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It is known that retarded functional differential equations (RFDESs)
can be regarded as generalized ordinary differential equations (we write
GODEs). See [2, 6, 7]. In this paper, we prove the equivalence between
RFDEs with pre-assigned moments of impulse effects and a certain class
of GODESs introduced in [8] using some ideas of [2, 6, 7]. We state results
on the existence, uniqueness and continuous dependence of solutions for
this class of GODEs and we use them to obtain fine results concerning
the corresponding impulsive RFDEs.

1. INTRODUCTION

The beginning of the theory of impulsive ordinary differential equations
(impulsive ODEs) goes back to 1960 in a paper by V.D. Mil'man and A.D.
Myshkis [5]. The difficulties and peculiarities encountered in this theory
such as “beating,” “dying,” “merging,” noncontinuation of solutions, etc.,
were slowly overcome. In recent years, the qualitative analysis of impulsive
ODEs has been studied extensively and even a significant progress has been
made in the theory of impulsive retarded functional differential equations
(RFDEs).

In order to generalize certain results on continuous dependence of solu-
tions of ODEs with respect to parameters, J. Kurzweil introduced, in 1957,
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what he called generalized ordinary differential equations (GODE) for Eu-
clidean and Banach space-valued functions (see [4]). The theory of GODEs
is extensively described in [8].

The correspondence between GODEs and ODEs is simple. Indeed, it is
known that the ODE

. . dx
&= f(z,1) (:g - E> (1.1)
is equivalent to the integral equation
t
x(t) =a(to) + [ f(x(r),7)dr, (1.2)
to

when the integral exists in some sense. It is also known that, when the
integral in (1.2) is in the sense of Riemann, Lebesgue (McShane) or Henstock-
Kurzweil, then it can be approximated by a sum of the form

> fa(m),m)lsi = siea]
=1

or, alternatively, if we define F(x,s) = f:;) f(z,0)do, then the integral in
(1.2) can be approximated by

Z/Si f(a(ri),o)do =Y [F(a(ni), si) — F(x(ri), si-1)], (1.3)
i=1 751

=1

where tg = sg < 51 < ... < s, = t is a fine partition of the interval
[to,t] and, for each i, o; is “close” to [s;—1,$;]. In the second case, the
right-hand side of (1.3) approximates the Kurzweil integral which, in turn,
originates a differential equation in a wider sense when replaced in (1.2).
Such a differential equation is known as a generalized ordinary differential
equation (see Definitions 2.1 and 2.7 in the sequel). In this manner, a one-
to-one relation between ODEs and GODESs can be established.

The correspondence between GODEs and RFDEs without impulses was
first investigated in 1966 by C. Imaz and Z. Vorel and by F. Oliva and Z. Vorel
under rather technical assumptions (see [6] and [7]). Later, M. Federson and
P. Z. Téboas proved in [2] the same correspondence in a setting more close
to [8]. Yet in [2] the theory of GODEs was useful in the investigation of
topological dynamics of RFDEs. More specifically it was proved that, under
very weak conditions where the limiting equations are no longer differential
equations in the usual senses (retarded or even ordinary), it is possible to
construct a local flow by means of GODEs.
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To specify one advantage of the GODEs theory over the classical theory,
we mention an article by Z. Artstein (see [1]). Even in the simple ordinary
case, if we consider certain Carathéodory- and Lipschitz-type conditions,
one is not always able to obtain results which require, for instance, the
completeness of the space of functions (or equations, since we can identify
& = f(x,t) with f) satisfying (*) and (**) below. Indeed, the space of
ODEs fulfilling such conditions does not contain all its limiting equations.
Indeed, consider (1.1) again and assume f : @ x R — R", with Q C R"
open, is measurable in ¢ and continuous in z. Consider also the topology
characterized by the convergence

t t
fr — fo, if /0 fr(z,s)ds — /0 fo(z,s)ds, (z,t) € QxR

and the following properties:

(*) for each compact A C €, there is a locally Lebesgue integrable func-
tion M4 (t) such that x € A implies

|f (w,8)ds| < My (s),

where ftHh My (s) ds is uniformly continuous in ¢;
(**) for each compact A C 2, there is a locally Lebesgue integrable func-
tion L4 (t) such that z1,x2 € A implies

|f (w1,8) = f (x2,8)] < La(s) w1 — w2l
Let Fy be a continuous nowhere differentiable function. Then there exists
a sequence in C!, say Fj, 7 = 1,2,..., which converges uniformly to Fp.
Moreover, if f; is the derivative of F}, then fot fj(x, s)ds converges for all
(z,t). However, the limit

Fy(x,t) = lim /Ot fi(x,s)ds

does not have an integral representation as Fy(z,t) = fg f(z,s)ds. Since
we can associate an equation of type (1.1) with each f;, it turns out that
the solution of the equation is, up to a constant, the primitive F}; of f;.
Therefore the limiting solution Fj is not a solution of an ODE. But this
kind of problem is overcome when the GODEs theory is applied. Other
examples of applications of GODEs theory can be found in [1], [2], [4] and
[8], among others.

In the present paper, we consider the initial-value problem for an RFDE

y (t) = f (ytat) ) Yto = ¢7 (14)
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where f (¢,t) : PC ([-r,0],R™) x [to,t0 + o] — R", with ¢ > 0 and r > 0,
and t — f(y;,t) is Lebesgue integrable and satisfies conditions similar to
those used in [2]:

(*') there is a Lebesgue integrable function M : [tg,to+ o] — R such that
for all z € PC} and all uy,ug € [to, to + o],

‘/ (s, 8 ds‘</ M (s

(**') there is a Lebesgue integrable function L : [tg,tg + 0] — R such that
for all x,y € PCy and all uj,ug € [tg, to + o],

2
[ st < [T L@ - v as

ul

where PC' is a certain open subset of PC([tg — r,to + o] ,R™). In addition,
we consider impulses

Ay (ty) =Ix (y (tx)), k=1,...,m

where t, k=1,...,mwith tg < t1 < ... < tp < ... < tp, < tyg+ o are
pre-assigned moments of impulse, y — Ij (y) maps R" into itself and

Ay (tr) ==y (tet) —yte—) =y tet) —y(te), k=12,....m
and we are mainly concerned with

e embedding RFDEs fulfilling (*) and (**') with impulse operators
fulfilling similar conditions in a space of GODEs.

We prove that under pre-assigned moments of impulse effects, an RFDE
can still be related to a “non-impulsive” GODE with values in a Banach
space and there is a one-to-one relation between the solutions of an impulsive
RFDE and the solutions of the corresponding GODE. We are also concerned
with
e stating fundamental results for impulsive RFDEs by means of the
GODEs theory.

Here we prove existence, uniqueness and continuous dependence of solutions
on the initial data. We also discuss the maximal interval of existence.
Regarding continuous dependence, for instance, our result (namely The-
orem 4.1) encompasses previous ones (see e.g. [2], Theorem 5.3 and [9],
Theorem 4.2; the latter for the case when the impulse operator does not
involve delays). In general, one can not expect that an impulsive delay dif-
ferential system depends on the initial data. In [9], the authors present an
elucidative discussion on continuous dependence of solutions of an impulsive
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delay differential equation whose impulse operators also involve delays. Our
result does not take into account delays in the impulsive operators. On the
other hand, we do not require that f be continuous. In fact, our assumptions
rely on the indefinite integral of f instead.

One of the advantages of treating RFDEs with (or without) impulses by
means of the theory of GODEs is that the theory of GODE is developed
to a great extent. The assumptions usually concern the indefinite integral
(in some sense) of the functions involved in the equations instead of the
functions themselves. This leads to very fine and general results. Also,
because impulsive RFDESs can be regarded as GODEs, it is possible to obtain
good results with short proofs just by transferring the results from one space
to the other through the relation between the solutions.

We organized this paper as follows. In Section 2 we present the basic
knowledge concerning GODEs on the basis of [8]. In Section 3 the rela-
tion between impulsive RFDEs and GODEs is studied under relatively weak
conditions on the entries of the impulsive RFDEs. A continuous dependence
result for GODEs from [8] is used to get a result of this type for RFDEs in
Section 4. Since the results from Sections 3 and 4 are presented for solutions
on compact intervals and have a local character, in Section 5 the elements
of studying global (maximal) solutions of RFDEs are shortly described.

2. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

A tagged division of a compact interval [a,b] C R is a finite collection of
point-interval pairs (7;,[$;—1,8;]), where a = s < 51 < ... < s, =bisa
division of [a,b] and 7; € [s;—1, ], i =1,2,... k.

A gauge on a set E C [a,b] is any function 6 : E — (0, +00).

Given a gauge d on [a,b], a tagged division d = (7, [si—1, s;i]) is 0-fine if,
for every i, [si—1,8;] C {t € [a,b]; |t — 7| <0 (m)}.

Let X be a Banach space. In the sequel we will use integration specified
by the following definition.

Definition 2.1. A function U (7,t) : [a,b] X [a,b] — X is Kurzweil integrable

over the interval [a,b] if there is a unique element I € X (I = ff DU (t,t))
such that, given € > 0, there is a gauge ¢ of [a,b] such that for every J-fine
tagged division d = (7, [s;—1, si]) of [a, b], we have

1S (U,d) = I|| <e,
where S (U, d) = [U (7i, ) — U (75, 8i-1)].

i
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This type of integration is due to Jaroslav Kurzweil and it was described
extensively in Chapter I of [8] for the case X = R™ (see Definition 1.2n
in [8]).

Checking the results concerning this integration in [8], it can be easily
seen that the results presented there can be transferred without any changes
to the case of X-valued functions U (7,t) : [a,b] X [a,b] — X. Let us mention
a few of them. The integral has the usual properties of linearity, additivity
with respect to adjacent intervals, etc.

An important result which will be used later concerns the integrability on
subintervals and is stated next (see Theorem 1.10 in [8]).

Lemma 2.2. Let U (7,t) : [a,b] X [a,b] — X be integrable over [a,b]. Then
fcd DU (r,t) exists, for each interval [c,d] C [a,].

The following result is known as the Saks-Henstock lemma (see Lemma
1.13 in [8]).

Proposition 2.3 (Saks-Henstock lemma). Let U (7,t) : [a,b] X [a,b] — X.
If, for every e > 0, 0 is a gauge of [a,b] such that for every 0-fine tagged
division d = (74, s;) of [a,b],

H Z (7i;86) = U (7i, 8i-1)] — DU (7,t) H <e

[a,b]

then, fora <c1 <m <di <co < <do < ... << < dp < b, with
"7j [ijd] [77] 6(77j)777j+5(77j)]7j: 172a'-'7l;

HZ[ (nj, dj) = U (nj, ¢5) — /[ijdj]DU(T,t)}H <e.

The following result is an important Hake-type theorem (see Theorem
1.14 in [8]).

Lemma 2.4. Let a function U : [a,b] X [a,b] — X be given such that U is
integrable over [a,c] for every c € [a,b) and let the limit

c—b—

tim | DU ) — Ub,e) + U, n]=1ex

exist. Then the function U is integrable over [a,b] and

/a ’ DU(r,t) =



IMPULSIVE RETARDED FUNCTIONAL DIFFERENTIAL EQUATIONS 1207

Similarly, if the function U is integrable over [c,b] for every ¢ € (a,b] and
the limit

c—a+

b
lim [ DU(r,t) + Ula,c) — Ula,a)| =T € X

exists, then the function U is integrable over [a,b] and

/DUTt

This leads to the following (see Theorem 1.16 in [8]).

Lemma 2.5. Let U : [a,b] X [a,b] — X be integrable over [a,b] and ¢ € [a, b].
Then .
lim[ DU (r,t) — (cs)+Ucc /DUTt

S—cC

Remark 2.6. Lemma 2.5 shows that the function given by
S
€ o8] / DU(r,t) € X,
a

e., the indefinite integral of U, may not be continuous in general. The
indefinite integral is continuous at a point ¢ € [a, b] if and only if the function
U(c,-) : [a,b] — X is continuous at the point c.

Note that if U : [a, b] X [a,b] — X is integrable over [a, b], then by Lemma
2.2 the indefinite integral of the function U is well defined on the whole
interval [a, b].

Having the concept of Kurzweil integrability of a function U : [a,b] X
[a,b] — X, we are able to define the notion of a generalized ordinary differ-
ential equation.

Let an open set 2 C X X R be given. Assume that G : Q2 — X is a given
X-valued function G(z,t) defined for (x,t) € Q.

Definition 2.7. A function z : [a, ] — X is called a solution of the gener-
alized ordinary differential equation

dx
= DG(x,t 2.1
X Do) (2.1)
on the interval [a, f] C R if (x(t),t) € Q for all ¢ € [, §] and if the equality

_ / " DG(a(r). 1) (2.2)

holds for every v, v € [«, (]
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The integral on the right-hand side of (2.2) has to be understood as the
Kurzweil integral introduced by Definition 2.1.

Given an initial condition (2o, tg) € €2 the following definition of a solution
of the initial-value problem for the equation (2.1) will be used.

Definition 2.8. A function z : [«, 5] — X is a solution of the generalized
ordinary differential equation (2.1) with the initial condition x(ty) = zo on
the interval [a, ] C R if ¢y € [o, 8], (x(t),t) € Q for all t € o, B] and if the
equality

x(v) — 20 = tv DG(z(1),t) (2.3)

holds for every v € [a, (].

Remark 2.9. Let U(7,t) = G(z(7),t). In the definition of f[a ) DG (z (1) ,t)
there are only differences such as

U (7‘2', SZ'> — U (7‘2', 32‘—1) = G (J:‘ (TZ) ,SZ') — G(.%' (Tz) 731'—1) .

Thus, adding to G (z(7),t) a function varying only in z, the solutions of
(2.1) do not change. In particular, subtracting G (z(7),t9) from G (z(7),1),
we obtain a normalized representation Gy of G fulfilling G (z,%9) = 0 for
every z.

Definitions 2.7 or 2.8 do not provide too much information about the
properties of the function z : [, 5] — X which is a solution of (2.1). The
only fact we know implicitly is that the integral f;’ DG(z(1),t) exists for
every v, v € [a,3]. Nevertheless, using Lemma 2.5 the following can be
derived (see Proposition 3.6 in [8]).

Lemma 2.10. If z : [, 8] — X is a solution of the generalized ordinary
differential equation (2.1) on [a, (], then

lim [2(s) — G(z(0), 5) + G(z(0),0)] = z(0)
for every o € [o, f].

This lemma shows that if z : [o, 5] — X is a solution of (2.1), then for
every fixed o € [o, ] the value of z(s) can be approximated by z(o) +
G(z(0),s) — G(z(0),0) provided s € [a, f] is sufficiently close to o.

Now we introduce a class of functions G : Q — X for which it is possible
to get more specific information about the solutions of (2.1).

Let (a,b) C R be an interval with —oo < a < b < oo and let us set

Q=0 x[a,b],
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where O C X is an open set (e.g. O = B, = {z € X; ||z|| < ¢} for some
¢ > 0). We will use the set 2 C X xR in our subsequent study of generalized
differential equations (2.1). Assume that h : [a,b] — R is a nondecreasing
function defined on [a, b].

Definition 2.11. A function G : Q@ — X belongs to the class F (2, h) if
|G (2, 52) = G(z,81)|| < [h(s2) — h(s1)] (2.4)
for all (z, s2), (z,s1) € Q and
|G (2, 52) = G(x,51) = Gy, 52) + Gy, s1)|| < l|lz —yll[h(s2) — h(s1)] (2.5)
for all (z, s2), (z,s1), (y,s2), (y,s1) € Q.

For functions G € F(, h) we are coming to more specific information
about solutions of the generalized differential equation (2.1). We have the
following (see Lemma 3.10 in [8]).

Lemma 2.12. Assume that G : Q — X satisfies the condition (2.4). If
[a, B] C la,b] and z : [a, 5] — X is a solution of (2.1), then the inequality

[2(s1) — z(s2)[| < [h(s2) — h(s1)]
holds for every s1,s2 € |a, 3].
Let varl « be the variation of a function z : [, 3] — X and let BV (o, 4])

be the space of functions z : [a, 3] — X of bounded variation. Lemma 2.12
gives easily the following property of solutions of (2.1).

Corollary 2.13. Assume that G : Q@ — X x R satisfies the condition (2.4).
If [a,p] C (a,b) and z : [a, 5] — X is a solution of (2.1), then x is of
bounded variation on |a, 3] and

var® < h(B) — h(a) < +oc.

Every point in [o, 3] at which the function h is continuous is a continuity
point of the solution z : [a, 5] — X.

Moreover, we have the following (see Lemma 3.12 in [8]).

Lemma 2.14. Ifz : [, ] — X is a solution of (2.1) and G : Q2 — X xR
(

satisfies the condition (2.4), then
r(o+) —a(o) = Jim a(s) ~ #(0) = Gla(o),0+) ~ Gla(0), 0)

for o € [a,3) and
z(o) —x(o—) =x(o) — lim z(s) = G(z(0),0) — G(x(0),0—)
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for o € (o, B], where
G(z,0+) = lim G(x,s) for o € [a, )

s—o+

and
G(z,0—) = lim G(z,s) for o € («a,].
S—0—
Up to this moment, we do not have any information about the existence
of a solution of (2.1). The following result gives us an answer.

Theorem 2.15. Let G : Q@ — X belong to the class F (S, h), where the
function h is continuous from the left (h(t—) = h(t) for t € (a,b]). Then
for every (Z,ty) € Q such that for T, = = + G(z,to+) — G(T,ty), we have
(T4+,t0) € Q and there exists a A > 0 such that on the interval [to,to + A
there exists a unique solution x : [to,to+ Al — X of the generalized ordinary
differential equation (2.1) for which x(ty) = Z.

A sketch of the proof. At first, let ¢y be a point of continuity of the func-
tion h; i.e. h(to+) = h(tg). Assume that A > 0 is such that [tg,to + A] C
(a,b), h(to + A) — h(tyg) < & and that ||z — Z| < h(to + A) — h(to) implies
x € 0.

Let @ be the set of functions z : [tg, to+A] — X such that z € BV ([to, to+
A]) and ||z(t) — z|| < h(t) — h(to) for t € [to,to + Al

It is easy to show that the set Q C BV ([to,to + A]) is closed.

For s € [to,to + A] and z € @, define

S
Tz(s)=z+ | DG(2(7),t).
to
The integral on the right-hand side exists (see Corollary 3.16 in [8]) and for
s € [to,to + A, (2.4) implies
1T=(s) — 7| = H DG H < h(s) — h(to)
and it follows that T maps @ into itself.
Take tg < s1 < s9 <o+ A and 21, 22 € Q. Then, using (2.5), we obtain
HTZQ 82 Tz1(82) [TZQ(Sl) Tzl(sl)]H

—H/ DIG(alr).0) - Gaa(r) ]| < || [ D) = )1

sup ||22(7) — 21(7)[| - (h(s2) — h(s1))

76[31,32]
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< sup lzao(7) = z1(7)]] - (A(s2) — h(s1))
TE[to,to+A]

< llz2 = 21l By (tto to+a)) - (A(s2) = (1))

Note that ||2]| gy ([t t0+a]) = lI2(t0) H—&—VM%JFA z defines a norm in BV ([to, to+

Al). Hence,

1T22 — T21|l By (fto,to+a]) < 122 = 21/l BV (jt0,t0+a]) - (A(to +A) — h(to))

1
< 5”22 — Zl|‘BV([t07t0+A])

and T is a contraction. By the Banach fixed-point theorem the result follows.

Now we consider when ?y is not a point of continuity of h. Take E(t) =
h(t) for t < to and h(t) = h(t) — h(tg+) for t > to. Then the function h
is continuous at ty, continuous from the left and nondecreasing. Defining
G(z,t) = G(x,t) for t < tg and G(z,t) = G(x,t) — [G(F, to+) — G(T, )] for
t > tg it is easy to check that G e f(Q,TL) and, as above, a solution z of

d ~

d—z = DG(z,t) with z(tg) = T4 exists. Defining z(tg) =  and z(t) = z(¢t)
-

for ¢t > to we have a solution of (2.1) for which z(t9) = . O

Remark 2.16. The assumption of the continuity from the left of the func-
tion h in Theorem 2.15 shows that the solutions of (2.1) are also continuous
from the left (cf. Lemma 2.12). Given a solution x of (2.1), the limit z(o—)
exists for every ¢ in the domain of x. This follows again by Lemma 2.12
and, by Lemma 2.14, we have the relation

2(0) = 2(0—) + G(z(0),0) — G(z(0),0-)
which describes the discontinuity of the given solution.

We close the short survey of results on generalized differential equations
with the following simple convergence result (see Theorem 8.2 in [8]).

Theorem 2.17. Assume that G : Q@ — X belongs to the class F (2, h) for
p=20,1,... and that

lim G,(z,t) = Go(z,t)
p—00

for (z,t) € Q. Let z, : [a,08] — X, p = 1,2,... be a solution of the
generalized differential equation

dx
E = DGP(.’E, t)
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on [, 8] C (a,b) such that
lim z,(s) = z(s), s € [a,p],

p—00

and (x(s),s) € Q for s € [, 8]. Then x : [a, ] — X is of bounded variation
on [a, B] and it is a solution of the generalized differential equation

dx
— = DGo(z,t) ona,].
dr
3. IMPULSIVE RETARDED DIFFERENTIAL EQUATIONS IN THE FRAME OF

GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Consider the following initial-value problem for a retarded functional dif-
ferential equation with impulses:

yt)=f(yt), t #tx
Ay (te) =Ix (y(tk)), k=1,...,m (3.1)
Yto :¢7

where t;,, k=1,...,mwithtg <t1 < ... <tp, < ... <ty <ty+o,0>0,
are pre-assigned moments of impulse, y — Ij (y) maps R" into itself and

Ay (te) =y (tet) —y (=) =y (tst) —y (te), k=1,2,....,m;
that is, we suppose y is left continuous at ¢t = ¢, and that the lateral limit
y(tp+) exists, k=1,2,...,m.

We write PC([a, b], X') to denote the space of piecewise continuous func-
tions from an interval [a,b] C R to a Banach space X.

We consider PC([a,b], X) equipped with the usual supremum norm, || ||,
and we assume ¢ € PC([—r,0],R™), r > 0, and that f(¢,t) maps some open
subset of PC([—r,0],R™) x [to,to + o] to R™.

Given a function y : [to — r,to + o] — R™, we consider y; : [-r,0] — R"
given by

y(@)=yt+0), 60¢c[-r0] te]ltyto+0o].
Now we introduce some notation. Let PCy, be the set of all functions y :
[to,to + o] — R™ such that for k = 1,2,...,m, y is continuous at t # tx,
y is left continuous at t = t; and the right limit y (tx+) exists. Given
¢ € PC ([-r,0],R™), we also define

PCyyy = {y to—7rto+ 0] = RS iy = 6, li 10401 € PClo }
These two spaces are complete under the norm induced by
PC([to — r,to + o], R™).
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Let us recall the concept of a solution to the problem (3.1).

Definition 3.1. A function y € PCy4, such that (y;,t) € PC ([—r,0],R") x
[to, to + o] for ty <t < tg + o and moreover

(i) y(t) = f (ys, t), for almost every t, t # t,

(i) y (te+) =y (tk) + L (y (t)), k= 1,2,...,m,
is called a solution of (3.1) in [to,to + o] (or sometimes also in [ty — r,tg + o))
with the initial condition (¢,to).

The impulsive system (3.1) is known to be equivalent to the “integral”
equation

t
y(t) =y(to)+ [ fyss)ds+ Y I(y(t)), t € [to,to+ 0], 4o = &,
to to<tp<t

when the integral exists in the Lebesgue sense (cf. [3]).
For T € (tp, 00) define the left continuous Heaviside function concentrated
at T as follows:
Ho(t) = 0 for tg <t <T
YT for T <t
Then
m
Z I (y(tr)) = ij(y(tk))Htk(t)
to< ty<t k=1

and the system (3.1) is equivalent to

y(&) =ylto)+ | f(Yss)ds+ > I(y(tr)) Hy (t), t € [to,to+0],  yiy = ¢-
to k=1

(3.2)
Let PCy C PCy4, be an open set (in the topology of PC([tg — 7,to + o] ,R™))
with the following property: if y =y (t), t € [to — 7, to + 0], is an element of
PCy and t € [ty — r,tg + o], then 7 given by

y(t)a to—r<t<t
y(ty), t<t<to+o
also belongs to PC1.
Denote by |- | a norm in R™. We consider f(¢,t) : PC (]—r,0],R") X

[to,to + 0] — R™, t — f(y:,t) to be Lebesgue integrable and the following
conditions are fulfilled:
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(A) there is a Lebesgue integrable function M : [to, to+ o] — R such that
for all x € PC; and all uy,ug € [tg, to + o],

‘/fxs, ds‘</M

(B) there is a Lebesgue integrable function L : [tg, to + 0] — R such that
for all x,y € PCy and all uy,ug € [tg, to + o],

’/ (zs,5) — f (ys, ) ds’ </ ’ L (s) ||zs — ys| ds.

ul
Concerning the impulse functions I : R™ — R™, k= 1,...,m, we assume
the following conditions:

(A’) there is a constant K7 > 0 such that for all £k = 1,...,m and all

reR"
i (2)] < Ki;
(B’) there is a constant K3 > 0 such that for all Kk = 1,...,m and all
z,y € R"

[Tk (x) — Ir(y)| < Kalz —yl.
Suppose f (¢,t) : PC([—r,0],R™) X [to, toc + o] — R™ and for each y € PCy
the mapping t — f (y, t) is integrable in the Lebesgue sense. For y € PCY,

let
0, to—r<I¥<tgorty—r<t<ty

F(y,t> ("9) = ‘/;50 ysa dS to < ¥ <t<tyg+ o; (33)
S £ (ys,8)ds, to <t <0 <to+o

Then given (y,t) € PCy X [to — 7, to + 0], equation (3.3) defines an element
F (y,t) of C ([to — 7, to + 0], R™) and F (y,t) (1) € R™ is the value of F (y,t)
at a point 7 € [ty — 7, to + o] ; that is,

F: PC; x [to—T,to—i—U] — C([to —T,tQ—I—U],Rn),

where C([a,b],R™) denotes the Banach space of continuous functions from
[a,b] to R™ with the supremum norm. (A proof of this fact is a straightfor-
ward adaptation of [2], Proposition 2.1.)

The idea of defining the function F' by (3.3) comes from the pioneering
work of Z. Vorel, C. Imaz and F. Oliva ([6], [7]) where RFDEs have been
related to GODEs for the first time.

Assume that conditions (A) and (B) are satisfied for the map f(¢,t) :
PC ([-r,0],R"™) X [to,to + o] — R™.
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Given x € PC) and tg < s1 < sg < tg + o we have for F': PC} X [tg —
r,to + o] — C([to — 7, to + o], R™) given by (3.3) the following:
0, ve [to—?" 81],
F(x,80) (9) — F (z,81) (9) = ISI f(zs,8)ds, 9 € [s1,s9], (3.4)
fssf f(zs,8)ds, O € [s2,tg+ o]

Hence, for an arbitrary x € PC and for tg < s1 < s9 < tg + o, we have by
(A)

|F (z,82) = F(z,1) | = sup  [F(x,82) () = F(z,51) )= (3.5)
= sup |F(x,s2) (W) — F(x,81) ()] = sup
9€[s1,s2] 9€[s1,s2]

ﬂE[to—T,to-‘y—O’}
/ f(xs,8 dS
v

< sup M(s)ds:/ M (s)ds.

796[31,52] S1

Similarly, using (3.4) and (B), we get that if z,y € PC} and tg < s1 < 9 <
to + o then

IF (2 52) — F (2,51) — F (3, 52) + F (y.51) | (3.6)
— sup \/ (20,5) — £ (3, >dsu</52 ()2 — ysllds

V€ [s1,82]

< sup z(9) —y(¥ |/ ds<||a:—y||/
V€[s1—7,82]
Define hy : [to,to + o] — R by

b () = [[M(s) + L(s)]ds, t € [to, to + o],

The function h is (absolutely) continuous and nondecreasing since M, L :
[to, to + 0] — R are nonnegative almost everywhere.
According to (3.5) and (3.6) we have

1F(z,52) = F(x, 81)[| < [ha(s2) — ha(s1)] (3.7)
for all (z, s2), (z,s1) € PC1 X [to, to + o] and
1F (2, 52) = F(,51) = F(y, 52) + F(y, s1) || < llz = yll[ha(s2) — ha(s1)] (3-8)

for all (z, s2), (z,s1), (y,s2), (y,s1) € PC1 X [to, to + o).
Let us consider the impulsive terms of the problem (3.1).
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Given an arbitrary y € PC1, let

0) = > Hy, (£) Hy, (0) I (y(tr)) (3.9)
k=1

for v € [to—r,to+o] and t € [to, to+0]. (Hy, is the left continuous Heaviside
function concentrated at t.)
If tg < 51 < 89 <tyg+ o, we have

m

T(y, 52)(9) = J(y,$1)(9) = Y [Hy, (s2) = Hy (1) Hy, (9 I(y(tr))  (3.10)
k=1

for ¥ € [to — r,to + o]. So for tg < s1 < s9 <ty + o and x € PCy we have

m

1T (x,52) = J(,s1)[| = sup Y [Hy(s9) = Hey (s1)] Hiy (9) [ In((t)))|
Y€[to—r,to+0o] —1

(3.11)
< D [Hi(s2) = Hy (s1) K
k_

and, similarly, if x,y € PC} we get

||J(CC,S2)—J(QL’, Sl)_‘](ya 52 +J 33 51 Z‘Htk 52 Htk 51)]K2H$ y”PC
k=1

(3.12)
Define hy : [to, to + 0] — R by

ha(t) = max(K1, K3) - Y Hy, (t)
k=1

Then hg is left continuous and nondecreasing while by (3.11) and (3.12) we
get

1/ (x, s2) — J (@, 51)|| < ha(s2) — ha(s1) (3.13)
and

1T (2, 52) = J (2, 81) = J(y, 52) + J (2, s1) || < [lz = yll(ha(s2) — ha(s1)) (3.14)

provided z,y € PC1 and tg < s1 < s9 < tg+ 0.
Now, consider F(y,t) from (3.3) and J(y,t) from (3.9) and let

G(y,t) = F(y,t) + J(y,t) (3.15)
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for y € PCy and t € [tg —r,to+ o]. Then G(y,t) belongs to PC([to —r,to +
o], R™); that is,

G PCl X [to —T,to —i—O’] — PC([tO —’I”,to +0’],Rn).
By (3.7) and (3.13), we have
|G (2, 89) = Gz, s1)[| < [ F(,82) = F(a, s1)[ + [T (2, 82) = I (2, s1)| (3.16)

S h1(82) — h1(81) + h2(82) — h2(81) = h(SQ) — h(Sl),

where h(t) = hy(t) + ha(t) is nondecreasing and continuous from the left.
Similarly, (3.8) and (3.14) yield

1G(z, 52) = G(x,81) = Gy, 52) + Gy, s1)|| < [lz —y[[(h(s2) = h(s1)). (3.17)
The inequalities (3.16) and (3.17) show the following.

Proposition 3.2. If the conditions (A), (B), (A’), (B’) are satisfied then
the function G given by (3.15) belongs to the class F(Q, h), where Q =
PC) x [a,b] for any [a,b] C [to,to + o).

Consider the generalized ordinary differential equation

dx

o= DG (z,t), (3.18)
where G is given by (3.15). We will work now with a specific initial-value
problem for the equation (3.18).

Let ¢ € PC ([-7,0],R™) be given.

A function z (t) defined on the interval [ty — 7, tp + o] and taking values
in PCy is a solution of the generalized ordinary differential equation (3.18)
in the interval [to,to + o], with initial condition x (t9) € PC) given for
o € PC ([-r,0],R") by

¢(19 — t(]) for ¥ € [to -, t(]],
:E(to)(to) for ¥ € [to,to + O']

o(t0)0) = {

if for every v € [tg, to + o], we have

x(v) = xz(ty) + tUDG(:E(T),t)

= z(to) + tUDF(.’E(T),t)—i- t DJ(z(T),t).
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Lemma 3.3. Let x (t) be a solution of (3.18) in the interval [to,to + o],
with G given by (3.15) and with initial condition x (ty) € PCi given by
x(t0) (V) = ¢(9) for ¥ € [to — 1, to], x(to)(V) = x(to)(to) for ¥ € [to,to + o] .
Then if v € [to, to + o], we have

z() () =z @) (v), I>v, JElty—rts+ 0] (3.19)

and
z() () =z (), v>9,9€]to—rto+o0]. (3.20)

Proof. Assume that ¥ > v. Since z is a solution of (3.18), we have
z(v)(v) = z(to)(v) + [ DG(x(7),t)(v)
to
and similarly

£(0)(0) = 2(t0)(0) + | DG(x(r),t)().

to
Since x(t9)(¥) = x(t9)(v) by the properties of the initial condition, we have
z(v)(0) = 2(v)(v) = t DG(x(7),t)(V) — t DG(x(7),t)(v).
0 0

Since the integral ftz DG(z(T),t) exists, for every € > 0 there is a gauge d
on [tg, to + o] such that if (7, [si—1, s;]) is a d-fine division of [tg, v], then

H 2_[G(@(n), 5) = Gla(n), si1)] - " Da(a(r), t)H <e.

to

Therefore, we have

|2(0) (V) — z(v)(v)] < 2e + ) Z[G(I(Ti% si) = G(x(7:), 8i-1)](9)

B Z[G(x(”)’ si) — G(z(7), si-1)](v)].

By the definition of G in (3.15), the form of F' given in (3.3) and of J in
(3.9), it is a matter of routine to check that for every ¢ we have

G(z(7i), 8:) (V) — G(x(7i), si-1)(F) = G(x(7i), i) (v) — G(x(73), si-1)(v)
and this implies by the last inequality above that
|z(v) () — z(v)(v)] < 2e.

Since this holds for an arbitrary & > 0, the relation (3.19) is satisfied.
For the second relation assume that ¢ < v.
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By the definition of a solution of (3.18), we have similarly as in the first
part of the proof

v

z(v)(0) = z(to)(0) + | DG(x(7),t)(9)

and
¢
z(0) () = x(to) (V) + t DG(x(7), t)(d).
Hence,

o(0)(0) - 2(0)0) = | " DG(a(r), 1)(9).

If now (7;,[si—1,s;]) is an arbitrary tagged division of [¢,v], it is again
straightforward to check by (3.3) and (3.9) that for every ¢ we have

G(x(n), Sz)(ﬁ) — G(a:(n), Si_l)(ﬁ) = 0.

But this means that [; DG(z(7),t)(¥) = 0 and that z(v)(d) = z(9)(V)
holds. Hence, (3.20) is proved. O

For a similar lemma, see [7], Lemma 2.1.

Let us now study the relation between the impulsive retarded differen-
tial equation (3.1) and the generalized ordinary differential equation (3.18),
provided the conditions (A), (B), (A’) and (B’) are fulfilled.

Theorem 3.4. Consider equation (3.1), where
f:PC([-r,0,R") x [to,to + 0] = R", t— f(y,t)

is Lebesgue integrable over [tg,to + o] and (A), (B), (A?), (B’) are fulfilled.
Let y (t) be a solution of the problem (3.1) in the interval [to,to + o]. Given

t e fto—r,to+ o], let
y (), U € [to—r,t]

= { y(t), 9 €ltto+o].
Then z(t) € PC ([tg — 7, to + o], R™) is a solution of (3.18) in [tg — r,to + o).

(3.21)

Proof. We will show that for every v € [to, to+0], the integral ftz DG(z(T),t)
exists and ;
x(v) —z(ty) = DG (z (1),t).
to
Let an arbitrary € > 0 be given. Since y is a solution of (3.1), the relations
(3.2) concerning the equivalent “integral” form are satisfied and it is easy
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to see that the function y : [to,f9 + 0] — R™ is the sum of an absolutely
continuous function and a simple left continuous step function.
Therefore, for every 7 € [to,to + o] there is a 6(7) > 0 such that

ly(p) —y(7)| < e for every p € [r—(7),7] (3.22)

and

ly(p) —y(7+)| < e for every p e (1,7 + d(7)]. (3.23)
We write y(7+) = limy—,+ y(p). In this way, a gauge § on [tg,tg + o] is
given. Further, let the gauge ¢ be such that if 7 € [to, to + o], then

/u L(s)ds’ < CES L for every [u,v] C (7 — (1), 7 + (7)),
(3.24)

where m is the number of impulse points and K is the constant from (A’).
Such a choice is possible because the function L : [tg,to + o] — R from (B)
is assumed to be Lebesgue integrable.

Moreover, assume that the gauge ¢ satisfies

th — tp
ﬁ—iii;kzl,”,m} (3.25)

0<d(r) < min{
and
0<d(7) <min{d(r,tg),d(T,tk—1); T € (tx—1,tk), k=1,...,m}, (3.26)

where d(7, ;) denotes the distance of T to t; and similarly for d(7,t;x_1).
The condition (3.25) assures that if a point-interval pair (T, [s1,s2]) is
d-fine, then the interval [s1, s2] contains at most one of the points tg, k =
1,...,m, while (3.26) implies T' = t;, whenever t; € [s1, S2].
Assume now that (7;, [s;—1, s;]) is a 0-fine division of the interval [tg, v].
Using the definition (3.21) of z and (3.2) it can be easily shown that

[z (si) =z (si-1)] (V) = (3.27)
0, ¥€[to—r,si-1]

= fsf,l [ (ys,s)ds + 300 Te(y(te)) [He, (9) — Hy, (si-1)], 9 € [si-1, 54]
Jor Fysss)ds + 3230 Te(y(te)) [ Hay (si) — He (si-1)], 9 € [si,t0 + 0.

Using the definition of G from (3.15), (3.3) and (3.9) we obtain
[G(2(7i), si) — G(2(7i), si-1)](V) = [F(2(7), 8:) — F(2(7), 5i-1))(V)

+ ) [Hy (si) — Hyy (si-1)|Hy, (9) T (2(73) () (3.28)
k=1
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xT
fssiil x

O, Y € [to r,S; 1]
= { fiil f( (Ti)s ,8) dS, g e [Si—la Si]
' f( (Ti)s,s)d8,19€[8i,t()+0']
Z[Htk(sz) Hy, (sie1) [ Hiy, (0) I ((73) (1))

Using the properties (3.25) and (3.26) of the gauge ¢ and the corresponding
properties of the division (7;, [s;—1, 8;]), there are two possibilities for a given
point-interval pair (7;, [s;—1, $i]):

(i) there is exactly one ¢; € [s;_1, s;),

(ii) [si—1,s;) does not contain any point of impulse; i.e., [s;—1,s;) N

{tla"'atm} :(D

In case (i), we have

> Iy () [He, (9) = Ho(sim1)] = Li(y () Hy, (9)

and, since 7; = t;, we get by the definition of z

m

> [Hy, (1) = Huy (si1) Hyy (9 T(2(73) (1)) = D7) (82)) Hy, ()

k=1
— L{y(t) Hiy (0)
By (3.27) and (3.28), we have

[ (si) — @ (5i-1)] (9) = [G(2(73), 50) — G(2(7i), 5i-1)](F)
0, ¥ € [to—r,si-1]

= fsljlf( Sds_fs 1fﬂ? ) ,8)ds, ¥ € [si_1, Si]
Job Fysss)ds = [00 f(a(mi)g.s)ds, 9 € [sisto + 0] (3.29)
0, ¥ € [to — T, si-1]

— [0 (e s) = f (@ (m), . 9)lds, 9 € 551, 5]

fsil_l[f (ys,s) — f (x (Ti)s ,8)]ds, ¥ € [si,to+ o).

In case (ii), we have

> Ty (te)) [y, (9) — Hy, (si-1)] = 0

k=1
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and also
> [Hy, (5i) — Hiy (5i1)] Hy, (9)Ii(2(7:) (t)) = 0.
k.f

By (3.27) and (3.28) we again obtain the relation (3.29).
Using (3.29), consider now

[z (si) = @ (si-1) = [G(x(7), 81) — G((7), si-1)]]]
= sup [ (si) =2 (si-1)] (9) = [Glz(m), 8i) — G(2(7i), 5i-1)](9))]

ﬂG[to—T,to-‘y—O’}
= sup | fsz 1 f(ys,s) = f(x (Ti)s ,8)]ds|, U € [si-1, 8]
V€to—r,to+o] |f f(ys,s) — f(z(m),,9)]ds|, U € [si, to + 0]
= sup | [f (y87 5) - f (33 (Ti)s 78)]d5|'
196[82'_1,81'} Si—1

By the definition of = from (3.21), we have for the case (i)

9 [V
|10 = ), sds = [ 15 )~ (@), 9)ds

i 17}

for 9 € [t;, si], and

9
/‘ lf (ys,8) — f(z(13),,5)]ds =0

for ¥ € [si_1,t;]. By condition (B) we have

9 9
/ [ (e s) — f (2 (1), )}ds| < / L(8)lys — (1), [1ds.

i t
Using (3.22) and (B’) we have

lys —x (t1) | = sup |y(s + p) —x(ty) (s + p)|
pe[fr’o}
= sup |y(p) —y(t)| = sup |y(p) —y(ti+) +y(ti+) — y(t)]
pE[ts,8] PE[t1,8]
= sup |y(p) —y(ti+) + Ly(t)| < e+ K.
pe[ths]

Therefore by the property (3.24) of the gauge 6 we get

[ (i) — @ (si-1) = [G(x(7), s1) = G(a(n), sia)]l| < (e + K1) /:i L(s)ds
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S; e Si €
<eg L(s)ds + K <5/ L(s)ds + .
A () "m+ 1)K+ 1) . (s) (m+1)

Similarly, for the case (ii) we have

9 9
| e~ F @, sds = [ 1 ()~ £ (@ m), 9)ds

for ¥ € [, si] and

9
/_ Uf (ys,s) = f(z(75),,8)]ds =0

for ¥ € [sj_1,Ti].
Condition (B) also implies

9
[ 18 s = £ (7))l

i

9
< / L(s)lys — (1), |1ds,

i

where

lys —z (1), | = sup |y(p) —y(m)| <e
pE[TZ‘,S}

by the property (3.23) of the gauge §. Hence,
2 (si) =z (si1) = [G(2(7), 80) — Ga(Ti), si-1)][| < 6/ L(s)ds.

Using the results obtained above and the fact that the case (i) occurs in at
most m intervals, we get

z(v) =z (to) — Y _[G(x(ri), si) — Glx(7), Sz‘l)]H

i

Z{x (8i) — @ (si-1) — [G(2(7), 8i) — G(x(T3), Si—l)]}H

< Z [z (si) — 2 (si—1) — [G(z(7), 8i) — G(2(73), si-1)] ||

/tl ds+ 1)+;€/ﬁLsds

to+o tot+o
< 25/ L(s)ds + m——— < 25/ L(s)ds +e.
to (m + 1) to

% tle Si— 1,31
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Hence, for every v € [to, to + o] the integral ftz DG (z (1) ,t) exists and

z(v) —x(ty) = UDG(x(T),t).

to
This proves the result. O

Theorem 3.4 improves Theorem 2.1 presented in [2] with a different proof.

Theorem 3.5. Let x (t) be a solution of (3.18), with G given by (3.15), in
the interval [to — 7, to + o] satisfying the initial condition

2(t0)(9) :{ (0 —to), to — 1 <V < o,

l’(to)(to), to <9 <ty+o.
For every 9 € [to —r,to + o], let

[ x(to) (W), to—T <V <t
yw)_{ z(9) (), to <V <ty+o.

Then y (9) is a solution of the problem (3.1) in [to —r,to + o] and y (V) =
x (to+ o) (9), 9 € [tg —r,to + o].

(3.30)

Proof. According to (3.2), it suffices to prove that for every n > 0 and any
v € [to, to + o], we have

y () — y (to) - t” f (er ) ds — 3 Ty (t) Hoy (v)

k=1

and y, = ¢. The last equality is clear by (3.30).
Assume that a gauge d : [to, to + o] — (0, +00) satisfies for 7 € [tg, to + 0]

the following:

<n (3.31)

tp — tr—
0<6(T)<min{%; k:zl,...,m} (3.32)
and
0 < (1) < min{d(7,tg),d(7,tx—1) for 7€ (txy_1,tx), k=1,...,m},
(3.33)

where d(7,ty) is the distance of 7 to t; and similarly for d(7,t;_1).

As in the proof of Theorem 3.4, the requirement (3.32) assures that if a
point-interval pair (T, [s1, s2]) is 0-fine, then the interval [s1, s2| contains at
most one of the points tx, & = 1,...,m, while (3.33) implies T' = t;, for
tr € [81, 82}.
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If (7i,[si—1,si]) is an arbitrary J-fine division of [to,v], then by (3.10),
when ¢; € [s;_1, s;), we have

J(@(7:), :)(9) =T (2(72), 80-1)(9) = > _[Hy, (s2)—Hi, (51)] Hyy, (0) I (2(7:) (£4))
k=1

= Hy, (0) e (2(t) () = Hy, (0) Ik (y (1))
for ¥ € [tog — r,to + o], and if [s;_1,s;) does not contain any of the points
tl, e ,tm, then

J(z(7i), i) (F) — J(2(73), si-1) (V)
= Z [Hy,, (s2) — Hy, (s1)]Hey (9) g (2(73) (tk)) = 0.

This implies that the integral ft DJ(z(1),t) exists and

( ' DJ(x( ) thk (3.34)

to -1
By (3.30), (3.19) and the fact that x is a solution of (3.18) we get

y(v) —y(to) = z(v)(v) — z(to)(to) = (v)(v) — x(to)(v) (3.35)
= ( tvDG(SU(T),t)> (v) = < tvDF(.T(T),t)> (v) + ( tUDJ(QZ(T),t)> (v),

for v € [tg, to + o]. Using this and (3.34), we have

g —y(to) = [ ) ds— > Lyt Hy()  (3.36)
to k=1

— < UDF(x(T),t)> (v) + ( UDJ(m(T),t)) (v) — t:f(ys,S) ds

to to

S Ly (1) H (0) = ( ”DF(acm,t)) (v) - Uf(ys,s) s
k=1 to

The existence of the integrals [, DG(x(7),t) and [,) DJ(x(7),t) implies the
existence of [,> DF(x(7),t).
Let £ > 0 be given. Assume the gauge §(7) > 0 satisfies (3.32), (3.33) and
also
|h(p) — h(T)| < e for every p € [T —4d(7),7], (3.37)
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and
|h(p) — h(7+)| < € for every p e (1,7 + 0(7)], (3.38)

where h(t) = hi(t) + ha(t) is the nondecreasing, left continuous function
described as in (3.16) and (3.17).
Further, let the gauge 0 be such that if 7 € [to, to + o], then

for every [u,v] C [t —0d(7), 7+ d(7)],

(3.39)
where m is the number of impulse points and K is the constant from (A’).
Such a choice is possible because the function L : [tg, {9+ o] — R from (B) is
assumed to be Lebesgue integrable. Moreover, for the gauge § we have (by
the existence of the integral ftz DF(xz(7),t)) the inequality

/: L(s)ds‘ < (m+ 1;[{1 1)

| tv DF(a(r),t) = Y. [F(e(n), s) = Fla(r) sl | <= (3.40)

)

for every d-fine division (7, [s;—1, s;]) of the interval [to,v]. Hence
| DF@(r), (@) — 3 [F(a(ri), 5:) - Fla(n), si1)] ()| <e a1

to i
for every d-fine division (7, [s;—1, s;]) of the interval [tg,v].
By (3.36) and (3.41), we have

(3.42)

v (®) =y (to) - f(ys, )ds =3 L(y(t6)) iy (0)
k=1

— '( vDF(l‘(T),L‘)) (v) — t:f(ys,S) ds

==+ [ { PG50 - P sl 0) - [ faas)]

The definition of F' given in (3.3) yields

(F (), 51) — Fla(m), si-1)] / F@(7i)ers
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By (3.20), we have z(7;)(9) = x(9¥)(9¥) = y(9¥) provided ¥ < 7;. Therefore,

/ £ (e(ri)ers) ds — / f (ger5) ds = / [F (2(r)s, ) — f (5> )]s

Si— Si— 1—1

= [ 1 @lr)ees) ] s

For ¥ € [1;,s;] we have again by (3.20) the equality y(9) = z(9)(9) =
x(8;)(9¥) and therefore

[ 15 @) = e 9lds = [ 17 @(ms) = F s s)lds.
Using the relations above and the assumption (B), we obtain

‘[F(w(n),si)—F(m( ,8i-1)] / f (s, s) ds (3.43)

Ti

[ U @)~ £l slis] < [ LG el - (sl ds.
Let us look now to [|z(7;)s — x(8;)s]|. By definition and by the fact that
x(8;)(1:) = x(7;)(1:) (see (3.20)), we have for every ¢ the following:

2(7i)s —a(si)sll = sup |a(si)(s + ) — 2(7)(s + I

e[—n,0

= sup [z(si)(p) —2(n)(p)l = sup |x(si)(p) — 2(m:)(p)|

pE[Ti,si] PE(T3,84]
= S(up | |z (si)(p) — x(7i+)(p) + x(7i+)(p) — x(7:) ()]
PE(Ti,Si
< S(up ]{Iw(sz')(p) — a(ri+)(p)] + |z(rit+)(p) — x(7:) (p)|}
PE(Ti,Si

< lw(si) — w(mit) | + [|G(2(m:), Tit) — G(z(7), 7))
Sh(sl)—h( T; )+K1 <e+ Ky,
where the last inequalities come from Lemma 2.12 and from the definition
of G in (3.15).
Hence, by (3.43) we get for every i the inequality

‘[F(x(n)vsz) —F($( 5 Si— 1 / f Ys, S dS (344)

< /S L(s)||x(m)s — x(s4)s]|ds < (5+K1)/‘ L(s)ds.
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Now by (3.42) and (3.44) we obtain

y @) g0~ [ Fls)ds =Y L) H 0| (349)
to k=1

<t | (P50 - P sl 0) - [ ) as
<e+ (e + Ky) Z/SZ L(s)ds
<e+e /v L(s)ds + K3 Z /Si L(s)ds

to ’i;[sifl,Si)ﬂ{tl,...,tm}yéw Ti

gs(l—i—/t:L(s)ds)—i—m-Kl (m—i—l)iKl—i—l) §5(1+/t:L(s)ds)+s

by the property (3.39) of the gauge §. Taking € > 0 such that

e(2+ /v L(s)ds) <n

to

we obtain (3.31) and the theorem is proved. O

4. CONTINUOUS DEPENDENCE

Consider the following sequence of initial-value problems for impulsive
RFDEs :
yt)=fp(y:t), t #tx
Ay(tk> :I]Is (y(tk)), kzl,...,m (41)
Yty = ¢p7
where p =0,1,2,....
As in the introduction to Section 3, for every p = 0,1,... the system (4.1)
is equivalent to

t m
Yy (t) = y(t[)) + \ fp (ysa S) ds + Z Ilf(y(tk))Htk (t)v te [t()? to + U]?
0 k=1
Yty = ¢p'
(4.2)
Let us assume that for p = 0,1,... we have ¢, € PC([—r,0],R") and the
entries f,, I satisfy conditions (A), (B), (A’) and (B’) from Section 3 with
the same M, L, K1, Ks for all p=0,1,....
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Defining for p =0,1,... and y € PC] the functions
0, to—’l‘ﬁﬁfto or to—’l’ﬁtﬁto
Fy(y,t) () = [ fo(yers)ds, to <0 <t<ty+oy (4.3)
fti)fp(yS)S)dSa to<t<I<ty+o

and
Tp(y, t)(9) =Y Hy, (t)Hy, (9)I7 (y(t)) (4.4)
k=1

for 9 € [tg —r,to + o] and t € [t, o + o], we obtain by Proposition 3.2 that
the functions

Gp(y,t) = Fp(y,t) + Jp(y, 1) (4.5)
belong to the same class F(€2, h) with

t m
h(t) = / [M(s) + L(s)]ds + max(Ky1, K3) > Hy, (t), t € [to, to + o],
to k=1
where 2 = PCy X [to, to + 0.
According to the results given in Theorems 3.4 and 3.5 for every p =
0,1,..., there is a one-to-one correspondence between the solutions of the
problem (4.1) and the solutions of the initial-value problem for the general-

ized differential equation

dx
— =DG 4.
dr p ($, t) ( 6)

in the sense presented in Section 3 after equation (3.18).

Theorem 4.1. Assume that for p =0,1,... we have ¢, € PC([—r,0],R")
and fp, It satisfy conditions (A), (B), (A’) and (B’) from Section 3 with the

same M, L, K1, Ky for all p=20,1,.... Let the relations
¢
lim  sup / [fp (xs,s) — fo(xs,8)]ds| =0 (4.7)
p—0o0 ﬁe[to,to+0'] to
for every x € PCy and
lim I} (z) = I)(z) (4.8)
P—00

for everyxz € R", k =1,...,m be satisfied. Assume thaty, : [to,to+0] — R"
forp=1,2,... is a solution of problem (4.1) on [to,to + o] such that

lim y,(s) = y(s) uniformly on [to,to + o]. (4.9)
p—00

Then y : [to,to + o] — R™ is a solution of the problem
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y(t) = folyt), t #tk

Ay(tp) =10 (y(tg)), k=1,....m (4.10)
Yto = Po-
Proof. Given t € [ty — r,to + o], let
yp (V), 9 € [to — 1, 1]
zp (t) (1) = { v (), 9 € [tto + 0] (4.11)
for p=1,2, and
B (), 9 € [to—rt]
() () = { (£), 9 € [t + o] (4.12)

Then z, (t) € PC ([to — r,to + 0], R"™) is a solution of (4.6) in [to,to + o] for
p=1,2,... by Theorem 3.4.
By (4.9), it is easy to check that for s € [to,tp + o] we have

lim z, (s) =z (s) (4.13)
p—00
in PC ([to — r,to + o],R™) and z(s) € PC) for s € [tg, to + o].
By (4.7) and (4.8), it can be shown that
lim Gy(z,t) = G(z,t) (4.14)
p—00

for (z,t) € PCy X [to —r,to + o).
Theorem 2.17 shows now that x : [tg, to + o] — PC} is a solution of

dx

— = DG t 4.15

o DGy (1) (415)
and Theorem 3.5 yields that the function y : [to,to + 0] — R™ is a solution
of problem (4.10). O

5. TOWARDS A GLOBAL THEORY

Assume that [a,00) C R is given and consider functions f(¢,t) mapping
PC([-r,0],R™) X [a,0) to R™.

Assume further that a sequence (¢;) is given with a <t; <ty <... <t <
...and t; — oo as | — oo.

We will consider functions y : [a — r,00) — R™ which are continuous
from the left in their domain of definition, admit the right limits y(¢+) at
every point and are such that y(t+) # y(t) only for t = ¢;, [ =1,2,... and
Ylja=ra) € PC ([a —7,a],R"™). Denote this family of functions by PC([a —
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r,00)) = PC(Ja — r,00),R™). It is clear that for a function y having these
properties, we have y, € PC ([—r,0],R") for ¢ € [a,00). Therefore, f(y:, 1) :
[a,00) — R™ is well defined for ¢ € [a,00) and y : [a — r,00) — R™ belongs
to the class PC([a — r,00)) of functions presented above.

In accordance with the properties required in Section 3, we will assume
the following: if y € PC([a—r,00)), then the function f(y,t) : [a,00) — R"
is Lebesgue integrable and moreover

(A*) there is a locally Lebesgue integrable function M (t) : [a,00) — R

such that for all z € PC} and all uj,us € [a,+0),

‘/uwf(xs,s)ds‘ S/UUZM(s)dS;

(B*) there is a locally Lebesgue integrable function L : [a,00) — R such
that for all z,y € PC} and all uy, ug € [a, +0),

u2

’/:2 [f (2s,8) — [ (ys, 8)] ds’ g/u L(s)||zs — ys|| ds.

1

Concerning the impulse functions I; : R* — R", [ = 1,2,..., we assume
the following conditions:

(A”*) there is a constant K; > 0 such that for all [ = 1,2,... and all

x e R,
[1i(2)] < K
(B’*) there is a constant K2 > 0 such that for all [ = 1,2,... and all
z,y € R",

[Li(z) — Li(y)| < Kalz —yl.
Let PCy C PC([a — r,00)) be an open set (in the topology of locally

uniform convergence in PC([a — r,00))) with the following property: if y is
an element of PCy and t € [a, ), then § given by

, y(t),a—r<t<t
y“):{yw,ms@

is also an element of PC4.
Similarly as in Section 3, define for y € PC(Ja — r,00))

0, a—r<v<aora—r<t<a,
F (y,t)(9¥) = faﬁf(ys,s) ds, a<19<t< oo, (5.1)
fjf(ys,s)ds, a<t<yY <o
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and
J(y, t)(9) = Hy (t)Hy, (0L (y(t)) (5.2)
=1

for ¥ € [a—1r,00), t € [a—r,00) and an arbitrary y € PC(ja —r,00)). (Hy,
is the left continuous Heaviside function concentrated at ty.)
Taking F(y,t) from (5.1) and J(y,t) from (5.2), let

Gy, 1)) = F(y,t)() + J(y,1)(V) (5.3)
fory € PC([a —1r,00)), t € [a—r,00) and ¥ € [a — r,00). The values of the
function G(y,t) belongs clearly to PC([a — r,00)); that is,

G: PCy x [a—r,00) — PC([a —r,00)).

Analogously as in Section 3, it can be checked out that for s1, s9 € [a, )
and z,y € PCh we have

|G(z, 82) — G(,51)|l10c < h(s2) — h(s1) (5.4)

and
1G (2, s2) = G(2, 51) = G(y, 82) + G(Y 1) [lioc < [ —yl|(h(s2) —h(s1)), (5.5)

where

t o
h(t) = / [M(s) + L(3))ds + max(K1, K2) S Hy, (1), t € [a,00)
@ k=1
is a nondecreasing real function which is continuous from the left at every
point, continuous for all ¢ # ¢; and h(t;+) exists for every [ and || - ||;oc is any
local norm of elements in PC([a — r,00)); i.e., if z € PC([a — r,00)) then
[|2]l10c = SUPye(a,g) [2(9)] for an arbitrary compact interval (o, 8] C [a—7, 00).
According to (5.4) and (5.5), it can be easily seen that the function G
defined by (5.3) belongs to the class F(€2, h), where Q = PC; X [c,d] and
[c,d] is any compact subinterval of [a, 00).
Consider the generalized ordinary differential equation

Z—i = DG (z,t). (5.6)
Assume that tg € [a,00) and ¢ € PC ([—r,0],R™") are given. Define a
function 7 € PC(Ja — r,00)) by
¢(19 — t()) for ¥ € [to -, t()],
Z(9) =< z(to—1) = ¢(—r) for ¥ € [a,ty — 7], (5.7)
Z(to) = ¢(0) for I € [tg, 00).
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Looking at the initial-value problem for (5.6), with z(tp) = Z, the local
existence and uniqueness Theorem 2.15, together with the equivalence result
given in Theorem 3.5, can be used to obtain the following.

Theorem 5.1. If the conditions (A*), (B*), (A’*) and (B™) are fulfilled
and if T € PCy from (5.7) is such that

(V) + Hy, (0) 1) (z(t0)) € PC (5:8)

when to =t; for somel =1,2,..., then there is a A > 0 such that on the
interval [to, to + A] there exists a unique solution y : [to, to + A] — R™ of the
problem (3.1) for which y, = ¢.

By Theorem 2.15, for £ € PC the relation
T4 =7+ G(z,t0+) — G(z,ty) € PCy

is needed. This condition assures that the solution of the initial-value prob-
lem for the generalized ordinary differential equation (5.6) does not jump off
the set PC] immediately at the moment ¢g. Note that in our situation of
the function G given by (5.3), we have G(z,to+) — G(z,t9) = 0 if to # t,
= 1, 2, ... and [G(LAU/, t0+) —G(f, to)](ﬁ) = Htl (19)[1(5(150)) if to = tl for some
l=1,2,.... This gives then the condition (5.8) from Theorem 5.1.

By Theorem 3.4 we have also the opposite; i.e., we have a one-to-one
correspondence between the solutions of the problem (3.1) and the solutions
of the initial-value problem for (5.6) with x(ty) = .

Having the result of Theorem 5.1, the concept of a maximal solution of
the problem (3.1) can be introduced by taking o = sup A > 0, where A >0
is such that there is a unique solution y : [to,to + A] — R™ of the problem
(3.1) for which v, = ¢. Hence we have a function y : [to,to + o) — R”
which is the maximal solution of the problem (3.1) on every closed interval
[to, to + A] with 0 < A < o, but there is no solution of the problem (3.1) on
closed intervals [to, to + A] with o < A.
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