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1. INTRODUCTION

The method of quazilinearization introduced by Bellman and Kalaba [1, 2] yields
iterates which are lower bounds to the solutions of the nonlinear problem when the
forcing function f is convex. Furthermore, this monotone sequence of approximate
solutions converges uniformly, monotonically, and quadratically to the unique solution
of the nonlinear problem on the interval of existence. However, if f is concave a dual
result can be developed which yields upper bounds to the solution of the nonlinear
problem. Recently, the method of quasilinearization combined with the method of
upper and lower solutions has been extended, generalized, and refined so as to include
the cases when the forcing function is the sum of convex and concave functions. See
[4] for details. The method is extremely useful in scientific computations due to its

accelerated rate of convergence as in [5, 6].

In [3] Cabada and Nieto have obtained a higher order of convergence (an order
more than 2). The idea used is on the same lines as monotone method, which requires
the nonlinearity of the iterates to be the same as that of the order of convergence.
However, in [7] they have extended the quasilinearization method of Bellman and
Kalaba to obtain a higher order of convergence when the forcing function is either
hyperconvex or hyperconcave. Furthermore, the nonlinearity of the iterates are one
less than that of the iterates in [3].

In this paper we consider the situation when the forcing function is the sum of a

hyperconvex and a hyperconcave function of the same order. Further, we consider all
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possible coupled upper and lower solutions based on the hyperconvex and hypercon-
cave functions. The results of [7] can be obtain as special cases of our main results.

For this purpose, consider the initial value problem (IVP for short)
(1.1) u = f(t,u)+ g(t,u), u(0) = uy, teJ=[0,T],

where f,g € C[J x R, R] such that f(t,u) is convex in u and ¢(¢,u) is concave in u.
The IVP (1.1) leads to the possibility of the following four types of upper and lower

solutions:

Definition 1.1. The functions ag, 3y € C'[J, R] are said to be (A1) natural lower

and upper solutions if

i

OKO S f(t,Oéo) +g(t,060>, Oé(](O) S Up On J

B = [t Bo)+g(t Bo), Bo(0) > wg on J;
(A2) coupled lower and upper solutions of type I if

ag < f(t,ao) +9(t ), ao(0) < we on J

66 Z f(taﬂ()) + g(t7 Oé(]), 50(0) Z Up On J7
(A3) coupled lower and upper solutions of type II if

OéE) S f(tﬁ()) +g(t7a0)a aO(O) S Up On J

Bo = flt,a0) +g(t, Bo), Bo(0) > wo on J;

(A4) coupled lower and upper solutions of type III if

S f(t,ﬂo) + g(t, 60), Oé(](O) S Ug on J
> f(t7 aO) + g(t7 a0)> ﬁQ(O) > up on J.

In order to facilitate later explanations, we shall need the following definition:

Definition 1.2. A function h: A — B, A, B C R is called m-hyperconvex , m > 0,
if h € C™TA, B] and d™'h/du™! > 0 for u € A; h is called m-hyperconcave if the

inequality is reversed.

In this paper we use the maximum norm of u(t) over J, i.e.
= t)|.
lull = max|u(t) |

In view of the above four types of coupled upper and lower solutions of (1.1), we shall
develop results when f is hyperconvex and g is hyperconcave of order m — 1. The
cases when m is even and m is odd have been discussed separately since the iterates
will be different depending on whether m is odd or even. Furthermore, we show that
these iterates converge uniformly and monotonically to the unique solution of (1.1),

and the convergence is of order m.
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2. PRELIMINARIES

In this section we recall some known existence and comparison theorems which

we need in our main results and which are related to the system of IVPs

i

(2.1) u = H(t,u), u(0) = uy, teJ=[0,T],
where H € C[J x R", R"].
The first comparison result for n =1 in (2.1) is:
Theorem 2.1. Let ag, 3y € C'[J, R] be lower and upper solutions respectively and

suppose that
H(t,z) — H(t,y) < L(z — y),
<

whenever © >y for some L > 0. Then ap(0) < (y(0) implies a(t) < Bo(t) on J.

Let us consider equation (2.1) with n = 2. That is, we also need the following

comparison results of two systems.

Theorem 2.2. Let ag, 3y € C'[J, R] and H € C[J x R? R]. Suppose further that
any of the following conditions hold:

(H1) ag < H(t, a0, 0), By > H(t, Bo, o),
H(t,x1,y1) — H(t, v2,9y2) < L{(z1 — 22) + (31 —92)|, L > 0

whenever 1 > Ty, Y1 = Y2,
(H2> Oéé) S H(ta O, 50>; 66 Z H(ta 507 Oé(]),

H(t,z1,y) — H(t,z9,y) < L(xy —x9),L >0
H(t,z,y1) — H(t,z,92) > — L(y1 — 1)
whenever x1 > To, Y1 > Yo,
(H3) ag < H(t, Bo, ), By > H(t, v, Bo),
H(t,x, 1) — H(t, 2,y2) < Ly —y2), L =0
H(t,z1,y) — H(t,z2,y) > — L(z1— 29)

whenever 1 > Ty, Y1 = Y2,
(H4> OCE) S H(ta /607 60)) ﬁ(l) Z H(ta O, Oé(]);

H(t,zy,y1) — H(t,x2,y2) > —L[(z1 — 22) + (41 — y2)], L > 0
whenever r1 > o, Y1 > Yo.

Then ag(0) < Bo(0) implies ap(t) < Go(t) on J.
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For details of proof of Theorems 2.1 and 2.2 see [4].
Next we present an existence result relative to the equation (2.1) which we need

in our main result. For that purpose, we split v = (u;, [u],,, [u],) and define coupled

lower and upper solutions of (2.1) in componentwise form as

ap, < Hi(t, o, [ao]y,, [Bolg,)
/661 > Hi(t>ﬁ0i’[ﬁO]Pi’[a0]Qi)>

where p; +¢; =n —1,p;,q; > 0. Also ayg, By € C*[J, R"] such that ag(t) < By(t) on J.

Definition 2.3. The function H(¢,u), is said to possess a mixed quasimonotone
property if for each i, 1 < i < n, H;(t,u;, [u]p,, [u],) is monotone nondecreasing in

[u],, and monotone nonincreasing in [u]

qi*

Theorem 2.4. Let ay, 3y € C'[J, R"] be coupled lower and upper solutions of (2.1)
respectively. If H(t,u) possesses a mized quasimonotone property, then there exists a
solution u(t) of (2.1) such that ay(t) < u(t) < Bo(t) on J.

The next result (see [4]) will be useful to prove the order of convergence of the

iterates.

Corollary 2.5. Let v € C'[J,R"] and v < Av + o, where A = (a;;) is an n X n
matriz satisfying a;; > 0, i # j and o € C[J, R"|. Then we have

t
v(t) < v(0)e? +/ A5 (s)ds, teJ
0

3. MAIN RESULTS

In this section we consider the IVP
(3.1) u = f(t,u) + g(t,u), u(0) = o, teJ=[0,T],
where f?g < C[Qu R] ) Q = [(tv u) : aO(t) < U(t) < 60(t)7t S J] and aOvﬁO S
CJ, R] with ag(t) < By(t) on J. Here, we state the inequalities to recall them in
the proof of our main results. We note that the iterates will be different based on the
hyperconvexity and hyperconcavity of even and odd orders.

Suppose that f(t,u) is hyperconvex in u of order m—1, then we have the following

inequalities depending on whether m is even or odd. (i) m=2k

2k—1

(3.2) fitn) > Zf(l U &)
2k=2 o(i) _ (2k—1) 2k—1

1=0
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(i) m=2k+1

(3.4) f(tn) > if oe SR RS

(3.5) [t < if RS RS IPET:

(36) Ftn) < Zf” 6=, /& <t,(g>k<;7! —9”* ¢
(37) e k;f 9IRS (2’“)<t’(g>,§;7! —" <e

Similarly, when ¢(t, u) is hyperconcave in u of order m — 1, we have the following

inequalities depending on whether m is even or odd: (i) m=2k

(3.8) gt n) < Z_g“%t,sz!(n —¢)
2k—2 ;) v (2k—1) o \2k—1
(3.9) g(m)zgg (t,%!(n £ g ((tél?)_(nl)!é) ;
(i) m=2k+1
(3.10) g(t.n) < Zg(i)(t’%(n = e
(3.11) g(t.n) = Zg(i)(t’%(" = y<e
AN ) _eyi g2k _ )2
s a2 SO0 oo
N ) _ey 2R Y.
019 s S LY 0"

Based on these inequalities, relative to each of the four coupled upper and lower
solutions (A1), (A2), (A3) and (A4), we have eight theorems depending on whether m
is even or odd. In all our results, we develop two monotone sequences which converge
uniformly and monotonically to the unique solution of (3.1). Further, the order of
convergence depends on the order of hyperconvexity and hyperconcavity of f and ¢
in (3.1).
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The first two results in this direction are relative to natural upper and lower

solutions (case (A1)) when m is even and odd respectively.

Theorem 3.1. Assume that

(i) ap, Bo € CJ, R] are natural lower and upper solutions (case (A1) ) with ag(t) <
Bo(t) on J.

(i) f,g € C%%*[Q, R] such that f(t,u) is (2k —1)-hyperconvez, k > 1 inu and g(t,u)
is (2k — 1)-hyperconcave, k > 1 inu on J [ie. f(t,u) >0, ¢g®(t,u) <0,
for (t,u) € Q |

Then there exist monotone sequences {ay,(t)} and {B,(t)}, n > 0 which converge

uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k.

Proof. In order to construct monotone sequences {a,(t)} and {3,(t)}, n > 0 which
converge uniformly and monotonically to the unique solution of (3.1), we need to
consider the following IVPs for n = 1,2, ... together with the inequalities (3.2), (3.3),
(3.8) and (3.9) :
o, = F(t,on_1, Bp1;n) =

2%—1 2%—2

— Z f(l) (t> an—l)(an _ an—l)i + Z g(l) (t, an—l)(an _ an—l)i

7

7

=0 i=
P oo g,
ﬁ; = G(t, Ap—1, ﬁn—l; ﬁn) =
2k—2 . .
— f(l)(t> ﬁn— )(ﬁn — ﬁn— )Z f(Zk_l)(tv A — )(ﬁn — ﬁn— )2k_1
—; i =+ P
2k—1 i i
N g’ )(t,ﬁn—l)z.(!ﬁn — Bn-1) ’ 3,(0) = ug.
=0

Since this theorem is a combination of Theorem 2.1 and Theorem 2.3 in [7] we omit

the details of the proof. O

Theorem 3.2. Assume that

(i) o, fo € C*J, R] are natural lower and upper solutions (case (A1)) with ag(t) <
Bo(t) on J.
(ii) f,g € CO*HQ, R] such that f(t,u) is (2k)-hyperconvex, k > 1 in u and g(t,u)
is (2k)-hyperconcave, k > 1 inw on J [ie. fED(t u) >0, ¢g®+D (¢t u) <0,
for (t,u) € Q]
Then there exist monotone sequences {a,(t)} and {B,(t)}, n > 0 which converge
uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k + 1.
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Proof. Let us consider the following IVPs for n = 1,2, ... together with the inequali-
ties (3.4), (3.5), (3.12), and (3.13):

/

o, = F(t7 Qp—1, 6n—1§ an) =
2k—1

2k . . .
— f(l) (t, an—1)(an — 1)’ g(l)(t> 1) (O — Qi 1)
=2 i +> i

i=0 1=0

+ g(2k) (t, ﬁn—l)(an - an—l)2k
(2K)! )

a, (0) = ug,

!

6n _G(t Oy luﬂn 176n):
Zf t, Bn 1 — Bna ‘+2§:19(2 s B 1 /Gn—l)i

(%)
g (t Qp— 1)(ﬁn ﬁn—l) _
To prove this theorem we can refer to Theorem 2.2 and Theorem 2.4 in [7]. O

The next two Theorems are relative to the coupled upper and lower solutions of

type III case(A4) when m is even and odd respectively.

Theorem 3.3. Assume that

(1) o, B0 € C'J, R] are coupled lower and upper solutions of type III (case (A4))
with ap(t) < Bo(t) on J.

(i) f,g € C%%*[Q, R] such that f(t,u) is (2k —1)-hyperconvez, k > 1 inu and g(t, u)
is (2k — 1)-hyperconcave, k > 1 inu on J [ie. f(t,u) >0, ¢g®(t,u) <0,
for (t,u) € Q |

(i44)
. 2k—1
ults) <~ g S <0 on 0
. 2k—1
Gu(t,u) < mén[g(%)(tau)]% <0 on €.

Then there exist monotone sequences {a,(t)} and {B,(t)}, n > 0 which converge
uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k.

Proof. The assumptions fZ%)(t,u) > 0, g®*(t,u) < 0 yield the inequalities (3.2),
(3.3), (3.8) and (3.9) whenever oy < 1,& < By. Let us first consider the following IVPs:

w’ —F(taﬂ'v):
2%—1 , 2k2(2

() (v i
(3.14) Ejf +§:g Lﬂ 2

1=0

(2k 1)(t,04)(1) 6)2k 1
2k —1)! =

+ g U)(O) = Uy,
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_ N~ (o) (w o) f@’“ O(t, B)(w — )™
(3.15) B ; i! (2k — 1)
sy W=l gy,

where ap(0) < up < 5p(0) and ¢ € J.
We develop the sequences {a,(t)} and {3,(t)} using the above IVPs (3.14) and

(3.15) respectively. Initially, we prove («vp, 3y) are coupled lower and upper solutions
of (3.14) and (3.15) respectively. The inequalities (3.2) and (3.9), and (7) imply

(316> 066 S f(taﬂ()) + g(t760> = (t 0607507 60) ( ) < Uo,
2%k—1 :
ﬁ(’) > f(t,ao) +g(t,a0) > Z f( t, 50 Oéo - 50)
3.17 2k=2 (i) rRY ( ) B _
(3.17) n Zg (t, 50 040 o) 9 Qk ' (t’(gl?—(alo)! Bo) !
- F(ta O‘OvﬁOu Oé(]), 60(0) > Ug.
Using Taylor series expansion with Lagrange remainder for F(¢, v, Bo;v) and (i),
we get
Fv(tu Qp, 507 U) = fv(t, U) — f(2k) (t’(glk); (j I)!ﬁo)2k_1
(2k) _ - _
-+ gv(t, U) — 9 o (t7 53)(122]{; €0)22>k| 2(52 Oé(]) S 07

where ag < v < &,& < [y, ag < & < &. Hence F(t, g, fo;v) is nonincreasing in
v and we can apply Theorem 2.4 together with (3.16) and (3.17) and conclude that
there exists a solution ay () of (3.14) with o = g and = 3y such that ap < a; < fy
on J. Since F), exists on 2, we can easily show that F'(t, ag, Bp; v) satisfies the one-side
Lipschitz condition with respect to v for (¢,v) € Q and ag(t) < v(t) < By(t) for t € J.
Theorem 2.1 guarantees that the solution 4 (t) of (3.14) with a = ap and 5 = [y is

unique.
Similarly, we can show that there exists a unique solution §;(¢) of (3.15) on J.

The inequalities (3.3) and (3.8), and (7) imply
(318> 6(/) Z f(ta Oé(]) + g(t, Oéo) = G(ta 040750§ aO)a 50(0) Z U,
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2k—2 i
ol < f(t, o) + g(t, o) < 3 L0 o) — o)
=0
3.19 - _ - 2k—1 Y
(3.19) . ek 1)(@(25]{?)_(510)! ag) 21 N ; @q¢, ao)@gﬁo ap)
= G(ta Qo, 607 60)7 aO(O) S Ug-

Using Taylor series expansion with Lagrange remainder for G (¢, ag, Bp; w) and (7ii), we get
(2k) _ 2k—2 _
Gult, o, oy w) = fult,w) - LN 0ok = fo)

(2k) (4 L \2k-1
+ gultyw) - g0l <

where ag < 1,12 < w, g <y < M3 < By, Hence G(t, v, Bo; w) is nonincreasing in w
and we can apply Theorem 2.4 together with (3.18) and (3.19) and conclude that there
exists a solution [ (t) of (3.15) with o = g and = [ such that oy < B < [y on J.
One can easily show that G(t, ag, fo; w) satisfies the one-side Lipschitz condition with
respect to w for (t,w) € Q and ay(t) < w(t) < Bo(t), t € J. Theorem 2.1 guarantees
that the solution (31(t) of (3.15) with o = o and = 3, is unique.

Furthermore, by (3.2) and (3.9) with oy < 51 < By and ¢®*~Y (¢, u) nonincreasing

in v on €2, we have

Y

2h-1 i
all :F(tvamﬁo;ﬁl) Zf (t ﬁoz'( 1 ﬁO)
=0
3.20 222 ;) i - _ _
320 + Zg & B)B =l 87O ol ol
< f(taﬁl) +g(t ;51), a1(0) = up.

Using (3.3) and (3.8) with oy < a; < fy and f®*=Y(¢,4) nondecreasing in « on
Q, we get

2k—2 ; ;
B =G ao, Bo; o) = Z e, ao)ll(al — )
i=0
3.2 - B _ 2k—1 B ;
( 1) N f(2k 1)(t7(2ﬁ£)£a11>! ao)% 1 N ; (t ao)lgozl CY())
> f(t,on) +g(t, o), $1(0) = wo.

Hence a; < (31 by (3.20), (3.21), and Theorem 2.2 with (H4). Thus we get apg < ay <
B < By on J.

Assume now that «,, and [, are the solutions of IVPs (3.14) and (3.15) respec-
tively with o = «,,_1 and 8 = (3,1 such that a,, 1 < a0, < 3, < 3,,_1 on J and

/

an S f(t, ﬁn) _I— g(t7ﬁn)>

(3.22) B, > f(t,an) + glt, an).
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Certainly this is true for n = 1.

We need to show that o, < a,v1 < B < B, on J, where «a,,11 and (3,1, are
the solutions of IVPs (3.14) and (3.15) respectively with a = a,, and § = 3,.

The inequalities (3.2) and (3.9) and (3.22) imply

(3.23) ap < f(t, B) + g(t, Bn) = F(t, an, B Bu), an(0) < u,
2k—1 (i) _ i
B = [(tan) +g(t an) > S L0 Bulan — )
i=0
(3.24) k=2 (i)  Va, — B,) (2k—1) Nay, — 3,)21
n Zog (t, 0 )Zgoz B) L g (t,(gk)ﬁal)! Bn)
= F(t7an>ﬁn; an)v ﬁn(o) > Ug.

This proves that «,,, 3, are coupled lower and upper solutions of (3.14) and (3.15) with
a = o, and § = (3,. Hence using (3.23), (3.24), the fact that F' is nondecreasing in u,
Theorem 2.4, and Theorem 2.2 with (H4), we can conclude that there exists a unique
solution ay,41(t) of (3.14) with a = v, and (3 = (3, such that «,, < a1 < 3, on J.

The inequalities (3.3) and (3.8), and (3.22) imply

(3.25) B, = ft, o) + g(t, an) = G(t, an, Bn; an), Bn(0) > ug,
2k—2 (i) _ i
o, < f(t,5a) + g(t, ) Zf (f, 0) (B — o)
(3.26) (2k—1) o \2k—1
4 f (t’(ﬁg%! ) L ng 199, an)'(ﬁn Ba)’
= G(t? O, 6n; 6n>7 Oén(O) < up.

This proves that «,, 3, are coupled lower and upper solutions of (3.14) and (3.15)
with & = «,, and 3 = 3,. Hence using (3.25), (3.26), the fact that G is nonincreasing
in u, Theorem 2.4, and Theorem 2.2 with (H4), we can conclude that there exists a
unique solution f3,,1(t) of (3.15) with @ = «,, and 3 = 3, such that «,, < 11 < 5,
on J.

Furthermore, by (3.2), (3.9) with a,, < 841 < 3, and ¢*~D(¢,u) nonincreasing

in u, we have

2k— ;
a;H-l = F(taamﬂn;ﬂn—i-l) = Z f ( 6")(6"4‘1 6”)
=0
3.27 2k=2 i _ _ _
( ) 4 Zg 6n 6n+1 /Gn) n g(2k 1)(15, ?5]2:(?”;)1' ﬂn>2k 1

S f(ta ﬁn-{-l) + g(t, ﬁn-‘,—l)a an+1(0) = Ug.
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Using (3.3) and (3.8) with a,, < a, 41 < 3, and f* =Y (¢, u) nondecreasing in u, we get

2k— 2f t )
’;L—i-l = G(t7 Oy, ﬁn; O‘n-i-l) = Z Oén O-’n-',-l G
(3.28) SV, B) (s — )™ = 1g<2 t, ) (nis — )’
* @k —1)! + Z i
> f(t, ang1) + g(t, anga), Brns1(0) = uo.

Thus we get a1 < Gue1 using (3.27), (3.28), and Theorem 2.2 with (H4). This

proves o, < apiq < Bpp1 < B, on J. Thus by induction, we have

ag <o <. <o, <63, <L < B < .

Let u be any solution such that ag < u < [y with ap(0) < ug < 55(0) on J.
Suppose for some u , we have a,, <u < 3, on J. Set &1 = u — a1, P2 = Bry1 — u
and use (3.2) and (3.9) so that

Py =u =g = f(tu) +g(t,u)

2k—1

Zf(l t ﬁn 6n+1_ﬁn>

2k2

- i1 — (2k—1) t, a, i1 — 2k—1
+;g( ul(fusa = )" %7 )Gy B

2 f(tv u) + g(t’ U) - f(ta ﬁn—i—l) - g(t7 ﬁn—i—l)
= [ _fu(tagl) - gu(t7£2) ] (I)27 (I)l(0> =0,
where &, & are between u and [,,41.

Now use (3.3) and (3.8) so that

2k—1 i
‘|‘ f(% 1 (tv (ﬁglzj(gnl—i}l' _ an)% ! + ;g( )(t> O‘n)(l_(!l/n—i-l _ an)
- f(tv U’) - g(ta U) > f(ta an—i—l) + g(t7 an-i-l) - f(t7u) - g(tv U)
= [ _fu(tanl) - gu(t7772> ] (I)h (I)2(0) = 0;

where 71, 72 are between u and a,,+1. From above we have

r= s
D,

It follows that r > 0 or

r' > Ar, r(0) =0,

where

= ( Zlk(l) ) | fult,u) + gu(t, u)| < Ky

(3.29) apy1 S U,
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(3.30) Bi1 > w.

From (3.29) and (3.30) it is clear that a1 < u < (,41. Since ag < u < [y, this

proves by induction that o, < u < 3, on J for all n. From this we can conclude

<< <a,<ulf, << G < .

Now one can show easily that the sequences {a,(t)}, {6,(t)} are equicontinu-
ous and uniformly bounded. Hence applying Ascoli-Arzela’s Theorem, we can con-
clude that there exist subsequences {a, ;(t)}, {5,,;(t)} such that a,, ;(t) — p(t) and
Bn,j(t) — r(t) with p(t) < u < r(t) on J. Since the sequences {a,(t)}, {B.(t)} are
monotone, we can conclude that a,(t) — p(t) and (,(t) — r(t). Taking the limit as
n — 00, we get

lim ay,(t) = p(t) <u<r(t) = nh—>nolo Bn(t).

n—oo

Next we show that p(t) > r(¢). From IVPs (3.14) and (3.15) we get

p'(t) = ft,r)+g(t,7), p(0) =0,
r l(t) = f(tvp) + g(t’p)’ T(O) =0.
Setting now ® = p(t) — r(t), using f,, g, exist, we get

O =p == ftr)+gtr) = ft,p) —g(t p)
>—L(r—p)>Lp—r), L>0, ®0)=0.
From this we can conclude that r(t) < p(¢t) on J. This proves r(t) = p(t) = u(t)
is the unique solution of (3.1). Hence {«,(t)} and {3,(t)} converge uniformly and

monotonically to the unique solution of (3.1).

Let us consider the order of convergence of {«,(t)} and {3,(¢)} to the unique
solution u(t) of (3.1). To do this, set

Pu(t) = u(t) —an(t) 2 0

n(t) = Bn(t) —u(t) =0,
for t € J with p,(0) = ¢,(0) = 0. Using the definitions of «,,, 5,, the Taylor series
expansion with Lagrange remainder, and the mean value theorem together with (i),

we obtain
2%—1

(@) o i
p/n—i-l =u — O'/;H-l = f(t, u) + g(zf7 u) — [ f <t’ ﬁn)(ﬁn—l—l ﬁn)

1!

i=0
2k—=2 (;) i (2k—1) o1
g (t, ﬁn)(ﬁn — ﬁn) q (t7 O‘n)(ﬁn _ ﬁn)
" 2—; i * ok — 1) )
(2k) _ 2k

)+ gtu) — [ (B — L 51()2(%!“ B)

(2k—1) 2 \2k—1 (2k—1) a2kt
+ g(t, Busr) — g (t,&2)(Brg1 — Bn) n g (t, n)(Bns1 — Bn)

(2k — 1)! 2k —1)! ]
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= fu(t7 Ul)(u - ﬁn-ﬁ-l) + gu(t> 772)(“’ - ﬁn—i—l)

+ f(zk)(t7 gl)(ﬁﬂ—i—l - ﬁn)zk + g(2k) (tv n3>(ﬁn+1 - ﬁn)zk_1(£2 - Oén)

(2K)! 2k — 1)]
< [fult,m) + gu(t,m)](u — B )_I_f(?k)(t’ £)(u — By)%*
< |fult,m Wt 12 1 Sh
g (t13) (w — B)™ (B — u) + (u — ay)]

2k — 1)

_ FEE 6)ar gt m)gat T (n + an)
- [_fu(tvnl) _gu(t7n2)]Qn+1 + (2]{7)' - (2/{3— 1)'

where 3,11 < &1,& < Bny u < ni,ne < Bagr and oy, <y < &o. Let ky, ko be posi
constants such that

|fu(t,U) + gu(t,u)| S k’l, k’g = max(k‘g, k’4),

where
FER(tu)  g®P(t )

(2K)! 2k — 1)!

9@ (t, u)
(2k — 1)!

< ky

S < ky.

This proves

p;LH < len—i-l + k2q72Lk_1(pn + Qn>7 pn—i-l(O) = U

Similarly,
2k—2 ; ;
f(l) (t, an)(an —ay)’
q1/1+1 = ﬂ;ri-l —u = ; il
+ f(2k_1)(t> ﬁn)(an-i-l - an)zk_l + 2k_lg(i)(ta an)(an-i-l - an)i
2k —1)! 2 i
B FEIE &) (anp — o)™ !
-1 B Vg — o0,)2F (26) (¢ o — a2
+ f ( ) ﬁ )(Oé +1 Q ) + g(tyan—i-l) o g ( ,fg)(O& +1 a )

2k —1)! (2k)!
= f(tuw) = g(t,u) = fult,m)(omsr — u) + gu(t, m2)(ns1 — )

n FERE, m3) (g1 — ) 1B, — &) _ g (t, &) (001 — o)™
(2k = 1)! (2k)!

< [fu(ta 771) + gu(tv 772)](04n+1 - u)

L P ) = w0 (= ) + (0 = w)] gt &) — )
(2k — 1)! (2K)!

FEO G, i)+ a0) 9P (@ &)
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Y

tive

= [ fult,m) = gu(t,n2)]Pns1 + (2k —1)! - (2k)!

Y
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where a,, < &1, < appr, A <y Swand § <z < B, Let ks = max(ke, kr)
be a positive constant where

fetu)  g®O(E )

(2k — 1)! (2K)!

FOO(t, u)
(2k —1)!

< k.

Then we have

Q;L—H S klpn—l—l + k5pik_1(pn + Qn>7 Qn—i-l(O) =0.
Hence we have the following system with k& = max(ks, ks):
p,n—i-l S len—I—l + quk_l(pn + Qn)> pn-i—l(o) = 07

Q;L—l-l S klpn—I—l + kp?zk_l(pn + Qn)> Qn-i-l(o) =0.

We can write this as the following vectorial inequality:

'
Tn+1 < Arpy +op,

- Pn+1 o 0 kl o k qr%k_l (pn + Qn)
Tptl = , A= , Op = o1 .
dn+1 kl 0 k 2z (pn + Qn)

Applying Corollary 2.5, treating o, as a forcing term, we get

t
0<rpu(t) < / A9 g, (s) ds,
0

where

which, in turn, yields
s (8] < At lan]),

or
(3:31)  Jlu(t) = anma () < CrllBalt) = u@IP*[u(t) — an®)]] + 18a(t) — u(®)]]
and
(3-32)  |[Busa(t) —u(®)]| < Collu(t) — an(®)P*HlJu(t) — an(®)ll + 18a(t) — u(®)]],
where Cy 5 = Cyo(k, k1, T, ap, Bo, f, g). Using (3.31) and (3.32), we obtain

max([u(t) — a1 ()] + [Bpa (1) — w(t)]] < Cmax(fu(t) — an(t)] +[6a(t) — u(®)[]**.
This completes the proof. O
Theorem 3.4. Assume that

(i) oo, B0 € C'J, R] are coupled lower and upper solutions of type III (case (A4))
with ag(t) < Bo(t) on J.

(ii) f,g € CO*HQ, R] such that f(t,u) is (2k)-hyperconvex, k > 1 in u and g(t,u)
is (2k)-hyperconcave, k > 1 inw on J [i.e. fE+D(t u) >0, @+ (t,u) <0,
for (t,u) € Q]
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(iid)

fult,u) < _mgx[f(%ﬂ)(t,u)]% <0 on{
gu(t,u) < mén[g(zk“)(t,u)]% <0 on €.

Then there exist monotone sequences {a,(t)} and {B,(t)}, n > 0 which converge
uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k + 1.

Proof. We can get monotone sequences {a,(t)} and {5,(t)}, n > 0 which converge
uniformly and monotonically to the unique solution of (3.1), using the following IVPs
for n =1,2,... together with the inequalities (3.6), (3.7), (3.10), and (3.11):

a, = F(t a,_ 1,ﬁn 13 Bn) =
2k—1

f ﬁn 1 6n ﬁn—l) f(Zk (t n— 1)(ﬁn ﬁn—1>2k
-2 o)
30 i i
L Zg( )(ta ﬁn—l)z(!ﬁn _ ﬁn—l) ’ Oén(O) = 1y,

ﬁn = G(t7 Qp—1, /Gn—l; an) =

~ ® t QOp—1 Oén_an—li (k) t; n—1){Qn — Qn_1 2
) Sy L 20 )y = )

2%k . .
(@) (¢ _ i
T AU

The proof is similar to that of Theorem 3.3 with appropriate modifications. We omit
the details. O

Since next four theorems are a combination of previous four theorems with ap-
propriate conditions f(¢t,u) = 0 and/or g(t,u) = 0, we merely indicate the iterates
which enable us to develop the required sequences.

The next two results are relative to the coupled upper and lower solutions of type

I case(A2) when m is even and odd respectively.

Theorem 3.5. Assume that

(i) ap, By € C'[J, R] are coupled lower and upper solutions of type I (case (A2))
with ap(t) < Bo(t) on J.

(ii) f,g € C%*[Q, R] such that f(t,u) is (2k—1)-hyperconvez, k > 1 in u and g(t,u)
is (2k — 1)-hyperconcave, k > 1 inu on J [ie. fCO(t,u) >0, ¢g@¥(t,u) <0,
for (t,u) € Q |
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(i4)
(Bo — o)1
(2 — 2)!

Then there exist monotone sequences {a,(t)} and {B,(t)}, n > 0 which converge

gu(t,u) < m&n[g(%)(t,u)] <0 on €.

uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k.

Proof. In order to construct monotone sequences {a,(t)} and {£,(¢)}, n > 0 which
converge uniformly and monotonically to the unique solution of (3.1), we need to
consider the following IVPs for n = 1,2, ... together with the inequalities (3.2), (3.3),
(3.8), and (3.9):

O/n = F(t7 Qp—1, 6n—1; O, 6n)

_ i’gf@ (th0ner)lon —0pen)' iijg@ 0 fot)(Bo = )
M aC e ot 0,(0) = o,
B = Gt an1, Bus; B, n) =
_ i’“_z‘;f“) , ﬁn—l)i(!ﬁn ~ ) fG %@2) Eﬁ;)!— Bu)™
+ Qilg(i)(t’ a”‘l)f,a" ~ona) B3a(0) = uo,

Theorem 3.6. Assume that

(i) ap, By € C'J, R] are coupled lower and upper solutions of type I (case (A2))
with ap(t) < Bo(t) on J.

(ii) f,g € CO* Q. R] such that f(t,u) is (2k)-hyperconvex, k > 1 in u and g(t,u)
is (2k)-hyperconcave, k > 1 inw on J [i.e. fE+D (¢t u) >0, @+ (t,u) <0,
for (t,u) € Q |

(i41)

(Bo — o)

(2k —1)!

Then there exist monotone sequences {a,(t)} and {B,(t)}, n > 0 which converge

Gu(t,u) < m&n[g(%ﬂ)(t,u)] <0 onf.

uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k + 1.
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Proof. Let us consider the following IVPs for n = 1,2, ... together with the inequali-
ties (3.4), (3.5), (3.10), and (3.11):

2k i
O/n = F(ta an—laﬁn—l; O, /Gn) Z t A 1 an—l)
=0
2k (@) B i
+Zg (taﬁn—l)z.(!ﬁn ﬁn—l) : Oén(O) =y,
) N 2k (@) B i
ﬁn - G(taan—laﬁn—l;ﬁnaan) = Zf (t7ﬁn_1)l(|ﬁn ﬁn_l)
=0
+Zg ) — ) 5n(0) = o,

O

The last two Theorems are relative to the coupled upper and lower solutions of

type II case(A3) when m is even and odd respectively.

Theorem 3.7. Assume that

(i) o, B0 € CJ, R] are coupled lower and upper solutions of type II (case (A3))
with ag(t) < Bo(t) on J.

(i) f,g € C%%*[Q, R] such that f(t,u) is (2k —1)-hyperconvez, k > 1 inu and g(t,u)
is (2k — 1)-hyperconcave, k > 1 inu on J [ie. f(t,u) >0, g®(t,u) <0,

for (t,u) € Q]
(1i1) -
ok (Bo — o)™~
fult,u) < —mgx[f( )(t,u)]w

Then there exist monotone sequences {a,(t)}, and {5,(t)}, n > 0 which converge

<0 on

uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k.

Proof. We can get monotone sequences {ay,(t)} and {3,(t)}, n > 0 which converge
uniformly and monotonically to the unique solution of (3.1), using the following IVPs
for n =1,2,... together with the inequalities (3.2), (3.3), (3.8), and (3.9):

/
Q, = F(t Qp—1, 6n—1§ (07°% 6n)
2k—1 k—2

Zf t, Bn1) 5 — Bus)! jzg@(t,an_l);!an—an_ni

=0

g(% 1 (taﬂn—l)(an - an—1>2k_1

* 2k —1)! !

an(0) = uo,
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67; = G(t an—luﬂn—l;ﬂn7an) =

2k—2
f t Qi — 1)(an — Op— 1) f(zk_l)(ta ﬁn—l)(an - an—1>2k_1
- Z i * 2k —1)!
2k—1 (2 i
+ Z t ﬁn 1 ﬁn 6n—1) ’ ﬂn(o) = uy.

Theorem 3.8. Assume that

(i) oo, B0 € CJ, R] are coupled lower and upper solutions of type II (case (A3))
with ag(t) < Bo(t) on J.
(ii) f,g € CO*HQ, R] such that f(t,u) is (2k)-hyperconvex, k > 1 in u and g(t,u)
is (2k)-hyperconcave, k > 1 inw on J [i.e. fE+D(t u) >0, @+ (¢t u) <0,
for (t,u) € Q]
(1)
(Bo — ag)*
(2k — 1)!

Then there exist monotone sequences {a,(t)} and {B,(t)}, n > 0 which converge

fult,u) < —mgx[f@k“)(t,u)] <0 on .

uniformly and monotonically to the unique solution of (3.1) and the convergence is
of order 2k + 1.

Proof. Considering the following IVPs for n = 1,2, ... together with the inequalities
(3.6), (3.7), (3.12), and (3.13), we can get:
2%k—1

(@) _ i
O/n = F(ta On—1, ﬂn—ﬁ Qp, ﬂn) Z f (t ﬁ” 1>7,('ﬁ ﬁ”—1>
+ fE, O‘n—(lz)g'n — Bn)** +2k219( (t,0m—1) Oén —a, )
* L @1—%)2(]{;0)4? - an_l)zkv an(0) = uo,
) 2k=1 ;) .
/Gn - G(t, ap_1, ﬁn—l; ﬁn, an) = Z f (t Qo — 1)2(!0'/ O4n—1)
=0
f(zk)(t> ﬁn—l)(an _ an—l)zk 2k_1g(i)(t> ﬁn—l)(ﬁn — ﬁn—l)i
+ +)° .
2k)! I
(2k)(t a ()(ﬁ) ~3 )2k =0 Z
+ g ) n—(le)'n n—1 ’ ﬂn(o) — .

O

Remark 3.9 Results of Theorems 1.3.1 to 1.3.4 and its corollaries of [4] can be
considered as special cases of our results for m = 2. Further, we have obtained the

same order of convergence as in [3] when the nonlinearity of the iterates we have
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developed is one less than that of [3]. Our results yield the results of [7] as a special

cases.

Conclusion: We have used iterates of nonlinearity of order m — 1 when the forcing

function is the sum of hyperconvex and hyperconcave of order m — 1. Observe that

when m > 3, we have nonlinear iterates. We hope to develop linear iterates and yet

have the order of convergence as m. At present this problem is still open.

1]
2]
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