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Aagune the Jacob{6n $strtx f0r(0} hae a cotnplex eonJugete palt of

elgenvaluee *t and that all other ei.genvaluea I sattsfy I I nl t

n - 0rtlr!2;.,. .

Fot thoee f cloee to Ea coneLder the pertutbed dtfferentl,al

equatl.on

i * f (x) (1, 2)

t{e are lnterested ln deterrntrnLng the number of nonzefo p€rr.odlc otblte

of (1.2) Lytng near the orfgln and havlng petlod T cloee to 2n for

each f close to f0 (ntth reapect to an approprlate toPology).

rn conslder{ng thLa problem, chafee [31 consttucted a deternln{ng

equatlotr 0(€rf) . 0 nhere E - p2, Ln uftl.ch p tB e neasure of the

anrplltude of the perlodtc aoLutl.on betng eought and f le the functlon

appearlng tn (1.2), Lettlng k (flntte) be the mr;ltlpllctty of the toot

6 - 0 of the equatl-on rf(.,fg) - 0 ({(0rf6) * 0) r Chafee proved 6nong

other reeults the follawing two propert{eal (a) thete exLstg a nelghbor-

hood il of f0 and a number 
"t " 

0 sueh that for any f € fJ equatl.on

(1.2) hae no rflore th6n k nontrivi"aL Berfod{.c orb{ts {n Bn(rr) $tth

petlodcloeeto 2Ni (b) f,otanyinteger J, G<J3k' forany

nelghborhood p* of f,' , r\lo g fit , and for any rz € (0rrt J thete

exlets an f € il+ euch that equat{oil (1"2) hes exactly J nontrivlal

perlodlc orblts ln Bn(r^) wtetrr perlodLc cloee to 2Tr .

Sfnce the constructLon of the determtnLng equatton reguitea the use

of flxed po{nt theorems {ts form la only knot*r tmplleftly. Thua the



determl.nat.l*n of the nuilbet k fe e netrr probtrem that needs to be solved'

tfe are i.nterested ln e*lv{r:g fhfe nete prabl-enr.

Ln thls p6per we {llustrefe the er{se n * ?. The general prob}en

ia nuch more dlffteal"t erntl e pnFer rlevoted to the generetr ease Ln csllab-

of,atLon $lth p. Negrlnl J.s ln preperation. The techntquee fn n'n af,e

extensLons cf the ideas of thi.e B*pef t$ pA. Indeed the use of appro-

plate Ltepunerr fun*tfone used *n th*e peper wlbh eome delfcate nodl'-

fleatlons aL].erss to e t1.e6tme$t f-n N.tt, lfe prove that prcperttee (a)

end (b) occur tf *od only lf the or$.gftr of (X.1) $.e elther (2k+1)

6s)4aptotfca1try stable cl1 {f"ft+1} compl,*te.}-y unatabl"e; that {s the

oflg{n te aaynrptotfanll-y r*fim?li.e fn the fuf,ure or {.n the past and thl"s

property !"e tecoguLeahle tfl s suftsble senre i:y the teffts of f0(') of

degree < 2k+ t " ThLe result g*"ves * ccmpXete a$s$ef to the problen

elnce we provi.de 6 eo$strueL{ve ptocedute to deternn$.ne k" Indeed thla

Le *racely the claae$.ee}" n:ethod of Foj"neerd lt&ich Ls en algebraj"c pro-

cedure to eoristruct efther a F$wer Rer{ee 86tl"sf,yl"ag forrnel'Ly ehe cofi-

d1tlon of be{ng * fJ-ree *.n6egu*l of {1.1} or a pnst*!.ve defl"ntte functlon

uhaee detfvetl"ve* along the s$ltrtton of {!.tri ts deflnlte J'n eLgn.

Naw let Sj , s: J 5. k, be thnee f € ru for whleh 8ysteft Q,2'

hee ex*ctl-y j nanir{vfa! pertCId*.e orblte lyf"ng tn Bz(f}) . Out bech-

nl.ques altrow us to efrn€tlrucl fi hroed elsse o:f funct:lcns lylng tn the

fntertsr of UJ " keeleeri thtse* funetlon.e cen be fouttd hy determtnlng

pol.ynorutals sf ofd6r k thet have J sitnple rootg. In tht,s wcy ue

prorrlde e ntettrn* f*r qletermfnfurg e. cl.as* cf functf*ne thet enJoy the

etructural property *f prenervJ.ng the n*ilber uf per$.odlc orb{t8 near th€

orLgltr under snraX.l Ferturbgtfun (see tke Remerke efter the neeeeetty
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Some of our results tllthout proofe were gLven at e confeteuce Ln

trleete [2].

Ftnally rce temark that thls paper ll"luetratee the {nrportence of the

concepts and argunents of stabtli.ty theory Ln approechlng Hopf bffurea-

tion.



2. NotatLon *nd Prellnfnarl.ee

Under the hypatheses g!.ven on fo, by applytng a cootdtnste

tranefottna,t{.onrequsEf.cn (1.1} tn pa can be wrltten as

i - *y + Xn(x,y) r

(a. r)

i**+yo(xiy) ,

r*ftere X0(0r0) .Yo(0,0) - 0 and X6(0,0) -Yl(0,0) .0 " Wa shalX" aga{n

refer to the rfght-h*ndelde of (2,1) ee f0. $tn{l-arly equatl.on (1.2}

can be $rLtten ee

a

x c $tc - Sy + X(xry) |

(3.3)

i' * *y - Sx * Y(x,y) ,

whete X(0,0) * Y(0r0) . 0 and Xt t0r0) - Yr (0r0) - 0 end ageln fefef to

the rtght*hand side of d2.2) ee f .

lfe noqr defLne the ropology on the apaee C*1nz(r') rnztr , where r0

Le a f Lreed reel" posf t{ve uumbet and fa (r*} le the open ball $.n g2

centered at the orfg{"n hav{,ng redl.ue r0. Ae in [3] def{ne a functfan

It lt mapptng c*1se(f,CI),R21 tnto R by

oo "r 11n11(t)

rtril -,lo F #iiffi
where I lt t | 

(* ) du*or*s the Lrsual c[ *s,rprnu*rn nonn of f sn nt (rn] .



?hen c*X6l{ro} rRz} {.s e ruetri.e

Conrrertdns (2.2) tnto poler

we heve

llnear spsce under I f I I .

form by lettlng rssr cos0, for etnB

or * Xn(rrSlcos0 + y*(r,Sledn6

$r * Y*(r,SleosCI - )t*(r,6)elnS

where x*{ros} * tr{(r coes, r sf,ns} end yrr(rp$i ., y(r eoe0 r r elns} .

Stnee g has vplue c!.oee to $ne e$d X't(rr$) , y*(rr$) sre 0(r) rr€,

havettreexLst*nceof ?>e snd b>0 auehthat 6rn fora}L

r € [O'TJ . Fcr esery rs e [0rr] snd 00 € R the orbft of (t.2)

paselng through (r0 r$a) wt.l.L be represented by the es:.utton

r(f ,S, r's r0o) of

R(f'r,S), f,(SU) - rCI

?

rE

f[}*

o{*

.',€.sn

att (2.3)

where Rir,r,e) * q-q +*$1{qi9-iggq s il*l*Lr,rO}irysp(frrr$)

w{th Q {f , r,g} * !*dr-.sleos o - lt*{r,o}sr"nCI
r

for r > s* CI{frsr0} * s' liy eenti.nuous dependenee argumente Lt

foll"oqe ttret fsr a eufffci-ellh.ly surarl nelghborheiod M of f0 and

fot suffi"cLently nmall 'e 
> o the a$LuL{on r(r:r{}rr:r0) of (?.:} exists

on I0,2sr] for *trI" f e X aud el"l" c e [O,T) .

t{e noro de;f{ne the dtsp3"seeme$t functr.on for (1.?}, v(f,c}, g{ven by
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(1) f,or evety rt,T? c C*[Br(rs],81 of arder grenter then

h the s*l"t'ltlon ef the avstern

x **y + Xor{x,F} * Xu*{*ny} + ,," Xor.(xr}} + tr(x,})

i * x * yor{x,y} * ys:{xry} + .., vnr(xur) +. tr(x,y}

le eaymptrtlcal"Ly st*.btr-e {r:eeip. eempletel.y unstebxe} " Here

Xol, Yol, ? j f t h, r*Fr€sent the {th terma sf the

Macl-aurln expc.nal,cn of x* , y0 reepec,ti.vely irecall. that

Xo, (x,y) i yol {xry} s *} ;

(f1) prspefty (1! le nut s&Lf"N*ffed when h l.e replaeed by uny

J.nteger fi 6 {2r3, -, . ,lr - 1} .

T'he propertt*s fn the itbove. deftni.t,Lsn can sccur onl-y when l: is odd,

Floreover lt 
'r4$ 

beecr eh$wt? Ehnr the lr-asympto8te stetrtliry or

h*cotupl-ete f.nstatj-{J.trty ean be recogniaed by rne*tns eif a c}aselcel" proce-

dure due to Pu{ncard lgj" rn p*rtLeu.L*r cons{der a potr"ynomL*.tr. of the

form

F{x-y} * x? + y? * Fs{xn},} + ".. F,n(x,V) r (2 .6)

whete 1ll Ls rrft {:v*r'l integer and oj d.s $ hq:rnogeneous ;rolyn*ml.*L of

" u t-trsl ,trerLvst{r.re oJ: L"' tr-lonp s$lutl.$nsdegree J" ter f(t..1){x,yi h

uf (?.1) " f,h* Feri.ncar* pr*c*dtite i.s.: eirt a.l,E1ebrrrtr rnetl"rsrd frlr the deter-

mfnatlon cf i$, F , llnd * r$*r$t-s.trt S* s*<.:tr that.



10

c2 "7)

ufuere x ls af *reter greefer ttrun ilt n C1"e*r!y (?.f) ie eetLafl.ed for

n* 2 eLnee Sr * 0 . In additfan {f {3.7} .f.* eetfsf,fed far m.fi r*fth

Q., * 0 ttren t?"?) cec he set!"mf*.ed for m*ffi*t and G-. te un{quetyffirn
detetmtned,

t{e nor* hsve ttle follot+tng reletf$nshlp hetween the Polncard pf,oce-

dure end the h-*symptotfc *tabi.l$.ty etrd h-ecnupleie st*bfllty of the

orlgln of eyetem (?.1)r

Ptrqpgf*qi.gu 3. | !ql. Let ln : 3 be en odd lnreger, The eolurton

x = y E 0 of (?.J.) i-n lr*osy*rptuttcelly steble {reep. h*eunpletel.y

unstabi.e) Lf snd only lf G"*S f,or r € tE;45 .". ,h* t] and Gh+t * 0

(teap. Gn+l > 0).

Another reetrlt in i8l esunbi"l.ehes a relat{sastrfp between h-aaymp-

tctl.c stabf*li"ty or h*compl"ere tnetab$.lit3r of the ort.gi,n of (2.X.) and the

dlapl"scement ftrnee{cn of (?"i"} eval"uated et the or{gfn, v(f0r0}. l{amely

ien"r,tr(x,y! * 6l*(:+r+yaSmft + n(x,y)

Ler h j' 5 be nn *dd S.uteger. then the solutJ.ou

h**rnyntptuti.en3..ly stsbtre (tesp. h-completely
fr&9

f"f g-* {f" nS} * S fc}r { € {lrgr ... ,h - 1} atrd
tc* v

Plnps*ry{n 3:s -l_q-i..

x=y:0 cf (I.1)f"s

unstabLei ff and only

3'v
-Tdc

*h'
(fo,s) < o (re*p. 3* (r'o,o) F *].

$e

Thus the dfspJ.ecenent funct$.on f*r {g.U wtreu rhe orlgtn ia h-aaymp-

totteally st$ble cr h*eampletelg unstnble tlns tfue farm



1t

where r1{ f o, 
e}

le ttle 6atne eE

flqortgqt 3J". tr er k, be

and euffl.cl"ant eandl"tLon

e{ther h-aeyrnptntically

Ls

ie

the

&

v(fn,c)-gcn*q(fo,c)

of degree greater than h Ln e and the etrgn of g

sfgn of the FoLneard conetent Ch+t .

eny lnteger euch that k l 1 " Then a necesesry

thet the aolution x s y r lI of (1.1) te

stable or h*completely unrteble wtth h.?k*l

3" LtgtJr Requlte

In tlds eeet{on we Freeent our rnaLn reeults and g{ve the proof,s Ln

the next etectiott. our fLret reeuX.t f.s srl equivalenee between t6e h*

esy*ptotlc stebllity or h-complure {netabf.tr"tty of the or$.gtn of (3.}.}

end the number of non-trr'wfeJ. peri.odr.c psrutrons of (2"f) for ttroee f
whlch ere suff,ictently eLaae te f0 ,

{t} there exfsts a nelghb*rhood it *f fs snd a number *t 
" 0

sueh that fnr eny f € ft equeti.on (!"2) hee no mure thsn k

nonfrlvlaL perf"od{c orbJ.t* Ln Sa (r, ) ;

({r) foranyf.aeeger Jr 0-{Jjk, foranynelghbcrhood frJ* of

f,, trngl\f , andferany r €(0rrrl thereex:t*tss$ f €i{*

sueh thst equat:f.e* {A"l} hes exectl.y J nontrfvtnl pertodfc

orblre Ln g2(rr) .

In edd{tLon I.f *he serlue{*n :{: y r $ $f t?.1} fs efther h-eeyrnp-

toticall-y stnbl"e cr h*c:ong:l"etery' trnstable wtth h* zk* ll. then
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rapro uI '.t11trr11dru'5 uerrl8 sT (1,:),1 3* uoT?3u*?susr a4? a?ur8 JTaeST

ilT uraTq*.rri aaau w *1 0*3 :$J {u*r,}rlt Jr} s*Jsz aq3 Jo 1t ri11n}1d

-$xTrud aq:l sa u*TtsFtl}ilr.X*gqrp aq? uCITt3nFoJSuI aq+ $T pauo}a$au aA Bv

'[aH*{0e}ag]rl p I 'sJ ?sq? tupra}s}ns sr }T .:a$oaror4 , rlz

rsau plpCIy.rad arreq uySl.ro aql xua$ slTqro alpolrad Fqt TTs ?Eql asuapuadap

Fnonu$lusa *tq aneq ain 6s ur . ua J$su sr poy*ad ags'r{$l glrclro asoq?

ro3 (uortenForlul aq? aos) uu 
u'F pTaE suarsnTDuoD aq? pa*otd Eri .raJ\oa.roi^I

" { J*.}4r }o rt .t41r;1d13Tnu }o o.ra? F sT 0 * 3 BBqa $qrrrpuoo aqx

saT$BTlss (uoylcnpor?ul ar{t sas} O. {*'1}$ uoSqanba 6u;upr.ralaF aq? }Bqt

eaoaqtodfq aq? .rapurl {eT)-{T) EueTsnTouse aq$ BauTF}qo [gj aagem .m

' {-r} et{ 11T ri;} }r J $8rt4 ( Ir) 
s{ utr sutr,{tr (g " e} J0

?sq.Ts nlpo1.rad e g1 J JT p{rB oS 

= ., JT ?sqa q)ns J go

t{ 5 *n pooq*oqq3Tarr a c?s3trs aesqa , [I:.CI] E * duu .ro; (^])
1 0-[

! 'g n r ff pur d.rrpunCIq €+T uo 5u1d1 0+ qATfi .3CIT_EBAirT

4r dtdualrou p sBq ts +6q? aAFq €ri * {Tt}eg uT {E"e} Js €?Tqro

atrp*1.rad Te$l\Tlluou $ ,tTaasxa 3sTX.s sraq? qspqlr JnJ ry p f
suorl'{rnJ Jis la' €{1 aq 

"4 
! $ ! g '{I:.s}Fu n fu suT+raT tT$T)

AT
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exlstence of sfirell" peri"odfe orbf.te of the perturbed equstton (2.4)

the stabtt{ty propert{es of ttrc orf.g{n of '*yeten (2,1).

Now we precent a reeult t+hieh extende theoren 3.1 to the case

ko*..

T|r'.eqtt"eqtJ,!, A ueeessary end sufftelent eondl"tfon thet the eolutton

x 3 y F 0 of (?"1) Ls ne*.ther h-aeymptatLeally et*h}-e nor h-cotnpletety

unetable for erty ttttegelf, h {e that fot any ne$.ghbnrhecd $ of fg, ,

for any integer J I Sn and fqrr any number riei{ffrtrr} there

ex!.ate f € t{ euch thet equdtt$r t2.2,) hae J nontr{vfel perlodte

eolut{one ly{ng ln g?(r}

For the eeee h - 3

the Pof,nsar6 conat*nt 6u

ln S0 arLn $i.

out next teeult glvea e erlterfon, *n tefilrs nf

, fnt entebi"f.ehlng wirethet f [n euntaf.ned

Tkeoh.e"m 3,3, Aasume thet th€ sslue{ofi lc 3 y E 0 of (2.1} {e e{ther

3-asynrptottcal.Ly atabl"e or 3*comp3-etely utseeble" Then thare exl"ets a

neighborhood H of f,s , N g f{ end en 6 € (SrE1} euch ttrat we have

r€so(N,e) J.f oG*>CI and f €$t(N'e) if {r;G4<s"

W, A eLmlLet r*eult eras g!.vett by Chefee [3J whs preved thet

f € $'(N,e) {f orlrr(fi0f0} I s end f € sl(s,e} tf Gllit(O,fs} < 0.

Chafee polnted out l"n Seet*em 7 of [3J that he hee pruvtded no nethod

for detertnlnttrg the elgn of tfir (ffrf 6) - Fr€rrl fhe$rem 3.3 we abeerve

that the elgn of t[t(CIef6] lm tke 46fi]e &s thet. of G,+ ead we thue

have provf.ded an exp3"{.e{.f tnethod Ln ternm of f0 fnr the determ{netla$

of the conclusLcne of fhearem 3,3"



t4

In the esse of the i{npf bffurcati.on, $hen the perturbe-d eyeteu f

t.f restri.cted to a 6ne pdrafireter fernt1"y of f,uncttcns f'r, *1< U { 1

then we flnd Theorem 3,3 yfeS.dr resulte thet eonnp}emenf end i.n & sense

tmprove eorne of ttre r*ork done by !{egr*-nl s$d $elvedorf ISJ ' In th{s

cane (?,2) cen be *rr{"tten ee

e,(ulx - S{u}v + x(u,:t,Y)
(3. t)

i * a(Uly + $(tils + Y(U,x,y) r

where d(S) * CI r X(Orxry) - lto{rc*F} and Y(CIrx*y} *Yo{xrts} ' Frun the

C* veraLon of the t{opf b{,fuf,cst{sn theorun we hnve that tf the f'tr*ne*

vetnaltty condLt$-$ntt fit (0) * 0 lc eetfef f.ed then there e$f'Bte e bJ'f{r-

cetion funetlon U(e) deflned for e nonegulfve and slueLl slreh that

and il ttre orblt of (3.1) through (erCIl I'e eloeed l"f

il*u(*}.If{nnddft.tonf,othetrannverr*lltycond{tfutt

ffre 66euuee thst bhe ot*"g{.n af {3'1) f;cr U *0 [e e{ther h*aeymp-

totJ.cel"ly ateble or h*eornpletely unnteb}e then Negtf.nl snd Salvader{

[S] have prorred thst Ehe $.nverse fu*eti.on e(p] extsts. If , f,ot exanple*

sr (0) > CI snd the or{gi"n l* h-an3nnptofllee!!.y stabl"e they prove thet

for each p auf{tclently smaSL there exLsts o perledfc E'rhflt of (3-1')'

In f,heorern 5*3 we prove for ho 3 the eeme repult t+{'thaut requtrlng

the ccndttf,,on ut (fi) > 0 - that ts lf we only oe*ume u(u) > 0 for

ir > S end rhet the nrlgfn uf (,3.1) far 1ro0 Lm 3-asymptotLeally

ctab]"e than ex.(U)Gu < s, o atd thue for eectr trl > t) there exf"eta a

per*.odlc ofblt ef (3.3.) eceurii$.ng tn Theorem 3"3" tlence Eha fuact{on

c(u) exfste elthough U(e) Eley aot' extet'

a

Tf,E

for eech

and only *.f
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for $ and (xry) suffLefentty smalt, where Slrgg G c*Jgz(ro)rR},

gt(0'0) - CI nnd gp i.s flet at el"l pofnts (wr0r$) .

We rdeh to i.nplement thi.e transformatloa on the eet of all

fr f(0r0),n$r lnanefghborhosdaf f0. !'oraglven f Let

tt - (wl1 , . . rw6) be the eet of eoef f {.c{ents of the terms cf degree { h

ln the FtrccleurLn expeneton o'f f - fC . fhus t*e wrLte

f (xry) - fo(nry) * Y(wr:cry) + t(f ,xry) ,

where Y(wr.r.) {.s a polyaomfal ef degtee h sattsfylng Y(w'0r0) i 0

end I {e of order > h ln (xry) . ltete by uefng the ebcve trena-

fotmatton T, we eeei.!.y recognLze thst (2"2) c*n be srltten (we teplace

(x1 rlrl ) wf ttt (x'y) ) :

. | ...? r --?r r - 
- - It

l. *0*-y+arx(x2*y?) * arx(xz+yz)t.t' ... atrx(xz*ya)^ + 0(frxr}) r

(4.1)

i,. uoy+x*erf(o3+ys) + aur(x$+yg)? + ,.. eog(xe+yulk + Y(r,:r,Y),

nhere 6rr ",. oste are ssn*tantm dependl'*g on f (fn fact dependtng only

on w). Morecver s$l e0 a ssr! s and tb'V are of, order > 2k+1 tn

(x'Y),

$uppose the orlg$,n fur (U-1) Le elther h*ee}rnptotlcally stable or

h*completelv unstubl"e; theu

ar(fo)*00 J*$r,.n rI{*1, uOtfo} *a i (4. ?)

$lth a < 01 [reep. {1 ] &l J.n the csse of h-nsyrnptottc BBdbtl{ty [reap'
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the fonn (2.4) then u*('rS) sstLdf,{es (2.5i, whtch tn the csne when

L ls odd reduceg to

But
-5'6- - aoul

W * s'*z{.+l- * t*r{anr&!, ... ,&l- Ln 
unrss* .'. nu?{"+l}

* *r..utlL+l t o LrB, "on rk p
(4.5)

wftere *l le Ll-neet Ln eech of t?te nJ n J o l'r ... *t - I . In the

csse r*ren t ls even rse ffnd that the soi.utfon o,f (?.5) aatLsfytng

the lnlt{al condLtlons *uJ(f ,S} * 0 fe gi.ven by t*J(ti6} ! 0

J - 1, '.. lh . We thue eee \f (f ,e) ls glven by (/+.4).

By a standatd eanttn$otrs dependence sfswn€nt 'tt follotrs that

(ut(.r!fi) r ur('r2n)r.". ru?k+3.(*rtn)) i.s e* ln (aurarr..'rak)

slnee the eoLuttons of (4,5) *re untqueX"y determ$.ned by tnltlel condttlone.

Sfnce ur(.r0)*1, u**+1('r0)*S t*1* '.. $k *nd g{(0'... rOrurrtlrr

o,, fi2r-!) -S then frnm (4"5) ut(il'\q) i: J. o ,t*L+X(SrS* ."' r0r$) 30

and ulk+ l(CIro, 
. o. soxss0} * sti " t'* *cmplei:n tfue pr+:of o the solut{on

of (4-5) trfeh the g$^ven ahnve ltr$"t$.ei- c$t:d:Leffins is

u, (2n) * uz'r*

u* - r(61) 
drl * u*te 

J:- 
.^.* *'uor* 

+ 1(e) *te ,

uat+r{2,n} * uzra 
f; 

*.**s f*(ar*ssr "*' r&f *}* ur(s},u*ts}*,.",

1t t z1-i.\!\E
(4. 6)
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Nol* (4.7) glvee an lupltett telatlonshtp between the aet

(u1(2n)rur(2r)r r.. ruxLa1(en1) and the eet (aorar1...16p). Thus

l,n otder to ahone (86rd1y.". r&g) f"s a cont*.uuoue functton of

(ur(2n) rur(2n) r ... rugg*O(2n)) tn a netghbothood of (1r0r0r ...,2fi4)

we'apply the lnrrerce nepping kheorern to (4.?). Denotlng the ttght nlde

of (4.7) by Fel+1, we muEt prove that the deternlnant of the

Jacob{an

I 
ttro *, I

t-Eil J evel"ueted at
[u**0, os I < k-1]
J

fur(2n)-I, uzl+1(2n1
l'k&\

o?k+ 1(2n) 
* a

{tk-t

.0r 1:{5k-1,

(4.8)

{s not gGro. SLnce the nretr{x Ln (4.8} te lawer

rru eeel.ly hsve that lts detefirl.nent eveLutted at

le equal to (znlk* 1. In vlew of the staoothners

Ftt+l the proof of FropoeLtlon 4.1 te eolnpX"ete.

[0rEl,RI " $uppcae thet for

ttlet the eoefficl.ent of the

S{0r") fs not zero. Then

tr{angulat (frour (4.21;

the polnt g{ven ta (4.8)

of the functlons

each

k+1JI LETD

there exLste

?mpoa,(ti.gr 4.t" Let $rk be fntegere w{th 0: t < k. Aeeume E >

and f #0 and conefdet the functLon f I [S'E'] x [0'El + R deflned es

f (u,x) - (x * U) (x - XU)

where 0(.,.) € ckn 
t[ 

[**u;; *

U € [0,8] , S(U*") 'g(xh) and

of the lfacleurfn expannfon of

.." (x-Ju)(x+p)k-J + 0(u,x) ;
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*lt0r il1>0 suehthetfor 0<U.U1., f(Ur.) haeexactly J

zef,os on the fntetval (0rxtrl end they are all eluple. Moremrer

thege seros lLe on the Lnterval [0, (J + l)Ul .

Pnoait Wfthout Loss of genetellty we uay &Bduilte thaf Ehe coeffLc{ent

of the trk+1 tetu of the ilecleutln enpenalon of S(0r') {s poel"tfve,

fot otherwd.se t*e tuey reptrece f (ttrx) s{th -f (Urx} . There exl"ete

!Z " 
0 , *, t 0 eueh ghet 6(Ur.) {e etrletly lncreas{.ng on [Orxr]

fota11 Uc(grilzl. Set

?(p,x; - L($,'tq).

{x +11k - J
0 (Et ,x) - (4.9)

In ordet to prorre our resuLt lt cuffLces to flnd en x, > 0 cnd Ut t 0

euch thst for g e (0rU1) , ?(Ur.) hse exactly J aetoe on (Orxrl

whlch ete all ofmple. tle then show thst theee Eeros lie on the lntenrel

(0, (J + l)ul .

Wrtte

7(u,x) 9(u,x) + S(u,x)

where

0(U,x) * l(x -U) (x - 2U) . . ,. (x * JU)

It follovs froan the hypotheses an 6(u,x) and (4.9) thab UlT'(g'ql - o- 
Dxr



2,3

ror 0:rSJ and rhat 6ecJt[c,Elx[o,EI,RIl rhue ?ecj[t0,Ai
{ '.1-

x [oral,n'] . stnc,e ajtu(9'Q) # o than a.'q(9'q] 
# 0; hence there

aJ ad

exiets il3>0, *a>0 suchrhat UT'Y'"} *O far uE[0,ttel
3xJ

snd x € fOrxul . Sy Rollete theoren wa i.uanedfately conclude that for

il € lOrur] , E(un"] has no nore then J zeros (countfng nultdpltc{ty)

on the i.nterval [0rxul "

Lt thue eufftcae to ehow that there exlet Ft 5 Us end xt j xt

eueh that for il€ [OrUll, E(Ur.) haa 6t leaet J dlsttnct Eeroe on

(Orxt) tn order to conelude thet ?(ur.) fot tt € l0'ilrl hea exect]y

J toote ou (0,x11 , whf.ch are atrL eLaptre' From the condLttons on

$(Urx) thete extete an xu > 0 and U,* t 0 wtth x* 5 sg and ila 5 Ug

euch that T'(Ur.) ts attJ.et1y Lncreealng on [0rxal fot each 1r € (0'!r+]

$tnee {(Urx) l"e a homoseneous polynomt*L f.n Urn 1t follocs that

r!(p,x) * tr{*J+*ruxJ-1+ *nu?*J -2 +.,. eruj)

fot approptLate constants el, I 1 I 3 J . He nom obtaln ertluetes on

the ord{netee of the J relatlve €xtf,effimi of 0(Pr'} . Conslder the

roote of

ry*t * l(JxJ-1+ c1(J-l)pnJ-2 + ... *t _lilh-1) * o . (4.1s)

$ot il-

S(p,')

I let b- 1<s<J-l be
6d

has J-1 dlettnct relatLve

the reel nolutlonn of (4.10) glnce

errtreilnum. fhus b" eetlnfY
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9.6

3sggd, Ae lndtcsted befpse we wry &Fsutna systetrg (Z'1) rnd (2.?) heve

forrn (4.3) and (4"1.) reupectJ.rrely. Fur c * 0 , $(tr") lsthe reotmel"

glven by

t(gr.) . tul{f ,?n} - x) + ur(f ,?n}es * n.. Fzk+u(f ,tn)*2k + F(f ,c)

where p(f ,e) * €Gr-9'L snd F{f ,"}e

etf tuttng r * ef tt th.en suff lees to

ncst k r60ts, Noru

hed degree > lk ' By aub-

prove thef s(tr6) - o hae at

tqro,/ff) * zns ak + $teo,/E )

wtrere e # 0 and F(f **€) 
* O(sk) . 8y cont{nuoua dependenee 6f$u*

{-
rrrr

ftent ffi Cf r-fr1 *s contLnuous for atrX f tn e ne{ghbothood of f$'
a

for alX s {"n a rlght *el.ghborhsod of, 0 , and fer al} fntegets L .

^ki"'S{nce ffi etnrO}. ?na#CI then by t:oattnufty there exl"st a neJ.ghbor*

u^o
tteod it of fS and sl number rd such that E{ Cf r/El *O f,or each

' aa

f € it end eech s, € [{t-r$} - An eppli.entfon of R'ollere Theoren teLle

ua thei for eastl f 6 iJ thexe ere at nset k f,oots sf the equatLon

${f,61*g for s € [s,r$] i rt-rst ts fer esct] f € &J there are Et

msst h rnots of the. sqttefrfo* $qf,*1 * 6 for e e fOrrfr] . th{s

conel"udes the pro*f of the propou$.t'fotr.

q't0pj*,r.iltgtt-$J.. Aestnre fthe esluttcn x 5 y F 0 of (2.1) 1s e{thet

h-eryuryltctteatr"X"y *teble or h*c"nmpletely unetable. Thete ex{ete a
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ntunbet th, 0 < rO < rn euch that fot any r C (0rt4l there exl'ets e

nelghbcrhood ilr q f{ Bo thst for any f € ilr, fr(fr'} hae no seros

for sG[rrr*i.

Itqgd.t consldet

t{rorc} o trecgk * F(f*re} ,

where fr{fnre)-O(*2k). It followe lronedletely thet there exista a

nunber r,* n 0 < rn < t* eueh ebat

lie ro ,c) I > nf *l .?k for s € [o1rr I '

Now gLven anY r € (Srrui

Ittr*cll > nl*l*!k fot c € [r,rul . (4.14)

Eecauee of the contLnul"ty of, tq. r') and the courpectnese of ltrt4l tt

fol"lows thst there exl"ets e nelghborhocd Sr of fO wlth fi{r g f'J

euch that fot t g N- end for el-l c € [rrt*J

It{r,c} -ri{r**e}f < $n[*[tzk - (4'1s)

?hue fron (4'14) pnd {4.15} for * * ffr nnd e € [r,rul ,

V(f ,c) t *nl*1"*k , eornplet{.ng ttre proof cf the propositlon"

U" rl* pt$ve thg necees{ey part of ?heoreur 3.I, thst ls $e prstte
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that the h*asynptotlc ntab*llty cr h-cmpJ.ete lnetabLllty of the

eolut{on x 
= 

y 
= 

0 sf (2.1) tllth h- 2k*1 tnplLee ({}-(fv} hold.

lie fhen prove Theorem 3.?, the eufftcf.ency part of the ftreoren 3.1,

ecd. Th.eo'ren 3.5,

Faagir

(f) Chooee t, *ml,n{r3,r4} . Th€n tlre result fcllows frunredfetely

ftonr Fraposftrlon 4,3 e{rce the no$Eero rocte of t1f ,"1 *p cotteepond

to the nontrl.vlal perlod*"e eolut$"one of (4"1),

(*f) In order to prove the rEeult ne elalm ft le perulsslble to onee

agn{n eesu$}e that {3.1} and (X.2} are Ln nurnsl form. Indeed, re

ptove that fot any tnteger J, 055 g k end for anynelghborhood

ne(r2) or the otLgf.n, tu € (Srt1L there exlets a thto psrafietef,

f anrfly nf funet*cns {,, t*, ,v, ) (recell fN{*l ,y1} - (t * f } (x, ,v1)

end we replace {xg ry1} trrttl (xry) } such thet f or lr rT euf f {ctently

emsll, eystem (Jr.2) har exactly J notttrtvlal perlodlc sslutj"on in

ra(rn) and $s perledi-* eoluttonn fn *a{rt)/rr1"u1 . Morec\retr

gI *t.)*rN( ) *e (u*t)+ ($rs) . ${nee f: - {s a two pstaneter
U rt H'T

fen{Ly than the correspondlng [ekensr trensfoturatl.en of thta femlly ean

be coneLdered ae a d" dfffeommtphlwtn t r R2 x R3.+ H.2 x kr i that ls

ful
lrf -t6-2. More pereieetry, t ; t 

* T-"{1iorex1rS1} and fU,"(xrv} *

LvJ
{f * (}irr,x'r1}-1 *il,r)(x, *gr} , and thue

deeerlbed i.n the begl.nnlng of $eet{on !.

f "rf {n thatt f
Fr$ r

t'toreCIver for eech

toPol.ogP

(u,t) 
'
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(t-l(Urtr. r.) fs e hmeoncrphdcs of * nelghborhocd of the orl"gln Ln

(x'ryr) Epec€ ontc a nefghborhocd of the orl.gfn {n the (s'y} 8p6ee.

Frenn the*e coneLderatl.one tt folloss thet for eech I'nteger J '
0: J 3 k, fot each netghborhood iI* of f0 , and f,or ceeh

6 G (firr1J there elrtsta (U.t) auffl.ctently cualL euch that f'rr € |d*

and *yotea d2"1) has J perlodLc orblts *n B?(f,) .

It thus auffl.eep to ptove our se6ertfons glven Ln the beglnnlng of

the Broof and we fnay assufte thet (2.1) snd (1.2) ate ln norCIal forn.

Froceedfn&wf.th the proof, pichany {nteger J, 0.:J5h' any

nelghborhood g* cf fCI , ru* q ru and any nunber r, c (OrttJ . Nou

tet p be a poettf?e ccnstsnt end we clelm ?re esn select a one psrs-

neter fan{ly of functlone UU eueh that *U*fo es U'}0 and

?{fur*} can be written as

v(f,r,c) o aua(c?-u)(el*?u), "*" r(c2*Ju)(c2+ulk*J + F(u,c) , (4.16)

where F(.r.) € C* and F(Ure) *O(*Zk) " Indeerl frc*r FroposftLon 4"1

there e:r{.ete bt t S sueh thnt f or p € [01b* I tce can eeleet aU(U) 
'

X.S t j k, *.n (r+.1!.3 ec thsb the ekth order fay!'ot expannLon of

t{rur.} haa exaetly ttre ferin

Ftoteoter ws ffia$. selcet fu so that !n (4.[]
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S (f, ,xrr) = 0(fg rxr]r)
(4.li)

Y(furxrY) = w(forx,r)

In vfenr of the Takene nornal forrn gl.ven ln (**) rrre tnay assufi€

th6l:

Q(fu,x,r) = 0(forx,y) - uk+1x(x2+y?)k+1+ ${fo,x,r) 
(4.1S}

v(fu,x,y) = v{f0,xny} * *k+ 1}(x2 
+v2)k*1 + Qtro,xrv) ,

where 0{fo,xrl) , $tfor:rrf} - 0((x2 +yz)h*t} . Then (4.16) talcea the

fonn

t{ru,c) * tna(*t -p}(*2 *2F), ...,(cz -Jp}(c2 +u)k-J +

1t''+3 *p't(lr,c) , (4.19)r'k + 3(fu ,2lttlc-"

where p*(Unc) * g(*2k+ ?) and u,k+ 3(fU,0) corresFonds to the coef-

flcient of e2k+3 fg the expans{on of t (eee tZ'L}) for the ayntem

g{ven by fu, tlolng (4.3} ead (4.18) ane flnd that u'k+3{f*'g}

' t*+ to ' f(r",,")
tde wleh to app}'y Progro*Ltion 4.2 tc the functlon " - -s"T--rLervr' 

qcz +p;h 
* J

wtth R= c2 " T'hfe requ{res O # uZt+ g(f or2n) - 2raOn t . Hence

Lf %+ I # 0 k'e 6re ln pos{tfon to apply Ptoposftfon 4'2' If *k+J-* 0

then deftne for r € (s'1]
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fg 
rl 

(*tr) - fu (xry) * tx(:62 + yz)k + I

So as not to hsve to dl-scltes the two eaa€s 
"k + 1* 0 end *k 

+ 1 
# 0

separately J"et ue def{ne fCIr all t € (0,tJ

.fu,*(xrI) = f{x,y)

{n caee A. . . # O . Now vrlte the funct.l-an Sff -rc} aa- Ic+l'- UrT"

V(f.. _,c) = 2ta(e2-U)(ee-?p),...
gr L

11,+2 
+uzk + 3 

(tu 
,, ,2r) c--' '

, (e2 - JU) (cz +u)k - J +

F(t ru, c)

where

(4,zCI)

(4.21)*zk+3{f*r,'2n}

ok+r*o

*t+1to

sufflcfentl"y s*ralJ. eo

uerct8 on the Lntervnl

and by the contfnultY of

f
I

={
i
t

2xr

?nuLn I

"rf

Lf

and fi(r,p,c) * 0(e?h+ 
2) . DeftnLng (as ln the proof of Proposttton 4.2)

^ V(f,, . 'y'f 
)

v{u rt rx) * -- -J{''t-*
(x+t,)k 

* 
J

we need to shata

fU,, u l\fo and

(recall x * c2)

th*t tkcre exLsts (p 
't)

f (u,t o. ) h*s exactl.y J

. Noi^, 
A1v(q,q.,qL 

# o
;lxJ

thst

(0,r$1
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vhere ili' f ,1 f S J , end o sre eufff.cfenEl"y s$sll poeltLve nufiberg

and the Xft" ere dL*t{nct, Fron Propoeftf"ac /+"1 we heve a 1-1 cot-

respondence between the coeffl"c!.exts of the potrynom{sI" Fsft of order

k of fr(g,€) and the coeffJ.cLente of the right*hand slde of (4.U

(up to otder 2k+I"). l"loreover ssall perturbatt$ns (uf 6rder tc+1)

of the palyaon*.ale of *rder k hav:lng J el"mple €er6s wlll not eauae

any ehaarg;e l-n ehe number of serce of ${grd) . Thus functi"ons f ean

eaefly be eoneeructed th*t preeerve the nu*rtrer of peti.odle orbLts under

perturbstfOil,

We sleo see rhat {f f c $k then [(f ,6] has exaetly k

sLmple roots 1n a sufftclently emall nelghborhood of the orisfn, It

then follone that f Ls Ln the l"nterlar of Sk, that ls, $k ls open.

Fnos aj.rbq.g.Ntt tr,1.

Neeg4lilgr Cons{eler the fo1Lawtng perturbet{an of {2.1}

i * * 
1, * xo (x,y) - hx(xu + ye; J

(4.22l
* -"1o x*Yo(xrv) - by{x'*yo}'' ,

where b J"e a suff,tc{.entJ.y snrell post.ttve cofl$taRt su that the tlght-

hand sl.de of syrtem {4.22} li"ee ln N. Let r.ts now ;lpp}"y the Polneard

procedure to systems (2.L) and (&.??). $Lnce the so].utf"on x i y I 0

of (2.1.) {s nel.bher h-asymptr:t{co1"Ly Bteble n$r h*eompletely unetable

for any h > 0 there exfsts F sf the form (?.6) r,rlth rn'2j * ? euch

rhar tirr-rr(x,y)]r*0 fqr 21i S 2J+?, whcre [i(*.r;(x,r]1, ls
\aol) I * 

.

the homogeneelus polynomial of clegree I ln ttr"le expan*{sn of U(a.l} .

?hus we abtal-n

v
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i*u.rrr(x,Y) o -b(x? +YslJ o I * oi'?J +t,

From Prcposltlon 3.1- we tnimedfstel-y concS.t-rde therf the solution

x = y I 0 of *ystem (&"3?) Le fJ + l-*eyrnptotteall"y stahl-e" S'rom

(11) of Ther:rem 3,1" appL{"ed eo {4.2?} t}re're exLers,$n f € $ suetr

that eyatern {?"2} has -J pextodl,* qrblts t& ng(r} , Thus we obta{n

the neceeelty pa.rt sf U}'lesrenr 3,t"

Sqdd+q4q4q"g* Tlt*.e fr.rli"or*s lrunedlstetry fir*m the neceea{ry part of

fheorem 3,L (t). Indeed $.f there e;ciate *n i.nteger E (whlch must

be odd) fc-rr whlch the ortgltr *f (2-tr) i.s el"ther h-*nymptnt{caltr-y

etabXe or tr-complecely unoteble tteen*Ttreor*tn 3.1 ({} imptlee thnt

for al"l f e iJ there exI.st st $ast +l n*ntri,vl"nt perfod{e eotutlona

of (2.2) Lytng ln nz(rr) . Thde ts r Lor*ouud{"e tdon and coanpletes the

proof of Theorenr 3.2.

P4a*o$ o$ the. .Su$$*c't.enry PdlLt. od Tfteo.rlc,-nr $, | " bre ehow thar {f } and (it)

lmply thst the sotrt.rflox x : y I 0 tlf {?.1} Le e{ther h-eaynrptotlcol"ly

stabXe on h-eotnpl=ere3"y u*stabl-e whiere h = 3h * I . Applyi.ng the Polncard

procedute to (?.tr) t+e q:onc}uele thse the s$luE{.on x = 
y 3 S of {?.1} ts

either

(a) E-un*ytnptottcal.ly stehJ"e cr ii*eunrp3.ecel.y unst:ahle, for: soRre

ffnf"te t ; e:r

{b} nelther fr*o*y*perrtf.ca}.ty eteb}e nnr fr**ornnl-ete}.y utratable

fr:r any fnteger E > 0,

In case (h) r theorem 3"2 i.tnplfe* that there exieLs an f € FJ srlck that

e{uetl.nn (2"3} fure tq,* I xtsntrtrrj.&}. per:{odic solnt{ons l.n B2{rr} 
"
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?hls c$ntr;rdtcts (tl " It thu,s remsfns ts pf,ovs h o h ln sese (a).

Let ir*tt<+tr end flrct assutrlc E > t . By ualng the necesaity ;rart

of Theoretn 3,1 ({f} (trhtch sre hsve elready prreived} there exlsts an

r 1tt and an f € hl sueh thee {?.?} hs.q E perC,od$.e orblts I'n

g2{r}. Thl* eontradicee (r}" If E > tq then aga$.n uslng the

neeesslEy p*rt of -Iheorem 3,1 {f} there exJ,xts a *es.ghbcrho*d tr of

f0 andanumber T>C euchthatfor fElq* eyetemtl-glhasat

mast T nerntrtviet p*rlod!-* nerlutlone tn g?(r) , ISut lhis e$ntradfcts

Theorem 3"1 (1f) ai.nee ftrere extet f c ff and an r < ? for wh{eh Bystefi

{?.?} has k nonrr{vf.al per{*dle ecl-utlons $.*r n?{r} " Thla eomp,i.etea the procf 
"

Pgtod od ffue.otgltt 9."i" ehouse 11 *nd &i a* Ln The*rem 3.1 tt) and

wl-thost Soee $f gener*l1ty {!s6ut!rc G* * S .

We now lndlcale a proof of the e:tietence erf a netghbcrhood Nl

of tn, N: ! Af , end s number tra € {S,rr} sucir that f{tr each f G Nl

retth q < {} Ehere ere fio perlocllc srbi.ts of {2.}} tn uz(en} . tndeed

ff la suff{cient to pr€}ve aF}6t f{z anctr no carr tl$ fotrnd so that

B2(e ?)/{0E$} le a sut}ser $f *he regton crf itetr*r:tJ.an of (?.?} ferr

f € SIz and u ! 0 , fhte easlly f*.'Ll"rns by nutrttrn*lBy argunrente gnd

an apprcpr*"*te u*e *f cf** Pc{neer6 pr*eedxre in orcter es cilnstruct

paeltfve definlee functluns {depenetl"ng cn f} nhleh ere fl,s6etlve

deflnlte J.n 6s(rr) aSang t'!re i*olutions *f {3'?} far f € Nz " He

I"eave the detaif lc tc) the resrier"

llore *h$oeo EE{t},e"} axrdenefg;hborhucrt N of fn, m!f*l ,

eueh that: tire clrf,gfn ls the on.!.y crfttcaL point sf {?"2} J.m B2(e) for

each f € t{ " $J"nee the arf,gfn erf. sy*tem (I.tr} te *s3rniptottreally stable
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then the orLgia {"e hotally steble. Notr p{ck eny e, € {0'e}. Then

the totat etabtlfty tntpi-fee that these exl.st 6, * 6, (et) and a

nelghborlrood lt, = Nt{e1} of f0 , Nt c fr', suctt thBt fof, every

{xo,r6) € s?(61} and f 6 Nr the posl,tlve orblt of (2"t} paaalng

through (xoryo) ls cil*tafned tn Eetut) " Let us $ssume f € Nt

and d > C. T}:ren l-f {xo,yo} * $e{Sl} the pos*.tf.ve i.l.m$"t set of the

orblt passlng through {xo,lro} 1o nonernptyo 3.l"ee l"n E{il 1 and

contelne rrcr cri.tLcal pof,ntn {ttre nri.gj"n *"* repell{"ng for (2.2) since

d > 0) . By the wetl known SendLxson T.heorest [9J the poel"tive llnit

see ls a pet{adi,c orbLt" It fs the o*i.y perfodf.c arblt contalned ln

g2(rr) tn vf.ttue of 3'he*rem 3.1 {f} .

The proof cf Theurern 3.3 I"s complete lf we defl.ne $I*Nt ft I$*

and ehoose sriy e € qe 
", oE) .
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