Generalized two-fluid theory of nonlinear magnetic structures
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A system of equations is introduced and discussed that describe the nonlinear dynamics of magnetic
perturbations in a magnetized, high-temperature plasma. Diamagnetism, ion gyroradii effects, and
finite electron mass are taken into account. These equations govern Alfvén as well as electrostatic
waves and vortices and describe the nonlinear evolution of reconnecting modes. Electrons are
treated in a fluid model. The equation for the ion response is new and is a nonlinear generalization
to all orders in the thermal ion gyroradius of the nonlinear fluid model. This system of equations
conserves two fluxes that are different from, but related to, the magnetic flux. Two-dimensional
equilibrium solutions in the form of stationary propagating magnetic structures are obtained with the
methods introduced in the theory of vector nonlinearities in electrostatic drift vortices. In the
noncollisional regimes of interest the inertia of the electrons resolves the singularity in the current
density that tends to develop at magnetic separatrices. The positions of the X points of the conserved
fluxes are mirror symmetric and at a distance of the order of the electron skin depth from the
resonant surface. The set of equations admits an energy integral and can be cast in noncanonical
Hamiltonian form. The role of the Casimir invariants, that are functions of the conserved fluxes, is

investigated and the connection with “reduced magnetohydrodynamics” is emphasized.

I. INTRODUCTION

Small-scale processes determine many aspects of the
global behavior of magnetically confined toroidal plasmas. A
well-known example is the so-called ““internal disruption,”
where reconnection of magnetic field lines in a narrow layer
near the rational magnetic surface results in a global redis-
tribution of the plasma density and temperature profiles. An-
other example is anomalous transport. According to current
ideas the formation of small-scale coherent nonlinear struc-
tures, like magnetic islands, vortices, etc., may play an im-
portant role in the physics of enhanced heat and particle
flows in a plasma.

Coherent nonlinear magnetic structures, such as mag-
netic islands and current sheets, have been studied in the zero
frequency limit.! In this case the current density is constant
on magnetic surfaces. In high-temperature plasmas, however,
resistive modes, that lead to reconnection of magnetic field
lines, are found to propagate with a finite velocity>® when
diamagnetic and/or finite gyroradius effects are accounted
for.

In this paper we present a set of equations that governs
the linear and nonlinear evolution of plasma phenomena with
frequencies below the ion cyclotron and the magnetosonic
and above the ion-acoustic frequency. Diamagnetism, finite
electron mass and full ion gyroradius effects are taken into
account. The spatial scales of the phenomena may range
from magnetohydrodynamic (MHD) scales down to the in-
ertia electron skin depth. In a high-temperature plasma, this
skin depth is smaller than the gyroradius of a thermal ion.
Our set of equations is based on a fluid description of elec-
trons and on a hybrid model for the ions. The equation that
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describes the ion response is a generalization of both the
nonlinear fluid ion response and of the linear response that is
valid for all values of the thermal ion gyroradius.” The non-
linearities in the equations arise from the EXB advection
and from the gradients of the electron pressure and current
density along the total magnetic field.

In part of this paper we focus the discussion on two-
dimensional (2-D) magnetic structures and extend the exist-
ing treatments*~® to include finite electron mass and full ion
gyroradius effects.’ These structures are characterized by a
current density distribution that is not constant on magnetic
surfaces and tend to develop large currents at magnetic sepa-
ratrices. Electron mass effects arise from the electron inertia
term and from a finite gyroradius contribution to the electron
stress tensor.” In the highly noncollisional regimes of interest
finite electron mass effects resolve the current singularity at
separatrices. Current density gradients, however, can still be
large. The effect of electron inertia on reconnection and on
linear reconnecting modes was examined in Refs. 10 and 11.

For stationary propagating modes and for arbitrary val-
ues of the ratio of the thermal ion gyroradius to the charac-
teristic scale length of the structures, the electron equations
can be integrated once following the methods introduced in
the theory of vector nonlinearities in electrostatic drift
vortices.!? This leads to an equilibrium equation for the mag-
netic flux function that is a nonlinear eigenvalue equation for
the propagation velocity. Although solutions to this equation
are not known, a number of general properties, like the po-
sition of the X points, are derived.

The set of equations admits an energy integral that plays
the role of the Hamiltonian functional, and the equations can
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be cast in Hamiltonian form in terms of noncanonical Pois-
son brackets.”>'* The integral invariants (the conservation
laws) determine which states are attainable by a system. One
class of integral invariants consists of the Hamiltonian func-
tional and of the functionals that are related to its symmetry
properties. Another class, the Casimir invariants, arises from
the algebraic properties of the Poisson brackets. The knowl-
edge of a full set of integral invariants provides a general
description of “equilibrium™ solutions and gives the tools to
investigate their nonlinear stability.'> It will be shown that in
the three-dimensional (3-D) case, two electron and one ion
Casimir functional exist. In the cold ion limit the ion Casimir
is replaced by an infinite set. Similarly, if the problem is
restricted to 2-D perturbations that are aligned with the back-
ground magnetic field, the two electron Casimirs are te-
placed by two infinite sets.

This paper is organized as follows. In Secs. Il and III we
introduce a set of three coupled nonlinear equations that are
first order in time. In Sec. IV the linear limit of this set is
briefly discussed since it serves as a boundary condition for
the stationary propagating solutions discussed in Secs. V and
VI. In Sec. V stationary propagating solutions are investi-
gated in the limits of zero electron mass and the structure of
the resulting singularity of the current density at the mag-
netic separatrices is analyzed in the limit of large and of
small ion gyroradii. Electron inertia effects are reintroduced
in Sec. VI. The nonlinear system of equations is integrated
once in terms of iwo arbitrary functions. These depend on
two linear combinations, denoted by f., of the generalized
magnetic flux V¥, , which is the fluid analog of the general-
ized electron momentum, and of the logarithm of the elec-
tron density In 7. The profile of the magnetic shear field and
the linearized boundary conditions fix the two arbitrary func-
tions in the regions outside the separatrices of f. . A nonlin-
ear differential equation is then obtained for the flux function
¥. A number of properties that characterize the spatial struc-
ture of the solutions of this equation near the separatrices are
discussed in different frequency intervals and the relation-
ship between linear and nonlinear solutions is clarified. In
particular the position of the X points of f.. is analyzed. In
Sec. VII the equations are cast in a Hamiltonian functional
form. It is shown that the two infinite sets of electron Ca-
simirs are functionals of f . , that are the conserved quantities
of our dynamical system. Thus neither ¥ nor ¥, is con-
served, and X points of f. do not coincide with X points of
¥ or ¥,. The generalized flux W, is conserved only in the
limit of zero electron temperature. We show that these con-
clusions hold irrespective of the ion response. Finally in Sec.
VIII the conclusions are drawn and the validity of the fluid
electron model adopted is discussed,

li. ELECTRON EQUATIONS

In this and in the following section we derive a set of
equations that describe the time evolution of nonlinear elec-
tric and magnetic structures, such as vortices, islands, and
current layers. Important characteristics of these equations
are that they include the effects played by electron inertia in
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limiting the electron current in regimes where the plasma
collisionality is low and that they are valid to all orders in the
thermal ion gyroradius.

We start from the electron momentum balance and the
continuity equation'®

v 1
me”(}? +V'VV)= —en(E+; VXB) -VnT—-V:II

—mnv,v (1)
and

M Y nv=0 2
ﬂt nv=u, ( )

where all symbols have their usual meaning; », is the
electron—ion collision frequency.

We will neglect magnetic curvature effects and approxi-
mate the geometry of a low-8 toroidal configuration by a
plane slab which is periodic in (y,z) and inhomogeneous
along the x direction. The magnetic field is

B=B,(e,+e,xV¥), 3)

where By is the constant field at the surface x=0. The flux ¥
corresponds to the helical flux function in a torus and is the
sum of the shear flux W(x) of the background field and a
fluctuating part ¥ (x,¢). The electric field is

=—Vq5+~c————ez. (4)

Neglecting perpendicular inertia and resistivity, one ob-
tains from (1) the velocity in the (x,y) plane,

¢ c VnT
vL=B—0 eszqb—é—Eo- esz +v,e,xVV¥, 5)

The last term is supposed to be small with respect to the
ExB drift.

The contribution from the siress tensor II to the parallel
momentum  balance (V-II),=—(cm,/eBy)VnT xe,-Vu,
cancels the pressure gradient contribution to v, -Vu, in the
inertia term.

The density can be written as n(x,2)=ny(x)[1+a(x,2)],
where ng(x) is the density of the background plasma and 7
represents the density fluctuations. Although n remains
small, we take Vi~V In ng(x)/ng. Further, we assume that
the parallel ion velocity is much smaller than the electron
velocity v, . Thus, using Ampére’s law, the velocity is related
to the flux function according to v,~—J,/en,
~—(cBo/dmeny)VIW, where ng=ny(0). In the low-
collisionality regime vnder consideration, the electron fluid
behaves isothermally along magnetic field lines. For simplic-
ity we will take the electron temperature to be constant
throughout the fluid.

After substitution of the perpendicular velocity (5), the
parallel component of the momentum balance (1) and the
continuity equation (2) become
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n
Py ¥, In %}
P d n 7t .
=a g—aa—zln%+ﬁvl‘lf (6)
and
2 v omn }——[xp =24 )
at  ng ,B,_, 9z’

respectively, where
V,=V+0,/0,=¥-d*V2¥, 8)

is the generalized flux function, d,=c/w,, being the electron
inertial skin depth, the brackets denote

[f’g]=ez'vfog (9)

and ®=e /T, J=V:V, a=cT/(eB,), and B,=47n,T/B3.
We have included resistivity in Ohm’s law (6). As will turn
out, current gradients will be large so that electron viscosity
should also be taken into account. However, we will consider
ideal time scales on which dissipative processes do not play
a role.

In part of this paper we will consider solutions that
propagate with velocity u in the y direction at an angle with
respect to the z axis determined by «, so that all quantities
depend only on 7=t,x and A=y —ut+ az.

Stationary propagating modes, d/dr=0, are solutions of

u n
O——x,V,+ax|+|¥V+axln —]=0 (10)
a ny
and
u n 1 )
¢-~x,In —i—— [¥+ax,VI¥]=0. 11)
L a no e

The electron density 7 is related to the ion density n; through
the quasineutrality condition.

iii. ION RESPONSE

We assume that the nonlinear ion response to modes
with parallel phase velocities above the ion thermal velocity
is governed by

)
T (ln ;— +T,(1—F0)<I))+a (OR ln +1',(1 FO)CD}

+aL]

n
L,®,In ;;]=0, (12)

where 7,=T/T;, and Ty is the integral operator
Ty=exp(p2V3)o(— p?V?), p; being the thermal ion gyrora-
dius and I, the Bessel function of the first kind. The operator
L is defined as

L=eij=exLx+eyLy=pivJ_( E akpszZk) (13)
k=0

where the coefficients a, have to be such that L2=Ty—1. In
addition we require that L;—i/2'/* for p,—c. Summation
over the index j in the (x,y) plane is assumed. The operators
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in 1-T and L act on fluctuating quantmes and can be inter-
preted in terms of a Padé approximation® T'y—1/(1—p?V?),
L—pV, /(1~p?V3) 2.

The shear ﬁeld coupling to the parallel ion motion has
been neglected. We take Eq. (12) to be valid in a homoge-
neous magnetic field and in the limit of constant ion tem-
perature. We expect that this model can be extended to finite
ion temperature gradients as long as the ratio of the tempera-
ture and the density scale lengths is below a threshold
value.'” The nonlinear equation (12) is defined for all values
of the ion gyroradius. It is an ansatz and it is not rigorously
derived from the Vlasov equation. However, it contains the
well-known linear response and it leads to the correct non-
linear ion equations in the limits of small and large ion gy-
roradii. Note that the operator structure in Eq. (12) is analo-
gous to the one in nonlinear gyrokinetic theory.'® In addition
it is such that the system consisting of Eq. (12) and the
electron equations (6) and (7) leads to an energy integral and
as will be demonstrated in Sec. VII, that it can be written in
Hamiltonian form.

Linearizing Eq. (12) and neglecting higher-order deriva-
tives of the background density, it is easily seen that the
linear Vlasov ion response is recovered. In the large-p; limit,
where I'y—0 and L ]-—+i/2” 2, Eq. (12) yields the nonlinear
Boltzmann response

n

n no(x)

:_"Ti(b. (14)

In the small-p; limit, Eq. (12) can be written in the form

d

(mf——r 2920 | +a(1+p2V2)
at nO lpl pl

CI)ln—
ny

—-ap?Vl-[d),Vl(ln%+T,~CI)”=O. (15)

By multiplying with 1—p?V? and by neglecting terms of
order pf, Eq. (15) becomes

—ap?V . [®,V, h]=0,
(16)

where h=Inn/ny+ 7;®. This expression is identical to the
one that is obtained from fluid equations when the collision-
less gyroviscosity contributions to the stress tensor are taken
into account.!

For stationary propagating modes with velocity u in the
y direction, Eq. (12) can be written as

a(l 2921, | +a| ®,In —
at n Pi a4 ’nno

+L;

L;®,In —]=0
g
(17)

[cb——x ln——— +7,(1-Ty)®

For small values of p;, this equation is to leading order
[®—ux/a, Inn/ngl=0, which has the solution
In n/ny=F(®—ux/a) with arbitrary function F. It follows
that to first order in p?, Eq. (17) can be written as

u 202 n 202
CD—;x+in_L<D,ln ;——TiinJI) =0. (18)
0
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The set of our basic equations consists of the electron
equations (6) and (7) and the ion equation (12). They de-
scribe the linear and nonlinear behavior of phenomena with
frequencies below the ion cyclotron frequency and the mag-
netosonic frequency. Their spatial scales may be large or
small as compared to the ion gyroradius and may range from
MHD lengths to the electron inertia skin depth.

By multiplying Eq. (6) by J=VI¥, Eq. (7) by
B. In(n/ng) and Eq. (12) by ®, we obtain the energy integral

pet [

+Be7'i(p(1 "‘Fo)(l)

n
|V, |2+ d2)%+ B, In? o~

. (19)

The contributions to H represent the magnetic energy, the
kinetic energy of the electron motion along field lines, the
electron potential energy, and the ion energy, respectively.
For nonlocalized modes that are periodic in A we find

oH 1A,a\if2
o \2° Ta |’

where the angular brackets denote an average over A at large
values of x, and 'E(Z/‘i’)(d‘f’/d‘c) is the well-known loga-
rithmic derivative at the boundary of the domain of integra-
tion. Here it is assumed that the perturbed current density, the
particle density, and the potential vanish at the boundary
faster than the perturbed flux function ¥,

In the next three sections we will focus on stationary
propagating modes. These modes are described by the elec-
tron equations (10} and (11) and by the ion equation (17).
There, we will consider a background plasma with an expo-
nential density profile and a linear shear field:

ro(x) x x?

In g __Z and ‘I’O-——z—l;, (21)
where /,, and /; are the scale lengths of the density and of the
shear field, respectively. As is well known, such a magnetic
geometry is topologically unstable against perturbations ¥
that are even in x.

As far as the wave-number ratio « is concerned, there
exist two limiting cases. For localized structures with radial
scale length [, such that a>1,/(21,), the effect of the shear
field is negligible and our set of equations describes Alfvén-
type vortices. In the literature'*?? these vortices are treated in
the small-p; (MHD) limit. OQur general ion response (12) will
allow this theory to be extended to arbitrary spatial scale
lengths with respect to the ion gyroradius. In this paper we
will emphasize the opposite limit a<€/,/(21,), where mag-
netic shear is dominant. In this limit our equations describe
the nonlinear evolution of reconnecting modes.

(20)

IV. LINEAR PERTURBATIONS

Linear perturbations of a background plasma with pro-
files given by Eq. (21) are of the form
®(x,y)=D(x)exp(ik,y — wt). The linearized forms of Eqs.
(6), (7), and (12) are
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I, u, L. u*)- ( e\ e
ZT.’C(II‘] n—-(p)-i-(l——;l— ¥r— d"ﬁm},—u V_L‘I’~O,
(22)

s Uy oo L, Br 20
In 7 " (b—lsﬁe p xViy, (23)
and

LUy .
In I’l"""';“ Fg(b: - Ti(l —-FO)@, (24)

respectively, where w=k,u. Note that u/u ,=o/w, , where
w,=kyu, is the electron drift frequency. The linear expres-
sions (22)—(24) will be used in the next sections as boundary
conditions on_nonlinear solutions. Introducing the function
O=(1,/1)(7,®+In fi) and using the Padé approximation to
Iy, we can write Eqgs. (22)—(24) in the form

.1 -
PPV 0= 12 V2 (25)
B u

and

aex(;)=a,-ae‘lf+

1+ u c? -
A 'xz——a,r(a’i— 7 ) vy,
B Uy darik,u

(26)

where a,=u/u,—1,a;=1+7u/u, , and B=(41%)B, . Ac-
cording to Eq. (14), the function @ vanishes in the large-p;
limit so that Egs. (35) and (26) become decoupled. For col-
lisionless modes with real frequency such that
(v/uya;=(w/w )(1w/w,+1}>0, the coefficient of the
current density in (26) vanishes at

2= @7)
T T e

where
dy=p""d,. (28)

This corresponds to an infinite effective potential when Eq.
(26) is written in Schrodinger form. This means that a regu-
lar perturbation must vanish at x;. Hence, finite electron
mass effects tend to shield the resonant surface from the
perturbations. It will be shown that this property pertains in
the nonlinear case.

In the absence of electron mass effects, Eqs. (25) and
(26) are the equations in coordinate form corresponding to
the equations discussed in Ref. 2. Several limiting cases of
Eqgs. (25) and (26) are ireated in Ref. 10. In Ref. 21 it is
shown that an MHD model which includes the Hall effect is
equivalent to the approximate limit of a two-fluid model in
which the Vlasov ion response is taken in the Padé approxi-
mation.

V. PROPAGATING NONLINEAR SOLUTIONS IN THE
LIMIT OF ZERO ELECTRON INERTIA

In this and in the following section we will investigate
the properties of stationary solutions that propagate station-
ary with velocity u in the y direction. The modes we con-
sider are nonlocalized in the sense that at large values of x
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they connect to the linear solutions discussed in the previous
section. We start by neglecting electron inertia.

The limit of zero electron mass corresponds to the case
where d, is small compared to the other relevant scale
length. In this limit ¥, and ¥ coincide. Then, the momentum
balance (10) and the continuity equation (11) become

| u n
d—-—-x—In— ,‘If}=0 (29)
1 a Ry
and
[ u n 1 )
O——x,In — |- [¥,VI¥]=0, (30)
a Ry e

respectively. These equations can be solved following the
method of Ref. 12

D —ux/a—In n/ng=F(¥), 31

where F is an arbitrary flux function. Inserting expression
(31) into the continuity equation (30), we obtain

[¥,(B.F' Inn/ng—Vi¥)]=0, (32)
with solution
ViW=8,F Inn/ng+H(Y), (33)

where a prime denotes the derivative with respect to the ar-
gument. The flux functions F and H are determined*® by
imposing that far from the rational surface at x=0, the ex-
pressions (31) and (33) reproduce the linearized equations
(22) and (23). These boundary conditions yield

. 21S 1/2 .
a—'('_")_' O'(WS—\P)”29 H(\If):al ) (34)

ln s

>

where V¥, is the reconnected flux and o=sgn x. Inserting
these expressions into the nonlinear solutions (31) and (33),
we obtain

&5 x—In '-1;'(;—) - —(';l)(zls)”za(ws—qf)“z
(35)
and
s o eﬁ l, In n/ng
T=vih=g, ((24)“’"(%—\1'?72“ (36)

The boundary conditions (22) and (23) and the expressions
(34) for F and H do not apply in the zero-frequency MHD
limit which corresponds to u, 1/,—0. The density response
in this limit arises from the ion polarization drift. If this ion
inertia effect is neglected, (31) and (33) give that ® and J are
flux functions.

Equations (35) and (36) hold irrespective of the form of
the density response. Because of quasineutrality, the density
is determined by the ion response which depends on the ratio
of the ion gyroradius to the characteristic radial scale of the
propagating structures. This scale may be either large or
small as compared to the thermal ion gyroradius p;, as
sketched in Fig. 1.
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current singularity

FIG. 1. IHustration of the relative sizes of an ion gyro-orbit, of a standard
island, and of the singular current layer (shaded area).

In this section we consider the small-p; limit. The ion
response as obtained from (18) for an exponential density
profile is,

n U,

_ == _* 2
In n) - a q>+ a,pr ON 37

Upon combining this expression with (31) one obtains
n X F u a;

_= il 2v2
ny(x) —l,, a, +u* —Zp ViF (38)

Since in the small-p; limit the last term is small, the density
is almost a flux function with the exponential form

n(x,\) F\ —o(2L)V2 (¥, — )12
o exp| | mexp I .
(39)

This suggests that the excitation of ion-acoustic waves that
would flatten the density gradient along field lines will play a
minor role.? Substituting this expression into (33) and using
the expression (34) for F and H, leads to Ampere’s law in
the form

Vig= Be p. F+——p2V2F +H
e Uy a
B B u VZ(\I, \I,)I/Z
Eu lpl (‘Ps \I,)”Z (40)

We see that the current density is not a flux function. This is
due to the fact that the small term in expression (38) for the
density is dominant in Eq. (40).

Near the singular layer, the mode equation (40) can be
solved in the limit &dx>d/dN. Recalling that
W=—x%/21,+¥, Eq. (40) can now be brought to the energy
form

af\?
Jx
where f=|A]|712(¥,— W) is positive, ¥=(21,JA|) ™",

A= (B/le)(u/u*)a,p,, os=sgnA and g(\) is an integra-
tion constant,

g\)+f?

= (41)
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It is seen that a singularity occurs at f=1 for 4 =1, i.e.,
for velocities such that (u/u ,)(T;u/u,+1)>0. The solution
of Eq. (41) near the singularity x=x,(\) is

T —W=|A|fP~|A|+(61|A])*P(1+g)'?
X[x—xo(M)P3 (x>xg). (42)

It follows that the current density, the magnetic field, and the
density are singular.

Assume that inside the curve x=xg(A) the flux ¥ is
unperturbed, so that ¥, =0 and ¥=—x%/2[; for x<x\).
Then from Eq. (42) we obtain xo=(2/]A])"?
=(a;ufu,)?B"?p; which is independent of \. In the veloc-
ity interval (u/u,)(7u/u, +1)<0, no singularity occurs so
that current layers cannot be formed and resistive instabili-
ties do not exist. Near the singularity the small-p; limit
breaks down since the scale length x is of the order p;. In
this region the large-p; limit to the ion response is more
appropriate. As will be pointed out in the next section, in the
latter limit the current density is found to be singular along
magnetic separatrices where W'=Y, . This singularity is re-
moved by the inertia of the electrons.

Vi. ELECTRON INERTIA

When electron inertia is taken into account, stationary
propagating modes are described by Eqs. (10) and (11). Tak-
ing a=0, we first rewrite these these equations in the follow-
ing form:

u n S,
®——x—In— ¥, [-d;jln— ,Vi¥Ti=0 (43)
a ng ng

and
{QD—Zx—ln-n— In 1]__1_[\1, V2w]=0.  (44)
a ng " ngl PBe e
Upon multiplying (44) by BL?d,, one obtains after adding
and subtracting Eqgs. (43) and (44)

n

u de s 12 n
P—=x—In— *—15 V2U W, + 8124, In —|=0. (45)
a n . noy

0

The general solution is

4

\I; ~+ 1/2d In—=F. (I)_._xﬁln__—f-___z_vz\lf
e—HMe e o =\ , no '—B;f 1 »
(46)

where the functions F . are determined by the background
profiles and the boundary conditions.

In the case of a background plasma with density profile
and shear flux given by Eq. (21), the solutions that satisfy at
large |x| the linearized expressions (22) and (23) are

f_f:g%:’ (47)
where
fo=20 (¥, —~¥+d*ViW) +d?+2d,] A RO
x s 5 e’ L 5§ stn ln no(x)
(48)

and
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FIG. 2. Geometry of the f. separatrices and X points, The quadratic solu-
tion for f.(f.) is valid outside the solid (dotted) lines. None of these
solutions is valid in the shaded area.

-1, Bl n x
a, Do) el |

(49)
These expressions contain two length scales related with the
electron mass: the inertial skin depth d, and the inertial scale
length d, given by Eq. (28).

In the absence of perturbations f.=(x*d,)? and
g.=d *x are the background values of f. and g ...

The functions g, and f,. obey the “mirror” symmetry
g+(x,M)y=g_(—x,A) and f, (x,A)=f_(—x,\), which en-
sures that ¥, ¥, , and J =V>¥ are even functions of x, while
® and In n/ny(x) are odd. The solutions (47) are valid out-
side regions where f.=const lines are confined o a finite
part of the (x,)\) plane. The critical points of f. are given by
Vf.=0. These points are mirror symmetric for f, and for f_
and, thus, do not coincide with the critical points of even
functions like ¥ or ¥, . The geometry of f .. separatrices and
X points are sketched in Fig. 2. Inside island structures the
relationship (47) is not necessarily valid and different rela-
tionships f.=F(g.) may be assigned that have to satisfy
certain matching conditions across separatrices.

Upon adding and subtracting Eqs. (47), it follows that

d, 25 «
8+ '_'a_"' (Vi¥l—aB) =
e

& —In — Y et e 50
LN ES LD M W (50)
and
n X 1 n X
In —— (q>~1n —a, —)
n()(x) ln aeB no(JC) ln
X (1, Vi¥—a,pB), (51)
where
i d2 ! _ i i/2
G=(21,)"?| ¥~ ¥+ (—”—— s viw)vi«p
a, \u, 2a,B
(52)

In the above derivation it comes out natural that ¥ and
W, occur in the combination W—W¥,, so that the linear per-
turbed flux is =¥ —V¥,—V¥,. This is related to the fact
that the boundary conditions are satisfied before the square
root is taken. This procedure resolves the ambiguity that
could arise in the zero electron mass limit where the proce-
dure of integrating the equations is such that the square root
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turns up directly. This has led in the literature to the form*
(—‘I")”z—(—‘lfs)l/2 in addition to the form (—W¥+W )2,
These two forms lead to quite different current distributions.

In the zero electron mass limit d2—0, Egs. (50) and (51)
are equivalent to Egs. (35) and (36). Electron mass leads to
three separate contributions arising from inertia and the elec-
tron stress tensor that add to the function under the square
root in (52). Hence, the inclusion of electron mass effects is
essential near the singular curve ¥'=¥.

Electron inertia only counts in a region with width of the
order of the inertia skin depth d,=c/w,, . In a hot plasma d,
is smaller or at most of the order of the ion gyroradius.
Therefore, we consider Eqs. (50) and (51) in the large-p;
limit where the density response is In n/ny(x)=— 7,$. The
electric potential is

a
— =——0G. (53)

The elimination of ® and In n/n, from Egs. (50) and (51)
gives the mode equation (49) with the square root replaced
by its finite inertia expression,

243 — |x|
Viv=a,a 1——1, (54)

|
T+ T, G
with G given by (52). Equations (52) and (54) can be seen as
a fourth-order polynomial in the current density with coeffi-
cients depending on x and the flux function ¥.

While the explicit numerical solutions of Eq. (54) and of
the related nonlinear eigenvalue problem are beyond the
scope of the present paper, a number of qualitative properties
of its solutions can be investigated analytically.

First, it is seen from (52) and (54) that in the limit of
zero electron mass G —(21,)*[¥,—¥]"2 so that the cur-
rent density (54) is singular on surfaces ¥="¥_. The current
density remains finite when inertia is included. It is seen that
then G can only vanish at x=0 [if x=0 belongs to the do-
main where (47) is valid] where Gxx.

Second, we may require that the current gradients re-
main finite. In contrast to the finiteness of the current, this
condition is not built-in in the above equations, but can be
imposed as a regularity condition. Using the relationship

_ dsai X T;
E=T+n)G 1+7°

ds*G, (55)

we see that at the critical points (A.,x.) of g., where
Vg . =0, these regularity conditions require that

G=ag+a(x—x )+ (ay>0, if x,#0), (56)

where the constants ay(A,) and a(\,) are related to the values
of the current density and of its gradient at the X points

j - aeaiﬁ (1__x_c)
¢ (1+T,‘)IS ’

aJ a,a,8 1 ( N xc) 57)

o, (I+m)l a
The distance x. of the X points from the rational surface
x=0 is given by
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a;

i Xe ap
(l——a —)t—‘;— a,;=0. (58)

l+Ti ICYO

Assuming all terms to be of the same order, we obtain

x.=0(d,), @=0(d,), a;=0(dy). 59
We see that the characteristic distance from the resonant sur-
face x=0 of the X poinis of G. is of order d. These X
points do not necessarily coincide with the (possible) X
points of ¥ or of ¥,. We conclude from Eg. (59) and from
the linear dispersion equation (26), that it is not the inertia
skin depth d, but its B,-modified version d that is the natu-
ral scale length on which electron inertia acts. For d,—0, the
current J, at the X points remains finite, but dJ/dx, —x,
while the X points of g. coincide with those of W.

The general expression of the current gradient in the
domain where (47) is valid if

aea,ﬁ N

V=T, DN’

(60)

where the numerator N and the denominator DN are given
by

N=G*Vx+IxV¥

and

DN=G?~xd?

a; 7
i) w

147 \u, ae,f-}

If there is a curve x,(\) where DN vanishes within the do-
main of validity of (47), regularity of V.J requires that N
vanishes on the same curve x,(\). A class of solutions can
then be constructed for which the resonant surface x=0 is
shielded, i.e., the background configuration is not modified
in the domain delimited by the curve x,(\) inside which
V=—x2/21, and J=0. Requiring that V¥ is continuous
across the curve one obtains that the curve x,(\) is the
straight line given by Eq. (27). These shielded solutions can
occur only if (7u/u,+ 1)u/u,>0 which is the nonlinear
counterpart of the result obtained for regular perturbations in
the linear limit [see Sec. IV below Eq. (16)].

It has been shown that in the frequency interval
(rulu,+1)u/u,<0, the linear equation (26) does not ex-
hibit a singularity in the effective potential. In the same in-
terval the nonlinear MHD solution remains regular and the
large-p; solutions are unshielded. It can be concluded that the
quadratic relationship (47) is valid over all space up to the
resonant surface x=0. This implies that islands and current
sheets are not formed in this frequency interval. On the con-
trary, for frequencies such that (7u/u, + 1)u/u*>0, both
the linear effective potential and the nonlinear MHD solution
are singular. In the large-p; limit infinite current gradients
tend to develop. For a limited class of solutions this singu-
larity can be removed by shielding. However, in the general
case, it implies a breakdown of the quadratic relationship
(47). This means that islands and current sheets exist.
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Vil. HAMILTONIAN FORMULATION

In the remainder of this paper we will return to the non-
linear electron equations (6) and (7), and to the nonlinear ion
equation (12) and we will investigate their Hamiltonian
structure. First we show that our set of equations can be put
in noncanonical Hamiltonian form. In order to do this we
first rewrite our equations. We define the variables

n
gl = q”e » §2=d913e1'f2 In l’l_ >
0

(62)
&=—d,Bl* ln——-+7‘(1 Fo)cb)

The functional derivatives of the energy integral (19) are

SH ) 8H B ( n
s ==viv, g =t (nio)
SH _ % 5 (63)
8¢5 de =’
With these expressions, our set of equations can be written as
12 23 | SH] SHY o 6H
ad o =__§1’§£__[§2’35}_§;§£’ (64)
2?08, SH SH) o 6H
T U SO
and
BL? ¢, [ SH SH
ad. :ﬁ':~'§7§%l+Lk§bLkag} (66)
Noncanonical Poisson brackets are defined by
{F.G}= ﬁz f d’x w,,[sF ac}
B. 84,7 8¢
6F d 6G
1/2 Jd3x Wﬁ;’ 35:9—2—35:
e 3 SF oG
A7 jdxgz L,pa?s,Lk gs—c;}, 67)

where the symmetric matrices W;; and W‘z) are defined by

& & 0 010
wo=l& & o], wir=[1 0 0. (68
0 0 & 00 0

It can be verified directly that the noncanonical Poisson
brackets (67) are antisymmetric and satisfy the Jacobi iden-
tity {F,{G H}}+{G {H ,F}}+{H {F,G}}=0.

Equations (64)—(66) read in Hamiltonian form

ag, —{g, JHY, i=1,2,3. (69)

Apart from the & contribution to the integrand in the last
term in Eq. (67), we see from the form of the matrices (68)
that the Poisson brackets do not contain any coupling be-
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tween & , and £&. Coupling would arise when ion currents
are no longer negligible and/or when charge neuirality is
violated.

We will explore the constants of the motion that arise
from the structure of the Poisson brackets and that do not
depend on the specific form of the Hamiltonian.

In the general case, our Hamiltonian system admits three
global constants of the motion

=f d*x & (1=1,2,3). (70)

These constants are Casimirs since they commute with all
functionals F, i.e., {Q,;,F}=0. In the cold ion limit, T;,—0,
the operators L in (67) vanish, Then the system contains an
infinite number of Casimirs involving &; only

Cs=fd3x h(&,), (71)

with h an arbitrary function. Note that in this Jimit
&= ~d, B [In(n/ng)— p2V2 ®). In the case of linear MHD
where d&y/dt=0, &, either vanishes or is a constant in func-
tional space (&; is an explicit function of coordinates only).
Then the Casimirs (71) become trivial.

In the remainder of this section we will restrict ourselves
to the two-dimensional case, and consider all quantities to
depend on the coordinates 7=¢, x, and X =y + az—ut. All
relevant equations are obtained in terms of these coordinates
by taking #/dz=0 and applying the following transformation
to the expressions given in this section

t—7, (x,9,2)=(x,\), dx—d*x=dx d\,

v (72)
(D—'%(D—;x, Y s W+ vy,

In this 2-D case our Poisson brackets admit two additional

infinite set of Casimirs,

lfzdel

C:=fd2x h:(‘fligz):f d’x h:(wei’ﬁe—"‘z’i’i),
0

(73)

with % arbitrary functions. Note that the arguments & *¢,
are just the functions f. defined in Eq. (48) of the preceding
section. This is quite natural since the first variation of the
Hamilionian (19}, keeping all the Casimirs constant (isoto-
pological variation'), yields the equilibrium equations (45).
The Casimirs (73) exist for all values of the ion gyroradius.
The dominant scale length involved in these Casimirs is
d,=pB}3d, 1 /1,, where [ and I, are the characteristic scale
lengths of the magnetic field and of the density.

The Casimirs (71) and (73) generalize in an elegantly
symmetrical way different special limits. In the limit m,—0,
u—0, In n/ny— p2V:d=0, where ) is the normalized vor-
ticity, the Hamiltonian functional (19) becomes

1
H=3 j x[(V¥)2+ 8,07 - 8,001, (74)
with ¢, the Alfvén velocity in the field B,,. In this reduced
system the Casimirs (71) become trivial, while the Casimirs

(73) become those!? of reduced MHD?
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C,=fd2x F(¥) and C2=fd2x QGY). (75

Another interesting limit corresponds to the case of cold
electrons T—0. Then the Hamiltonian functional becomes

1
H=> J Fx[(VE)+dH(VIV)+B,7P(1-T )P,
(76)

and the Casimirs (73) become

C1=fd3x F(V¥,) and c2=fdzx G(¥,) ln’—:—.
0
(77

It is seen from Eq. (75), that in the reduced MHD model the
magnetic flux is conserved, while according to Eq. (77), the
generalized flux ¥, is conserved in the zero temperature
limit. In the general case where electron inertia and finite
temperature are accounted for, neither of these fluxes are
conserved. Instead the more subtle conservation (73) is valid.
This implies that magnetic reconnection in ¥, and/or ¥ can
occur in the presence of an infinite set of conservation laws.
This is due to the fact that inertia is particularly important in
regions where the reconnection process can occur.

Vill. CONCLUSIONS

In this paper we have presented a set of nonlinear, gen-
eralized two-fluid equations that describe low-frequency
phenomena in hot plasmas over a wide range of spatial scale
lengths. The hybrid nonlinear model for the ion response,
that is valid for all values of the ion thermal gyroradius, is a
new ingredient of the theory. It is shown that two-
dimensional equilibrium solutions in the form of stationary
propagating modes tend to develop large currents at mag-
netic separatrices. The current density is prevented from be-
coming singular by electron inertia, but current gradients can
still be large.

The set of equations has an energy iniegral that allows
for a Hamiltonian representation in terms of noncanonical
Poisson brackets. We have explored the algebraic invariance
(Casimirs) of the Poisson brackets which represent the physi-
cal quantities that are conserved by the plasma dynamics.
The number of Casimirs depends on the dimensionality of
the problem and on the physical regime. The infinite set of
ion Casimirs, that exist in the cold ion limit, is reduced to a
single Casimir when finite ion gyroradius effects are taken
into account. In 2-D problems, two infinite sets of electron
Casimirs are found, C . = [d%x h(¥,= BY2d, In n/n,). This
implies that neither the magnetic flux ¥, nor its generalized
form ¥,, is conserved by the plasma motion. The conserved
quantities are f.=W¥,+B)%d, Inn/ny, and their X points
do not coincide with the X points of ¥ or ¥,. We have
shown in Sec. VI that the natural scale length associated with
the X points of the conserved quantities is the 8, modified
electron skin depth d, defined by Eq. (28). We note, how-
ever, that at this scale length we find for propagating modes
with phase velocity u of the order of the diamagnetic veloc-
ity u,, u ~ u, ~ (dg/l)vy ., so that Landau resonances
become important and the fluid model breaks down.
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