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We generalize the notion of Haldane pseudopotentials to anisotropic fractional quantum Hall (FQH)

systems that are physically realized, e.g., in tilted magnetic field experiments or anisotropic band structures.

This formalism allows us to expand any translation-invariant interaction over a complete basis, and directly

reveals the intrinsic metric of incompressible FQH fluids. We show that purely anisotropic pseudopo-

tentials give rise to new types of bound states for small particle clusters in the infinite plane, and can be used

as a diagnostic of FQH nematic order. We also demonstrate that generalized pseudopotentials quantify the

anisotropic contribution to the effective interaction potential, which can be particularly large in models of

fractional Chern insulators.
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The fractional quantum Hall (FQH) system is host to a

wide variety of topological phases of matter [1]. This

complexity belies the deceivingly simple microscopic

Hamiltonian containing only the effective Coulomb inter-

action projected to a single Landau level (LL) [2]. The

understanding of different topological states was greatly

facilitated by the concept of pseudopotentials (PPs) intro-

duced by Haldane [3,4]. This formalism allows one to

expand any rotation-invariant interaction over the complete

basis of the PPs, which are projection operators onto

two-particle states with a given value of relative angular

momentum. Furthermore, a combination of a small number

of PPs naturally defines parent Hamiltonians for some FQH

model states, such as the Laughlin states [5,6]. The method

has also been generalized to many-body PPs [7,8], which

form the parent Hamiltonians of the non-Abelian FQH

states [9,10]. In many cases, the ground state of these model

Hamiltonians is believed to be adiabatically connected to

the actual ground state of the experimental system. Thus,

the relatively simple (and to some degree analytically

tractable) model wave functions and Hamiltonians give

much insight into the nature of the experimentally realized

FQH states.

Recently, interest in the FQH effect has been renewed

due to emerging connections between topological order,

geometry, and broken symmetry. An early precursor of

these ideas was the realization that rotational invariance is

not necessary for the FQH effect [4]. This lead to the

conclusion that FQH states possess new “geometrical”

degrees of freedom [11], uncovering a more complete

description of their low-energy properties [12–14]. The

notion of geometry has also inspired the construction of a

more general class of Laughlin states with the non-

Euclidean metric [15], which was shown to be physically

relevant in situations where the band mass or dielectric

tensor is anisotropic [16–18], or in the tilted magnetic field

[19]. On the other hand, an intriguing coexistence of

topological order with broken symmetry [20,21], leading

to the nematic FQH effect, has also been proposed [22,23].

The nematic order is expected to arise due to spontaneous

symmetry breaking, as suggested by recent numerical

evidence [24] and experiment [25].

A missing ingredient for the complete microscopic

description of the mentioned geometry and broken sym-

metry in the FQH effect is the formulation of PPs for

systems without rotational invariance. A rotationally invari-

ant system is one where the effective interaction Vðqx; qyÞ,
which encompasses the bare Coulomb potential and the LL

form factor [2], is a function of a single metric g, i.e.,

Vðqx; qyÞ ¼ Vðjqj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gabqaqb
p

Þ. Note that the metric g

does not necessarily have to be Euclidean in the lab frame,

because its physics remain unchanged upon a trivial

coordinate transformation back to the Euclidean metric.

By contrast, if the Coulomb potential and LL form factor

are characterized by different metrics, rotational symmetry

is “truly” broken. Note that a finite system can break

rotational invariance by its boundary conditions, but recent

work [8] has shown that conventional PPs can nevertheless

be defined in such cases. In contrast, here we focus on

describing a thermodynamically large system without

rotational invariance. Such systems are highly relevant

for experiment, yet they cannot be described by the

conventional PP formalism.

In this paper, we extend Haldane’s approach [3] and

construct a complete basis of the generalized PPs for any

two-body effective interaction. An immediate benefit of

the generalized PPs is that anisotropic FQH systems, such

as tilted magnetic field experiments, can be studied in a

PRL 118, 146403 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
7 APRIL 2017

0031-9007=17=118(14)=146403(5) 146403-1 © 2017 American Physical Society

https://doi.org/10.1103/PhysRevLett.118.146403
https://doi.org/10.1103/PhysRevLett.118.146403
https://doi.org/10.1103/PhysRevLett.118.146403
https://doi.org/10.1103/PhysRevLett.118.146403


quantitative and universal language. Moreover, the gener-

alized PPs lead to several physical consequences for FQH

systems. First, we show that ground states of purely

anisotropic PPs feature new types of bound states with

“molecular” structures. In combination with isotropic PPs,

such molecular clusters might give rise to novel types of

order in partially filled LLs. Second, we show that the

anisotropic PPs are a natural probe of the simplest FQH

nematic states [22,23], and motivate the construction of a

more general class of orders that extend beyond the

“quadrupolar” instability of neutral excitations of the

Laughlin state. Third, we explicitly evaluate the anisotropic

PPs in a model fractional Chern insulator (FCI), and show

they are comparable in magnitude to the isotropic PPs. This

suggests that anisotropic PPs are not only physically

relevant in FCIs, but can be useful for determining the

optimal FCI models for realizing various topological states.

Finally, we highlight some broader connections between

generalized PPs and the emergent geometry of FQH

systems.

Generalized pseudopotentials.—Any two-body FQH

Hamiltonian, projected to a single LL, is given by

H ¼
Z

d2~ql2B
ð2πÞ2 V ~qρ̄~qρ̄−~q; ð1Þ

where ρ̄~q ¼
P

ie
iqaR

a
i , a ¼ ðx; yÞ is the guiding-center

density operator with momentum ~q ¼ ðqx; qyÞ (we assume

the Einstein summation convention). The model in Eq. (1)

is believed to explain most of the observed FQH states

depending on the subtle energetics dictated by the electron

filling fraction ν and the effective interaction potential V~q.

The complexity ofH in Eq. (1) is hidden in the fact that the

guiding center coordinates do not commute: ½Ra
i ; R

b
j � ¼

−iϵabl2Bδi;j, where ϵ
ab is the antisymmetric tensor and lB is

the magnetic length (we set lB ¼ 1).

Interaction V ~q can be written as V ~q ¼ Vbare
~q

jFNð~qÞj2,
where Vbare

~q
is the bare Coulomb potential and FNð~qÞ the

form factor of the electrons in theNthLL. In the simplest case

of a sample with infinitesimal thickness in the perpendicular

direction, FNð~qÞ¼FNðjqjlÞ and Vbare
~q

¼Vbare
jqjc , with jqj2lðcÞ ¼

qaqbg
ab
lðcÞ. The LL metric gl parametrizes the effective mass

tensor, and the Coulomb metric gc describes the shape of the
equipotential lines around the electrons in a dielectric [11]. In

the following, we first assume isotropic metrics gl ¼ gc ¼
g ¼ 12×2, and return to the more general case in Eq. (6) at

the end.

For two particles, the center of mass guiding-center

coordinates commute with the Hamiltonian of Eq. (1).

Thus, the relevant Hilbert space is spanned by two-particle

eigenstates jmi of relative angular momentum m [4].

Assuming Δm≡ ðm0 −mÞ > 0, we obtain the following

expression for the matrix element:

hmjρ̄~qρ̄−~qjm0i ¼
ffiffiffiffiffiffiffi

m!

m0!

r

ði
ffiffiffi

2
p

q
�ÞΔme−1

2
jqj2LΔm

m ðjqj2Þ: ð2Þ

Here m, m0 are necessarily even for bosons and odd for

fermions, q≡ ð1=
ffiffiffi

2
p

Þðqx þ iqyÞ, and Ln
mðxÞ is the gener-

alized Laguerre polynomial. From Eq. (1) it is clear that if

V~q is rotationally invariant with gl ¼ gc ¼ g ¼ 12×2, then

hmjHjm0i ∼
P

ncnδm;nδm0;n. It is thus useful to decompose

the interaction into the standard Haldane PPs VmðjqjÞ as

V jqj ¼
P

∞
m¼0 cmVmðjqjÞ, where VmðjqjÞ ¼ e−

1
2
jqj2Lmðjqj2Þ.

Many of the well-known FQH states are described by

model Hamiltonians formed by linear combinations of

select Vm.

We next focus on arbitrary anisotropic V ~q. In this case,

the Haldane PPs no longer form a complete basis. We

define the generalized PPs as follows:

Vþ
m;nð~qÞ ¼ λnN mnðLn

mðjqj2Þe−
1
2
jqj2
q
n þ c:c:Þ; ð3Þ

V−
m;nð~qÞ ¼ −iN mnðLn

mðjqj2Þe−
1
2
jqj2
q
n − c:c:Þ; ð4Þ

where the normalization factors are N mn≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n−1m!=ðπðmþ nÞ!Þ
p

, and λn ¼ 1=
ffiffiffi

2
p

for n ¼ 0 or

λn ¼ 1 for n ≠ 0. Physically, for n ≠ 0, Vþ
m;n is equivalent

to V−
m;n up to a rotation of π=2n in momentum space.

Different generalized PPs are mutually orthogonal:
R

d2qVσ
m;nð~qÞVσ0

m0;n0ð~qÞ ¼ δm;m0δn;n0δσ;σ0 , and any effective

interaction can be expanded as

V ~q ¼
X

∞

m;n¼0
σ¼�

cσm;nV
σ
m;nð~qÞ;

cσm;n ¼
Z

d2qV~qV
σ
m;nð~qÞ: ð5Þ

It is thus clear that we recover the Haldane PPs as special

cases of Vþ
m;n with n ¼ 0 (and V−

m;0 ¼ 0), so we can write

Vþ
m;0 ¼ Vm, c

þ
m;0 ¼ cm, c

−
m;0 ¼ 0. For fermions, the short-

est-range generalized PP is V1;n; the quadrupolar contour

profile of V1;2 is clearly visible when compared against the

isotropic V1 Haldane PP (Fig. 1).

FIG. 1. Contours of the leading-order fermionic V1 (isotropic)

and Vþ
1;2 anisotropic pseudopotential.
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Intra-LL molecules.—To gain some intuition about the

generalized PPs, it is instructive to study the spectrum of

the simplest anisotropic PP, Vþ
1;2, for small numbers of

electrons on an infinite disk. From Eq. (2) it is clear that

the ground state is a bound state with negative energy. The

bound states can be understood as “molecular levels” of

these particles, and the guiding-center density profile of

such molecules in the center of mass (guiding-center)

angular momentum M ¼ 0 sector are plotted in Fig. 2.

Note that for anisotropic Hamiltonians the effect of the

disk boundary cannot be removed for any finite system

size. This means that M, in contrast to rotationally

symmetric systems, is no longer a good quantum number

for any eigenstate in the presence of the boundary. For

bound states in a large disk, however, the particle density

decays exponentially towards the boundary, so that the

diagonalization within sub-Hilbert spaces of small M is an

excellent approximation. The guiding-center density plots

in Fig. 2 thus represent very well the molecular structures of

the few particle states in an infinite plane at M ¼ 0. For

three electrons, the ground state reflects an interesting

bonding structure between the particles. There is also a

localized antibonding state at the highest energy, and the

spectrum as a function of M is symmetric about the zero

energy. These properties are qualitatively the same for any

small cluster, and are studied in detail elsewhere.

One unique feature of particles within a single LL

(whose kinetic energy is quenched) is that the bound states

exist even for purely repulsive interaction. For example,

take two particles with interaction V ~q ¼ V1 þ λVþ
1;2, The

ground state of this system is a bound state regardless of

how small λ is. One can easily construct an effective

interaction V ~q consisting of V0, V1, V2, and V�
1;2, such that

V ~q > 0 for all ~q. Equation (1) has bound states even when

the interaction is repulsive everywhere, and the properties

of these bound states are qualitatively the same as those in

Fig. 2, with the molecule size increasing as λ decreases.

This unique feature is a direct consequence of the quenched

kinetic energy and particle statistics, and does not apply to

free particles in two-dimensional space, where no bound

states exist for repulsive interactions.

Physical applications.—We now provide two applica-

tions of the generalized PPs. First, we show that generalized

PPs are a natural probe of the FQH nematic states [22,23].

Second, we demonstrate that anisotropic PPs emerge

naturally in FCIs [26], where they can be comparable in

magnitude to the isotropic PPs.

The FQH nematic [22,23,27–30] is a phase with topo-

logical order and a charge gap, but at the same time

spontaneously breaking rotational symmetry like a liquid

crystal [31]. Recent interest in such phases is fuelled by

experiment [20,25], and effective field theories [22,23] that

describe nematic states as the long-wavelength instability

of the quadrupolar spin-2 excitation of the Laughlin state

[11]. On the other hand, identifying nematic phases in

microscopic models has proven more subtle. Recent work

[24] suggested that a nematic phase might be realized in a

model containing V1, V3, and V5 Haldane PPs. However,

the nematic phase was diagnosed by its response to changes

in the sample geometry, which modifies all the interaction

PPs at the same time, thus not conclusively ascertaining the

quadrupolar character of the phase.

The generalized PPs can be used as a diagnostic of the

nematic phase by measuring the response to small perturba-

tions of the isotropic potential by Vm;n, while preserving the

geometry of the sample. In Fig. 3(a) we plot the nematic

response under adding or subtracting a small amount of

δV1;2 ∼ 10−3. The nematic susceptibility plotted in Fig. 3(a)

is defined as χ ≡ jN ðVm; δV1;2Þ −N ðVm;−δV1;2Þj=
ð2δV1;2Þ, where the nematic order N is given by [24] N≡

ð1=NΦÞ
P

~qS~qðcos qx − cos qyÞ, in terms of the guiding-

center structure factor, S~q [2]. The data are for 8 electrons

at filling ν ¼ 1=3 (NΦ ¼ 24 flux quanta) on a square torus.

Because of the gapless nature of the nematic phase, the

response was averaged over the 50 lowest eigenstates. It is

clear that the nematic response strongly peaks around

V3 ≈ V5 ≈ 0.6; the location of the peak is in agreement with

Ref. [24], while at the same time the finite-size effect is

reduced.

Another advantage of the method presented here is that

instead of V1;2, we can controllably vary other PPs such as

V1;4, V3;2, etc. Interestingly, the nematic susceptibility

under δV1;4 is strongly suppressed on the scale of

Fig. 3(a). The response under δV3;2 is qualitatively similar

to δV1;2, but smaller in magnitude. These results suggest

FIG. 2. The guiding-center density hΨjρ̄~qjΨi [(a)–(c)] and

energy spectrum (d) of a 3-electron molecule on the disk with

30 magnetic orbitals. The density is evaluated in the ground state

(a), first-excited state (b), and highest-energy “antibonding” state

(c). The states are obtained by exact diagonalization of V~q ¼ Vþ
1;2

in the M ¼ 0 sector.
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the quadrupolar nature of the nematic phase, resulting from

the instability of the long-wavelength part of the Laughlin

magnetoroton mode [32]. This is also confirmed by the

variational calculations using the magneroton wave func-

tions [33], which show the neutral excitation going soft at

small momenta in the nematic region of Fig. 3(a). It would

be interesting to construct generalized nematic states whose

primary instabilities occur in octupolar and higher order

channels.

wAs a second application, we show that large anisotropic

PPs naturally arise in FCIs [34–38]. Since interactions on a

lattice are intrinsically directional, FCIs can possess aniso-

tropic PPs that are even larger than the isotropic ones. The PP

decompositionof aFCI requires a basismappingbetween the

single-body orbitals of the FCI and FQH systems [39–44].

We adopt themapping introduced in Ref. [45], whichmaps a

Chern number C Chern band to a single LL with C-fold
degeneracy [46] without introducing basis anisotropy

[39–41,44]. For a clean realization of large PP FCIs, we

choose a Chern insulator with almost uniform Berry curva-

ture and Fubini-Study metric, so as to restrict rotational

symmetry breaking to the interaction. Hence an interaction

with predefined symmetry (i.e., d wave) only leads to

anisotropic PPs of that symmetry. Using the 3-band, Chern

number 3 model [47], we plot in Fig. 3(b) its PP coefficients

computed via Eq. (5) for nearest neighbor interactions of the

(unprojected) form Vq ¼ cosqx or Vq ¼ cos qx − cosqy. In
the former case, Vm;2 is of comparable magnitude with the

isotropic PPVm;0 (at least form ¼ 0 and 1), while in the latter

(quadrupole) case, the isotropic PPs cancel and we are left

only with anisotropic PPs.

Metrics in generalized PPs.—The existence of a geo-

metric degree of freedom for the dynamics within a single

LL is the starting point of recent theoretical approaches

to the FQH effect [11,15–18,22,48]. The incompressibility

of FQH phases in general does not require rotational

symmetry, but model wave functions (e.g., Laughlin [5],

Moore-Read [9] states, etc.) are rotationally invariant, and

the intrinsic metric in them appears as a “hidden” varia-

tional parameter. Quantum fluctuations of the metric

determine the gap of the neutral excitations in the long-

wavelength limit [11,33], which is crucial for the incom-

pressibility of the topological fluids. Geometric aspects of

the compressible quantum Hall phases can be more easily

probed experimentally, especially in higher LLs [49,50].

While the importance of the metric in the many-body

states has been recognized, the generalized PPs allow us to

explicitly study the metric of the projected Hamiltonian of

Eq. (1). It is straightforward to extend the generalized PPs

above to the case of a general metric g. For convenience, we
introduce a complex vector ωa such that ϵabω�

aωb ¼ i; then
gab ¼ ωa�ωb þ ωaωb�. Further, we define

q ¼ ωaqa; jqj2 ¼ gabqaqb: ð6Þ
With the above redefinitions, the expression for the PPs,

Eqs. (3) and (4), as well as the orthogonality relations,

continues to hold. This means that in general, we can

expand any interaction as

V ~q ¼
X

m;n;σ

cgσn;mV
gσ
n;mð~qÞ: ð7Þ

More generally, because of the SOð2; 1Þ invariance of the

integration measure in the Hamiltonian (1), we find that

arbitrary two-body interactions are divided into equiva-

lence classes where the members of the same family are

interactions related to each other by a stretch and rotation of

the guiding center metric. In other words, we can generate a

family of interactions from the rhs of Eq. (7) that have the

same fcgσn;mg, but different PP metric η in Vησ
n;mð~qÞ; all such

interactions lead to the same spectrum upon substituting in

Eq. (1). For certain V ~q that are anisotropic in the lab frame,

one can tune the metric in Eq. (7) to minimize the

coefficients of the anisotropic PPs. More importantly, for

gapped FQH fluids, we can truncate the expansion of the

anisotropic interaction into the generalized PPs with

appropriate metric. This would give new classes of aniso-

tropic model Hamiltonians that could provide simpler

description of topological phases and phase transitions

where geometry plays an important role.

The technical details on explicitly defining the varia-

tional metric in the PPs are outlined in [47]. It can be shown

that for gapped FQHE phases, the main effect of intro-

ducing particular anisotropy (i.e., by adding selected V�
m;n)

is to change the emergent metric of the gapped ground

state, without significantly reducing the incompressibility

gap. Similarly, tilting the magnetic field for a quantum Hall

sample with a finite thickness can be shown to introduce

rather small anisotropy, even with a very large in-plane

magnetic field [47].

Conclusions.—We have formulated a notion of gener-

alized PPs that completely describe any two-body effective

FIG. 3. (a) Nematic susceptibility χ in a model with isotropic

V1 ¼ 1, V3, and V5 Haldane PPs. The results are averaged over

50 lowest states of a system of eight electrons on a square torus.

The putative nematic phase [24] occurs around V3 ≈ V5 ≈ 0.6.

(b) Anisotropic PPs in a FCI model. Left: the coefficients of

anisotropic PPs for a quadrupole interaction Vq¼cosqx−cosqy,
whose isotropic PPs vanish. The first two PPs dominate. Right:

PP magnitudes cm;0,cm;2,cm;4 for Vq ¼ cos qx. Vm;2 is of com-

parable magnitude as the isotropic PP Vm, at least for

m ¼ 0 and 1.
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interactions within a single LL. This allows for a systematic

way to quantitatively describe anisotropic FQH systems,

such as tilted magnetic field systems, nematic states, and

FCIs. The generalized PPs, possibly in combination with

standard isotropic PPs, may give rise to new topological

states with broken symmetry at finite filling factors.

It would be interesting to study the dynamics of the

few-particle molecular bound states for purely anisotropic

PPs in the limit of vanishing filling factor, as well as the

many-body phases at large anisotropy, which is ubiquitous

in realistic FCI models.
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