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Abstract: In this paper we recall the concept of generalized intuitionistic
fuzzy soft set and its operations. We introduce the concept of generalized
vague soft set and its operation which are equal, subset, union and intersection.
An application of generalized vague soft sets in decision making with respect
to degree of preference is illustrated.
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1. Introduction

Most of the existing mathematical tools for formal modeling, reasoning and
computing are crisp, deterministic and precise in character. Most of these prob-
lems were solved by fuzzy set provided by Zadeh [1]. In 1999, Molodtsov [2]
introduced the concept of soft set theory, which was completely a new approach
for modeling vagueness and uncertainties. Soft set theory has a rich potential
for application in solving practical problems in economics, engineering, environ-
ment, social science, medical science and business management. Later on, Maji
et al. [3, 4, 5] studied the theory of fuzzy soft set and intuitionistic fuzzy soft
set. Majumdar and Samanta [6] later generalized the concept of fuzzy soft set
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introduced by Mayji et al.[3]. Vague set theory is actually an extension of fuzzy
set theory and vague sets are regarded as a special case of context-dependent
fuzzy sets. The basic concepts of vague set theory and its extensions defined by
[7, 8]. A vague set over U is characterized by a truth-membership function t,
and a false-membership function f,, ¢, : U — [0,1] and f, : U — [0, 1] respec-
tively where ¢,(u;) is a lower bound on the grade of membership of w; which
is derived from the evidence for u;, f,(u;) is a lower bound on the negation of
u; derived from the evidence against w; and t,(u;) + fy(u;) < 1. The grade of
the vague value [t,(u;), 1 — f,(u;)] indicates that the exact grade of membership
ty(u;) of u; maybe unknown, but it is bounded by ¢, (u;) < pyp(u;) < fo(w;)
where t,(u;) + fy(u;) < 1. Alkhazaleh et al. [9] introduced the concept of fuzzy
parameterized interval-valued fuzzy soft set and gave its application in decision
making. Alkhazaleh et al. [10] also introduced soft multisets as a generalization
of Molodtsov’s soft set. Alkhazaleh et al. [11] introduced the concept of possi-
bility fuzzy soft set as extensions of soft set [12, 13]. They [14] also introduced
the multiparameterized soft set, while Alhazaymeh et al. [15] introduced the
concept of the soft intuitionistic fuzzy sets.

In this paper we introduce the concept of generalized vague soft set and its
operations, namely equal, subset, union and intersection. We also present some
applications of generalized vague soft set in decision making.

2. Preliminaries

In this section we recall some definitions of operations on generalized intuition-
istic fuzzy soft set.

Definition 2.1. (see [2]) Let U be an initial set and E a set of parameters.
Let P(U) denotes the power set of U, and let A C E. A pair (F, A) is called a
soft set over U, where F' is a mapping given by F': A — P(U).

Definition 2.2. (see [13]) Consider U and E as a universe set and a set of
parameters respectively. Let IFS(U) denotes the intuitionistic fuzzy power set
of U. Let A C E. A pair (F, A) is an intuitionistic fuzzy soft set over U where
the mapping F' is given by F': A — IFS(U).

Definition 2.3. (see [6]) Let U = {x1,z2,...z5} be the universal set of
elements and E = {ej, e, ...e;, } be the universal set of parameters. The pair
(U,E) will be called a soft universe. Let F': U — IV and p be a fuzzy subset
of E,iep: E — I =[0,1], where IV is the collection of all fuzzy subset
of U. Let F), be a mapping given by F,, : & — I x IY defined as follows:
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F,(e) = (F(e),u(e)), whereF(e) € IV. Then F), is called generalized fuzzy soft
set over the soft universe (U, E).

Here for each parameter e;, F},(e;) indicates not only the degree of belong-
ingness of the elements of U in F'(e;) but also the degree of possibility of such
belongingness which is represented by p(e;).

Definition 2.4. (see [16]) Let U be the universal set and E be the universal
set of parameters. Let A C F and F : A — IFY and a be a fuzzy subset
of A,iea:A—0,1], where IFUY is the collection of all intuitionistic fuzzy
subset of U. Let F,, : A — IFU x [0,1] be a function defined as

Fala) = (F(a) = {z, pr(z),vr(2)}, o(a)),

where 1 and v denote the degree of membership and degree of non-membership
respectively. Then F, is called generalized intuitionistic fuzzy soft set over
(U,E).

Here, for each parameter e;, F,(e;) indicates not only the degree of belong-
ingness of the elements of U in F'(a) but also the degree of preference of such
belongingness which is represented by a(e;).

Definition 2.5. (see [16]) Let Fi, and Gg be two generalised intuitionistic
fuzzy soft sets over universe (U, FE). Now F, is called generalized intuitionistic
fuzzy soft subset of Gg if:

(i) « is a fuzzy subset of j,
(i) A C B,
(iii) Va € A, F(a) is an intuitionistic fuzzy subset of G(b),

ie. pr(a)(r) < pe(b)(z) and vp(a)(x) > va(b)(z) where Vo € U and a € A.
We write I, C Gg.

Definition 2.6. (see [16]) Two generalized intuitionistic fuzzy soft sets F,
and Gpg over a universe U are said to be generalized intuitionistic fuzzy soft
subset if F|, is a generalized intuitionistic fuzzy soft subset of Gz and G is a
generalized intuitionistic fuzzy soft subset of F,.

Definition 2.7. (see [16]) The intersection of two generalized intuitionistic
fuzzy soft sets F, and G is denoted by F,NGp and defined by a generalized
intuitionistic fuzzy soft set Hs : AN B — IFU) x [0,1] such that for each
ec ANBand x € U,

Hs(e) = (=, Ki(e) (z), VH(e) (z),0(e)),
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where HHe) (‘T)::U'F(e) (x)*HG(e) (z), VH(e) (‘T):VF(e) (x)OVG(e) (), and d(e)=a(e)*
B(e).

Definition 2.8. (see [16]) The union of two generalized intuitionistic fuzzy
soft sets F, and Gpg is denoted by F,UGp and defined by a generalized intu-
itionistic fuzzy soft set Hs : AUB — IFU) x[0,1] such that for each e € AUB
and x € U,

(xnuF(e)(x)al/F(e)(x))a ifeEA_Ba
H5(5) - (xnuG(e)(x)al/G(e)(x))’ ifee B— Aa
(xauH(e)(x)al/H(e)(x))a if€€AﬂB,

where fiy7(e) (2)=Hr () (T)0hG () (T), VH(e) (X)=VF () (T) V() (%), and §(e)=a(e)o
Ble).
Definition 2.9. (see [12]) Let Fi, and G be two generalized intuitionistic

soft sets over (U, E). Then generalized intuitionistic fuzzy soft relation ® from
F, to G is the function R : A x B — IFY x [0, 1] defined by

R(a,b)CFa(a)AGa(b),¥(a,b) € A x B.

3. Generalized Vague Soft Set

In this section we introduce the state of a generalized vague soft set and its
operations. These operations are equality, union, intersection and subset. An
application on generalized vague soft set in decision making is then presented.

3.1. Generalized Vague Soft Set

Definition 3.1.1. Let U the universal set and F be the set of parameters.
Let AC Eand F: A — VU and a be a vague subset of Aie. a:A—[0,1],
where VU the collection of all vague subset of U. Let F, : A — VU x [0,1] be
a function defined as follow

FO!(G’) = (F(G’) = {xvtF(a)’ 1 - fF(a)}va(a))’

Then F, is called the generalized vague soft set over (U, E).

Here for each parameter e;, Fy,(e;) indicates not only the degree of belong-
ingness of the elements of U in F(a) but also the degree of preference of such
belongingness which is represented by a(e;).
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Example 3.1.1. Consider a generalized vague soft set (F, E), where U =
{s1, 52,53} is the set of students to be nominated as valedictorian and E is a
parameters set. Let A C E and A = {r="“result”, ¢ =“conduct”, g =“games
and sports performances”}. Let a : A — [0,1] be given such that a(r) =
0.5,a(c) = 0.6, (g) = 0.7. We define F, as follows:

F,(r) ={([51,0.8,0.8], [s2,0.5,0.7], [s3,0.4,0.5]), 0.5},
Fo(c) ={{[51,0.6,0.7], [s2,0.7,0.8], [s3,0.9,0.9]),0.6},
Fo(9) ={([51,0.7,0.8], [s2,0.1,0.6], [s3,0.2,0.5]),0.7}.

Then F, is a generalized vague soft set.

Definition 3.1.2. Let F, and ég be two generalized vague soft sets over
universe (U, E). Now Fy, is called a generalized vague soft subset of G if:

(i) « is a vague subset of f3,

(i) AC B,

(iii) Vo € A, F(a) is a vague subset of G(b).

ie. w; € U, tﬁ(a)(ui) < té(b)(ui) and 1 — fﬁ(a)(ui) >1- fé(b)(ui) where
o<1 <n. 3 3
We write Fy,(a) C Gg(b).

Example 3.1.2. Let G’g be a generalized vague soft set defined as follows:

Ga(r) ={([51,0.7,0.7], [s2,0.4,0.6], [s3,0.3,0.4]), 0.4},
Gal(c) ={([51,0.5,0.6], [s2,0.6,0.7], [s3,0.8,0.8]),0.5},
Galg) ={{[51,0.6,0.7],[s2,0,0.5], [s3,0.1,0.4]), 0.6},

and consider a generalized vague soft set F, given in example 3.1.1.

Then Gf; is a generalized vague soft subset of F,.

Definition 3.1.3. Two generalized vague soft sets F, and é/g over a uni-
verse U are said to be generalized vague soft subset if F,isa generalized vague
soft subset of Gg and Gg is a generalized vague soft subset of F,.

Definition 3.1.4. The intersection of two generalized vague soft sets F),
and Gg is denoted by F, ﬂGg defined by a generalized vague soft set Hy :
AN B — VW x[0,1], such that for each e € AN B and u € U

Hs(e)({u, trey(u), 1 — fre)(u),ul,d(e))
where tﬁ(e) u) = tﬁ'(e) (u) * t@(e) (u) , 1— fﬁ(e)(u) =1- fﬁ(e) (u)o1— fé(e) (u),
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Definition 3.1.5 The union of two generalized vague soft sets F, and Gg
is denoted by F,,UG 3 and defined by a generalized vague soft set Hs : AUB —
VU) % [0,1] such that for each e € AUB and z € U,

(z, tige) (ac),l—fF(e (x),ale)), ifee A—-B,
Hs(e) = ¢ (=, tG (:c),l fG(e (z),B(e)), ifeeB—A,
(x,tH(e)(x),l (:c), o(e)) ifee ANB,

where ¢ ) (%)=t () (T) Ot (€), 1= frr) (@) =1 = fir) (@) x 1= f (@), and
ale)=a(e) o S(e).
Definition 3.1.6. Let F, and Gg be two generalized vague soft sets over

(U, E). Then the generalized vague soft relation ® from F,, to G5 is the function
R:Ax B— VU x[0,1] defined by R(a,b)CF,(a)NGs(b), ¥(a,b) € A x B.

3.2. An Application on Generalized Vague Soft Set

We present an application of generalized vague soft set in a decision making
problem. Suppose there are four T-shirts in the universe U as U = {b1, b, b3, by}
and the parameter set £ = {ej,ea,e3,¢e4,€5,66}, where each 1 < ¢ < nis a
specific criterion for T-shirts:

e1 stands for “bright”,

eo stands for “cheap”,

e3 stands for “colorful”,

e4 stands for “cotton”,

es stands for “polystyrene”,

eg stands for “long sleeve”.

Suppose we aim to find out the most appropriate T-shirt for a person to
buy on the basis of his wish as defined above.

Suppose also that A C FE where A = {ej, e2,e4, 66}

Let a« : A — [0,1] be a vague subset of A, defined as follows: a(e;) =
0.2,a(e2) = 0.5, a(eq) = 0.3 and a(eg) = 0.7.

Consider the generalized vague soft set F, as a collection of vague approx-
imation as below:

Fu(er) = ({(b1,0.6,0.7)(b2,0.5,0.5) (b3, 0.8,0.9)(by,0.7,0.7)},0.2),
Fo(e3) = ({(b1,0.5,0.8) (b, 0.6,0.6)(b3,0.3,0.7) (b, 0.4,0.7)},0.5),
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Fo(eq) = ({(b1,0.7,0.9)(by,0.3,0.3) (b3, 0.5,0.6) (by, 0.1,0.9)},0.3),
Fo(eg) = ({(b1,0.9,0.9)(b2,0,0.3)(b3,0.3,0.7)(bs,0.2,0.8)},0.7).

Now we introduce the following operations of:

(i) the truth-membership function £, = a; + b; — a;b;, where a; = t;, (e;)
and b; = a(e;), and

(ii) the false-membership function 1— f,br (e;) = ¢id;, where 1—f; = 1—f, (e;)
and d; = a(e;).
Now, we use tbr(ez) to determine the high truth-membership value and

1 — for(e;) to determine the low false-membership value of Fy(e;) on the basis
of the degree of preference of the said person. The generalized vague soft set

F,(e;) reduced to a generalized vague soft set I, (e;) is given as below:

Fu(er) = {(b1,0.68,0.14) (b, 0.6,0.1) (b3, 0.84,0.18) (b, 0.76,0.14) },
Fu(es) = {(b1,0.75,0.4) (b, 0.8,0.3) (b3, 0.65,0.35) (bs, 0.7, 0.35)},
Fu(ed) = {(b1,0.79,0.27)(ba,0.5,0.09) (bs, 0.65, 0.18) (b4, 0.37, 0.27)},
Fu(e) = {(b1,0.97,0.63) (b, 0.7,0.21)(bs, 0.79, 0.49) (bs, 0.76, 0.56) }.

Definition 3.2.1. A comparison table is a square table in which the number
of rows and number of columns are equal and both are labeled by the object
name of the universe such as by, ba, ...,b,. The entries are c;;, where ¢;; is the
number of parameters for which the value of b; exceeds or equal to the value of
b;. The algorithm will be as follows:

(i) Input the set A C E of choice of parameters of the person.

(ii) Consider the reduced vague soft set in tabular form as in Table 1 and

(iii)Compute the comparison tables as in Tables 2 and 5 for the truth-
membership function and false-membership function respectively.

(iv) Compute the truth-membership score and false-membership score as in
Tables 3 and 6 respectively.

(v) Compute the final score by subtracting the false-membership score from
the truth-membership score as in Table 7.

Find the maximum score. The 7 — th row item with the maximum score is
recommended to be bought.
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. €1 €9 () €6
by 0.68 0.75 0.79 0.97
b 06 0.8 05 0.7
bs 0.84 0.65 0.65 0.79
by 076 0.7 0.37 0.67

Table 1: Tabular representation of the truth-membership function

. by by bz by
bp 4 3 3 3
b 1 4 1 3
bs 1 3 4 3
by 1 1 1 4

Table 2: Comparison table of the truth-membership function

Row sum (a) Column sum (b) Membership score (a — b)

b1 13 7 6
ba 9 11 -2
bs 11 9 2
by 7 13 -6

Table 3: Truth-membership score table

. €1 €9 () €6
by 0.14 04 0.27 0.63
b 0.1 0.3 0.09 0.21
bs 0.18 0.35 0.18 0.49
by 0.14 035 0.27 0.56

Table 4: Tabular representation of the false -membership function

Clearly the maximum score is the score 10 shown in Table 7 for the T-shirt
bo.
Hence the best decision is to buy by followed by b3.
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by by by Dby
by, 4 4 3 2
by 0 4 0 0
by 1 4 4 1
by 2 4 2 4

Table 5: Comparison table of the false-membership function

Row sum (¢) Column sum (d) Membership score (¢ — d)

b1 13 7 6

bo 4 16 -12
bs 10 9 1

by 12 7

Table 6: False-membership score table

Truth-Membership score False-Membership score Final score

b1 6 6 0
b -2 -12 10
bs 2 1 1
by -6 5) -11

Table 7: Final score table

4. Conclusions

In this paper we introduced the concept of a generalized vague soft set and its
operations, which are equality, union, intersection and subset. Also, we gave
an application in decision making and it is expected that the approach will be
useful to handle other realistic uncertain problems.
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