) on Pol(Mg) by directly applying S and T' to
the above matrices as column operations. In the end, one finds seven orbits of the form

Spin(8)

OF <

e

S

-
0}
o

—~~
oo

N—

=

=
=)

PSO(8)y.s.c

and three orbits that are related by the triality of Spin(8):

®
w2
o
53

S

———  PSO(8)o,vv

A

PSO(8)u.c,s

©
5%

S

—— PSO(8)s,0,s

A

PSO(8) .50
Se(8). ————5 PSO(8)cco
TN A
PSO(8)s..c
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and, finally, three orbits — again, related by triality — containing a single theory,
®:SCSO®)+O T, ®:SGCSs8+oOT, O:S G Sc(8)+oO T.

One can check that (after lifting to 4d theories) this indeed agrees with the result
of [59].2° We now proceed to classify the refined polarizations (A’,q), and label them
simply by the state in the Hilbert space PH(S® x S3). As before, we choose the “electric
basis” for H ~ CAjps spanned by |0) :=|00), |v) := [10), |s) := |01) and |¢) := |11).

As all A’ are of the form Zsy X Zs, there are always four quadratic refinements. A short
computation leads to the following states for each theory.

First, we have

Spin(8) theory : {|0), |v),|s),|c)} (2.141)

In this case, as A’ = Ag, quadratic refinements are labeled by 2-torsion elements in Ay,
which are all 4 of them, namely 0, v, s and ¢. All of these are quadratic refinements of the
second type; therefore, they correspond to these four states with shifted background fields.
We refer to these theories as Spin(8)™", Spin(8)~*, Spin(8)™~ and Spin(8)~~, and adopt
similar conventions for all theories below.
Next,
SO(8) 4+ theory : {|0) + |v), ]0) — |v),|s) + |c), |s) — |¢)}. (2.142)

In this case, I" ~ I" = Zjy, and there are two ¢ of the first type, whose effect is to flip a sign
of |v), and two ¢’s of the second type, which further shift the background fields by v € A.
The cases of Ss(8)+ and S¢(8)4 are similar, with s and ¢ taking the special role played by
v in the SO(8)4 theory.

Then, the SO(8)_ theory is different from the previous ones because the vector (s,v)
has non-trivial inner product under (-, ->Sym7 A and ¢ sends (s, v) to either 1 or 3 mod 4.
As a consequence, i can now appear in the coefficients,

SO(8)_ theory : {|0) + i[v), |0) — i[v), |s) + dle), |s) — i[e)}. (2.143)

The Ss(8)_ and Sc(8)_ theories are, again, very similar, obtained by permuting v, s and c.
For PSO(8)0,0,0, as A’ = A, a quadratic refinement corresponds to choosing a different
homomorphism from A’ to Zs. So, we have

(2.144)

PSO(8)07070 theOI“y : {|O> + |U> + |S> + ‘C>a |0> + |U> - |S> — |C>,} ‘

10) = [0) +1s) = le), |0) = |v) =) +]¢)

#5The label in [59] for PSO(8) theories is (SO(8)/Z2)"""""? with n; = 0,1 (4, — in the notation of [59]),

n3,n1
which corresponds to the discrete theta angle nim fwél) Uws? + 2T fP(wél)) + 55 fP(wéz)). The T-
transformation relates n; — m1 + 1 while leaving n2, n3 invariant on spin manifolds. The relation between
these labels and the ones used here is as follows ((«, 8,7) : (n1,n2,n3) with «, 3,7 = 0,v, s, ¢)

(0,0,0) : (0,0,0), (v,s,¢):(1,0,0); (0,v,v):(0,1,1), (v,c,8):(1,1,1);
(s,0,5):(0,0,1), (¢, 8,v):(1,0,1); (¢,¢,0):(0,1,0), (s,v,¢):(1,1,0). (2.140)
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For PSO, s, it is given by

copy - 1100 = [0) = s) = [c), [0) = [v) + |s) + e),
PSO(8)y,s,c theory : {’0>+‘U>_’8>+|C>7 0>+‘U>+’8>_IC>}. (2.145)

Next,

(2.146)

PSO(8).0.0 theory : {’0> + |v) —ils) —ile), [0) + [v) + i]s) + i|c>7} |

10) = |v) —i[s) +ilc), |0) — |v) +ils) —ilc)

and similarly for PSO(8)s0,s and PSO(8)..o theories. Lastly, we have the triple
PSO(8)v.c,s, PSO(8)c,5.0 and PSO(8)s . The first is given by

(O = o)+ 1ls) i), 00— o) = ils) il
PSO8)u.c.s theory : {\O>+|v>+i|8)—i|c>, yo>+|u>—i\s>+¢|c>}' (2.147)

with the rest related by permutations.
We now study the action of the mapping class group. In the basis {|0), |v),|s),|c)} the
action of S and T' generators look like

11 1 1 10 0 O
1111 -1-1 -1
S=_ and T = 0 00 . (2.148)
211-11 -1 00 —-120
1-1-11 00 0 -1

Therefore, the group SL(2,7Zy) acts genuinely on 15;1(5’3 x $3) without the need to be
extended. Some of the orbits in Pol(S? x S3) become larger, although this doesn’t happen
for (@), which has four orbits: one of the form

Spin(8)Tt  —————— PSO(8)540

RN A

PSO(8)F+

v,8,C

and three other obtained by replacing (++) with other sign combinations. As for @), @),
and @), each turns into three orbits of cardinality 6, 3 and 3. For example, @) splits into

SO@®)Tt —2 PSO@®){t, —— PSO®)L,
Qt: &T ”
SO®)=" +>— PSO@®)yt, «—— PSO®),L,
in the regular representation of PSL(2, Zs) = S3 and two orbits composed of three theories
SO@®)T" ——2—— PSO®){i.
PSO(8).f ..
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and

SO(8)"" ——2—— PSO(8)yy.,

@+_ : k %
PSO(8), 5.
As for ®), ®, (0, each becomes two orbits, one containing only a single object, such as

®: S CS0®); © T,

while the other containing three theories,

so@®);t —2 5 So@’)T

SCTEEN A
SO8)1*

Again, the results above universally apply to any 6d theory coupled to the same 7D

TQFT, such as 6d (2,0) theories labeled by so(2/N) for any even N > 2.

3

General aspects of compactifications of 6d theories

We now study compactification of 7d/6d coupled systems on a manifold M, of dimension

d<
the

6, generalizing the discussion in the previous section. The goal is to define and study
notion of “polarizations on M;” — choices that one can make when reducing the

coupled system to obtain absolute theories in (6 — d) dimensions.

We expect it to enjoy the following list of properties.

e Similar to the d = 6 case, the set of polarizations on My should capture all reductions

of the 7d/6d system that are “bulk universal” (i.e. not involve additional choices
specific to the boundary theory and, therefore, are robust under deformation of the
coupled system):

Pol(My) ~ {Absolute (6 — d)-dim theory obtained by reduction on Mg}.  (3.1)

One can identify theories that differ by a choice of the quadratic refinement (whose
meaning will become clear shortly), leading to

Pol(My) — Pol(M,). (3.2)

In practice, it is usually easier to first obtain the latter and then classify compatible
quadratic refinements.

Just as in the case of d = 6, one can construct absolute theories using topological
domain walls between the (7 — d)-dimensional TQFT obtained by reducing the 7d
TQFT on M, and an invertible TQFT. For simplicity, we refer to such domain walls
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as “topological boundary conditions” even when the invertible theory is non-trivial.
Then, each such boundary condition gives rise to an absolute theory, as shown in
figure 4. The converse is also expected to be true — the set P?oll(Md) is expected
to be isomorphic to the topological boundary conditions for the (7 — d)-dimensional
TQFT (with two boundary conditions deemed equivalent if they differ by a (6 — d)-
dimensional TQFT). Alternatively, one can use this as a definition of 130/1(Md).26

e Since the absolute theory has a well-defined reduction on a given manifold My with
d <6 — d, we have a map

Pol(M,) — Pol(My x My), (3.3)
which in general is neither injective nor surjective, as we shall see later.

o For a given polarization P € PTC)/I(Md), the theory T'[My, P| has different symmetries,
and their 't Hooft anomolies are determined by P. And the spectrum of charged
operators is constrained by P.

We now proceed to define and study this generalized version of polarizations.

3.1 Polarization and compactification

When the 7d/6d coupled system is reduced on a d-dimensional manifold My, on the bound-
ary we have a (6 — d)-dimensional theory on a manifold Mgs_g. In the (7 — d)-dimensional
bulk, we have a TQFT with the action

IJij
S [, (34)
1,Ji,5,r
where bl is the r-form from reducing C! and i labels the (3 — r)-cycle on My along which
C! is reduced. 7% is the intersection pairing between H3~"(My) and H?=3+7(My). For
simplicity, in the above action we only write the fields from the reduction on free cycles; it
can be easily generalized to the reduction on torsion or discrete cycles using the method
in section 3.7, which we will explicitly elaborate in the companion paper [8].
The action can be written compactly as

/ (a,da), with a€ @ H'(Mg_q, H*'(My,D)) on shell, (3.5)
1=0,1,2,3

where the pairing (-, -), when restricted to on-shell configurations,
HY(Mg_g, H3"{(My, D)) @ H* =4~ Mg_q, H31(My, D)) — U(1), (3.6)
comes directly from the pairing on

H*(Myx Mg-q, D)~ @ H'(Ms-q, H> (Mg, D)). (3.7)
i=0,1,2,3

26We thank Dan Freed for discussions on this interpretation.



Again, one can argue that the boundary theory can be made absolute by gauging a
subgroup A that is maximal isotropic. However, one important difference now is that one
wants not just a single choice for a particular Mg_g4, but a consistent family of A for all
possible Mg_4. How can one achieve this?

One option is to consider families of maximal isotropic groups of the form
H*(Mg_q, L){3}, where L is a maximal subgroup of H4 3<*<3(M,, D) trivial under the
pairing

H*(My,D) ® H*(My, D) — U(1), (3.8)

and H*(Mg_q, L){3} is the degree 3 piece of the this cohomology group. If we assume that
L has a decomposition into graded pieces

L=LOWerLWaeL®g¢L®, (3.9)
then \
H*(Ms—a, L){3} = @ H'(Mg_q, L*7V). (3.10)
=0
The image of the map
H*(Mg_q, L){3} — H3(Mg_q x Mg, D) (3.11)

is always isotropic. If it is also maximal for all Mg_g4, then this defines a polarization on
My, denoted as Pry.

Physically, H¥3<*<3(My, D) is the symmetry in 6 — d dimensions coming from the
reduction of the 2-form symmetry D in 6d. And the above corresponds to gauging an
anomaly-free subgroup L of it. The fact that L is maximal guarantees that after gauging,
the boundary theory is coupled to an invertible (7 — d)-dimensional TQFT. One can again
think of this process using topological interfaces between TP"X[M,] and an invertible theory
as illustrated in figure 4.

This motivates a classification of polarizations on My by looking at the union of images
of A € H3(Mg_4 x My, D) under the map

Hy(Me—q,Z) x H"(Me-a, H" (Mg, D)){3} — H"(Ma, D) (3.12)

as we scan over all cycles in H,(Mg_q4,7Z) for all Mg_gq. We will refer to it as the spectrum
group, and denote it as S(P). Then S(Pr) = L.
Then, we can classify polarizations as follows

1. We say a polarization P is pure if S(P) has trivial pairing with itself in H*(My, D).
2. P is said to be a mized polarization if S(P) has non-trivial pairing with itself.

These two classes are on equal footing from the viewpoint of the topological boundary
conditions in the (7 — d)-dimensional TQFT. Pure polarizations, however, are easier to
classify since they are in bijection with choices of L. Therefore, one of the main goals of
this section will be to develop tools for understanding mixed polarizations.
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Many pure polarizations can be obtained geometrically as (d 4+ 1)-manifolds W1
bounding My. Then, L can be interpreted as the image of the first map

H'(Way1, D) — H' (Mg, D) = H'*'(Wyy1, My; D) (3.13)

in degree d — 3 < ¢ < 3. Then, given any Mg_g4, this determines the maximal isotropic
subgroup A C H3(My x Mg_4, D) as the image of the map from H*(Wy 1 x Mg_g4, D).
Mixed polarizations could also admit geometric constructions, though they require using
7-manifolds that are not products like Wy x Mg_g.

For some L there can be special choices of L € H*(My, D) such that

H3s*<3(My, D) ~ L@ L, (3.14)
also trivializing the pairing. Then, for any Mg_g4, it gives a decomposition
H3(Mg_q x My, D) = H*(Mg_q, L){3} @ H*(Mg_q,L){3} = A @ A. (3.15)

Such special polarization is said to be splittable, with L being a splitting of it. In this case,
there is a canonical choice of a quadratic refinement given by ¢ = 0 on A.

As an example, for My = S*, we have H*(My, D) = DO @D® in degree 0 and 1. Then,
L = DO or DO give pure polarizations, both of which are splittable. A non-splittable
example is D = Z4 and L = Zg)) X Zgl). In general, there can be other polarizations,
including some mixed ones with their spectrum group being the entire D @ D@,

Often it is not hard to find a splittable polarization.?” For example, when d = 3
and My is an arbitrary 3-manifold, one can take L = H°(M3, D) @ H'(Mj3,D) and L =
H?(Ms,D) ® H3(M3, D). When d = 2, and My is a genus-g Riemann surface, one can
take L to be HO(My, D) @ LY, where L()) is a maximal isotropic subgroup of H'(M,, D).
There are many such choices, acted upon by Sp(2g,Z).

In later sections and the companion paper [8], when we study reductions on various
My, we will always start by first classifying pure polarizations and finding among them one
that is splittable. Just as in the O-dimensional case (d = 6), they provide a basis for us to
study partition functions in other polarizations, especially the mixed ones.

Furthermore, given a polarization, one would also wish to understand how to explicitly
construct a theory, not just its partition function on a given Mg_g4. This question can be
better understood by relating polarizations with SPT phases in 6 — d dimensions, which
we turn to next.

3.2 Polarizations and discrete theta angles

A refined polarization on M, determines a maximal isotropic subgroup A of H3(My x
Mg_g4, D), for any Mg_g4, together with a quadratic refinement. Then, one can consider

2TNote, however, that for some My and D it could be the case that no polarizations exist. Another way of
saying this is that there might not be any topological boundary condition for the (7 —d)-dimensional TQFT.
An example is My = CP? and D = Z,. The 3d TQFT in the bulk of T[CP?] is an abelian Chern-Simons
theory with no topological boundary conditions.
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projection operators (2.26) from the previous section acting on the TQFT Hilbert space
H(Mg x Mg_gq), such as
Pp = Z a (3.16)
aEN
as well as their cousins with non-trivial phase factors with background fields given by
Be Hg(Md X M6,d,D)/A,
Ppp=) ae 2Bl (3.17)
acl

If P = Pr is a pure polarization, then action of these projection operators on the
boundary can be interpreted as gauging the subgroup L of the symmetry H*(My, D) and
then turning on a background field for the dual LY symmetry.

Just as in the 0d case, where the set of projection operators defines a basis in the Hilbert
space up to phase factors, in higher dimensions too it defines a partition function of the
6 — d theory on all manifolds Mg_4 up to a (6 —d)-dimensional SPT phase. There is usually
not a canonical choice for this SPT phase. For most part, one can ignore this ambiguity.
However, when we gauge an anomaly-free subgroup G of the remaining symmetry LV, the
resulting theory can depend on the SPT phase chosen. This additional piece of data fixes
a lift of G to H*(Mg4, D). We have already encountered this phenomenon in the case of
d = 6 in section 2.5, which we will see again for d = 0 and 1.

For mixed polarizations, they can be often obtained by turning on certain discrete
theta angles when gauging L as we will see in detail later.

Now we turn to the question of what characterizes a nice family of polarizations on
My x Mg_g4 that give a polarization on M;. Because we can fully characterize polarizations

on a 6-manifold, and expect an “embedding”?®

Pol(My) — Pol(Mg x Mg_g), (3.18)

it is natural to start with partition functions of the theory in 6 — d dimensions. From this
viewpoint, different choices of polarization correspond to different ways of summing the
components of the partition vector into combinations that satisfy certain TQFT functori-
ality conditions.

However, to make this explicit, one needs to choose a basis, and we assume that there is
a splittable polarization Py, given by (L, L). Then, given an Mg_g4, there is decomposition
as in (3.15), while another polarization P’ gives a maximal isotropic subgroup (A’,q) of
H3(Mg_4 x My, D) together with a quadratic refinement ¢, such that

ZNU(Mg_g) = Y TN 75 (3.19)
aclN’

where again B, is the image of & under projection to A. Notice that the phase e2m¥(®)
only depends on B, since, if o + 3 € A’ also projects onto By, then a short computation
shows that

oo+ B) — (@) = (Ba, B) + (@, px(P)) + ¢(B) = (a, B) = 0. (3.20)

Z8For a given Mg_4, this map may not be injective, but it is natural to expect that any two polarizations

can always be distinguished by a suitable choice of Mg_g4.
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%IB) (B| trivial wall

Figure 6. Cutting the manifold and summing over the boundary conditions )" 5 |B)(B| = 1 is
equivalent to inserting the identity interface.

bulk bulk bulk bulk
trivial wall |B") Y |B) (B| |B") Y|BY (B|B')

Figure 7. Computation by inserting the trivial wall.

When we need to emphasize this point, we shall also write it as p(B,), with a slight abuse
of notation. For the functionality, this phase factor itself must be a (6 — d)-dimensional
SPT phase.

This can be better understood from another point of view as follows. Projection
operators labeled by P; and B € A define topological boundary conditions Bp for the
(7 — d)-dimensional theory 7P%&[My] on Mg_4. One can create an identity interface by
summing over B. This is illustrated in figure 6. An interface for a fixed B determines the
value of the bulk field on the interface. On the other hand, summing over all of possible
values makes the interface transparent; therefore, such an interface is expected to be the
identity interface.

In order to compute the partition function given by any other topological boundary
condition B’, it is convenient to insert this identity interface. Then, one only needs to
compute the partition function of the theory 7P"K[My] sandwiched between Bp and B,
illustrated in figure 7. This gives a TQFT with L symmetry in 6 — d dimensions. For the
class of 7d theories that we are interested in, the partition functions turn out to be, up to
an overall normalization, an SPT phase with L symmetry in 6 — d dimensions due to the
identity (3.20).

Then, the task of classifying polarizations on My becomes closely related to the problem
of classifying SPTs. In the present case, they are conjectured to be classified by the dual
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of the torsion part of?”
s JB3LO x B2LW x BL®) x LO)), (3.21)

and in practice one can search for these SPTs by writing actions for B,, fields of degrees 0,
1, 2 and 3, and characteristic classes of the tangent bundle of M.

However, there is an important caveat: the sum in (3.19), when viewed as a sum over
B, € A, may not run over all elements in A. Therefore, one needs to first restrict to a
subgroup of A. For a given Mg_g4, there can be many such subgroups, but we are only
interested in the “universal” ones in the sense that they can be defined without referring to
the details of Mg_g4. For instance, it has to be invariant under the action of the mapping
class group of Mg_4. Examples of such subgroups include those obtained by choosing a
subgroup of L, and those obtained by imposing conditions on B, (such as | M, B2 =0 for
a Zg-valued 2-form By).

On the other hand, given an SPT, or a function ¢(B,) on all Mg_g4, it is often simple
to obtain the corresponding refined polarizations, as we shall see in examples below. It is
not guaranteed that any SPT can be realized by a polarization. For example, as the phase
factors ultimately come from the C'dC theory, the resulting SPT phase has an effective
action quadratic in the background fields of the symmetry.

In case T[My, Pr] is realized by a gauge theory with A classifying topological class of
the (twisted) gauge bundle, restricting to a subgroup of L restricts the set of gauge bundles
to be summed over in the path integral, while the phase ¢ represents discrete theta angles
of the gauge theory. These are specified by the polarization P’ and often lead to an explicit
description of the theory T'[My, P'] in terms of either path integral or Lagrangian.

3.3 Remaining symmetries and their anomalies

A choice of pure polarization Py, leads to a theory with global symmetry
LY = H¥3=*<3(M,, D) /L. (3.22)

The background fields for these symmetries are valued in LY, while the charged objects
are labeled by the dual of LY, which is (L)Y = L itself. Geometrically, such polarizations
can sometimes be obtained by choosing a W7 = Wy 1 X Mg_g with OWyy1 = M,;,%° such
that L(@=") is the image of the first map in

H*"(W4.1,D) — H*™(My,D) — H*™ " (W, 1, Mg; D)
12 12 12
Hy1(Way1,Mg; D) — Hyp(Mg,D) — H,(Wi+1,D)

2Here, s stand for structures on the Mgs_4 manifolds that we are imposing. The default choice is s =SO
for most of the paper, or equivalently only requiring the manifold to be oriented. Depending on the
application, one can require that it is spin, or even relax it to be un-oriented.

39Note that in general there are also many pure polarizations that are not “geometric”. In the special
case of d = 0, My being a point is not null-cobordant. Therefore, none of the polarizations in Pol(pt) are
geometric. On the other hand, recall that all oriented 1, 2 and 3-manifolds are null-cobordant, which lead
to many geometric pure polarizations in Pol(Mjy).
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% surface

Figure 8. When d = 2 and M, = T2 is a two-torus, the solid torus D? x S gives a pure polarization.
A three-dimensional operator wrapping D? (red in the figure) becomes a line operator in R*, while
those along S* (blue in the figure) give rise to topological surface operators that generate a 1-form
symmetry. Since they intersect in the solid torus, the line operator is charged under the 1-form
symmetry.

d=1) can be identified with the image of

when restricted to the relevant degrees, while LY(
the second map.

The group L@ labels objects charged under the LV(™) piece in the remaining LV
symmetry. These come from elements in Hy,1(Wyi1, My; D), which can be interpreted as
3-dimensional defect operators in 7d wrapping (n + 1)-dimensional cycles with boundary
represented by n-cycles in Mg_g4. In the theory T[M,] that lives on Mg_4, these are (2—n)-
dimensional charged objects coupled to the (2 — n)-form symmetry LV On the other
hand, the symmetry defects for LY(™ come from those (d — n)-cycles in My that are non-
contractible in Wy 1. In T[My], they have dimension 3 — d 4+ n. Figure 8 is an illustration
of this for d = 2, My = T? and W3 = D? x S! with n = 1.

In the geometric setup, it is clear that both charged objects and symmetry defects are
robust for topological reasons.

The remaining symmetry in general has anomalies, if LY cannot be lifted to be a
subgroup of H*(My, D), similar to what we have observed in the case of 0d theories. In
other words, the anomaly is captured by the extension class of

L — HY3==3(My, D) — L. (3.23)

The invertible TQFT for this anomaly can again be obtained via the “deformation-
unfolding” trick introduced for d = 6. Namely, one simply needs to replace fields in (3.4) by
discrete-valued background fields to obtain the anomaly field theory for the LY symmetry.

Symmetries of T[M,] from mixed polarization

The story is more interesting when we consider mixed polarizations. The quotient
S(P) := H379=*<3/5(P) (3.24)

is no longer isomorphic to S(P)V, but it still corresponds to symmetries of the remaining
theory. What is different in the mixed case is that there are more symmetries coming from
the dual of a subgroup in S(P). To discuss this, we first need to better interpret S(P)
in the mixed case. Naively, it becomes larger than it should be, but not all elements in
S(P) corresponds to independent charged objects. In fact, some will always live on the
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boundary of other objects. Therefore, the fact that S(P) is non-trivial under the pairing
in H*(Mg, D) doesn’t imply inconsistency, as charged objects on the boundary of other
charged objects can be improperly quantized, as long as the latter carry the right amount
of flux for the former. We will see this more concretely when we discuss examples.

When looking for symmetries, one should first look at the subgroup S(P)ing of S(P)
that corresponds to charged objects that can exist independently on their own. Then, the
symmetry of the theory is given by the dual S(P).,.

The subgroup S(P)ing trivializes the pairing on H*(My, D), and it is also maximal.
Therefore, there is a pure polarization associated with it, defining a theory with the same
symmetry S(P)y, (and in fact the same anomaly for S(P) ;) as in the theory given by
the mixed polarization.

3.4 Mapping class group action on Pol(M,)

As in the 0d case, the action of the mapping class group MCG(My) on Pol(M,) factors
through the automorphism group of H*(My, D). And, just like in the 0d case, this action
has an anomaly in the sense that the map from Pol(M,) to the partition functions of
T[M,] is not equivariant, and it is more natural to consider the action on the space of
refined polarizations

73 — Pol(My) — Pol(My), (3.25)

where the number of Zy factors can vary and essentially counts the number of possible
quadratic refinements that are “functorial”. Examples include the Pontryagin square of
the middle cohomology of Mgz_4q = My for d = 2 and the quadratic refinement for the
Zo-valued intersection pairing on the middle cohomology of My or Mg for d =4 and d =0
respectively.

Another property of this action is that pure polarizations do not transform into mixed
polarizations and vice versa. Furthermore, it doesn’t change the global symmetry and their
't Hooft anomalies.

A generic choice of polarization does not respect the full diffeomorphism invariance.?!
But, given a refined polarization P, there can be a subgroup Stabp of MCG(Mj) that acts
trivially. It is potentially a symmetry of T'[My, P]. MCG(My) can be viewed as the group
of components of Diff(M,) which also includes infinitesimal diffeomorphism of M. They
also have an interesting interplay with the symmetries of T[M] that come from reduction
of the 2-form symmetry in 6d. We will analyze this problem next.

3.5 Higher-group symmetry from isometries of My

Besides a choice of polarization P, the theory T'[My,P| can in principle also depend
on choices of additional structures on My, such as a metric, spin structure, fluxes and
holonomies for background fields, etc. For simplicity, we shall refer to the subgroup of
Diff (M) that preserves all such structures as the group of “isometries” Iso(My, P) with
the understanding that it takes into account not only the metric, but also other structures

31For instance, if the 6d geometry is a product M x N and the polarization respects the diffeomorphism
invariance on N, the corresponding symmetry may be regarded as a “subsystem symmetry” in 6d.
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used in the construction of T[Mg, P]. Defined in this way, Iso(My, P) will be a symmetry
of the theory T[My, P]. One can also consider the group of isometries Iso(My) without
specifying a polarization. And this group acts on the relative theory T'[My] as 0-form sym-
metry. Notice that the identity component Isog(My) consists of continuous isometries, and
they preserve any P. We will focus on this part below.??

To study the interplay between this symmetry and the other ones, we can turn on a
non-trivial background field A for the principal I = Isog(My)-bundle. This changes the
gauge transformations for other symmetries. Indeed, consider symmetries of various degree
in T[My] that are reductions of the 2-form symmetry in 6d along cycles yin € H, (Mg, D).
The background fields Bg’:n are related to C via

C=DBs+ > wi! ABy +> wi AB' + Zw A By (3.26)

i1 12

Here wi» is a basis of H"(My, D) dual to the basis of cycles in H,,(Mjy),

wi(Yh) = bij. (3.27)

Notice that (3.26) is only valid when A = 0. When a background A is turned on for
isometry of the internal manifold My, the wir are modified to an I-equivariant form @i (A)
via minimal coupling??

This form is gauge invariant but in general not closed.?* As a consequence, demanding dC
to be gauge invariant requires modification of the gauge transformations for different B’s.
In fact, there is always a canonical modification that makes dC' gauge invariant. To see
this, one first turns on A in (3.26) and then applies the differential rearranging the result
to look like

dC = (dBs + f3(B2, B1, By, A +Z (dBY + fi'(By, By, A)) A &%

+Z (dBI + fi*(By, A ~‘2+ZdB AT, (3.30)

for certain functions f 2 3 that come from the non-vanishing dw’s. Then, one can recursively
solve for gauge transformations of Bi, Bo and Bs by demanding that dB, + f, is gauge
invariant, while the gauge transformation of By’s remains unchanged. After this procedure,
dB,, themselves are not gauge invariant, whereas the combinations

Hln g = dBZn + fln (331)

32There are also interesting consequences of the discrete isometries, which will be further discussed in [8].
33In the Cartan model for equivariant cohomology, this map is obtained by applying the operator

pP= H(1 — Aata) (3.28)

with ¢4 is the contraction with the Killing vector (see e.g. [60]) .
34Such behavior of w(A) is an obstruction for gauging the WZW term given by w, as explained in [61].
However, in our setting, it is precisely this obstruction that leads to interesting higher-group structure.
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are gauge invariant. This is the global symmetry analogue of the Green-Schwarz mecha-
nism [62] and is called n-group symmetry [13—16]. Discussions and examples of higher-group
symmetry in physics can be found in [13, 15, 16, 21, 47, 63, 64].

To generalize to discrete symmetries, instead of demanding the gauge invariance of dC,
we can demand the gauge invariance of its holonomy e $C. Since the I-equivariant form
@in(A) does not have integral period in contrast to wi®, the usual gauge transformations
of B, would change the holonomy eif = Demanding the gauge invariance of eif ¢ then
modifies the gauge transformations in the same way as discussed before and we again
conclude the compactified theory has higher-group symmetry. We will illustrate both

arguments in an example below in section 3.5.1.

3.5.1 Example: M; = S', 5d theory with 3-group symmetry

Parametrizing the circle with coordinate ¢ € [0,27), the S! isometry acts by shifting ¢.%°
Then,

d
C =B3+ . A Bg (3.34)
27
after turning on the background A for the S' isometry becomes
dp— A
C=DBy+@1 ABy, 5=t 2. (3.35)
27
Then gauge invariance of
1
dC = (ng — 2—dA A Bg) + dBs A wy (3.36)
T

requires that, if A and By are transformed as
A A+dNy, Bs+— By+dA, (337)

we should have 1
B3 — B3+ %dA A A (3.38)

Therefore, dB3 is not gauge invariant, while the combination
1
Hy:=dBs — 2—dA A Bo (3.39)
™

is invariant.

There are several other ways to derive the three-group symmetry. Instead of demanding
the invariance of the field strength of C', we can also demand the invariance of the holonomy
eif C, which can generalize the argument to discrete gauge fields. We can also expand the
three-form gauge field C' in different ways:

3Tt is also the Kaluza-Klein momentum symmetry: for the momentum-n Kaluza-Klein mode in any

expansion
fn(@")e™?, (3.32)

the U(1) shift symmetry given by the diffeomorphism ¢ — ¢ + A(x*) transforms the momentum-n mode as
Fal@h) = fu(z")e™ . (3.33)

The gauge field for the isometry can be identified with the graviphoton gauge field.
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(1)

Expand the three-form gauge field C' as before

dp — A
C=B3+w1By, w1 = 14 . (3.40)
2
The holonomy of C' is
740 — 7433 + f@lBg mod 277 . (3.41)
Under the transformation
A— A+ dXg, By — Bo+d)\ (342)

which also transforms ¢ — ¢ + A\g and leaves W3 = (dp — A)/(27) invariant, the
holonomy ¢ &y By changes by

1 1
%&vjld/\l = —%%Ad)\l = —%%dA)\l mod 277 . (3.43)

Thus the gauge invariance of the holonomy e $C requires that Bs must transform as
1
2m

This reproduces the transformation (3.38).

Instead of modifying dy to be dp— A in the expansion of the three-form gauge field C,
we can also use the original expansion without including the isometry gauge field A:

dp
C=2RH —B5 . 3.45
3+ or 2 ( )

The holonomy of C' is

d
fc = 7{33 + 74 Qi’B2 mod 277 . (3.46)
T
Then under the gauge transformation (3.42), the holonomy ¢ g—fBg changes by

j{ (‘“032 + %an d)\OdAl) = fdAOBg mod 27Z . (3.47)
27 2m 2 2m

Thus, the gauge invariance of the holonomy ei$C requires that B3 must transform as
1

Bg — Bg — TdAoBQ . (348)
T

After the redefinition Bg — Bsg + #ABQ, this gives the same three-group symmetry
as the previous case.
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We can investigate the anomaly of the higher-group symmetry by reducing the 7d
TQFT. For instance, consider reducing the three-form Chern-Simons theory on a circle

N
— | CdC . 3.49
iy ) (3.49)
Using the decomposition
dp— A
C:Bﬁ(w >Bg. (3.50)
2
We find the 6d bulk theory that describes the anomaly of the three-group symmetry in 5d
N N N dA
— | CdC=— [ B3dBy—-— | Bj——. 3.51
A J7q 21 Jed 3072 47r/6d 2on ( )

Later in section 5.5 we will provide a field theory explanation of the three-group sym-
metry and its anomaly in the 5d gauge theory.

When My is T2 or T3, which we shall encounter in later parts, the analysis is very
similar. A more interesting example is My = S2, for which the isometry group is non-
abelian and there is an interesting discrete higher-group that requires extending the analysis
above using the Borel construction for equivariant cohomology. This example and its
physics will be discussed in detail in the companion paper [8].

3.6 Symmetry fractionalization in compactification

The extended operators can carry anomalous quantum numbers under a global symmetry.
This phenomenon is familiar from the fractional quantum hall effect, where line operators
that describe anyons carry projective representations of the U(1) 0-form symmetry. For
general (2 + 1)-dimensional TQFT this is discussed in [65, 66]. Different symmetry frac-
tionalizations represent different ways of coupling the theory to the background gauge field
and can be classified by higher-form (higher-group) symmetries [16, 64, 67].

Different symmetry fractionlizations in compactified theories can be described by turn-
ing on different backgrounds for the two-form symmetry in 6d, which reduce to various
background fields for higher-form symmetries in lower dimension. More generally, we can
first consider the 7d Chern-Simons theory enriched by the symmetry i.e. coupled to the
background gauge field for the symmetry and then study the 6d theory. In some cases dif-
ferent backgrounds — i.e. different symmetry fractionalizations — correspond to different
choices of polarization.

We will see examples of symmetry fractionalization for Lorentz symme-
try [58, 64, 67, 68] in the compactified theory that come from choices of polarization. These
different symmetry fractionlizations correspond to gauge theory with different spins for line
operators, namely different consistent possibilities for line operators to be either bosons or
fermions. These choices can be distinguished on a non-spin manifold; otherwise, on a spin
manifold, there is a gravitational fermion line operator that can fuse with line operators in
the gauge theory to change their spins. This requires defining the 6d theory on a non-spin
manifold. As discussed in appendix A, we can define the theory on more general spin®
manifolds (theories with Dirac fermions can always be defined on a spin® manifold by cou-
pling to background spin® connection; examples can be found in [69-71]). Thus, we can
study these different Lorentz symmetry fractionalizations from compactification.
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3.7 Reduction on free, torsion and discrete cycles

Suppose the internal manifold My has torsion cycles and discrete cycles, where a discrete
Zy, r-cycle has boundary that consists of n copies of a (r — 1)-cycle (which is then an
n-torsion cycle, since n copies of it equals a boundary), and thus the boundary of the Z,
discrete cycles is trivial with the Z,, coefficient. Their Poincaré duals are

n(2)7'2 =d7, n(3)7'3 = d7o, n(4)7'4 = dr3, n(5)7'5 =d7s . (3.52)

Namely, the Poincaré dual PD(7;) is a (d — i)-cycle with Z, 1) coefficients (it is an open
Z chain which is closed only mod n+1) while PD(7;) is a n()-torsion (d — i)-cycle. In
general, they carry index labelling different cycles, so that n’s are integer matrices. We
have the following isomorphisms

Tor H;(My) = Tor H(My) = Tor Hy_;_1(My) = Tor H(My) . (3.53)

Thus, n(*1) = npd==1_ The matrix n can be symmetric or anti-symmetric depending on
the dimension of the corresponding cycles.
The integer forms 7 and 7T obey the orthonormality condition

/ Ti NTg—i = 1, (3.54)
My

where 1 is the identity matrix with indices labelling different pairs of cycles that appear
on the left-hand side of this relation. We note that, for a free cycle «,

/ TiNag_; =0= / T N Ty_i - (3.55)
My Mg
Similarly, since T is defined up to a closed integral cycle, we can take
/ Oéi/\?d_i:(]:/ ?‘i/\ﬁ,i_i . (3.56)
My My

Using the orthonormality condition we can decompose C’g as follows:

Cs3=> a;Bj ;+ 7;B3_1 + 7:B3_; , (3.57)
where
Bi; = / C3, Bz—i= / O3, Bs;= / Cs . (3.58)
PD(a) PD(7;) PD(7y)

The superscript F' denotes the free part.
Next, we use the Dirac quantization of the three-form gauge field, [dCs € 27Z, to
impose constraint on BZF , B;, B;, where d(C'3 is expressed as

dCs = > (~1)'audBf_; + 7 ((—1)'dBs—s + n By + (~1)"7dBs ;. (3.59)

Thus, for properly quantized [ dB}", [ dB;, [ dB; € 277, the gauge fields B; that come from
reduction of C'5 on torsion cycles 73_; must take discrete values with holonomies valued in
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oA =77 /n*=DZ, where r = dim(n(*~9). We note this is an off-shell condition indepen-
dent of the dynamics, and it follows directly from the Dirac quantization condition of Cj.
Moreover, since dC'5 is gauge invariant, the gauge transformation of B; also transforms

Ei_li
B; — B; +d)\,_1, Bifl — BZ',1 — (*1)in(4_i))\i,1 , (360)

and thus one can think of B; as the analogue of Stueckelberg field.

Let us compare this discussion with [72, 73]. The difference is that in [72, 73] the
discrete holonomy condition of B; is derived by taking the low energy limit of the kinetic
term coupling for C5 that contains g%|((—1)id§3_i + n(i)Bg_i)‘Q, by sending the coupling
g> — 0. Here we emphasize that the condition of discrete holonomy follows directly from
the Dirac quantization of C'3, and the gauge transformation of B; follows from the gauge
invariance of dC5. Unlike the discussion in [72, 73|, this does not require any information

about the dynamics, such as the value of the coupling constants.

4 Pol(pt) and 6d topological boundary conditions

In section 2, we considered the extreme case of d = 6 and Mg_g4 being zero-dimensional.
In this subsection, we will consider another extreme case of d = 0 and My = pt, a point.
In this case, the elements of Pol(pt) corresponds to topological boundary conditions of the
7d TQFT.

4.1 Pure and mixed polarizations

The pure polarizations are classified by maximal subgroups L of H*(pt,D) ~ D that
trivialize the pairing on D. Here, being maximal means that

L] = |LY] (4.1)

where LY = D/L. Then, the non-degeneracy of the pairing on D implies that LY =
Hom(L,U(1)) is the Pontryagin dual of L.

In the context of 6d (2,0) theories labeled by Lie algebras g, searching for such L
is equivalent to searching for a self-dual sub-lattice of the weight lattice g. Every such
sub-lattice corresponds to some group G = G /L that acts faithfully on any representation
labeled by a non-zero dominant weight of this lattice, where G is the simply connected Lie
group with the Lie algebra g. Such 6d theory is often said to admit a standard field theory
description with a two-form symmetry Z(G/L) [25].

Given any P € Pol(pt) and any 6-manifold Mg, we expect to get a maximal isotropic
subgroup A C H3(Mg, D). In the present case, it is constructed as follows. For a subgroup
L C D and any Mg, we have a long exact sequence of cohomology groups:

C = H2(Mg, LY) 22 H3 (Mg, L) > H3(Mg, D) = H3(Ms, L) 2% H3 (Mg, L) — ...
(4.2)
Here ¢, and m, are induced from the inclusion ¢ : L — D and the quotient map m :
D — LV, respectively, while 82 and 33 are Bockstein homomorphisms. Denote by A =

~ 51 —



1«(H3(Mg, L)) C H3(Mg, D) the image of ¢,. Then, it is easy to see that it is isotropic. It
is, in fact, also coisotropic (and hence maximal), as

AY := H3(Mg, D)/A (4.3)

can be identified with the image of 7, in H3(Mg, L") by exactness.

We should emphasize that, in general, (s is non-trivial, ¢, is not injective, and
H3(Mg, L) is not a subgroup of H3(Mg, D). Nonetheless, the image A is always maximal
isotropic. To better illustrate this point, let us consider the example of Mg = RP3? x RP3
and D = Z,4 (relevant e.g. to (2,0) theories labeled by g = s0(4n + 2)). We have

3
H*(Mg, Z4) = @ H (RP?, H* 7/ (RP®, Zy)) = Zy X Ly X Ly X g, (4.4)
1=0

which has a Lagrangian subgroup
A = o(H*(Mg,Z)) = 1 (Zy X Ly X Doy X Lug) = Ty X Ly X O X L3, (4.5)

where « : Zo — Z4 is the inclusion, 0 = Z; is the trivial group, and H'(RP3, M) =
2-Tor(M), H*>(RP3, M) = M/2M for M = Z,,. Note, this is different from (4.14) in [12],
which states that the polarization for the standard field theory is A = H3(Ms, L) = Z4 but
does not have the required order to be Lagrangian for H*(Mg, Z(G)) = Z3 x Z? (in this
case G = Spin(4n + 2), Z(G) = Zy and L = Zy).

More general background fields

Another caveat is that background fields for the the remaining LY symmetry are now
labeled by elements in H3(Mg, L) and not the subgroup AY. Thisis not a problem for
splittable polarizations, for which D = L @ L with some L and the Bockstein homomor-
phisms are all trivial. For a polarization L’ that is not necessarily splitable, it leads to the
following partition function on a 6-manifold,3°

Zg(Mg) = Y Xt Bz g, (4.6)
aeN

where A’ is again the image of H3(Mg, L') in H3(Mg, D), B' € A" with a chosen lift B’ in
H3(Mg, D), and B, is the projection of B’ to H3(Mg, L). Two choices of the lift of B’ can
differ by an overall phase in the partition function which cannot be canceled by changing
the normalization of partition functions (or, at the level of the physical theory, by adding
local counter terms). This means that the remaining symmetry A’V can have an 't Hooft
anomaly.

To incorporate more general backgrounds for non-splittable polarizations at the level
of partition functions, one needs to generalize the equation above to B’ € H3(Mg, L) that

36Here, for simplicity, we suppressed the dependence on the choice of quadratic refinement, which enters
through ¢ and an additional shift of B, by B, (cf. (3.19)), and can be easily restored.
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is not in A’Y. The right procedure is to modify B, by including a magnetic defect in the
theories given by the Poincaré dual of £3(B’).3"

Non-existence of mixed polarizations in 6d

We end this section with a comment about mixed polarizations. It turns out that, although
there can be many of them when d > 0, they can not exist for d = 0 in Pol(pt). One can
see this in the following way.

Assume P is a mixed polarization. Then, it determines a family of maximal isotropic
subgroups Ay, for each Mg, and the union of the image of

H3(Me,Z) x Apg — D, (4.7)

denoted as S(P) is not isotropic. However, this is not possible as S(P) labels charges
of strings in the theory T[pt,P] and all such objects are independent. In other words,
S(P) = S(P)ing have to be isotropic. For mixed polarizations to exist, S(P) has to have at
least two pieces in different cohomological degree, which is simply not possible for d = 0.
Therefore, in the remainer of this section, we will focus on pure polarizations.

4.2 Classification

Analysis in the previous subsection allows us to classify pure polarizations in Pol(pt) when
D is simple.
Recall that any finite abelian group is a product of cyclic groups with order being

a prime power, Z,k, and any subgroup is given by a product of subgroups of each Z.

Furthermore, anypbilinear pairing on D vanishes between different p-groups. Therefore,
we can concentrate on the case where D is a p-group (i.e. D is a product of Z, with
fixed p). It splits into be a sum of homogeneous parts, each being a sum of Z, with
fixed k, and a Lemma of Wall [74] ensures that the pairing also splits. However, for
classification of subgroups L, we cannot assume that D is homogeneous, as there could still
be interesting maximal isotropic subgroups L of D that does not respect the decomposition
into homogeneous pieces. Examples include D = Z3 X Za7. For any non-degenerate pairing
on this D, one can always find an L = Zg isotropic subgroup which is generated by a
non-homogeneous element of D. This illustrate that the classification of L’s is in general
more complicated compared to the classification of non-degenerate bilinear forms. Because
of this, we focus on those cases that are most relevant to 6d (2,0) theories.

We start with the case when D is a cyclic p-group.

3TWe remark that a similar consideration applies in general, when the trivialization is by a dynamical
field such as a “dynamical spin structure” (i.e. a dynamical Z, gauge field a that satisfies da = w2). Since a
Wilson line for a dynamical field (or, a Wilson n-surface for a field of degree n) has non-trivial correlation
functions (by “remote-detectablility” an non-trivial operator must have a non-trivial correlation function),
the trivialization is not well-defined everywhere. For instance, moving a magnetic observable through 3§ a
picks up a sign and, therefore, the spin structure, which only depends on =, is not well-defined. On a
manifold with non-trivial ws there are insertions of magnetic objects that link with the cycles where the
spin structure is ill-defined.
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D = Z, with a pairing given by x € Z;k.

There are only two isomorphism classes of x, that correspond to k being either a square
or a non-square. In both cases, the sought-after maximal isotropic subgroup L exists only
when k is even, in which case L = Z, /> is generated by pk? e 7.

This generalizes to D = Zy. In this case it is easy to see that such L exists if and only
if N = n? is a perfect square, in which case L = Z, is generated by n € Zy. An example
of this type is the “SU(n?)/Z, theory” in 6d. The corresponding topological boundary
condition will be discussed in the next subsection.

Another remark is that the quotient LV = Z,, does not have a canonical lift to D. This
translates into the fact that the corresponding topological boundary condition and the 6d
theory have an 't Hooft anomaly for their LY symmetry.

D = Z,r x Z,x with split pairing.

When D = Zg;i for some m € Z., the pairing can always be made to split among the m
copies if p is an odd prime. This is not always possible for p = 2, which will be discussed
separately.

After the bilinear form is made diagonal, it can be characterized by a pair (k, k') of
square or non-square numbers in ZX,. However, having both of these numbers non-square
is equivalent to having both square [74]. So, there are really only two choices.

When k = &' = 1, any element (a, b) in L needs to satisfy a®+b*> = 0 (mod p”*). Assume
p’la and p®|b for an integer £. If £ = 1, then L contains an element of the form (1,b;,) with
b% = —1 (mod p*). Therefore, such subgroup only exists if —1 is a quadratic residue mod
p¥. On the other hand, if any elements in L has ¢ = k/2, then L is L )2 X L2 C Lk X L
generated by (p¥/2,0) and (0, p*/?).

Furthermore, if —1 is a quadratic residue mod pF=2¢ for 1 < ¢ < k /2, then there exists
an L = Zy_y X Zy generated by (pg,pebk,gg) and (O,pk%), where bp_oy is a square root of
—1 mod pF—2¢.

An interesting fact is that the square roots of —1 mod p™ for any m € Z, and p odd
are in bijection with square roots of —1 mod p, which exist if and only if p = 1 (mod 4).
And when p =1 (mod 4), there are two choices. Summing them up (and adding the extra
one for ¢ = k/2 when k is even) leads to k + 1 choices for L.

On the other hand, if p = 2, then only for m = 1 one can have —1 as a quadratic
residue. In that case, there is only one choice of L in Zyx X Zqr, generated by either (27,0)
and (0,2") when k = 2n, or (2",2") and (0,2"*!) when k = 2n + 1.

Therefore, the total number of the desired subgroups L is given by

1, p=2
F(p*,p*) =4 k+1, p=1 (mod 4) (4.8)
kE+1mod2, p=3 (mod4).

The case when one of k or x’ is non-square can be analyzed in a similar way, with the
role played by the residue-1 and residue-3 primes switched. This is because the condition
for existence of L is now linked with the condition of —x’ being a quadratic residue, and
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as k' is a non-square, this implies that —1 is also a non-square. This is only true mod p™
with m € Z4 when p =3 (mod 4).

Generalizing to D =Zy X Zx

Again, we first assume that the pairing is given by x = ' = 1 as other choices will be
completely analogous.

To find the desired L, one only needs to apply the result to Z,x X Z, for all prime
factors of N. Assuming N =[], p;’, the total number of choices of L is given by

FN.N) = [ Fl ). (1.9)
=1

This is non-zero only if r; for residue-3 primes are all even. Then,
F(N,N) = > rm+L (4.10)
pi=1 (mod 4)
One might also be interested in the number of choices modulo outer-automorphisms of

ZNn X Zn by (Zg X Za) X Za, generated by multiplying with —1 each factor and switching
the two factors. This counting is given by

GIN.N) = % V” + IJ . (4.11)

pi=1 (mod 4) 2

The table below summarizes the number of choices of L in Zy X Zy for small N, where
we skipped the entries with F(N, N) = 0.

N 2141589101316 |17 |18 |20 |25 | 26|29 | 32| 34
F(INNN)|1|1]|2|1]|1] 2 2 1 2 1 2 3 2 2 1 2
GINNN) |1 |1]1]1]|1]1 1 1 1 1 1 2 1 1 1 1
D:Zpk XZpk/ and D:ZMXZN

¢

We now consider the ’

‘inhomogeneous” case of D = Z,r X Zpk/, again assuming without
loss of generality x = " =1 and ¥’ > k. Let 2s = k¥’ — k; obviously, s has to be integer for
L to exist.

Let p’ be the generator of the image of L under the projection to Zyk. Then, the pre-
image is (p, b) with a b such that p*+2¢ 452 = 0 (mod p*'). So p*T¢|b, and by,_op := b/p*t*
is a square root of —1 mod pF=2¢. Therefore, the story is completely similar to the case of

k" = k, and the number of L is given by
F(pF,p¥), if k <k and k' — k is even
F(p",p") =< F¥ ,p), if k > k' and k' — k is even (4.12)
0, if ¥ — k is odd.
As for the function G, although the Zs automorphism of the swapping the two factors is

lost, one still has the exact same relation as in (4.12) between G (p*, pk/) and G(p*,p").
This immedietly generalizes to the case of D = Zyr x Zy. If N = [[;p;* and M =

IL pz;, then the number of choices for the desired subgroup L is given by
F(M,N) = [[F,p™). (4.13)
pi
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D =79 X 7o X Zo X Zo with non-split pairing

One difference between p = 2 and odd p is that the bilinear form sometimes cannot be
made diagonal along cyclic subgroups. A minimal example is D = Zy X Zo with pairing
given by multiplication mod 2. In this case, there are three Zo subgroups and they all are
maximal isotropic.

The next case relevant for us is D = Zg X Zgo X Zo X Zs. We have actually already
encountered the problem of finding maximal isotropic subgroups of it in section 2.8. There,
we found that there are 15 choices, 9 of which are generated by (a,0) and (0,b) where a
and b can each be (10), (01) or (11), while the remaining 6 are generated by (01,b) and
(10,0") with b #£ b'.

Classification of absolute 6d (2,0) theories

The discussion above allows us to identify absolute 6d (2,0) theories. We will assume the
gauge algebra g of the theory does not contain abelian factors, and is decomposed into
irreducible pieces

9=0100®...0g, (4.14)

where each summand is of type ADE.
We first consider the case of r = 1. There are four infinite families parametrized by
n > 2 and two special ones.

’ g ‘ D ‘ L ‘ # of choices of L ‘ # mod Aut(g) ‘ Theories ‘
Anz,l an Zn 1 1 SU(nz)/Zn
Dontt1 | Za | Zs 1 1 SO(4n + 2)
Dyn | Zo X Zso | Zs 3 2 SO(8n), Ss(8n), Sc(8n)
Dan—o | Za X Z3 | Zo 1 1 SO(8n — 4)
Dy Zo XLy | Zo 3 1 SO(8), Ss(8), Sc(8)
Es 0 0 1 1 Es

In the above table, we labeled a theory by a Lie group G when the charge lattice for strings
Astring coincides with the character lattice of G, while Ss and Sc¢ (and SO for Dy) are used
to distinguish between different but isomorphic sub-lattices of the weight lattice of Dys,.
The theory D4 (and more generally Dy, ) will be discussed in greater details in section 6.

The case of r = 2 is more interesting. The theories are listed in table 1. We assumed
that there are no Fg factors, as otherwise it would reduce to the » = 1 case.

Most of the entries, including A® A, A® Dy,_1, A® E and Dy,_1 & Dy,_1, directly
follow from our analysis of the D = Z); x Zy case with K = ' = 1. Notice that E; can be
treated as if it were A1,3® while Eg behaves differently from A even though they both have
D = Z3 (but their pairings on D are different). The cases that require a closer look are

e Dy, 3, for which the pairing on D = Z4 is given by k = —1;

38However, the reader should not have the impression that they correspond to the same 7d TQFT: they
are related by (2.13). Indeed, although E7 and A:; both have D = Zj, the quadratic functions on D are
different.
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g D L ‘ # of choices of L ‘ # mod Aut(g) ‘ # irreducible

Apm—1 © A1 Ly, X Lo, See analysis in section 4.2

A2 1® Dap_o | Zpp2 X Z% Liyn, X Zig 1 1 0
Ap2 1@ Dopg1 | Lz X Ly | Ly X Zg 1 1 0
A2 1D Dy, Lopz X L3 | Ly X Zg 3 2 0
A2 1D Dy Lopz X L3 | Ly X Zg 3 1 0
Apn2_1® Dyp_3 | Ligpy2 X Ly Ly, 2 1 1
Az 1@ Eg Zism2 X L3 Zi3m, 2 1 1
As2_ 1@ Er Loz X L Ziom, 1 1 1
Dyp—2® Dyp—o 73 Lo X Lo 3 2 1
Dypm—2®@ Dy 73 Lo X Lo 3 1 0
Dypy—2 @ Dayy, 73 Lo X o 3 2 0
Dopti1® Dons1 | Zy X Zy | Zo X Zs 1 1 0
Domi1® Dap_o | ZaxZ3 | Zo x Lo 1 1 0
D2pyi1® Dyy Zyx 73 | Lo x Lo 3 2 0
Dopi1® Dy Zyx 73 | Lo x Lo 3 1 0
Dy—3® Dyp_1 | 24y X Zy Zy 2 1 1
Dy Dy 2 1

Dy @ Dyp, 3 1
2D ym 73 Lo X o 15 5 2

Dy @ Dyy 6 2

Table 1. Classification of absolute 6d (2,0) theories labeled by g = g1 ® g2 a sum of two pieces.
All m and n are integers > 2 except in As,,2_1, where m can be 1 as well. For the last column,
“irreducible” means that L C D does not respect the decomposition of D into two pieces, which
implies that the resulting 6d theory is not a product of two non-interacting theories. Any g with
an Fg summand are not included because having an Eg will reduce to the » = 1 case. For the case
of Apy1 @ Apn_1, the number of choices of L is given by the function F'(m,n) in (4.13). For a given
m and n, it is easy to enumerate all choices of L following the algorithm introduced before, and
whenever F' # 0 and M, N being non-square, there is always an irreducible L.

e Dy,, for which D = Zs x Zy has non-split pairing and has an additional outer-
automorphism when n = 1;

e and Dy,_o, for which D = Zs x Zy has split pairing.

Some of the cases (such as Dy, @ Dyy,) were discussed earlier, while the rest can also be
easily dealt with as D is quite simple. For instance, one case where our previous analysis
does not readily apply is the case of Axy_1@® Dy,—3. But factorizing Zy into p-groups leads
to the condition that N = 4m?. Then, besides L = Zsa,, X Zo, there are two additional
choices of L = Zyy,, generated by (m,1) or (m,3). These two choices are related by an
outer-automorphism of Dy, _3.

Some of the resulting theories are direct sums of absolute theories with r = 1, but
there are also (infinite families of) “irreducible” theories that cannot be decomposed. In
the case of Ay,2_1 ® Dyp—3, L = Zom X Zs is reducible, while L = Zyg,, is irreducible.
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4.3 Boundary conditions

In this subsection, we wish to study in concrete examples the relation between polarizations
and topological boundary conditions.

Example 1: D=7,

We start with the case of Z,, C Z,2. A 7d TQFT that has this particular defect group has
action

n2
Ses = - / cac. (4.15)
47

This is the bulk theory for the 6d (2,0) theory labeled by g = su(n?).3? Then the isotropic
subgroup L = Z,, corresponds to the boundary condition

Clop = B3 (4.16)

where Bs is a Z,-valued field on the boundary. This boundary condition can be imposed
by the following boundary term

Sy = % /8(0 — B3)dY (4.17)

where Y is a U(1)-valued 3-form field. It is easy to check that this boundary condition is
consistent and gauge invariant. An interesting fact is that this boundary condition has an
't Hooft anomaly, which can be cancelled by a bulk action

n2
Sinv = — [ BsdBs. 4.18
471'/ 3853 ( )

Therefore, it is more natural to view this as a domain wall between the 7d Chern-Simons
theory and the invertible theory above. When a relative 6d theory is paired with this
topological boundary condition, one finds a 6d “projective” theory, i.e. an absolute theory
except that it has an 't Hooft anomaly, see figure 4. In this paper, the term “absolute
theory” also includes projective theories, and in similar vein we also refer to such domain
walls as boundary conditions of the 7d Chern-Simons theory for simplicity.*°

One can understand the fact that D = Zy has such a subgroup L only when N is a
square from the consistency of the boundary condition. For example, if one instead has

N
Sos = 7 / cdc (4.19)
and
Sy =2 [(C — By)dY (4.20)
0= 4r 5 3 '

with m|N, then requiring the boundary variation to vanish when varying C' and Y requires,

respectively, that C' is valued in Zyy/,, and in Z,, subgroup of U(1). This can only be

compatible when N = m?2.

39In general, this statement is true only modulo an invertible theory in 7d. However, the effect is an
overall phase for partition functions that we won’t keep track of.

4ORequiring the invertible theory to be trivial leads to a stronger condition on L than requiring that
the quadratic function q on L vanishes. This is an analogue of a similar condition for the existence of
topological boundary conditions discussed in [37].
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Example 2: D =Zy x Zx with diagonal pairing

Here, “diagonal” means that the pairing between two Zy factors is zero. One 7d TQFT
with this D is given by

N
Sos = 1 / (C1dCh + CadCh). (4.21)

This is (again, modulo an invertible theory) the bulk theory for the relative 6d (2,0) theory
labeled by g = su(N) x su(N).
One can attempt to add a boundary term

IN
Sy = X / C1Cs. (4.22)
4 Jo
This will impose the boundary conditions
Cilg = —LCs)s (4.23)

and
Calo = 0C g (4.24)

which will be consistent only if 2 = —1 (mod N). Therefore, —1 has to be a quadratic
residue in Z for this boundary condition to make sense. When this is the case, a Zy-valued
boundary field B3 can be added by modifying the boundary action to

(N
Sy = - / C1Cs + By(Ch — (Cy), (4.25)
47 Jo
The boundary condition is now
Chlop = —0Csl9 + Bs. (4.26)
This include examples of 6d (2,0) theories labeled by g = su(N) x su(N) with
N = 2, 5,10, 13, 17, 25, 26,...
but not
N = 3,4,7 8 9, 11, 12, 14, 15, 16, 18, 19, 20, 21, 22, 23, 27,...

which can not be made absolute using topological boundary conditions of this type.*!
Another way to understand why the topological boundary conditions exist for such
special N is to realize that when —1 is a quadratic residue mod N, the 7d TQFT defined by
the action % J CdC is invariant under parity (modulo a possible shift of background field),
Thulk ~ 7bulk Then the folding trick can be used to give a topological boundary condition
for two copies of the 7d theory. Namely, one can fold along an identity interface in the 7d
theory 7Pk to obtain a topological boundary condition for 7Pulk @ 7bulk ~ Fbulk g gbulk

“For some N, such as 4, 8, 9, 16 and 18 there are topological boundary conditions of different type,
which may require introducing auxiliary fields to be explicitly written down.
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Example 3: D = Zy x Zo with non-split pairing

When D = Zo X Zs, there are two inequivalent choices of non-degenerate bilinear form.
One of them is the diagonal form discussed earlier, which is relevant for 6d (2,0) theories
labeled by g = spin(8n+4). The other is non-diagonal that corresponds to 6d (2,0) theories
with g = spin(8n). For the case of Spin(8), the 7d theory is given by

1

Ses=4- Y K / CydC, (4.27)
T rJ=1234

with K7 given by the Cartan matrix of Spin(8),

2 -1-1-1
-1 2 0 O

K = . 4.2
-1 0 2 O (428)
-1 0 0 2

The equations of motion 2C7 — Cy — C3 — C4 = 0, —C1 + 2Cy = 0, —C1 4+ 2C3 = 0,
—C1+2C4 = 0, which imply Co+C35+Cy =0, C; =0, 2Cy = 2C3 = 2Cy = 0. Then there
is a boundary condition given by

Calo = Cslg + C4ls = 0, (4.29)

with the boundary action
1
. 4.
So o / C3Cy (4.30)

This is well-defined using the quadratic refinement @) for the Zs-valued intersection pairing
on H3(Mg,Zs). This quadratic function has been used in the definition of the Arf-Kervaire

invariant [75-77]. Since on the boundary C3|s = —Cl4ls, the above boundary term can be
viewed as the quadratic function

™ i

ZQC™), (4.31)

where § CY® = 0,1 is given by C3|p = —Cy|y = 7C45.

There are three boundary conditions of the similar form obtained by permuting Cs, Cy
and Cy. These corresponds to the three choices of Zy subgroup inside Zo X Zy. One can
also add a background field B3 on the boundary. To achieve this, it is more convenient to
use a different but equivalent formulation of the 7d theory. For more details, please see
appendix F.

4.4 Quadratic refinement, discrete theta angles, and partition functions

In table 1, we classified absolute 6d (2,0) theories with » = 2 by classifying choices of
certain subgroups of D. As we have seen in the case of Pol(Mjg), one often needs to specify
a quadratic refinement in order to define the partition function of the theory. We shall
explore such choices for Pol(pt) in this subsection and relate some of them to discrete theta
angles of 6d theories.

For A € Pol(Ms), the valid choices of quadratic function on A form a torsor over 2-
Tors(AY). All choices are allowed, and should be treated democratically. For a polarization
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P € Pol(M,) with d < 6, a quadratic function becomes a non-trivial functorial cohomolog-
ical operation that refines the intersection pairing. In the case of d = 0, it is a quadratic
function

q: H3(Msg, L) — Q/Z (4.32)

that can be defined for any Mg. Such functions are rare, and all the choices known to us
are built from three basic examples with L = Zo, including

e g = 0 the trivial function,
e q(x) = w3z multiplication by w3,

e ¢(x) = Q(x) the quadratic refinement for the Zs-valued intersection form used in
defining the Arf-Kervaire invariant.

They are all valued in HY(Mg,Zo) = Zo. The first two are possible when the symmetric
pairing on H?(Mg, L) vanishes,*® while the third is used when the pairing is non-trivial.
In general, one can add a term ¢(z) = wsx to an existing quadratic function.

In fact, the second choice of the quadratic function in the above list can be generalized
to L = Zon using the reduction of the integral Stiefel-Whitney class W3 mod 2N, and
then generalized further to arbitrary L via the decomposition into cyclic groups. In this
way, one again arrives at the conclusion that 2-Tors(LY) acts on the space of quadratic
functions. Conversely, the difference between two quadratic refinements on the same Ay,
can be viewed as a 2-torsion element in H3(Mg, LY). It seems natural to expect that
demanding it to be universal/functorial with respect to Mg should imply that it has to
be a reduction of W3. Such reductions are classified by maps Zy — LV, or equivalently
elements in 2-Tors(L").

Physically, the difference between the two choices is characterized by an element ~ in
2-Tors(L") that corresponds to turning on a background flux B., € H3(Mg, L") which is a
reduction of W3 given by ~ : Zo — LV.

We will give some examples to illustrate the role played by a choice of quadratic
function. First consider the case relevant to 6d (2,0) theories with g = spin(8) and D =
Zg X ZQ.

The SO(8n), Ss(8n) and Sc(8n) theories

One can decompose D = Lgs ® Lg, with Lgs = Lg, = Zo. This gives a basis to express
the partition vector as a collection of

Z55.(Ms),  Bss € H*(Ms, Z). (4.33)

The partition function of the Ss(8n) theory is by definition Zg2,. In addition, there is a
“Ss(8n)y,” theory with partition function given by Z giwg.

“2This is actually a quadratic function because ¢(mz) = mwsz = m2wszz = ¢(m?z), since m*> = m
(mod 2) for any integer. On a non-orientable manifold, one can also consider multiplication by wws.

43Recall, that one can define a symmetric (possibly, degenerate) pairing on A once a splitting of
H?(Ms, D) is chosen. This also defines a pairing on H*(Ms, L) via pull-back along H?(Ms, L) — Ang.
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The partition function of the Se(8) theory with general background is

Z;ggc(Mﬁ) = Z(—)BSCBSSZEZS(M@-), Bs. € H3(Mg, Zs). (4.34)
BSS

Again, shifting Bgs. by w3 gives the “Sc(8n)y,” theory with the partition function

Scw _ Bgs 7S
Z5¢w (Mg) =Y (=)"3P5Z3° (Mg). (4.35)
BSs
The SO(8n) theory is more interesting. It corresponds to a choice of diagonal Zg and, as a
consequence, the symmetric bilinear form on H?3(Mg, Lso) is non-zero, and the quadratic
refinement can be chosen to be ). The partition function is now

Z30 (Mg) = Y (—)9Bsa)+BsoBss 755 (£g),  Bso € H*(Mg, Zo). (4.36)
Bss
Again, there is a SO(8n)q, theory obtained by shifting Bso,,, = ws + Bso corresponding
to choosing the different quadratic function Q(z) + wsz.

Of course, one can decompose D in other ways; from the point of view of D and the
pairing on D, they are all on equal footing. This would indeed be the case for n = 1,
when Out(spin(8n)) = S3 can be used to relate different choices of L and L. However,
when n > 1, we only have a Zy outer-automorphism and not all choices are equivalent.
Lgs and Lg. are exchanged while Lgo is left invariant. For the Ss (or Sc¢) theory, it is
natural to choose Lgs = Lg. (and Lgs = Lg.), which is what we did in the above analysis.
But, it is also possible to choose Lgs = Lgo, which amounts to normalizing the partition
function by (=)@, In the SO theory, there is no canonical choice between Lgo = Lgs
and Lso = Lg.. The two choices differ by a 6d SPT given by the Arf-Kervaire invariant.
Depending on the choice, gauging the Zs symmetry of the SO(8n) theory can either lead
to Ss(8n) or Sc(8n) theory.

Put differently, the question whether gauging the Zs 2-form symmetry of SO(8n) gives
Ss(8n) or Sc(8n) is not well-posed and depends on a choice of duality frame. After all,
these two are equivalent as physical theories. At the level of charges of strings in the 6d
theory, a new set of strings will emerge after gauging the Zy symmetry of SO(8n), and we
can choose to label them either by the spinor or co-spinor representations of spin(8n).

In general, suppose a Zs two-form symmetry is non-anomalous, one can gauge it and
add an SPT phase for the two-form symmetry given by the Arf-Kervaire invariant. Some
properties of the Arf-Kervaire invariant are reviewed in appendix B, where we also discuss
Zo higher-form gauge theory with action given by the corresponding quadratic function.
The Arf-Kervaire invariant in (1 4+ 1) dimensions is the effective action for the Kitaev
chain [78] fermionic SPT phase [43].

We will come back to this example in section 6, after discussion of 5d theories.

Absolute theories from spin(8m) & spin(8n)

In this case, D = Z3, and there are 15 different choices of L = Zy x Zs inside D. For each
of them, there is LV = Zo X Zs symmetry and the four quadratic refinements corresponds
to shifting the background fields of LV by (0,0), (ws,0), (0, ws) and (ws,ws), respectively.

— 62 —



Nine out of the 15 theories are of the form G x G’ with G and G’ being SO, Ss or
Sc. These corresponds to reducible L. The remaining six choices are more interesting and
leads to irreducible theories.

Using the result from the previous example, one can write down the partition functions
for all of these theories. We will work in the basis given by D = Lot @ Lo with the
“reference choice” of Lyt = Lgs ® Lsy and Lyef = Lg. ® Lge. Then for any other choice L
the partition function is always in the form

zb =" #(B,B)Z¥Z% . B,B € H*(Mg,Zs x Zs), (4.37)
B,B’

for some function f(B,B’). For the reducible theories, f(B,B’) = ¢(B)g(B’) can be
factorized with g and ¢’ given by the delta function dp g, the constant function 1, or
(—)9B). For the irreducible theories, this function is given below

label construction L f(B,B")
“vsc” (Ss x S§')/Zq {0, (vv), (ss), (cc)} 0B.B'

“csv? (Ss x Ss') /74 {0, (ve), (ss), (cv)} 5p.p(—)QPB)
“ves” | (Ss x Ss') /7o x Zs | {0, (vv), (sc), (cs)} (—)BB

“scv” | (Ss x Ss')/Zo x Zs | {0, (vs), (sc), (cv)} (—)QB)+BB
“cvs” | (Ssx 88")/Za x Zs | {0, (ve), (sv), (cs)} (—)QB)+BE’
“sve” | (Ss x 88') /%y x Ly | {0, (vs), (sv), (cc)} | (—)@B)I+BB+Q(B)

Here we have used short-hand notation v, s and c¢ for the three non-trivial elements in
Ly x L, and BB’ the Zs-valued function given by [, B U B', indicating that the theory
has a discrete theta angle, making an otherwise reducible theory irreducible. The second
column describes how to physically construct these theories starting with the Ss x Ss’
theory and gauging the whole for the diagonal of the Zs X Zo symmetry group. In this
process one can choose a discrete theta angle which can be read off from the form of f in
the last column.

We will outline the computation for f in the theory labeled by “vcs” and “sve” with
the rest being very similar.

This choice of Lycs leads to a subgroup Ayes of H3(Mg,Z3) generated by a(cs) and
B(sc) with a, 8 € H*(Ms, Zs). The quadratic function can be chosen to be

qla(es) + B(sc)] = a- = aUp. (4.38)
Ms

It is easy to check that this refines the symmetric pairing on A given by*4

(a(cs), a/(¢s))sym = (B(sc), B'(s¢))sym = 0, (4.39)

“Recall that the symmetric pairing is defined by first decomposing H*(Mg, D) into Ayet ® Arer using
D = Lyet @ Lyet, and then

(@, Y)sym :=/ Px. () Upa,(y), forz,yeA
Mg

where p’s denote projections onto the Aer and Kref. As we commented before, there are three more quadratic
refinements of this bilinear form given by shifting ¢ by wsa, w3 and ws(a + 3).
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and
(a(es), B(sc))sym = - B. (4.40)
Then applying the general formula for the partition function (2.44) leads to f(B,B’) =
(—)BE (a(cs) + B(sc)) = (B =a,B' = f3) € At
Similarly, the choice of Lgy. leads to a subgroup Agy. generated by a(vs) and S(sv).

, as the projection py

ref

The quadratic function ¢ given by

qla(vs) + B(sv)] = Q(a) + Q(B) +a- B (4.41)

refines the symmetric pairing given by

(a(vs),d (v8))sym = - o/, (B(sv), B (50))sym = B ', (4.42)
and
<Oé(’US), 6(5v)>sym = Q- ﬁ (443)
And this ¢ leads to a discrete theta angle given by

f(B, B) = (—)@BIFBEHOE), (4.44)

For each choice of L, it is straightforward to turn on an LY-valued background field.
We will omit the answer here.

5 Compactification to 5d

In this section, we study Pol(S!) which leads to an absolute 5d theory. Unlike Pol(pt),
where mixed polarizations do not exist, there are often many mixed polarizations in Pol(S*)
for sufficiently complicated choices of D.

We will start with a general discussion about classification of polarization on S and
then move to concrete examples.

5.1 Classifying pure polarizations on S*

As H*(S',D) = DO ¢ DM with symmetric pairing between the two pieces in degree 0
and 1, it might appear at the first sight that the classification for pure polarization would
be completely equivalent to the 6d story with replacement of D by two copies of D. This
is not completely correct, as L C H*(S!, D) is assumed to be a sum of graded pieces
LW c H (S, D). Therefore, the right way to classify L is to find two subgroups L) and
LM of D that pair trivially with each other. Further, L is also required to be maximal.
This will turnout to be simpler than the classification problem we encountered in 6d.

Two canonical choices of pure polarizations

Such choices of L always exist, and there are two canonical ones given by

L=D® and L=DW, (5.1)
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bulk Bp, T[S
Tbulk[sl]
Reduction on St
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Figure 9. Three-dimensional operators in 7°"¥ wrapping the disk ¥ become 2d surface operators
stretched between the topological boundary Bp, and the relative theory T[S]. After colliding the
two boundaries, they become line operators in T'[S!, P].

They correspond to two polarizations Py and P;, which in turn lead to two absolute
theories. The theory T[S!,Py] has 1-form D symmetry with line operators carrying the
charge, while the theory T[S',P;] has 2-form D symmetry with charged objects being
strings.

Both polarizations are splittable, and splitting is given by L = D™ or D) respectively.
As a consequence, there are always two sets of canonical basis for the partition vector of
the T[S1] theory. To see this more clearly, consider the theory on Mg = S x Ms. The two
choices of polarization correspond to decomposing

H3(Mg, D) = H*(Ms,D) ® H*(M5,D) = A ® A, (5.2)

with A = H3(Ms, D) and A = H?(Ms, D) for Py, and the opposite for P; with A =
H?(Ms,D) and A = H3(Ms, D).
Among them, Py is geometric, given by capping off S with a disk ¥, as D is the
image of
H*(%; D) — H*(S', D). (5.3)

The line operators in the theory T[S', Py] live on the boundary of 3d operators in 7 Uk
wrapping Y. To see this, it is more convenient to use the homology version of the map above,

Hy(%, S D) — H(S', D). (5.4)

After reduction on S', one obtains 7P"X[S!] with 2d surface operators that can end on
the topological boundary condition given by ¥. The line operators in T'[S*, Py] come from
surface operators stretched between the two boundaries. See figure 9 for an illustration.

Reduction of 6d (2,0) theory

These two polarizations can be understood rather concretely for the 6d (2,0) theories. It
is believed that their compactification leads to N/ = 2 supersymmetric Yang-Mills theories
with some gauge group G whose Lie algebra is g that labels the 6d theory [79-82].

The precise form of the gauge group (and, as we will see soon, other discrete data
such as possible discrete theta angles) depend on the choice of polarization. For the two
canonical pure polarizations Py and Pj, they give rise to the G gauge theory and the
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Goa =G /Z (é) gauge theory, respectively, where G denotes the simply-connected form of
a group with the Lie algebra g.

As an example, consider g = su(N). Then Py leads to an N' = 2 theory with gauge
group SU(NN) while P; leads to the PSU(N) gauge theory.

More general pure polarizations

We do know that there are in general more forms of G with the same Lie algebra between
Gaq and G. For example, in 5d we can have theory with gauge group SU(N)/Zj, for any
kE|N. It is natural to wonder whether they also come from suitable choices of polarization.

The answer to this question is affirmative, and the choice leading to SU(N)/Zj is
given by

L=20), x2) c 2 x 7). (5.5)

More generally, one can take L(®) to be any subgroup of D, and LY to be the
subgroup of DWW consist of elements that pair trivially with L. It is clear that L is
maximal, as L) is the Pontryagin dual of D(© /L(O) and anything in D(© that is not in
L) won’t pair trivially with all of L(1).

In the context of 6d (2, 0) theories, such a polarization would leads to a 5d super-Yang-
Mills theory with G / L© gauge theory. Therefore, one can obtain any compact global form
with Lie algebra g.

Such a polarization will leads to a theory with D/L(") ~ (L)Y 1-form symmetry and
D/LO ~ (LM)V 2-form symmetry. Charges of line operators are classified by L(®) while
charges of strings are classified by L(!).

We can also turn on discrete theta angle in 5d theories. For example, if a theory
is obtained by gauging a L(®) symmetry of T[S, Py], then there are a collection of Z,,-
valued discrete gauge field By € H?(Mj5, Zy,) for such cyclic subgroup Z,, of L and one
can introduce a topological term proportional to [y, Bs U Bock(Bg) using the Bockstein
of By, and the coefficient for this term leads to a discrete theta angle. As we will see
later, this is only non-trivial when m is even, and the discrete theta angle will be Zs-
valued. Alternatively, one can mix different factors Z,, and Z,, via a term proportional to
Jaz, B2 UBock(Bs), with a ged(m, n)-valued discrete theta angle.

It turns out that these two types of theta angles have different origins, with the former
related to quadratic refinement, and the latter related to mixed polarizations.

Quadratic refinements for pure polarizations

Similar to the 6d case that we discussed in the last section, the quadratic function is now
a quadratic cohomological operation:

q: H*X5,LW)® H3 (X5, L) - Q/Z. (5.6)

As the two parts pair trivially, ¢ is determined by its value on H? and H? separately. After
choosing At = H*(Ms, D) and Ayt = H3(Ms, D), the symmetric bilinear form on A for
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any A from pure polarization Py, is trivial, so ¢ = 0 is a valid choice for the quadratic
function. However, there are more choices such as*®

q(B2) = /M w3 U By (5.7)

and
q(Bg) = / wy U B3 (58)
Ms

for B g € H*3(Ms,Zs). Quadratic functions of this form are classified by homomorphisms
from Zy to L, which in turn are labeled by elements in 2-Tors(L").

Physically, the role of ¢ in this form is to shift the background field By or Bs for
the 1-form or 2-form symmetry by ws or ws, respectively. As an example, consider the
case of D = Z4 such as (2,0) theory with g = su(4). Then, there is a 5d theory given
by L = Zgo) o Zgl) with SU(4)/Zs ~ SO(6) gauge group. This theory has Zs 1-form
electric symmetry and 2-form magnetic symmetry. There are four different choices of ¢
leading to four different theories obtained by shifting the background fields (Be, By,) €
H?(X5,79) ® H3(X5,Zs) by (0,0), (ws,0), (0,w3) and (ws,ws). The first and the third
are obtained from reduction of the 6d SO(6) or SO(6),,, theory.

Symmetries and anomalies

We now analyze anomalies of the T[S', Pr] theory. The theory has (L)Y = D/L(M) 1-
form symmetry and (L())Y = D/L(©) 2-form symmetry. As discussed in previous sections,
their anomaly can be captured by the ambiguity of lifting By € H 2(M5,D/L(1)) and
Bs € H3(Ms, D/L") along the second map in
H?(Ms, L) @ H* (M5, L) — H*(Ms, D) @ H*(Ms, D)
— H*(Ms,D/L™M) & H3(Ms, D/LO). (5.9)

Any two lifts differ by the image of
(0B2,0Bs) € H*(M;5, L) & H3(Ms, L), (5.10)
which gives a gauge transformation of the LY symmetry. Then a non-trivial pairing

<(BQ, Bg), ((532, 5Bg)> = » B96Bs + B30By := <BQ, (5Bg> + <(5BQ, Bg) (5.11)
5

describes an 't Hooft anomaly of the LY symmetry. Here, the pairings on the right are
the natural ones between H?(Mjs, L) and H?(Ms, (LM)Y), and between H3(Ms, L))
and H?(Ms, (L(®)Y). This anomaly can be canceled by coupling to a 6d invertible TQFT,
whose action can be expressed in the continuous notation as

KIJ
> -5 /6d BldB{ (5.12)

with the K!7 from the coefficient matrix of the three-form Chern-Simons theory in 7d.

45 Again, they are quadratic ¢(mBsz,3) = m>q(B2,3) because m? = m (mod 2).
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We will arrive at this action from a different point of view later after we relate polar-
izations on S! with boundary conditions of TP"[S!]. Notice that in the special case of
L = LM the 5d theory will be a reduction of a 6d absolute theory. From that perspec-
tive, the action above also arises as the reduction of the 7d invertible theory describing the
't Hooft anomaly for the 6d theory.

5.2 Mixed polarizations and discrete theta angles

An interesting phenomenon for reduction of 6d theory on a circle is the possible existence
of mixed polarizations.

By definition, they are not obtained by choosing a subgroup L of H*(S!, D), but
nonetheless a mixed polarization P specifies a maximal isotropic subgroup Ap(Ms) of
H3(Ms x S, D) for each Ms.

All such polarizations will turn out to be generalizations of the following example with
D = Zy, X Z,. We use By and B} to parametrize H2(Ms, Zy, X Zy). Then one can consider
Ap(Ms) generated by

(B, By, k' BY, k6 By) € H*(Ms, L) © H*(Ms, Zy) © H*(Ms, Z) © H*(Ms, Zy,)
= H3(M;5 x S, D) (5.13)

with k € Z, where
§: H*(Ms,Z,,) — H3(Ms,Zy,) (5.14)

is the Bockstein associated with

Loy — Loy, — Loy, (5.15)
or essentially?6
chd(m,n) - chd(m,n)2 — chd(m,n)' (5'16)
The homomorphism
§' . H*(Ms,Z,) — H*(Ms,Z,) (5.17)

is similarly defined. A short computation confirms that this Ap(M;5) is indeed maximal
isotropic for any choice of M5, and it only depends on k modulo ged(m,n). Notice that
in (5.13), it is important that the coefficient of 6 By and ¢’ B is the same. In other words, the
subgroup generated by (Ba, Bb, k'6' B}, kdBg) is only isotropic is k = k¥’ (mod ged(m,n)).

This family of maximal isotropic subgroups will turn out to be functorial, and the
mixed polarization will be denoted as P(Zy, X Zn; k) with k € Zgeq(m n)- For k =0, it will
actually become the pure polarization Pj.

46Tn other words, it only depends on By modulo elements in H? (M5, Zyy jged(m,n) ), and only hits elements
in H*(Ms,Zy) via H*(Ms, Zgea(m,ny) — H*(Ms, Zy,).
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fractional charge at
1d boundary

NN

Figure 10. In the theory T[S',P] given by a mixed polarization P, there are strings whose
boundaries carry a “fractional charge” under the 1-form symmetry of the theory. This does not
contradict the Dirac quantization condition, which applies only to independent objects.

More general mixed polarizations and remaining symmetries

To get all the other mixed polarizations, one only needs to generalize the above in two
directions. The first is to allow taking a subgroup L(}) of D, while the second is to allow
a k € ZLged(mn) for any pairs of cyclic subfactors of LM Then it leads to the following
maximal isotropic subgroup Ap (a0 (M5) C H3(M; x S, D) generated by

(By, 0By + Bs) € H*(Ms, L) @ H3(Ms, D). (5.18)

Here Bs are elements in H3(Ms, D) that pair trivially with any Bs, which come from
H3(Ms, L) with L©) := (D/LM)V while 8y is the Bockstein for the extension of L) by
(LMY given by k.*" To interpret 0By as an element in H*(Ms, D), one needs to choose
a lift from H3(Ms, (L™M)Y). There could be different choices, but they differ only by a
Bs € H3(Ms, L) due to the exactness of

H3(Ms, L) — H*(Ms, D) — H* (M5, (L) = D/L)) (5.19)

and therefore lead to the same maximal isotropic subgroup AP( Lk (Ms).

When k is non-zero, we indeed obtain a genuine mixed polarization, as the projec-
tion of elements in Ap(pa)(Ms) to H3(Ms, D) is no longer constrained in the image of
H3(Ms, L©®). In other words,

LO g LM c s(P) (5.20)

is now expected to be a proper subset. Furthermore, S(P) is not be isotropic, and as
we have explained, this is not a violation of the Dirac quantization condition, but instead
signifies the existence of strings whose boundaries carry fractional charges under the 1-form
symmetry. This is illustrated in figure 10.

More precisely, S(P) can be decomposed into two subgroups with fixed degree S (73)(0)
and S(P)(M). The piece S(P)) labels the charge of strings, and the 2-form symmetry of
the theory is (S(P)M)V. On the other hand, charges for independent line operators are
classified by S (73)1(2()1 which is a subgroup of S(P)(® isomorphic to (D/S(P)M)V. Elements
of S(P)© that are not in S (77)i(r?()i label charges of line operators that can only live on the
boundary of string worldsheets. And the 1-form symmetry is not (S(P)®)Y, but a smaller
group (8(73)1(3()1)\/ isomorphic to D/S(P)W.

“"Recall that Ext'(Zm,Zn) = Zgca(m,n)- Therefore, k determines an extension of LY by (LM)V,
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As an example, consider the polarization P(Z,, X Zn, k). When k = 0, this is the
pure polarization P; leading to a theory with Z,, X Z, 2-form symmetry. For any k, the
symmetry stays the same, and only uncharged line can exist independently. In other words,

0) o, .. .
SP)Y =7, x Z, and S(P)i(n()i is trivial, while S(P)(©) = chd(m,nyk)
operators that can appear on the boundary of strings. This phenomenon is discussed in

labels charges of line

further detail in appendix C.

More generally, for the polarization P(L(":k), we have S(P)1) = L classifying
charges of strings, while § (P)i(oé = (D/LM)V classifies independent line operators. In this
case, we can still define

LO .= (D/LMW)Y c D, (5.21)

then L := L @ LY ¢ H*(S', D) defines an associated pure polarization which is simply
the limit of this family of mixed polarization for k = 0,

We will see next that k can be interpreted as discrete theta angles that can be turned on
in the theory T'[S*, Py].

Partition functions, discrete theta angles and quadratic refinements

Since there is a canonical splitting of H3(Ms x S, D) into A @ A associated with P,
with A = H3(Ms,D) and A = H?(Mj5,D), one can use the explicit basis Zp,p with
B € H?(Ms, D) to write down the partition function with a mixed polarization P(L("); k).
It takes the following form

f Ms BadkBa

Zprmay = > e ZA.B.» (5.23)

Bo€H2(Ms5,L(V)

where the phase is given by the U(1)-valued pairing between H?(Ms, L)) and H3(Ms, L))
and can be identified with an SPT phase in QS9(B2L(M)). This SPT phase can also be
interpreted as a discrete theta angle term in the theory labeled by k. One implication is
that any theory T[S', P(L("; k)] can always be constructed from T[S*, Py] by first gauging
a LW subgroup of the D 1-form symmetry and then turning on a discrete theta angle.
This is a general feature of the family of absolute theories labeled by polarizations in all
dimensions.

When L) and L := (D/LM)Y has 2-torsion, again there are different quadratic

refinements for a mixed polarization. At the level of the partition function, they correspond

Boc *
to either turning on an element in Q$°(B2L(Y) that takes the form of est E (ws), or

in addition, involving a shift Zp, — ZBa+’yi(w2)'48 Here, v : Zy — (LMW)Y and ~, is
the induced map H?*(Ms,Zs) — H3(Ms, (LW)Y), while v/ : Zy — (L(9)V inducing v, :
H?(Ms,Zs) — H*(Ms, (L()V). The addition B + 7. (ws) depends on a lift of (L)Y =

D/LW to D, but the entire sum doesn’t depend on this choice.

“®Recall that for Pol(Ms), we referred to the former as quadratic refinement of the first kind while the
latter as quadratic refinement of the second kind.
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To summarize, the quadratic refinement is labeled by elements in 2-Tors(L"), and
doesn’t depend on discrete theta angles k. Another property of the theory that doesn’t
depend on k is the 't Hooft anomaly of the theory, as the analysis in the k = 0 case
straightforwardly carries over.*® At the level of partition function, the anomaly manifest
itself as an ambiguity of the partition function in the presence of background fields By and
Bs for the (L(®)Y 1-form and the (L™M)Y 2-form symmetry. Naively, one has

. Jis, BadwBa+Bs(Ba+Bz)

ZP(L(l);k),Bg,Bg = Z ZA\,Ba+Bs> (5.24)

Bo€H?(Ms,L(M)
but the pairing between By and Bs depends on a choice of lift of By and B3 to H*(Ms, D),
and a change of a lift, characterized by 6By € H?*(Ms, L(V)) and 6Bs € H?(Ms, L(9), will
lead to an overall phase given by

<BQ, (533) + <6BQ, B3> eDC U(l) (5.25)

This is indeed independent of k and exactly the same as the case of k = 0 that we discussed
before.

The existence of this family of partition functions for any Mj labeled by P(L(© k)
provide strong evidence that they are functorial and well-defined as polarizations. One
way to really show that these mixed polarizations exist is to construct the corresponding
topological boundary conditions. We will see this explicitly next.

5.3 Polarizations as topological boundary conditions

Without loss of generality, we consider D = Zy X Zy with the 7d action

N 11 2 12
- /7d (cact + cac?) . (5.26)

Its circle reduction is obtained by writing C' = Bs + Baa, with H'(S!,Z) = (a) 2 Z,
N

2

/ (BB} + B3dB3) . (5.27)
6d

What are consistent boundary conditions? The boundary variation of the bulk action is

N
- /5 (B3aBy+ BIaBY) . (5.28)

If there are no additional boundary terms, then the equations of motion for the boundary
fields Bj|s, B3|s lead to the boundary condition Bi|s = 0, B3|s = 0. In the following
we explore other possible boundary conditions and the corresponding 5d boundary terms.
They are the corresponding 5d discrete theta angles.

For instance, the following boundary condition with k£ € Z

k k
Bslo = 17dB3la,  Bilo = —1:dBsla (5.29)

“9Notice that this statement only concerns symmetries coming from the 2-form symmetry in 6d. There
can be additional “emergent symmtries” in the 5d reduction, whose exact form and anomalies can depend
on discrete theta angles. We will discuss this in more detail in later subsections and in appendix C.
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can be imposed by the equations of motion for the boundary fields with an additional

boundary term
k

o ) BldB2 . (5.30)
This describes a mixed discrete theta angle in 5d Zy x Zy two-form gauge theories, and
corresponds to the polarization P(Zy X Zp; k).

We have seen previously that when N is even, P(Zy X Zy; k) will have four different
refinements. This can also be seen at the level of boundary conditions. For simplicity,
consider k£ = 0. Then the boundary condition can be

2l o2ml?
Blo = — Vs B3|y = — Vs (5.31)

with ¢/ € Zn, I = 1,2. Tt can be imposed by the equations of motion for the boundary
fields by adding the following boundary term®®

/ Wi (¢'B3 +*B3) . (5.32)
5d

This describes the discrete theta angle for each Zy two-form gauge field. In the discrete
notation B = %Bg’dls for I = 1,2, the boundary term is

2me! I,dis I I,dis 27 l!
Z T/g)d WgBQ = Z Wf/ 'LUQBOCk(BQ ): Z T

I,di I.di
By "*Bock (B3 ) ,
= 1=1,2 5d =12

5d

(5.33)
where the first equality used W3 = Bock(ws) on orientable manifolds, and Bock(Bg’diS) =
dBé dis /N. As it only depends on the mod-2 reduction of £/, we can effectively take ¢! € Zs.
The second equality used (C.11). Note, when N is odd, the boundary term is trivial since

for I =1,2:

orl! I.dis 20! I,dis
— WsBy"™" = —— 1+ N)W3B5’
N /5d 372 N 5d( +N)WsB,

= (1+ N)md! / wyBock(By ™) =0 mod 27Z . (5.34)
5d

This is consistent with having no discrete theta angle for each Zy two-form gauge field
when N is odd. Equivalently, there is only a single quadratic function ¢ compatible with
P(ZN X ZN, k) when N is odd.

Boundary condition with ’t Hooft anomaly

One interesting class of boundary conditions consists of those that have 't Hooft anomaly,
which we will study now.
Consider D = Zy when N is not a prime, and take the bulk action of the 6d TQFT

TPuk[S1] to be

N
— | DBsdBs . .
o Joy B20Bs (5.35)

5ONote, the boundary term fsd BdB! does not contribute to the equations of motion since it is locally
a total derivative.
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For any divisor k|, one can add the following boundary term

N 1 k
— BS'~) B3+ —uya (dze + BY') . 5.36
/5d27_r(y2+ gk) 34 52 (d2 + BY) (5.36)
Such an action will be relevant e.g. for the reduction of 6d (2, 0) theory labeled by g = An_1
to a 5d theory with gauge group SU(N)/Zj, via the pure polarization given by

L=z

O xzy) czl) < 7). (5.37)

The equation of motion from the boundary variation imposes o to be a Zg-valued two-form
gauge field, and

1 k k
ZBY. Bsly= — —Bd, .
A 5, 3‘@ NdZQ—I- N 3 (5 38)

This means that the Zj subgroup of By is free on the boundary and the Zy/;, subgroup of

Bolg = y2 +

Bjs is free on the boundary, while B§1 and B§1 are, respectively, background gauge fields for
the Zyyj, one-form and Zj, two-form symmetries in the 5d SU(N)/Zy gauge theory. These
symmetries have an 't Hooft anomaly; performing

1

kd)\‘{l, BS' = BS +d)X,  zp — 20 — MY (5.39)

Bgl — Bgl + d)\il, Y2 — Y2 —
leaves the bulk fields invariant but produce the phase on the boundary
1 cl el
— %d)\l B3, (5.40)

which is the signature of a mixed 't Hooft anomaly of the one-form and two-form symme-
tries. This mixed anomaly is controlled by the extension class of

1= Zy —Zn = Zyp — 1, (5.41)

agreeing with the general description of the anomaly for T[S'] theories.

We remark that one can think of the boundary Zj, two-form gauge field y2 (the equation
of motion of 2, imposes it having Z;, holonomy) that couples to BS! as describing the Z; dis-
crete magnetic flux in the 5d SU(N)/Z;, gauge theory associated with 71 (SU(N)/Zy)=Z.

5.4 Symmetries in 5d gauge theory

In general, a five-dimensional gauge theory with gauge group G has the following symme-
tries

(1) U(1) O-form symmetry associated with the instanton number. For 5d theories ob-
tained from a 6d theory compactified on a circle, this is related to the isometry of the
circle, i.e. the instanton charge can be identified with the Kaluza-Klein mode on the
circle; both have mass of the order % = R%? where g5 is the 5d gauge coupling and Rg
is the radius of the circle compactification [80-84]. As we show in section 5.5 (see also
section 3.5.1), this symmetry can mix with other symmetries to form a three-group.
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G I'(m (G)) A relation
SU(N)/Zy, odd k n Ze Q1 = ((k — 1)/2)(N/k)Q2 mod k.
SU(N)/Zy, even k Lo, Zo Q1 = (k — 1)(N/E)Q2 mod 2k.
SO(2n) Zy Zs Q1 = 2Q2 mod 4
PSO(4n + 2) Zs Zsg Q1= (2n +1)Q2 mod 8.
PSO(4n) Zy X Ty X Ly | Ly or Zo for odd/even n | Q1 = 2Q3' + nQ3% + 2Q1? mod 4.
E7 /7o Zy Ly Q1= —0Q2 mod 4
Es/Zs Zs3 Zs Q1 = —Q2 mod 3.

Table 2. The instanton (continuous and discrete) 0-form symmetry in 5d gauge theory with
gauge group G and without Chern-Simon term, given by (U(1) x I'(m1(G))) /A. In the fist row
= ged(((k = 1)/2)(N/k), k), £/ = ged((k — 1)(N/k), 2k).

(2) For finite Abelian m1(G), O-form symmetry I'(m(G)), the universal quadratic
group [85] of m1(G), generated by the codimension-one symmetry defect

f P(wf), (5.42)

where P is the generalized Pontryagin square operation, wg is the obstruction to
lifting the G gauge bundle to a G bundle for the universal covering group G.

(3) Z(G) electric one-form symmetry transforms the Wilson lines, with the one-form sym-
metry charge given by evaluating the representation of the Wilson line on Z(G) [25].

(4) m(G) magnetic two-form symmetry transforms the magnetic strings, with the two-

form symmetry charge given by § w2G for S? surrounding the magnetic string.

Depending on G, the action of the 0-form symmetries (1) and (2) in the above list

factors through the quotient
U(1) x I'(m1(Q))

1 ;

for some finite Abelian group A C I'(m1(G)). For g = A,,, D, E,, the O0-form symmetry is

summarized in table 2. This comes from the relation between the instanton number and

P(w§), and it is related to the periodicity of theta angle in the 4d G gauge theory (see

e.g. [49, 59, 86]). It is also related to the anomaly in G Chern-Simons theory for gauging

(5.43)

71(G) one-form symmetry which is isomorphic to a subgroup of Z(G).

In addition, one can define i-dimensional symmetry defects using the SPT phase in
i space-time dimensions with G symmetry as classified by G*~9) = Q(BG), where the
classification gives the symmetry group with group action given by stacking the SPT phases.
The symmetry defect hosts G gauge field on its worldvolume, with topological action
specified by gauging the G symmetry in the SPT phase. The symmetry (2) is a special
case of this, and we will not focus on other defects in this family of defects in the discussion.

We remark that the symmetry in 5d compatification is also discussed in [17, 18].
Here we mainly focus on the compactification of 6d NV = (2,0) theory. However, since the
discussion does not rely on supersymmetry in any essential way, it can be straightforwardly
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generalized to more general 6d theories discussed in [17, 18]. Moreover, here we clarify the
precise global structure such as the higher-group symmetry.

In appendix C, we show that the discrete theta angle does not affect the global sym-
metry discussed above (including its 't Hooft anomaly). On the other hand, it affects
the correlation function of the magnetic strings charged under the magnetic two-form
symmetry.51

In general, there can also be other discrete theta angles (such as those associated with
74(@)), but they may not come from any choice of polarization. In what follows we will
not discuss such discrete theta angles. Here, this can be achieved by choosing suitable g
such that 774(6) — 0 for the corresponding simply connected group G (for instance, any
classical Lie algebras that are not sp(n)).

Since Sp(n) has a Zy center, one might wonder whether in Sp(n) gauge theory there
is a mixed anomaly or symmetry extension that involves the electric one-form symmetry
and the discrete theta angle classified by m4(Sp(n)) = Za. Since m4(Sp(n)/Z2) = Zsa, the
discrete theta angle is well-defined when the bundle is modified to be an Sp(n)/Zs bundle
by the background gauge field of the electric one-form symmetry. Thus the discrete theta
angle 74(Sp(n)) does not modify other global symmetries or their 't Hooft anomalies.

P(w§) 0-form symmetry and magnetic strings

Let us make a few more comments on the symmetry generated by P(w§). In some cases,
the charged operator can be identified with the instanton operator (modulo an integer).
Generally, the charged objects are not identified with the instanton operator. They can be
understood as follows. Take two linked magnetic strings that carry magnetic flux § wQG and
un-link them. In the process there appears a singular point that belongs to both magnetic
strings. This point supports an operator that is charged under the O-form symmetry
generated by § P(wS’).

What happen if we gauge the O-form symmetry P(w§)? This modifies the gauge
bundle to have trivial P(wg).

5.5 ’t Hooft anomaly and 3-group symmetry in 5d gauge theory

Let us begin with the case of a simply connected G, i.e. m(G) = 0. In the presence
of a background field By for the electric one-form symmetry, the quantization of the
gauge field is modified. It is known that for simply connected Lie groups the instan-
ton number becomes fractional in G/Z(G) bundles with By the obstruction to lifting
them to G-bundles. The fractional part is related to the Pontryagin square P(B3), where
P H* (M, Z2(G)) — T'(Z(Q)) with T'(Z(Q)) the quadratic group for Z(G). Thus, the

51This can be seen as follows. Take the space-time to be S® and consider magnetic strings inserted at
Y2, 7%, with vo = OV3, 44 = VY. Then w = §(V5") + §(V4H), and the discrete theta angle gives the phase

exp <2Z§p / 6(V3L)5(wé)+5(vél)5(v2)> — exp <2Z§p / #(Vs,vé)) = o (X Link(12,94)) - (549
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0-form instanton symmetry current needs to be modified to
j1 = *(p1 — CP(By)) , (5.45)

where ¢ is a map from the quadratic group I'(Z(G)) to R that determines the fractional
part of the instanton number, we pick a lift of P(Bs) to an integral cochain. It is not an
integral cocycle, which means that the current is no longer conserved, but violated by an
operator proportional to the identity and depends on the background gauge fields:

dxj, = —ldP(B,), (5.46)

where the right hand side can be expressed using the image of Bockstein homomorphism
for P(B2) in Z" — Z" — Z(G) where By takes value in the finite Abelian group Z(G) =
i=1 ZLy,. The anomaly can be described by the 6d SPT phase

¢ / B1dP(By), (5.47)

where Bj is the background gauge field for the U(1) instanton number symmetry.
Now let us consider the case m1(G) # 0. Then, the above discussion applies with Bo
replaced by
EQ = L(wg) + Bs, (5.48)

where ¢ is the inclusion of C' = 71(G) in Z(G) and G is the simply connected form of
G = G/C. ws is the obstruction to lifting the G = G/C bundle to a G bundle. Then,
depending on the quadratic function in the Pontryagin square the conservation of the 0-
form symmetry current is violated by an operator, and there is a 3-group symmetry. In
the following we will discuss several examples: SU(N)/Z;, gauge theory (with k& a divisor
of N), SO(2n) gauge theory and U(N) gauge theory.

The 6d origin of the three-group symmetry and its anomaly in 5d was explained in
section 3.5.1 from the point of view of the dimensional reduction of the 2-form symmetry
in 6d.

During the completion of this work we notice another paper [87] appeared that also
discussed a mixed anomaly between the instanton number symmetry and the center one-
form symmetry in SU(N) gauge theory. In such case, there is no three-group symmetry.

5.5.1 Three-group symmetry in 5d SU(N)/Z; gauge theory

Consider a compactification of the 6d theory with g = su(N). We choose the pure polar-
ization given by L = Zg\?}k X Z,(Cl) C H*(S',Zy), which leads to an SU(N)/Z;, gauge theory
in 5d.

The theory has Zy ;. electric one-form symmetry and Zj magnetic two-form symmetry,
and we denote their backgrounds by Bs, B3. The gauge bundle can be characterized by
wh which is the obstruction to lifting the SU(N)/Zj, bundle to an SU(N) bundle. In the
presence of the background Ba, the bundle is modified to a PSU(N) bundle, where w5 is
no longer closed but satisfies

Swh = Bock(Bs), (5.49)
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and 0 is the differential (the coboundary operator for C*(Ms,Zy,) on space-time Ms), and
Bock is the Bockstein homomorphism for 1 — Zy — Zn — Zyy, — 1. It describes the
PSU(N) bundle with the Zy magnetic flux
N
wy = ?wQ By (5.50)
which is the Zy cocycle that describes the obstruction to lifting the PSU(N) bundle to an
SU(N) bundle.
The PSU(N) bundle has fractional instanton number compared to the normalizaion
of SU(N)/Zj, bundle. In comparison to the SU(N) bundle, the fractional part is given by

—]\1[/,[)(10%\[) //€ /7) w2 U By + ;/P(Bz) . (5.51)

Thus, the instanton number for SU(N)/Zj corresponds to the above multiplied by
m, so that it is an integer when By = 0.

In the presence of the background B; for the 0-form instanton symmetry, the coupling
to Bj is not well-defined. We can extend the fields to a bulk

k -1 -1
Tr FAFdB, = | ([————wUBy+ —————P(B,) | dB; .
872 ged(k, N/k) / rEALAE /< ecd e N0 2 Y Bt s T 2)> L
(5.52)
The terms involving wh represents a gauge-global anomaly, which can be cancelled by

2
% / whBs (5.53)

with the condition L iB
6Bz = Bo—Y mod k . 5.54
57 ged(k, NJk) 2 2m ° (5:54)

The above equation describes a three-group symmetry. Note the three-group symmetry is
non-trivial only when ged(k, N/k) # 1, namely when the extension Zy — Zx — Zyy, does
not split.

The three-group symmetry has an 't Hooft anomaly described by the SPT phase

2
/ %Bock(Bg)Bg + / P(By)dB; . (5.55)

2 gcd(k: N/k)
where the first term comes from [ §wh Bs in (5.53).
One can also turn on Zo; background B] for the O-form symmetry generated by
¢ P(wk). Then, from [47] we find the 3-group symmetry has an additional term
k dB

6Bz = Bo—1 + BPBock(B dk . .
37 gcd(k, NJk) 2 2r O 0ck(B) mo (5.56)

The 't Hooft anomaly also has an additional term

2
/ %Bock(Bg)Bg+ / P(Bs) dB1+ / BPBock(Bs) Ui Bock(Bs) . (5.57)

2gc d(k N/k)
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5.5.2 Three-group symmetry in 5d SO(2n) gauge theory

Consider the compactification of the 6d theory with g = so(2n). As we have seen in
section 4, in 6d, one can choose a polarization given by Zs C D = Zs X Zo which leads
to the 6d SO(2n) theory. Its dimensional reduction gives an SO(2n) gauge theory in 5d,
labeled by the pure polarization Py with L = Z( ) % Zgl) C H*(SY,Zo x Zs).

The theory has Zs electric one-form symmetry and Zs magnetic two-form symmetry,
with background fields By and Bgs respectively. In the presence of a background Bs the
instanton number over a general closed four-manifold in space-time can become fractional,

1 1

where w5© is the obstruction to lifting the SO(NNV) bundle to an Spin(N) bundle.
Denote the background for the O-form instanton number symmetry by B;. Due to the

fractional instanton number, the coupling to B; is not well-defined. We can extend the
fields to the bulk

812/(TrF/\F)dBl /(; uBg+—/7> Bg)dBl. (5.59)
The term involving wSO represents a gauge-global anomaly, and it can be cancelled by
w/w%OBg (5.60)
with the condition B
§B3 = 32—1 . (5.61)

Thus, the symmetries combine into a three-group symmetry.
The three-group symmetry has an 't Hooft anomaly described by the SPT phase

nﬂ'/BOCk(Bg)Bg + —/P BQ dBl, (5.62)

where the first term comes from [ §w$° Bz in (5.60).
One can also turn on Z4 background B} for the 0-form symmetry generated by
¢ P(wS®). Then from [47] we find the 3-group symmetry has an additional term

5,48
6B; = By —ZL 4 BPBock(Bs) . (5.63)

The 't Hooft anomaly has an additional term
nﬂ'/BOCk(BQ)Bg + = /77 B9)dB; + — /Bl Bock(Bs2) Uy Bock(Bs) . (5.64)

5.5.3 Three-group symmetry in 5d U(N) gauge theory

Consider the compactification of the 6d theory with g = u(/N). The theory is absolute in
6d and reduces to a U(N) gauge theory in 5d.
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The U(N) gauge theory has instanton 0-form symmetry associated with rotation of
the circle used in the reduction. The corresponding current is

1
j=H—TrFAF . (5.65)
8
In addition, the theory has U(1) magnetic two-form symmetry with the current
F
j3 = xIr — . 5.66
J3 =x1r o ( )

The theory also has U(1) center one-form symmetry. If we turn on background By for this
symmetry, the quantization of the gauge field is modified,

Tr F=NB, (mod 277Z) . (5.67)

This modifies the currents j; and js as follows. Since the magnetic charges become frac-
tional, we need to modify the current j3 as

F—Bly

jg = xTr o (568)
However, the current is no longer conserved
dB
dxjs = —N—2 . (5.69)
27

This represents an 't Hooft anomaly.
In the presence of the background Bs, the instanton number becomes fractional,

871T2/Tr (F—Boly) A (F — Boly) = 871r2/TrF/\F—417T2Tr FB2—|—4—]7\:2B232
=0 (mod 27Z) . (5.70)
Thus, the current for the 0-form symmetry needs to be modified as
Jj1=x* (871T2Tr(F — Boln) A (F — leN)> . (5.71)
However, the current is no longer conserved: it is violated by a non-trivial operator js
dxj1 = 4717 Tr (F — Baly)dBy — 4]7\:2 BydBy = % * j3d By — %Bgng . (5.72)

The classical term in the above represents an 't Hooft anomaly, while the term with non-
trivial operator represents a modification of global symmetry: the symmetries combine into
a 3-group. If we turn on the backgrounds for the 0-form and 2-form symmetries Bj, B3
that couple to the currents as [ Bj x j1 + Bs % j3, then the current conservation implies the
backgronds obey the relation

dB
dB3 = ——"’B1 (5.73)
with the 0-form symmetry gauge transformatlon
dB
By — Bi +d)\, Bs— Bs— 2—2)\ (5.74)
m

The 't Hooft anomaly for the 3-group symmetry is described by the bulk SPT phase

dB
N/—QBgJr 2] = dB>B>B; . (5.75)
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5.6 Effect of discrete theta angle on symmetry

Depending on the polarization chosen, the 5d G gauge theory can have discrete theta-angles
for the torsion part of 71 (G), written as []; Zn;,:

2 Sw
3 xf‘f/wgu%, (5.76)
I<g 1 J

where wl is the Zy, class that measures the discrete magnetic flux. As discussed in

appendix C, the discrete theta angle is non-trivial only for I # J. Moreover, it does not
affect the symmetry or anomaly for the backgrounds (that modify the cocycle condition
wj = Yy)

Yy = Bock(BY), (5.77)

where Bf is the background for electric one-form symmetry, and Bock is the Bockstein
homomorphism for the exact sequence 1 — Z(G) — m(G) — m1(G)/Z(G) — 1. We note
that such Yy can be lifted to an integral cocycle, and [g, Y4 Yy is trivial on orientable
manifolds, and thus it does not contribute to the symmetry extension (C.20) and to the 't
Hooft anomaly (C.21).

If the background Yy is not in the above form, then the discrete theta angle can
modify the symmetry and anomaly. This is the case in G’ x SO(2n) gauge theory for the
torsion part of 7 (G’) containing a Zs subgroup, and we include charge conjugation 0-form
symmetry that acts on the SO(2n) gauge theory. As discussed in [47], the magnetic flux
in SO(2n) gauge theory obeys

SwSO = gBock(Be) +B°BC, (5.78)

where B€ is the background for the charge conjugation symmetry, and B¢ is the background
for the electric one-form symmetry. Comparing with (C.15) we can identify the background

v$0 = gBock(Be) +B°BC . (5.79)

Then, the mixed discrete theta angle qr 5o between the discrete magnetic fluxes in the
SO gauge theory and the G’ gauge theory (I labels the cyclic factors in the torsion part
of m1(G’)) modifies the three-group symmetry in G’ gauge theory by an additional term
in (C.20),

(533{ = (as in g7 = 0 theory) + qI,SOBock(BeBC) ) (5.80)

The discrete theta angle also contributes to an additional 't Hooft anomaly (C.21), with
Y§O = ZBock(B®) + B*BC:

2
-y 7;%50 / (VO — oy Uy v§©) (5.81)
I 1 Jea
For instance, consider a SO(2n) x SO(2n) gauge theory in 5d. There is a discrete theta
angle
pg/wél)(swg), (5.82)
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A i
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Figure 11. Examples of possible and impossible symmetry breaking patterns constrained by the 3-
group symmetry. The blue (left) segment is the energy scale where the 2-form symmetry is broken,
while the orange (right) segment is the energy scale where the 0-form or 1-form symmetry is broken.
Namely, when the 2-form symmetry is broken the O-form or 1-form symmetry must also be broken,
but not vice versa.

where wél),wém are the second Stiefel-Whitney classes for the SO(2n) x SO(2n) gauge

bundles. The theory has a three-group symmetry, for which the background fields satisfy

g
(1) _ (1) dBy (2) pC,(2)
B3’ = B, o + Bock (32 B )

@ _ p@dBY (1)
6By = By =1 + Bock (B§" B4 | (5.83)

2 m

where B;I) are the backgrounds for the electric one-form symmetry, B©:() are the back-
()

grounds for the charge conjugaion 0-form symmetry, B, ’ is the background for the instan-
ton symmetry, and I = 1,2 labels the two SO(2n) gauge bundles.

5.7 Implications for RG flows

Let us explore some consequences of the higher-group symmetry involving 0, 1, and 2-form
symmetries for an RG flow to a UV fixed point.

If a symmetry is broken explicitly, we must fix its background gauge field. Then, since
the three-group symmetry implies that a background gauge transformation for 0-form and
1-form symmetries induce an additional background for the 2-form symmetry, this places
constraints on the breaking of 2-form symmetry and the breaking of 0-form and 1-form
symmetries.

For instance, the 3-group symmetry excludes the following scenarios: (see also fig-
ure 11)

e The 2-form symmetry is broken at a scale below A, while the O-form and 1-form
symmetries are broken only at lower scale A’ < A. Then, in the window between
A and A’ we have a trivial background for the 2-form symmetry but non-trivial
backgrounds for O-form and 1-form symmetries, which is inconsistent with the 3-
group syminetry.
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e The 2-form symmetry is broken at energy scales above A, while the O-form and 1-
form symmetries are broken at higher scales A’ > A. Then, in the window between
A and A’ we again have a broken 2-form symmetry but unbroken 0-form and 1-form
symmetries, inconsistent with the 3-group structure.

e The O-form and 1-form symmetries are unbroken at all energy scales while the 2-form
symmetry is broken at some energy interval (explicitly or spontaneously).

e The 2-form symmetry is broken only above energy scale A, while the 0-form and
1-form symmetries are broken only below energy scale A’ < A.

e The 2-form symmetry is broken only below energy scale A, while the 0-form and
1-form symmetries are broken only above energy scale A’ > A.

5.8 Matter that breaks one-form symmetry by screening

When there are matter fields in some representation of the gauge group, it can screen the
line operator in the same representation. In particular, for representations transforming
under the center of the gauge group the matter fields break the center one-form symmetry
explicitly. However, when the matter field itself also transforms under a global flavor
symmetry, one might be able to assign a quantum number to the line operator that includes
also the quantum number of the flavor symmetry. For instance, if the flavor symmetry is
H=H /C with C C Z (f] ) identified with a gauge rotation in the center of gauge group,
then activating a background H gauge field that is not an H gauge field, as distinguished
by discrete magnetic flux wi € H?(M, C), amounts to identifying the one-form symmetry
background

By = o(wll), (5.84)

where ¢ is the inclusion C' — Z(G). Then, all of the previous discussion applies with this
identification.

For instance, consider SO(2n) gauge theory with even Ny matter fields in the vector
representation. The theory has SO(Ny) flavor symmetry, and Zy C SO(Ny) is identified
with a Zo gauge rotation. Thus, the faithful flavor symmetry is SO(Ny)/Zy = PSO(Ny).
We can turn on a background gauge field B{ for the faithful flavor symmetry that is not
a background for SO(N¢), controlled by the obstruction wg € H*(BPSO(Ny), Zs).

From the discussion in section 5.5.2, the theory has a 3-group symmetry, with back-
grounds that satisfy

4B,

6B3 = (Bf,B1)"04 = (B])*w} o

+ BPBock((Bf)*wi) . (5.85)

where ©, € H*(BG® G®), with G the entire 0-form symmetry and G the 2-form
symmetry. The 't Hooft anomaly is given by

2
/ nrBock((B ) wd) B+ 1 / P((B]) w])aBi+ / BPBock((B!)*wl)UiBock((BY y*wi) .
(5.86)
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An important difference is that, in this class of examples, we have more local coun-
terterms to cancel the potential 't Hooft anomaly. For instance, we can add

Hr / Tr (FPSOWD) A FPSOWD) By, (5.87)
82
which cancels 't Hooft anomaly
k k N
3 /(w;)2d31 +4 /w;wg’so(Nf)dBl + kfl—g /79(11550(’“‘))dB1 , (5.88)

where w§S0 = (B{)*wg, and wy is the obstruction to lifting SO(Ny) bundle to Spin(Ny)
bundle. Unlike the ’t Hooft anomaly, though, the 3-group symmetry is not modified by
local counterterms of the background fields.

Here (and further below, in section 5.9.1) the discussion also applies to the NV =1
supersymmetric version of the gauge theory, where the flavor symmetry is PSp(Ny/2) =
Sp(N¢/2)/Zs instead of PSO(Ny). The same argument applies and the conclusion above
remains the same.

Another example is U(N) gauge theory with N; matter fields in the fundamental
representation. The theory has SU(Ny)/Zy, = PSU(Ny) flavor symmetry in addition to
the instanton number symmetry, where the Zy, in the center of SU(Ny) is identified with
a gauge rotation. The background gauge field B{ for PSU(Ny) has Z N, discrete magnetic
flux wg which is the obstruction to lifting the bundle to an SU(Ny) bundle. From the
discussion in section 5.5.3, the theory has three-group symmetry with background Bj for
the U(1) 2-form magnetic symmetry, By for the U(1) instanton number symmetry, and B{
for PSU(Ny) flavor symmetry, they satisfy

dBs = —(B{)*Bock(w])B; . (5.89)

The 3-group symmetry has implications to the dynamics and renormalization group
flows, as discussed in section 5.7, with the 1-form symmetry replaced by flavor 0-form
symmetry PSp(Ny) or PSU(Ny).

5.9 Constraint on symmetry enhancement

In a 5d gauge theory with a UV fixed point, it can happen that the symmetry is enhanced
at the fixed point, see for instance [79, 88] and references therein.

For instance, suppose the flavor symmetry and the instanton symmetry enhance to a
larger group G®YV. In this case, there is an inclusion map

L0 GUIR L, gOUV (5.90)
Furthermore, suppose that the 2-form symmetries in the IR and UV are related by
2 @R 2.0V (5.91)
Then, the 3-group symmetry in the IR satisfies

DR — (,0ygVV (5.92)
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In particular, for a 5d gauge theory that has a non-trivial 3-group symmetry with non-
trivial @iR, the above equation implies that the UV symmetry must also be a non-trivial
3-group with a non-trivial ©YV. In particular, this rules out the symmetry enhancement
to GOUV if there is no ©FV that can satisfy (5.92).

5.9.1 Example: SO(2n) gauge theory with N; vector flavors

To illustrate that the condition (5.92) is not vacuous, consider the IR theory to be SO(2n)
gauge theory with N; matter fields in the vector representation with N; even. As dis-
cussed in section 5.8, the theory has 3-group symmetry that combines the 0-form symmetry
GOR = PSO(Ny) x U(1) and the 2-form symmetry G?'® = Z, with the Postnikov class
ot = wgso(Nf)g—fr, where x is a generator of H'(U(1),U(1)), and wgso(Nf) is the obstruc-
tion to lifting the PSO(N) bundle to an SO(N¢) bundle.The Zo C SO(Ny) transformation
that flips the sign of the matter field is identified with an element in the center of the gauge
group SO(2n), and the faithful flavor symmetry is (SO(Nf)/Z2) x U(1) = PSO(N¢) x U(1).

Then in the UV suppose the 2-form symmetry is enhanced from Zs to U(1), there
cannot be enhanced 0-form symmetry G(©-UV that is a Lie group which is both connected
and simply connected, since for such group the 3-group symmetry in the UV has vanishing
Postnikov class that lives in H4(G(®:UV U(1)) = 0, which is inconsistent with (5.92). Thus,
the three-group symmetry in the IR forbids the above symmetry enhancement.

5.9.2 Example: U(N) gauge theory with N; fundamental flavors

We can repeat the above discussion for U(/N) gauge theory with Ny fundamental flavors.
From the discussion in section 5.8, the theory has three-group symmetry that combines the
0-form symmetry GO-IR = PSU(N ¢) x U(1) and two-form magnetic symmetry G@IR —
U(1). By a similar reasoning we find that the 3-group symmetry in the IR implies that if
the 2-form symmetry remains U(1), the O-form symmetry cannot enhance in the UV to be

any connected and simply connected Lie group.

5.10 Adding 5d Chern-Simons term: symmetry and anomaly

In principle, the 5d gauge theory can have Chern-Simons terms. String theory realizations
of 5d Chern-Simons terms are discussed e.g. in [89]. Such terms are absent in straightfor-
ward compactifications of 6d theories we are most interested in, but they can be generated
along the RG flow by integrating out massive fermions coupled to ordinary gauge field
(see e.g. [90]), which we will discuss from the anomaly inflow viewpoint in section 5.10.3.
Therefore it is useful to understand them in order to get a better picture of the IR physics.
Here, we would like to focus on how Chern-Simons terms affect the global symmetry and
its anomaly.

5.10.1 1-form symmetry and ’t Hooft anomaly in SU(/N) Chern-Simons theory

The 5d Chern-Simons term is proportional to the symmetric 3-index tensor of the gauge
algebra, Tr t,{ty, .}, where t, denotes a generator of the algebra. Let us consider SU(V)
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gauge theory with NV > 2. The 5d Chern-Simons term is
k /3

where the integral is over a 6-manifold that bounds the 5-manifold.? This is a 5d theory
since the right-hand side is trivial mod 277 on closed 6-manifolds. We will distinguish the
two cases of even and odd k. As we will show in the following, for even values of k the theory
is well-defined on general orientable manifold, while for odd k additional structure such as
spin® structure is required to define the Chern-Simons term. In both cases, the one-form
center symmetry is broken explicitly by the Chern-Simons term to Zgcq(x,n). This agrees
with [17, 18, 20, 87]. We also compute the 't Hooft anomaly of the one-form symmetry,
which is new.

For suitable matter content (such as the adjoint representation of SU(XN)), the theory
has electric Zy one-form center symmetry, and we denote its background by Bs. We embed
SU(N) gauge field into a U(N) gauge field as

1
a=a"V + ~IvB, (5.94)

where B is a background U(1) gauge field that satisfies By = %dB. The one-form symmetry
isa — a+1yA, By — By +d)\. In the presence of a general background Bs, the 5d Chern-
Simons term is not well-defined, but instead depends on 6d bulk as

k

Tr(F — Bp1)® = Tr F? — 3Tr F*By +2NBj) . :
Rk r( ,1) T (T 3Tr F2B, + 2N B3 (5.95)
We note that the second and third Chern classes for U(/N) bundle are
_ 1 2 2
02—m<—TrF + (T F)?)
— 3 _ 2 3
= 53y (2T F3 - 3Tx F*(Tr F) + (Tr F)?) . (5.96)
Thus the bulk action ﬁTr(F — Bs1)3 can be expressed as

k k By N2B2 1 koo ,
o [ eyt (ENn—k)22( - UNSpokN) BE) . (597
7T/(zcﬁ(z )22 ( 02+2(27T)2)+6(27r)3< g T ) 2 (5:97)

The gauge anomaly is
k k By
27r/ (2@, - (21\7 - k)%@> . (5.98)

For even k, the first term in (5.98) is trivial, and the second term is trivial for®

Even level

27 27
Be—7ZcC —=7Z. .
7{ 2 € ged(N, k) N (5:99)

52There are, in fact, non-spin® 5-manifolds that are not null-cobordant. In what follows the bulk can be
viewed as merely a convenient way to package the anomalous transformations in 5d by inflow.

530ne can also introduce a one-form background B; coupled to the instanton number c2 to cancel the
gauge anomaly, but the cancellation requires kB2 = dBi, so it still satisfies (5.99).

— 85 —



Thus, for even k, the center one-form symmetry is broken explicitly by the Chern-Simons
term to Zgeq(n,k) C ZN-
The 't Hooft anomaly is given by

o VOV /6/32 . (5.100)

It is generally non-vanishing for Z, one-form symmetry with ¢ = ged(N, k). We remark

that the anomaly is consistent with vanishing Chern-Simons term for N < 2.

0Odd level

For odd k, in order for the gauge anomaly (5.98) to vanish, the manifold must be equipped
with additional structures.

Instead of defining the 5d Chern-Simons term using the bulk, we can study how it
transforms under large gauge transformations, which produces a Wess-Zumino term in 4d
of the form Tr(g~'dg)® for transformation by SU(N) valued field g. As discussed in [91],
for N > 3 the unit Wess-Zumino-Witten term is not an integer on general 5-manifold but
requires a spin® structure. The background spin® connection A satisfies § dA/2m = %wg (on
a spin manifold we can set A = 0); then, the following combination of Wess-Zumino-Witten
terms is an integer on spin® 5-manifold

dA 1 (n—=1)! 2n—1

s +T3— lop_1 = 7T La . 101

/5d(5+ 327r>, 2n—1 2m)7 (2n — 1) r( 9) (5.101)

This means that the following combination of Chern-Simons terms is gauge invariant —

but not separately gauge invariant! — for odd level k:

dA

2 / (css+2053> . (5.102)
T

Let us repeat the analysis of coupling to background Bs, now with the second term 083%
included. There is additional bulk dependence

27rl<:/ (—CQ + NUV_l)B%) a _ ﬂ'kj/cQwQ(TM) + M“(ZT_D/BQBQZ‘: . (5.103)

82 27
Note
2 2 NBQ
TF/(03+CQU)2(TM)) :77/(03+Sq c2) :W/(w@'—l—Sq (wy)) :W/w2w4:7r/62 5
(5.104)
Thus, the total gauge anomaly is
k’N’]T/CQ* — 27T N k 702 = k/BQCQ . (5.105)

The vanishing of gauge anomaly again requires (5.99), namely the one-form symmetry is
broken explicitly to Zgcd(k, N). The 't Hooft anomaly is

EN(N —1)(N —2)/6 kN
- o / B3+ / B2dA . (5.106)
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5.10.2 1-form symmetry and ’t Hooft anomaly in U(1) Chern-Simons theory

We can repeat the analysis for U(1) Chern-Simons theory. The Chern-Simons term can be
written as

kCS5[U(1)] = 27 - (5(2];)3/}73 (5.107)

where the integral is over a 6-manifold that bounds the 5-manifold. On a general manifold,
k has to be a multiple of 6 for the Chern-Simons term to be well-defined.

If we turn on background gauge field By for the Zy, C U(1) one-form symmetry, the
bulk dependence is modified to be

k k
2 ———— [ (F — By)3 =2 7/ 3 _3F? 2 - B3) . .
T G / ( ) =2m - ook (F®—3F*By + 3F B} - Bj) (5.108)
The gauge anomaly is
k k
— F’B 7/}732 . .
2(27)2 / 2t S n)? 2 (5.109)

They can be cancelled by introducing a background field By for the instanton number
symmetry and Bs for the magnetic two-form symmetry:

1 1
— F — B,)’B 7/ F — BB
2(2m)? /5d( 2 Bt o 5d( 2)Bs
1 1 1
= | —_F?IB, — ——Fd(ByB —— _d(B2B
/6d st 4B~ GrpFdBeB) + 5 5 d(BaBy)
1 1
— FdB3 — —d(ByB3) . 5.110
+ 1 on 37 5o (B2B3) ( )

Thus, we find § By € %Z, namely the one-form symmetry is broken by the Chern-Simons
term to be Zj, and it participates in a three-group symmetry

k 1

dB3 = ——DBj3 + ——d(B2By) . A11
3 47_[_ 2 + (27_[_)2 ( 2 1) (5 )
The 't Hooft anomaly of the symmetries is given by the bulk term
2 k / B3 (5.112)
-2 ——— . .
6(2m)3 Joa *

5.10.3 Relation with chiral anomaly in 4d

The perturbative chiral anomaly in 4d is described by a 5d Chern-Simons term by anomaly
inflow (or, from the modern point of view, the 4d ’t Hooft anomaly is described by the
5d SPT phase given by the Chern-Simons term). Thus, a well-defined SU(N)/Z;, Chern-
Simons term describes the chiral anomaly for fermions in representation of SU(N)/Zp.
This means that the 4d chiral fermions are in a representation of SU(NN) with r boxes in
the Young tableaux that satisfy ged(r, N) = L. Well-defined 5d Chern-Simons term for
SU(N)/Zy, requires 5d SU(N) Chern-Simons term to have Zj C Zy subgroup one-form
symmetry and it is anomaly-free. This imposes the following conditions on the 4d chiral
anomaly coefficient k (= the 5d Chern-Simons level):

EN(N — 1)(N — 2)
7
6L3 €&

ged(k,N)/L € Z, (5.113)
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where we consider 5d Chern-Simons terms on spin manifolds since they describe the
anomaly for 4d fermions defined on spin manifolds.

For instance, the 5d Chern-Simons term for PSU(3) describes the perturbative anomaly
for PSU(3) symmetry in 4d, and one can check that the 4d fermions in PSU(3) represen-
tations produce perturbative anomaly with coefficient that is always a multiple of 27, with
the quantization of the PSU(3) Chern-Simons level in (5.113) for N = 3, L = 3.°* Simi-
larly, the 5d Chern-Simons term for PSU(4) describes the perturbative anomaly for PSU(4)
symmetry in 4d, and one can check that the 4d fermions in PSU(4) representations such as
20, 35,15 produce perturbative anomaly with a coefficient that is a multiple of 16, con-
sistent with the quantization of the PSU(4) Chern-Simons level in (5.113) for N =4, L = 4.

Induced Chern-Simons term from massive 5d fermion

The 4d chiral anomaly for fermion in representation R also gives the 5d Chern-Simons term
generated by integrating out massive 5d fermions in the same representation. This can be
understood as follows. Consider 5d fermion with a real mass profile interpolating between

positive and negative value along some direction z°:

5 —my for 2% < 0
= . 5.116
m(z”) { mgy for z° >0 ( )

Then, the mass will vanish at the 4d interface 2% = 0 (the profile can be smoothed out, so
that there is some point where the fermion becomes massless but may not be exactly at
2% = 0), which then hosts massless 4d chiral fermions. The chiral anomaly on the interface
should be compensated by anomaly inflow from the bulk on the two sides of the interface.
Thus after integrating out the massive 5d fermions with masses of opposite signs on the
two sides of the interface, they differ by the induced Chern-Simons term at level k that
corresponds to the 4d chiral anomaly (see figure 12):

{ m <0: ki CSs ko — k1 = k = chiral anomaly coefficient for R . (5.117)

m>05kQCS57

4For a representation with SU(3) Dynkin labels A1, A2, the anomaly coefficient is

1
EPA2) = 7o T DO+ 22 +2) (2 + 120+ A2 +3) (A1 + 2X2 +3) (A — X2) - (5.114)

The PSU(3) representations satisfy 2A1 + A2 € 3Z. Let A2 = 3n — 2A1, then
40kP122) = 9\ + 1)(Bn — M +2)3n — 22 + D(n+1)(2n — A1+ 1)(A1 — n) (5.115)

is divisible by 27 since at least one of n + 1, n — A1, 2n — A1 + 1 and 3n — A1 + 2 is divisible by 3. (For
example, if n 4+ 1 is not divisible by 3, then the rest three will have different residues mod 3, and one of
them has to be divisible by 3).

55The corresponding Young tableaux are
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v

Massless chiral 4d fermion

Figure 12. 5d Chern-Simons term from a massive fermion in representation R is given by the
anomaly of a 4d chiral fermion in the same representation by anomaly inflow: ko — k; = 4d chiral
anomaly.

Since the fermion partition function is given by the n-invariant, the result also follows from
the Atiyah-Patodi-Singer index theorem [92] (see also [93, 94]).

5.10.4 SU(N)/Z; Chern-Simons term

Consider, for instance, an SU(4) Chern-Simons term at even level with the non-anomalous
one-form symmetry Zs. Then, one can gauge the one-form symmetry to obtain SU(4)/Zy =
SO(6) gauge theory with a Chern-Simons term.

When the level is a multiple of 4, k = 4r, the one-form symmetry is Z4. Its 't Hooft

anomaly is
T

5 /¢ dis)3 (5.118)
where B$® has holonomy 0, 1,2, 3 mod 4. The Zs subgroup with even B$® is non-anomalous
as discussed above. When r & 47 the full Z4 one-form symmetry is anomalous. We can
gauge the Zs subgroup one-form symmetry by writing Bgis — 2by + B, where dby =
Bock(B3) with By = Bs mod 2. For odd r the original 't Hooft anomaly gives rise to a
gauge anomaly

WT/bQBQBQ . (5119)

The gauge anomaly can be cancelled by new 2-form symmetry with background B that
couples to by as 7 [beBj. Then the 't Hooft anomaly converts into additional 3-group
symmetry

5By =rByUB; . (5.120)

When r € 4Z i.e. level 4r € 16Z, one can gauge the Z4 one-form symmetry to obtain
SU(4)/Z4 = PSO(6) gauge theory with Chern-Simons term. Namely, consistent PSU(4)
Chern-Simons term has level quantized to be a multiple of 16.

The discussion can be generalized to other values of N. For instance, if the level is
k= N%r with N =1,2,4,5 mod 6 (so (N —1)(N —2) =0 mod 6), we can gauge the Zy
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1-form symmetry for any integer r and obtain a properly quantized Chern-Simons term at
level N2r for SU(N)/Zy .

5.10.5 ’t Hooft anomaly in 5d Chern-Simons matter theory

When there are matter fields that breaks the one-form symmetry, we can apply the dis-
cussion of section 5.8. For instance, Consider SU(4) gauge theory with Chern-Simons
level 4r € 47 and Ny = 8 scalars in the fundamental representation 4. The theory has
SU(Ny)/Z4 flavor symmetry, whose background has Z4-valued discrete magnetic flux wg
that obstructs lifting the bundle to an SU(Ny) bundle. We can apply the previous discus-
sion with the identification B = wg . The 't Hooft anomaly for the flavor symmetry is

%T (wi)3 . (5.121)

We can partially cancel the 't Hooft anomaly by adding a Chern-Simons term for SU(Ny)
at level 47" € 47 (so Z4 is a subgroup of Zgeqa,, Ny) With Ny = 8), which contributes a
bulk term

r’w/(w§)3 . (5.122)

Thus, when 7 is odd, the 't Hooft anomaly cannot be cancelled by a local counterterm and
represents a genuine anomaly. In contrast, for even r the 't Hooft anomaly can be cancelled
by a local counterterm with ' = —r/2.

Another example is SU(6)3, with Ny = 9 flavors in the fundamental representation.
The flavor symmetry is SU(9)/Z3. The Chern-Simons term contributes the bulk term

o - % (wl)? . (5.123)
We can reduce the anomaly by turning on Chern-Simons level 3k for the background of
the flavor symmetry, which contributes the bulk term

o - % (wi)? . (5.124)
Thus we find that when k € 3Z the ’t Hooft anomaly can be cancelled by a local counterterm
of the flavor background gauge field, while for k & 3Z the theory has an t Hooft anomaly
for the flavor symmetry.

When there are fermions, we can compute the anomaly by giving the fermions a mass
that preserves the flavor symmetry, which leads to additional Chern-Simons term in the
IR as discussed in section 5.10.3. We can also include a U(1) baryon number symmetry as
in [95] in the discussion of anomaly. We leave this to future work.

An 't Hooft anomaly constrains RG flows. For instance, if two 5d theories have different
anomalies, they cannot arise from the same UV fixed point by RG flows that preserve the
symmetries. This applies to the above examples, for instance SU(4) gauge theories with
Chern-Simons level 47: the two theories with even r and odd r cannot arise from the same
UV fixed point by flows that preserve the SU(Ny)/Z4 flavor symmetry.
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6 A case study: so(8) theories in 6d and 5d

In this section, we will combine what we learned in the previous sections to study in further
details theories associated with the Lie algebra so(8) in 6d and 5d.

We first recall a few facts from section 4.4. The 6d SO(8), S¢(8),5s(8) theories can
be obtained from the relative s0(8) theory by choosing one of the three polarizations given
by the three L = Zs subgroups of D = Zo x Zy. For each choice there are two compatible
Zs-valued quadratic functions on H3(Ms, L = Zs) given by g(z) = 0 and ¢(z) = wsz. For
simplicity, we will choose the former while the discussion in this section can be directly
generalized to the latter.

For any choice of L, there is a L such that D = L @ L. Therefore, there is always a
non-anomalous LY = Zy 2-form symmetry.

One can also see this by studying the corresponding boundary conditions of the 7d
Chern-Simons theory, which has action

2 0, 2 00, 2 33, 2 L (e 3 i
00 + —C%dC? + —CPdC? + —CtdC %pd@7+c+c). (6.1)

The on-shell fields satisfy C' = 0,2C? = 2C3 = 2C* = 0, C* = C? 4+ C3, where the
equations are in R/27Z. The on-shell action is

4 4 2
—C%dC? + —C3dC3 + —-C?%dC?, (6.2)
4 41 2w

which takes value in 27Z, and thus the boundary condition Cl|y = 0,C?|y = B,C3|y =
B',C*%y = B+ B’ for Zy gauge fields B, B’ corresponds to symmetry with trivial anomaly.

However, there are two different lifts of LY to D, or in other words, two choices
of L. The difference between them is an SPT for the Zs background field given by Q,
the quadratic refinement for the Zs-valued intersection form on Mg. Such a difference is
unimportant for many purposes, but to uniquely answer the question “what happens after
gauging the Zy symmetry,” one needs to make a choice (or in physics terminology, a choice
of a “local counter term”).

Denote the three Zy subgroups of D as Lgo, Lgs and Lg.. For the SO(8) theory,
L = Lgo and if one choose L = Lg,, then gauging the 2-form symmetry with or without
local counterterm gives respectively Sc¢(8) or Ss(8) theories.

We will make a choice that is compatible with the “cyclic” symmetry. Namely, L = Lg,
and L = Lg, for the Sc(8) theory, and L = Lg, and L = Lgo for the Ss(8) theory. Then
the behavior under gauging is summarized in figure 13, where S* with i = 0,1, —1 stands
for SO(8), Sc(8), Ss(8).

The right-hand side of figure 13 can be explained by looking at the partition function.
Denote the partition function of S* coupled to background Bz for the two-form symmetry
by Z;[Bs]. Then the upper horizontal arrow leads to the partition function for the theory
at the upper-right:

Ly = Z Zl[b3](_1)Q(b3) . (63)
b3
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“fermionization”

A (-+Q)/Z, A
/73 Zy +AKT HAK
: “fermionization” :
SHl Sz—l
(-+Q)/Zy

Figure 13. 6d SCFTs with g = 50(8) from three polarizations S? = SO(8), Sc(8), Ss(8) fori = 0, £1
mod 3 respectively. These three theories are all dual to one another by triality with the same
partition function. The theories on the right are treated as a wy-theory by tensoring with trivial
v4-SPT phase (for a detailed discussion of such SPT phases and their generalizations to 2n space-
time dimension, see [36]), similar to appendix C of [67]. The vertical arrows correspond to changing
the polarizations of the 7d three-form Chern-Simons theory. This is a special case of the general
relation between gauging Zs (n — 1)-form symmetry and stacking higher fermionic SPT phases in
2n-dimensional space-time discussed in [36].

This is a special case of the “fermionization” procedure in 2n space-time dimensions dis-
cussed in [36] by gauging Zs (n — 1)-form symmetry with additional higher fermionic local
counterterm. The downward arrow on the right leads to the partition function 3=, Z;[bs],
and the partition function coupled to background Bj for the dual two-form symmetry Zs
is >y, Zi[bg](—l)f %385 The lower horizontal arrow gives the partition function for the
theory at the lower-right

Zh = Z Zi[bg](—l)fb3bé+Q(b/3) — Z Z;[bs] (—1)Qbs)+ QU5 +bs) ZurZ(_l)Q(bg), (6.4)
b3,b b3, by b

where b5 = b5 + bs and the factor Zbg(—l)Q(bg) is the Gaussian sum of the quadratic
function, which is the Arf-Kervaire invariant of the manifold and thus is a v4-fermionic
SPT phase [36]. The discussion is a special case of the computation discussed in [36] for
gauging Zs (n — 1)-form symmetry in 2n space-time dimension.

In the 2d-3d analogue of figure 13, the theories S¢, Si™! are Ising and Ising/Zs which
are dual, while S?~! is the Majorana fermion obtained by orbifolding the Ising model with
additional local countertem given by Zo fermion SPT phase. The vertical arrows on the
right are given by staking a (1 + 1)-dimensional invertible spin TQFT with effective action
given by the 2d Arf invariant [96]. In the 3d bulk Z, gauge theory the vertical arrows
correspond to electromagnetic duality [7] that is equivalent to changing the polarization.

How do we verify this prediction about gauging directly at the level of quantum field
theory? One should notice that SO, Sc, or Ss is not the “gauge group” of the 6d theory
and these theories are expected to be “non-Lagrangian”. Instead, the names describe the
spectrum of strings in each theory. However, once compactified to 5d via S*, they become
familiar gauge theories, which we analyze next.
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Analysis via 5d gauge theories

Let us start with 6d theory with polarization given by Lgo C D. After reduction to 5d,
the theory is characterized by a pure polarization in Pol(S!) given by

LY & Liy ¢ DO ¢ DY = H*(S', D). (6.5)
This is neither the geometric polarization Py nor its opposite Pp, but instead in between.
And it has both one-form D) / Lélc)) = Zgl) symmetry and 2-form D(©) /Léoc)) = Zgz) sym-
metry.

From the point of view of reduction from 6d non-gauge theory to 5d gauge theory, the
2-form symmetry in 6d becomes 1-form Z(SO(8)) = Zgl) electric center symmetry and 2-
form 71 (SO(8)) = Zg) magnetic symmetry. The 1-form symmetry Zgl) acts on Wilson lines
as (—1)" where r denotes the number of boxes in the Young tableaux of the representation.

Gauging the 6d 2-form symmetry sums over the 3-form gauge fields, and that translates
into summing over the 3-form and 2-form gauge fields in the 5d theory, namely in 5d
gauging both the one-form and two-form symmetries in 5d. Let us carry out this gauging
procedure in 5d in two steps: first gauge the magnetic 2-form symmetry and then the
one-form symmetry. Gauging the 2-form symmetry changes the gauge bundle from SO(8)
to Spin(8), and it gives a dual Zy one-form symmetry: it acts as —1 on all Wilson lines in
the spinor representations and +1 on all tensor representations, denoted by (—1)°. This
Z/Q(l) = (Zg))v one-form symmetry is different from the uplift of the original Zgl) one-form
symmetry since the latter acts as —1 on tensor representations with odd number of boxes in

(1)

the Young tableaux instead of +1. To determine how Z/Q Y acts on Spin(8) representations,

one in fact needs to choose a lift of D(1)/ L(Sl(% into L ¢ DM. In our convention, this
subgroup is chosen to be Lg.. Then, gauging the original Zgl) one-form symmetry (—1)"
in the Spin(8) gauge theory gives S¢(8) gauge theory. Notice that the lift of D)/ L(S(g
to L c DO is now fixed by isotropy condition on L = A &) A , so the second step
involves no further choices.

The SO(8) and Sc¢(8) theories are dual to each other by triality with the same partition
function, similar to the Kramers-Wannier duality in 2d. Some of the 't Hooft operators
in SO(8) gauge theories that are non-genuine line operators in the spinor projective repre-
sentations are mapped to Wilson lines in the S¢(8) gauge theory similar to the mapping
between order-disorder operators in 2d.

How do we get Ss theory? In 5d, when gauging both the one-form and two-form

symmetry, one has the choice of adding a local counterterm

x / bobs | (6.6)

where by, bg are the gauge fields for the one-form and two-form symmetries, respectively.
This is equivalent to switching to the other choice of L given by Lgos) & Lgls) € H*(S', D).
After gauging the two-form symmetry in the first step, the dual one-form symmetry (—1)*
is generated by [ bs. Thus, adding this counterterm is equivalent to gauging the diagonal Z,
one-form symmetry (—1)"** instead of (—1)". In other words, adding the local counterterm
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changes how the original one-form symmetry (that acts on tensor representations) extends
to act on spinor representations of Spin(8). Gauging the one-form symmetry then gives
Ss(8) gauge theory.

To get back to the 6d story, one just needs to realize that the 5d local counterterm
above is the dimensional reduction of the 6d local counterterm wQ(B$?), since with B§? =
Bs + Baa and a the generator of H'(S!,Z), we have

7Q(BSY) =« (Q(Bg) +Q(Bsa) + / Bnga> = | Biba, (6.7)

where we used the property that @) is the quadratic refinement of the intersection pairing
in 6d. Thus, we find that, starting with 6d theories with polarization Lgo that gives SO(8),

o gauging the Zo 2-form symmetry gives Sc(8),

o gauging Zs 2-form symmetry with local counterterm 7Q(BS§4) for the 3-form gauge
field B§! gives Ss(8).

This is in perfect agreement with the prediction by the general theoretic framework for
polarization that we developed in this paper.

Generalization to higher rank so(8k)

As we have emphasized, one benefit of this approach is that it applies universally to any
boundary 6d theory as long as then can be coupled to the same 7P%¥, In the present case,
it means that the discussion above applies to any 6d theory labeled by so(8k) for k£ > 1.
Namely, the two-form Zs symmetry in SO(8k), Sc(8k), or Ss(8k) is again non-anomalous
by a similar computation as equation (6.1), and when it is gauged, these theories behave
exactly the same as in the £ = 1 case. Notice that for £ > 1, there is no triality and
SO(8k) is no longer dual to either Sc(8k) or Ss(8k). Nonetheless, universality implies that
the diagram 13, which enjoys triality, still applies with S* = {SO(8k), Sc(8k), Ss(8k)} for
1 =0,1,—1 mod 3.
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A Quantization of 7d three-form Chern-Simons level

If the coefficients Ky in (2.3) have odd diagonal entries (which can arise for boundary
N = (1,0) theories), then the 7d theory requires a “Wu® structure” analogous to the more
familiar spin® structure. Let us briefly review it here. Consider

1

— Al
4T Jomy ( )

ngCg = 7T/ dngdng .
Mg 2m 2w

For C3 properly quantized, ¢ dCs € 27Z, the theory depends on the choice of a Mg that
bounds the seven-manifold. The dependence is given by

dCsd d
7r/ 03 dCs _ 7r/ ﬁm mod 277, (A.2)
Mg 2™ 2T Mg 27

where vq = w‘f + w% + wiws + wy is the fourth Wu class. For spin manifolds w; = wy =0
and w3 = S¢' (ws) +wiws = 0, so that we have vy = wy. To have a well-defined theory we
introduce a background “Wu€ structure” X3 that satisfies

dXs 1 1
5. = 5U1= 5t mod Z, (A.3)
and couples to the theory as
1 1
—(3dC3 + —C3d X3 . (A4)
4 2

Then, the 7d theory is independent of Mg.%
We can also define C% = C5 + X3. Then, the action can be written as

1
—ctdct + ... A5
1 3ds T (A.5)
where --- are gravitational corrections independent of C%. The three-form Cj obeys a
modified quantization condition [31]
acy 1
5 = 5 (mod Z) . (A.6)

If the manifold has a spin structure (in particular, is orientable), then there is a natural
Wu€¢ structure given by the gravitational Chern-Simons form. To see this, note [98, 99]

p1 = P(wa) — Bock(wiws) — 2 (w1 Bock(ws) +ws)  (mod 4). (A7)

For spin manifolds we have wy = p1/2 mod 2, and thus

acy 1 1
5 = 2P1= 50 (mod Z) . (A.8)

Such shifted quantization condition was already discussed in [31].

56This is also consistent with the fact that, when the boundary is an M5-brane, the boundary can be
defined with a Wu® structure as discussed in e.g. [97].
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In fact, we can define theories on more general spin® manifolds, which also have a
natural Wu® structure. To see this, note that for orientable manifolds [98, 99]:

P(wz) = p1 + 2wy mod 4, (A.9)

where we used the inclusion Zo — Z4 by multiplication by 2. For a spin® manifold there is
a line bundle with ¢; mod 2 = ws, and thus P(w3) = ¢? mod 4. Then, the fourth Wu class
satisfies

vy = wy + ws = (p1 + c%) /2 mod 2, (A.10)

The right hand side is an integral class and gives the corresponding Wu® structure, i.e.

dX 1 1
T; = (pl + c%) =5 (mod Z), (A.11)

with X3 given by the combination of the corresponding gravitational and U(1) Chern-
Simons terms. Then, the shifted C% obeys
acy 1

27 :Z(m—}—cf)z

%M (mod Z) . (A.12)

For spin manifolds, since ¢; is even, ¢; = 2¢] for another line bundle with first Chern

class ¢ and the formula reduces to v4 = p1/2 mod 2. Then, the shifted quantization
condition (A.12) reduces to (A.8) obtained in [2, 31].

B Discrete theta angle from quadratic refinement

Consider an oriented manifold M of dimension 4n + 2. There is an intersection form on
H*"2(M, Zs) given by

H*™ Y (M, Zo) x H™ Y (M, 7o) — Zy:  (a,a)) — /M aUa mod 2 . (B.1)
It has a quadratic refinement®”
Q: H™ (M, Zy) — Zy (B.2)
that obeys
Q(B2nt1 + Bini1) = Q(Ban1) + Q(Boy i) + /M Ban41U By, mod 2 . (B.3)

From the quadratic refinement one can define the Arf-Kervaire invariant AK as fol-
lows [75-77, 100]: first take a symplectic basis (af,37) in H?"*1(M,Zs), such that
I ala’ = I pIpT =0, v a!B? = 577, Then, the Arf-Kervaire invariant AK is

AK =>"Q(a")Q(B") . (B.4)
I

5TThe quadratic function on a general manifold is a Z4-valued function. For orientable manifolds, since
aUa = aUvzps1 mod 2 and the (2n + 1)-th Wu class van+1 is trivial, the quadratic function is Zg-valued.
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The AK invariant is independent of the choice of the symplectic basis [100]. It is also given
by a Gaussian sum of the quadratic function

TAK = Arg > (—1)@bzn+1) (B.5)
b2n+16H2n+1(MVZ2)

From the quadratic function @ we can define a (2n + 1)-form Zo gauge theory with
the following topological action: denote the gauge field by Ba,+1, the action is

ﬂ-pQ(BZT%Fl)a P = 07 1. (B6)

The physical properties of the Zs gauge theory will be discussed in detail in [36].

Symmetry extension

The above Zg (2n+ 1)-form gauge theory has the following property. Suppose bay,+1 obeys
the twisted cocycle condition
0ban+1 = Man+2 (B.7)

which happens if By,1 participates in a non-trivial group extension. Denote the back-
ground of the dual 2n-form Zs symmetry by Ban+1, then its coupling to ba,41 together
with the discrete theta angle combines into wQ(b2,+1 + Bant1), where

6Bon 11 = ponto (B.8)

and thus d(bap+1 + §2n+1) = 0 and the quadratic function Q(bap+1 + §2n+1) is well-
defined. This implies that the dual 2n-form symmetry participates in a group extension,
The discussion generalizes the 2d situation found in [47].

C Discrete theta angles in 5d gauge theories

Continuous notation
Consider the Zy two-form gauge theory

k N
- badbs + o—badas . (C.1)

The first term does not contribute to the equations of motion since locally it can be written
as a total derivative. The equations of motion imply

eNFar 1 NP2 (C.2)

If we consider (Zy)" two-form gauge theory with mixed discrete theta term

N qrJ
EI: %bédag + IZ ﬁbgdbg : (C.3)
<J
where q;7 = —qyr1, and I,J = 1,---r. The equations of motion imply
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We can couple the two-form gauge theory to 5d gauge theory with gauge group G and
7m1(G) = Zn by identifying ' $ % with the generator of the magnetic two-form symmetry
m1(G) [47]. Then the magnetic string is attached to el % and thus from (C.4) it car-
ries electric charge qr;/N for the electric one-form gauge symmetry corresponding to b3
analogous to the fractional quantum Hall effect.

We remark that since the magnetlc string is not topological for continuous G, the two-
form symmetry generated by e ifas i explicitly broken by coupling to the G gauge theory,
and it is left with the 71 (G) two-form symmetry generated by e if b

We can also reduce the 5d discrete theta angle to 4d by decomposing by = by + b’lg—f,
where ¢ is the coordinate on the compactified S!, b}, b are fields in 4d. Then the 5d

discrete theta angle (qr;/27) [ bhdbJ becomes

q1J 17 /Idﬁ 1J /Jd‘a0> _ QIJ/ i ord
o <b2 + b %) (db2 s ) =52 (b5t — (1)) . (C.5)

Thus, the 4d mixed discrete theta angle, to be discussed in [8], can be obtained from
reduction of the 5d mixed discrete theta angle.

Discrete notation

Odd N. The discrete theta angle for Zy with odd N is trivial:

=0 (mod 27Z) .
(C.6)

ok 5By  2mk(1+ N)/2 /23 5By 2mk(1+ N)/2 / §P(B3)
N N T N 2 - N N

Thus we will focus on even N.

Even N. For even N, P(By) = ByBs — §By Uy By and we have the formula between
cochains:
573(B2) =20ByBy + 6By Uy 0Bs . (C?)

Thus
0By

B, 2 = 7579(32) -3 <5NB2> s (‘%) , (C.8)

where we note each term is expressed using Bockstein which can be lifted to an integral
class (note P(Bs) is a Zgy-valued cocycle), and it is well-defined mod N.*® Thus

27T/BQ(SB2 —7r/ (5152) Ui <6NB2> :77'/'102 <5NBZ> , (C.11)

*8However, due to the U; product, the last term cannot be lifted to an integral cocycle:

0o () (%)) - (%) (42).

Note that one cannot write the action % fBQ5B2 since it depends on the lift of By: changing By —

B2 4+ Nys for some integral 2-cochain y changes the action by

0B
ﬂ/y26y2 + % / (y0B2 —dBay) = </ Y20y — (ﬁ) U 6y2) . (C.10)
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where we used 7 [ 23 Uy 23 = 7 [ Sq*(z3) = 7 [waxs on an orientable manifold for Zs
cocycle xg = 0Bz /N mod 2. We can rewrite it as

2w [ dws 2T
— | — By = — B 12
N 5 D2= /Ws 2, (C.12)

where W3 = dwsy /2 = Bock(ws) is the third integral Stiefel-Whitney class on an orientable
manifold. The case of N = 2 is also obtained in [35]. This means that the discrete theta
angle does not affect the spectrum of operators, and what it does is attaching to the
magnetic string that carries unit flux of [ By with

Qﬁ” / Wy . (C.13)

When N = 2, this is interpreted as the magnetic string being “fermionic” in the sense that
it depends on the framing specified by a trivialization of ws = W3 mod 2 [102].

General case. Let us consider the discrete theta angle for A = [[; Zn;,

2 5by
> [yt (C.14)
I<J Ni Ny

where ¢;; = —qyr = 0,1,---ged(Ny, Nj) — 1. Note qr; = ged(Ny, Ny) is equivalent to
qrs = 0 since there exits integers m, n such that gcd(Ny, Ny) = nN;y +mN;.

In the following we will compute how symmetry and its 't Hooft anomaly depend on
the discrete theta angle (C.14). Consider turning on a Zy, background Ygf such that

obl =vi . (C.15)

The discrete theta angle action needs modification to ensure that it is independent of the
lift of B. Changing the lift by — bl + Nyul for integer cochain ul changes the action by

WYY vl
27TZq1J/<23— 3 2. (C.16)
I<J Ny Ni

Thus we add the following term
qrJ I J IypJ
— o I§<J: N / (b3Y = vib]) . (C.17)

The discrete theta angle in the presence of background Y is the sum of (C.14), (C.17). In
addition, we can add the following coupling to the Zy, background Bi for the two-form

2w Il
; v /b233 . (C.18)

Next, we examine the gauge invariance for the background gauge field. We extend the
fields to a 6d bulk and demand that the dynamical field b4 to be independent of the bulk

2mqrg T I J J M Jeord e
Z NNy /6d (6b2 B Y}’) (562 Y ) + 1%;] NNy /Gd (b25Y3 bydY )

symmetry generated by § BS,

I<J
27T<JIJ/ IvJ I J 27/ Ispl Il
- E Y- Y —60Ys U Y- -I-E — b56Bs +Y: B . C.19

— 99 —



The first is trivial since dbi = Y31 mod Ny, and we will drop it from the bulk action.
The terms involving b need to cancel, and thus leading to extension of symmetries with
modified background fields

0B§ = qrsBock(Yy'), (C.20)
J
where gqr; = —qyr and Bock is the Bockstein homomorphism for 1 — Zy, — ZN3 —
Zpn, — 1. The remaining terms represent an 't Hooft anomaly for the two-form symmetry
2mqry / /
— Y{vy —osviu Y Y] B! C.21
ngINJﬁ(g?’ 3 Ui I3 +ZN1 3 b3, ( )

where the first term comes from the discrete theta angle g;y, while the second term
comes from the coupling [biBi and it is universal for all discrete theta angles. The
equations (C.20) and (C.21) are the main results of this appendix.

5d gauge theory with discrete theta angle can be obtained from the theory without
discrete theta angle by coupling to the two-form gauge theory (C.14) as in [47]. If the zero
discrete theta angle theory has symmetry extension with modified §B4 # 0, which means
there is gauge-global anomaly for bJ, then a nonzero discrete theta angle gives extra gauge-
global anomaly that modifies the symmetry extension by additional term in 533{ given by
the right-hand side of (C.20). The discrete theta angle contributes to an additional 't Hooft
anomaly given by (C.21).

For instance, consider SO(6) x SO(6)" gauge theory (with a prime to distinguish the two
SO(6)) in 5d with the mixed discrete theta angle 7 [ w2(SO(6))UBock(w2(SO(6)")). Denote
the background gauge fields for the residual electric one-form symmetry by B, B’ and the
background gauge fields for the charge conjugation O-form symmetry by By, Bj. Then this
corresponds to Y! = Bock(B) + BBy and Y? = Bock(B') + B'B,. When B; = B} =0
the mixed discrete theta angle gj2 = 1 does not modify the symmetry or 't Hooft anomaly
(on an orientable manifold i.e. without time-reversal symmetry) since Bock(Bock(B)) = 0
and [Y'Y? = [Bock(BBock(B')) = 0. For By, B} non-trivial there is modification in the
symmetry and anomaly as in (C.20) and (C.21).

D A mixed discrete theta angle

Consider the discrete theta angle for a Zx n-form gauge field =, and (d — n)-form gauge

field yg_n, ,
P

N

Suppose we are given theory 1 with non-anomalous (n — 1)-form Zy symmetry, and theory

TnYden, Pp=0,1,---N—1. (D.1)

2 with non-anomalous (d —n — 1)-form Zy symmetry, then we can gauge these symmetries
and there are different ways of gauging the symmetries correspond to adding (D.1).

Z Zl QWZp/Nfa:y _ ZZl ZQ[p.T Z2[plE Z Z Qﬂ'ip/Nf:Ey‘ (D2)

This can be expressed as

S Zi[z) Zo[u]e R S owre) (D.3)

x,u,v

- 100 —



With the partition function of T7/Zy and T being respectively > Z;[z] and Z3[0], we
will denote the resulting theory as
(T1 / 7 N) X T2
AN

where the quotient denotes gauging the diagonal Zy symmetry that acts on 75 as the Zy

(D.4)

(d —n —1)-form symmetry and on T5/Zy as the Zy, C Zy dual (d —n — 1)-form symmetry
with L = ged(p, V).

Here it worth emphasizing that in the context of discrete theta angles that arise from
polarizations, the above mixed discrete theta angle (D.1) actually often comes from a pure
polarization.

To give an example of such theta angles, one can take two copies of (14 1)-dimensional
Ising model (denoted by Isings) having Zs x Zg symmetry. Gauging the symmetries with
mixed discrete theta angle given by the non-trivial element in H?(Zy x Zo,U(1)) = Zs
produces

Ising, /7y x Ising, o Ising, x Ising,
Zo Zo
where the first duality used the property Ising,/Zs <> Ising,, and the second duality used

& U, (D.5)

the property that the gauging the Zy symmetry in the compact boson theory U(1)4 produces
Isingy x Isingy [103], and thus gauging the dual Zy symmetry in Isings x Isings (which is
the diagonal Zy symmetry, since Ising,/Zo <> Ising,) gives back U(1)4. This reproduces
the result in appendix D of [47].

E Linking forms

As a warm-up, let us consider a pair of closed, oriented, disjoint manifolds M,,, M,, C
R™+7+1 The linking number Lk(M,,, M,,) is defined as the degree of the map

£ M, x My, — S™+"

=y

o) - = (E.1)

It is easy to see that, for any m and n, there are examples of submanifolds with non-zero
linking number, e.g. a pair of spheres S™ C R"*! and §™ c R"*! in §™*"+1 (= sphere in
R+l x RMAL — Rm—i-n—&-?)'

This can be generalized to linking number on arbitrary manifold as follows. In d
dimensions we can define linking form for torsion cycles of degrees ¢ and d—¥¢—1 as follows.
Denote two such cycles by ag, o), ;. Then there exists an integer K, (for R+ it s
the identity)

Koy = 041 - (E.2)
Then the linking form is defined using the intersection number between 41 and o , 4,
Link(ag, afy_g_q) = K ' #(er1, g_g_1)- (E.3)
can be expressed as follows. Denote
K dB,
57 Bae1 = PD (1), W’f =PD(c/)_y_4), (E.4)
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then the linking form is

7/Bd (1dBy = (—1)@=9+D /BZdBd -1, (E.5)

where the second expression used integration by parts. Thus the linking form on torsion
cycles has the symmetry property

Link(ag, ag—¢-1) = (=1)"“DLink(ag -1, ar) - (E.6)

If in the definition of linking form we take the intersection with +/_, with 04, _, =
K'ag_y_1, then the sign is replaced with (—1)“*1 from the additional contribution
(_1)(d76)67(d7471)(f+1)_

For instance, the linking between torsion one-cycles in three space-time dimension
d = 3 is symmetric, while the linking between torsion 2-cycles in d = 5 is antisymmetric.

F Dualities for 7d three-form Chern-Simons theory

Just as in the usual Chern-Simons theory, the three-form Chern-Simons theory for Ax_1
enjoys a similar version of level-rank duality [71]: it is dual to the theory similar to U(1)_x
i.e. the level-(—N) Chern-Simons theory with a single three-form gauge field, up to an
invertible TQFT. To see this, we can write the theory as

N—-1
2
1 -1 1 I 1
Cdc+§ ( 5-C'tac +47erC>. (F.1)

The first term can be rewritten using

2 1 1 1 1
—ctdct — —c%c® —cldct — —Cldx — —ad F.2
47 47TC . 47TC ¢ o T g (F-2)
where z, C? are three-forms related by z = C° —C! and —ﬁC’OdCO is an invertible TQFT.
Using this duality we can rewrite (F.1) as a level-one Chern-Simons theory and

N-1

~ Lods +7 Cldol Cld(02 +z) + Z (

—ctac! + cfdcf). (F.3)
41

2

Redefining C' — C! + C? + z gives

2
- —mdaz—i— Cld01+ C’2d02 Lezaed 4 a)+ Z ( —c'de!t + Cfdcf>.
47 27 = 47
(F.4)
Repeating the steps for C?,--- CV~1 we find
N A}
— —uxd —cldc? F.5
4 + IZ:;) AT ’ (F-5)

where the later YN, £C'dC" is an invertible TQFT. The duality is discussed in [26].
This is consistent with the effective action from supergravity [3].
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Similarly, the Dy theory is dual to

N 2
— —xdr + —xdy (F.6)
47 2

for three-forms z, y, up to an invertible TQFT. This is an analogue of the ordinary Chern-
Simons duality discussed in [33, 104]. Another duality is between the Ey theory and the
time-reversal image of Ag_n tensored with the Eg theory, which is the counterpart of the
duality in the usual Chern-Simons theory discovered in [34].

Another class of dualites comes from the analogue of fractionalization map discussed
in [67]. There the operators are lines, and their spin can be changed by % if one turns on a
background Bs = wg (which is ve on orientable manifolds) for the Zg one-form symmetry
that acts on the lines; here the operators are three-dimensional, and their spins can be
changed by % by turning on a background By = vy for the Zs three-form symmetry that
acts on the three-dimensional operators. This amounts to inserting the generator of the Zs
subgroup three-form symmetry (which is a combination of § C) at the Poincaré dual of vy.

For instance, the theory associated with g = s0(8) can be expressed as a Zsg three-form
gauge theory coupled to By = vy for the one-form symmetry generated by em. Concretely,
if we write the Zy gauge theory as %CdC” with three-form U(1) gauge fields C, C’, then
the theory for g = s0(8) is obtained by turning on the background By = vy for the one-form
symmetry generated by the fermion ¢(C' + C”). This changes the spin of the e operator
¢ C and m operator § C’ from boson to fermion. It is the analogue of the “efmf” theory in
2+1 dimensions.

G Factorization of fermionic Abelian Chern-Simons theory

In this appendix we show that a fermionic Abelian Chern-Simons theory in 7d or 3d (with
three-form or one-form gauge field, respectively) always factorizes into the product of a
bosonic Abelian TQFT and an invertible fermionic TQFT that consists of two objects: the
identity and the transparent fermionic object f.

The proof is by contradiction. Suppose the contrary, i.e. the Zy generated by f partic-
ipates in a non-trivial extension of the operator algebra. Then, there exists another object
x that obeys Z4 fusion rule such that

?=f =z'=fzr. (G.1)

Let us compare the spin of fa with the spin of 2~ !; they should agree according to the
above equation. In an Abelian TQFT, the spin of fx can be obtained from the spin of f
and the spin of x and their braiding, i.e. the spin is a quadratic refinement of the braiding.
The spin of the fermionic object f is 1/2. The object f, being transparent, does not have
braiding with z, so the spin of fz is the sum of the spins of f and z, i.e. 1/2+(spin of ).
On the other hand, the spin of 27! = fz is the same as the spin of z, being its inverse.
Then we have a contradiction

spin of z = 1/2 + spin of = . (G.2)

- 103 —



Namely, no such x exists. In other words, an arbitrary Abelian fermionic Chern-Simons

theory in 3d or 7d factorizes into the product of a bosonic Abelian TQFT and an invertible
fermionic TQFT.

Open Access. This article is distributed under the terms of the Creative Commons
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