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Abstract

The exponential and Rayleigh are the two most commonly used distributions for
analyzing lifetime data. These distributions have several desirable properties and nice
physical interpretations. Unfortunately the exponential distribution only has constant
failure rate and the Rayleigh distribution has increasing failure rate. The linear failure
rate distribution generalizes both these distributions which may have non-increasing
hazard function also. This paper introduces a new distribution, which generalizes
the well known (1) exponential distribution, (2) linear failure rate distribution, (3)
generalized exponential distribution, and (4) generalized Rayleigh distribution. The
properties of this distribution are discussed in this paper. The maximum likelihood
estimates of the unknown parameters are obtained. A real data set is analyzed and it
is observed that the present distribution can provide a better fit than some other very
well known distributions.
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1 Introduction

In analyzing lifetime data one often uses the exponential, Rayleigh, linear failure rate or gen-
eralized exponential distributions. It is well known that exponential can have only constant
hazard function whereas Rayleigh, linear failure rate and generalized exponential distribution
can have only monotone (increasing in case of Rayleigh or linear failure rate and increasing/
decreasing in case of generalized exponential distribution) hazard functions. Unfortunately,
in practice often one needs to consider non-monotonic function such as bathtub shaped haz-
ard function also, see, for example, Lai et al. [14]. In this paper we present a new simple
distribution which may have bathtub shaped hazard function and it generalizes many well
known distributions including the traditional linear failure rate distribution.

The linear failure rate distribution with the parameters a > 0 and b > 0, will be denoted
by LFRD(a, b), has the following cumulative distribution function (CDF)

b
Frp(z;a,b) =1 —exp {—a:v — 51‘2} , x> 0. (1)

It is easily observed that the exponential distribution (ED(a)) and the Rayleigh distribution
(RD(b)) can be obtained from LFRD(a, b) by putting b = 0 and a = 0 respectively. Moreover,
the probability density function (PDF) of the LFRD(a, b) can be decreasing or unimodal but
the failure rate function is either constant or increasing only. See for example Bain [2], Sen
and Bhattacharya [19], Lin et al. [16], Ghitany and Kotz [9] and the references cited their
in this connection.

Recently, the two-parameter generalized exponential (GE) distribution has been intro-
duced and studied quite extensively by Gupta and Kundu [11]. The two-parameter GE

distribution with the parameters a > 0,60 > 0, has the following distribution function

Fop(z;a,0) = (1 - e_ax)e; x > 0. (2)

It is observed that the GE(a, ) can have decreasing or unimodal PDF and monotone (in-

creasing/ decreasing) hazard functions, depending on the shape parameter 6. Unfortunately,



it can not have bathtub shaped hazard function. Surles and Padgett [20] recently introduced
two-parameter Burr Type X distribution, also known as the generalized Rayleigh distribu-
tion, has increasing or bathtub shaped hazard function but it can not have decreasing hazard
function.

In this paper we introduce a new three-parameter distribution function called as gener-
alized linear failure rate distribution with three parameters a, b, 6 and it will be denoted as
GLFRD(a,b,0). It is observed that the new distribution has decreasing or unimodal PDF
and it can have increasing, decreasing and bathtub shaped hazard functions. We provide
different statistical properties of this new distribution and some nice physical interpretations
also. We provide the maximum likelihood estimates (MLEs) of the unknown parameters and
it is observed that they can not be obtained in explicit forms. The MLEs can be obtained
only by solving two non-linear equations. We analyze one real data set and it is observed
that the present distribution provides better fit than many existing well known distributions.

The rest of the paper is organized as follows. In section 2 we present GLFRD(a, b, ) and
discuss its properties in Section 3. Section 4 discusses the distribution of order statistics of
the GLFRD. The MLEs are provided in Section 5. Section 6 gives an illustrative example to
explain how a real data set can be modeled by GLFRD(a, b, ) and finally we conclude the

paper in Section 7. A list of acronyms are provided in the Appendix A for quick references.

2 The GLFRD

Let X be a random variable with the following CDF for a > 0, b > 0 and € > 0 as follows;
b..2 0
F(z;a,b,0) = |1 — e~ (art34?) : x > 0. (3)

Here 6 is shape parameter. The distribution of this form is said to be a generalized linear
failure rate distribution with parameters a, b, and will be denoted by GLFRD(a, b, ). The
PDF and the hazard function of GLFRD(a, b, 8) will be

b 2)70-1 b2
f(z;a,b0,0) =60(a+bx) |1 — e~ (art5e?) e~ (artge >, x>0, (4)



and i
0(a + ba) [1 - e—<ax+%w2)} o~ (aa+5a?)

1 [1 _ e(mgxz)]e

respectively. Recently, it is observed, see Gupta and Gupta [10], that the reversed hazard

h(z;a,b,0) = ) (5)

function plays an important role in the reliability analysis. The reversed hazard function of

the GLFRD(a, b, ) is

. ~(ar+4a?) .a,b,1
f(La’b,G) :e(a—i-bx)e :ef(x, a,b, ) :9T($;a,b, 1)_ (6)

F(x;a,b,0) 1 — ¢ (az+5a?) F(x;a,b,1)

r(z;a,b,0) =

It is well known that the hazard function or the reversed hazard function uniquely detrmines
the corresponding probabililty density function. From (6) it is clear that the GLFRD(a, b, 0)
is a proprtional reversed hazard family. It may be mentioned that the reversed hazard
function is a decreasing function.

Figure 1 and Figure 2 provide the PDFs and the failure rate functions of GLFRD(a, b, 6)
for different parameter values. From the above figures it is immediate that the PDF's can be
decreasing or unimodal and the hazard functions can be increasing, decreasing or bathtub
shaped. It is immediate that from GLFRD(a, b, §), the following special cases can be derived:
(1) Linear failure distribution LFRD(a, b), when 6 = 1, (ii) Generalized exponential distri-
bution GE(a, #), when b = 0,a > 0, (iii) Generalized Rayleigh distribution GRD(b, §), when
a =0,b> 0. One can easily verify that: (i) if § = 1, the hazard function is either increasing
(if b > 0) or constant (if b = 0 and a > 0); (ii) when € > 1, the hazard function should be
increasing only; and (iii) if < 1, then the hazard function will be either decreasing if b = 0
or bathtub if b > 0.

CoMMENTS: It is interesting to observe that when 6 is a positive integer, the CDF of
GLFRD(a, b, 0) represents the CDF of the maximum of a simple random sample of size 6
from the linear failure rate distribution. Therefore, in that case the GLFRD(a, b, #) provides
the distribution function of a parallel system when each component has the linear failure

rate distribution.
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Figure 2. Failure rate function of the GLFRD(a, b, ).




3 Statistical properties
3.1 Mean, median and mode

It is observed as expected that the mean of the GLFRD(a,b,0) can not be obtained in
explicit forms. It can be obtained as infinite series expansion. In general different moments
of the GLFRD(a, b, §) will be presented later.

The quantile z, of the GLFRD(a, b, 0) is given by

xq:%{—a—k\/ —2bln<1—q%>} (7)

Using (7), the median of GLFRD(a, b, §) can be obtained as

med(X):%{—a+\/a2—2bln<1—25)}. (8)

Moreover, the mode of GLFRD(a,b, ) can be obtained as a solution of the following

non-linear equation

-1 (a+ bx)

R S e /A =0. 9
a+bx exp{az+ 222} —1 (9)

It is not possible to obtain the explicit solution in the general case. It has to be obtained

numerically. For different special cases, the explicit forms may be obtained.

3.2 Moments

The following lemma gives the kth moment of GLFRD(a,b,0), when 6 > 1.

Lemma 3.1 If X has GLFRD(a,b,0), then the kth moment of X, say u®, is given as
follows

Fora=0,b>0:

o TG+ ¢ Y
,u( ) = z Z k+1 (10)
2 =0
Fora>0,b>0:
o _ (0
L0 ) (k+¢+1)g,7(0) (k+C+1)b
QZ Z JEre @+ (i+Da |’ (11)
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Figure 3. The skewness measure.

here gz@(O) = j—; exp{—3(i + 1)bx2}‘x:0 and I'(.) is the complete gamma function.

The proof of this lemma is provided in the Appendix B.
Based on the results, the measures of skewness and kurtosis of the GLFRD can be obtained

as respectively;

5 (12)
(1 — p2)?

«

and
M(4) — 4/1/“(3) + 6#/2 M(2) — 3#4

(1 — 2’
In Figure 3 and Figure 4 we provide a and (3 for different values of 8, when a =1, b =2. It

8= (13)

is observed that o and [ first decrease as € increases and then start increasing.

3.3 Characterization

Let Y be an absolute continuous random variable with support only on the positive real

axis. For a > 0, b > 0, for all real ¢ > 0 and for all non-negative integer n, let us define

U(t) = —In (1 - e*<at+%t2>) and a™(t) = E(UMY)|Y < 1),
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Figure 4. The Kurtosis measure.

here U™(-) means the n-th power of U(-). Then we have the following results.
Theorem 3.1 The random variable Y follows GLFRD(a, b, 8) for a > 0, b > 0, § > 0, if and

only if for all real ¢ > 0, and for all non-negative integer n

a™(t) = Un(t) + %a@*l)(t). (14)

Theorem 3.2 The random variable Y follows GLFRD(a, b,0) for a > 0, b > 0, 8 > 0, if and

only if for all real ¢t > 0, and for all non-negative integer n

1
Variance(U(Y)|Y < t) = 02 (15)

Theorem 3.3 Suppose X1, ..., X, are indepedent identically distributed random variables.
Then the X; follows GLFRD, if and only if X,y = max{X;,..., X} follows GLFRD.
The proofs of Theorem 3.1 and Theorem 3.2 are provided in the appendix C. The proof

of Theorem 3.3 is trivial and therefore it is omitted.

3.4 Maximum and Minimum

We have the following results regarding the maximum and minimum of the GLFRDs. All

the proofs are quite staright forward and therefore they are omitted.

8



Theorem 3.4: If X;s are independent random variables, and suppose X; follows GLFRD(a, b, 6;)
for i =1,...,n, then X, follows GLFRD(a,b, Y _ 6;)

i=1
Theorem 3.5: If X;s are independent and identically distributed random variables and X;

follows GLFRD(a, b, 0), then for all —co < z < 0o

Xin) — by _bBx
nmp<L<x):e—ebﬁ,

n—00 A, -

—2a + vV4a?2 4+ 8lnn
2b

here b,, = and a, is such that it satisfies the following two conditions;

lim a, =0, and lim a,b, = (.

n—oo n—oo

Theorem 3.6: If X;s are independent and identically distributed random variables and X;

follows GLFRD(a, b,6), then for X1y = min{X;,..., X, } and for all z > 0

X
lim P ( W < x) =1— ¢ (@

n—oo Cp,

_1
where ¢, = n" 9.

4 Distribution of order statistics

Let Xi, Xs,...,X, be a simple random sample from GLFRD(a,b, ) with PDF and CDF
as in (4) and (3), respectively. Let X1y < X < ... < X(,) denote the order statistics
obtained from this sample. In this section we provide the expressions for the PDFs and
moments of order statistics for the GLFRD(a,b,0). Also, the measures of skewness and

kurtosis of the distribution of the rt1 order statistic are presented. The PDF of X, is given

by,
1

Jrin(2) = B(r,n—r+1)
where f(x; a,b,0), F(x; a,b,0) are the PDF and CDF given by (4) and (3), respectively.

[F(x; a,b,0)]" " [1 — F(x; a,b,0)]"" f(x; a,b,0), (16)

1 n—r

Jrnlt) = Gy 0 @ 00) YOG a b o) 9 (7)

=0



substituting from (3) and (3) into (17), one gets

fr:n<x> = dj(”a 7") f(xv a, b? 97‘+j)7 (18)
=0
where o »
i oy = Y CE)

(r+7)
The coefficients d;(n,r), 7 = 1,2,...,n —r do not depend on a,b,f. Thus f,.,(x) is the

weighted average of the generalized linear failure rate distributions with different shape

parameters.

Theorem 4.1 The k! moment of order statistic X is
(i) ifa =0, b > 0:

T

~

S

_ 4 (%)gﬂr (g 4 1) v OOO di(n, ) (_(1)(& (19)

§=0 i i41)z*!

(ii) if a >0, b>0:

i X 1" YO T+ 0+ 1 k+(+1)b
=05, 303 aion SR [ S e

The proof of this Theorem is given in the Appendix B.
Based on the results given in theorem (4.1), the measures of skewness and kurtosis of the

distribution of the r'h order statistic can be evaluated from the following expressions

Eh = Bltyen 0 + 2413,

2 3

_ K

o (21)

and

4 (3) 2 (2 4
Mrn — 4,“7":71 + 6:“1":71 Mrn — Blj’r:n
ﬁr:n = . (22)

2

Extensive tables are available on request from the authors for different values of «..,, and

Br.n for the cases in which n = 1,2,3,4,5 and 6 = 0.5,1,1.5,2,2.5,3,3.5 with 1 < r < n.
From the table values the general findings are (i) The distribution of the rt order statistic

is positively skewed. (ii) For fixed 6 and n, the values of (3,.,, increases as r increases.

10



5 Parameter estimations

In this section, we derive the maximum likelihood estimates of the unknown parameters
a,b,0 of GLFRD(a, b, 8) based on a complete sample. Let us assume that we have a simple
random sample X, Xy, -+, X, from GLFRD(a, b, ). The likelihood function of this sample

18
n

L=]] f(xiab,0). (23)

i=1
Substituting from (4) into (23), we get

L= ﬁ{ (a+bay) 1 —e‘Wﬁ%x?)r_l e—(‘“ﬁ%ﬁ)}. (24)

=1

It can be written as;

L =0"exp{—aT) — b1} ﬁ {(a + bx;) [1 — e_(”“rgx?)]e_l } , (25)

i=1
where T = Zmz,] =1,2.
=1
The log—hkehhood function becomes
E—nlnG—aTl—bT2+Zlna+ba:Z 0 1) Zln[ ~(wetiad)]  (26)
=1
Therefore, the normal equations are
a£ n 1 n x'e—(axi—l—%z?)
8@ ! zzl a -+ bl’z ( ) zzl 1— 6—(axi+%x?> ( )
oL "o 1 N p2e(awitial)
— = T ’ -0 -1 ! =0 28
ob 2+Za—|—bxi+2( )Zl— —(ami+5a?) 7 (28)
=1 =1 €
a£ n - — ax'+ézz
%0 = E—I—Zln[l—e( 22)]20. (29)

The normal equations do not have explicit solutions and they have to be obtained numeri-
cally. Note that for a given a and b, the MLE of 0, say é(a, b) can be obtained as

n

Zizlln[l—e iToT

Therefore, the MLEs of a and b can be obtained by solving two non-linear equations.

11



Asymptotic Confidence bounds.

Since the MLEs of the unknown parameters a, b, 6

can not be obtained in closed forms, it is not easy to derive the exact distributions of the

MLEs. In this section, we derive the asymptotic confidence intervals of these parameters

when a > 0, b > 0 and 6 > 0. The simplest large sample approach is to assume that the

MLE (a, b, é) are approximately trivariate normal with mean (a, b, 0) and covariance matrix

Iy, see Lawless [15], where I; ' is the inverse of the observed information matrix

I;?

The derivatives in I

0*L

a2

0*°L
0adb

0L
ob?

0*L

962
0*L
9adb

0*L
0boo

_ 9%ogL _ 9%logL _ 8210gL‘ -1
Oa? b0 dadb b dadl abd
9%log L 9%log L 9%log L
= - 8b§a 850 - abg Y - abag@ ‘& 5.0 (30)
_ 8%logL . BQIOgL‘ o 8210gL‘
000a abd 000b abd 062 b0
Var(a) Cov(a,b) Cov(a,0)
= Cov(a,b)  Var(b) Cov(b,0) (31)
Cov(#,a) Cov(f,a) Var(f)
are given as follows
“ 1 “ g2¢~(azi+3af)
= — ———(#-1) . , (32)
2 vy Z 1 (rsed)]”
- T, 1 - xgef(‘mﬁ%z?)
-y m Ly gy , (33)
T A T P T
" x? 1 " ghe(azitia?)
I N S R | (34)
S D T T
n
n ) —(axi—i-%:c?)
oy | (36)
p 1 _€7<ami+g:p$)
1 O p2e(amitia?)
= - L . 37
2 ; 1 — ¢ (awitsa?) (37)

The above approach is used to derive the 100(1 — «)% confidence intervals of the parameters

a,b,0 as in the following forms

4% Zopo/Var(a), b= Zyp\/Var(b), 6+ Zyon/Var(d).

(38)

12



Here, Z, /5 is the upper (a/2)th percentile of the standard normal distribution.

It should be mentioned here as it was pointed by a referee that if we do not make the
assumption that the true parameter vector (a,b,0) is an interior point of the parameter
space then the asymptotic normality results will not hold. If any of the true parameter value
is 0, then the asymptotic distribution of the maximum likelihood estimators is a mixture
distribution, see for example Self and Liang [18] in this connection. In that case obtaining

the asymptotic confidence intervals become quite difficult and it is not pursued here.

6 Data Analysis

In this section we provide a data analysis to see how the new model works in practice. The
data have been obtained from Aarset [1] and it is provided below. It represents the lifetimes

of 50 devices.

1l 2 1 1 1 1 1 2 3 6 7 11 12 18 18 18 18 18
21 32 36 40 45 46 47 50 55 60 63 63 67 67 67 67 72 75
79 82 82 83 84 84 84 8 8 8 8 8 86 86

We have used different distributions namely; Rayleigh distribution (RD), exponential dis-
tribution (ED), generalized exponential distribution (GED), linear failure rate distribution
(LFRD), generalized Rayleigh distribution (GRD) and generalized linear failure rate distri-
bution (GLFRD) to analyze the data. The MLE(s) of the unknown parameter(s) and the
corresponding Kolmogorov-Smirnov (K-S) test statistic for 6 different models are given in

Table 4.

Table 4. The MLE of the parameter(s) and the associated K-S values.

The model MLE of the parameter(s) K-S
RD(b) b=06.362x 104 0.315
ED(a) i = 0.022 0.171
GED(a, 6) a=0.019,  =0.78 0.184
LFRD(a, b) a=0014, b=24x10" 0.195
GRD(b, 0) b=3.093 x 1074, 6 = 0.352 0.181

GLFRD(a,b,0) a=3822x1073 b=23.074x 1074 6 =0.533 0.162

13
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Figure 5. The profile of log-likelihood function for (a,b).

Table 5. The MLE, the values of log-likelihood function and p-values.

The model  H, L A d.f. p-value
RD(p) a=0,0=0 -264.053 61.816 2 3.775x 10~
Exp(«) b=0,0=0 -241.090 15.890 2 3.544 x 10~*
GED(a,0)  b=0 -239.995 13.700 1 2.145x 1074
LFRD(a, ) 0 =0 -238.064 09.838 1 1.709 x 1073
GRD(5,0) a=0 -234.565 02.840 1 0.092

To show that the likelihood equations have a unique solution we plot the profile log-

likelihood function of (a,b) in Figure 5.

Since RD(b), ED(a), GED(a,0), LFRD(a,b) and GRD(b,0) are special cases of
GLFRD(a,b,0), we perform the following testing of hypotheses; (i) Hy : a = 0,6 = 1,
(ii) Hy: b= 10,0 =1, (iii) Hy: b= 0, (iv) § = 1 (v) a = 0. We present the log-likelihood
values (L), the values of the likelihood ratio test statistics (A) and the corresponding p-values

in the following table. From the p values it is clear that we reject all the hypotheses when

the level of significance is 0.1.

14
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Figure 6. The Kaplan-Meier estimate of survival function and fitted survival functions.

For the comparison purpose, the empirical and fitted total time on test transforms (TTT-
Transforms) using the GLFRD, GRD and GED are provided. For details about the TTT-
Transform technique, we refer to [3], [5] and [6]. Figure 7 shows the plots of the empirical
and fitted TTT-Transform of the data. Further, we computed: (i) the maximum of the
distance between the fitted TTT-transform using each distribution and the empirical one;
(#i) the mean squared error of the fitted TTT-Transforms using each suggested distribution.

Table 6 gives the obtained results.

Table 6: The distance of the TTT-Transform.

Distribution | Maximum distance | MSE

GED 0.3332 0.0348
GRD 0.2286 0.0149
GLFRD 0.1940 0.0112

15
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Figure 7. Empirical and fitted scaled TTT-Transform for the data.

Substituting the MLE of the unknown parameters in (30), we get estimation of the

variance covariance matrix as

9.201 x 107 —7.050 x 1078  2.512 x 10~*
I™'=1] —7.050 x 1078 6.572 x 107 —6.976 x 1078 | . (39)
2512 x 107* —6.976 x 1078 0.013.

The approximate 95% two sided confidence intervals of the parameters a, b and 6 are
[0, 9.768 x 107%], [1.485 x 107*,4.663 x 10~*] and [0.308, 0.757] respectively.

We have provided the nonparametric estimate of the survival function and the fitted
survival functions in Figure 6. It is clear that the generalized linear failure rate distribution

provides a good fit to the data set.

7 Conclusions

In this paper we have introduced a new three-parameter generalized linear failure rate dis-
tribution and study its different properties. It is observed that the proposed GLFRD has
several desirable properties and several existing well known distributions can be obtained as
special cases of this distribution. It is observed that the GLFRD can have increasing, de-

creasing and bathtub shaped hazard rate functions which are quite desirable for data analysis

16



purposes. We obtained the asymptotic properties of the MLEs of the unknown parameters
but we have not studied the behavior of the MLEs for small sample sizes. Extensive simula-
tions are required to study the rate of convergence of the MLEs and their various properties.

More work is needed in this direction.
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Appendix A
Acronyms:

LFRD:  Linear failure rate distribution
CDF:  Cumulative distribution function
ED: Exponential distribution
RD:  Rayleigh distribution

PDF:  Probabibility density function

CDF: Cumulative distribution function
GE: Generalized exponential distribution
MLEs: Maximum likelihood estimators

GLFRD: Generalized failure rate distribution

Appendix B

The Proof of Lemma 3.1. Starting with

17



then substituting from (4) into the above relation we have
(k) OO k —(ax—l—émg) o-1 —(ax+9m2)
u =10 x(a+bx)[1—e 2 } e 2" )dx.
0

ax+%zz)

Since 0 < ¢~ ( < 1 for = > 0, by using the binomial series expansion we have

|:1 . e(ax+§x2)i|9_l — i(_l)z(el—l) e*i(ax+%x2), (40)
then
N(k) By /Oo xk<a + bZL‘) Z(_l)i(ei_l) 6*(i+1)(az+§x2)dl“ (41)

Since the inner quantity of the summation is absolutely integrable, interchanging the inte-
gration and summation we get
p =03 (“1'C7 / o(a+br) e OV (42)
=0 0
Now arises two cases. The first case arises when a = 0 and b > 0. In this case, the integral

in (42) becomes
/OO Ik(a + ba) 67(i+1)(az+ga:2>dx _ /OO bkl o= 5 (i+1)2® g _ g
0 0

Substituting from (43) into (42), one gets (10) which completes the first part of the lemma.
The second case arises when a > 0 and b > 0. For this case, using the Taylor expansion of

the function e~ 2+D* given by

o 40 l
e st =y G ) e g00) = L e-bterner)

0o oo 0) )
k) _ _vigo-119i (0) ket ~(i+1)az
=40 2_ E (=) (") a 2" (a+bx)e dx

92(0) [al(k+0+1)  bD(k+(+2)
14 l[(i + 1) ak+L 7 [(i 4 1) a2

= 0 (="
=0 ¢=0

That completes the proof of the lemma.

18



The Proof of Theorem 4.1. The general definition of the 1kt moment of order statistic

X(T), is
= [ henlald (44)
0
Substituting from (18) into (44), one gets
u =S dstmnr) [ i abb) do (45)
=0 0

Since the integral in (45) is the kKt moment of GLFRD(a,b,0,;), then from (45) with the

help of lemma (3.1) we get (19) and (20) which completes the proof.

Appendix C

Proof of Theorem 3.1

Necessary Part: If Y follows GLFRD(a, b, 0), then (14) follows using integration by parts
from the expresion of o™ (t).

Sufficient Part: Suppose (14) is true for the random variable Y. Let us denote the PDF and
CDF of Y as fy(-) and Fy(-) respectively. From (14) we obtain

| s =0+ [ oo (46)

0

Differentiating (46) with respect to t, we obtain

f(t;a,b,1) n EUnfl(t)fY(t)- (47)

UMy (6) = UM O fy (t) = U™ O Fr () gy +

Since U™ 1(t) # 0, from (47) we obtain

fy(t)  f(t;a,b,1)
Fy(t) QF(t;a.b, 1) (48)

From the uniqueness property of the reversed hazard function and from (6), it is immediate
that fy(x) has to be of the form (4).
Proof of Theorem 3.2
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Necessary Part: Suppose Y follows GLFRD(a, b, #), then from Theorem 3.1, we get

and

a® () = U2(t) + %a(l)(t) —U2(t) +

Therefore, the result follows.

@0) + 5 (50

<>

| —
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+

|

| IS |
I

Sufficient Part: Suppose (15) is true for all £ > 0 for the random variable Y. Let us denote
the PDF and CDF of Y as fy(:) and Fy(-) respectively. Therefore, (15) can be written as

t t C_ Py
Fy(t)/ U*(y) fy (y)dy — U U(y)fy(y)dy} = (51)
0 0
Differentiating both sides of (51) with respect to t and cancelling fy (t) from both sides, we
get
"o 2 ' Fy(t)
U () fr (w)dy + Py (OU(1) = 2U() | Uly)fr(y)dy = 2—5~. (52)
0 0
Differentiating both sides of (52) with respect to ¢ and arranging terms, we obtain;
t
fr(t)
Fy(t)U(t) — dy = ———————.
VOV~ [ VA = -0 (53)
After differentiating (53) with respect to t and rearranging we obtain the differential equation;
1 d fy ()
’Fy(t) = — x — | ——2— ). 54
v(t) r(t;a,b, 1) % dt (r(t;a, b, 1) (54)

A general solution of the differential equation (54) is of the form
Fy(t) = 1V 4 gpeU®)

where ¢; and ¢y are arbitrary constants. Since ltilrél U(t) = oo and lim U(t) = 0 and Fy(t) is

t—o0

a distribution function function, then ¢; = 0 and ¢y = 1. Therefore, the result follows.
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