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Abstract: Electromagnetic or acoustic metamaterials can be described

in terms of equivalent effective, in general anisotropic, media and several

techniques exist to determine the effective permeability and permittivity

(or effective mass density and bulk modulus in the context of acoustics).

Among these techniques, retrieval methods use the measured reflection and

transmission coefficients (or scattering coefficients) for waves incident on a

metamaterial slab containing few unit cells. Until now, anisotropic effective

slabs have been considered in the literature but they are limited to the case

where one of the axes of anisotropy is aligned with the slab interface.

We propose an extension to arbitrary orientations of the principal axes of

anisotropy and oblique incidence. The retrieval method is illustrated in the

electromagnetic case for layered media, and in the acoustic case for array of

tilted elliptical particles.
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1. Introduction

Metamaterials have generated an intense research interest in recent years for their ability to pro-

duce unusual properties of wave propagations, in electromagnetism, acoustics, elasticity and for

water waves, see, e.g., [1–5]. These structures are most commonly made of a periodic arrange-

ment of unit cells, that may be very complex, and there is a need for proper characterization of

the resulting behavior at large scale in order to better understand and further exploit them.

The notion of effective parameters for metamaterials has been introduced in analogy with

the notion of homogeneous parameters defined for natural materials, being inhomogeneous at

small scales. This is a simplifying approximation expected to be valid when the scales of the

material inhomogenities are much smaller than the scale associated to the spatial variation in

the acoustic, or electromagnetic, field. In the low frequency regime, homogenization theory pro-

vides the effective parameters unambiguously (see, e.g, [6]) and recent studies have shown the

possibility to extend such approach to higher frequencies, typically when the unit cell presents

resonances [7]. Alternatively, and we may say more pragmatically, a popular method consists

in determining the effective parameters using an inversion technique [8–11] assuming that the

reflection and transmission coefficients by a metamaterial slab illuminated by a plane wave are

known. The idea beyond such methods is to get material properties with broadband validity

and to avoid mathematical approaches hardly suitable in practice. For resonant structures, this

means that the dependence of the effective parameters on the frequency are looked for, and this

may lead to negative effective parameters [11–15]. For non resonant structures, the parame-

ters are expected to remain relatively unchanged but the idea is to get more accurate parameter

values in the frequency range of interest [16–18] (more accurate than the values obtained from

homogenization). As pointed out in [19], the main virtue of this technique is that it does not

require any assumption except that the concept of effective medium is valid, which is not inci-

dental [20–24].

The retrieval method leads to the effective refractive index n and the impedance ratio ξ
(between, say, air and the effective medium) using the reflection and transmission coefficients

through a thin slab containing few unit cells of the metamaterial. In its initial form, the method

was adapted to isotropic effective medium and the method used the scattering properties of a

slab illuminated by plane waves incident normally to the slab interfaces. Firstly proposed by

Smith in 2002 [12] in the context of electromagnetic waves, the method has been improved to

the case of an asymmetric slab [9], to the case of an isotropic effective medium with obliquely

incidences [25] and to the case of an anisotropic effective medium with normal incidence [26]

and with oblique incidence [27]; however, in [26, 27], it was assumed that the interfaces were

parallel to one principal axis of anisotropy. In addition to these improvements, the ambiguities

in the inversion technique have been clearly addressed [19, 28].

Note that in 2007, Fokin and coauthors propose a slightly different retrieval method [11] in

the context of acoustic waves. Although the situation in both contexts of waves is strictly the

same in two dimensions (except there is no polarization option in acoustics), the two literatures,

in acoustic and electromagnetism, remain largely separated.

In this paper, the main remaining restriction of the retrieval methods, namely the assump-

tion that the principal directions of anisotropy coincide with the directions of the unit cell, is

addressed (angle α in Fig. 1). This is done together considering oblique incidence of the plane

wave on the air-metamaterial interface (angle θ ). This may be of practical importance. Indeed,

retrieval methods have been applied to characterize anisotropic metamaterial with α = 0, and

have revealed interesting phenomena: the design of anisotropic metamaterials with negative

index operating at variety of incidence angles [29], the highly directive emission of a source

embedded in an anisotropic metamaterial [30,31], the design of a slab lens with low loss using

an anisotropic metamaterial with negative properties involving pure dielectric rod-type struc-
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ture, the rainbow-like emission of a source placed in a uniaxial metamaterial slab [32], the

inversion of the Brewster angle in anisotropic metamaterials with negative properties. We think

that the ability to inspect effective properties when the resulting anisotropy is not aligned with

the unit cell (thus, α 6= 0) may open doors to interesting applications.

The paper is organized as follows. In Sec. 2, the 2D wave equations for electromagnetism

and acoustic are briefly recall, to clarify the equivalences. In Sec. 3, the retrieval method for

anisotropic effective media and oblique incidence is presented. This is done following [11]

and by considering first the case α = 0 (Sec. 3.1). Although a similar calculation has been

already done in [27], this "warm up" allows to better understand the case α 6= 0 (presented in

Sec. 3.2). Indeed, contrary to what is said in [28], the case of an isotropic slab (even at oblique

incidence) has strong differences with the case of an anisotropic slab with arbitrary principal

axes. Sec. 4 presents results in the particular case of layered media, for which available results

coming from the homogenization theory have been tested [33]. In this particular configuration,

our retrieval technique is validated, and the variations of the retrieved effective parameters with

the frequency and the anisotropy angle are inspected. We also report in Sec. 5 results of the

retrieval method for array of tilted elliptical particles (the acoustic case is considered here).

2. 2D Wave equation in anisotropic media for electromagnetic and acoustic waves

In this section, the 2D wave equations for wave propagating in an anisotropic medium is briefly

derived, for electromagnetic polarized waves and for acoustic waves. A time harmonic depen-

dence e�iωt is assumed in the following.

First, we define in electromagnetism the permittivity tensor εdiag and permeability tensor

µ
diag, and in acoustics, the mass density tensor ρdiag (the bulk modulus B is assumed to be

scalar) expressed in the principal directions (X ,Y,Z)

εdiag =

0

@

εX 0 0

0 εY 0

0 0 εZ

1

A , µ
diag =

0

@

µX 0 0

0 µY 0

0 0 µZ

1

A , in electromagnetism,

ρdiag =

0

@

ρX 0 0

0 ρY 0

0 0 ρZ

1

A , in acoustics.

(1)

The equations can be solved in a (x,y,z = Z) space deduced from (X ,Y,Z) by a rotation R of

angle α in the (x,y) plane,

R=

0

@

cosα sinα 0

�sinα cosα 0

0 0 1

1

A , (2)

and we get

in electromagnetism

⇢

∇⇥E = ik( t
Rµ

diag
R)H,

∇⇥H =�ik( t
Rεdiag

R)E,

in acoustics

⇢

∇p = ik( t
Rρdiag

R)u,
B∇ ·u = ikp,

(3)

which correspond to the Maxwell equations for the electric field E and the magnetic field H, and

to the Euler equations for the pressure p and velocity u, respectively. In the 2D case, the medium

does not couple the electric E and magnetic H fields and for polarized waves, either Transverse

Magnetic (TM) for which H = (0,0,H) or Transverse Electric (TE) for which E = (0,0,E). A
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wave equation for respectively E or H similar to Eq. (5) is obtained, namely,

∇ ·

✓

1/εx 1/εxy

1/εxy 1/εy

◆

∇H

�

+µZk2H = 0, TM waves,

∇ ·

✓

1/µx 1/µxy

1/µxy 1/µy

◆

∇E

�

+ εZk2E = 0, TE waves.

(4)

In the context of acoustics, 2D case corresponds to a configuration where the pressure field

p(x,y) and velocity u(x,y) do not depend on z and we get

∇ ·

✓

1/ρx 1/ρxy

1/ρxy 1/ρy

◆

∇p

�

+
k2

B
p = 0, (5)

with the definitions and correspondances indicated in the Table 1.

Table 1. Coefficients in the 2D wave equation for anisotropic media in electromagnetism

and acoustics.

Electromagnetics (TM) Electromagnetics (TE) Acoustics

Magnetic field H = (0,0,H) Electric field E = (0,0,E) pressure field p

If α = 0, 1/εY 1/µY 1/ρX

If α = 90�, 1/εX 1/µX 1/ρY

Otherwise (arbitrary α),

1

εx

=
sin2 α

εX

+
cos2 α

εY

1

µx

=
sin2 α

µX

+
cos2 α

µY

1

ρx

=
cos2 α

ρX

+
sin2 α

ρY

1

εy

=
cos2 α

εX

+
sin2 α

εY

1

µy

=
cos2 α

µX

+
sin2 α

µY

1

ρy

=
sin2 α

ρX

+
cos2 α

ρY

1

εxy

=�
sin2α

2

✓

1

εX

�
1

εY

◆

1

µxy

=�
sin2α

2

✓

1

µX

�
1

µY

◆

1

ρxy

=�
sin2α

2

✓

1

ρX

�
1

ρY

◆

µZ εZ 1/B

3. Retrieval method

The basic idea of the retrieval method lays in the assumption that the scattering properties of

the medium, Fig. 1(a), can be described by the scattering properties of an equivalent effective

homogeneous anisotropic medium, Fig. 1(b).

We start with the warm-up case α = 0, already considered in [27]. First, (R,T ) are deter-

mined in the configuration of Fig. 1(b), afterwards the retrieval method is presented. Then, the

case α 6= 0 is presented.

3.1. Case of anisotropy direction α = 0

To begin with, the retrieval method is presented assuming α = 0. Outside the slab, say, in air,

the wave field H satisfies (∆+ k2)H = 0. In the slab, that contains several unit cells in [0,`y],
the wavefield satisfies

∇ ·

✓

1/εY 0

0 1/εX

◆

∇H

�

+µZk2H = 0, (6)
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Fig. 1. (a) Typical configuration of the real medium, the reflection R and transmission T

through a slab containing few cells (otherwise `x-periodic in the x-direction) are calcu-

lated for an obliquely incident plane wave with angle θ and wavenumber k. (b) Effective

anisotropic medium leading to the same scattering properties (R and T ).

and (εX ,εY ,µZ) are the permittivities and permeability relative to the permittivity εext and per-

meability µ
ext outside the slab (and k2 = ω2εext

µ
ext ). The wave field inside and outside the slab

can be written
8

>

>

<

>

>

:

H(y  0) = eik sinθx
h

eik cosθy +Re�ik cosθy
i

,

H(0 < y  `y) = eik sinθx
h

aeinky +be�inky
i

,

H(`y  y) = eik sinθxTeik cosθ(y�`y)

(7)

where nk = kY denotes the horizontal effective wavenumber (n is the index of the effective

medium). Applying the continuity, at each interfaces y = 0 and y = `y, of the field H and

∂yH/εX (inside the slab) and ∂yH (outside the slab), we get the reflection R and transmission T

coefficients

R =
(1�ξ 2)(eink`y � e�ink`y)

(1+ξ )2e�ink`y � (1�ξ )2eink`y
, T =

4ξ

(1+ξ )2e�ink`y � (1�ξ )2eink`y
(8)

where R = R(θ), T = T (θ) and, for TM waves,

n ⌘
kY

k
=

r

µZεX �
εX

εY

sin2 θ , ξ =
εX cosθ

n
. (9)

In [34], the case of TE waves is considered. The authors obtain (with our notations)

n =

r

εZ µX �
µX

µY

sin2 θ , and ξ =
µX cosθ

n
, (10)

and ξ is used to calculate the reflection coefficient for a single interface Rhs = (ξ �1)/(ξ +1),
afterwards R is deduced (see Eq. (3) of [34]).

At this stage, let us just make a parenthesis and stress the analogy with the acoustics case:

n =

r

ρY

B
�

ρY

ρX

sin2 θ , and ξ ⌘
ρY cosθ

n
. (11)

The above expressions are in agreement with the equivalents given in the Table 1.

Next, we come back to the retrieval method. Following [11], it is easy to show that n and ξ
can be calculated from (R,T ) owing to the relations

8

>

>

>

<

>

>

>

:

n =
i

k`y

"

log
(1�R2 +T 2 + ξ̃ )

2T
+2imπ

#

, with ξ̃ ⌘±

q

(1�R2 +T 2)2 �4T 2,

ξ =
ξ̃

(1�R)2 �T 2
,

(12)
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with m an integer. The determination of the sign in ξ̃ is known as "sign ambiguity", and the

problem of the 2π-multivaluation of n (choice of m) as "branch ambiguities". These ambiguities

have been addressed in [19,28] and they are disregarded here. For weak scattering, these ambi-

guities are easy to solve. Indeed, we expect in that case R ⇠ 0 and T ⇠ eik cosθ`y , associated to

an almost perfect impedance matching ξ ⇠ 1 and to almost equal horizontal wavenumbers: nk

in the slab and k cosθ outside, namely n ⇠ cosθ . Then, ξ̃ = [(1�R)2 �T 2]ξ ⇠ (1�e2ik cosθ`y)
(which answers the sign ambiguity) leading to n ⇠ cosθ in Eq. (12) if the principal determina-

tion is considered, (branch m = 0).

The steps of the inversion towards the effective parameters are as follows:

1. n(θ) and ξ (θ) are computed from (R,T ) according to Eq. (12).

2. εX = ξ (θ)n(θ)/cosθ , from Eq. (9), is deduced.

3. n and εX being known, the function n2/εX =C1 �C2 sin2 θ can be fitted as a function of

θ to get µZ =C1 and εY = 1/C2, Eq. (9).

In the following, we adapt this inversion to the case where α 6= 0.

3.2. Case of tilted principal axes, α 6= 0

If α 6= 0, the wave field H satisfies the wave equation (Eq. (3))

∇ ·

✓

1/εx 1/εxy

1/εxy 1/εy

◆

∇H

�

+µZk2H = 0, (13)

with
8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

1

εx

=
cos2 α

εY

+
sin2 α

εX

,

1

εy

=
sin2 α

εY

+
cos2 α

εX

,

1

εxy

=�sinα cosα

✓

1

εX

�
1

εY

◆

.

(14)

The main difference with the previous calculation of R and T is that the horizontal wavenumber

of the right- and left- going waves in the slab are not just of opposite sign. Denoting them k±,

the field inside the slab can be written

H(0 < y  `y) = eik sinθx
h

aeik+y +beik�y
i

. (15)

Inserting this form in the wave equation (13), we get the dispersion relation

k±
2
/εy +2k±k sinθ/εxy + k2(sin2 θ/εx �µZ) = 0, (16)

leading to

k± =�
εy

εxy

k sinθ ±nk, with n ⌘

s

µZεy �
ε2

y

εX εY

sin2 θ , (17)

where we have used 1/(εxεy)�1/ε2
xy = 1/(εX εY ). At the interfaces y = 0 and y = `y, we apply

the continuity of the field H and the continuity of ∂yH outside the slab and ∂yH/εy + ∂xH/εxy

inside the slab. We get

R =
(1�ξ 2)(eink`y � e�ink`y)

(1+ξ )2e�ink`y � (1�ξ )2eink`y
, T =

4ξ e�ik`y sinθεy/εxy

(1+ξ )2e�ink`y � (1�ξ )2eink`y
(18)
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and in this case, n and ξ are defined by

n ⌘

s

µZεy �
ε2

y

εX εY

sin2 θ , ξ ⌘
εy cosθ

n
. (19)

Obviously, α = 0 leads to 1/εxy = 0, εx = εY and εy = εX , which is consistent with the

previous calculation.

To extend the retrieval method to this case, the main problem is that εxy appears only in the

expression of T through a phase term that is unknown a priori. Thus, it will not be possible to

build combinations of R and T able to isolate n or ξ only, as it is done for α = 0, Eq. (9). This

phase term has to be eliminated first, before any combination of R and T . This is a preliminary

step in the inversion, which consists in building a phase compensated transmission coefficient

Tc, and this requires T (θ) and T (�θ) to be known. If so, it is sufficient to remark that θ !�θ
affects the extra phase term but does not affect ξ and n, and this leads to

e�2ik`y sinθεy/εxy =
T (θ)

T (�θ)
, (20)

from which we deduce

Tc(θ)⌘
p

T (�θ)T (θ) =
4ξ

(1+ξ )2e�ink`y � (1�ξ )2eink`y
, (21)

Now, the inversion procedure can be apply straightforwardly to (R,Tc) following the same

steps as described in Sec. 3.1:

1. n(θ) and ξ (θ) are computed from (R,Tc) according to Eq. (12)

2. εy = ξ (θ)n(θ)/cosθ , from Eq. (19), is deduced.

3. n and εy being known, the function n2/εy = C1 �C2 sin2 θ can be fitted as a function of

θ to get µZ =C1 and εX εY = εy/C2.

At that stage, εy and the product εX εY have been determined and two more steps are needed

to get (εxy,εx):

4. From Eq. (20), εxy can be calculated, and this may be done by fitting Eq. (20) or by using

a direct inversion (εxy =�2ik`y sinθεy/ log[T (θ)/T (�θ)]). Note that a fitting procedure

is possible here since εxy is expected to be independent of θ (at least in a certain range of

θ ), which is not the case for n in Eq. (12).

5. Finally, εx is determined using

1

εx

=
εy

εX εY

+
εy

ε2
xy

. (22)

The full tensor can be described equivalently by (εX ,εY ,α) owing to
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where we assume εX  εY and

8

>

>

>

>

<

>

>

>

>

:

α = sin�1

"
s

1/εY �1/εx

1/εY �1/εX

#

, if εxy  0

α = 180�� sin�1

"
s

1/εY �1/εx

1/εY �1/εX

#

, if εxy > 0,

(24)

where the determination of α is done in [0,180�]. The choice to assign the largest permittivity

to the axis X in Eq. (23) is not restrictive since it only reflects the equivalence between the

situations, for say ε1 < ε2, (εX = ε1,εY = ε2,α) and (εY = ε1,εX = ε2,90�+α).
In the following sections, we illustrate our retrieval method in two cases: (1) the case of lay-

ered medium and we inspect the influence of the anisotropy direction α and of the wavenumber

k on the retrieved parameters (electromagnetic wave are considered) and (2) the case of arrays

of tilted elliptical particles and we inspect the influence of the array size, beyond the domi-

nant effects of the filling fraction and of the orientation of the particles (acoustic waves are

considered).

4. Results for layered dielectric media

The results presented in this section corresponds to a structure made of layers (slab, see Fig. 2).

The layers are composed of alternating air and a dielectric material chosen with parameters

relative to those of air ε1 = 10 and µ1 = 0.2, with periodicity d and filling fraction ϕ = 0.5. In

the low frequency regime, layered structures are in general well described by homogenization

theory [6,33]; for comparison with the retrieved effective parameters, we give the values of the

homogenized parameters

⇢

ε
homog
X = (1�ϕ +ϕ/ε1)

�1 = 1.818, ε
homog
Y = 1�ϕ +ϕε1 = 5.500,

µ
homog = 1�ϕ +ϕµ1 = 0.6,

(25)

with the notation of Eq. (6) (for α = 0, εx = εY and εy = εX ). To apply the retrieval method,

one consider a slab composed of two unit cells (`x = d/cosα , `y = 2d/sinα when α 6= 0 -

see Fig. 2 - and `x = d, `y = 2d when α = 0). Along the x-direction, periodic, or Floquet,

boundary conditions are imposed. Numerical calculations are performed using a multimodal

method, similar to the Rigorous Coupled Wave Approach [35, 36]. From the numerics, the

(R,T ) coefficients are calculated, and allow then to deduce the retrieved parameters.

Fig. 2. Configuration of the study. The slab contains slanted layers, made of alternating air

and a material with parameters relative to those of the air ε1 = 10 and µ1 = 0.2; the wave

is incident with angle θ and we measure R and T .
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4.1. Validation of the retrieval method

To begin with, and to anticipate on the validation of our retrieval method, Figs. 3 and 4 show

the comparisons between two wavefields, in the cases α = 0 and α = 45�, respectively: the

wavefield computed considering the real structure (direct numerics, Figs. 3(a) and 4(a)), and

the wavefield computed in an effective anisotropic slab of length L with parameters deduced

from the retrieval method (Figs. 3(b) and 4(b)). For α = 0 and kd = 0.5, we get εX = 1.880,

εY = 4.573 and µZ = 0.612, and for α = 45� and kd = 0.25, we get εX = 1.848, εY = 5.014

and µZ = 0.605. Also, in both cases, the value of the angle α is correctly retrieved (values are

found to be respectively 0 and 44.62�).

Comparisons are presented for α = 0 and kL = 5 (Fig. 3) and for α = 45� and kL = 2.5
(Fig. 4). As it can be seen, not only the scattering coefficients are correctly restituted (these

scattering coefficients give the field outside the slab, and we find few percents of discrepancy

on R and T in the presented cases), but also the fields inside the slab. The reader may notice

however the scars visible in the wavefield obtained from direct numerics inside the layered

structures (the layers are represented on only half of the slab to make visible the wavefield

inside the slab).

Fig. 3. (a) Propagation of an incident plane wave (with θ = 45�) through a slab with kL= 5,

containing a layered structure with kd = 0.5 and α = 0 (the layers are represented only on

half of the slab to make visible the wavefield inside the slab). (b) Propagation through the

slab (kL = 5) filled with the effective anisotropic medium defined by the retrieved parame-

ters (α ' 0, εX = 1.880, εY = 4.573 and µZ = 0.612).

Fig. 4. Same representation as in Fig. 3 for (a) slanted layers in a slab with length kL =
2.5, with kd = 0.25 and α = 45�. (b) The effective parameters derived from the inversion

method are α = 44.62�, εX = 1.848, εY = 5.014 and µZ = 0.605.

To be more explicit, we now illustrate the different steps of our retrieval method in the case
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α = 45�. The preliminary step is illustrated in Fig. 5, for α 6= 0, where the compensated trans-

mission coefficient Tc is obtained from T (θ) and T (�θ), Eq. (21).

Fig. 5. Illustration of the preliminary step of the retrieval method: Calculation of the com-

pensated transmission coefficient Tc, Eq. (21). Here T (θ) and T (�θ) have been calculated

for slanted layers with α = 45� and kd = 0.5.

Then, Figs. 6 and 7 show the retrieved index n, the impedance ratio ξ (step 1), and the

parameter εy that is deduced from the previous two (step 2). In the presented cases, the sign

ambiguity has been solved by selecting the sign of ξ̃ (from Eqs. (9) and (12), with cosθ > 0 and

assuming εY > 0) in order to impose the real part or the imaginary part of n to be positive; this

corresponds to the selection of a right-going wave of the form einky with n either real positive

for propagating waves (in the convention e�iωt ), or imaginary positive for an evanescent wave.

Also, for our relatively low contrasts in mass density and bulk modulus, it has been sufficient to

consider the principal determination of n in Eq. (12) (branch m = 0) and no branch ambiguity

has appeared when varying the parameters θ , α and kd in the considered ranges.

Fig. 6. Step 1 of the retrieval method (main step): the impedance ratio ξ (θ) and the effective

index (along the x-axis) n(θ) are retrieved, Eq. (12); for kd = 0.01 (�, blue), 0.1 (•, red)

and 0.5 (⇧, green).

Fig. 7. Step 2: εy is deduced from ξ and n; the final corresponding εX values are indicated.

Same color and symbol conventions as in Fig. 6 are used.
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In Fig. 7, it can be observed that the retrieved results for εy calculated at different incidence

angles agree well with each other for low kd with a small variation which increases with kd;

this is expected since the assumption that the layered medium behaves as an effective medium

fails when the wavelength becomes able to inspect the microstructure of size d. To anticipate,

the values of εX (obtained after the whole retrieval procedure has been done) is indicated in

each case in Fig. 7. As expected, it is angle and frequency independent, and it is found to be

close to the homogenized one.

Finally, Fig. 8 illustrates the step 3 of the retrieval method; a fit of the quantity n2/εy is

performed to determine µZ and the product εX εY and Fig. 9 illustrates the step 4, where εxy is

determined from T (θ)/T (�θ); here, a fit of T (θ)/T (�θ) has been performed in the form of

a complex exponential function, according to Eq. (20).

Fig. 8. Step 3: Determination of µZ and of the product εX εY by fitting the quantity n2/εy =
µZ � sin2 θεy/εX εY . Symbols correspond to the retrieved values (with the same color and

symbol conventions as in Fig. 6), and plain lines to the fit.

Fig. 9. Step 4: T (θ)/T (�θ) is fitted to find εxy, Eq. (20).

The step 5 is straightforward: εx is deduced from Eq. (22), since εy and the product εX εY have

been retrieved. We find εx = 2.660,2.664 and 2.750 for kd = 0.01,0.1 and 0.5 respectively.

As previously said, alternatively to the components (εx,εy,εxy) of the permittivity tensor, we

can calculate the full set of retrieved parameters (εX ,εY ,µZ ,α), Eqs. (23)-(24). They are given

below

• For kd = 0.01, εX = 1.845, εY = 4.944, µZ = 0.607, α = 0.774,

• For kd = 0.1, εX = 1.846, εY = 4.953, µZ = 0.606, α = 0.775,

• For kd = 0.5, εX = 1.855, εY = 5.215, µZ = 0.603, α = 0.780.

Although we have not considered the extreme low frequency regime, the retrieved parame-

ters are in quite good agreement with the homogenized parameters, Eq. (25), which are known
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to properly describe layered structures. This tends to validate our retrieval method. In the fol-

lowing section, we further inspect the retrieval method for varying α and kd.

4.2. Inspection of variations in α and k

Our retrieval method has been applied for varying α values, and kd = 0.01,0.1 and 0.5. The

results are shown in Fig. 10 for the set of parameters (εx,εy,εxy) and µZ . For α > 20�, a slab

containing two unit cells `y = d/sinα has been considered. However, as α goes to zero, the

length of the unit cell diverges; thus, we have imposed a fixed value of `y corresponding to

α = 20�; this makes the results for α < 20� less reliable since the wave does not capture the

periodicity of the structure along the y-axis, particularly for larger wavelength (this is why the

results for kd = 0.5 and α < 20� have been omitted in the plots). For comparison, we have

reported the behaviors of µZ and of (εx,εy,εxy) coming from homogenization theory, using the

values given by Eq. (25) in Eq. (14). It can be seen that the retrieved parameters are close to the

homogenized one, which is expected for these layered structures.

Results for varying kd are reported in Fig. 11. To change the representations, we show

(εX ,εY ), the retrieved angle αr, and µZ , and corresponding homogenized values are reported.

Again, the retrieval values are close to the homogenized ones, with significant variations (some-

time outside the plot) for kd approaching unity.

Fig. 10. Variation of the retrieved parameters with α , for kd = 0.01 (�, blue), kd = 0.1
(•, red) and kd = 0.5 (⇧, green). Gray dotted lines correspond to the homogenized values,

Eqs. (25) and (14).

5. Results for tilted elliptical particles and acoustic waves

As presented in Section 2, the case of acoustic waves is similar to the case of electromagnetic

waves. In this section, we consider periodic arrangements of elliptical particles with relative

(with respect to the surrounding medium) mass density ρ1 = 100 and relative bulk modulus

B1 = 200. The particles are on a square lattice `x-periodic, and they are defined by the major

and minor diameters a = 0.8`x and b = 0.2`x; being the case, they can be tilted by an angle α
inside the unit cell (Figures 12).

As first attempts, we consider the array of the Figure 12(b) with α = 45�. The retrieval

method is performed starting from (R,T ) calculated for `y = 4`x and k`x = 10�2; we find

αr = 44.4� (close to value of the tilt angle α = 45�) and

ρX = 1.171, ρY = 1.785, B = 1.138. (26)
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Fig. 11. Variation of the retrieved parameters (as defined in Eq. (6)) as a function of kd, for

α = 0 (�, blue) and α = 45� (⇧, green). Gray dotted lines correspond to the homogenized

values, Eqs. (25).

Fig. 12. Square lattices of tilted elliptical particles; the unit cell is square `x ⇥ `x and (a,b)
are the major and minor diameters. Note that tilting the ellipse inside the unit cell produces

an array (b) with arrangement different from tilting the whole array (a). The surrounding

medium has normalized mass density and bulk modulus; the elliptical particles have relative

mass density ρ1 and relative bulk modulus B1.

These values are consistent with the results available in the literature for this configuration.

Indeed, B is close to Bth, the volume average of the bulk moduli in the unit cell; with ϕ =
πab/4`2

x the filling fraction of the particles, we have

Bth = [ϕ/B1 +1�ϕ]�1 = 1.143, (27)

often refereed as Wood’s law, see, e.g., [37]. For the effective density tensor, a simple expres-

sions of (ρX ,ρY ) is given in the dilute limit (small ϕ-values, and ϕ ' 0.126 in our case) [38].

This derivation is performed for electromagnetic waves and for an array corresponding to α = 0

(Eq. (38) in this reference); we give below the acoustic equivalent (accounting for the non con-

venient equivalences εX ! ρY and εY ! ρX ):

8

>

>

<

>

>

:

ρ th
X =

2� rX �ϕ +ρ1(rX +ϕ)

2� rX +ϕ +ρ1(rX �ϕ)
' 1.168,

ρ th
Y =

2� rY �ϕ +ρ1(rY +ϕ)

2� rY +ϕ +ρ1(rY �ϕ)
' 1.853,

(28)

where we have defined rX ⌘ 2a/(a+b) and rY ⌘ 2b/(a+b). The agreement with our retrieval

values is reasonable (with differences less than 4%).

To get insight of the robustness of the retrieval parameters, we use the values of (ρX ,ρY ,B)
(in Eq. (26)) to characterize the effective behavior of arrays at significant higher frequency
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k`x = 0.25, for a larger slab L = 50`x and for three α values (α = 0, 45�, 90�). Figures 13

show the fields calculated for an incident wave propagating through the real lattices, compared

with the fields calculated for an incident wave propagating through the slabs filled with the

effective anisotropic media; we used the effective parameters previously determined, Eq. (26)

and the direction of anisotropy is fixed by the tilt angle α . The agreement is good in the three

cases.

Fig. 13. Top panel: Propagation of an incident wave (with θ = 45�) through a slab with

length L = 50`x containing tilted elliptical particles in a square lattice with unit cell of size

k`x = 0.25 (the ellipse is given by a = 0.8`x, b = 0.2`x). The particles are materialized with

black line only on the lower part of the slab; the insets show a single particle in the unit cell.

Bottom : Propagation through the slab of same length filled with the effective anisotropic

medium defined using the retrieved parameters (ρX = 1.171, ρY = 1.785, B = 1.138), and

(a) α = 0, (b) α = 45�, α = 90�.

The observed agreement, although intuitive, is not so trivial : indeed, the particles have been

tilted by α inside the unit cell, but the lattice remains a square lattice; this is not the case if the

whole array (at α = 0) is tilted of α; for instance, rotating the whole array of angle α = 45�

would result in a hexagonal lattice while it remains a square lattice in our case. This suggests

that the composition (ρ1,B1), the filling fraction ϕ and the orientations α of the particles are

the pertinent parameters which characterize the effective medium, at least at leading order (as

in the theoretical expressions Eqs. (27) and (28)).

To be more quantitative, we report in Figure 14 the variations of the retrieved parameters

(ρX ,ρY ,B,αr) as a function of α; the retrieval method has been applied for k`x = 10�2 and

with `y = N`x, N = 5,15 and 30.

As a first comment, the retrieved parameters (ρX ,ρY ,B) are found to be rather constant and

the retrieved angle of anisotropic αr is found to coincide with the tilt angle α within 2% for any

N. This is consistent with the conclusions drawn from the fields in Figure 13, that the effective

medium is not very sensitive to the type of lattice. Note also that (ρX ,ρY ) satisfy the symmetry

α ! (180��α), as expected.

Then, two facts are remarkable. (1) The amplitude in the variations of (ρX ,ρY ) does not

decrease with N, and the amplitude is quite significant for ρX (10 %). We also checked that

it does not decrease for lower frequencies. We think that this variation may be attributable

to the change in the lattice configurations when α varies, as previously commented. (2) An

influence of N, the size of the array chosen for the inversion, has visible consequence. On the

one hand, the retrieved bulk modulus B slightly increases with N. On the other hand, for ρX and

ρY , the symmetry α ! (90��α) is only approached for increasing N values. These two facts

illustrate the "size dependance" of the effective anisotropic medium, which is a second order

effect, compared with the dominant order (influence of (ρ1,B1), ϕ). Indeed the symmetry α !
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Fig. 14. Variation of the retrieved parameters with α for N = 5 (�, blue), N = 15 (•, red)

and N = 30 (⇧, green). Dotted gray lines are the theoretical predictions, Eqs. (27) and (28).

(90��α) is expected for infinite lattices; for small N, it turns out that the effective parameters

of an array with elongated particles orientated along x (square lattice with α = 0) or orientated

along y (square lattice with α = 90�) are not identical. This is illustrated further in the last

Figure 15 where we report the variations of the effective parameters with the array size N for

α = 0 and α = 90�. While αr is found independent of N (within 2% variation), the retrieved

parameters ρX (and ρY ) for α = 0 and 90� tend to a commun value only asymptotically for

large N.

Fig. 15. Variation of the retrieved parameters with the array size N (`y = N`x) for α = 0

(�, blue) and α = 90� (⇧, green). The dotted gray lines indicate the theoretical predictions,

Eqs. (27) and (28).).
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6. Concluding remarks

We have proposed an extension of the well-known parameter retrieval method toward oblique

incidence and arbitrary anisotropy directions of the effective medium. The retrieval method has

been validated in a simple case of slanted layer structures, where the homogenization theory of

layered medium is known to produce accurate results in the low frequency regime. Consistent

results have been found for the retrieved parameters. We also reported results for tilted elliptical

particles in the acoustic case; again, the retrieved parameters were consistent with available

results of the literature, with dominant effects being due to the composition, the filling fraction

and the orientation of the particles; beyond these dominant effects, the weak influence of the

size of the medium has been evidenced.

However, in both cases, the effective parameters have been shown to be roughly independent

on the characteristics of the incident wave (providing that the assumption of low frequency

regime is reasonably satisfied). In many cases of interest, this is not the case; complex resonant

structures are at least dependent on the frequency and may even depend on the incidence angle,

and, in the worth cases, on the sample shape and size [23]. In these cases, the concept of

effective medium becomes questionable or meaningless; enlightening critical discussions on

this problem can be found in [21, 24, 25]. It is stressed in [25] that the retrieved parameters

have to be understood rather as wave parameters able to restitute the scattering properties of

the structure than as material parameters, independently of the scattering problem. Obvisouly,

the interest in determining these effective parameters is to avoid heavy computations of a real

macrostructure including its microstructure. Note that this implies at least the wave parameters

to be independent on the size of the structures. With respect to this goal, it is of interest to

introduce a conceptual homogeneous medium, associated to a known physics (its response

with respect to wave propagation) and because the structures are involved, it is of interest that

this medium possesses many degrees of freedom. This is the reason for previous improvements

of the retrieval method and it is the meaning that we attribute to the extra degree of freedom

considered in the present study (the angle α of the principal direction of anisotropy). Adding

more and more degrees of freedom (within a prescribed known wave physics) should help to

isolate more material parameters and less wave parameters. At least, this is what we can expect

from such improved models.
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