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GENERALIZED MOTION OF HYPERSURFACES
WHOSE GROWTH SPEED DEPENDS
SUPERLINEARLY ON THE CURVATURE TENSOR
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Kyushu University, Fukuoka 812, Japan

(Submitted by: Y. Giga)

Abstract. We prove a comparison principle for viscosity solution with finite speed for its
level set, which solves degenerate parabolic equations with discontinuity. We also prove
the (global) existence of solution in the class of viscosity solution with finite speed for the
initial value problem. Our comparison and existence results yield a unique global-in-time
generalized solution to interface evolution equations whose speed grows superlinearly in
curvature tensors.

1. Introduction. Let I'(t) be an interface bounding the whole space RY
(N > 2) into two phases at time t > 0. To write down the equation of I'(t) we
temporarily assume that I'(t) is the smooth boundary of the open set D(t). The
evolution of I'(t) that we consider here depends locally on its normal vector field
and curvature tensors.

Let 7 = 7i(t, z) denote the unit exterior normal vector field to I'(t) = 8D(t) at
z € I'(t). It is convenient to extend 7 to a vector field, still denoted by 7, on a
tubular neighborhood of I'(t) such that i is constant in the normal direction of
I'(t). Let V = V(t, %) denote the growth speed of I'(t) at 'z € I'(¢) in the exterior
normal direction. In this paper, as a continuation of [5] and [14], we study the
evolution equation of form

V=7Ff(#VR) onl(t), t>0. (1.1a)
Here f is a given continuous function and V stands for spatial derivatives. We

are interested in constructing global-in-time solutions (family) {I'(t)}:>0 to the
evolution equation (1.1a) under the initial condition

I(t)le=0 = To, (1.1b)
where I is an arbitrary given (compact) initial interface.
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Since the solution of (1.1a,b) may develop singularities in a finite time, even for
the mean curvature flow equation

V=—divi (1.2)

with smooth initial data (see [20], and also (1], [2], [29]), we are forced to introduce
a notion of generalized solution in order to track down the evolution of I'(t) at all
time.

The generalized solution was introduced by Chen, Giga and the author (see [5],
and also [14]), and independently by Evans and Spruck (see [9] where only (1.2) is
discussed). The basic idea in both approaches is to describe the interface I'(t) in
the form of a level set of some function u, called a definition function of I'(t), and
then to discuss the evolution of u. We call this the level set approach.

If equation (1.1a) is degenerate parabolic and if f grows linearly in V7, then we
can claim the unique global existence of the generalized solution for (1.1a,b) (see
[5]). A typical example is the mean curvature flow equation (1.2). Our goal is to
extend these results to the case of the function f which is superlinear in V7, for
example

V = —(divi)?, (1.3)

so we only assume here that (1.1a) is degenerate parabolic.
Other important examples were found in two-phase thermomechanics by Gurtin
(see [21] and references therein): -

BRER, V)V (i 6(3: gf i) +c> (1.4)

where 8 is a positive function, H is positively homogeneous of degree one and c is
a constant. If 5 =1, H = |p| and ¢ = 0, then (1.4) is the mean curvature flow
equation (1.2). When S is independent of V, equation (1.4) is linear in V7 (see
[6] and [26]). We are interested in the case of § depending on V. For example, if
B =V~23 H=|p| and c = 0, then equation (1.4) is equal to (1.3).

To explam the dlfﬁculty in solvmg (1.8), we recall the level set approach (see e.g.
[14]). Let us assume the existence of the (smooth) interface I'(t) for all ¢ € [0, c0).
Let u be a real valued (continuous) function over [0, c0) X RY such that

I'(t)={z € RY :u(t,z) =0} and D(t)={z € R :u(t,z) > 0}. (1.5)
If the function u is C? and Vu # 0 near I'(t), then the relation
fi=—Vu/|[Vu| and Vi =—-Qu(V?u)/|Vu|; ¢= Vu/|Vuy] (1.6)
holds on I'(t). Here and hereafter we use the notation
QX)=(I-qe¢9XIT—-9®q),

where X is an N x N matrix, I is the N x N identity matrix and ® stands for the
tensor product of two vectors. By using (1.6) and V = d,u/|Vu| on I'(t), equation
(1.1a) is formally equivalent to

Opu+ F(Vu,V?u) =0 on I'(t),
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called the level set equation, with

F(p, X) = —|p|f(-p, —Qs(X)/Ip); 7=0p/lpl.

In our strategy, we first consider the initial value problem

Opu+ F(Vu,V?u) =0 in (0,00) x RV, (1.72)
u(0,7) = a(z) for z € RY, (1.7b)

for some continuous function a satisfying
In={z€RY :a(z) =0} and Dy={z € R :a(z)>0}.

Here Dy is a (initial) domain whose boundary is I'y = 8Dq (or Iy D 8Dy in general).
Since equation (1.7a) is degenerate parabolic with singularity at Vu = 0, we apply
the theory of viscosity solution to the initial value problem (1.7a,b). Viscosity
solution is a kind of weak solution of fully nonlinear degenerate parabolic equations
for which the comparison principle holds (see [7] and references therein).

When F(p, X) is continuously extended to (p, X) = (0, O), the comparison prin-
ciple holds without any restrictive conditions (see [5], and also [17]). In the super-
linear case, for example (1.3), F' is not extended to (p, X) = (0,0) continuously,
because a direct calculation shows

F(0,0) =—00 and F*(0,0) = oo,

where Fy and F™ denote, respectively, the lower semicontinuous and the upper
semicontinuous relaxations (envelopes) of F. In this case, the comparison principle
does not necessarily hold for all solutions which solve (1.7a) in the sense of viscosity
solution, since the class of viscosity solutions is too big.

To overcome this difficulty we introduce a notion of solution with finite speed
for its level set; in other words, each level set of the solution does not disappear
suddenly. We establish a comparison principle by reductive absurdity. Although we
use Crandall-Ishii’s lemma (see e.g. [7]) instead of using sup and inf convolutions,
the flavor of our proof is closer to that of [5] than that of [17]. We use a family of
test functions parameterized by a vector of RY. To handle F(p, X) at the point
(p, X) = (0,0), we invoke a notion of finite speed together with a geometric lemma
(due to Y.Giga) on balls touching a closed set.

‘We then establish the existence of solution in the class of viscosity solution with
finite speed for the initial value problem (1.7a,b). Since it is not clear whether Per-
ron’s method applies to construct a solution with finite speed, we rather approxi-
mate the discontinuous function F' by a continuous one Fj to get an approximate
solution u¥. It turns out that our approximate solution u* has a uniform bound of
speed (independent of k =1,2,:--). Since a uniform limit of approximate solution
u* yields a viscosity solution u of (1.7a,b), this implies that u has a finite speed.

Our comparison and existence results extend the previous work in [5] to more
general geometric equations of form (1.7a). Although we do not state explicitly, our
theory applies to the case when F' continuously depends on the time variable as in

[5].
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It is now rather standard that the comparison principle and the existence result
yield a unique global-in-time generalized solution to our original problem (1.1a,b),
via the relation (1.5). Since the equation (1.7a) is geometric, as shown in [5], the
interface I'(t) is determined independently of the choice of the definition function
a of Iy.

In Section 2 we introduce a notion of solution with finite speed. We state our
main comparison and existence results of solutions with finite speed. In Section 3
we prepare to prove the comparison principle. Its proof is completed in Section 4
except a geometric lemma on balls touching a closed set which is proved in Section
6. In Section 5 we prove the existence of solution for the initial value problem
(1.7a,b).

After this work was completed, Ishii and Souganidis introduced a restrictive
condition for solution of the same problem (1.7a,b) (see [25]), which is different
from ours. Their results can be applied to the case of noncompact interfaces; on
the other hand, our comparison principle holds for more general nongeometric F'
than theirs. They assume that F is positively homogeneous of degree one.

After the level set approach was introduced, the generalized motion of hypersur-
faces was studied by many authors using this method. Evans and Spruck proved
several interesting results (see [10], [11], [12]) for generalized solutions of the mean
curvature flow equation, and Ilmanen defined the level set flow on a manifold (see
[22], [23]). We refer to [1], [2] and [29] for breaking out of singularities. Recently,
Sternberg and Ziemer studied the Dirichlet problem for the mean curvature flow
equation (see [30]). Giga and Sato proved the comparison principle under the Neu-
mann boundary condition for the generalized equations of form (1.7a) (see [18], [19]
and [27]). We also refer to [3], [15], [16], [26] and [28] for more developments.

Recently, three types of generalized solutions, Brakke’s solution (see [4]), a singu-
lar limit solution of the Allen-Cahn equation and a solution by the level set approach
are well-compared (see (8], [24]).

There are several examples of motion by speed depending superlinearly on prin-
cipal curvatures. For example, Tso discussed the motion of convex surfaces by the
Gauss-Kronecker curvature (see [31], also see [13] and [32] for the other examples of
curvature flows). However, these works restrict themselves to classical evolutions.

2. Statement of results. In this paper we are concerned with the evolution in
time for an interface I'(t) in RY (IV > 2) satisfying

V= f(#,VA) onI(t) t>0, (2.1a)
I(t)|t=0 = Io. (2.1b)

According to the level set approach, I'(t) is described by the (zero) level set of the
definition function u : [0,00) — R. We then study the initial value problem for the
level set equation

dyu+ F(Vu,V3u) =0 in (0,00) x RY, (2.2a)
u(0,) = a(z) for z € RY. (2.2b)

Here F' is defined by
F(p,X) = —|p|f (=P, —Qs(X)/Ip); P =p/Ipl (F0)
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and the initial data a satisfies
Iy={z€RY :a(z) =0} and Dy={z € RY :a(z)> 0}, (2.3)
where Dy is a domain whose boundary is Iy = 0D or contained to Iy in general,

i.e.,, Iy D 8Dg. This paper studies the case when I is compact, then we may
assume that a € K,(RY) for some a < 0, ie.,

a{z) — o is a continuous function with compact support in RY.

We introduce a weak notion of solution in order to get a global-in-time solution
{I'(t)}+>0 of the problem (2.1a,b). Since F(p, X) is not continuously extended to
(p,X) = (0,0) in general, we introduce a restrictive condition for viscosity solution
of (2.2a,b).
Definition (Finite speed condition). Let u be a function on Q = (0,T") X £2, where
T > 0 and {2 is a domain in RN. Suppose that for each R > 0 thereis v = v(R) > 0
such that
sup u(t,z)<c with A, ={(t,2) :t>t,|z —zo| < R—v(R)(t —1o)}

(t,z)EDY

whenever ¢ € R and (ty,zo) € Q satisfy sup u(to, ) < ¢. We then say u has an
|z—zo|<R

upper speed bound v(R) (for its level set). If u and —u have upper speed bounds,
we say u has finite speed.

Definition (Generalized solution). Let Iy be a compact set in RY. Let a €
K (RN) for some o < 0 satisfying (2.3). If u is a viscosity solution with finite speed
(for its level set) of the initial value problem (2.2a,b) such that u € K, ([0,T] x RY)
for all T' > 0, then {I'(t)}+>0 defined by (1.5) is called a generalized solution of the
original problem (2.1a,b).

We remark that this notion of the generalized solution requires I'(t) to be a
closed set, not necessarily a hypersurface.

Our final goal in this paper is to prove
Theorem 2.1. Suppose that (2.1a) is degenerate parabolic and f is continuous.
If Iy is compact, then there exists a global-in-time unique generalized solution
{I(t)}>0 of the initial value problem (2.1a,b).

The key tool is the comparison principle for viscosity solution of (2.2a). We
recall properties of the function F, which naturally follow from the hypotheses on
the function f of Theorem 2.1, via the relation (F0).

F=F(p,X): (RY\{0}) xS¥ —= R is continuous, (F1)
where S% is the space of N X N real symmetric matrices. F is degenerate elliptic,
ie.,

Fp,X)<F(pY) £X>Y. (F2)
F' is geometric, i.e.,
FOp, A X +0p®p) =AF(p,X) forall A\>0and o €R. (F3)
We state the comparison principle under (F1), (F2) and
lﬂroxsup{F(Ap, AM):m<|p|<M}=0 forallm,M >0,
F3'
lill%inf{F()\p, =A) m<|p|<M}=0 forallm,M >0. (FS')

The property (¥3') is fulfilled if F is geometric.
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Theorem 2.2 (Comparison principle). Assume (F1), (F2) and (F3). Suppose that
T > 0 and £2 is a bounded domain in RN. Let u and v be real valued functions
over Q and a viscosity subsolution and a supersolution, respectively, of (2.2a) in Q.
Suppose that u* and —v, have upper speed bounds for all points in Q. If u* < v,
on 0,Q, then u* <wv, on Q.

Here 0,Q is the parabolic boundary of @ = (0,7") x §2 denoted by 8,Q = [0,T] x
82U {0} x £2. Our comparison principle can be applied to nongeometric equations,
for example

Ut = umm/lumla (0 <a< 1)

Note that this yields a porous medium type equation, v; = ((1 — ) ~tvl~%),,, with
fast diffusion if we set v = u,.

In Section 3 we recall the definition of viscosity solution and prepare to prove
Theorem 2.2 whose proof is completed in Section 4.

Proposition. The conditions (F1)~(F3) yield

Flp,-I)<c(lpl) and F(p,I) Z —ci(lpl) (F4)

for some positive functions cy. € C*(0,00).

Proof. By (F1) and (F2) we see that M (o) = sup|g—y F(g, —I/0) is a lower semi-
continuous and nonincreasing function over (0,00). We find a positive function
M' € C*(0, 00) with M < M’. By setting c_(0) = cM'(c) and (F3) we see

F(p,—I) = |p|F(p/Ip, ~1/Ip]) < |p| ]zglF(q, =I/lp}) < c_(|pl).

Similarly, F(p,I) > —cy(|p]) holds for some cy € C*(0,00). O

We remark that the functions cy control the growth speed of the level set of
spherically symmetric solutions of (2.2a).
In Section 5 we show the existence result.

Theorem 2.3 (Existence). Suppose that F satisfies (F1)—(F3). Let a € K,(RY)
for some a € R. Then there ezists a global-in-time viscosity solution u of (2.2a,b)
satisfying u € K4([0,T) X RN) for all T > 0. Moreover, u has finite speed depending
only on c4.

The support of u(t, ) —a is compact in a (finite) time interval [0, T, so contained
in a sufficiently large ball. Then we can apply Theorem 2.2 to the solution u of
Theorem 2.3, which implies that the viscosity solution of (2.2a,b) with finite speed
is unique.

The generalized solution {I'(t)}:+>0 of (2.1a,b), defined by (1.5), is independent
of the choice of the definition function a of I'y. Indeed, if © has an upper speed
bound, so does 8(u) for nondecreasing, continuous 6 : R — R. Since we have the
comparison Theorem 2.2, this together with [5, Theorem 5.6] yields the uniqueness
of {I'(t)}+>0 as in the proof of [5, Theorem 7.1]. The proof of Theorem 2.1 is now
complete.
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3. Preliminaries. For the reader’s convenience, we state here the definition
of viscosity solution for our problem (see [7] for the details). We comsider the
degenerate parabolic equation with singularity at Vu =0, i.e.,

O+ F(Vu, Vi) =0 inQ=(0,T) x £, (3.1)

where T is a positive number and 2 is a (bounded) domain in RV .
Let L C R? be a set and hy be a real valued function over L (k =1,2,---). For
the sequence {hg}r=1,2,..., we define

(limy g )(2) = lim ilgiinf{hl(g) tlz—¢|<e (€L} forzelL.
k—o00 —U
k—o00

In particular, when hy = h for all &k, the limit A, = lim,hy is called a lower

k—o0

_ semicontinuous relaxation (envelope) of h to L. Clearly, we have
hi(2) = é11'_1')1(1)in.f{h(§) tlz—¢|<e (€L} forzel.
Similarly, we define

Ii
e—
k—oo

(Hm* hg)(2) = lim supsup{h({) : |2 —¢{| <&, (€L} forz€el,
k-—c0 0 I>k

and an upper semicontinuous relaxation (envelope) h* = Ilcim* hk, when h = hy, for
— 00

all k. Clearly, we have
h*(z) = gl;g%)sup{h(g) tlz—(|<e€el} forzel.

Definition (Viscosity solution). A function v : @ — R is called a viscosity sub-
(resp. super-) solution of (3.1) on @ if u* < co (resp. ux > —00) on @ and

T+ F(p,X) <0 forall (t,z) € Q and (1,p,X) € ’Pé’""u*(t, z) with p# 0
(resp. 7+ F(p,X) >0 for all (t,z) € Q and (,p,X) € ’Pé’_u*(t, z) with p 5 0).

Moreover, if u is both a viscosity sub- and a supersolution of (3.1) on Q, u is called
a viscosity solution of (3.1) on Q.

Here 'Pé’"” and ’Pé’_ denote the spaces of the parabolic super and sub 2-jets, re-
spectively, i.e., for a function v defined near (t,z) € Q, P?f'v(t, z) (resp. ’Pfj—v(t, z))
is the set of all (7,p, X) € R x RY x S¥ satisfying, as (s,y) — (t,z) in Q,

1
v(s,9) < v(t,) +7(s = 1) + {p,y — 3) + S(X(y — 2),y — 2) + o(ls — t| + [y — =[*)

(resp.

v(s, ) 2 v(t,0) +7(s — 1) + By = ) + 2 (X(y — ),y — ) +olls ~ 8| + |y ~ 2f).
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In what follows, we assume that the hypothesis of Theorem 2.2 holds. Replacing
u (resp. v) by u* (resp. v«) we may assume that u (resp. v) is upper (resp. lower)
semicontinuous on Q. We remark here, since v and v are originally defined over Q,
that its value at t =T is denoted by relaxation, i.e.,

’U,(T,il}) =lgﬁ)lsup{u(t,y) T—e<t<T, ’11,‘ —yl <gYE ‘Q}:

3.2
v(T, ) zlsiilolinf{v(t,y) T—e<t<T|z—yl<eye N} (3.2)

We study about the point which attains the (locally) maximum of an upper semicon-
tinuous function. Setting w(t, z,y) = u(t, z)—v(t,y) for (t,z,y) € U = (0, T)x 2% 2
and

o= lgfgsup{w(t, z,9); |z —y| <6, (t z,vy) €U},

since w is upper semicontinuous and U is compact, we see @ < co. We also set for
e>0andv>0,

2
o(t,2,9) =w(t,z,9) ~ $lo,) Bltzy) = LoV 4 L

The function ¢ controls the maximum point of & over U.

Proposition 3.1. Suppose that oo > 0. Then,

(i) there exists a constant o > 0 such that supg® > /2 holds for alle > 0
and 0 <7y < 7.

(il) There ezists a constant €9 > 0 such that $ attains a (positive) mazimum
over U at an interior point of U for all0 < e < &g and 0 < v < Yo.

Proof. Since w is upper semicontinuous, by the definition of & and (3.2) there
exists a point (to,zo,z0) € U such that tg < T and w(ty, zo,zo) > 3a/4. If v
satisfies 0 < vp < (T" — to)r/4, then we see

lwo—zf? v _3a_, a_a
2e T—to 4 4 2

&(to, 2o, To) = w(to, To, To) —

for all € > 0 and 0 < 7y < 79, which proves (i).

Let (£,2,9) € U be a maximum point of &, ie., supg® = &(¢,%,9). By the
definition of @ we easily see £ < T'. Let M be an upper bound of w over U. Since
&(%,%,9) is positive (by (1)), it follows that

|z —g[*

M > w(t, 2,9) >

This leads to |£ — §| < v2Me uniformly in 0 < 7y < 5. By the hypothesis, w <0
on 8,Q, of Theorem 2.2 and boundedness of {2 we get a modulus function m (ie.,
m : [0,00) — [0, 00) is continuous, nondecreasing and m(0) = 0) such that

w(t,z,y) <m(lz —y|) on U
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If there are sequences {&;} with £; | 0 and {75} € (0,7) such that & (for &; and
7;) attains the maximum over U at (f;,2;,9;) € 8,U, then it follows that
o s . o . s .
5 < 8, 5, 95) <w(ty 85, 95) <m(|E; — 95]) <m(y/2Me;) — 0 (as j — o).
This contradicts the assumption, a > 0, of this proposition, then (ii) is proved. O

Section 4 also needs more general cases in order to prove Theorem 2.2. We set
fore>0,v>0,6>0,neRY and t€ (0,T),

Iw—y—n|2+ ¥

By (t,z,9) = w(t,2,9) = $n(t3,9);  dnltiony) = —— T—t

+6(t — )2

Proposition 3.2. Suppose that a > 0. Then,

(i) there are constants yo > 0, o > 0 and ke > 0 (depending on &) such that
supy @ > /2 holds for alle > 0,0 <y <7y, 0< 6 < 8 andn € RN with
| < ke

(ii) There is a constant 9 > 0 such that &, attains a (positive) mazimum over
U at an interior point of U for all 0 < e < egp, 0 <y <y, 0< 6 < & and
n € RY with |n| < ke.

Proof. For a point (to, o, To) € U satisfying to < T and w(to, %o, o) > 3/4, we
choose v and ke such that v /(T'—to) < o/16 and k2 /2e < a/16. If § < T2a/8,
then we see

2
g — Lo —
@'r](tO)mO)mO) :w(tO:mO)mO) - l 0 22 77] — Tjto - 6(t0 —'&)2

for alle > 0,0 < <7, 0 <6< & and n € RY with |n| < ke, which proves (i).
The proof of (ii) is the same as Proposition 3.1, so it is omitted here. O

In the notion of viscosity solution, it is basic to study the maximum point of &
(and also &y). If supy @ = &(t, £,9) and (£, %,9) is an interior point of U, then

(8s6(%, 2, D), Vayd(E, &,9), V2,0, 2,9)) € Petw(E, 2,9).

The following is a variant of Crandall-Ishii’s lemma (cf. Lemma 2.10 in [17], and
also see [7]).

Lemma 3.3. Letu; (1=1,---,k) be an upper semicontinuous function on (0,T) x
12;, where §2; is an open set in RN:. Letw be a function on U = (0, T)x 1 X+ - - X 2%
given by

w(t, ) =uy(t, 1) + - +upt,zx); 2= (21, - ,Tx).
Let F; : RN x 8 — RU{zoo} (i=1,---,k) be a lower semicontinuous function.

For (s,2) € U, suppose that (1,p,4) € Pytw(s,z), where p = (p1,--- ,px) and
2= (21, ,2). If u; is a viscosity subsolution of (3.1) for F; in a neighborhood
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of (s,2;) € (0,T) x §2; fori=1,--- k. Then for each X\ > 0 there exist X; € S
such that

k
T+ Fipi, X;) <0
i=1
and
X - O
—(A/AFAPI< | ¢ e | S A+ AR
o - X

where I is the N X N identity matric (N = N1 + --- + Ni) and |A| denotes the
operator norm of A.

4. Proof of Theorem 2.2. The basic strategy is similar to [5]. Suppose
a > 0, which means the conclusion, v < v on @, of Theorem 2.2 is false. Here
Q@ = (0,T") x {2 for a bounded domain 2 in RY, U = (0,T) x 2 x £ and

a = lmsup{w(t,z,y) = u(t,z) —v(t,y) : lo —y| <6, (t,@,y) € T}

To get a contradiction, we find a nice (parabolic) super 2-jet of the function w at
some point in U. For € > 0 and v > 0 we set

2

@(t,(l},y) = w<t’m>y) - ¢<t>$7'y)§ (]5('[;,113,:1]) = Ix ;gyl + Tz t

By Proposition 3.1 we see that & attains a (positive) maximum over U at an interior
point (£,,9) € U for all 0 < & < g5 and 0 < v < yp. Then it holds that

(B¢, by, A) € Pytw(t,5,9) for all A€ SN with V2 ,6(f,3,9) < 4,

Where ést = at(ﬁ(f, 5":@)) (tgfl} = v$¢(£) i;)’g): &y = qus(f) A)@) a‘nd ng,y = (QECIH ng) It
is obvious that

$e=/(T =87 and fo=—gy=c"1(& 7).

Case 1: We first discuss the case £ s {J. Lemma 3.3 states that there exist X and
Y € S¥ such ‘that

VT D2+ P (3 —§),X) — P @ -9),-Y) <0, (41)
and
O AN < (g 3) < A4 24 (4.2)

since u and v are, respectively, viscosity sub- and supersolutions of

Opu+ F(Vu,Viu) =0 in Q. (4.3)
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By choosing

RSN A .
A= vm,y¢(t) Q?,y) - g . I

and using (4.2) we see that X < —Y. Applying (F2) to (4.1), we obtain
02> 9/(T =87+ F(e™} (8- 9),X) — F(e (8- 9),~Y) 29T 7,

which leads to a contradiction.

Case 2: When £ = §j, we cannot use (4.1) to get a contradiction, because F(p, X)
has a singularity at p=0. For ¢ >0, y> 0, § > 0'and € R" we set

|z —y—n?
2¢e

Oy(tzy) = wit,o,y) — byt 2,9); n(tioy) = + Tz -+ 8t~ 1)°.
By Proposition 3.2 we see that @, attains a (positive) maximum over U at an
interior point (tn,2n,yy) € U for all 0 < € < £, 0 <7 < 7, 0 < 6§ < & and
Inl < e

Case 2a: When there is a sequence {n;} C RY such that n; — 0 and =, —y,, # n;
for all 0 < |n;] < ke, We get a contradiction similarly to Case 1.

Case 2b: In the opposite case to Case 2a, there is a positive constant k < k. such
that z, —y, = 7 for all | < k. Since @ has a positive maximum at (, %, £), we get
w(t, #,2) > 0. Suppose that

w(t,z,z) = w(t, £,8) forall z € N. (4.4)
Then for each sequence {z;} C 2 and T € 842 satisfying z; — T, we see that

0 < limsupw(f, z;, z;) < w(t, T, T),
l—o0
since w is upper semicontinuous. This contradicts the hypothesis, w < 0 on 6,Q,

of Theorem 2.2.
It is enough to prove (4.4) in Case 2b. We set

f(n) = sup{w(ty, ,y) — 7 1 . §(ty — 8%z —y=n}

Since (tg, %y, ¥n) is & maximum point of &, and z, —y, = 7, it follows that

2
T—y—7 v Y
w(tymay)—l % I _T_t—é‘(t_%)zSw(tnyxn;QT;)_T_tn_5(1:7]_'%)2

for all (t,z,y) € U and || < s. This yields |f(¢) — f(n)| < | — n|?/2¢ by taking
t =t and 3—y = ¢ for |¢| < k. Hence, f(n) is a constant for |7| < x, which implies

sup {w(ty, @,y) — 7 — 8(t, — )%}
je—yl<w —in

> i oA A v
=supyw(t,z,z) — ——=} =w(t,Z,%) — -
swp{w(f,z,0) — 77} =w(h88) ~ =1,
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since t,, — £ as n — 0. We set T = {(3,y) € 2 X £2; |z —y| < s}. Since (ty, Ty, ¥n)
attains a maximum of &, on (0,T) x Xy for || < k and z, — y, =7, we have

sup_{u(t, ,y) — = — 6t ="} = w(f, &,8) -

T (4.5)
(0,T)xBe -

T—1%

‘We now set
A={(z,y) € Z;w(t,z,y) =w(t,I,2)}

Since (£,%) € A and w is upper semicontinuous, it follows from (4.5) that A is a
nonempty and closed subset of Xy. To prove (4.4), it suffices to show that A = X\.
Assuming A # ¥, we will deduce a contradiction.

To this end we prepare a geometric lemma on balls touching a closed set. Here a
closed (bhyper)ball B is called touching a closed set A if int BNA = ) and dBNA # @,
where int B is the interior of B. When the dimension of the base space is even, i.e.,
A, B C R?Y | and B = B,(Z,7) is touching A, the ball B is called obliguely touching
A provided that @’ # T and ' # 7 for all (z’,y") € 8B N A.

Lemma 4.1. Let X be a connected open set in R*YN and let A be a closed subset
of X such that A # 0 and A # X. Then there exists a closed (hyper)ball B =
B.(Z,7) C X satisfying one of the following properties:
(I) B is obliquely touching A.
If there are no balls obliquely touching A,
(Ila) B is touching A at a point (ZT,y') and (z,y') € A for all z with |z —T| <r.
(ITb) B is touching A at a point (z',7) and (z',y) € A for all y with |y —7| <.

‘We postpone the proof of Lemma 4.1 in Section 6. According to Lemma 4.1 with
X = X, we have the three cases in Case 2b.

Case 2b(I): There is a closed ball B = B.(Z,7) obliquely touching A. We may
assume that B is touching at a single point (z/,vy') with 2’ # T and vy’ # 7 by taking
B smaller. For v >0, § > 0 and A > 0 we set

Ua(t,2,) = wlt,2,) = g — 8t =7 = Mz~ + |y — 7).
By (Z,7) ¢ A and (4.5) we see w(t,z,7) < w(t,&,2). By setting w(f, z,2) —
w(t,Z,7) = 6 > 0 and choosing A with 0 < X < (|2 —Z|* + | — 7|?)716/2, we see
that A _
Uy (t,2,8) —Ur(t,Z,7) > 6/2 forall0 <A<

This yields that (£, 7,%) is not a maximum point of @y. Let (£x,zx, ) be a maxi-
mum point of ¥y.

By (4.5) we see that (£, #, &) is a maximum point of ¥, and ¥, attains a maximum
only at t = £. This implies that (tx,zx,vx) — (£,2",y") as A — 0 for some point
(z",y") € Zx. By the definition of ¥, we see (zx,yx) € B and then (z",y") =
(z/,7') € @B N A. Since B is obliquely touching A, there exist §’ > 0 and X’ with
0 < X < X such that

lzx —% and |yn—y|>6 foral0<A<N.

Then we get a contradiction similarly to Case 1.
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Case 2b(IIa): There is a closed ball B = B,(%,7) touching A at a point (Z,y")
and (z,y') € A for all [z —Z| < r. First, we see that

swp To=0(E5y)  (=wdEy) -5
(0,T)X T I—t
=Wy(t,z,y") foral|z—F <7
by (4.5) and the definition of the set A. This implies that there exists a constant C
such that u(f, z) = C for all |z —%| < r. We now invoke our finite speed assumption.
Lemma 4.2. Suppose that u has an upper speed bound v. If u(to,z) > C for

|z — xo| < 8o, then there exists for all 6, a positive number r = r(5) such that

sup w(t,z)>C  for to—r <t <ty
IZB—(EQ|S5

Proof. Suppose that there is § > 0 such that for all numbers k& > ks,

sup u(tg, ) =my <O with ty =t — k71,
I:l;-—-tl}o]<5

where ks satisfies § > v(6)k;. By setting R(t) = 6§ — v(6)(t — tx) we see that
R(to) = 6 — v(6)k~* > 0. The finite speed condition yields

sup  u(to,z) <my < C,
|z—m0| <R(to)

which contradicts the assumption. [0

We now return to discuss Case 2b(Ila) of the proof of Theorem 2.2. By Lemma,
4.2 there exists s = s(r) > 0 such that

sup u(t,z)>C forall t—s<t<Hi

|lz—Z|<r

Since Wo(t, z,y) < W (4, %,y’), we see that

ot y) —v(E,¥) = ult,©) —u,3) — 6t — D - = + =

t T —t
> su utm—C’——&t—-tz—L—%LA
) 0= g T
Y Y
> §t—D2 - -+ 1
2 =6t = -t 77

forallt—s<t<ft Hence, there is 7/ > 0 such that

(t-—ln'gx {'U(t) y) + T+ + 6(t - .&)2 = ’U(t, y/) + —t (4'6)

where V={y:ly—v¢'| <7’}
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We set K = {y € V;v(f,y) = v(f,v')}. Since 3’ € K and v is lower semicontin-
uous, it follows from (4.6) that K is a nonempty and closed subset of V. In the
beginning of Case 2b(Ila) we proved that u(f, z) was a constant near . If v(f,y) is
also a constant near y', we get a contradiction to (Z,y') € dA. Then we see K # V,
which implies that there is a closed ball B,(%) C V touching K at a single point
(see Lemma 6.4). For v >0, § > 0 and A > 0 we set that

Yalt,y) = v(t,9) + s + 8¢ — 9 + My — 71

Let v attain a minimum at (ty,y) over (£ — s,%) x V. We observe that t) — £
and yn — ¥y’ € B,(7) N K as A — 0, in particular, there is a positive constant 6
satisfying |yx — 7| > 6 for small \. Since (tx,y») is an interior point and v is a
viscosity supersolution of (4.3), we see that

—y/(T —3)% — 28(tx — £) + F(=2X(yx — 7), —2AI) > 0.

This implies a contradiction, —yT~2? > 0 (as A — 0), by using the condition (F3').

In Case 2b(IIb), which is the final case of the proof, we also get a contradiction
similar to Case 2b(Ila). Then, the proof of Theorem 2.2 is complete except for the
proof of Lemma 4.1.

5. Construction of solutions. In this section we construct a viscosity solution
with finite speed for the initial value problem

dyu+ F(Vu,V?u) =0 in (0,00) x RY, (5.1a)
u(0,z) = a(z) for z € RY. (5.1b)

Here we assume that FF = F(p, X) satisfies (F1)-(¥3), which implies for some
positive functions cy. € C(0, c0),

Fp,—I)<c_(lp]) and F(p,I)> —ci(lp)), (F4)
and a € K4(RY) for some a € R, i.e.,
a(z) — a is a continuous function with compact support in RN,

Our goal in this section is to prove

Theorem 5.1. Suppose that F satisfies (F1)~(F3). Let a € K4(RY). Then there
ezists a global-in-time viscosity solution u of (5.1a,b) satisfying u € K4([0, T} x RY)
for all T > 0. Moreover, u has finite speed depending only on c4..

We begin with the approximated initial value problem

P + Fip(VuF, V2uF) =0 in (0,00) x RY, (5.2a)
uF(0,2) = a(z) for z € RY, (5.2b)

where F} is denoted by

Fy(p, X) = (F(p, X) AKp|) V (—klpl) for k=1,2,---, (5.3)
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and a A b = min{a, b}, a Vb = max{a,b}. The function Fj(p,X) is continuously
extended to (p, X) = (0,X) for all X € SV, i.e.,

Fy:RY x 8N - R is continuous, (F19)
and also satisfies (F2)-(F3) and
Fi(p,~I) <cE(jpl) end Fi(p,I) 2 —cf (|p]) (F4')

for each k with ck (o) = ci(0) A (ko). When F(p, X) is continuously extended to
(p, X) = (0, 0), the comparison and existence results hold without the finite speed
condition (see [5], and also [17]).

Proposition 5.2. Let u and v be a viscosity subsolution and a supersolution, re-
spectively, of (5.2a) in @ = (0,T) x {2, where T > 0 and 2 is a bounded domain in
RN, Ifu* < v, on 0pQ, then u* < v, on Q.

Proposition 5.3. There ezists a global-in-time wviscosity solution u* of (5.2a,b)
satisfying u* € K,([0,T) x RN) for all T > 0.

We first remark that the support of u*(t, ) — & grows independently of k, whose
speed bounds a value depending only on ¢4 (1) = c4.(1) A k for sufficiently large k
(see Lemma 6.5 in [5]). In other words, for each T' > 0 there exists R* > 0 such
that

supp(u¥(f,) — @) C Bg+(0) for all t € (0,T).

We must show that u* (and also —u*) has an upper speed bound independent of
k, i.e., for each R > 0 we will find v = v(R) > 0 independent of k such that

sup wh(t,z) <C with A, = {(t,3) : t > to, Jx — 30| < R—v(R)(t—1t0)} (5.4)
(tz)edy

whenever C € R and (fo,%0) € (0,00) X R satisfies sup uF(to,z) < C. It
|lz—zo| <R
suffices to discuss the case when (to, o) € (0,T) x Bg«(0) for each T' > 0.
Without loss of generality we may assume that (to,z0) = (0,0). Let b* be a
continuous and radial function satisfying

uw*(0,2) <b*(z) and b¥(z)=C if |z| <R. (5.5)
A direct calculation shows that

gy it [ o
@, )—t+/0 ci(a)d (5.6)

is a viscosity supersolution of (5.2a). For each £, let h¢ be a real valued continuous
and nondecreasing function over R satisfying ke (0) = b*(¢). By using the properties
of viscosity solution we see that

9*(t,z) = inf{h(v*(t, 5 — €));h = he, € € RN} with g*(0, ) = b¥ (=)

is also a viscosity supersolution of (5.2a) (see Proposition 6.4 in [5]). Proposition
5.2 and (5.5) yield u*(t,z) < g*(t,z) for all t > 0.

Hence, it suffices to find an upper speed bound for each v*, which is uniform in
k.
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Proposition 5.4. The function v* has an upper speed bound u(R) = 4v(R)/R,
where

Y(R) =max{cy(c); R/2 <o < R* + R}.
Proof. For each R >0, let C' € R and (to, o) € (0,7") x Bg~(0) satisfying

sup  v*(t,z) < C.
[z—zo|<R

By setting Ry = |zg| (Ro < R*) and (5.6) we see that
Ro+R
v®(to, ) < to +/ A )da if |z — 0| < R. (5.7)
0

Since the equality sign of (5.7) is attained at some point whose length is equal to

Ry + R, it follows that
Ro+R o
0 ct (o)

Let 1 > 0 be a number. For all 0 < ¢t' < R/u, we obtain

Ro-}—R—-p’t’
vk(t0+t’,z)§t0+t'+/ ——do if |z —zo] < R—ut.
0

k()

This equalitybsign is also attained at some point. Note that u = u(R) is an upper
speed bound for v¥, if and only if

Ro+R—put’ o Ro+R
t0+t/+/ T—d0§t0+/
0 C+(U) 0

holds for 0 < t' < R/p.
We set v, = max{ck(0);R/2 < 0 < R* + R} and yg = 2v;/R. The number
~v1 > 0 is independent of k for sufficiently large k. For 0 < t' < R/2u;, we see that

RotR g 1 2 N2
——do > —[(Rg+ R)* — (Rg+ R — 1t
/RO+R_#1# %) o [(Ro + R)* — (Ro pit')”]
1 1 3R
=—2R — ! /> t/>l
271[( o+ R) — pat'|pat o oM t

Hence, (5.8) holds for all 0 < t' < R/2u1, so (5.4) holds for v* and the trapezoid
set
A ={@2)ito <t <to+ R/2um, |z — 20| < R — pa(R)(t — to)}-

By choosing p = 2uy, we see Ay, C ALI. This completes the proof. [

By Proposition 5.4 we get an upper speed bound for ¥ independent of k. Simi-
larly, we also find an upper speed bound for —u* independent of k.
Now, the relation (5.3) implies that

lim, Fi(p, X) > F(p,X) end lim® Fi(p, X) < P(p, X). (5.9)
k—o0 — 00

Under the assumption (5.9) the following stability result is known (cf. Proposition
2.4 in [5]).
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Proposition 5.5. Suppose (5.9). Let u* be a viscosity sub- (resp. super-) solution
of (5.2a), and let
T = lim*uf (resp. u = lim,uF).
k—o0 k—o0
Ifu < oo (resp. u > —00), then @ (resp. w) is a viscosity sub- (resp. super-) solution
of (5.1a).

Proposition 5.2 impiies that the viscosity solution u* of (5.2a,b) satisfies the
uniform estimate
[uk(t,z)| < sup |a(z)| for all k.
zERN

The functions % and wu, defined in Proposition 5.5, satisfy @ < oo and u > —oo,
respectively. Then @ and w are, respectively, a viscosity sub- and supersolution of
(5.1a).
‘We next show that 7 and u satisfy the initial condition (5.1b) and the hypothesis
of Theorem 2.2. By (5.2b) we see that (llclm* uF)(0,z) > a(x). Since u* has an upper
— 00

speed bound v, it follows that for all z € RY and € > 0,

sup u*(s,y) < sup aly) with Ac={(s,9): 520,z —y| <e—v(e)s}.
(s,y)EDC |lz—yl<e

Obviously, it follows that

(im*u*)(0,z) = lim supsup{u'(s,y): [s] <&, |z —y| < e}
k—o0 e—0 5%
k—oo
<lim suwp oly) = ols),
&0 jo—y<e
since a is continuous. Hence, we see that (0, z) = a(z) and, similarly, u(0,z) =
a(z). Proposition 5.3 implies that 7 and u belong to K4 ([0,7] x RY) for all T > 0.
Then the hypothesis of Theorem 2.2 on the parabolic boundary is fulfilled. Since
u* and —u* have upper speed bounds independent of k, it follows that T and —u
have the same bounds.
By Theorem 2.2 we see ¥ < u. Since, obviously, T > u, we see that u = 7; so
the function u = u =¥ is a (unique) viscosity solution of (5.1a,b), which has finite
speed. This completes the proof of Theorem 5.1.

6. Lemma on balls touching a closed set. This section is devoted to proving
Lemma 4.1, which I learned from Y. Giga.
Let k£ > 2 be an integer, 7; > 0 (j = 1,2) and (g, o) € RY x R¥. We set

Ef, v, (w0, 90) = {(%,9) € RY x R : (|2 — mo| /r1)* + (jy — vol/r2)* < 1}

T1,T2

When ry =13 =1, B¥{(z0,y0) = EF (20, y0) is called a closed L*-ball. Especially, a
closed L2-ball B%(z¢,yo) is a usual (hyper)ball denoted by B,(zo,yo). We also use
the following notations:

By = {BF(z0,70) : (x0,%) € RN xRY,r >0} (k=2,3,---),
& = {Br, v (z0,%0) = B2, ,,(0,7%0) : (wo,%0) € RY x RY,r; >0 (j =1,2)},

B=|JBeUE.
k>2
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Definition. Let A C R?N and B € B. (i) B is called touching A if int BN A = ¢
and 0B N A # (), where int B is the interior of B. (ii) When B is touching A, B is
called obliquely touching A provided that T # o and 7 # yo for all (Z,7) € 6BNA.

When B € B is touching a set A C R?Y, there is a ball B’ C B such that 6B'NA4
contains just a single point. Indeed, for a touching point (Z,7) € 0B N A the new
radius is sufficiently small and the center moves to some point in (%, %)-direction.

By similar argument we have the following two propositions. The proof of the
propositions is easy, so it is omitted here.

Proposition 6.1. If B € B is touching a set A C R2Y, then there is B’ € By such
that B’ C B and B' is touching A.

Proposition 6.2. Let A C R?*N and B = BF(zo,%) (resp. Bryry(z0,%0)). ()
Suppose that int BN A # § and

(int BN A) N ({(z0,y) : v € RN} U{(z,0) : © € RN}) = 0.

Then there ezists a constant A with 0 < X\ < 1 such that BY (zo,yo) (respectively
Barg,ar (To, Y0)) is obliquely touching A. (i) When int BN A =@, there is B' € B
such that B’ C B and B’ is obliquely touching A at a single point provided that
there ezists (T,7) € 6BN A with T # zo and T # Yo.

Our goal in this section is to prove

Theorem 6.3. Let U be a connected open set in R*Y and let A be a closed subset of
U such that A# @ and A # U. Then there is a ball B = By(z0,Y0) C U satisfying
one of the following properties:
(I) B is obliquely touching A.
If there are no balls obliquely touching A,
(ITa) B is touching A at a point (zo,7) and (z,7) € A for all z with | —zo| < 7.
(ITb) B is touching A at a point (Z,yo) and (Z,y) € A for ally with |y —yo] <.

We also use “touching” when the dimension of the base space is not even, and
set B,(20) = {# € R% |z — 20| < p} for p> 0 and 2 € R%.

Lemma 6.4. Under the hypothesis of Theorem 6.3 (in R%), there is a ball B such
that B C U and B is touching A.

Proof. Since A # § and A # U, we find a point Z € JANU. For a sufficiently small
p > 0 satisfying B,(Z) C U, we choose zy € B,/3(%) \ A. Since dist(z0,0B,(z)) >
p/2, we see B,2(20) C By(Z). By Z € DA N B,a(20) we see that Byz(20) N A is
a nonempty closed set. Set r = dist(20, 3(B,/2(20) N A)) > 0, then B.(z) C U is
touching A. O

When d = 2N in Lemma 6.4, by replacing p/2 by p/(2v2N) in the proof of
Lemma 6.4, we also see that

{(z,y) e RN x RN} |z —zo| <1, ly —yo| <r} CU  ((z0,%0) = 20)-

We can now prove Theorem 6.3. By Lemma 6.4 we get a ball B = B(xg,Y0) C U
touching A. We may assume that B is touching A at a single point (Z,7) € 0BNA.
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Suppose that there are no balls satisfying (I). Then T = z9, T # vo or T # o,
Y = Yo-

Suppose that T =z and ¥ # yo. We will show the existence of a ball satisfying
(ITa). We first prove that

(z,y) ¢ A if |z —xzo| <7 and Jy—yo| <. (6.1)

Indeed, (6.1) clearly holds if (z,y) € B. When (z,y) ¢ B, we see that (z,y) €
int B¥(zq,yo) for some k > 2, and so

(it BF (o0, %0) N A) N ({(z0,);9 € RV} U{(z,50);z € RV}) = 0.

Suppose that (6.1) is false. Then int BF(zo,y0) N A # §. By Proposition 6.2 (i)
there is a constant A with 0 < A < 1 such that B¥_(zq,%o) is obliquely touching A,
which implies, by Proposition 6.1, the existence of a ball satisfying (I).

‘We next prove that

(z,y) € A if [z —zo| <. (6.2)

To do this, we use a generalization of (6.1), whose proof is similar to that of (6.1),
so it is omitted here.

Lemma 6.5. Under the hypothesis of Theorem 6.3, let E,?lm (z0,y0) C U be touch-
ing A at a single point (Z,7). Suppose that T = zo and T # yo (or T # z¢ and
Y=1o). If |z — 20| <71 and |y —yo| <12, then (z,y) ¢ A.

Weset Q={z € RV;jz—z9|] <r} and V = {z € Q;(z,7) € A}. Since
(z0,7) € A and A is a closed set, it follows that V' is a nonempty and closed subset
of @Q. Hence, it is enough to show that V is also an open subset of (). For each
z1 € V, let p > 0 satisfying Bs,(z1) C Q. Let x3 € By(z;) and suppose that
zo ¢ V. Since Eﬁ,r/z(w%@) NA=0 (= (yo+7)/2) by Lemma 6.5, there is a
constant € > 0 such that Eg te,r/2+e(@2,9) is touching A. 'We may assume that this
touching is not oblique. By Lemma 6.5 we see

(@y) ¢ A if lg—=a[ <pt+e and |y—g| <r/2+e.

This contradicts z; € V, so zz € V or B,(z1) C V, which implies that V is an open
set of Q.

By (6.1) and (6.2) there exists a ball satisfying (Ila). When T # zo and ¥ = yo
are supposed, the same argument also implies the existence of a ball satisfying (IIb).
The proof of Theorem 6.3 is complete.
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