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Abstract

This paper establishes several existence and uniqueness results for two fam-
ilies of active scalar equations with velocity fields determined by the scalars
through very singular integrals. The first family is a generalized surface quasi-
geostrophic (SQG) equation with the velocity field u related to the scalar 6 by
u=VEAP29 where 1 < B <2and A = (=A)1/2 is the Zygmund operator.
The borderline case B = 1 corresponds to the SQG equation and the situation
is more singular for § > 1. We obtain the local existence and uniqueness of
classical solutions, the global existence of weak solutions, and the local exis-
tence of patch-type solutions. The second family is a dissipative active scalar
equation with u = VL (log(/ — A))*6 for o > 0, which is at least logarithmi-
cally more singular than the velocity in the first family. We prove that this family
with any fractional dissipation possesses a unique local smooth solution for any
given smooth data. This result for the second family constitutes a first step to-
wards resolving the global regularity issue recently proposed by K. Ohkitani.
© 2012 Wiley Periodicals, Inc.

1 Introduction

This paper studies solutions of generalized surface quasi-geostrophic (SQG)
equations with velocity fields given by more singular integral operators than the
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Riesz transforms. Recall the inviscid SQG equation
;0 +u-Vo =0,
u=Viy = (=0x,. 0x)¥. Ay =0,

where A = (—A)!/2 is the Zygmund operator, § = 0(x,1) is a scalar function,
u denotes the two-dimensional velocity field, and i the stream function. Clearly,
u can be represented in terms of the Riesz transforms of 6, namely,

U= (—R2.R1)0 = (=0, A1, 0, A7)0,

(1.1)

Equation (1.1), its counterpart with fractional dissipation, and several closely re-
lated generalizations have recently been investigated very extensively, and signifi-
cant progress has been made on fundamental issues concerning solutions of these
equations (see, e.g., [1, 3, 5,7, 9, 14, 15, 16] and many more).

Our goal here is to understand solutions of the SQG-type equations with velocity
fields determined by even more singular integral operators. Attention is focused on

two generalized SQG equations. The first one assumes the form
0:0 +u-Vo =0,

1.2

(12 u=vVty, Ay = AP,

where f is a real parameter satisfying 1 < f < 2. Here the spatial domain is either
the whole plane R? or the two-dimensional periodic box T2, and the fractional
Laplacian operator (—A)?* is defined through the Fourier transform

—NTLE) = €2 f ().

The borderline case B = 1 of (1.2) is the SQG equation (1.1), while (1.2) with 8 =
0 is the well-known two-dimensional Euler vorticity equation with 6 representing
the vorticity (see, e.g., [10]). The second generalized SQG equation under study is

the dissipative active scalar equation

9:0 +u-VO 4+ k(—A)*0 =0,
1.3) i
u=V-y, ¥ =(log(l —A)"0,

where k > 0, o > 0, and u > 0 are real parameters, and (log(I — A))* denotes
the Fourier multiplier operator defined by

(og(I — AP (§) = (log(1 + [E2)™ £ (&).

Equation (1.3) is closely related to (1.2). In fact, both (1.2) with 8 = 2 and (1.3)
with k = 0 and ;& = 0 formally reduce to the trivial linear equation

9,0 +V+0-VO=0 or 9,0 =0.

For p > 0, the velocity field u in (1.3) is at least logarithmically more singular
than those in (1.2).
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We establish four main results for the existence and uniqueness of solutions to
the equations defined in (1.2) and in (1.3) with a given initial data

0(x,0) = Bo(x).

We now preview these results. Our first main result establishes the local existence
and uniqueness of smooth solutions to (1.2) associated with any given smooth ini-
tial data. More precisely, we have the following theorem:

THEOREM 1.1. Consider (1.2) with 1 < B < 2. Assume that 6y € H™(R?) with
m > 4. Then there exists T = T(||0o||gm) > O such that (1.2) has a unique
solution 0 on [0, T]. In addition, 0 € C([0, T]; H™(R?)).

Remark 1.2. As mentioned previously, when 8 = 2, ¥ = 6, and u = V16, then
(1.2) reduces to the trivial equation

;0 =0 or 6O(x,t)=0(x).
Therefore, (1.2) with 8 = 2 has a global steady-state solution.

For 1 < B < 2, the velocity u is determined by a very singular integral of 6,
and Vu is not known to be bounded in L°°. As a consequence, the nonlinear term
cannot be directly bounded. To deal with this difficulty, we rewrite the nonlinear
term in the form of a commutator to explore the extra cancellation. In order to prove
Theorem 1.1, we need to derive a suitable commutator estimate (see Proposition
2.1).

Our second main result proves the local existence and uniqueness of smooth
solutions to (1.3). In fact, the following theorem holds:

THEOREM 1.3. Consider the active scalar equation (1.3) with k > 0, @ > 0, and
w > 0. Assume the initial data 6y € H*(R?). Then there exists T > 0 such that
(1.3) has a unique solution 0 € C([0, T]; H*(R?)).

We remark that the velocity field u in (1.3) is determined by
u = VE(log(I — A)*0  with u > 0,

which is even logarithmically more singular than that in (1.2) with 8 = 2, namely,
the trivial steady-state case. In a recent lecture [11], K. Ohkitani argued that (1.3)
with k = 0 may be globally well-posed based on numerical computations. Theo-
rem 1.3 is a first step towards positively confirming his prediction.

Again the difficulty arises from the nonlinear term. In order to obtain a local (in
time) bound for ||6|| 74, we need to rewrite the most singular part in the nonlinear
term as a commutator. This commutator involves the logarithm of Laplacian, and
it appears that no L2-bound for such a commutator is currently available. By ap-
plying Besov space techniques, we are able to prove the following bound for such
commutators:
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PROPOSITION 1.4. Let u > 0. Let dx denote a partial derivative, either 0y, or
0x,. Then, for any § > 0 and € > 0,

I(n(7 = A))*9x. 81 fll2 <

TIPAN.
Cu,e,5(1+(ln(1+ ) )||f||Lz gl
e

where C,, ¢ s is a constant depending on i, €, and § only, H? denotes the standard
homogeneous Sobolev space, and the brackets denote the commutator, namely,

[(In(Z — A))*0x. gl f = (In(I — A)*0x(fg) — ((In(I — A))*0x f)g.

Our third main result assesses the global existence of weak solutions to (1.2).
Our consideration is restricted to the setting of periodic boundary conditions. The
weak solution is essentially in the distributional sense and its precise definition is
as follows: T2 in the definition denotes the two-dimensional periodic box.

DEFINITION 1.5. Let T > 0. A function § € L>®([0,T]; L?(T?)) is a weak
solution of (1.2) if, for any test function ¢ € C°([0, T) x T?), the following
integral equation holds:

T
(1.4) /0 /9(3z¢+u-V¢)dxdt = /90(x)¢(x,0)dx.
T2 T2

Although the velocity u is more singular than the scalar 6 and the nonlinear term
above could not make sense, it is well-defined due to a commutator hidden in the
equation (see Section 4). We prove that any mean-zero L2 data leads to a global
(in time) weak solution. That is, we have the following theorem:

THEOREM 1.6. Assume that 8y € L*(T?) has mean 0, namely,

/ Bo(x)dx = 0.
T2

Then (1.2) has a global weak solution in the sense of Definition 1.5.

This result is an extension of Resnick’s work [12] on the inviscid SQG equation
(1.1). However, for 1 < 8 < 2, the velocity is more singular, and we need to write
the nonlinear term as a commutator in terms of the stream function ¥. More details
can be found in the proof of Theorem 1.6 in Section 4.

Our last main result establishes the local well-posedness of the patch problem
associated with the active scalar equation (1.2). This result extends Gancedo’s
previous work for (1.2) with 0 < 8 < 1 [6]. Since 8 is now in the range (1, 2),
u is given by a more singular integral and demands a regular function and more
sophisticated manipulation. The initial data is given by

91, XEQ,

(15) o) =1y rer?\Q
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where @ C R? is a bounded domain. We parametrize the boundary of Q by
x = xo(y) withy € T = [—n, 7] so that

|3y x0(»)1> = Ao,
where 274/ Ag is the length of the contour. In addition, we assume that the curve
Xo(y) does not cross itself and there is a lower bound on |3, x¢(y)|, namely,

(1.6) |xo(y) — xo(y — )| ~0. VygeT.

n]

Alternatively, if we define

I /| if

—x(— n#0,

(1.7) F(x)(y.,n,t) = {Ix(valt) x(=n.0)] T
8, x(.0] iftn =0,

then (1.6) is equivalent to
(1.8) F(x0)(y.n.0) <oo Vy.neT.

The solution of (1.2) corresponding to the initial data in (1.5) can be determined
by studying the evolution of the boundary of the patch. As derived in [6], the
parametrization x (), t) of the boundary d€2(¢) satisfies

(1.9 dex(y,t) = Cp(6h — 92)/ dyx(y,t) — dyx(y —n.t)
T

’

Ix(y.t) —x(y —n,1)|P

where Cg is a constant depending on § only. For 8 € (1,2), the integral on the
right of (1.9) is singular. Since the velocity in the tangential direction does not
change the shape of the curve, we can modify (1.9) in the tangential direction so
that we get an extra cancellation.

More precisely, we consider the modified equation

(1.10) 9dsx(y.t) =

dyx(y,t) —dyx(y —n,t
Ca(0r— o) [ LD =D 4y 4y, 00,x(0.0
T

x(y, 1) = x(y —n,0)|P
with A(y, t) so chosen that
Jyx(y.1) - Bx(y.t) =0 or [dyx(y.0)> = A(0),

where A(t) denotes a function of # only. A similar calculation as in [6] leads to the
following explicit formula for A(y, t):

y+m [ dyx(y.0) ( dyx(y. 1) — dyx(y —n,1) )

.9 dn)d

2 J g0l U\ xgen —x—nof )
o[ st ([ 00 bty
—x 10y x> " Ix(n.1) —x(n—&.1)|p

where C = Cg (01 — 0>).

Ay, t)y =C

(1.11)

dé)dn,
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We establish the local well-posedness of the contour dynamics equation (CDE)
given by (1.10) and (1.11) corresponding to an initial contour

x(,0) = xo(y)

satisfying (1.8). More precisely, we have the following theorem:

THEOREM 1.7. Let xo(y) € H*(T) for k > 4 and F(x)(y.n.0) < 0o for any
y,n € T. Then there exists T > 0 such that the CDE given by (1.10) and (1.11)
has a solution x (y,t) € C([0, T]: H*(T)) with x(y.0) = xo(y).

This theorem is proven by obtaining an inequality of the form

d
77 Uxllgs + 1 F)ze) = Cllix g+ + I F(x)|Loo)*+P.

The ingredients involved in the proof include appropriate combination and cancel-
lation of terms. The detailed proof is provided in Section 5.

2 Local Smooth Solutions

This section proves Theorem 1.1, which assesses the local (in time) existence
and uniqueness of solutions to (1.2) in H™ with m > 4.

For 1 < B < 2, the velocity u is determined by a very singular integral of 6
and the nonlinear term cannot be directly bounded. To deal with this difficulty,
we rewrite the nonlinear term in the form of a commutator to explore the extra
cancellation. The following proposition provides a L2-bound for the commutator:

PROPOSITION 2.1. Let s be a real number. Let 05 denote a partial derivative,
either 0x, or Ox,. Then

I[A*0x, g1 f 22y < CIA* fli2 1AL + ClLA 2| A g L1),

where C is a constant depending on s only. In particular, by Sobolev embedding,
for any € > 0, there exists C such that

1A% 0x. 81/ 22y = CellA® fll2 gl m2+e + IS llz2 I8l m2+s+e)-

Since this commutator estimate itself appears to be interesting, we provide a
proof for this proposition.

PROOF. The Fourier transform of [A*dy, g] f is given by

Q1) [Anglf®) = / (P8 — 16— nl* & — ) £ € — Emdn.
R2

where j = 1 or 2. It is easy to verify that, for any real number s,

22) EFE — 1§ —nl* (& —n);| = C max{[§[*, & —nl*} n].
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In fact, we can write

1 g
17 —1E—nl*¢E—n); = | ——(AI"4))
03 J j /0 dp J

1
— /0 (AP + sIAP~2(A- ) A;)dp.

where A(p, &, 1) = p& + (1 — p)(§ — n). Therefore,

1
6% — 15 = nl°G =y < L+ lsDial [ 1P d.
For s > 0, it is clear that
|AI* < max{|£|*, |§ —n|*}.
When s < 0, F(x) = |x|® is convex and
|A]* = [p& + (1 = p)E —n)° < pl§]° + (1 = p)|E —n*
< max{[§[°, 1§ —n|*}.

To obtain the bound in Proposition 2.1, we first consider the case when s > 0.
Inserting (2.2) into (2.1) and using the basic inequality |£|* < 25~1(|E—n|* +[n|*),
we have

(A0, g £ (©))|

0y SO R[u(s — )l gy + cR[Hs — P FE — | mgmldn

SC/IIS—nlsf(E—nNIné(n)ldn+C/If(é—n)l 9"+ 2 (| dn.
R2 R2

By Plancherel’s theorem and Young’s inequality for convolution,

I[A%0x., 1 fllz2 < CIA fll2 |l Aglz1 + ClLf 2 1A T g1
Applying the embedding inequality
|1+s

I8l ®2) < Cellgllma+ste ),

we have, for s > 0,
1A 0x, g1 f L2m2) <

Ce(IA° fllL22y 18l 2+e®2) + 11 f L2 ®2) 18l pr2+s+er2))-

The case when s < 0 is handled differently. We insert (2.3) into (2.1) and change
the order of integration to obtain

[A%0x. g] f(§) = Hi + Ha.
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where
1 ~
2.5) Hy = / f A £ — mnj gGndn dp.,
O]RZ
1 ~
2.6) Hy=s /0 / AP2(4 - ) Ay (€ — mEGndn dp.
]RZ

Using the fact that F'(x) = |x|® with s < 0 is convex, we have

N

A" = —n) +pnl® = (1 +p)°

1 P
- — +—
1+p(é n) 1+pn

1 P
<1+ S(— - + —— S)
(1+p) 1+p|§ nl 1erlnl

=1+ p)* HE—nl* + p(1 + p)*nl’.

Inserting this inequality into (2.5), we obtain

1 ~
H)| < /0 (14 py! dp/us ol & — )| Ingldn
]RZ

1
s—ld Fre 1+s 5
+/O p(1 + p) pR/zlf(é Il 1gml|n.

Applying Young’s inequality for convolution, Plancherel’s theorem, and Sobolev’s
inequality, we have

1H1lL> < CIA® fll2 Al + Cll fll2 1AM gl
< CellA° flizz gl m2+e + Cell Sz gl pras+e.

To bound H», it suffices to notice that

l ~
Hy| < |s|/0/|A|S|f(s—n>||n§<n)|dndp.
R2

Therefore, || Hz||72 admits the same bound as || Hy||z2. This completes the proof
of Proposition 2.1. U

With this commutator estimate at our disposal, we are ready to prove Theorem
1.1.

PROOF OF THEOREM 1.1. This proof provides a local (in time) a priori bound
for ||@|| gm . Once the local bound is established, the construction of a local solution
can be obtained through standard procedure such as successive approximation. We
shall omit the construction part to avoid redundancy.
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We consider the case when m = 4. The general case can be dealt with in a
similar manner. By V- u = 0,

1d
55“9('»1)”%2 =0 or [0C¢.0)lz2=[60oll2-
Let 0 be a multi-index with || = 4. Then,
1d
EEHD"GH%Z = —/ D°0 D% (u-V0)dx,

where [ means the integral over R2; we shall omit dx when there is no confusion.
Clearly, the right-hand side can be decomposed into 11 + I» + I3 + 14 + I5 with

I = —/D“@DUM-Vde,

Iy = — Z [D"Q D%y - D2Vl dx,

lo1|=3
o1+02=0

I3 = — Z /D"G D%y - D2V dx,

lo1]=2
o1+o0r=0

Iy = — Z [D"Q D%y - D2V dx,

lo1]=1
o1+02=0

Is =/D00u~VD"9dx.

The divergence-free condition V-u = 0 yields /s = 0. We now estimate /. For
1 < B <2, D = VEA"2+B D99 with |o| = 4 cannot be bounded directly in
terms of ||0|| 4. We rewrite /1 as a commutator. For this we observe that for any
skew-adjoint operator A in L2 (i.e., (Af.g);2 = —(f. Ag);2 for all f.g € L?),
we have [ fA(f)gdx = — [ fA(gf)dx, and therefore

en [ racngds == [taeh) - feAyax = =3 [ flalf ax

Applying this fact to I; with A := A™2BVL f .= D@ and g := V6, one
obtains .
I = 5/ THATZTAVL . VOIDOO dx.

By Holder’s inequality and Proposition 2.1 with s = =2 + § < 0, we have
111 < Ce D70 L2(ID O] 2 + AP D6 12)[10] 3+
< CID%OlL> 161174
The estimate for /5 is easy. By Holder’s and Sobolev’s inequalities,
[12] = CIIDON 2 101l gr2+5 101 g+
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By Holder’s inequality and the Gagliardo-Nirenberg inequality,

I3l <C Y D62 D ul s D72V 14

lo1]=2
o1t+o2=4

1/2 1/2 1/2 1/2
< CID Ol 101 7es 10107 1611573 161132
< CID0 2 101lg3 10l s
By Holder’s and Sobolev’s inequalities,

[lal <C Y D702 D ullzee | DO2VO| 2

loy[=1
o1+02=4

< CIDON L2 101 grs+2 1] pr+-
For 1 < B < 2, the bounds above yields

||9||H4 < ClI01I3;s-

This inequality allows us to obtam a local (in time) bound for 0| g4.
In order to get uniqueness, one could check the evolution of two solutions with
the same initial data. With a similar approach, we find

d
102 = Ol = CAB2ll s + 101154102 — Orll -

An easy application of the Gronwall inequality provides 8, = 6;. This concludes
the proof of Theorem 1.1. O

3 The Case Logarithmically Beyond 8 = 2

This section focuses on the dissipative active scalar equation defined in (1.3),
and the goal is to prove Theorem 1.3.

As mentioned in the introduction, the major difficulty in proving this theorem is
due to the fact that the velocity u is determined by a very singular integral of 8. To
overcome this difficulty, we rewrite the nonlinear term in the form of a commutator
to explore the extra cancellation. The commutator involves the logarithm of the
Laplacian, and we need a suitable bound for this type of commutator. The bound
is stated in Proposition 1.4, but we restate it here.

PROPOSITION 3.1. Let i > 0. Let dx denote a first partial, i.e., either 0x, or Ox,.
Then, for any § > 0 and € > 0,

IAn(/ — A)*9x. &1 f L2 <

I/ 1 gs \\
Cues( 1+ {In| 1+ ILf L2 gl mrasse.
(WAlF

where C,, s is a constant depending on |1, €, and § only, and H?Y denotes the
standard homogeneous Sobolev space.
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Remark 3.2. The constant C, ¢ s approaches oo as § — 0 ore — 0. When u = 0,
the constant depends on € only.

We shall also make use of the following lemma that bounds the L2-norm of the
logarithm of function.

LEMMA 3.3. Let i > 0 be a real number. Then, for any § > 0,

" I/ s\
3. [n(Z = A)" fll2 = Cpsllfllz2|{n| 1+ :
/2

where C,, s is a constant depending on |1 and § only.

In the rest of this section, we first prove Theorem 1.3, then Proposition 3.1, and
finally Lemma 3.3.

PROOF OF THEOREM 1.3. The proof obtains a local a priori bound for ||0|| g4.
Once the local bound is at our disposal, a standard approach such as successive
approximation can be employed to provide a complete proof for the local existence
and uniqueness. Since this portion involves no essential difficulties, the details will
be omitted.

To establish the local H*-bound, we start with the L2-bound. By V - u = 0,

1 d
3 EH@IIiz +i[A%6]7. =0 or (16,0l < |60l 2.

Now let ¢ be a multi-index with || = 4. Then,
1 d

2 2
a2 5 7 1D°613: + | A*D76]1 7, = _/ D% D° (u - VO)dx

=N+ o+ I3+ Js+ Js,

where

J| = —/D"G D%u -V0dx,

Jp = — Z /D"G D%y - D%2V0 dx,

lo1|=3
o1+0o2=0

J3 = — Z [D"G D%y - D92V dx,

lo]=2
o1+02=0

Jy = — Z /D"G D%y - D2V dx,

lo1]=1
o1+0r2=0

Js :/DUGM-VDGde.
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By V-u = 0, J5 = 0. To bound J, we write it as a commutator integral. Applying
(2.7) with A := VX(log(I — A))¥*, f := D°6,and g := V@, we have

1
Ji = 5/fo@[oog(l — A)HVL. VOID O dx.

By Holder’s inequality and Proposition 3.1,
/1] < CID?O] 2 [|[(log(I — A)*V+-, VO D62
< CID?OI7> VO go+e (1 + (n(1 + | D76l 75))")
< Ce [IDOII72 101 gra+e (L + 101 grass))™.
Applying Holder’s inequality, Lemma 3.3, and the Sobolev embedding
(3.3) H'T¢R?) — L®[R?), €>0,
we obtain

|2l <C ) D962 1D ull 2 | DOV oo

loy|=3
o1+0>2=4

< Ce | DO oL + (18] gra+6)" 101l 3+
To bound J3, we first apply Holder’s inequality to obtain
sl<C Y D%l D ulgs | DOV s,
lo1|=2,01+02=4

By the Sobolev inequality

1/2 1/2
1 sy < CIA N gy 1V oy
and applying Lemma 3.3, we have
1/2 1/2
sl=c 3 (D76l 1D ull IV D
lo1|=2,01+02=4

x | D2V 5 |V DoV )

< CID0| 2 101774 (n(1 + 0| a+8))".
By Holder’s inequality, (3.3), and Lemma 3.3,
[Jal <C Y D02 D' u| e | DO2VO 12

lo1|=1
o1+o2=4

<C Y D2 D ullgrte [ DT2VO| 2
lo1|=1,01+02=4

< CIDO 20100 g+ 101l zra+e An(l + (|0 gra+e+5))".
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Let0 < e <1and 0 < § < «. The estimates above on the right-hand side of (3.2)
then imply that

1 d
3 EIID‘WIIiz +KAYDO5 < ClONFa(n(l + (0] frave))™.

This inequality is obtained for || = 4. Obviously, for || = 1, 2, 3, the bound on
the right remains valid. Therefore, if we sum the inequalities for |¢| = 1,2,3,4
we have

d

3 EIIQII,%H + 0113 ara < CIOl3a (01 + [|0]] gas+a))™.

The local (in time) a priori bound for 6| g4 then follows if we notice the sim-
ple inequality (In(1 4+ a))* < a for large a > 0. This completes the proof of

Theorem 1.3. O
We now present the proof of Proposition 3.1.

PROOF OF PROPOSITION 3.1. This proof employs Besov spaces and related
concepts such as the Fourier localization operator A; for j = —1,0,1,..., and
the operator S;. These tools are now standard and can be found in several books,
say [4, 8, 13]. A self-contained quick introduction to the notation used in this proof
can be found in [2].

We start by identifying L? with the inhomogeneous Besov space Bg,z, namely,

o0
/172 = D 14 F1132.

j=—1

Let N > 1 be an integer to be determined later. We write

(3.4) I[(n(I — Aoy, g1 /172 = K1 + Ka,

where
N—-1

(3.5) Ky = ) [18;[(n( = A) 0y, 8] 1172,
j=-1

(3.6) K> = ) [1A;[(n(I — A) 8y, g1 f 1172
j=N

Following Bony’s notion of paraproducts,
FG =) Si_1FAG+ Y AFS1G+ ) AFALG
k k k
with &k = Ag—1 + Ag + Ag41, we have the decomposition

f = (n(I = A)"3x(fg) — ((In(/ — A)"0x f)g

3.7
-7 =Li+ L+ L3,



1050 D. CHAE ET AL.

where

Ly =) (n(] = A" 0x(Sk—1 f Arg) = Sk—1((n(I — A)*0x f)Ageg,
k

Ly =Y (In(I = A)* 0x (A f Sk—-18) — A ((In(I — A)*0x f)Sk_18.
k

Ly =Y (In(I — A)" 0x(Arf Arg) — Ar((n(I — A)*0x f)Arg.
k

Inserting the decomposition (3.7) into (3.5) and (3.6) yields the following corre-
sponding decompositions in K; and K»:

K1 < K1+ K2+ K13, Kz <Koy + Koz + Kas,

with
N-1 N-1 N-1

Kit= Y I8jLil}2, Kiz= ) AjL2l72 Kiz= ) 1A;Lsl7,
j=1 j=1 j=1
e} o0 o0

K> = Z ||AjL1||i2, Ky = Z ||AjL2||22a K>3 = Z ||AjL3||iz-
j=N j=N j=N

Attention is now focused on bounding these terms; we start with K7;. When
Aj is applied to L1, the summation over k in L becomes a finite summation for k
satisfying |k — j| < 3, namely,

AjLy= Y Aj((n(I — A)*0x(Sk—1.fAkg)

lk—jl<3
— Sk—1((In(1 — A)Hy f)Agg).

For the sake of brevity, we shall just estimate the representative term with k = j
in A;j L. The treatment of the rest of the terms satisfying |k — j| < 3 is similar
and yields the same bound. Therefore,

1A Lillg2 < C|A; ((An(1 — A)H0x(Sj—1fA;8)
— S;1((n(1 — A 3 ))A;8)| 12
Without loss of generality, we set dx = dx,. By Plancherel’s theorem,

2

’

L2

1A L1, < CH ®; (%) / (H(E) — H(E—)S;—1 f (€ —mAjg(ndn
R2

where ®; denotes the symbol of A;, namely A/]\f &) = ;) f (¢), and

H(€) = (In(1 + |£[*)1€1.
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To further the estimate, we first invoke the inequality

|H(E) = H(E =)l < [n((n(1 + max{|§ |, |§ = n[>})*
+ p(n(l + max{|§]%, [€ — nI*}))*71).

Clearly, the first term on the right-hand side dominates. We assume, without loss
of generality, that

(3.3 |H() — H(E =)l < Clyl(n(1 + max{|§[*, & — nI*})*.
Noticing that

supp ®;,supp Ajg C {£ e R2: 2771 < |g| < 2/+1},
we have, for —1 < j < N — 1,

1A Lil7. =€

P, () / (In(1 + max{[£ |€ — nP))*
]RZ

2
Si-1f € =l In&;gldn|

(3.9) )
< Can(1 +22M))%| @, ¢) / 1S, 7 (€ — )| ;g ()l
]R2

L2

2
< C(In(1 + 22N))2m

/|S7-_Tf(s—n)||n&2f(n>|dn
R2

L2
By Young’s inequality for convolution,

1A L1]7> < Cn(1 +22M))*(1S;1 £ 172 [InA;8 (D1

By Plancherel’s theorem and Holder’s inequality, for any € > O,

1Sj=1 fllze = 1Sj=1 flli2 < U f 2 InBjgMli < CellA*T €A gl 2.

Therefore,

N-1

Ky1 < Ce(In(1 + 22M)2H| £117, Y | APT€A gl
j=—1

< Ce(In(1 + 22N | £117 5 1€l 32
We now estimate K12. Asin A; L1, we have
AjLy= " Aj((n(J — A)*0x (A fSk—18)

lk—jl<3
— Ar((n( — A)*8x ) Sk-18)-

(3.10)
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It suffices to estimate the representative term with k = j. As in the estimate of
Aj Ly, we have

2
1A La||7 > < CIn(1 + 227V))>#

[|m<s—n)||nm(n)|dn

RZ
< C(n(1 + 22V A; £125 InSj—1g(m)12,
< C(n(1 +22M) 2| A; £ 125 gl 2o

L2

Therefore,

N—-1
Kiz < C(n(1+2*M)2 3" ||A; £1172 118l 324
j=-1

< C(In(1 4+ 22M) 2 | £12, 1| g1132-

@3.11)

K13 involves the interaction between high frequencies of f and g, and the estimate
is slightly more complicated. First we notice that

AjLy= Y Aj((n(I — A)*0x(Ag f Arg) — A ((n(I — A)*0x f)Arg).
k>j—1

Applying Plancherel’s theorem and invoking (3.8), we find

1A Lal7, < Y A ((n(T — A)*0x (A f Arg)

k>j—1
— A ((n(1 — A0y f)Arg) |75
-12) <c Y o / (In(1 + max{[§[2. £ — n|*})"
k>j—1 R2

o 2
x | A f (& =)l InBrg(n)ldn

L2

Since ®; is supported on {£ € R2 : 2/=1 < |§] < 2/+1} and Ay f ison {& € R2:
2k=1 < |g| < 25T1Y we have, fork > j — 1,

(In(1 4 max{|£|?, |€ — 7|®}))* < (In(1 + max{22/ T2 22k+Dyu
< (In(1 + 2%k +4y)»,
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Therefore,
1A7 L33, <C ) (In(1 + 22K F4))2
k>j—1
_ = 2
X CDj(S)/IAkf(S—n)llnAkg(n)ldn .
L
R2

When 7 is in the support of Agg, |n| is comparable to 2¥ and |n|2€ ~ 22¢k. Using
this fact and Young’s inequality for convolution, we have

”A]L:;lliz <C Z (]n(l + 22k+4))2k¢2—26k
k>j—1

2
X
L2

[ AR € — )l |Inl"+2<Reg(p)|dn
R2

_ — <~ 2
<C Y (In(1+ 22K 202K AL £112, |12 g ()| 11
k>j—1

Using the fact that

(In(1 4 2%+H)227k < Cc, | In"*2Aegm)]| 11 < Cellgllpra+ae,

we obtain
1A L3l7 2 < CellglFziae > 27K A fII7
k>j—1
Therefore,
N-1
Kis= ) lAjLsl,
j=—1
N-1 . .
< Cellglorae D 279 > 276D £12,
j==1  k2j-1
3.13 < Cc|igl? 2
(3.13) < Cellgllgat3e 111172

We now turn to K»1. Aj L1 is bounded differently. As in (3.9), we have
1A Ly1]l7> < CH @;(§) /(ln(1 + max{[§|?, |€ — n[*})H
R2

2
X |Si—1 (€ =)l InA, g(m)dn

L2
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Since supp ®;,supp A; g C {& € R2: 2771 < |&] < 271}, we have
(n(1 + max{[§*, [§ — n|*))"* = C(n(1 +22))",

and 7 € supp A/J\g indicates that |n| is comparable to 27. Therefore,

2
IA;L1]175 < C(In(1 + 2%/ )22

/|§_Tf<s—n>| I+ &z mlan|
]RZ

< C(In(1 +22))22729 |5,y 112, | Inl* T A g ()3,
< C(In(1 4 22))2H2724T | £1I2, [ A*FT2€ A g]|3,.
Therefore,

o0
Ko1 = ) |lAj L1},
j=N

o0
< CIf172 Y (n(l +22))2272T [ A2F2€ A g2,
j=N
< ClIfII2,(In(1 + 22V))2427 2N 02
3.14) <C|f1% llgl?
3. = 12 18 g2+2e-

We now bound K3>. Aj; L, admits the following bound:

18) Lol < cH @®) [ 001+ manile .16 - )"
R2

2
x| A; £ (& =) InSi—1g(m)ldy

L2

Since supp ®; C {§ € R? : 2/~ < [¢] < 2/*'} and supp Sj—1g C {§ € R :
1E| < 271, we still have

(In(1 + max{|§]%, 1€ = nI*}))* < C(In(1 +2*))*.

In contrast to the previous estimate on A; L1, n € Sj/ll\g no longer implies that |7|
is comparable to 2/. However, any £ € supp A j f must have |£| comparable to 2/,
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Therefore, for any § > 0,

1A; L2 17
2
< C(In(1 + 2%7))210=28]

f||s—n|‘*AT-f<s—n)\ S g ldn|
RZ

< C(In(1 + 2%))227257 |[|g — nl* A, £ (€ — )25 InSj—1g (D12,

< C(In(1 +227))2427 27| A A8 112, g1

Thus,
CXJ . .
Kp < C Y (n(1+ 2% )22 27| A; AP 112, lIgl12p4
j=N
o0
< Cn(1 +22M))22 2N g2 S A AP f2,
J=N
(3.15) < CAn(1 + 22N 272N g 3o 1 5.
The last term K53 can be dealt with exactly as K13. The bound for K>3 is
(3.16) K23 < Cellgll3posse 1 £ 172

Collecting the estimates in (3.10), (3.11), (3.13), (3.14), (3.15), and (3.16), and
inserting them into (3.4), we obtain, for any integer N > 1,

I[(n(T — A)*0x. g] f1I72 < Celin(l + 22V N[ £1175 1811324
+ Ce”f”iz ||g||%12+3e
+ Ce(In(1 +22V)2 272N £113 g 7o
We now choose N such that 2~ 25N ||f||12L15 <C|\f ||i2. In fact, we can choose

I ||f||Hs]
3.17 N=]|-1 .
GA7) [5 °2 7.2

It then follows that

I(n(7 = A))*9x. 81 fll2 <

L s \ )™
Cues\ 1+ (In| 1+ I 1l2 g ar2ae.
/112

where C,, ¢ 5 is a constant depending on (, €, and § only. It is easy to see that the
inhomogeneous Sobolev norm || f'|| ;s can be replaced by the homogeneous norm
| f Il z7s- This completes the proof of Proposition 3.1. g

Finally we prove Lemma 3.3.
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PROOF OF LEMMA 3.3. Let N > 1 be an integer to be specified later. We write

I(n(7 = A" fl7> = L1+ Lo

where
N-1 o)
Li= ) |Ajn(I =AY f|2,. La= Y [Aj(n(I — A)*f|3..
j=—1 j=N

According to theorem 1.2 in [2], we have, for j > 0,
1A (In(1 — A)X fllz2 < Cn(1 + 22 )| A f 2
Clearly, for j = —1,
[A—1(n(I — AN fllp2 < Cll A1 f L2

Therefore,
N-1
Ly < Cn(1+22M))** 3" [|A; f1I7. < Cln(1 + 2°Y )| f][7..
j=-1
For any § > 0,
(XD . . .
Ly < ) (In(1+2%))22725 22| A, £2,
j=N
< (In(1 4 22M))22728V ) 112, 5.
Therefore,

I(n(Z — AN £125 < Cn(l + 22)22| £ 12,
+ (In(1 + 22V))22= 2N | 12

If we choose N in a similar fashion as in (3.17), we obtain the desired inequality
(3.1). This completes the proof of Lemma 3.3. U

4 Global Weak Solutions

This section establishes the global existence of weak solutions to (1.2), namely
Theorem 1.6. The following commutator estimate will be used:

LEMMA 4.1. Let s > 0. Let j = 1 or 2. Then, for any € > 0, there exists a
constant C depending on s and € such that

@1 [[A%0x;. glhlL2(r2) < CUIAlL2 I8l m2+s+e + AR L2 18]l 2+e)-

Although the lemma is for the periodic setting, it can be proven in a similar
manner as Proposition 2.1 and we thus omit its proof.
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PROOF OF THEOREM 1.6. The proof follows a standard approach, the Galerkin
approximation. Let n > 0 be an integer and let K, denote the subspace of L2(T?),

Kp = {e"™* :m # 0 and |m| < n}.

Let P, be the projection onto K. For each fixed n, we consider the solution of the
projected equation,

0:0, + Py(u, - VO,) =0,
Uy = VJ‘A_ZJFB@,,,
On(x,0) = P, 00(x).

This equation has a unique global solution 6,. Clearly, 8, obeys the L? global
bound

4.2) 16 (. Oz = [IPnbollL2 =< |60l L>-

In addition, let i, be the corresponding stream function, namely Ay, = APo,.
Then we have
1_8

1d
L A3 y2, = - f UnPr (it - V) dx

2dt
= —/wnun-VQndx.
Noticing that u, = V-1, we integrate by parts in the last term to obtain
_/ Vnitp - VO, dx = / YUnity - VO dx.
Therefore,
@3 TINTEZ =0 or 1A Ryl < A Ryl
Furthermore, for any ¢ € H3 € with € > 0, we have
4.4) /B,Qn(x,t)gb(x)dx = —/(un V0P, dx = /Gnun - VP, ¢ dx.
On the one hand, 6,, = A2~# Yy, and
/enu,, VPp¢ dx = /w,, A>B(uy, - VPp)dx
— [ vu APV, VEgax
On the other hand, u,, = VJ-wn and

[ Optin - VPpp dx = f 0, VL - (Y VP, p)dx

— _/wnvLAZ—ﬂwn-VP,@ dx.
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Thus,
1
f Ot - VBagpdx = - / Un[AZ VL. VP, plym dx.

It then follows from Holder’s inequality and Lemma 4.1 that

‘ / Outtn - VPud dx| < Cl[Wnllz2 [Wnllpro—s [Bahllzrsse

4.5) < CIIAT2*B0, 112 1nllL2 || ro+e

2
< Cllboliz> 1Pl zr3+e

where the fact that mean-zero functions in L2(T?2) are also in H 218 (T?2) has
been used. Therefore, by (4.4),

(4.6) 10:6nllz7—3- < Cll6ol|7>-

The bounds in (4.2), (4.3), and (4.6), together with the compact embedding re-
lation L2(T2) — H 2tA(T2) for 1 < B < 2, imply that there exists 6 €
C([0, T]; L?(T?)) such that

4.7 6, —~ 6 in L2, Yn — ¥ in L2

In addition, because of the uniform boundedness of ||, (2 and the embedding
L?(T?) < H™37¢(T?), the Arzela-Ascoli theorem implies

4.8) lim sup

=0 el0,T]

— 0,

/ (O (x.1) — B(x. ) (x)dx

where ¢ € H3T€(T?).
The convergence in (4.7) and (4.8) allows us to prove that 6 satisfies (1.4).
Clearly, 6, satisfies the integral equation

T
[ /en(aﬂp + uy - VPu)dx dt = /]P’nﬂo(x)qﬁ(x,O)dx.
0 T2 T2

It is easy to check that

[ Batorsx.00dx = [ o) px. 00
T2 T2

and (4.8) implies that, as n — oo,

T T
/ /9n8t¢dxdt—>/ /98,¢dxdt.
0’]I‘2 0’]1‘2
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To show the convergence in the nonlinear term, we write

T T
/ /Gnun-V}P’nq’)dxdt—/ /Qu‘Vqﬁdxdt
OT2 oTZ

T
- %/ /wn[Az—ﬂvl-,VP,,cp]wn dx dt
0
']I‘2

1 T
— = UIATBVL. Vely dx di
2
/0 sz

R 2Bl
—E/O/wn[A VL V(o — $)lm dx di
’]I‘2
1 T
- n— WIAZTEVL Voly,
+2/0T/2<w i B dx di

1T 2Bl
5 [ [ wiar v Vel —
T2

In order to get the convergence for the first two terms above, we appeal to
Lemma 4.1 and the strong convergence of v/, in L2. Let us point out that in the last
term for A2~# ¥, we only have weak convergence in L? so we have to proceed in
a different manner. We consider the following integral:

0n(t) = / VN2V Vgl (pn — ¥)dx
’]I‘2

= Y YAV VI — ¥)) (k).

k#0
which is bounded by

~ /
10,001 = (X Ik T -02)

k#0

x (2 [IkE=2(A2P VL VI, — )0

k#0

1/2

The first sum above is controlled by ||6p||;2. Using a similar notation as before,
the coefficients in the second sum have the form

k|B=2([AZB 0y, 0] (Y — ¥)) (k)
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where 0y is either dy, or dx, and ¢ is dx¢. Since

(AP0, @) (W — ) (k) =
Y itkalk PP = (k = j)alk = jPPYWn — )k = PG)

J

for a = 1, 2, following the bounds in Section 2 we obtain

I([A27P 3, @) (Y — ) (K)]
<C Z(""H + k= F PR — )k = DB
J
<C Z(V«W + 1P W = vk = DITRG)I-
For |k| # 0, it yiejlds

k[B=2|([A27Pax, o) (W — ¥)) (k)| <
CO W — vk = DIGIA+ 1P B)eG)I.
J

The above bound provides

100 ()] = CellOollL2 1PNl rs—p+e [¥n — VL2

for any € > 0. It then follows from (4.7) that lim, o0 Q5 () = 0. The domi-
nated convergence theorem then leads to the desired convergence of the third term.
Therefore, 6 is a weak solution of 1.2 in the sense of Definition 1.5. This completes
the proof of Theorem 1.6. U

5 Local Existence for Smooth Patches

This section is devoted to proving Theorem 1.7.

PROOF OF THEOREM 1.7. Since 8 = 2 corresponds to the trivial steady-state
solution, it suffices to consider the case when 1 < 8 < 2. The major efforts are de-
voted to establishing a priori local (in time) bound for || x (-, ?)|| g4+ || F(x)|| oo (?)
for x satisfying the contour dynamics equation (1.10) and F(x)(y, n, t) defined in
(1.7).

This proof follows the ideas in Gancedo [6]. The difference here is that the
kernel in (1.10) is more singular but the function space concerned here is H*(T),
which is more regular than in [6] and compensates for the singularity of the kernel.

For notational convenience, we shall omit the coefficient Cg(; — 02) in the
contour dynamics equation (1.10). In addition, the #-variable will sometimes be
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suppressed. We start with the L2-norm. Dotting (1.10) by x(y, ¢) and integrating

over T, we have
1d
S [ kenPdx =1+ L

T

0y x(y,t) —0yx(y —n,t
T T

where

Ix(y. 1) —x(y —n,1)|

b= [20)x0- 8,500 dy
T
I is actually 0. In fact, by the symmetrizing process,

_ 1// (x(y) —x(y —m) - (@yx(y) = dyx(y —n))
2 x(y) —x(y =P

dndy

— _ )28
= 5o ﬂ)//auw) xy =) F)dy di

=0.
To bound 7,, we first apply Holder’s inequality to obtain
(12 < [|Al[zoe [lx L2 19y x| 2
By the representation of A in (1.11) and using the fact that

1
Y

we have

Il < CIFG)IR wo(0) [ 13,x]|2 dy
T

dyx(y) — dyx(y —1n) J
V/ Ix(y) —x(y — )|

= C||F(xX)||7 0o (t)(I21 + I22),

where

Zx(y) —2x(y —
121=/|ayx| |05 x(y) — dyx(y n)ldnd%

Ix(y)—x(y —n)#

[x(y) = x(y — )P+
It is not hard to see that /57 and /5, can be bounded as follows:
L1 = CIF(O)foo (@) 13y %] 22 195 2,
Iz < CIFI L 0) 185117 18y %2+

_ _ 2
122 :/|ayx|/ |a)’x(y) ayx()/ 77)| dnd)/.
T T
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Therefore,
d

dt
We now estimate ||8f',x lz2:

Ix122 < CIFOIFEL O 113

| =

d
o[y =1+ n
T

where

_ 4 a4 (@yx(y) — dyx(y —n))
h=c [0} [ SR
T T
s = [ 0428500, 00)dy
T

I3 can be further decomposed into five terms, namely I3 = I31 + I3p + I33 +
I34 + I35, where

5 _ 95 _
=] () IO g,
TT

[x(y) —x(y =)

I =4 / / 93 x(y) - (04x(y) — 84 (y — )y (X (y) — x(y — ) P)dn dy.
TT

Iy =6 / / 93 x(y) - (B3x(y) — 83x(y — M) (\x(y) — x(y — ) P)dn dy.
TT

I34 = 4[/ 0yx(y) - (03x(y) — 05x(y — )33 (1x(y) — x(y —m)|P)dndy,
TT

I35 = // 33x(y) - (yx(y) — dyx(y — )3 (Ix(y) — x(y — | P)dndy.
TT

By symmetrizing, /31 can be written as

ndy

L[ @) = 0dx(y —n) - @5x(y) — 85x(y — )
131 = — d
o 2T/T/ () —x(y — )P

Ix(y) —x(y —n)|P

T
_ é// 105x(y) = 95x(y = WP (x(¥) = x(y =) - (Byx(y) — dyx(y — 1)) 4
444 Ix(y) — x(y — p)|B+2

L[ 9y (135x(y) = 35x(y = n)I?)
= Z// dndy
T

ndy.
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Setting
B(y.nm) = (x(¥) —x(y —=m) - @yx(y) = dyx(y —n)
and using the fact that 9, x(y) - B)Z,x(y) = 0, we have

In| < CIFIZE 0 / / 94 x(p) — 9x(y — )
TT

B(y,mn? = dyx(y) - 9, x(y)
" nlP ‘

ndy.

Using the bound that

|B(y.mn> = dyx(y) - 95x(y)| < Cllx[Eslnl.
we obtain 5
|131] < C||F(x)||Lf;ﬂ(t) 1% 1114

To estimate /35, we realize that, after computing 9, (|x(y) —x(y — 1) |=8), I3, can
be bounded in the same fashion as /31. That is,

[I32] < CIFO)750 @) x|,

In order to estimate /33, we further decompose it into three terms, /33 = I337 +
1335 + 1333, where

D(y,n)

_ 4 (3 B (y

I331 = CT/T/ dyx(y) - (3,x(y) — dyx(y —n)) ) —x( - P dndy.
_ 4 (33 a3 _ |8VX(V)—3VX(V—7))|2

I332 = CT/T/ dyx(y) - (3,x(y) — dyx(y —n)) ) 20y — PP dndy.
— 4 (33 a3 (0 B2(y.n)

I333 = CT/T/ Iyx(y) - (3yx(y) — dyx(y — ) ) —x(y — TP dy

with
D(y.n) = (x(y) —x(y —m) - (05 x(y) — Sx(y — n)).
It is not very difficult to see that
2+
331l 1332l 11333] < CIF@IZEL Ol
134 also admits a similar bound. In I35 one has to use identity the
yx(y) - 0yx(y) = 305x(y) - 35x(y)
to find the same control. We shall not provide the detailed estimates since they can

be obtained by modifying the lines in [6]. We also need to deal with /4. To do so,
we use the representation formula (1.11) and obtain

[14] < CIF)FEE @O)l1x]13,4



1064 D. CHAE ET AL.
In summary, we have
4
(5.1) —||x||H4 < CIFOIFEL D154

We now derive the estimate for || F(x)| o (¢). For any p > 2, we have

) I o
E”F(x)”ip(f) fPTIT/(M(y)—x(V—UN)

n

Invoking the contour dynamics equation (1.10), we have

(5.2)

x(Y)—x(y—m=Is+1s+ 17+ I3
[( yX(¥) —dyx(y —§) dyx(y) —dyx(y —§) )d%'
() —x(y =6 x(y—n) —x(y —n—§)
dyx(y) —dyx(y —n) + dyx(y —n—§) — dyx(y — )
d
+/ (=) —x(y —n—E)P :

T

+ A(Y) = Ay =m)Iyx(y) + Ay —n)(@yx(y) — dyx(y — n)).

Following the argument as in [6], we have
28
15| < ClIF(x)| 75 () ||x||czﬂ 1,
16 < CIF()|If oo (@) X[l c3 1.
3
|17] < CIFIFEL @) x5 111,
3
1] < CIF)I7E @) x4 111.
Inserting these estimates into (5.2), we find
d 4
2 1F@Le @) = Clxll s IFITEE @) 1 F ) llLr ().
After integrating in time and taking the limit as p — oo, we obtain
d 5
TIF@I= ) = Clixlis IF@IZE ).

Combining the above with (5.1), we obtain

—(IIXI|H4 +IF )L () < Cllxlga IFITE @),

This inequality would allow us to deduce a local (in time) bound for ||x || z4. This
completes the proof of Theorem 1.7. U
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