Czechoslovak Mathematical Journal

Huaning Liu; Jing Gao
Generalized Knopp identities for homogeneous Hardy sums and Cochrane-Hardy sums
Czechoslovak Mathematical Journal, Vol. 62 (2012), No. 4, 1147-1159

Persistent URL: http://dml.cz/dmlcz/143050

Terms of use:

© Institute of Mathematics AS CR, 2012

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/143050
http://dml.cz

Czechoslovak Mathematical Journal, 62 (137) (2012), 1147-1159

GENERALIZED KNOPP IDENTITIES FOR HOMOGENEOUS
HARDY SUMS AND COCHRANE-HARDY SUMS

HuANING Liu, JING GAO, Xi’an

(Received September 27, 2011)

Abstract. Let q, h, a, b be integers with ¢ > 0. The classical and the homogeneous
Dedekind sums are defined by

0= 3 (D)D) eso=3 (D))

Jj=1 J=1

respectively, where

((z)) =

) x—[z] — &, if 2 is not an integer;
0, if x is an integer.

The Knopp identities for the classical and the homogeneous Dedekind sum were the follow-
ing:

Zfis(%aw dg) = o(n)s(a,q),

d|n r=1

d d
Z Z Z s(%aJr r14, %bJr r2g, dq) =no(n)s(a,b,q),

dln ri=1rz=1

where o(n) =34, d.

In this paper generalized homogeneous Hardy sums and Cochrane-Hardy sums are de-
fined, and their arithmetic properties are studied. Generalized Knopp identities for homo-
geneous Hardy sums and Cochrane-Hardy sums are given.

Keywords: Dedekind sum, Cochrane sum, Knopp identity
MSC 2010: 11F20

Supported by the National Natural Science Foundation of China under Grant No.
10901128, the Specialized Research Fund for the Doctoral Program of Higher Education
of China under Grant No. 20090201120061, and the Fundamental Research Funds for
the Central University.

1147



1. INTRODUCTION

For a positive integer ¢ and an arbitrary integer h, the classical Dedekind sum is

o =35 () (1)

j=1
where
27

((z)) =

xr—[x] — L if 2 is not an integer;
0, if  is an integer.

The sum s(h, ¢) plays an important role in the transformation theory of the Dedekind
7 function (see [9] and Chapter 3 of [1] for details).
In [6], Knopp derived the following arithmetical identity

ZZ (Sa+rq.dg) = o(n)s(a,q),
dln r=1
where o(n) = > d. Many authors have given elementary proofs for the Knopp
d|n

identity, for example, Goldberg [4], Parson [7] and Zheng [15].
According to [5], the homogeneous Dedekind sum is defined by

sen =3 ((5))(())

Zheng [16] extended the Knopp identity to homogeneous Dedekind sums as follows:

Z Z Z ( a+rgq, = b+r2q,dq) =no(n)s(a,b,q).

d|n ri=1ro=1

Moreover, let B,.(x) be the Bernoulli polynomials given by

Tz 0 r
|

S ni0

(2] < 2n)

and
B,.(x — [z]), if x is not an integer;
Po(z) { ( [2]) g

0, if  is an integer.

Clearly Pi(x) = ((z)). He defined the generalized homogeneous Dedekind sum by

smslaboa) = 30 Pa () Po().
j=1

q q
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and proved the generalized Knopp identity for s, g(a, b, q) as follows:

(1 ]- Zda-i-ﬁ 2 Z Z Saﬁ( a+r1(I7 db+r2Q7dq> = no—aJrﬁ*l(n)sa,ﬁ(a’ﬂbv Q)a

d‘ ri=1ro=1
where o,.(n) =Y d".
In [2], Berndt studied the following Hardy sums:

k-1 k

S0 = S i = S ((2)
v =0 () () ng,@:g_m((%)
sq(h, k) = k_l(—l)[hj/k]a zk: yrHna ((i;))’

which are related to the classical Dedekind sums, and obtained some arithmetic
properties (see [3]). Sitaramachandrarao [10] and Pettet [8] expressed the Hardy
sums in terms of the Dedekind sums as follows:

S(h, k) = 8s(h,2k) + 8s(2h, k) — 20s(h, k), if h+ k is odd,;
s1(h, k) = 2s(h, k) — 4s(h, 2k), if h is even;
sa(h, k) = —s(h, k) + 2s(2h, k), if k is even;
ss(h, k) = 2s(h, k) — 4s(2h, k), if k is odd;
sq(h, k) = —4s(h, k) + 8s(h, 2k), if h is odd;
ss(h, k) = —10s(h, k) + 4s(2h, k) + 4s(h,2k), if h+ k is even.

Naturally, one might ask whether there is an analogous class of Hardy sums for the
generalized homogeneous Dedekind sums? If yes, then what results can be expected?
We define the generalized homogeneous Hardy sums as follows:

q .
8231)(617 b,q) = 2:(_1)[aj/q]pﬁ(%j)7 8 =1 mod 2;
j=1
q
sChlabia) =3 (0 Pa(D)Po(L), o= pmod
j=1
q .
5235) (a,b,q) = Z(_l)ﬂ[a]’/q}pﬁ(%}), 8 =1 mod 2.

<
Il
—
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We will express the generalized homogeneous Hardy sums in terms of the gener-
alized homogeneous Dedekind sums in Section 2, and give the generalized Knopp
identities for the homogeneous Hardy sums in Section 3. Next we study the prop-
erties of the generalized homogeneous Cochrane-Hardy sums. Finally in Section 5,
the generalized Knopp identities for the generalized homogeneous Cochrane-Hardy
sums are given.

2. THE GENERALIZED HOMOGENEOUS HARDY SUMS

In this section, we shall express the generalized homogeneous Hardy sums in terms
of the generalized homogeneous Dedekind sums. First we need the following lemmas.

Lemma 2.1. If m, a and q are integers with m > 0 and q > 0, then for any real

x, we have
q
ar _ qx
P.(z+—)=(a,¢9)"¢" ™P,, .
7; ( q ) (a,4) ((a,q))
Proof. Thisis Lemma 3 of [16]. O

Lemma 2.2. For any non-negative integers  and 3, and any positive integer k,
we have

(i) sa,p(ak,b,qk) = (b, k)ﬁkl_ﬁsaﬂ(a,b/(b, k), q);
(i) sa,p(a,bk,qk) = (a,k)*k'=*s4 p(a/(a,k),b,q);
(i) Sa.s(ak,bF, k) = ksas(a, b, q).

Proof. Thisis Lemma 4 of [16]. O

From Lemma 2.1 and Lemma 2.2 we can get the following:

Lemma 2.3. For any prime p, we have
p—1
> sapla+rg,bpg) =p' " “saplap,b,pg) — p'~*sa,5(ap,b, q) + psa.p(a, b, q).
r=0
For the special case p = 2, from Lemma 2.2 and Lemma 2.3 we immediately get
Sa,pla+q,b,2q) = 22=a=B(p, 2)65(1,5(@, b/(b,2),q) — 2 "%s4.5(2a,b,q)
+ 254 8(a,b,q) — Sa,8(a,b,2q).
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Proof. By Lemma 2.1 we easily get

- b p— lqu a+7"q p bj
;Osa,ﬁ(wrm ) ;}; ( ) ﬁ<pq)
1 .
_Zpﬁ@jq)pZ:Pa( )
j=1 r=0
Pq ] ‘
—pla;(jap)apa<(j?;)q)Pﬁ(]%)
% s £
(Jp) 1 e

o “[ZP ()P (5) - EP ()r(2))
S n(E)n(2)
=p' " ¥sa.p(ap,b,pq) — p' " *sa.p(ap,b,q) + psa.sla, b, q).
This proves Lemma 2.3. 0

Now we shall prove the following:

Theorem 2.1. Let (ab,q) = 1. Then we have

(2.1) s$)(a,b,q) = 2s1,5(a,b,q) — 2771 (b,2) sy 5(a, b(b, 2), 29),
if a is even;

(2.2) s$(a.b,q) = 2°(0,2) Psa,5(2a,b(b,2), ) — 5a,5(a, b, q),
if q is even;

(2.3) 55 (a,b,q) = — 2s1,5(a,b,q) — 27+2(b,2) 751 (a, b(b,2), )

+ 26+1(ba 2)7681,5(20'7 b(ba 2)7 Q)
+ 201, 2) P51 5(a, b(b, 2),2q),

if a + q is even.
Moreover, each one of
(24) s (a,b,q) (aodd), s(a,b,q) (qodd), s (a,bq) (a+qodd)
. ﬁ b ) q ) q q ) ﬁ ) ) q q
is zero.
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Proof. By (5.8) of [10] we know that

T

(2.5) (-1 = 2((x)) - 4((5)), if « is not an integer.

Thus for any even number a, by Lemma 2.2 we have

o) = 30 () <25 () (2) -3

j=1 = ]:1

= 2s1,8(a,b,q) — 4s1 g( q)
= 251 5(a, b, q) — 2°T1(b,2) P51 5(a, b(b, 2), 2q).

This proves (2.1).
If ¢ is even, then by Lemma 2.2 we also have

o =3 rm (2)n(%)

j=1
z( () -5 ()n()
2[j
/ . .
_ 22&(%)&(%) — sa,8(a,b,q

= 25(17, 2)_Bsa,g(2a, b(b,2),q) — sa,pla,

This proves (2.2).
If a + q is even, from Lemma 2.2 and Lemma 2.3 we get

8(5) (a,b,q) zq: J+[aJ/q]p (b]) — zq:( 1)[ (a+q)/q]pﬁ<

¢/ =

(1 0)) (20 ()

a+gq
= QSlyﬁ(avbaQ) _481,6( 9 7baQ)
= 2s1,8(a,b,q) — 26+1(b7 2)75517[3@ +q,b(b,2),
= —2s18(a,b,q) — 26+2(b, 2)_55175((1, b(b,2),q)
+ 2641(b,2) P51 5(2a,b(b, 2), q) + 2°1 (b, 2)~

<.
Il
e

Q

<.
Il

This proves (2.3).
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To prove (2.4), noting that
(2.6) Pr(=x) = (=1)" Pm(z),

we have from the definition of s(ﬁl)(a, b, q)

(1) Syl p (MY _ SR yata—bval p, (b= R)
st a,b,) = D (—D)lA Py () = 37 (-1) Ps( )
j=1 q k=1 q
g—1 q—1
at[—a bk a—|[a — bk
— Y (—1)et k/q]pﬁ(_ _> =Y (~1)e-lak/d 1pﬁ(_ _>
k=1 9 k=1 q

a 71(1_1 ak/q bk — aq ak/q bk
= ()P o) = (0 oD ()

= (-1)%s4(a,b,q).

Thus s(ﬁl)(a, b,q) = 0 if a is odd. The proofs of the remaining assertions in (2.4) are
similar. O

Remark. Taking @« = =0 =1 in Theorem 2.1, we immediately get (1.3), (1.4)
and (1.7).

3. GENERALIZED KNOPP IDENTITIES FOR THE GENERALIZED
HOMOGENEOUS HARDY SUMS

In this section, we shall give the generalized Knopp identities for the generalized
homogeneous Hardy sums.

Theorem 3.1. Let n be a positive odd integer, and (a,q) = 1. Then we have

d d
(3.1) SN S s (Sat2rig Sb+ rag.dg)

d|n 7"1=1 7'2:1
= naﬁ(n)s(gl)(% b,q), if a is even;
d d " "
(3.2) Zda+ﬁ—2 Z ng)ﬁ(ga+mq7 Eb+r2q,dq)
d|n ri=1ry=1

= naa+5_1(n)s((l2’)ﬁ(a, b,q), ifq is even;

d d
(33) S a3 S s (Gt 2rig, Sb o+ rag,do)

d|n ri=1ry=1

=nog (n)s(;) (a,b,q), if a + q is even.
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Proof. We ounly prove (3.1). The other identities can be deduced similarly. By
Theorem 2.1 and (1.1) we have

d
dz;dﬁlz Z (1)( a+2r1q,db+r2q,dq)

ri=1ro=1
d
N [2 ( r1q. b d)
% Zlg s16( 0+ 2r1g, Sb+rag.dg

n a
_451[3<d 2+r1q, b+r2q,dq)}

_QZdﬁ 12 2515( a+rig, - b+r2q,dq>

d|n ri=1re=1

—4Zd5 122515(d 3 e b+r2q,dq>

rT1= 17"2 1

= 2n0[3(n)517g(a, b,q) — 4nog(n)517g(§, b, q) = nag(n)s(ﬁl)(a, b, q).

This completes the proof of Theorem 3.1. 0

4. GENERALIZED HOMOGENEOUS COCHRANE SUMS AND COCHRANE-HARDY SUMS

For a positive integer g and an arbitrary integer h, the Cochrane sums are defined

=3 (()(()

a=1
where >’ denotes the summation over all a such that (a,q) = 1, and a is defined by

a
the equation ad = 1 mod q. Wenpeng Zhang and Yuan Yi [14] gave the following
upper bound estimate

le(h, q)] < v/qd(q)In* ¢
and the mean value estimate

1

) = 1v" + (e (730)),

i

>
I

1

where d(q) is the divisor function, and exp(y) = e¥.
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In [11], Wenpeng Zhang found that there are some relationships between c(h, q)
and the Kloosterman sum

, ]
K(moniq) = 3 e(MEE),

a=1

where e(y) = e?™¥. For example, if ¢ is a square-full number, he obtained

q
hz_:llc(h, Q) K (h,1;q) = —ﬁqw(q) +0(gexp (1::,11;(2))

where ©(q) is the Euler function. For general integer ¢ > 3, he obtained in [12] the
asymptotic formula

e(hq)K (h,13q) = —Qiﬂzqw(rﬁ 11 (1 -1 ) +0(g3),
! rliq

M=

(4.1)
h

where ¢ is any fixed positive number. Later he and the author [13] proved that the
error term in (4.1) is O(¢' ™).

We turn now to the study of the generalized homogeneous Cochrane sums and
Cochrane-Hardy sums. First we give the following definitions:

/ i b
c@ﬂ(avbaQ):;Pa(%)Pﬁ(E]), a = 8 mod 2;
Cg)(% b,q) = Z,(—l)[aj/q]Pﬁ(bg), 0 =1 mod 2;

j=1

c((f’)ﬁ(a7 b,q) = Z,(—l)jPa(%j)Pg(ﬂ), a = 3 mod 2;

q
cg)) (a,b,q) = Z,(_l)jJr[aj/Q]PB(bEj)’ B =1mod 2.

Now we express the generalized homogeneous Cochrane-Hardy sums in terms of
generalized homogeneous Cochrane sums.
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Theorem 4.1. Let (ab,q) = 1. Then we have

(42)  (aba) =2c15(a,b,) ~ der(5.b.a),  ifas even;
(4.3) 512)6( b,q) = — ca,pla,b,q), if q is even;

(4.4) cﬁ (a, b,q) =2c1,5(a,b,q) — 4c1,3 (GT—H], b, q), if a + q is even.
Moreover, each one of
(4.5) c(ﬁl)(a, b,q) (a odd), c((f’?g(a, b,q) (q odd), cg)) (a,b,q) (a+ q odd)

is zero.

Proof. For any even number a, by (2.5) we have
(1) laj/q]
ch (a,b,q) = jz:; -1) ]qP<q)
q
23 () () -1 () ()

- 20115(04717,(]) 401 5( 7baQ)
This proves (4.2).

If ¢ is even, then (j,q) = 1 only if j is odd. Therefore
q . -
) N _ip (Y p (Y

s = S P ) P ()

o q ,Pa<%j)Pﬁ<%j) = —cap(a,b,q).

Q

u
MQ

[\CRRS

This proves (4.3).

If a + q is even, by (2.5) we get
q —- q b—-
(a,b,q) Z 1)t aj/(I]Pﬁ(_j) Z _1)liata/ap B(Ej)

1 j=1

<.

> () —a( (2] (%)

j=1

|
<.

Il
o
o
<

+
201,5( ) ) 4015( 9 qvbaQ)
This proves (4.4).
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To prove (4.5), from (2.6) and the definition of cg)(a, b, q) we have

q

(—1)lei/dl p ( ) Z Yata=i)/d p B(?)

Jj=1

(—1yalai/a- 1P5<_b_j) _ (1)t 12(1: Jioi/al p (b_J)

q

| Mj’

cg)(a7 b,q) =

<
Il
—

|
MQ

Il
ah

7
= (-1)°¢(a,b,q).

Thus c(ﬁl)(a, b,q) = 0 if a is odd. The proofs of the remaining assertions in (4.5) are
similar. O

5. GENERALIZED KNOPP IDENTITIES FOR THE GENERALIZED HOMOGENEOUS
COCHRANE SUMS AND COCHRANE-HARDY SUMS

First we prove the generalized Knopp identity for the generalized homogeneous

Cochrane sums as follows:

Theorem 5.1. Let (abn,q) = 1. Then we have

d d
Z do{+[3_2 Z Z Ca,ﬁ(a + 719, b+ r24, dq) = nCa’ﬁ(a, b’ q)

d\n ri=1ro=1

Proof. By Lemma 2.1 we get

d d
(5.1) S a2 NN eq pla+11g,b+ r2g, dg)

d|n ri=1ry=1

- 32 3 3 (e (L

ri=1lre=1r=1

A WS >2<——>

B %;P (ar)Pﬁ(br)

Since (n,q) =1, we have (d,q) = 1. Let r =ad +yqg withx =1,...,q, (z,q) =1,
y=1,...,d, (y,d) = 1. Then

r = zd*d + 5q°q,
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where

dd=1modq, ¢f=1modd, 2Z=1modq %7=1modd.

Therefore

(5.2) ;;P (‘””)Pg(bg)
_;;;P (¢ xd+yq))PB(b(fJQd;yq2q))
_;mzlyzlp (axd)Pﬁ(bxd)

S Sn(n ()

As z runs over a reduced residue system modulo ¢, xd also runs over a reduced
residue system modulo ¢. Thus we have

q q
69 TS r (8 () - Er0 X w ()
d|n =
= ncaﬁg(a, b, q).
Combining (5.1)—(5.3), we immediately get Theorem 5.1. O

Using the same methods and Theorem 4.1 we also get the following generalized
Knopp identities for the generalized homogeneous Cochrane-Hardy sums.

Theorem 5.2. Let n be a positive odd integer with (abn,q) = 1. Then we have

d
STa% N N e (a+2r1g,b+ rag dg) = ncy(a,b,q),  if a is even;

d‘ ri=1ro=1

S oo 22 ZC (a +71g,b+ 2q, dg) = ncf 5(abq) if q is even;

d‘ ri=1reo=1

d
Zdﬁﬂ Z Z cff)(a+2r1q,b+r2q,dq) = ncﬁ (a b, q), if a + q is even.

T1=1 7"2:1
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