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Abstract

The problem of maximizing the expected total discounted reward in a completely
observable Markovian environment, i.e., a Markov decision process (MDP), models a
particular class of sequential decision problems. Algorithms have been developed for
making optimal decisions in MDPs given either an MDP specification or the opportunity
to interact with the MDP over time. Recently, other sequential decision-making prob-
lems have been studied prompting the development of new algorithms and analyses.
We describe a new genceralized model that subsumes MDPs as well as many of the recent
variations. We prove some basic results concerning this model and develop general-
izations of value iteration, policy iteration, model-based reinforcement-learning, and
@-lcarning that can be used to make optimal decisions in the genceralized model under
various assumptions. Applications of the theory to particular models are described, in-
cluding risk-aversc MDPs, cxploration-scnsitive MDPs, sarsa, ®@-lcarning with sprecading,
two-player games, and approximate max picking via sampling. Central to the results
are the contraction property of the value operator and a stochastic-approximation the-
orcin that reduces asynchronous convergence to synchronous convergence.



1 INTRODUCTION

One particularly well-studied sequential decision-making problem is that of a single agent
maximizing expected discounted total reward in a finite-state, completely observable envi-
ronment. A discount parameter 0 < v < 1 controls the degree to which future rewards are
significant compared to immediate rewards.

The theory of Markov decision processes can be used as a theoretical foundation for
important results concerning this decision-making problem [2]. A (finite) Markov decision
process (MDP) [31] is defincd by the tuple (X, A, P, R), where X represents a finite sct of
states, A a finite sct of actions, I a transition function, and R a reward function. The
optimal behavior for an agent depends on the optimality criterion; in an MDP with the
infinite-horizon discounted criterion, the optimal behavior can be found by identifying the
optimal value function, defined recursively by

V*(z) = max (R(.r, a)+7v>_ Pz, aq y)L”‘(y)) ,

Y

for all states € X, where R(xz,a) is the immediate reward for taking action a from state
z, 0 < v < 1is a discount factor, and P(xz,a,y) is the probability that state y is reached
from state 2 when action ¢ € A is chosen. These simultaneous equations, known as the
Bellman equations, can be solved using a variety of techniques ranging from successive
approximation [3] to linear programming [11].

In the absence of complete information regarding the transition and reward functions,
reinforcement-learning methods can be uscd to find optimal value functions. Both modcl-free
(dircct) methods, such as Q-learning [59, 60], and modecl-bascd (indirect) methods, such as
prioritized sweeping [29] and DYNA [46], have been explored and many have been shown to
converge to optimal value functions under the proper conditions [60, 53, 19, 13].

Not all sequential decision-making problems of interest can be modeled as MDPs; in one
form of two-player game, for example, one or the other player chooses an action in each state
with one player striving to maximize the total reward and the other trying to minimize it.
A great deal of reinforcement-learning research has been directed to solving games of this
kind [51, 52, 37, 7], Algorithms for solving MDPs and their convergence proofs do not apply
directly to these problems.

There are deep similarities between MDPs and games; for example, it is possible to define
a set, of Bellman equations for the optimal minimax value of a two-player zero-sum game,

V*(z) = { MaXae 4 (R(a;, a) +vX¥, P(z,qa, y)V*(y)) . if maximizer moves in
minged (R(z,a) + 73, P(z,a,y)V*(y)), if minimizer meves in z,

where R(xz,a) is the reward to the maximizing player. When 0 < v < 1, these equations
have a unique solution and can be solved by successive-approximation methods [39]. In
addition, we show in Section 4.1 that the natural extension of several reinforcement-learning
algorithms for solving MDPs converge to optimal value functions in two-player games.

In this paper, we introduce a generalized Markov decision process model with applica-
tions to reinforcement learning, and list some of the important results concerning the model.
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Generalized MDPs provide a foundation for decision making in MDPs and games, as well
as in risk-sensitive models [15], exploration-sensitive models [20, 36], simultaneous-action
games [39], and other models. The common feature of these decision problems is that the
reward function is based on the total, discounted cost—this latter property enables us to
apply arguments based on the properties of contraction mappings, which makes the analy-
sis tractable. Our main thcorem addresses conditions on the convergence of asynchronous
stochastic processes and shows how this problem can be reduced to determining the con-
vergence of a corresponding synchronous ong; it can be uscd to prove the convergence of
model-free and model-based reinforcement-learning algorithms in a variety of different se-
quential decision-making models.

In the remainder of this section, we present the generalized MDP model and motivate it
using two detailed examples; in Section 2, we present several algorithms for solving general-
ized MDPs that are extensions of classic algorithms for solving MDPs; in Section 3, we describe
our main theorem and how it can be used for solving generalized MDPs in a reinforcement-
learning setting; and in Section 4 we show several applications of our framework to other
sequential decision-making problems. MNost of the proofs are deferred to the appendix to
increase the readability. We tried to make the appendix as self-contained as we could; how-
ever, at some places it is necessary to read the main body of the text before reading the
appendix.

1.1 MARKOV DECISION PROCESSES

To provide a point of departure for our generalization of Markov decision processes, we begin
by describing some results concerning MDPs. These results are well established; proofs of the
unattributed claims can be found in Puterman’s MDP book [31].

The ultimate target of a decision-making algorithm is to find an optimal policy. A
policy is some function that tclls the agent which actions should be chosen under which
circumstances. Of course, since the agent that applics the policy is not clairvoyant, the
action prescribed by a policy cannot depend on future states or actions, i.c., a policy maps
the history of a process to an action. A policy 7 is optimal under the expected discounted
total reward criterion if, with respect to the space of all possible policies, 7 maximizes the
expected discounted total reward from all states.

Maximizing over the space of all possible policies is practically infeasible. However,
MDPs have an important property that makes it unnecessary to consider such a broad space
of possibilities. We say a policy 7 is stationary and deterministic if it maps the actual state
directly to an action, ignoring everything else from the history of the decision process, and
we write 7(z) as the action chosen by 7 when the current state is z. In expected discounted
total reward MDP environments, there is always a stationary deterministic policy that is
optimal; we will therefore use the word “policy” to mean stationary deterministic policy,
unless otherwise stated.

The value function for a policy 7, V™, maps states to their expected discounted total
reward under policy 7. It can be defined by the simultaneous equations

V™(z) = R(z,a) + 7Y Pz, a,y)V"(y).
Yy



It is also possible to condition the immediate rewards on the state y as well; this is somewhat
more general, but complicates the presentation. The optimal value function V* is the value
function of an optimal policy; it is unique for 0 < v < 1. The myopic policy with respect to
a value function V' is the policy m such that

ny(x) = argmax (R(JC, a) +vY_ Pz, a,y)V(y)) )
. v

Any myopic policy with respect to the optimal value function is optimal.
The Bellman equations can be operationalized in the form of the dynamic-programming
operator T', which maps value functions to value functions:

(TV](z) = max (R(x, a)+vY_ P(z,a, y)V(y)) :

For 0 < v < 1, successive applications of T" to a value function bring it closer and closer
to the optimal value function V*, which is the unique fixed point of T V* = TV*. The
algorithm derived from successive applications of T is known as value iteration.

In reinforcement-learning applications, R and P are not known in advance. They can be
lcarncd from cxpericnce by keeping statistics on the expected reward for cach statc-action
pair, and the proportion of transitions to cach next state for cach statc-action pair. In
model-based reinforcement learning, R and P are estimated on-line, and the value function
is updated according to the approximate dynamic-programming operator derived from these
estimates; this algorithm converges to the optimal value function under a wide variety of
choices of the order states are updated [13].

The method of Q-learning [59] uses experience to estimate the optimal value function
without ever explicitly approximating R and P. The algorithm estimates the optimal Q
function

Q*(z,a) = R(x,a) +v)_ P(z,a,y)V*(y),

from which the optimal value function can be computed via V*(z) = max, @*(z,a). Given
an agent’s experience at step ¢ (x, a, y;, 7¢) and the current estimate Q¢(z, a) of the optimal
Q function, Q-learning updates

Qt+1($tu @t) = (1 - at(ajtu at))@t(xt: at) T Oét(’i?t: at)(’rt +7y T, Qt(yta a)),

where 0 < &;(x,a) < 1is alearning rate that controls how quickly new estimates are blended
into old estimates as a function of the state-action pair and the trial number. Q-learning
converges to the optimal Q function under the proper conditions [60, 53, 19].

1.2 ALTERNATING MARKOV GAMES

In alternating Markov games, two players take turns issuing actions to try to maximize their
own expected discounted total reward. We now describe this model to show how closely it
parallels MDPs. The model is defined by the tuple (X, Xy, A, B, P, R), where X is the set of



states in which player 1 issues actions from the set A, X, is the set of states in which player
2 issues actions from the set B, P is the transition function, and R is the reward function for
player 1. Note that it is not assumed that player 1’s actions always follow player 2’s actions
and vice versa. In the zero-sum games we consider, the rewards to player 2 (the minimizer)
are simply the additive inverse of the rewards for player 1 (the maximizer). Markov decision
processes arc a special case of alternating Markov games in which X, = ; Condon (9] proves
this and the other unattributed results in this scction.

A common optimality criterion for alternating Markov gamecs is discounted minimax
optimality. Under this criterion, the maximizer should choose actions so as to maximize
its reward in the event that the minimizer chooses the best possible counter-policy. An
equivalent definition is for the minimizer to choose actions to minimize its reward against the
maximizer with the best possible counter-policy. A pair of policies is said to be in equilibrium
if neither player has any incentive to change policies if the other player’s policy remains fixed.
The value function for a pair of equilibrium policies is the optimal value function for the
game; it is unique when 0 < 4 < 1, and can be found by successive approximation. For
both players, there is always a deterministic stationary optimal policy. Any myopic policy
with respect to the optimal value function is optimal, and any pair of optimal policies is in
equilibrium.

Dynamic-programming operators, Bellman equations, and solution algorithms can be
defined for alternating Markov games by starting with the definitions used in MDPs and
changing the maximum operators to either maximums or minimums conditioned on the state.
In Section 4.1, we show that the resulting algorithms share their convergence properties with
the analogous algorithms for MDPs. A key difference between MDPs and alternating Markov
games is that the former can be solved (i.e., an optimal policy can be found) in polynomial
time using linear programming; no such algorithm is known for solving alternating Markov
games [10]".

1.3 GENERALIZED MDPS

In alternating Markov games and MDPs, optimal behavior can be identified by solving the
Bellman equations; any myopic policy with respect to the optimal value function is opti-
mal. In this section, we generalize the Bellman equations to define optimal behavior for a
broad class of reinforcement-learning models. The objective criterion used in these models
is additive in that the value of a policy is some measure of the total reward received.

'An algorithm that solves MDPs is strongly polynomiel if thc number of arithmetical operations nceded
by the algorithm is polynomial in |X| and |4|. At this time, there is no known algorithm that solves
MDPs in strongly polynomial time. Using lincar programming, howcver, MDPs can be solved in a number
of operations polynomial in | X|, | 4| and b, where b measures the number of bits needed to write down the
transition, rewards, and discount factor. Value iteration converges in time bounded above by a polynomial
in | X|,|Al|, b, and 1/(1 — v)—this algorithm is called pseudo-polynomial because of the appearance of the
factor h = 1/(1 — ). Value iteration takes a number of iterations proportional to hlog(h) in the worst case.
The worst-case time complexity of policy iteration is not known, although it requires no more iterations than
value iteration. Value iteration and also policy iteration can be used to solve alternating Markov games in
pseudo-polynomial time. For further information on these topics the interested reader is referred to the PhD
Thesis of Michael Littman [26].
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As a first step towards a general model, we will express the Bellman equations for
MDPs and alternating Markov games in a unified notation. For succinctness, we will use
an operator-based notation in which addition and scalar multiplication are generalized in
a natural way. For example, if V : X — R is a value function and R : X x A — R or
R:X xAxX — R (allowing reward to depend on the resulting state as well) is the reward
function, we define (R+9V) : X x A x X — R to be:

(R+V)(2,0,9) = R(z,a,9) + 7V (y),

forxe X,aeA,andy €Y.
If we define the operator @ : (X x A x X — R) — (X x A — R) to be an expectation
operator according to the transition function P,

(B(R+V)(,0) =Y Pz, a,y)(R(z, a,y) + 7V (1)),

and ® : (X x A - R) - (X — R) to maximize over A2

(DR +V)(2) =maxd_ Pz, a,y)(R(z,a,y) + 7V (y)),

then V* = @ @(R + vV*) is simply an alternate form of the Bellman equations for MDPs.
Here, the big plus () is intcnded to remind us that the operator is a weighted sum and the
big x (®) reminds us that the operator is a type of maximization.

The @ operator here takes a Q function (mapping states and actions to values) and
returns the value of the best action in each state. Now, by changing the meaning of @ to be

_ (max, Q(x,a), ifze X,
(@) = {minb Q(z,b), ifze Xy,

V* = @ B(R+~V*) is also a representation of the Bellman equations for alternating Markov
games.

@ur generalized MDP model is defined by the generalized Bellman equations V* =
R D(R + yV*), where different models are obtained using different definitions for the ®
and @ operators. As we've seen, optimal value functions for MDPs and alternating Narkov
games can be expressed in this way; a variety of other examples are discussed in Section 4.

The value functions defined by the generalized MDP model can be interpreted as the
total value of the rewards received by an agent selecting actions in a non-deterministic
environment. The agent begins in state z, takes action a, and ends up in state y. The @
operator defines how the value of the next state should be used in assigning value to the
current state. The @ operator defines how an optimal agent should choose actions.

When 0 < v < 1 and @ and @ are non-expansions, the generalized Bellman equations
have a unique optimal solution, and therefore, the optimal value function is well defined (see
Appendix A). Recall that an operator 7" which maps a normed space Bi to another normed
space B, is a non-expansion if for all f,g € By 'Tf —Tyg!l < ||f —g!/, where || - || denotes

2The definitions of @ and & are (P S)(z,a) = >, Plz.a,y)S(z,a,y) and (Q Q)(z) = max. Q(z,a),
where S: (X X AXxY) o> RandQ: (X x 4) - R.




model /example reference (® f)(z) (D g)(z,a)

disc. exp. MDPs [60] max, f(z,a) Zy P(z,a,y)9(z,a,y)

exp. return of 7 [45] Y7 (z,0)f(z,0) P(z,a,y)g(z,a,y)

alt. Markov games [7] max, or min, f(x,b) P(x,a,y)g(z,a,y)
risk-sensitive MDPs [15]  max, f(x,a) mlny Plr,ay)>0 9(L,0, )
expl.-sens. MDPs [20] maX,cp, Yo 7(z, 0) f(z,a) P(z,a,y)g(z,a,y)
Markov games [24] max, miny, Y, A(a)f(z, (a,b)) P(x, ( a,b),y)g(z, (a,b),y)

Table 1: Some models and their specification as generalized Markov decision processes.

the norm on the appropriate spaces®. In accordance with the above definition we say that
the @ operator is a non-expansion if

I®f- Q| <llf -4l

forall f,g: X x A = R, and r € X, here || - || denotes the max norm over the appropriate
function space. An analogous condition defines when @ is a non-expansion.

Many natural operators are non-expansions, such as max, min, midpoint, median, mean,
and fixcd weighted averages of these operations (sce Appendix B). Mode and Boltzmann-
weighted averages arc not non-cxpansions (sce Littman’s thesis [26] for information on
Boltzmann-weightcd averages).  Scveral previously described scquential decision-making
models are special cases of this generalized MDP model—Table 1 gives a brief sampling.
For more information about the specific models listed, see the associated references.

As with MDPs, we can define a dynamic-programming operator

TV = QP(R+1V) (1)

such that, for 0 < v < 1, the optimal valuc function V* is the unique fixed point of T
The operator T is a contraction mapping as long as v < 1. Recall that an operator T is a
contraction mapping if |TV; — T3/ < 5|| where V4 and V, are arbitrary functions
and 0 < v < 1 is the index of contraction. Here, || - || is the max norm. It is easy to see that
T is a contraction mapping using the non-expansion properties of Q and .

We can define a notion of stationary myopic policies with respect to a value function V;
it is any (stochastic) policy 7 for which 77V = TV where

(T"V](z) =) _n(z,a) ((@(R + ’yV)) (z, a)) )

31If By = B, are spaces of function over X, i.e., if By = By = (X — R) then wesay that T : B, — By is a
pointwise non-expansion if for all z € X and f, ¢ € B; there holds that [(Tf)(z) — (Te)(x)| < |f(x) — ¢(x)|-
Taking the maximum of both sides over X we see that if T is a pointwise non-expansion then T is also a
non-expansion for the max norm. It is easy to extend the notion of being a pointwise non-expansion to
spaces when B; = (X x A = R) and By = (X — R). We say that the operator T : By — Bs is a pointwise
non-expansion over X if |(Tf)(z) — (Te)(z)| < ||f(z,-) — 9(z,")|| for all f,9 € B; and x € X. Here, f(z,")
and ¢(z,-) are understood as functions from 4 — R, and || - || denotes a norm over A — R, usually the
max norm. Usually it is much easier to check if an operator is a pointwise non-expansion. The operators we
consider arc, indeed, pointwisc non-cxpansions. Our statcments, however, do not cxploit this fcaturc.




Here, m(x,a) represents the probability that an agent following m would choose action « in
state z. For later use, it is convenient to introduce the operator @™ defined by (Q™ f)(z) =
Yo7(z,a)f(xz,a). To be certain that every value function possesses a myopic policy, we
require that the operator ® satisfy the following property: for all functions f: X x 4 — R
and states x,

min f(z,a) < (Q) f)(x) < max f(z,a). (2)

In an alternate formulation, Incquality (2) is replaced by the restriction that (Q f)(z) =
f(z,af) for all f, where ay € A is an action that may depend on f. In other words, ® must
sclect an action. This has the price that stochastic actions must be explicitly introduccd
(the action set of the new model would be the set of probability distributions over A, II(A)),
but has the advantage that “deterministic” policies suffice (since each stochastic policies in
the present model would have a corresponding deterministic action). To put this another
way, Inequality (2) is just an extension of the selection condition to stochastic actions.

The value function with respect to a policy &, V'™ is defined by the simultaneous equations
V™ =T7V7: it is unique.

We say a policy 7 is optimal if it is myopic with respect to its own value function. A
better term for such policies might be “self-consistent”; we use the optimization-oriented
term “optimal” because the most common applications make use of a @ operator that
selects extremals. Even in non-optimization settings, it is reasonable to call these policies
optimal since they share important properties of optimal policies of MDPs. The first such
property is that the evaluation of optimal policies is a particular function: the fixed point
of T. To see this, let 7 be an optimal policy. Then V™ is the fixed point of T because
V™ =T™V*™ =TV™. Thus, V™ = V" when v < 1, because T has a unique fixed point
by the Banach fixed-point theorem [44]. All the statements of this section and some other
basic facts about generalized MDPs are proved in Appendices A through D.

1.4 SOLVING GENERALIZED MDPS

The previous subscections have motivated and described our generalization of Markov deci-
sion processes. We showed how MDPs and alternating Markov games, two popular modecls
of sequential decision making, could be viewed as examples of the generalized model. In
Section 4, we will examine other examples including games in which players make their ac-
tion choices simultaneously, MDPs with a risk-sensitive performance criterion, MDPs with an
exploration-sensitive performance criterion, and the use of sampling to replace the compu-
tation of the maximum action in MDPs.

Formulating a problem as an instance of a formal model is rarely an end unto itself,
however. We address algorithms for solving generalized MDPs; that is, we would like to
identify optimal policies for specific instances of the model. One class of algorithms assumes
access to a complete description of the model instance. Examples of dynamic-programming
algorithms in this class are described in Section 2.

A second class of algorithms assumes that the only information available to the agent on
the specific problem instance being solved is via “experience”: state-to-state transitions with
their associated rewards. Problems couched this way are known as remnforcement-learning



problems and algorithms for solving them are called reinforcement-learning algorithms*. Sec-
tion 3 describes reinforcement-learning algorithms for generalized MDPs.

Because of the asynchronous manner in which information arrives in a reinforcement-
learning problem, the contraction assumption (that is, that v < 1) becomes critical for
smoothing across pieces of information that arrive separately. We derive a powerful theorem
concerning the convergence of asynchronous learning processes that depends on little other
than the assumption of contraction; this makes it applicable to a wide varicty of modcls.
Full generality of the theorem is achicved by stating the results in terms of general normed
spaces. The theorem will be presented and discussed in Section 3.1.

The next section extends the standard value-iteration and policy-iteration algorithms to
the generalized model. Section 3 describes a general theorem that can be used to prove the
convergence of several reinforcement-learning algorithms in the generalized MDP framework.

2 SOLVING GENERALIZED MDPS VIA A MODEL

The most basic algorithms for solving MDPs are value iteration [3] and policy iteration [18];
both date back the late 1950s. This section describes how these algorithms can be applied
to solve generalized Markov decision processes.

2.1 VALUE ITERATION

The method of value iteration, or successive approximations [3, 39], is a way of iteratively
computing arbitrarily good approximations to the optimal value function V*.

A single step of the process starts with an estimate V;_; of the optimal value function,
and produces a better estimate V; = TV ;. We show that applying T repeatedly causes the
value function to become as close as desired to optimal. Again, the notation |/ - I refers to
the maximum norm.

Lemma 1 Let V, be the value function produced in the tth iteration of value iteration. After
t steps of value iteration on a generalized MpP, ||V, — V*|| < A¥||Vy — V.

Proof: We proceed by induction. The base case, ||[Vo — V*!! <~%1Vy — v*||, is self evident.
By the inductive hypothesis we see

Vi = VIl = 1TVig = TV < AlVies = V2| < 7 Ve = V3| = 71 Ve = V7l

Q.E.D.

Since 0 < ~ < 1, we have that V;, — V* at a geometric rate as ¢t increases. In some
circumstances, it is helpful to state this result without reference to the details of the initial
value function V4. Let M = sup, max, 'R(z,a) = R||. If the agent received a reward of M

1Traditionally, it was the field of adaptive control that considered such “learning” problems [23]. Adaptive-
control rescarchers, however, usually considered lincar modcls only, i.c., when the cvolution cquation of
the controlled object is linear. Nonetheless, the results and emerged problems of adaptive control can be
instructive for reinforcement-learning researchers.



on every step, its total expected reward would be %0 v*M = M /(1 — «). Thus, the zero
value function, V4 = 0 cannot differ from the optimal value function by more than A1 /(1—+)
at any state. This also implies that the value function for any policy cannot differ from the
optimal value function by more than 2M /(1 — 7) at any state. This allows us to restate
Lemma 1 in a form that bounds the number of iterations needed to find an e-optimal value
function.

Theorem 1 Let Vg be any value function such that [|Vo|| < M /(1 — ), and let

o 1 +log(M) + log(;) +log(X)
- log(;})

Running value iteration for t* or more steps results in a value function V such that ||V —
V¥ <e

Proof: This follows from simple algebraic manipulation of the bounds given in this section.
Q.E.D.

2.2 COMPUTING NEAR-OPTIMAL POLICIES

Thus, we know that the value function estimates converge to the optimal value function. But
when should we stop this iteration? The following result shows that if ||Vi1 — V|| is small
then ||V — V*!l is small, too. The next question is which policy to use after we have stopped
the iteration. The natural choice is the myopic policy with respect to the latest estimate
of the value function. Below we show that the value of such a policy is also close to the
optimum, i.e., it can be bounded as a function of |'V,; — V}|| = TV, — V}||. More generally,
we will show that for an arbitrary function V', the distance between the value function for
any myopic policy with respect to V' and the optimal value function can be bounded as a
function of the Bellman error magnitude of V, defined as TV — VI, These results rely
entirely on the contraction property of the involved generalized MDPs. Note that one must
be careful when applying these estimates in practice since the meaning of “small error” is
highly problem dependent®.
First, we establish a few basic results.

Lemma 2 Let V be a value function, V™ be the value function for the myopic policy with
respect to V', and V* be the optimal value function. Let € be the Bellman error magnitude
forV, e=|V—TVIl. Then, [V -V™||<€/(1—7) and 'V —V*I <e/(1 —7).

Proof: This result follows easily from the contraction property of 7" and the triangle in-
equality.

First, |[V=V™|| < [V =TVII+||TV=V7|| = |V =TV +|T"V =T*V"|| < e+~|V-V7|.
Grouping like terms gives ||V — V7!l < ¢/(1 — ).

*McDonald and Hingston [28] pointed out that optimal values can be exponentially small in the number
of statcs for spccial classcs of MDPs.
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Similarly, ||V —=V*|| < IV =TVII+||TV=V*|| = |[V-TVI+|TV=TV*|| < e+7||V-V*|.
Grouping like terms gives 'V — V*|| <¢€/(1 — 7). Q.E.D.

We next, bound the distance between V™ and V* in terms of €, the Bellman error magni-
tude (related arguments have been made before [6, 42, 62, 16]¢).

Theorem 2 Let V' be a value function, V™ be the value function for the myopic policy with
respect to V, and V* be the optimal value function. Let € be the Bellman error magnitude
for V, e = ||V =TV|. Then, | TV — V™| < ey/(1 —7), [TV = V*Il < ey/(1—7), and
VT —V*|| < 2ev/(1—1).

Proof: The third statement follows from an application of the triangle inequality to the first
two statements, which we prove now. First,

[TV =VT = [TV =TV <~V = V7| < ey/(L = 7).
Similarly,
ITV =Vl = TV =TV*| < 9|V = V|| < ev/(1 =),
completing the proof. Q.E.D.

This result is concerned with values and not immediate rewards, so the total reward
earned by a myopic policy is not too far from optimal. The significance of the result is that a
value-iteration algorithm that stops when the Bellman error magnitude is less than or equal
to € > 0 will produce a good policy with respect to e.

This result can be refined further for a subclass of generalized MDPs. In generalized MDPs
in which there is a finite set of policies such that every value function has a myopic policy
in that set, any myopic policy with respect to V, is optimal for large enough ¢. This is in
no way related to the contraction property of the value iteration operator, i.e., it holds for
arbitrary monotone and continuous operators [48]. This means that value iteration can be
used to find optimal value functions in finite time for generalized MDPs in this subclass. A
further refinement, which relies on the contraction property of the dynamic-programming
operator, puts a pseudo-polynomial bound on the number of iterations required to find an
optimal policy [26]. This requires that v, P and R are expressed with a polynomial number
of bits.

2.3 POLICY ITERATION

In this scction, we define a gencralized version of policy iteration. Applicd to MDPs, it
is equivalent to Howard’s policy-iteration algorithm [18] and applied to alternating Markov
games, it is equivalent to Hoffman and Karp’s policy-iteration algorithm [17]. Policy iteration
for MDPs proceeds as follows: Choose an initial policy 7y and evaluate it. Let the next policy,
71, be the greedy policy with respect to the value function V™. Continue in this way until
mi+1 = 7. The traditional proof of convergence relies on the following facts [18]:

$The most general of these arguments is due to Bertsekas and Shreve [6] (Proposition 4.5) for extremization
problems (although, the authors do not exploit this property). They also consider value iteration when the
precision of computation is limited. Williams and Baird [62] have proved these bounds tight for MDPs, and
this should hold for generalized mbprs, as well.
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(i) V71 > V7™ and the inequality is strict for at least one state if 7, is not optimal,
(ii) there are a finite number of policies (since X and A are finite), and
(iii) the fixed point of T is unique.

Unlike value iteration, the convergence of policy iteration seems to require that value is
maximized (or minimized in a cost-based setting) with respect to some set of possible actions
(this is because we require Condition (i) in the above paragraph). To capture this, we will
restrict our attention to generalized MDPs in which @ can be written

(® Q) = max ([QQ)(x) (3)

where R is a compact set and @” is a non-expansion operator mapping functions over X x A
to functions over X for all p € R. Note that the conditions that R be compact and @” be
a non-expansion for all p ensure that the maximum in the above equation is well defined.
Note that any operator @ can be written this way by defining R = {p,} and & = ®;
the choice of parameterization ultimately determines the efficiency of the resulting policy-
iteration algorithm. A generalized MDP satisfying Equation (3) and satisfying a monotonicity
property discussed in Appendix C is called a maximizing generalized MDP.

As a concrete example, MDPs can be viewed as type of maximizing generalized MDP. Let
R = A and [@°Q)(z) = Q(z,p). Then, [®Q|(x) = maxees Qz,a) = maxer Q(z, p) =
max,cr[@”Q)](x) as required by Equation (3). Similarly, alternating Markov games can be
viewed as maximizing generalized MDPs. Again, R = A and define

o vy [ Qx,p), ifee Xy,
(& Q) = {minb Q(z,b), ifz e X,

The maximization and minimization operators have been separated so that they can be
treated independently. To understand the importance of this, note that the essence of policy
iteration is that in every step the new policy is an wmprovement over the previous policy.
For alternating Markov games this would mean that V7+i(z) > V™(z) for x € X and
V() < Vot (z) for © € Xo. However, as a careful analysis of an example by Condon [10]
shows, the additive structure of rewards is incompatible with this condition. To be able to
work with additive rewards, we need to separate the minimumization and maximumization
operators.

A more complex example is Markov games, in which R is not finite; it will be described
in Section 4.2.

The term p-myopic policy refers to a mapping w : X — R such that

®"Qlw) = max ((®"Qw)) = (@ Q)

for all z € X. Here w is myopic with respect to Q. If @ = @(R+ V) then the policy which
is myopic for @ is called myopic for " as well. The value function for a p-myopic policy w,
V¢ is defined as the optimal value function for the generalized MDP where ®“(*) is used as
the summary operator in state z; it is well defined.

12



If the condition min, Q(z,a) < [®” Q](z) < max, Q(x,a) is satisfied for all Q : X x
A — R and x € X (the last inequality is automatically satisfied), then to every function
w : X — R we could assign one (or more) policy 7, : X — II(A) with the property
that [®@“® Q](z) = £ 7w (z,a)Q(z,a). Then, every mapping w can be identified with an
equivalent stochastic stationary policy. This definition is in harmony with the definitions of
the value functions V¢ and V7, and the definition of greediness.

We characterize policy itcration as follows. Start with a valuc function V' and compute
its p-myopic policy w and w’s valuc function V¥, If 'V — V¥|| < ¢, terminate with V¢ as an
approximation of the optimal value function. Otherwise, start over, after assigning V' = V%,

Note that if R contains a single element, then this policy-iteration algorithm terminates
after two steps since w” = w and thus VV“° = V* with wg(x) = pp for all x € X. This
illustrates the tradeoff between determining the optimal value function of a given mapping w
and determining the optimal value function. The following two examples are also instructive.
We can apply the generalized policy-iteration algorithm to MDPs by taking R to be the set
of actions and ®” to return Q(s,rho). Because computing V¥ is equivalent to evaluating a
fixed policy and can be solved by, e.g., Gaussian elimination, the resulting policy-iteration
algorithm (which is just standard policy iteration) is useful. In alternating Markov games,
we take @ to return Q(s,p) for states in which value is maximized, and to pick out the
minimum value min, Q(s,a) otherwise. Computing V* is equivalent to solving an MDP,
which is conceptually easier than finding V* directly.

To show that policy iteration converges, we appeal to two important results. The first is
that, for maximizing generalized MDPs,

Vi(z) = max V*(z),

meaning that the optimal value function dominates or equals the value functions for all
possible values of w. The second is a generalization of a result of Puterman [31] that shows
that the iterates of policy iteration are bounded below by the iterates of value iteration.
. From these two facts, we can conclude that policy iteration converges to the optimal value
function, and furthermore, that its convergence is at least as fast as the convergence of
value iteration. This result can also be proved for continuous and monotone value-iteration
operators of maximizing type without assuming the contraction property [48].

Theorem 3 Let
V*(z) = max ((@p B(Rr+ ’}'V’")) (fr))

pER
and, forallw: X — R,

(o) = (@ DR +7V) @)

where @” and @ are non-expansions and monotonic and R s compact. Then, for allxz € X,

7k — 7w
Vo) = ma Vo).
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Proof: This result is proven in Appendix D. Q.E.D.

Lemma 3 Let U; be the iterates of value iteration and V; be the iterates of policy iteration,
starting frem the same initial value function, Uy = Vy. If Uy and Vy are underestimates of
the optimal value function, then for allt and x € X, Uy(x) < Vi(z) < V*(x).

Proof: The proof is in Appendix D. Q.E.D.

According to Lemma 3, policy iteration converges at least geometrically and a bound on
convergence time can be given by

o Fog(lVo — Vll/ (e — ’Y))W

leg(1/7)

or in terms of the Bellman error magnitude of V;:

o Fog(IIVO — TVyll/(e(1 - v)z)w
B log(1/7) '

If ¢ > ¢* then ||V, — V*|| <€ (¢ >0).

[t is worth noting that the implementation of policy evaluation in generalized MDPs
depends on the definition of @. When the expected-reward objective is used, as it is in
MDPs, policy evaluation can be implemented using a linear-equation solver. When @ is
maxirnization or rninirnization, as it is in sorne games or under a risk-sensitive criterion,
policy evaluation is equivalent to solving an MDP and can be accomplished using linear
programming (or policy iteration!).

With a little change, the above framework is also capable of expressing asynchronous
policy-iteration algorithms. Most of the previous results on asynchronous policy iteration
can be rcpeated since those proofs depend only on the monotonicity and the contraction
properties of the involved operators [61, 40]. The work of Bertsekas and Shreve [6] is also
worth mentioning here: they have considered a version of policy iteration in which both
myopic policies and the evaluation of these policies are determined with a precision geomet-
rically increasing in time. Such an approximate policy-iteration scheme is useful of the state
or the action spaces are infinite (such as a compact subset of a Euclidean space).

3 REINFORCEMENT-LEARNING ALGORITHMS

In this section, we describe methods for solving MDPs that make use of “experience” instead of
direct access to the parameters of the model. We begin by introducing a powerful stochastic-
approximation theorem.

3.1 COMPUTING THE FIXED POINT OF A CONTRACTION
BY MEANS OF RANDOMIZED APPROXIMATIONS

[terative approaches to finding an optimal value function can be viewed in the following
general way. At any moment in time, there is a set of values representing the current
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approximation of the optimal value function. On each iteration, we apply some dynamic-
programming operator, perhaps modified by experience, to the current approximation to
generate a new approximation. Over time, we would like the approximation to tend toward
the optimal value function.

In this process, there are two types of approximation going on simultaneously. The first
is an approximation of the dynamic-programming opcrator for the underlying modcl, and
the sccond is the use of the approximate dynamic-programming operator to find the optimal
value function. Both Q-lecarning and modcl-based reinforcement learning work in this way.
This section presents a theorem that gives a set of conditions under which this type of
simultaneous stochastic approximation converges to an optimal value function.

First, we need to define the general stochastic process. Let the set X be the states of
the model, and the set B(X) of bounded, real-valued functions over X be the set of value
functions. Let 7 : B(X) —» B(X) be an arbitrary contraction mapping and V* be the fixed
point of T'.

To apply the value-iteration algorithm, the contraction mapping 7" is applied directly
to successively approximate V'*. In other algorithms, especially reinforcement-learning al-
gorithms, 7T is not available and we must use our experience to construct approximations
of T. Consider a sequence of random operators 7; : (B(X) x B(X)) — B(X) and define
Ui+1 = Ty(Ut, V') where V and Uy € B(X) are arbitrary value functions. We say T; approxi-
mates T" at V' with probability one uniformly over X, if U; converges to T’V uniformly over
X 7. The basic idea is that T} is a randomized version of T in some sense; it uses U, as
“memory” to help it approximate T'V. Here, one may think of V' as a “test function,” as in
physics®.

The following theorem shows that, under the proper conditions, we can use the sequence
T; to estimate the fixed point V* of T.

THEOREM 3.1 Let T be an arbitrary mapping with fived point V*, and let Ty approzimate T
at V* with probability one uniformly over X . Let Vy be an arbitrary value function, and define
S = Ti(V, V). If there exist functions 0 < Fi(x) < 1 and 0 < Gy(x) < 1 satisfying the
conditions below with probability one, then V; converges to V* with probability one uniformly
over X:

1. for allUy, and Uy € B(X) and all x € X,

T(Ur, V7)(z) — Ty(Us, V™) (z)| < Gi(2)!Uh (z) — U (2)';
2. for allU and V € B(X), and all x € X,

TUU,V") (@) - TiU, V) (@) < Fila) sup V(&) - V()

7 A sequence of random functions f, converges to f* with probability one uniformly over X if, for almost
all cvents w for which f,(w,z) = f*, the convergence is uniform in 2. This should be contrasted to uniform
almost sure (or probability one) convergence, when we consider a sequence of random functions, f,, and we
require that the speed of convergence of f,(w) — f(w) to zero should be independent of w.

8In physics, the effect of electric fields is determined using the concept of “test charges,” which are
imagined unit-charge, no-mass particles subject to the field. The strength of the field (effect of the operator)
is determined as the force acting on the test charge. The situation here is analogous since we have an
imagined object subject to a transformation.



3. for all k > 0, II?_.G(z) converges to zero uniformly in x as n increases; and,

4. there exists 0 < v < 1 such that for all z € X and large enough t,

Fi(7) <9(1 = Gy()).-

Proof: To prove this, we will define a sequence of auxiliary functions, Uz, that is guaranteed
to converge, and relate the convergence of V; to the convergence of Uy. Let Uy be an arbitrary
value function and let U, = T3(U, V'*). Since T; approximates T at V*, U, converges to
TV* = V* with probability one uniformly over X. We will show that ||U; — V}!| converges
to zero with probability one, which implies that V; converges to V'*. Let

6,(z) = |U(z) — Vi(x)]

and let
Ay(z) = [Ui(z) — V' (z)].

We know that A,(z) converges to zero because U, converges to V'*.
By the triangle inequality and the constraints on T}, we have

01 (z) = U (z) = Viga ()]
= ‘Tt(Ut,V*)( r) — T,(Vi, Vi) (z)
< TUL V) (@) - TV, V) (2) + TV, V*)(2) = T(Vi, Vi) ()]
S Gi(2) Ui(z) - V() + Fi(z) V" = V!
< Gyz)di(x) + Fi(x) IV — 14 |
< Gy@)or(r) + F(x) (V™ - + 11U = Vill)
< Gix)dy(@) + Flz)(|10:] + ”At”) (4)
If it were the case that ||A;|| = 0 for all ¢, then §; would converge to zero as shown in

Lemma 10 of Section E.1. Using this, one may show that the perturbation caused by A,
diminishes. The main difficulty of the proof is that an inequality similar to Inequality (4)
does not hold for ||§,||, i.e., different components of 6, may converge at different speeds and,
moreover, because of the disturbance term, ||A;/|, !/6;| may even increase sometimes. Even
more, we do not have an a prior: estimate of the convergence rate of A; to zero, which would
enable a traditional treatment. However, the idea of homogeneous perturbed processes [19]
can be uscd to show that the cffect of this perturbation can be neglected.

To usc Incquality (4) to show that §;(x) gocs to zero with probability one, we use some
auxiliary results proven in Appendix E. Q.E.D.

Note that from the conditions of the theorem and the additional condition that T; ap-
proximates T at every function V' € B(X), it follows that T is a contraction operator at V'*
with index of contraction v (i.c., ||[TV — TV*|| < 4||V — V*! for all V)%. We next describe
somec of the intuition behind the statement of the theorem and its conditions.

9The proof of this goes as follows. Let V,Up, Ve € B(X) be arbitrary and let Uz, = T3(Us V) and
Vier = T (Vi, V™). Let §i(z) = [Ui(z) — Vi(z)|. Then, using Conditions (1) and (2) of Theorem 3.1 we
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The iterative approximation of V* is performed by computing V,, = T,(V,,1}), where
T, approximates T with the help of the “memory” present in V;. Because of Conditions (1)
and (2), G;(x) is the extent to which the estimated value function depends on its present
value and Fy(z) = 1 — Gi(z) is the extent to which the estimated value function is based
on “‘new” information (this reasoning becomes clearer in the context of the applications in
Scction 4).

In somce applications, such as Q-lcarning, the contribution of new information nccds to
dccay over time to insure that the process converges. In this case, Gy(x) needs to converge to
one. Condition (3) allows G4(x) to converge to 1 as long as the convergence is slow enough
to incorporate sufficient information for the process to converge (this is discussed in some
detail in Section 4.8).

Condition (4) links the values of G¢(x) and F;(z) through some quantity v < 1. Ifit were
somehow possible to update the values synchronously over the entire state space, the process
would converge to V* even when v = 1 provided that [[;_, (F(z) + G;(z)) — 0 uniformly
in z as T increases. In the more interesting asynchronous case, when v = 1, the long-term
behavior of V; is not immediately clear; it may even be that 1/; converges to something other
than V* or it may even diverge depending on how strict Inequality (4) and the inequality of
Condition (4) are. If these were strict, then ||§,/| might not decrease at all. The requirement
that v < 1 insures that the use of outdated information in the asynchronous updates does
not cause a problem in convergence.

One of the most noteworthy aspects of this theorem is that it shows how to reduce the
problem of approximating V'* to the problem of approximating 7" at a particular point V'
(in particular, it is enough that T can be approximated at V'*); in many cases, the latter is
much easier to achieve and also to prove. For example, the theorem makes the convergence
of Q-learning a consequence of the classical Robbins-Monro theorem [34].

In many problems we do not have full access to the operator € or the immediate rewards
R '°. Basically, there are two ways to deal with this: we can build an estimate of @® and R, or
we can estimate a function (without ever building a model of @ and R) from which an optimal
policy is easily be determined. In the next section, we discuss a particular generalized Q-
lcarning algorithm which provides an interesting insight into how Q-lcarning-like algorithms
should be constructed.

3.2 GENERALIZED Q-LEARNING

A defining attribute of the generalized Q-learning algorithm is that we exchange the ordering
of the @ and @ operators in the update equation relative to the defining generalized Bellman

get that d;11(z) < Ge@)d(x) + (1 — G(2))||V — V*||. By Condition (3), [[;-4 G¢(z) = 0, and thus,
limsup,_, ., 3¢(z) < ||V = V|| (see, e.g., the proof of Lemma 10 of Section E.1). Since T} approximates T'
at V* and also at V, we have that (; —» TV and V; — TV* with probability one. Thus, §; converges to
[|TV — TV *|| with probability onc and thus ||TV —TV*|| < 4||V — V*|| holds with probability onc. Sincc any
probability space must contain at least one element, the above inequality, which contains only deterministic
variables, is truc. Note that if Condition (1) were not restricted to V'*; this argument would imply that T is
a contraction with index ~.

101t is reasonable to assume complete access to ), since this determines how the agent should optimize
its choice of actions. In Section 4.7, we will discuss cases when this assumption is relaxed.
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equations. Remember that the fixed-point equation of V* is

V= Q@R+,

Now, if we let Q* = @(R + vV*) then we arrive at the fixed point equation

O -DE+RQ),

i.e,, Q* is the fixed point of the operator A : ((X x A) = R) = ((X x A) — R), with
KQ=®(R+7®Q). The reason for exchanging summary operators is that

(i) we have access to ®, not @, but
(i) we have a “consistent” method for estimating @ which we will apply to estimate Q*.

Once we have a good estimate of Q*, say @), a near optimal policy is easily determined: one
takes a policy m, which is myopic for @, i.e., " ) = @ (). Then, using the technique of
Section 2.2, it can be shown that ||[V™ — V*|| < 2/'Q — @*||/(1 — 7), i.e., we can bound the
suboptimality of the resulting policy.

Now, what do we mean by a “consistent” method? Let B;, By be arbitrary normed
spaces and let T': B — DBy be a mapping. By a method which estimates T', we mean any
procedure which to every f € X assigns a sequence m(f) € By. The method is said to be
consistent with T if, for any f, the sequence m(f) converges to T f with probability one.
Usually, we will consider iterative methods of the form M = (Mg, My, ..., My, ...), where
.Mt : By x By — By and

me (f) = My(me(f), ), >0, (5)

mo(f) being arbitrary. The first argument of M, can be viewed as the internal “memory” of
the method.

The most well-known example corresponds to the estimating of averages of functions.
Let By = (X — R) for some finite X, By =R, and let T: (X — R) — R be given by

Tf = Pr(x)f(x),

TEX

where Pr(x) is a probability distribution over X. If z, is a sequence of identically distributed
independent, random variables with underlying probability distribution Pr(+), then the iter-
ative method with

M(m, f) = (1 — e)m + & f (),

where &¢ > 0,352 & = co and Y 22 &7 < oo is consistent with 7. Indeed, since

my1(f) = (1 — a)mi(f) + e f (24),

we see that this is the simplest Robbins-Monro process (iterated averaging) and m,(f) con-
verges to T f with probability one.

To present the following example, we need to refine the definition of consistent iterative
methods. We say that an iterative method M is consistent with 7" for the initial set Yy(f),
if for each f € B, and mo(f) € Yy(f) the process my(f) defined by Equation (5) converges
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to T f with probability one. The next example shows why we must restrict the set of initial
values—also as a function of f.

Let By = (X — R) for some finite X, B, = R, and let T : (X — R) — R be
given by (Tf) = mingex, f(y). Now, if z; is a sequence of random variables such that
{z1,Z9,..., 24, ...} = Xo with probability one, then the iterative method with

M;(m, f) = min(m, f(z,))

is consistent with 7" and the initial set Yy(f) = {y !y > Tf }.

Consistency of a method with an n-dimensional operator follows from componentwise
convergence of the estimates. That is, let T = (T1,T5,...,T,) : B — By x By x ... X B,
and let my(f) € B1 X By x ... X B, be a sequence generated by some method. Then it is
clear that m¢(f) converges to T f if and only if m:(f); converges to (T'f), = T;f. From this
it follows that if M, is an iterative method which is consistent with 7;, then the method
M: (B xByx...xB,)x B— By X By x...x B, defined by

Aft(m, f), = ;’\’fm (mi, f)

will be consistent with 7. That is, consistent methods for a multidimensional operator
T can be constructcd by the composition of onc-dimensional methods consistent with 75,
¢t =1,2,...,n. This is useful since the @ operator is usually multidimensional.

How a consistent method of estimating @ results in a Q-learning algorithm is discussed
next. In general, if the iterative method M = (M, My, ..., M,,...) with M, : (X xAxY —
R)x (X xA—=>R) > (X xA— R) is consistent with @ then the appropriate Q-learning
algorithm is given by

Qi1 = My(Qy, R+ ® Q).

Note that such an algorithm would need explicit knowledge of 2. To avoid this we introduce
a new operator @ which maps X — R to X x A — R and which is defined by (QV) =
@(R+~V). Now, if M, is consistent with the operator Q then the corresponding generalized
Q-learning rule takes the form

Qe = Mi(Qr, Q Q).

All the Q-learning algorithms which we will discuss are of this form.

How is the convergence of such an algorithm ensured? Defining T3(Q, Q') = M(Q, ® Q')
we arrive at an operator sequence 73, which, in many cases, satisfies the conditions of The-
orem 3.1. It is immediate that T; approximates K at any Q' since Q,.; = T3(Q, Q') =
Mi(Q, ® Q') converges to Q@ Q' = R+ 7® Q' = KQ' by assumption. The other condi-
tions on T (Condition (1)—(4)) result in completely similar conditions on A3, which we do
not list here since it will be equally convenient to check them directly for 7;. The aim of this
discussion was to give an explanation of how Q-learning algorithms are constructed.

4 APPLICATIONS

This section uses Theorem 3.1 to prove the convergence of various decision-making algo-
rithms.
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4.1 GENERALIZED Q-LEARNING FOR EXPECTED VALUE
MODELS

In this section, we will consider a model-free algorithm for solving the family of finite state
and action generalized MDPs defined by the Bellman equations V* = @ @(R + vV*) where
@ is an expected value operator, (@ g)(z,a) =3, P(x,a,y)g(x,a,y), and the definition of
® does not depend on R or I°.

A Q-learning algorithm for this class of models can be defined as follows. Given experience
(1, a4y, 1) at time ¢ and an estimate @Q,(x, a) of the optimal Q function, let

Qrr1(Tt, ar) 1= (1 — @@y, a1))Qe(@1, ar) + @, ar) (”"t +7(Q Q) ('!/t)) : (6)
We can derive the assumptions necessary for this learning algorithm to satisfy the con-
ditions of Theorem 3.1 and therefore converge to the optimal Q function. The randomized
approximate dynamic-programming operator that gives rise to the Q-learning rule is
, (1 =oyx,0)Q(z,a) + az,a)(r + 7 (®Q)(y,)), ifz=2 and a=gq
T(Q. )z, a) = {Q’(:ﬁ, a), otherwise.
If

e y; is randomly selected according to the probability distribution defined by P (x4, ay, -),
e (¥ is a non-expansion,
e 7, has a finite variance and expected value given x,, a, and y, equal to R(zy, a;,y,),

e the learning rates are decayed so that >°, x(z: = z,a¢ = a)e(x,a) = o0 and
2, x(zy = z,as = a)ey(w,a)? < oo uniformly with probability one!!,

then a standard result from the theory of stochastic approximation [34] states that T} approx-
imates K at Q* with probability onc. That is, this method of using a decaycd, exponentially

weighted average correctly computes the average onc-step reward.

Let 1 ) )
Gt(a;ad') - { - &t(x’ .’)7 nr=2 and &= as

1, otherwise,

and |
Fy(z,a) = {ﬁ/‘”(x’ a), ifz =2z and a=q;

0, otherwise.
These functions satisfy the conditions of Theorem 3.1 (Condition (3) is implied by the
restrictions placed on the sequence of learning rates o).

Theorem 3.1 therefore implies that this generalized Q-learning algorithm converges to
the optimal Q function with probability one uniformly over X x A. The convergence of
Q-learning for discounted MDPs and alternating Markov games follows trivially from this.
Extensions of this result for a “spreading” learning rule [32] are given in Appendix 4.8.

Here, x denotes the characteristic function. A common choice for learning rates is ay(z,8) = 1/(1 +
n¢(x,a)), where ny(z,a) is the number of times (x,a) has been visited before t. For this learning-rate
function, the condition on learning rates requires that every state-action pair is updated infinitely often. If
a central decreasing learning rate, e.g. &:(x,a) = 1/¢, is used, then the learning-rate condition additionally
requires that the update rate of any given (x, &) pair should not decrease faster than the decrease of learning
rates. More results on this can be found in Appendix F.
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4.2 Q-LEARNING FOR MARKOV GAMES

Markov games are a generalization of MDPs and alternating Markov games in which both
players simultaneously choose actions at each step. The basic model was developed by Shap-
ley [39] and is defined by the tuple (X, 4, B, I’, R) and discount factor 7. As in alternating
Markov games, the optimality criterion is one of discounted minimax optimality, but because
the players move simultaneously, the Bellman equations take on a more complex form:

V*(x) = max, I}é%lz pla) ( (a,b)) + 7@2 P(:z, (a,b),y)V" (j)) ) (7)
In these equations, R(z, (a,b)) is the immediate reward for the maximizer for taking action
a in state x at the same time the minimizer takes action b, P(«, (a,b),y) is the probability
that state y is reached from state z when the maximizer takes action a and the minimizer
takes action b, and I1(A) represents the set of discrete probability distributions over the set
A. The sets X, A, and B are finite.

Once again, optimal policies are policies that are in equilibrium, and there is always a
pair of optimal policics that arc stationary. Unlike MDPs and altcrnating Markov games, the
optimal policics arc sometimes stochastic; there arc Markov games in which no deterministic
policy is optimal. The stochastic naturc of optimal policics explains the need for the opti-
mization over probability distributions in the Bellman equations, and stems from the fact
that players must avoid being “second guessed” during action selection. An equivalent set of
equations can be written with a stochastic choice for the minimizer, and also with the roles
of the maximizer and minimizer reversed.

To clarify the connection between this model and the class of generalized MDPs, define
Q : (X x (A x B)) = R to be an arbitrary Q function over pairs of simultaneous actions,

(@ Q)(x) = max min z plalQ(z, (a, b)),

pEII(A) bEL3

and

@D V)(@, (a,0)) = Y Pla,(a,0),y)V(y),
yeX
then Equation (7) can be expressed in the familiar form V* = @ @(R+~V*). Note that both
@ and @ defined this way are non-expansions and monotonic (see Appendices B and C).
The Q-learning update rule for Markov games [24] given step ¢ experience (x, a;, by, vy, )
has the form

Qi1 (T, (ar, b)) := (1 — au(ws, (@s, b)) Qe (@, b)) + (s, (ar, by)) (Tt + (& Qt)('yt)) -

This is identical to Equation (6), except that actions are taken to be simultaneous pairs
for both players. The results of the previous section prove that this rule converges to the
optimal Q function under the proper conditions.

In general, it is necessary to solve a linear program to compute the update given above.
We hypothesize that Theorem 3.1 can be combined with the results of Vrieze and Tijs [57] on
solving Markov games by “fictitious play” to prove the convergence of a linear-programming-
free version of Q-learning for Markov games.
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4.3 CONVERGENCE UNDER ERGODIC SAMPLING

In most of the sequential decision problems that arise in practice, the state space is huge.
The most sensible way of dealing with this difficulty is to generate compact parametric
representations that approximate the () function. One form of compact representation, as
described by Tsitsiklis and Van Roy [35), is based on the use of feature extraction to map
the set of states into a much smaller set of feature vectors. By storing a value of the optimal
Q-function for each possible feature vector, the number of values that need to be computed
and stored can be drastically reduced and, if meaningful features are chosen, there is a chance
of obtaining a good approximation of the optimal Q-function. This approach is extended by
Singh et al. [43], where the authors consider learning Q-values for “softly aggregated” states,
i.e., for any given aggregated state s there is a probability distribution over the states which
determines to which extent a given state from X belongs to s (this can also be viewed as fuzzy
sets over the state space and is also related to the spreading rule described in Section 4.8).
In this section, we describe a lemma which provides general conditions under which the raw
generalization of Q-learning for such aggregate models converges.

Assume that the sequence of experience tuples is an arbitrary stochastic process, &, =<
Ty @n, Un, Tn >, that satisties the following criterion. For a given state x and action a let
€. (x,a) be the subprocess for which z, = z and a, = a. Assume that X and A are finite,
r, < B for somc fixed number B and

NAK
0 - 3 —
Jim_ e ngv r (z,a) R(z,a) (8)
N4K
. , ! , _ _ , p
I\l’linoc K ng;v X(.‘/n('l/‘a (J,) - U) - P(‘I"a a, y) (9)

and both converge to their limit values with a speed that is independent of N. Here
X (z,0) = y) = 1 if v, (z,a) = y and x(y,(z,a) = y) = 0, otherwise. A real-valued
function f that satisfies
.1 ke
lim —/ f(s)ds=F

T Jk

T--0co

with a convergence speed independent of & is said to admit the “uniform averaging” property.
Thus, we may say that a process &, can be averaged uniformly if the above conditions hold.

Lemma 4 Q-learning applied to a sequence &, that admits the uniform averaging property
converges to the optimal Q-function of the MDD determined by rewards R and transition
probabilities P given by the averages in Equations (8) and (9).

Proof: We immediately see that the conditions of Theorem 3.1 are satisfied except that T}
approximates 7', the value operator of the MDP given by (X, A, R, ). However, this follows
from standard stochastic-approximation results. Q.E.D.

The above lemma can be used to show that if the sampling of states and actions comes
from a fixed distribution, then an aggregate model will converge. That is, if you have a Q
function represented by an m-entry table £ and a mapping G : X x 4 to T, and you update
entry e of E (according to the Q-learning rule) whenever G(z¢, a;) = e, and, you are sampling
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x, and @, according to some probabilistic laws, then the values in your table will converge.
Section 4.8 discusses this in more detail. Lemma 4 is concerned with the case when the x;
states are sampled asymptotically according to a distribution function p*™ defined over X
(Pr(z; = ) converges to p>*(x)).

4.4 RISK-SENSITIVE MODELS

Heger [15] described an optimality criterion for MDPs in which only the worst possible value
of the next state makes a contribution to the value of a state'?. An optimal policy under
this criterion is one that avoids states for which a bad outcome is possible, even if it is not
probable; for this reason, the criterion has a risk-averse quality to it. This can be expressed
by changing the expected value operator €@ used in MDPs to

(Py)(x,a) = min_ g(z,a,y).

y:P(e,x,y)>0

The argument in Section 4.6 shows that model-based reinforcement learning can be used
to find optimal policics in risk-sensitive modcls, as long as @ docs not depend on R or P,
and I’ is estimated in a way that preserves its zero vs. non-zero nature in the limit.

For the model in which (® f)(z) = max, f(x,a), Heger defined a Q-learning-like al-
gorithm that converges to optimal policies without estimating R and P online [15]. In
essence, the learning algorithm uses an update rule analogous to the rule in QQ-learning
with the additional requirement that the initial QQ function be set optimistically; that is,
Qo(z,a) > Q*(x,a) for all x and a '*. Like Q-learning, this learning algorithm is a general-
ization of Korf’s [22] LRTA* algorithm for stochastic environments. The algorithm and its
convergence proof can be found in Appendix G.

4.5 EXPLORATION-SENSITIVE MODELS

A major practical difficulty with Q-learning in MDPs is that the conditions needed to ensure
convergence to the optimal Q function and optimal policy make it impossible for a learning
agent to ever adopt the optimal policy. In particular, an agent following the optimal policy
will not visit every state and take every action infinitely often, and this is necessary to assure
that an optimal policy is learned.

John [20, 21] devised an approach to this problem based on the idea that any learning
agent must continue to explore forever. Such an agent should still seek out actions that result
in high expected discounted total reward, but not to the exclusion of taking exploratory
actions. He found that better learning performance can be achicved if the Q-learning rule
is changed to incorporate the condition of persistent cxploration. More preciscly, in some
domains, John’s learning rule performs better than standard Q-learning when cxploration is

12Such a criterion was also analyzed by Bertsekas and Shreve [6].

13The necessity of this condition is clear since in this @-learning algorithm we need to estimate the
operator miny.p(,.,y)>e from the observed transitions, and the underlying iterative method-as discussed
in Section 3.2 is consistent only if the initial estimate is overestimating. Since we require only that T
approximates T at Q*, it is sufficient if the initial value of the process satisfies Q¢ > Q*. Note that
Qe = M/(1 — ~) satisfies this condition, where M = max(, , ) R(z,a,y).
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retained, i.e., the discounted cumulated reward during learning was higher for his learning
rule. However, this does not mean that his learning rule converges to a better estimate of
the optimal Q-function: if exploration were stopped at some point late in the run, then it is
likely that the myopic policy with respect to the Q-function learned by standard QQ-learning
would perform better than the myopic policy with respect to the Q-function learned by his
rule.

Onc concrete implementation of this idea is the following metapolicy. Given a @ function
and a small valuc e > 0, when in state z, take the action argmax, Q(z, a) with probability
1 — e and a random action from A with probability e. Assuming that an agent will select
actions according to this metapolicy (instead of, for example, the greedy metapolicy, which
always selects the action with the highest Q value), which is a reasonable Q function to use?

John shows empirically that the optimal QQ function for the MDP is not always the best
choice here. So instead of using the standard Q-learning update rule, he updates Q values
by

Quir () =
(1 = aulze, a0))Qular; ar) + (e, ar) (n +7 (6’% > Qulyes @) + (1 =€) max Qu(y., a)>> |

This update rule tries to learn the value of the exploring metapolicy instead of the value of
the optimal MDP policy.

It is not difficult to apply the arguments of Section 4.1 to this variation of Q-learning to
show that the learned @ function converges to Q* defined by

Q*(z,a) = A/ZP Z,0,Y) ( 4] 2 ZQ y,a)+ (1 —e) 111{;axQ*(y,a)>. (10)

(The operator of the corresponding generalized MDP are given as follows: @ operator takes
the bizarre form (® Q)(x,a) = e(1/'4) 3, Q(y,a) + (1 — e) max, Q(y, a) which is a non-
expansion by the results of Appendix B, and @ is the usual averaging operator underlying
the transition probabilities P). In addition, we can show that using this Q* in the metapolicy
results in the best possible behavior over the space of all policies generated by this metapolicy.
The conclusion is that John’s learning rule converges to the optimal Q function for this type
of exploration-sensitive MDP. These results are discussed in a forthcoming technical note [25].

This update rule was also described by Rummery [35] in the context of variations of the
TD(A) rule. In addition, Rummery explored a related update rule:

Qui1(y, ae) = (1 — oy, 00))Qel@y, ar) + 0wy, @) (7 + vQe (1, b))

where 0, is chosen as the action in state y, stochastically according to the exploring metapol-
icy. It can be viewed as an action-sampled version of John’s update rule. This rule has also
been studied by John [21], and under the name “SARSA” by Sutton [47] and Singh and
Sutton [41]. Once again, it is possible to apply Theorem 3.1 to show that ); converges to
Q™ as defined in Equation (10) [25]. (In Section 4.7 we describe a related algorithm in which
® is estimated by computing randomized maximums.)
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4.6 MODEL-BASED LEARNING METHODS

The defining assumption in reinforcement learning is that the reward and transition func-
tions, R and I, are not known in advance. Although Q-learning shows that optimal value
functions can be estimated without ever explicitly learning R and I’; learning R and I’ makes
more efficient use of experience at the expense of additional storage and computation [29].
The parameters of I? and P can be learned from experience by keeping statistics for each
state-action pair on the expected reward and the proportion of transitions to each next
state. In model-based reinforcement learning, R and P are estimated on-line, and the value
function is updated according to the approximate dynamic-programming operator derived
from these estimates. Theorem 3.1 implies the convergence of a wide variety of model-based
reinforcement-learning methods.

The dynamic-programming operator defining the optimal value for generalized MDPs is
given in Equation (1). Here we assume that @ may depend on P and/or R, but @ may not.
It is possible to extend the following argument to allow @ to depend on P and R as well. In
model-based reinforcement learning, R and P are estimated by the quantities R; and F;, and
@' is an estimate of the @ operator defined using R, and P;. As long as every state-action
pair is visited infinitely often, there are a number of simple methods for computing R; and
P, that converge to R and P. A bit more care is needed to insure that @' converges to
@, howcver. Fer example, in expected-reward models, (B g)(z,a) = X, P(z,a,y)g(z, a,y)
and the convergence of I to P guarantces the convergence of @' to @. On the other
hand, in a risk-sensitive model, (@ g)(z, @) = miny.p(g e4)-0 9(2, @, y) and it is necessary to
approximate P in a way that insures that the set of y such that P,(z,a,y) > 0 converges
to the set of y such that P(z,a,y) > 0. This can be accomplished easily, for example, by
setting P(:r, a, y) = 0 if no transition from z to y under a has been observed.

Assuming P and R can be estimated in a way that results in the convergence of @' to @
and that @' is a non-expansion (more precisely we need that the product of the “expansion
index” of @" and 7 is smaller than one), the approximate dynamic-programming operator
T; defined by

S @ (R, +V), ifzemn
LW, Viz) = { Ul(x), otherwise,
converges to 1" with probability one uniformly. Here, the set 7+ C X represents the set of
states whose values are updated on step ¢; one popular choice is to set 7 = {z;}.

The functions )
0, ifzecm

1, otherwise,

N_ [ fzemw;
Fi(z) = {O, otherwise,

and

satisfy the conditions of Theorem 3.1 as long as each z is in infinitely many 7; sets (Condi-
tion (3)) and the discount factor - is less than 1 (Condition (4)).

As a consequence of this argument and Theorem 3.1, model-based methods can be used to
find optimal policies in MDPs, alternating Markov games, Markov games, risk-sensitive MDPs,
and exploration-sensitive MDPs. Also, if R, = R and I’, = P for all £, this result implies that
asynchronous dynamic programming converges to the optimal value function [2, 1].



4.7 SAMPLED MAX

The asynchronous dynamic-programming algorithm uses insights from the reinforcement-
learning literature to solve dynamic programming problems more efficiently. At time step
t + 1, the algorithm has an estimate V; of the optimal value function and is given a state x;
at which to improve its estimate. It executes the update rule

Viti(zy) = max (R(.?:t, a) + 7Y Pz, e, y)Vt(y)) . (11)
- y

The state x; is typically selected by following a likely trajectory through the state space,
which helps the algorithm focus its computation on parts of the space that are likely to be
important. The convergence of asynchronous dynamic programming to the optimal value
function (under the assumption that all states are visited infinitely often) follows from the
work of Gullapalli and Barto [13] and the results in this paper.

When the set of actions is extremely large, computing the value of the maximum action
in Equation (11) becomes impractical. An alternative that has been suggested is to use the
update rule

Vier () = (1 — a{my))Vilay) + oy () (gﬁé@lx (R(SBL, a) + 7> Pl a, y)‘.ﬁ(y))) . (12)
Al y

where A; is a random subsct of A and () is the learning rate at time ¢ for state z. The idca
behind this rule is that, if 4, is big enough, Equation (12) is just like Equation (11) except
that estimates from multiple time steps are blended together. Making .4, small compared
to A allows the update to made more efficiently, at the expense of being a poor substitute
for the true update. For the purposes of the analysis presented here, we assume each A; is
generated independently by some fixed process. We assume the learning rates satisfy the
standard properties (square summable but not directly summable).

We can show that the update rule in Equation (12) converges and can express (indirectly)
what it converges to. The basic approach is to notice that choosing the maximum action
over a random choice of 4, corresponds to a particular probability distribution over ranks,
that using this probability distribution directly would result in a convergent rule, and that
estimating it indirectly converges as well. Once the proper definitions are made, the analysis
mirrors that of Q-learning quite closely. The main difference is that Q-learning is a way to
average over possible choices of next state whereas Equation (12) is a way of averaging over
possiblc choices of action.

The first insight we will usc is as follows. Consider the cffect of sclecting a random set,
A; and then computing argmax,c 4, f(a). It is not hard to sce that f induccs a probability
distribution over the elements of 4. Taking this a step further, note that this probability
distribution is exactly the same if we replace f with any order-preserving transformation
of f. In fact, the method for selecting A4; induces a fixed probability distribution on the
rank positions of A: there is some probability (independent of f) that the selected a will
result in the largest value of f(e), some probability that it will result in the second largest
value of f(a), and so en. Let p(¢) be the probability that the a with the ith largest value of
/() is selected; this function can be derived (in principle) from the method for selecting A,.
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(Note that it is possible for ties to exist in the rank ordering. We imagine these are broken
arbitrarily.)

An a concrete example, we will quickly derive the p function for the case in which all
a have probability p of being included in A;. In this case, the maximum valued action
will be included in A4;, and will therefore be selected as the maximum element in A4;, with
probability p. This implics that p(1) = p. The action with the second largest value will be
chosen as the max if and only if it is includcd in A; while the maximum valucd action is not:
p(2) = (1 — p)p. Continuing in this way, we find that p(z) = (1 — p)'~'p in gencral.

Using the concepts introduced in the previous paragraphs, we can see that Equation (12)
is equivalent to

Vs () = (1 — o)) Viler) + (o) (R(a:t, @)+ 3 Plar.a y)Vt(y)) L3

where action a is sclected as a, with probability p(i) and ¢ is the rank position of action a
undcr onc-step lookahcad on V;.

Let I(¢,V) be the action with the ith largest value as computed by one-step lookahead
on V . Define

4|

Zp ( (2, 1(3, V™)) +’WZPJ:IZV*) )V*(y)), (14)

for all . Because V* is defined by taking a fixed probability-weighted average of a rank-
based selector function, it is a form of generalized MDP (see Appendix B). It follows from
this that V™ is well defined (for v < 1).

If p(1) = 1, Equation (14) is precisely the Bellman equations defining the optimal value
function for an MDP. In general, any (non-metric) sampling method for estimating the best
action will result in a different rank-position probability function p.

We next show that the update rule in Equation (12) results in the convergence of V;
to VV* as defined in Equation (14) (i.e., not the optimal value function, in general). To
do this, we need to first define a dynamic-programming operator 7 that captures a value-
iteration method for finding V*. This is a straightforward translation of Equation (14). We
next need a sequence of dynamic programming operators T; that capture the update rule in
Equation (12). This is a simple translation of the equivalent Equation (13).

To apply our stochastic-approximation theorem, we next need to define functions F; and
G and show that they satisfy a set of conditions. As the necessary definitions are precisely
the same as in our proof of the convergence of Q-learning (Section 4.1), we will not repeat
them here.

The final step is to show that 7T; approximates T at V' *. In other words, we need to show
that

Vit (76) = (1 — ay(2))Vi2y) + () (R(l’t’ ay) + ’YZ P(z, ah?/)v*(?/)) (15)

converges to V* if a, is selected according to p(i) as described above and every state is visited
infinitcly often. Equation (15) is a variation of Equation (13) in which V'* is uscd in place of

14For those who have already read Appendix B, we note that 1(4, V) = argord, (R(z, a)+~ >, Plz,a,y)V).
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V, for one-step lookahead. Proving the convergence of V; to V* under Equation (15) parallels
the analogous result for Q-learning.

The ease with which this final condition can be checked follows directly from the fact
that we only require that the update rule emulate the true dynamic-programming operator
at a fixed value function, namely V*.

In conclusion, the sampled max update rule, as defined in Equation (12), converges to
the value function V* as dcefincd in Equation (14). Whether V* is a good approximation
of the true value function depends on the sampling method used and the degree to which
suboptimal action choices in the underlying MDP result in near optimal values.

4.8 Q-LEARNING WITH SPREADING

Ribeiro [33] argucd that the usc of available information in Q-lecarning is incfficient: in
each step it is only the actual state and action whose Q-value is reestimated. The training
process is local both in space and time. If some a priori knowledge of the “smoothness” of the
optimal Q-value is available then one can make the updates of Q-learning more efficient by
introducing a so-called “spreading mechanism,” which updates the Q-values of state-action
pairs in the vicinity of the actual state-action pair, as well.

The rule studied by Ribeiro is as follows: let Q¢ be arbitrary and

Qir1(2, &) = (1—oy(z,0)s(2, 0,74))Qu(2, @) + v (2, @)5(2, &, T¢) (rt + ymax Qt(yt,a)) , (16)

where a;(z, &) is the local learning rate of the state-action pair (z,a) which is 0 if & # a,
s(z,a,z) is a fixed “similarity” function satisfying 0 < s(z,a,z), and {(z;, &, y;, ;) is the
experience of the agent at time ¢.

The difference between the above and the standard Q-learning rule is that here we may
allow o (z,a) # 0 even if ; # 2, i.e., states different from the actual may be updated, too.
The similarity function $(z, a,) weighs the relative strength at which the updates occur.
(One could also use a similarity which extends spreading over actions. For simplicity we do
not consider this case here.)

Our aim here is to show that under the appropriate conditions this learning rule converges
and also we will be able to derive a bound on how far the converged values of this rule are
from the optimal @ function of the underlying MDP. These results extend to gencralized
MDPs when max,, is replaced by any non-cxpansion opcrator @.

Theorem 4 If

1. X, A are finite,

te

Pr(yt = y‘x =Tt @ = tt) = P(«%‘, y))
Elr)e=z,a=a,y=1y]=R(x ay) and Var(r/z, e,y is bounded,

y: and 1y are independent,

ANEER NS

the states, x;, are sampled from a probability distribution p® € I1(X), with p°®(z) > 0,
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6. s(z,a,-) >0,
7. aq(z,a) =0 if a # ay,
8. w(z,a) is independent of zy, Yy and ry,

9. 0 < aulz,a), S0 (z,a)s(z,a,x,) = 0o and Y2 al(z, a)s?(z,a,3,) < oo, both hold
uniformly with probability one.

Then Q, as given by Equation (16) converges to the fized point of the operator T : (X x A) —
R) = (X x 4) = R),

(TQ)(z.0) = 3 8(z.0.0) T Pla.ay) ) (Ran) +7maxQut)),  (17)

yeX

where
( , )
v (2, ) (y)

Proof: Note that by definition 7 is a contraction with index « since 3, 3(z, e, z) = 1 for all
(z,a). We use Theorem 3.1. Let

3(z,a,2) =

E(Q!: Q) (Za a) = (1 - O‘:t(za G)S(Z, @, mt))Q!(Za a) + at(za (L)S(Z, a, mt) (Ti‘- + mc‘?‘XQ(yt: a)) :

It can be checked that T; approximates T at any fixed function ). Morcover, T; satis-
fics Conditions (1) through (3) of Theorem 3.1 with Gi(z,a) = 1 — a(2,a)s(z, a, 2;) and
Ff»(zv (L) = ’7’()4,3(2, (]')S(Z, a, Tl‘) Q.E.D.
It is interesting and important to ask how close @)y, the fixed point of 7" where T is
defined by (17), is to the true optimal Q*. By Theorem 6.2 of Gordon [12] we have that

. 2e
Q- Q< =,

where
e=inf{lQ - Q|| FQ = Q},

where (FQ)(z,a) = 3, 3(z,a,2)Q(z,a). This helps us to define the spreading coefficients
s(z,a,z). Namely, let n > 0 be fixed and let

s(z a,3) = { L ifi/n <Q*(2,0),Q"(w,a) < (i +1)/n for some i
o 0. otherwise,

then we get immediately that € < 1/n. Of course, the problem with this is that we do not
know in advance the optimal Q-values. However, the above example gives us a guideline, how
to define a “good” spreading function: s(z,a,x) should be small (zero) for states z and z if
Q*(z,a) and Q*(z, a) differ substantially, otherwise s(z, &, z) should take on larger values. In
other words, it is a good idea to define s(z, a, ) as the degree of expected difference between

Q*(z,a) and Q*(x,a).
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Note that the above learning process is closely related to learning on aggregated states
(if X = U;X; is a partition of X let s(z,a,x) = 1 if and only if 2,2 € X; for some i,
otherwise s(z,a,2) = 0) and also to learning using interpolator function approximators.
In order to understand this, let us reformulate the model suggested by Gordon [12]. Let
us fix a subset of X, say X,. This is the “sample space”, which should be much smaller
than X. Let A: (Xox A > R) - (X x A = R) be a “function approximator”. The
motivation behind this notion is that to cach sample { (%, a, y1), (¥2,0,%2), - (Tns € Yn) }
where {71,%s,...,2,} = X,, and a,b,...,c € A, y; € R, A assigns a function defincd on
X x A. We assume that A is a non-expansion. Now, consider the process

Qi+ (z,a) == (1 — a(z,a)s(2, a,2,))Qi(z, a) + iz, a)s(z, a, x;) (r/, + ymax[APQ(y., a))
(i8)
where P projects (X x A — R) to (Xg x A — R), ie, [PQ|(z,a) = Q(x,a) for all
(z,a) € Xy x A. As we noted above, Rule (16) works equally well if max, is replaced
by any non-expansion. In this particular case, this non-expansion is given by (® Q)(z) =
max,[APQ]|(z,a) (it is a non-expansion, since @ is a composition of non-expaunsions). Thus,
under the conditions of Theorem 4, this rule converges to the fixed point of the operator

(TQ)(z,0) = ¥ 4(z,0,2) ¥ P(7,a,9) (R(z,a,) +7 R Q(y, b)) -

x€X yeX

Note that in Equation (18) if z € X; then the update of (z,a) depends only on the values
of Q4(xo,a), where x5 € Xy. This means that it is sufficient to store these values during the
update process—all the other values can be reproduced using .A. Also, operator T can be
restricted to Xy x A.

If s(z,a,x) = 0 for all z # x (in this case the “reduced Q-table” is updated only if
x; € Xy, which is somewhat wasteful'®), then the above argument shows that Q-lcarning
combincd with a non-cxpansive function approximator converges to the fixed point of the
underlying contraction, T : ((Xg x A) = R) — (Xy x A) = R), where

(TQ)(x,a) = Z P(z,a,y) <R(a:, a,y) + ’ymng[AQ](yt, a)) .

yeX

Using standard non-expansion and contraction arguments Gordon proves that | L4Q.e—Q*|| <
2¢/(1— ), where TQoe = Qo and € = inf{||Q — Q*|| ' AQ = @ }. We note that these results
rely only on the non-expansion and contraction properties of the involved operators.

The above convergence theorem can be extended to the case when the agent follows
a given exploration “metapolicy” (e.g., by using the results from stochastic-approximation
theory [4]) which ensures that every state-action pair is visited infinitely often and that there
exists a limit probability distribution over the states X. For example, persistently exciting
(exploring) policies satisfy these conditions. A stochastic policy 7 = #(x,a) is persistently

15Gordon also considered briefly the other case, when s(z, a, z) can be non-zero for z # z, and stated that
this is equivalent to introducing hidden states into the derived mMmpr and concluded, pessimistically, that we
then run the risk of divergence. The above argument shows that, under appropriate conditions, this is not
the case.
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exciting if the Markov chain with state set S = X x A and given by the transition probabilities
p((z,a), (y,0)) = P(x,a,y)n(y,b) is strongly ergodic'®. This means that if the agent uses
7 then it will visit every state-action pair infinitely often; moreover, given any initial state
there exists a limit distribution, p®(z, a), of Pr(z = #;,a = a;) which satisfies p°*(z,a) > 0
for all (z,a). Since Pr(z; = x,a; = a) = Pr(a; = alzy = z)P(2y = z) = 7(x, a) Pr(z; = 1),
under the above conditions the limiting distribution (let us denote it by p° () of Pr(z; = 2)
cxists as well, and satisfics

P> (z) = p™(x, a)/7(z,a),

(a is arbitrary!) and thus p>(x) > 0 7.

All this shows that, under a persistently exciting policy, there exists a probability distri-
bution p®® over X such that z; is sampled asymptotically according to p®® . As a consequence,
we have that the conclusion of Theorem 4 still holds in this case.

Ribeiro and Szepesviri studied the above process when s(z, a,z) is replaced by a time
dependent function which is also a function of the actual action, that is, the spreading
coefficient of (z,a) at time ¢ is given by s$4(2, a, 2, a;) [32]. By using Theorem 3.1 they
have shown that if s4(z,a, x+,a:) — x(2z = @4, @ = a;) converges to zero no more slowly than
does y(z,a), and the expected time between two successive visits of all state-action pairs is
bounded, then Q,, as defined by the appropriately modified Equation (16), converges to the
true optimal Q function, Q*.

This algorithm, therefore, can make more efficient use of experience than Q-learning does,
and still converge to the same result.

5 CONCLUSIONS

We have presented a general model for analyzing dynamic-programming and reinforcement-
learning algorithms and have given examples that show the broad applicability of our results.
This section provides some concluding thoughts.

5.1 RELATED WORK

The work presented here is closely related to several previous research efforts. Szepesvari [50,
48] described a generalized reinforcement-learning model that is both more and less general
than the present model. His model enables more general value propagation than @(R+~V)
with v < 1 but is restricted to maximization problems, i.e., when @ = max. He proves that,
under mild regularity conditions such as continuity and monotonicity of the value propaga-
tion operator, the Bellman optimality equation is satisfied and policy and value iteration are
valid algorithms. He also treats non-MNarkovian policies. The main difficulty of this approach
is that one has to prove fixed-point theorems without any contraction assumption and for

1$Some authors call a policy 7 persistently exciting if the Markov chain over X with transition probabilities
pla,y) = 3, m(x, a)p(x, a, y) is strongly crgodic. These two definitions arc equivalent only if 7(s, a) > 0 for
all (z,a).

17 Another way to arrive at these probabilities is to consider the Markov chain with states X' and transition
probabilities p(z,y) = 3, m(x, a)P(z, a,y).
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infinite state and action spaces. His model can be viewed as the continuation of the work
of Bertsekas [5] and Bertsekas and Shreve [6], who proved similar statements under different
assumptions.

Waldmann [58] developed a highly general model of dynamic-programming problems,
with a focus on deriving approximation bounds. Heger [15, 16] extended many of the stan-
dard MDP results to cover the risk-sensitive model. Although his work derives many of the
important thcorems, it docs not present, these theorems in a genceralized way to allow them to
be applicd to any other models. Verdu and PPoor [56] introduced a class of abstract dynamic-
programming models that is far more comprehensive than the model discussed here. Their
goal, however, was different from ours: they wanted to show that the celebrated “Principle
of Optimality” discovered by Bellman relies on the fact that the order of selection of optimal
actions and the computation of cumulated rewards can be exchanged as desired: in addition
to permitting non-additive operators and value functions with values from any set (not just
the real numbers), they showed how, in the context of finite-horizon models, a weaker “com-
mutativity” condition is sufficient for the principle of optimality to hold. For infinite models
they have derived some very general results'® that are too general to be useful in practice.

Jaakkola, Jordan, and Singh [19] and Tsitsiklis [53] developed the connection between
stochastic-approximation theory and reinforcement learning in MDPs. Our work is similar in
spirit to that of Jaakkola, et al. We believe the form of Theorem 3.1 makes it particularly
convenient for proving the convergence of reinforcement-learning algorithms; our theorem
reduces the proof of the convergence of an asynchronous process to a simpler proof of con-
vergence of a corresponding synchronized one. This idea enables us to prove the convergence
of asynchronous stochastic processes whose underlying synchronous process is not of the
Robbins-Monro type (e.g., risk-sensitive MDPs, model-based algorithms, etc.) in a unified
way.

5.2 FUTURE WORK

There are many arcas of interest, in the theory of reinforcement learning that we would like to
address in future work. The results in this paper primarily concern reinforcement-learning in
contractive models (y < 1), and there are important non-contractive reinforcement-learning
scenarios, for example, reinforcement learning under an average-reward criterion [38, 27].
Extending Theorem 3.1 to all-policies-proper MDPs should not be too difficult. Actor-critic
systems and asynchronous policy iteration would also worth the study. [t would be interesting
to develop a TD(A) algorithm [45] for generalized MDPs; this has already been done for
MDPs [30] and exploration-sensitive MDPs [35]. Theorem 3.1 is not restricted to finite state
spaces, and it might be valuable to prove the convergence of a finite reinforcement-learning
algorithm for an infinite state-space model. A proof of convergence for modified policy
iteration [31] in generalized MDPs should not be difficult.

18Here is an example of their statements translated into our framework. They first show that from their
commutativity condition it follows that T"V = V7, where V" is the n-step optimal value function, V is the
terminal reward function. Now, the statement which concerns infinite-horizon models goes like this: if 1
converges to V* (their Condition 3 [56]) then T"V converges to V'*. The problem is that, in practice, it is
usually clear that V;* = TV, but it is much harder to show that V¥ converges to V™ [5, 48].
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Another possible direction for future research is to apply to modern ODE (ordinary dif-
ferential equation) theory of stochastic approximations. If one is given a definite exploration
strategy then this theory may yield results about convergence, speed of convergence, finite
sample size effects, optimal exploration, limiting distribution of Q-values, etc.

5.3 CONCLUSION

By identifying common elements among several sequential decision-making models, we cre-
ated a new class of models that generalizes existing models in an interesting way. In the
generalized framework, we replicated the established convergence proofs for reinforcement
learning in Markov decision processes, and proved new results concerning the convergence
of reinforcement-learning algorithms in game environments, under a risk-sensitive assump-
tion, and under an exploration-sensitive assumption. At the heart of our results is a new
stochastic-approximation theorem that is easy to apply to new situations.

A OPTIMAL VALUE FUNCTION IS UNIQUE

We consider a generalized MDP defined by (X, 4, R, P,®, @), where ® and @ are non-
expansions. Weuse @ : X x A — R to stand for Q functions and V : X — R to stand for
value functions. We define TV = Q (R + V), KQ = @(R+vQ Q), V* = TV*, and
Q= KQ".

It is the non-expansion property of T and K that will be most convenient for proving
results about them. Here is the first.

Lemma 5 The T and K operators are contraction mappings if v < 1. In particular, if V;
and Vs are value functions and Q) and Qo are Q functions, || TV, —TV,|| < v||[Vi — V2|, and
IKQ, — KQ:|l <v'Q, — Ql.

Proof: We address the T operator first. By the definition of 7', we have

I ®@(R +vV) — ®@(E’ + V)]
DR+ V1) - DR +712)!
YV = Vall.

TV, - TV|

VAR VAN VA

The definition of K give us

[KQ: — KQo

IQP(R+1Q1) — QP(R+Qy)!

DR +7Q1) — D (R +Qs)

[(R+ Q1) — (R+ Q)| =71Qv — Q.

Another way to prove this is the following: the composition of a contraction with a

non-expansion (in arbitrary order) is a contraction with the same index. Since the mapping
V +— R+ vV is a contraction with index v the desired result follows. Q.E.D.

IA N
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Because the operator T is guaranteed to bring two value functions closer together, and the
operator K is guaranteed to bring two Q functions closer together, they are called contraction
Mappings.

Because all the results in this chapter are stated in terms of norms, they apply to any up-
date rule as long as the dynamic-programming operator under consideration is a contraction
mapping. (Sce recent work by Tsitsiklis and van Roy [54] for the use of another important,
and interesting norm for reinforcement, learning.) The fact that the optimal value functions
arc well defined doces not imply that they arc meaningful; that is, it may be the casc that
the optimal value function is not the same as the value function for some appropriately de-
fined optimal policy. The results in this section apply to value functions defined by Bellman
equations; to relate the Bellman equations to a notion of optimality, it is necessary to put
forth arguments such as are given in Puterman’s book [31].

Theorem 5 For any generalized Markov decision process, if v < 1 then there is a unique
V*, called the optimal value function, such that V* = TV™*; a unique Q*, called the optimal
Q function, such that Q* = KQ*; and an optimal (possibly stochastic) policy, 7*, such that

VHz) = Nem*(z,0)@* (x,a).

Proof: ;From Lemma 5, the T" and K operators for the generalized MDP are contraction
mappings with respect to the max norm. The existence and uniqueness of V* and QQ* follow
directly from the Banach fixed-point theorem [44].

We can define the optimal value function and the optimal Q function in terms of each

other:

and Q* = @(R+ ¥V*). These equations can be shown to be valid from the definitions of K
and T and the uniqueness of Q™ and 1/*.
By Condition (2) of ® and Equation (19),

min Q" (z, &) < V" (z) < max @(z, a).
Therefore, it is possible to define a stochastic policy 7™ such that

V*(z) =Y 7*(z,a)@* (2, a).

Q.E.D.

The use of the word optirnal is somewhat strange since 1V* need not be the largest or
smallest value function in any sense; it is simply the fixed point of the dynamic-programming
operator 1. This terminology comes from the Markov decision process model, where V* is
the largest value function of all policies and is retained for consistency.

B SOME NON-EXPANSION SUMMARY OPERA-
TORS

In this section, we prove several properties associated with functions that summarize sets
of values. These summary operators are important for defining generalized Markov decision
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processes, which involve summaries over the action set A and the set of next states (we need
the results presented here when discussing simultaneous Markov games and exploration-
sensitive models).

Let I be a finite set and h : I — R. We define a summary operator © over I to be a
function that maps a real-valued function over I to a real number. The maximum opera-
tor max;cs h(4) and the minimum operator min;c; A(4) arc important cxamples of summary
opcrators.

Let A be a real-valued function over I. We say a summary opcrator (® is a conservative
non-expansion if it satisfies two properties: it is conservative

min h(i) < () h < maxh(i), (20)

el i€l

and lt iS a nOn—(:XpanSiOn
! < b4 N — A3 : 21
|®h @h‘ Hia |h(?,) h(3)| ( )

We will show that the max and min summary opcrators arc both conscrvative non-
cxpansions, after proving a scrics of relatcd results.

Usually, in MDPs, we deal with multidimensional operators, i.e., operators of the form
T:1—R" Define T;: (I -+ R) > Ras Tix = (Tx);, ie, Te = (N1x,...,T,x); the T;s are
the coordinate-wise components of T'. Non-expansion operators have the nice property that
if they are non-expansions componentwise then they are non-expansions as well. The same
is true for the conservativeness of operators. This is our first theorem.

Theorem 6 Let T : (I — R) — R" be an arbitrary operator. If T, is non-ezpansion/
conservative (i =1,2,...,n) then T is non-expansion/conservative.

Proof: For brevity let || - || denote the max norm, ||| = max; 'h(i)|. Let h,h' € (I — R)
be two functions. Then, since 7; is a non-expansion, |(Th — TH');| = |(Th); — (TH); =
Tih—T;h'| < lh = H||. Then, ||Th—TH| =max; | (Th—Th'); <max;h—F|=|h-F|.
That T is conservative follows immediately since h < A’ if and only if h(i) < A'(i) for all
1€ 1. Q.E.D.

Note that if [.J| = n then the set J — R can be identified with R™.

Let h and hf be real-valued functions over I. For i € I, let ! be the summary operator
O'h = h(i) (O is the projection operator).

Theorem 7 The summary operator (' is a conservative non-erpansion.

Proof: Condition (20) requires that @*h = h(i) lie between miny¢; h(i') and maxyc; h(i').
This holds trivially.

To see that Condition (21) holds, note that | ©" h—Q' K| = [h(i)—h'(i)| < maxyes h(i")—
h'(i") . Q.E.D.

We next examine a more complicated set of non-expansions. For real-valued function h
over I, let ord"h be the nth largest value in {h(i)li € I} (1 < n < |I!). According to this
definition, ord'h = max; h(i) and ord'h = min; k(i). We will show that the ord” summary
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operator is a conservative non-expansion for all 1 < n < [I!. To do this, we show that pairing
two sets of numbers in their sorted order minimizes the largest pairwise difference between
the sets of numbers.
Lemma 6 Let hq, ho, g1, g2 be real numbers, If hy < hy and g1 < g2 then

max b, — ;| < max |k — gyl.

1=1,2 i

7“:.}:37.?.:112

Proof: Two bounds can be proven separately:

|h1 — | = max(hy — g1, 91 — M)
< max(hy — g1, 92 — Iu)
< ax  |h; — g5
= i hi = 5]

and

lhe — g2| = max(hs — g2, 92 — h2)
< max(hy — g1, 92 — h1)
< ax  lh; — g;l.
S max i gl

Combining these two inequalities proves the lemma. Q.E.D.

We use Lemma 6 to create a bound involving the ord™ summary operator.
Lemma 7 Let hy and hy be real-valued functions over I. Then

¢ d"h; — ord"hs| < max |h (i) — ha(i)|.
By o = ol < g ) = b

Proof: Both quantities in the inequality involve taking a maximum over differences between
matched pairs of values. This lemma states that, of all possible matchings, pairing values
with the same position in a sorted list of values gives the smallest maximum difference.

To prove this, we argue that, from any matching that violates the sorted order we can
produce a matching that is “more sorted” without increasing the maximum difference (and
perhaps decreasing it). The idea is that we can find a pair of pairs of valucs that arc matched
out of order, and swap the matching for that pair. By Lemma 6, the resulting matching has
a maximum difference no larger than the previous matching. After generating pairings that
are more and more sorted, we eventually reach the totally sorted matching. Since the initial
matching was arbitrary, the lemma follows. Q.E.D.

That ord” is a conservative non-expansion follows easily from Lemma 7.

Theorem 8 The ord" operator is a conservative non-expansion fer all 1 < n < Il
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Proof: Condition (20) is satisfied easily since it is always the case that ord”h = h(i) for
some ¢ € I.

To verify Condition (21), let h; and hy be real-valued functions over I. It follows from
Lemma 7 that

ord™hy — ord™hs| < max lordj  hy (i) — ordje ha(i)!

lhi(3) — 2)/
< max hy (i) — ho(7)!.

Since n was arbitrary, the theorem is proved. Q.E.D.

Theorems 7 and 8 state that two very specific classes of summary operators are conserva-
tive non-expansions. The next theorem makes it possible to create more complex conservative
non-expansions by blending conservative non-expansions together.

Theorem 9 If O and O are conservative non-expansions, then for any 0 < v < 1, the

summary operator
O h=v® h+ (1 =) O’h

1S @ CONServative non-erpansion.

Proof: Once again, Condition (20) is not difficult to verify since the operators are being
combined using a convex weighted average.
Condition (21) follows from

‘Q(l+2),1/hj N @(1+2),l/h,‘
= O+ 1 - - (O + 1 =)W
= L (OW-Q')+ -1 (Oh-O'K)

v ‘th - @1 |+ (1-v) ‘QQh - QQh"

< vmax h(i) = h'(D)|+ (1 —v) max h(i) — W' (i) = max |h(i) — h'(z) .

IN

The proof is easily extended to weighted averages of more than two operators. Q.E.D.

The previous thecorem demonstrated one way of making conservative non-cxpansions
out of other conservative non-expansions by averaging. The next theorem shows a more
sophisticated method for constructing conservative non-expansions.

If ®! is a summary operator over I;, and (O is a summary operator over I, we define
the composition of ©' and ©? to be a summary operator over I; x Iy,

1 2 1 2
(O cON=C O
Theorem 10 Let O = O o ®? for conservative non-ezpansions O over I, and O over

Iy. Then © over I = I, x I is a conservative non-erpansion.
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Proof: Let h and /' be real-valued functions over /. For Condition (20), we see that

@ h (@l O'Oz) h
OO

2
80 < macnashlliy 4T < s k(i)
glgg(@ 1)((i1,22)) < maxmax (i, iz)) < e, 1((d1,72)

IA

The argument that @ h > ming, ;,)er (41, i2)) is similar.
For Condition (21),

OQr-0O¥

= @ cON— (O O
OOr-0'Ow
ma (D’ h)((i1.12)) — (O'H)((i2.2)

max max |h((71,%2)} — A'((41, %)) = max |h((i1,12)) — B'((#1,72)) |-

1€l is€fs (i132)€Ef

[

IA

This proves that () is a conservative non-expansion. Q.E.D.

As a non-trivial application of the preceding theorems, we will show that the minimax
summary operator, used in Markov games, is a conservative non-expansion. Let A; and A,
be finite sets. The minimaex summary operator over A; X A, is defined as

i b — : e
minimax Penl}[?j‘)fl) uI-zrgilz agl plailh((e, as))

Let p € II(A;) and let h; be a real-valued function over A;. Define

O "mle) = Y. plar)ha(ar);

a1€Aq a1EAq

by Theorem 9 and Theorem 7, (O is a conservative non-expansion. Let A be a real-valued
function over Ay X A,. By Theorem 8, the minimum operator is a conservative non-expansion.
Rewrite

MIiNIMax(,, 4.)c4; x4:1((@1, a2)) = pgﬁ?ﬁ) (min o@"’) oo h((ay,a9));
minimax is a conservative non-cxpansion by Theorem 10. The compactness of the set 11(A))
of probability distributions over A; ensures that the above operator is well defined.

The class of conservative non-expansions is quite broad. It is tempting to think that any
operator that satisfies Condition (20) will be a non-expansion. Boltzmann averaging is an
example where this is not the case [26]. It is also easy to construct summary operators that
are non-expansions, but not conservative: ©h =1+ max; h(i).
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C POLICY ITERATION AND MAXIMIZING MOD-
ELS

Appendix B describes a collection of important non-cxpansion operators bascd on clement
selection, ordering, convex combinations, and composition. All of these operators obey an
additional monotonicity property as well.

Operator © is monotowic if, for all real-valued functions h and h' over a (finite) set I,

h(i) > h'(3) for all ¢ € I implies
Or>ON.

Theorem 11 The followmq summary operators are monotonic: O for alli € I, ord" fo7
all <n<|Il, O for all 0 < v < 1 if O and O? are monotonic, and @1 o(? if
O and O? are monotonic. An operator T : R —+ R™ is monotonic if and only if for all
i = 1,2,...,m T; is a non-expansion. Moreover, if T : R — R™ and S : R™ — RF are
monotonic then ST : R* — R* is monotonic, too.

Proof: The monotonicity of OF, O and O e ©? follow immediately from their defi-
nitions. The monotonicity of ord™ can be proven by considering the cffect of increasing h(i)
to h'(¢) for each ¢ € I, one at a time. A simple case analysis shows that each increase in
h(i) cannot decrease the value of ord™h. The rest follows since comparisons are performed
componentwise. Q.E.D.

D POLICY-ITERATION CONVERGENCE PROOF

In this section, we develop the necessary results to show that the generalized policy-iteration
algorithm of Section 2.3 converges to the optimal value function. We will first prove several
simple lemmas that illuminate the fundamental propertics of value functions in maximizing
genceralized MDPs.

First, for maximizing gencralized MDPs, a single step of value iteration on a value function
associated with a mapping w results in a value function that is no smaller.

Lemma 8 Forallw: X - R, TVY > Vv,
Proof: ;From Equation (1), the constraints on &, and the definition of V¢
[TV*)(2) = (@D R +1V))(2)
= max(@" B (R+V)(x)

PER

(®w(x) DR+ 7‘/4«;)) (z) = V¥(x).

v

Q.E.D.

Let T be the dynamic-programming operator associated with the mapping w

TV](z (@”’“ i R—i—fﬂ/’) 2).

The next lemma says that the monotonicity properties of @ and @ carry over to T and T.
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Lemma 9 The mappings T and T are monotonic for mazimizing generalized MDPs.

Proof: For value functions V and V', we want to show that if V"> V', then TV > TV’ and
TYV > T«V'. This follows easily from the definitions and the monotonicity of the operators
involved and because composition of operators preserves monotonicity. Q.E.D.

Theorem 3 (of Section 2.3) states that the optimal value function dominates the value
functions for all w. We will now prove this using Lemmas 8 and 9.

JFrom Lemma 8, we have that V¥ < TV for all w. Combining this with the result of
Lemma 9, we have TV® < T(TV¥). By induction and transitivity, V¢ < (T)*V* for all
integers & > 0 where (T)* corresponds to the application of T repeated & times. Because
limy_,0e(T) V¥ = V* it follows that V¢ < V* proving the first part of Theorem 3, i.e.,
that V* > max, V“. (This last inequality is easily proved if we assume that min, Q(z,a) <
[®” Q)(xz) < max, Q(z,a) holds for all ) and € X. Then, as it was noted in Section 8, to
cvery p-policy w we may assign a stochastic policy 7 with ®“ = ®" and thus with 7" = T,
From this, the desired incquality follows immediately.) That V* = max, V¥, follows from
Lemma 3, proved next.

The final result we need relates the convergence of policy iteration to that of value
iteration. Let U; be the iterates of value iteration and V; be the iterates of policy iteration,
starting from the same initial value function. Let w; : X — R be the sequence of mappings
such that V; = V«¢.

Lemma 3 states that, for all ¢ and z € X, Ui(z) < Vi(z) < V*(z). We proceed by
induction. Clearly Uy(z) < Vy(x), because they are defined to be equal. Now, assume that
Uy(z) < Vi(x) < V*(x). By Lemma 9., TU,(z) < TVi(x). By definition, TU;(z) = U+1(z),
by Lemma 8 V; < TV, and by definition TV; = T“'V;. Now by an argument similar to the
proof of Theorem 3,

TV, = T¥HV, < (thﬂ)kvt < VU = V.

Therefore, Uyi1(z) < Vipi(z). By Theorem 3, Viyi(z) = V¥t < V*(z), completing the
proof of Lemma 3.

Lemma 3 and Lemma 1 (which stated that value iteration converges) together imply the
convergence of policy iteration. Lemma 3 also provides a bound on the convergence rate of
the algorithm; it is no slower than value iteration, but perhaps faster.

E REDUCTION OF SOME PARALLEL ITERATIVE
PROCEDURES TO SIMPLER ONES
Jaakkola et al. [19] proved (Lemma 2) that if
Supa(z) < Gilm)dufz) + Fi(x)[|d] (22)
and F; < 7(1 — Gy) for some 0 < 7 < 1 and lim, ,ee [I7-x G+ = 0 with probability one

uniformly over X for all & > 0 then the process of Equation (22) converges to zero with
probability one uniformly over X. To be precise, the conditions of their Lemma are not
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exactly the same as the above conditions. Particularly, they assume that condition F; <
~(1 — G) holds only in the conditional mean with respect to the history of the process and
make sorne additional assumptions concerning G,.

We may expect that, for $Delta; — 0, a ¢;(x) which satisfies

Sevi(2) < Ge(a)dp(x) + F () ([0 + [|A])

(see Equation (4)) still converges to zero since it is just a perturbed version of the process
of Equation (22) where the perturbation converges to zero. Indeed, according to Lemma 12
stated and proved below, this process converges to zero with probability one uniformly over
X.

Before proving Lemma 12 we prove some additional statements that are required for the
proof. The proof of Lemma 12 follows along the same lines as the proof of Lemma 2 of
Jaakkola et al. [19]. First, we prove a simplified version of Lemma 12 then a rather technical
lemma follows. (It may be considered as an extension to Jaakkola et al’s Lemma 1 [19].)
This lemma is about the convergence of homogeneous processes. We will use this result to
show that the perturbation caused by A; can be neglected. Finally, the proof of Lemma 12
follows. We would like to emphasize that the main result of this section is Lemma 10 since
this 1s the very point in the proofs when we must take into account that different components
of 6;(z) change independently of each other.

E.1 THE MAIN CONVERGENCE LEMMA

Now, we prove our version of Jaakkola et al.’s [19] Lemma 2. Note that both our assumptions
and our proof are slightly different from theirs.

Lemma 10 Let Z be an arbitrary set and consider the sequence

2i11(2) = ge(2)2e(2) + fe(2)]l2l, (23)

where z € Z and ||z1]| < C' < oo with probability one for some C' > 0. Assume that for all
k 1imy, 408 [Th s 9:(2) = 0 uniformly in z with probability one and fi(z) < v(1 — g4(z)) with
probability one. Then ||z;|| converges to 0 with probability one.

Proof: We will prove that for each €, > 0 there exist an index T = T(¢,d) < oo (possibly
random'?) such that

Pr(sup lz;/' < 8) > 1 — e (24)
>
Fix arbitrary ¢, > 0 and a scquence of numbers py,...,p,, ... satisfying 0 < p, < 1 to be

chosen later.

19Note that in probability textbooks usually T is not allowed to be random. However, the following short
train of thoughts justifics that T can be random and almost surc convergence still holds. First, note that
Pr (supge, |2¢| > 6) < Pr((suppey [2:] > 6,(T > k))or (T > k)) < Pr(suppe, [2¢ > &) + Pr(T > k). Now,
fix an arbitrary 6,7 > 0 and let Ty = T'(6,17/2), and let k = k(e,n) be a natural number, large enough so
that Pr(To > k) < 13/2. Such a number exists since Ty < oc. Then, Pr(supr<, |24 < §) < Pr(supy, <, |z >
8) + Pr(Ty > k) < 1 which was the desired result. N -
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We have that

Tt (2) ge(2)ze(2) + fo(2)lz:!
ge(2)||ze!! + fo(2) ||
(9:(2) + fu(2)

[l

IN A IA

since, by assumption, g,(z) + f,(2) < gi(z) + v(1 — g,(2)) < 1. Thus, we have that ||z,41]] <
||z,|| for all ¢ and, particularly, /lz;|| < C; = ||@|| holds for all ¢. Consequently, the process

Yer1(2) = g:(2)ye(2) +v(1 — ¢:(2))C1 (25)

with y; = 1 cstimates the process {z;} from above: 0 < x; < y; holds for all ¢. The process
y¢ converges to vC| with probability one uniformly over Z and, thus,

limsup !zl <~Cy
t-—o0e
with probability one. Thus, there exist an index, say M, for which if ¢ > M; then !lz;!| <
(1+7)/2 C| with probability p;. Assumec that up to some index i > 1 we have found numbers
M, such that when ¢ > A, then

2l < (37) Cu=Cin (26)

holds with probability p;ps ... p;. Now let us restrict our attention to those events for which
Inequality (26) holds. Then we see that the process

Yrr;, = Zag
Yer1(2) = @(2)y(z) +v(1 — g:(2))Ciy1, t > M,

bounds z; from above from the index M;. Now, the above argument can be repeated to
obtain an index M, such that Incquality (26) hold for i + 1 with probability pips ... pipi+1.
Since (1 +v)/2 < 1, there exists an index & for which ((1 + v)/2)*C, < e. Then we get
that Equation (24) is satisfied when we choose py,...,px in a way that pipa...pp > 1 —€
and we let T = My (= My(p1,pg; - - Dx))- Q.E.D.

When Equation (23) is subject to decaying perturbations, say €;, then the proof does not
apply any more. The problem is that ||| < ||#,!l (or ||z7.4]| < 'zp||, for large cnough T')
can no longer be cnsurcd without additional assumptions. For z;,,(2) < ||z|| to hold, we
would need that e < (1 — Yz, and if liminf;_,ce ||| = 0 then we could not check this
relation a priori. Thus we choose another way to prove Lemma 12. Notice first, that the
key idea in the above proof is to bound z; by ;. This can be done if we assume that z; is
kept bounded artificially, e.g., by scaling. The next subsection shows that such a change of
x; does not effect the convergence properties.
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E.2 SCALED HOMOGENEOUS PROCESSES

The next lemma is about homogeneous processes, that is about processes of form

Tptl = Gn(x'n,a fn)a (27)
where G, is a random function which is homogeneous, i.e.,
ﬁGn(l’, E) = Gn(ﬁxy BE) (28)

holds for all 5 > 0, x and . We arc interested in the question whether z,, converges to zero
or not. Note that J; defincd by Inequality (4), when the inequality is replaced by cquality,
is a homogeneous process. The lemma below says that, under additional conditions, it is
enough to prove the convergence of a modified process which is kept bounded by scaling to
zero, that is, for the process

; o { Gn(y'm En): lf ||Gn(yn7 En)” S Tu
Yn+l =

TGy €0/ |G (g &), otherwise, (29)

where T' > 0 is an arbitrary fixed number.

Let us denote the solution of Equation (27) corresponding to the initial condition zy = w
and the sequence € = {€,} by =, (w, €). Similarly, let us denote the solution of Equation (29)
corresponding to the initial condition yo = w and the sequence ¢ by ¥, (w, €).

We say that the process .z, is insensitive to finite perturbations of € if it holds that if
xn(w, €) converges to zero then so does z, (w, €'), where € is an arbitrary sequence that differs
only in a finite number of terms from e. Further, we say that the process x, is insensitive
to scaling of € by numbers smaller than 1, if for all 0 < ¢ < 1 there holds that if x, (w,€)
converges to zero then so does @, (w, ce).

Lemma 11 Let us fix an arbitrary positive number T and an arbitrary wy and sequence €.
Then, a homogeneous process T, (wq, €) converges to zero with probability one, provided that
Tn 18 insensitive to finite perturbations of € and also x, is insensitive to the scaling of € by
numbers smaller than one and vy, (wy, €) converges to zero.

Proof: Let ¢ be an arbitrary sequence of reals. For convenience, we will denote the product
sequence {crex} by ce. We state that

Yn(w, €) = T, (dpw, cne) (30)

for some sequences {c,} and {d,} satisfying 0 < d, < 1 and ¢, = (¢ne; Cn1, - - - Cni,- - ), With
0 < ¢ <1and ¢y =1 for k> n. Note that y,(w, €), and also z,(w, €) depends only
on €, ...,€,_1. Thus, it is possible to prove Equation (30) by constructing the appropriate
sequences ¢, and d,,.

Set cg; = 1 forall i = 0,1,2,... and let dy = 1. Then, Equation (30) holds for n = 0. Let
us assume that Equation (30) holds for n. Let S, be the “scaling coefficient” of y,, at step
(n+1) (S, =1 if there is no scaling, otherwise 0 < S,, < 1 with S, = T/||G (Y, €)|| ):

yn+1(w7 E) = SnGn(yn(w 6): 6n)
Gn(snyn(w: 6)7 Snen)
= Gp(Spn(dnw, cn€), Sufn)-
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We claim that
Stn(w, €) = x,(Sw, S¢) (31)
holds for all w, ¢ and S > 0.
For n = 0, this obviously holds. Assume that it holds for n. Then
Staii(w,e) = SGu(xn(w,e),e,)
= G,(Szn(w,e€),Sey)
= Gu(z,(Sw, Se), Sey,)
Tp41(Sw, Se).
Thus,
Yn+1(w, €) = Go(Tn(Sudnw, Sncn€), Snen)

and we see that Equation (30) holds if we define ¢4, through ¢p11; = Spcns, ¢ =0,...,70
and we let ¢, ;= 1fori>n+1 and dpyy = Spdy.
Thus, we find that with the sequences

{ny;} S, ifi < n;

Cni— .
1, otherwise,

de =1, and
dni1 =[] S;
j=0

Equation (30) is satisficd.
Now, assumc that we want to prove for a particular sequence € and initial valuc w that

,}Lng,ﬂ’n(w, e)=10 (32)

holds with probability one. It is cnough to prove that Equation (32) holds with probability
1 — 0 when § > 0 is an arbitrary, small enough number.

We know that y,(w,e) — 0 with probability one. We may assume that T > §. Then,
there exist an index M = M (0) such that if n > M then

Pr(|lyn(w, )l| < 8) > 1 -

Now, let us restrict our attention to those events for which ||y,,(w,€)|| < 6 for all n > A1
Since § < T, we get that there is no rescaling after step M: S, = 1 if n > M. Thus,
Cni = Cpqyy for all n > M + 1 and ¢, and specifically ¢, ; = 1if ¢,¢t > M + 1. Similarly, if
n > M then dyy = [1%0S; = daryr. By Equation (30), we have that if n > M then

Un (wa f) = Tn ((1M+1’w, CM+1€)-

Thus, we have that x,(dys 1w, cars1€) converges to zero and by Equation (31), , (w, cars1€/dar+1)
converges to zero. Since ¥, is insensitive to finite perturbations (in ¢pz4+1 only a finite number
of entries differs from 1), x, (w, €/dar11) also converges to zero, and further since dyry; < 1,
x,, (w, €) converges to zero, t0o (%, is insensitive to scaling of € by dar41). All these hold with
probability at least 1 — 4. Since ¢ was arbitrary, the lemma follows. Q.E.D.

Now, we are in the position to prove that Lemma 10 is immune against decaying pertur-
bations.
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Lemma 12 Assume that the conditions of Lemma 10 are satisfied but Equation (23) is
replaced by

2101 (2) = gul2)auz) + L) (]| + &), (33)

where €, > 0 and €, converges to zero with probability one. Then x;(2) still converges to zere
with probability 1 uniformly over Z.

Proof: We follow the proof of Lemma 11. First, we show that the process of Equation (33)
satisfies the assumptions of Lemma 11 and, thus, it is enough to consider the version of
Equation (33) that is kept bounded by scaling.

First, note that x; is a homogeneous process. Let us prove that x; is immune against
finite perturbations of e. To this end, assume that ¢, differs only in a finite number of terms
from €;, and let

yer1 (2) = gui(2hylz) + L@ (el + €0)-
Take
B(2) = adz) — )|
Then,
keriz) < ge(2)he(2) + Sl 2) (o] + e — e4])-

For large enough ¢,
kie1(z) < ge(2)ki(2) + ful2)[[F (2],

which is known to converge to zero by Lemma 10. Thus, z; and y; both converge or not
converge and if one converges then the other must converge to the same value.

The other requirement that we must satisfy to be able to apply Lemma 11 is that x,
is insensitive to scaling of the perturbation by numbers smaller than one; let us choose a
number 0 < ¢ < 1 and assume that z,(w, €) converges to zero with probability one. Then,
since ,(w, ce) < z,(w, €), x,(w, ce) converges to zero with probability one, too.

Now, lecti us prove that the process that is obtaincd from z; by keeping it boundcd
converges to zero. The proof is the mere repetition of the proof of Lemma 10 except a few
points that we discuss now. Let us denote by .7; the process that is kept boundcd and lct,
the bound be C;. It is enough to prove that ||#;|| converges to zero with probability one.
Now, Equation (25) is replaced by

Yi1(2) = .qt(z)'!,/t(z) + (1 — 9+(2)) (C1 + ).

Now, ¥, still converges to vC; by Lemma 3.5 of Szepesvari [49] and also 0 < £; < y;. Thus,
the whole argument of Lemma 10 can be repeated for the process &, and we get that |||
converges to zero with probability one and consequently so does ||z:]|- Q.E.D.

F CENTRALIZED LEARNING RATES

Note that the learning rate of the on-line Q-learning procedure is given by x(z = x4, a =
at)as(x,a) for a given state-action pair (z,a). Thus, in order to ensure that @, converges
to @* uniformly we have to be certain that 352, x(¢ = z4,a = a;)ay(x,a) is infinity. In
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practice, instead of a separate learning rate for each state-action pair, often a single learning
rate is used (this choice is especially reasonable if the spreading version of Q-learning or soft
state aggregation is used). Bradtke conjectured that if this single “centralized” learning rate,
oy, satisfies the criteria 35°; a; = co and 3.9°, a? < oo then for each (z,a) Y2 apx(z =
Ty, = ay) = 0o and 3.3°, ax(z = x4,a = a;) < oo will still hold [8]. This second condition
is satisficd since afx(:c =xpa=q) < o[,? for all + > 1. The following propositions give some
conditions under which the first condition is still met.

Lemma 13 If the state-action inter-arrival times i x(x = x1,a = a;) have a common
upper bound then 7% x(x = x,a = a))ay(z,a) = oo holds with probability one provided
that ¥2°, ay(x,a) = oo and ay(x,a) is a decreasing sequence.

Proof: It is enough to prove the statement for an arbitrary decreasing numerical sequence,
ay. Note that 3°7°, x:a: can be rewritten as » :°, a,, with an appropriate increasing random
sequence n;. Assume that n,.; — n; < d, i.e., that the state-action inter-arrival times are

bounded. Since o, > oy, 44, ¢ =0,1,... 0441 — 1y — 1,
ni41—ng—1
(Mesr = ne)an, > D Qi
i=0
and

ni+1—ne—1

Olp, 2 C_i Z Qlpytsq
1=0

holds for all ¢ with probability one. Summing this with respect to ¢, we get

o0 1= N1 —rp—1 1 =
Z%LZEZ Z am+i:_zan:w
=1 t=1 =0 Crn=1
holds with probability one. Q.E.D.

An important extension of the above proposition is the following.

Lemma 14 Assume that oy, s a decreasing sequence and let d; be random numbers. Assume
that there exists a sequence IR, such that

> Pr(d; > Ry) < o0

t=1

and the R, thinwing of ¥, &, (that is ¥, cu,, where my = 1 and myp = my + Ry) still
converges to infinity. Then

oce
> o, =
=1

with probability one, where ny =1 and ny 1 = ny + dy.
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Proof: It is enough to prove that there exists a fixed T" such that d, < R, holds for allt > T
with probability one, since then i, > n, , and, thus, wm, < g, . for 7 = max{slnr_, <
mr}. Let A, = {w|d;(w) > R,}. The required statement is equivalent to

Pr(U®, i, A4,) =1. (34)

According to the Borel-Cantelli Lemma, in order to prove Equation (34) it is enough to show
that 3, Pr(4,) < oc However, this holds by assumption. Q.E.D.

The main result of this section is the following.

Theorem 12 Let o, = 1/n and assume that the dis are exponentially distributed with com-
mon parameters, that is there exist numbers p and q such that Pr(d, > k) < qp*. Then

oo
Z Qip, = OC
=1

with probability one, where ny =1 and ny1 = ny + d;.

Proof: We make use of Lemma 14. Let R, = (2/c)logt, where ¢ = log(1/p). Then,
Pr(d; > R;) = q/t? and, thus, >, Pr(d; > R;) < co. On the other hand, let m; = 1 and
me1 = |y +Re] = [my+(2/c)logt]. Then, m; < [(2/c)tlogt] can be proved by induction,

giving us
;ame Ei ’r “2 flOgtJ

: e

and proving the theorem. Q.E.D.

The implication of this result for Q-learning is this. If the policy followed by the learner is
eventually strongly ergodic, then the distribution of the visits of a state becomes exponential.
This means that it in Q-learning it is sufficient to consider a unique sequence of learning
rates together with sufficient exploration to ensure convergence to the optimal Q-function.

G CONVERGENCE OF Q-LEARNING FOR RISK-
SENSITIVE MODELS

Assume that both X and A are finite. Heger studied the risk-sensitive criterion defined by
(B 9)(z,a) = mingp..)-e 9(2, 0,y) and (& f)(z) = max, f(z,a). In this section, we will
prove the following thecorem (also proven by Heger [14]).

Theorem 13 Let
Qps (z,a) = {min (re + ’)’[@ Qt](?/t)aQt(-T:a‘)); if (z,a) = (x4, ae); (3

Q¢(, a); etherwise,

where (x4, a¢,y1,7¢) 15 the experience of the agent at time t, vy, is selected according to
P(z,a,-), and r¢ is a random variable with liminfe o p)=(zrarw) Tt = R, a,y) with prob-
ability one. Then, Q; converges to Q*, the fized point of operator K, KQ = B(R+7Q Q)
provided that Q¢ > Q" and every state-action pair is updated wn finitely often.
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Proof: We prove this theorem in two parts. First, we assume that r, = R(zy, ar,y,), i-e., 1y
is non-random. We want to use Theorem 3.1. Let our random operator sequence be defined
in the customary way:

[Tt(QI, Q)](:E, a) = { min (r; + v[® Qt](yt): Q(z, a)); if (z, a) = ('Tt; at);

Q'(z,a); otherwise,

It is immediate that T; approximates T at Q* provided that Qg > Q*. However, the definition
of an appropriate function F, seems to be impossible since Fj(z,a) < < should hold if
(z,a) = (4, ar). But, if 7, + ¥[® Q] () > Q(x, a), then T,(Q', Q*)(z,a) — TH(Q',Q)(z,a) =
(Q*(z,a) — Q(z, a), and there is no guarantee that 'Q*(z,a) — Q(z,a)! < ¥||Q — @Q*||. In the
other case, when r; + v[® Q] () < Q(z,a), TH(Q',Q*)(x,a) — TH(Q',Q)(z,a) = Q*(z,a) —
(R(z¢, as, ¥s) + ¥[&® Q](y:)), which scems much more promising since @*(z,a) = R(z, a,y) +
7[® Q*)(y) for y = argmin, R(x, a, z) +v[® Q*](z). If y = v, (by chance), then it follows that
T(Q, Q%) (z,a) — TH(Q', Q)(r,a) <~/Q— Q*". Since the case when (2,a) # (4, ay), i.c.,
when there is no update, is pleasant (G(z,a) = 1 and Fi(x,a) = 0), the idea is to restrict
the updates to the other tractable case when 1 = y.
Let the set of critical states for a given (x,a) pair be given by

M(z,a) = {y € X| P(z,0,9) > 0, Q" (z,a) = R(z,a,y) + 7 X Q] (y)}-
M (z,a) is non-empty since X is finite. Let us consider the artificial operators

Q. @)(rs0) = { 11+ M@ QU Q)5 (5:0) = )y € Mo o

Q) (z,a); otherwise

and the sequence (5 = Qo and @}, = T/(Q},Q;). Now, the question is whether it is
sufficient to consider the convergence of (). Fortunately, it is. Since there are no more
updates (decreases of value) in the sequence defined by T}, we have that Q* < Q; < @] and,
thus, if Q)] converges to QQ* then necessarily so does (). It is again immediate that 7T} still
approximates T at Q* and also that

[ 0; if (r,a) = (x¢,a;) and y, € M (2, a),
Gi(=,a) = { 1; otherwise.

Let us show that we can also define a suitable F; function for 7;. Assume first that
(x,a) = (1, a;) and y; € M(z,a). Note that we may assume that all the test functions are
overestimating, in particular in the inequality below we may assume that Q' > Q*.

IT(Q,Q)(z,a) — T/(Q,Q")(z,a) =min(r, + 1) Q) (), Qz,a)) — (1 + Q) Q1 (w:))
< 1+ 4Q Qlw) — (ri+ +(Q Q" 1(wr)
< (@ QW) — (KRR (w) < +1Q — @°]l.

In the other case, when (z,a) # (x4, a;) or y, & M(x,a) then

IT.(Q. Q) (z,0) - T{(Q, Q") (z,0)) = 1Q'(z,0) = Q'(z,a)| = 0.
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e (@,0) = (2, ) (2.0)
v, if (z,a) = (z,, ;) and y, € M(x. a),
Fiz,a) = {0; otherwise,

Condition (3) of Theorem 3.1 is satisficd if and only if the event {(x,a) = (24, a;),y; €
M(x,a)} occurs infinitcly often. By assumption, {(x,a) = (x4, a¢)} occurs infinitcly many
times and, since if y € M(x,a) then P(z,a,y) > 0 and since y, is sampled according to
P(z,a,), (z,a) = (z,,a),y, € M(z,a) occurs infinitely often, too. Finally, Condition (4) is
satisfied since, for all t, F)(z) = y(1 — G,(x)) holds.

Now, we turn to the second part of the proof which is based on an idea very similar in
spirit to the idea on which the proof of the first part was built. Assume that the rewards r;
are random and

liminf re = R(x,a,y)
(z:a,y)=(71 8¢,y e),t—00

with probability one and, thus, for each triple (z, a, y) we may choose a subsequence ) such
that (z,a,y) = (24, ar,, y¢,) for all k and

,}LIE.Ttk = R(z,a,y).

Let T(x,a,y) be the set of numbers {t,} when (z,, a;, ¥,) = (x, a,y). Further, let T(z,a) =
Uyen(z,a)T (2, a,y). The above proof can be repeated almost exactly, the only exception is
that we must further restrict the updates. Now let

TN, Q) (x, a) = { min (r; + Y[@ Q(v:), Q(z,a)); ift € T(x,a),

Q'(z, a); otherwise.

We still have that 7] approximates T at Q* with probability onc provided that Qo > Q*. As
in the previous case, we get that
[0y ifteT(x,a);
Gi(z,0) = { 1; otherwise

but the estimation of |T}(Q’, Q)(x, a) — T}(Q’, Q*)(x, @) must be changed. Assume first that
t € T(z,a). Then,

T(Q,Q)(x,a) - T/(Q, Q%) (,a)| (36)
min(r, + 7@ Ql(v), Q(z, @) — (R(z, a,4.) + 7[X) Q"1(v.))
< i+ ’)[® Q](yt) — (R(Jfa a, ) + ’7[® Q*](yt))
< Q- QI+ re — Rz, a,y,)]- (37)

Let o,(x,a) = Ir, — R(:x,a,y,)'. Note, that

Ha.}tlgzl"(z,a) 7 0) =0
with probability one. In the other case T/(Q',Q)(z,a) — T}(Q',Q*)(x,a)! = 0. Because of
the appearance of o4(z, a) in Inequality (37) instead of Condition 2 of Theorem 3.1 we have
that
T/(Q,Q)(x,a) = T/(Q, Q") (x, ) = Fy(z,a)(|Q — Q|| + Ae(, ),
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where

Voo [ ift €T (x,a),
Fi(z,0) = {0; otherwise,

and \(x,a) = oz, a)/vif t € T(x,a), \i(x,a) = 0, otherwise.
But, then the change in the proof of Theorem 3.1 is just superficial, namely, instead of
Equation (4) we have that (in the notation of Theorem 3.1)

Ser1(x) € Ge(z)d(2) + Fol2) ([|&]] + Ag + Ae(2)) (38)

where \y(z) converges to zero with probability one. However, this additional decaying pertur-
bation can be blended into A, and, thus, we see that our method still applies and @-learning

converges to (* in this case, as well. Q.E.D.
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