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Abstract By means of the Lie algebra expansion method,
the centrally extended conformal algebra in two dimensions
and the bmsj algebra are obtained from the Virasoro algebra.
We extend this result to construct new families of expanded
Virasoro algebras that turn out to be infinite-dimensional lifts
of the so-called By, € and Dy algebras recently introduced
in the literature in the context of (super)gravity. We also show
how some of these new infinite-dimensional symmetries can
be obtained from expanded Kac—Moody algebras using mod-
ified Sugawara constructions. Applications in the context of
three-dimensional gravity are briefly discussed.

1 Introduction

Infinite-dimensional symmetries play a prominent role in
different areas of physics. In particular, symmetries of the
Virasoro type have had remarkable applications in two-
dimensional field theory, fluid mechanics, string theory, soli-
ton theory and gravity among others.

The Virasoro algebra corresponds to the central extension
of the algebra of infinitesimal diffeomorphisms of the circle
[1]. Tt was first found in the context of string theory, where
it describes the conformal invariance of the two-dimensional
worldsheet swept out by strings. This is due to the fact that the
conformal algebra in two dimensions is infinite dimensional
and its central extension is given by two copies the Virasoro
algebra. Therefore, the Virasoro symmetry appears in any
physical system with conformal invariance defined on a two-
dimensional space. Examples of this are two-dimensional
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sigma models [2], spin lattice models near criticality [3], inte-
grable systems of the KdV type [4], the asymptotic structure
of the S-matrix in General Relativity [5] and the asymptotic
symmetries of three-dimensional gravity. In the last case,
Brown and Henneaux [6] showed that for suitable boundary
conditions the asymptotic symmetry of three-dimensional
Einstein gravity with negative cosmological constant is given
by two copies of the Virasoro algebra. The presence of the
centrally extended 2D-conformal symmetry at infinity was
the first hint of an holographic duality, which was later con-
jectured by Maldacena in the context of strings [7]. This
remarkable discovery has lead to a number of important sub-
sequent results that could shed light into the quantum nature
of gravity [8,9].

The Virasoro algebra is closely related to the Kac—-Moody
algebra, which corresponds to the central extensions of the
loop algebra. In fact, a representation of the Virasoro alge-
bra can be constructed out of quadratic combinations of the
generators of the Kac—Moody algebra by means of the Sug-
awara construction. This is useful when studying WZW mod-
els, as it allows one to find the Virasoro symmetry at the
level of the energy momentum tensor starting from its cur-
rent algebra [10]. Furthermore the Drinfeld—Sokolov Hamil-
tonian reduction relates the WZW model to Liouville the-
ory, which is conformally invariant [11]. In the context of
three-dimensional gravity this has had remarkable uses. In
fact, when 3D Einstein gravity with negative cosmological
constant is formulated as a Chern—Simons theory, it can be
written as an SL(2, R) WZW model once the Hamiltonian
constraints are solved within the action. Then, upon imposing
the Brown—Henneaux boundary conditions, it can be further
reduced to Liouville theory at the boundary [12].

The Virasoro symmetry is not the only infinite-dimensio-
nal symmetry that appears when studying the asymptotic
structure of gravity theories. In four-dimensional General
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Relativity, the BMS group appears as the asymptotic sym-
metry of the theory at null infinity [13—15]. This symmetry
has attracted great attention in the last years regarding the
S-Matrix for quantum gravity and its connection with soft
theorems and the gravitational memory effect [16]. Remark-
ably, this enhancement of the Poincaré symmetry can also be
found in three dimensions [17]. Indeed, in the case of van-
ishing cosmological constant, the bms3 algebra is found as
the asymptotic symmetry of Einstein gravity at null infin-
ity [18]. This algebra is given by the semi-direct sum of the
infinitesimal diffeomorphisms on the circle with an abelian
ideal of super translations and can be obtained as an Inonii—
Wigner (IW) contraction [19,20] of the centrally extended
conformal algebra in two dimensions in the very same way
as the Poincaré symmetry follows from the AdS3 symmetry
[21]. The bmss algebra can also be obtained from a Sug-
awara construction of the iso(2, 1) current algebra associ-
ated with the flat WZW model, which in turn follows from
an IW contraction of an sl(2) Ka¢—Moody algebra. Along
the same lines, a Hamiltonian reduction of the flat WZW
model leads to the flat Liouville theory as the classical two-
dimensional dual for asymptotically flat 3D Einstein gravity,
which is BMS3 invariant [22-24]. On the other hand, there is
an equivalence between symmetries of ultra-relativistic the-
ory and bms3z which has been relevant in the extension of the
AdS/CFT correspondence [25-28]. In the last years, gener-
alizations of the conformal and bmsj3 algebras together with
their Kac—-Moody cousins have appeared in the literature in
the context of three-dimensional supergravity and higher spin
gravity [29—-45]. Analogously to the pure gravity cases, these
extensions turn out to be connected by IW contractions.

A particular characteristic of the IW contraction is that
the starting and resulting algebras have the same number of
generators. A natural way to generalize the IW contraction
in order to obtain algebras of greater dimension than the
starting one is given by the Lie algebra expansion method
[46-50]. In particular, the S-expansion procedure formu-
lated in Ref. [50] combines the structure constants of a given
Lie algebra with the inner product of an abelian semigroup
and has given rise to a number of interesting new symme-
tries that can be used to formulate gravity theories coupled
to matter [51-60]. Such symmetries can be classified into
three families of algebras called By, ¢ and Dy. By alge-
bras have been used to obtain General Relativiy from Chern—
Simons and Born-Infeld gravity theories in diverse dimen-
sions [51,53,55,56]. In particular, the B3 and B4 algebras
correspond to the Poincaré and Maxwell algebras [61-66].
It is important to note that By symmetries can be obtained
as IW contraction of the &; algebras [54]. The € family
allows one to relate diverse (pure) Lovelock gravities to
Chern—Simons and Born—-Infeld gravities [58,60]. Alterna-
tively, By algebras can be obtained as an IW contraction of
another set of algebras called ®; symmetries, which cor-
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respond to direct sums of the form AdS & Bx_» [57,59].
Supersymmetric extensions of some of these expanded alge-
bras have been worked outin Refs. [67—74], which can also be
obtained through the S-expansion mechanism. Itis therefore
interesting to study what kind of infinite-dimensional sym-
metries can be obtained as S-expansions of known infinite-
dimensional algebras. In this paper we put forward such study
and present new families of infinite-dimensional algebras that
can be obtained by applying the semigroup expansion mech-
anism to the Virasoro algebra. We first show that the centrally
extended 2D-conformal algebra and the bms3 algebra can be
obtained as a semigroup expansion of the Virasoro algebra.
Then, by using more general semigroups, we construct new
families expanded Virasoro algebras that we name general-
ized 2D-conformal algebras and generalized bms3 algebras.
We also show how these new infinite dimensional symmetries
can be related by IW contractions. Interestingly these sym-
metries correspond to infinite dimensional enhancements of
the B and & algebras. Additionally, we provide an infinite-
dimensional lift of the so-called ®j algebras. Finally, we
study the Sugawara construction connecting expanded Ka¢—
Moody algebras with our expanded Virasoro algebras and
present some explicit examples.

The paper is organized as follows: In Sect. 2 we present
the general setup to S-expand the Virasoro algebra and obtain
the centrally extended 2D-conformal algebra as well as the
bmss algebra particular cases. In Sect. 3 we show how the
expansion procedure can be used to construct a deformed
bmss algebra which corresponds to an infinite-dimensional
lift of the Maxwell algebra. In the same way, an infinite-
dimensional enhancement of the AdS—Lorentz algebra is
constructed, which is given by three copies of the Vira-
soro algebra and can be related to the deformed bms; sym-
metry by an IW contraction. In Sect. 4 we introduce the
generalized 2D-conformal algebras and generalized bmss
algebras. Section 5 is devoted to the construction of the
infinite-dimensional lifts of the ®j algebras. In Sect. 6 we
present (modified) Sugawara construction that allows one
to obtain expanded Virasoro algebras from expanded Kac—
Moody algebras in the simplest cases. Finally, future appli-
cations of these results in the context of 3D gravity theories
and WZW models are discussed in Sect. 7.

2 Centrally extended 2D-conformal algebra and bms3
algebra as S-expansions

The S-expansion method [50] consists in combining the
structure constants of a Lie algebra g with the elements of a
semigroup S to obtain a new Lie algebra & = S x g. In this
section we show that the centrally extended 2D-conformal
algebra and the bmsj3 algebra can be obtained explicitly as an
S -expansion of the Virasoro algebra for suitable semigroups.
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For details regarding the notation and the S-expansion pro-
cedure we refer the reader to the original references [75-82].

2.1 Expanding the Virasoro algebra

The starting point of this construction is the Virasoro algebra
vir,

C
[, €a] = (m = Wi + 5m(m® = Do, (2.1)
together with a semigroup S = {Ay}, whose inner product is
defined by a 2-selector K gﬂ = Kga such that

Aahp = hphg = Kgﬂ)\y (2.2)
We define an S-expanded Virasoro algebra as the direct prod-
uct vivy = § x vit, where h = S x sl(2) is the expan-
sion of the s[(2, R) subalgebra of (2.1) generated by subset
{_1, £o, £1}'. The generators of vity are given by

e(m,oz) = Aol 2.3)
and satisfy the commutation relations
[Cmar Lanp)] = (m = m)K g Camsny)
¢
+=Lm(m® = 1)8nin0, 24)
12
where ¢y denotes a set of central charges given by
Cap = C Kgﬂxy . (2.5)

Note that the finite subalgebra h of viry is spanned by the
subset {ﬁ(,l,a), E(o’a), Z(l,a) }

2.2 Centrally extended 2D-conformal algebra

The centrally extended conformal algebra in two dimensions
is given by the direct sum of a pair of Virasoro algebras
vit @ vir, which we will simply denote vic?,

C
(L, Lol = (m —n) £m+n + Em(mz - 1)8m+n,0,

[[:m» [:n] = (m —n) Em—i—n + %m(mZ - 1)(Sm—i-n,Oa

(L. L] =0. (2.6)

This algebra can be obtained as a particular S-expansion of
vir. In fact, let us consider the (semi)group Zp = {Ag, A1},
whose multiplication law is given by

! This notation might seem awkward, but throughout our presentation
it will prove useful to label expanded Virasoro algebras by their corre-
sponding subalgebras b.

2.7)

and from which the non-vanishing 2-selectors (2.2) can be
read off to be K, = K, = K}, = K|, = 1. Denoting the
generators (2.3) and the central charges (2.5) of the corre-
sponding expanded algebra

In = Lam,0) = Molm, c1=coo =c11 = Aoc,

P =Lon,1) = Mbm, 2 =co1 = Aic, (2.3)
Eq. (2.4) yields
C
[Tn> Tl = (m — 1) Tpn + é <m3 - m) Smtn,05
C
[T, Pul = (m —n) Py + é (m3 - m) 5m+n,07
C
[P, Pul = (m —n) Tpyn + 1_; <m3 - m) 8m+n,0- (2.9

It is easy to see that (2.9) is isomorphic to vit> by making
the following change of basis:

1 - 1
EmZE(Pm‘i‘jm)v £—m:_(73m_«7m)s

> (2.10)

which leads to (2.6) with central charges ¢ = %(cz +c¢1) and
-1
¢ = 5(c2—cp).

2.3 bms3 algebra

Consider now the expansion of the Viraroso algebra (2.1)
using the semigroup Sg) = {Xo, A1, A2}, whose elements
satisfy the multiplication law

A2 | A2 A2 A2
AL | AL A2 A2
A | Ao AL A2

A0 AL A2

@2.11)

and where Ay = Oy is the zero element of the semigroup
such that OgA, = Os. The Og-reduced S 1(51) -expanded algebra
is obtained imposing Os X £(n,¢) = 0. Defining the non-
vanishing expanded generators (2.3) in the same way as in
(2.8), we get

C1
12
2

[jmy Pn] = (m - I’l) Pm+n + E
[Pma Pn] = 07

s Tl = @1 = 1) Ton + 5 (10> = m) S0,

(m3 - m) 5m+n,07
(2.12)

which corresponds to the bms3 algebra [18].
Let us also recall that the bmsj3 algebra can be obtained
from two copies of the Virasoro algebra as an IW contraction.

@ Springer
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Writing vit? in the form (2.9) and rescaling its generators as

TIn —> Tn, Pnw — 6Pm, c1 = c1, ¢3 —> ocpy, (2.13)
leads to (2.12) in the limit ¢ — oo. A similar approach
is considered in [83] where they implemented the IW con-
traction using a Grassman parameter. As we will see in the
following, this kind of limit procedure will be useful to estab-
lish different links between more general expanded Virasoro
algebras.

3 Deformed bmsj algebra

The centrally extended conformal algebra and its flat limit,
the bmss algebra, are not the only symmetries that can be
obtained using the expansion method. In the present section
we present new infinite-dimensional symmetries which are
directly obtained as an S -expansion of the Virasoro algebra.
In particular, a deformed bms3 algebra as well as three copies
of the Virasoro algebra (vir®) can be obtained, where the
former corresponds to an IW contraction of the latter.

3.1 Deformed bms3 as an S-expansion

Let us consider the semigroup Sg) = {Ao, A1, A2, A3}, whose
elements satisfy

A3 | A3 Az A3 A3
A | A2 A3 A3 A3
AL | AL A2 A3 A3
A | A0 AL A2 A3

| 2o A1 A2 A3

3.1)

and where A3 = Og is the zero element. Denoting the gener-
ators (2.3) and the central charges (2.5) of the corresponding
expanded algebra as

TIm = Lm0y = 208m,
P = E(m,l) = Alp,
Zy = Loy = Aolm,

€1 = coo = €11 = AQC,
¢ = co1 = Aic,

€3 = cop = C11 = Ac, (3.2)

the Og-reduced Sg)—expanded algebra satisfies the commu-
tation relations

[Tn> Tnl = (m — 1) Tpn + % (m3 - m) Smtn,05

2
[Ty Pul = (m —n) Ppgn + E (m3 - m) 5m+n,07
c3
[P, Pl = (m —n) Zipgn + E m’ — m) Sm+n,0
c3
— — 1)
+ 12 )

(
;(3

[Ty Znl = (m —n) 2y m m ) Om+4n,0,
[Pm’ Zn] = 07
[Zm, Zn] = 0. (3.3)

@ Springer

Interestingly, the Maxwell algebra in (2 4+ 1) dimensions
is spanned by the generators Jy, J1, J-1, Po, P1, P—1 and
20, Z1, Z_1. This can be made explicit in terms of genera-
tors {J,, P,, Z,} obtained through the following change of

basis:2

J1==-2Jo,Jo=J , J1 =1,
P-1=-2P,Po=P ,P1= P,
Z1=-27Z0,20=2r ,Z\=12. (3.4)

This means that the deformed bms3 algebra (3.3) corresponds
to an infinite-dimensional lift of the (2 4+ 1)-dimensional
Maxwell algebra in the very same way as the algebras vit?
and bmss are infinite-dimensional lifts of the AdS and the
Poincaré algebras in 2 4 1 dimensions, respectively.

3.2 Deformed bmss algebra as a limit of pit?

Let us consider now Sja = {Ag, A1, A2} as the relevant
abelian semigroup, whose elements satisfy the following
multiplication law:

M| A AL A2
ALl AL A2 A
A0 | Ao AL A2

A0 AL A2

(3.5)

Unlike the Sg) semigroup, there is no zero element in this
case. Adopting the same notation (3.2) for the generators of
the Sfa -expanded algebra, we find the following commuta-
tion relations:

cl
e Tl = (m = m) T + 75 (> = m) 8ot

)
e Pl = (=) Py + 75 (m* = m) 0.
(P Pl = (=) Zpgn + 73 (m* = m) 0.
[ Za) = (n =1) Zun + 73 (m* = m) 80,
(2 Za) = (n = 1) Zp + 35 (m = m) St
(2 Pul = (n = 1) P+ 73 (m* = m) 80 (3.6)

Note that the AdS—Lorentz algebra in 2 4- 1 dimensions, also
known as the semi-simple extension of the Poincaré alge-
bra [84], is the subalgebra of (3.6) spanned by the genera-
tors Jo, J1, J—-1, Po, P1, P—1 and 2y, Z|, Z_1. This can be
explicitly seen using the change of basis (3.4), showing that

2 In this case the Maxwell algebra is realized with a non-diagonal

010
Minkowski metric 4, = | 1 0 0 |.
001
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(3.6) defines and infinite-dimensional lift of the AdS—Lorentz
algebra in 2 + 1 dimensions.

Remarkably, there is a redefinition of the generators of
(3.6) that allows one to see its true algebraic structure. In
fact, considering the change of basis

1 - 1
m = 3 m Zma -m = 5 m — Zm)
L 2(77 +Zn), L 2(73 )

E—m = TIm — Zm,

three copies of the Virasoro algebra, which will be denoted
nit3, are revealed

3.7

(L, L] = (m —n) £m+n + <m3 - m) 3m+n,0,

(L. Ln] = (m —n) Lypsyn + (m3 - m) Sm+n.05

m;|m5|w

[mj4=w—mmﬂ+50m—@M%&@&

where the central extensions are given by ¢ = % (c2 +c3),
¢ = 3 (ca—c3) and é = ¢ — c3. Additionally, as in the
case of the bms3 and the 2D-conformal algebra, there is a
limit procedure relating vit’ and the deformed bmsj; alge-
bra through an IW contraction. In fact, the rescaling of the
generators of (3.6)

In = Ims Pm

cy —> Cc1, €2

Zn — 0°Zn,

— 02C3 ,

— o Py,

(3.9)

— 0c), €3

leads to the deformed bmss algebra (3.3) in the limito — oo.

4 Generalized expanded Virasoro algebras

In the previous sections we have seen how the S expansion
mechanism allows one to obtain the centrally extended 2D-
conformal algebra and the bmss3 algebra from the Virasoro
algebra. In the context of three-dimensional gravity, the cen-
trally extended 2D-conformal algebra and the bmss alge-
bra correspond to infinite-dimensional lifts of AdS and the
Poincaré symmetries in 2 + 1 dimensions. Generalizing this
results we have subsequently shown how to construct infinite-
dimensional lifts of the Maxwell and the AdS—Lorentz alge-
bras in 2+ 1 dimensions, which correspond a deformed bms3
symmetry in the former case and to three copies of the Vira-
soro algebra in the latter. As has recently been pointed out
in Refs. [54,55,57,68], the Poincaré and the AdS algebras
as well as the Maxwell and the AdS—Lorentz algebras cor-
respond to particular cases of the By and ¢; algebras for
k = 3 and k = 4, respectively. Such families of algebras have
been of particular interest in the context of gravity. Indeed,
as was shown in Refs. [51,53,56], General Relativity can
be obtained as a particular limit of a Chern—Simons and a
Born—Infeld gravity theory using the B; symmetries. On the
other hand, the &; algebras allow one to recover the pure

Lovelock Lagrangian from Chern—Simons and Born—Infeld
theories [58,60].

The results obtained up to this point clearly suggest that,
in the same way as their respective finite subalgebras, the
bmss and vir? algebras as well as the deformed bms3 and the
vit? algebras should correspond to particular cases of certain
families of generalized infinite-dimensional symmetries. In
this section we present the general scheme that leads to such
families of expanded Virasoro algebras.

4.1 Generalized bmss3 algebras

Let Sg_z) = {Xo, A1, ..., Ak_1} be the finite abelian semi-
group whose elements satisfy the following multiplication
law:

Ao+t
Aahg = {A:]ﬁ

if a+p<k—2,

if a+pB>k—2, @D

where Ax_1 = Oy is the zero element of the semigroup. The
Sg{_z)-expanded Virasoro algebra (2.4) in this case is given
by

[Lomays np)]
(m — ) mtn,a+p)
- ﬂ‘j%m(mz Dm0 if a+B<k—2,
0 it a+p>k—-2,

4.2)

where we have defined ¢y 441 = cop. Following the nota-
tion introduced in Sect. 2, the algebra (4.2) will be denoted
by vitg, , as the subalgebra b generated by {€(_1.q), £(0,0),
E(l,o{)} corresponds to the By algebra in 2 4+ 1 dimensions
[51,85]. It is easy to see that (4.1) always contains an abelian
ideal spanned by the subset of generators

A={lma}, 51=|:§],...,k—2

and for which

[fmsrtus) | =0

[Z(m,&y e(m,a)] € A + central terms. 4.3)

For this reason the birgy, algebra will be referred to as gener-
alized bms3 algebra. This algebra corresponds to an infinite
dimensional lift of the B algebra in 2+ 1 dimensions, which
can be made explicit by redefining the generators in the form

T = Coniy = rilm,
77;” =L = rilm, “4.4)

where i takes even values and 7 takes odd values. Here we
identify the following cases:

@ Springer
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e For k —2 = 2N the abelian ideal A is generated by

A [ PN Py, gy
- 1 2 2N—1 2
T PN PN N

for N even,
for N odd.

e Fork —2 = 2N + 1 the abelian ideal A is generated by

A PN+ gN+2 N PINFL - for N even,
jN“ PN+2 cS TN PENEL for N odd.

Using the definition (4.4), we write (4.2) in the form

[T 7] = = 7,5,

Citj+1
12

[J,L,Pi] = (m —n) P:ﬁin
12
[PiPl] = n=m 735

(m3 —m) Smino, for i+j<k-—2,
(m3 - m) Smino, for i+i<k—2,

C-, = -
Nkt (m3 —m) Smino, for i+ ] <k—2,

12
others = 0. 4.5)

As mentioned before, the B algebra in 2 + 1 dimensions is
a subalgebra of (4.5) spanned by the generators j(f, T, li, Jil
and 776, 73{_, 731;1. Additionally, when written in this form it
is straightforward to see that setting k = 3 leads to the bmsj
algebra (2.12), while k£ = 4 reproduces the deformed bmsj
algebra (3.3). Thus, bms3 and its corresponding deformation
can be classified into the infinite family of generalized bmss
algebras vivgy, .

4.2 Generalized 2D-conformal algebras

Another family of expanded Virasoro algebras can be
obtained by choosing a different semigroup. Let us consider
S(k D — = {Ao, A1, ..., Ak—2} as the relevant abelian semi-
group whose elements satisfy

Aa+p if a+pB<k-2,
Aahg = : _ (4.6)
arB )La-i-ﬂ—Z[k%]] if a+p8>k—2.
Then the S%_z)-expanded algebra (2.4) takes the form

[Con.c)s L))

(m - n)e(m+n,a+/3)

+C‘ﬁ%m(m2 — Dm0 if a+B<k—2,
=7 m- n)g<m+n,a+ﬁ—2|:k;—l])

Ca+;372[k%‘]+1

2 if a+8>k-2,

4.7)

m(m? — Démnin0

and corresponds to vitg,, as its subalgebra b is given by
the € algebra in 2 + 1 dimensions [58,60]. This algebra

@ Springer

corresponds to an infinite-dimensional lift of the ¢ algebra,
which can be explicitly seen by redefining the generators in
the form (4.4), yielding

o i
[T TH ] = on =) T + S (13— ) 8,100,

12
[ P1] = o =PI I s,
Cliyi
I:Piln’ PJ] (m — }’Z) jn{,l,;jnj} + { -:J2}+1 (m3 - m) 8m+n,0;
4.8)
where {- - - } means
e it if i4+j<k-2,
)= {i+j—2[’%1] it ivj>k—2 @9

As remarked before, the & algebrain 2+ 1 dimensions is the
subalgebra of virg, spanned by the generators jé, T, li, Jil
and 73(’_), 77{_ , 73’;1. When written in the form (4.8) it is clear
that setting k = 3 leads to the centrally extended 2D-
conformal algebra (2.9), while the case k = 4 leads to the
pic® algebra (3.6). Therefore virg, will be referred to as the
(centrally extended) generalized 2D-conformal algebra. As
in the cases k = 3 and k = 4 studied in the previous sec-
tions, the generalized 2D-conformal algebra can be related
to the generalized bms3 one through an IW contraction. In
fact, rescaling the generators of (4.8) in the form

Jh =o' Jh Ph = oIP,
Ciyl = O'Ciy1, Cip1 —> O'Cipl, (4.10)
leads to the generalized bmss algebra (4.5) in the limit o —
0.

The fact that the vitg, reduces to two and three copies of
the Virasoro algebra in the cases k = 3 and k = 4, respec-
tively, might make one think that it could generally be written
as k — 1 copies of the Virasoro algebra. However, this is not
true. Let us consider, for instance, the vitg; algebra Renam-
ing its generators as JO = J, PL, = Pu, T2 = Z,, and
773, = R, this algebra can be directly read off from (4.8) to
be

e Tl = (m = m) T + 75 (> = m) St
(Tons Pal = (m =) P + 7= (> = m) 81100,
(P Pl = (=) Zpin + 75 (m* =m) 0.
W Za) = (n =) Zun + 3 (m* = m) S0,
(2 Za) = (m = 1) Torn + 75 (m* = m) 8.
(2 Pal = (n =) R + 75 (m® =m) 40,
s Ral = (m = m) R + 15 (0> = m) 8ot
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- (m— 2 (13—
[Zm, Rn]l = (m —n) Ppgn + T (m m) Sm+n.0
— _ _C3 3 —
[Rin, Rul = (m —n) Zm+n 12 ( m) 5m+n,0a
— 2 [—
[P, Rul = (m —n) jm+n + — 12 ( m) ‘Sm—i-n,Oa
4.11)

which cannot be redefined as four copies of the Virasoro
algebra by means of a generalization of (2.10) or (3.7).

5 Infinite-dimensional ®-like algebras

In [57] new expanded algebras were presented as a family of
Maxwell-like algebras. Inspired by this construction, in this
section we consider the expansion of the Virasoro algebra by
means of the semigroup Sg_z), defined by the product rule

A
Aahp = {Aa+ﬁ
(a+B—(k—1))mod2 +(k—3)

if a+8<k-2,
if a+pB8>k—2.
5.1

Us1n§ the notation (4.4) for the expanded generators, the
Sp * -expanded algebra (2.4) can be written in the form

c 1
I:j,ln, jn ] = (m —n) j{Hr] liar]nt (m3 - m) Sm+n.0

12
(7. Pd] = o= m PYEY+ L (0 ),
[P Pl] = on = Y S () 50
5.2)
where {- - - } means L
i+ if i+j<k-2,
{i+j}=1@G+j— (k—1))mod2 (5.3)
+(k —3) if i+j>k-—2.

These algebra corresponds to birg,, as their subalgebra b is
given by the ®y, algebrain 241 dimensions [57] and provides
with an infinite-dimensional lift of it. Interestingly, this kind
of algebras can be written as the direct sum of two copies
of the Virasoro algebra and a generalized bmss algebra, i.e.,
vitp, = vit? @ vitgs, ,, when an appropriate change of
basis is considered. Furthermore, an IW contraction of vitgp,
using the rescaling (4.10) leads to the generalized bms3 alge-
bra vitrgs, . In the following, a few simple examples will be
worked out.

5.1 vit? @ bms;

The simplest case to consider’ is k =
yields the virp, algebra:

5, for which (5.1)

[T, Tn]l = (m —n) jm+n 1; <m3 - m) 6m+n,0,

3 The semigroup (5.1) is defined for k > 3 and k = 4 just gives the
semigroup 553, which was already studied in Sect. 3.

[ons Pad = (m =) Porse + 7= (0> = m) 8t
[P Pl = (1 = 1) Zpin + 15 (m* = m) 0.
s Zal = @ =) Zun + 3 (m* =) Suno.
(2 Zal = (n = 1) Zppi + 5 (0 = m) St
(2 Pl = (m =) R+ 73 (m* = m) St
T Rl = (m = m) R + T3 (> = m) St
(R 23] = (n =) R + 75 (m* =m) 0.
(Rons Pal = (m =) Zyy i+ 75 (m* = m) St
(R Rl = (m = m) Zp + 75 (m* =m) 0.
(5.4)

where we have defined

In=T9. Pu=Py Zn=JTg. Rm=Py. (55
The Maxwell-like algebra ®s5 in 2 4+ 1 dimensions [57]
is spanned by the generators Jo, J1, J—1, Po, P1, P—-1,
20, 21, Z—1 and Rg, R1, R—1. The algebraic structure of
the virp, algebra can be made manifest by performing a
suitable change of basis. Indeed, the following redefinition:

1 - 1
Ly = 5 (R + Zm) » Lm= 5 (Rm = Zm) (5.6)

reproduces the centrally extended 2D-conformal algebra
(2.6) with central charges ¢ = %(C4+C3) and ¢ =
% (c4 — c3), while

~ 1
Pm:_(,Pm_Rm)7

5 (5.7)

~ 1
jmzi(jm_zm)y

leads to the bmss algebra (2.12) with central charges ¢; =
% (c1 —c3)andcr = % (c2 — ca). Since the set of generators

{[,m, Lom } commutes with the set {jm . P ], this shows that

the vivp, algebra is given by the direct sum of these two
subalgebras, namely, pit? @ bmss.

5.2 vir’® deformed bmss

In the case k = 6, the S-expanded algebra virg, is given by

3
[T Tl = (m = 1) Twn + E (m - m) S 0-

— (o 3
(T, Pul = (m —n) Ppgn + —= 2 (m m) 8m+n,01

[P Pl = (1 =) Zyn + 75 (m* = m) 810,

12
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C
(T, Zn] = (m —n) Zm+n + = <m3 - m) 8m+n,09

12
[Zn, Zn] = (m —n) Mm+n + — 12 <m3 - m) 8m+n,0a

J— — C 3_
(2 Pal = (1 = 1) R + 7 (m® = m) 0,

[ Rl = (= 1) R + ]C—‘; (> = m) 8t
(R Zal = 0n = 1) Ry + E 2 (m* = m) buno,
[(Rins Pul = (m —n) Mipin + E <m3 - m) Sm-+n,0,
(R Rl = (m = n) My + E > (m* = m) Snn,
s Ml = (m = 1) M + ﬁ > (m* = m) Snn,

(M, Pul = (m — 1) Ry + — 12 (m3 - m) Sm+n,05

(Mo 23] = (n =) Mo + 35 (m* =m) g0,
C.

(M, Ryl = (m —n) Rontn + ﬁ (m3 - m) 6m+n,07

My, Myl = (m —n) Mm+i1 +— 2 (I’I’l - m) 8m+n,01

(5.8)
where we have defined
Im = jn(z, P = ,Pri,v Zy = \7]37
Rn=Pp, Mu =T, (5.9)

The Maxwell-like algebra ®¢ [57] is spanned by the genera-
tors Jo, J1, J-1. Po, P1, P-1, 20, 21, Z2-1, Ro, R1, R-1
and My, M1, M_y. The algebraic structure of this algebra
can be unveiled by performing a suitable change of basis. In
fact, two copies of the Virasoro algebra with central charges
c= % (c4+cs)andc = % (c4 — ¢5) can be recovered con-
sidering the redefinition

- 1
m - (R + Mm) E—m = E (Rm - Mm) . (510)
On the other hand, the change of basis
I = ST — Za). Pu= s (Pu—Ra)
m — 2 m mJ s m — 2 m mJ s
v 1
Zy = 3 (Zm — M) (5.11)

reproduces the deformed bmss algebra (3.3) with central
charges ¢ = %(cl —c3), ¢ = %(cz —c¢4) and ¢3 =
%(q — ¢5). Thus, as the generators (5.10) commute with
the generators (5.11), the S(DG) -expanded Virasoro algebra
vitp, is isomorphic to vit’@® deformed bms;. This proce-
dure can be generalized for higher values of k, showing that
vivp, = vit? @ virg,_, holds generically.

@ Springer

6 Sugawara construction and expanded Virasoro
algebras

The Kaé-Moody algebra g corresponds to the central exten-
sion of the loop algebra of a semi-simple Lie algebra g and
is given by

ca b ab k ab S 6.1

JmsJn | =1f C-]In+n + Kkmg="om,—n, (6.1)
where f;pc = — fpac correspond to the structure constants of
g and k denotes its central extension. The Sugawara construc-
tion allows one to construct a representation of the Virasoro

algebra out of bilinear combinations of the generators of the
Ka¢-Moody algebra by defining

1
0, = — E A LA 6.2
m 2(k+Cg)gab . .]n]m—n ( )
where Cy is the dual Coxeter number of g, gq4p is the cor-

responding Killing—Cartan metric and normal ordering :: is
defined as

Z AnBu-n=Y  AuBu—n+ Y BuA

n<—1 n>—1

In fact, one can easily check that such definition implies that
£, has conformal weight one, [Zm, J,?] = —nji_ ., and sat-
isfies the Virasoro algebra (2.1) with central charge

_ kdimg
Ck+Cy

6.3)

where dimg =g,;,g? is the dimension of g.
6.1 Modified Sugawara construction

The modified Sugawara construction consists in defining new
Virasoro generators

~ 1
Km = Km =+ imga;,aajf,’l + zkaz(Sm,o,
where o € g. Provided the generators ¢, satisfy vit with

central charge c, the modified generators ¢, form a new rep-
resentation of the Virasoro algebra, i.e.

. ~ ¢
[em» En] =(m— n)zm—i-n + E <m3 - m) (Sm,—n»
with a shifted central charge given by
&=c+ 12ka?.

In the following, we will show how the expanded Virasoro
algebras presented in the previous sections can be obtained
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from Ka¢-Moody algebras associated with the B and &
algebras through generalized (modified) Sugawara construc-
tions.

6.2 bms3 and the Sugawara construction

Let us consider the following Kac—-Moody-like algebra with
a semi-direct product structure:

i, 2] = 7% oy + amg .
I:-]IL:I’ prlz:l = ifabcp;'[-l,-n + kngubSm,—n,
[p,‘;, p,ﬁ’] =0,

which can be obtained from an S-expansion of (6.1) using
the semigroup Sé” (see the appendix). Now we introduce the
following quadratic combinations of the generators j and

P

(6.4)

1 b
P = 2_k2gab Xn: : pzpm_n 5

k1 +2Cg7)
= ""8p .

1 .a b .b
jm = 2_k2gab ; : (]r?pmfn + pral]mfn> : k2
Using the affine current algebra (6.4) it is easy to see that

[jm’ ]:] = _njri+n:
[jmv Pz] = —npfn+n,
[Pms Jr?] = _npzz+n’

and that J,,, and P,, satisfy the commutation relations
dim
[jm» jn] = (m - n)jm+n + 6 g (m3 - m) 5}1’1,—}’[7
[jmv Pn] = (m - n)Pm—i-na
[P, Pul =0, (66)

which corresponds to the bmss algebra (2.12) with central
charges ¢y = 2dimg and ¢ = 0. The central charge c
is familiar from the study of abelian Kac-Moody algebras
[1] and manifests here due to the abelian ideal generated by
pa.. Now we can use the modified Sugawara construction to
obtain the fully centrally extended bm35 algebra from (6.4).
Indeed defining new generators:

~ . . 1

In = Im + lmgabaa]ylyjl + §k1a28m,07
S . a b 1 2

Pn = Pum + imgapd” p,, + EkZOl 8”1,05
one can show that

~ ~ ~ ¢1
[jmv jn] = m —n)Tnn + E (m3 - m) Sm,—nv

~ ~ ~ 1)
[Jma Pn] = m —n)Ppuyn + E <m3 - m) 8m,—n7

[,ﬁmv 73}1] = O,

where

& = 2dimg + 12k;?,
Gy = 12k2a2.

This result can be understood as the quantum version of the
Sugawara construction described in [22,37] where bms3 is
realized as a Poisson algebra for the central charges of asymp-
totically flat three-dimensional Einstein gravity.

6.3 vit? algebra

The bmsj algebra can also be obtained from the Sugawara
construction associated with a Zj-expansion of the Kac-
Moody algebra, after an IW contraction. In fact, using the
semigroup Z, = Sj\l/i to expand (6.1) (see the appendix), we
get

i 2] = 1 + Fimg 8,
(i, pE] = i D + g5,

[pi‘ny pfi] = if e, +kimg® s . (6.7)

Redefining the generators as j¢ = 14 + 1%, and p% =
14 — 1

¢, this algebra can be written as the product of two
identical Ka¢—Moody algebras with levels k = %(kl + k2)

andk = (k) — ko), ie.,
] = 70 A
(. 12] =0.

This means that, considering two independent Sugawara con-
structions

1
[ — S LA
m 20k + Cg)gabzn: ntm—n

1 -
lp = —— R LA
m 2k + Cg)gab; ntm—n

one can trivially obtain the Uiyz algebra (2.6) with central

charges ¢ = 1]‘(‘};"(;3 and ¢ = %. Using (2.10), one can
define ’
_ L . (7a1b 7a7b .
P = v ey St Z (0t 1)
_ 1 . [1a1b ja7b .
T = TERAL Z : (znlm,,, - p,znz,m,n) . (6.8)
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%. The bilinears (6.8) satisfy the bms3
g
algebra (2.12) in the limit 0 — oo with central charges

_ (k—pk) (k+puk)
= kG, k+Cy

where © =

dimg and ¢; = dimg.

6.4 Deformed bmss algebra from a Sugawara construction

The Sugawara construction presented before can be general-
ized in order to recover the deformed bms3 algebra (3.3) from
an expanded Ka¢-Moody algebra. In this case we introduce
the following deformed current algebra:

i dR ] = i1 i + Famg 8 .
[/}'Z, Pﬁ = if“ phyin + lamg® 8 n,
i 2h] = it + g 8.
[an, P,Ii_ = if ", + kamg P i,

[pffw @ =0,

(6.9)

which corresponds to an S-expansion of the Kaé—Moody
algebra (6.4) with the semigroup 5552) given in (3.1) (see the
appendix). Now we define the following quadratic combina-
tions of its generators:

1 b
Zn = 2—k3gub ; D ZpZmep b

1 b b
P = 2_k3gab2n: : (PZZm—n +Z;zlpm—n> : _Ezm’

1 . .
Im = 2_k38ab Z : (ngfn—n + -]i?zf)n—n + ZZ]rI:z—n>
n
k k 3C
Ly oG
k3 k3

The commutators of 7,,,, Py, and Z,, with the generators of
(6.9) read

(6.10)

[jm’ ]r(:] = _nji’(:l-Hl’ [Pm’ ]r(zl] = _np;ln+n’

[Zm» j,?] = —NZpin>
[jmv Pﬁ] = —NPpins [va pZ] = —NZpyips
[Zrn» P,ﬂ =0,
[T 25 = —nZgins [Pmozn] =0, [Zm. 23] = 0s.

(6.11)

Using these relations the algebra of the bilinears (6.10) turns
out to be given by

3dimg ( 3

[T, Tnl = (m — n) Tpgn + 2 m- — m) am,—nv

[Tn, Pul = (m — n)Pm—i-na
[T, Zn]l = (m —n)Zyqp,

@ Springer

[P, Pl = (m —n)Zpqp,
[va Zn] =0,

[Zm, Z2,] =0, (6.12)

which corresponds to the deformed bms3 algebra (3.3) with
central charges ¢; = 3dimg, ¢ = ¢3 = 0. In order to obtain
the fully centrally extended deformed bmss algebra from
the deformed affine current algebra (6.9), we introduce the
following modified Sugawara construction:

~ 1
In = TIm + imgabaaj;z + Eklaztsm,O»

~ 1
P = P + imgapa” pl, + §k20525m,0,

~ 1
Zy=2Zm+ imgabaazfn + _k3a28m,0-

5 (6.13)

These generators satisty the deformed bms; algebra,

~ C
=(m— n)\jm—&-n + 1_; (m3 - m) am,—na

where the central charges are given by

& = 3dimg + 12k;?,
52 = 12k2a2,
& = 12kza’ .

6.5 vit’ algebra

The deformed bmss algebra can also be obtained as an IW
contraction of the Sugawara construction associated with an
S-expansion of the Kac—-Moody algebra using the semigroup
Sja. In fact the Sfa -expanded Ka¢—Moody algebra is given
by (see the appendix)

i 32 = i s+ img ™8,
[j,‘,l,, PZ: = ifabcpﬁﬂn + komg® 8, _n,
i 2b] = ity + hamg 8,
[P 2] = ity + g 8.
[Z"m, PZ- = if " S+ komg 8 .,

= if %2+ k3mg S, _y, (6.14)
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which, through the redefinitions z¢, = 14 +1%, . p% =19 —
12, and jg = I + 17 + 12, can be written as the direct
product of three identical commuting Kac-Moody algebras
with levels k = 8302k = 8520 and k = k) — k3

[z;f,, lf;] = if U, + kmg®, .
(1. 12] = i + g5, .
[f4. 2] = 1727 1 + g8,

Therefore, considering three independent Sugawara con-
structions

1
b = ———— S LA
m 2k + Cg)gabXH: ntm—n

_ 1 _
by = ——— LA
m 23 + Cg)gabXn: nm—n

~ 1 ~

by = ——— gbz e

m 2 (k + Cg) a ~ n*m—n

one can trivially obtain the picd algebra (3.8) with central

kdimg = kdimg ~ kdimg .
charges ¢ = —/~, ¢ = == and ¢ = =——=. This means
& k+Cq k+Cq k+Cq

that, using the relation (3.7), one can define

2
° Z . b 7a b .
Zp = 20k + Cg)gab - . (l;zllmfn - /‘lzlfmfn) 5

o b -
Pm = mgab ; : (l:lllm—n + /,lelb_m_n) 0

1 _ o
Im = mgdb ; : (ltlzllrbn—n - /'lelém—n + Vlzlﬁm—n) 5
(6.15)

_ k+Cy _ k+Cy
where u = iTC, and v = v
the bilinear combinations (6.15) satisfy the deformed bmsj

algebra (3.3) in the limit 0 — oo with central charges ¢; =

(k—uk) .. _(k+pk) o (ki)
e dimg, ¢; = Wdlmg and c3 = mdlmg.

. It is easy to verify that

6.6 Generalization

Following the same steps as described above, one can in
principle always find a generalized (modified) Sugawara con-
struction that, given a semigroup S, allows one to pass from
the S-expanded Ka¢-Moody algebra to the corresponding
S-expanded Virasoro algebra. As we have seen, the Sug-
awara construction for the bmss algebra and for the deformed
bmsj algebra are quite cumbersome and therefore their gen-
eralization for virgs, with k > 4 will not be given here.
In the case of the generalized conformal algebras vitg,, the
Sugawara constructions presented here have been somewhat
straightforward, as the cases k = 3 and k = 4 correspond the
direct product of two and three copies of the Virasoro alge-
bra, respectively. However, as we have stressed in Sect. 4.2,

for k > 4 it is not true anymore that the vivg, algebras can
be written as products of single copies of the Virasoro alge-
bra and therefore the Sugawara construction will be more
complicated.

7 Comments and further developments

In this paper we have presented the general setup to
obtain new infinite-dimensional algebras by applying the S-
expansion method to the Virasoro algebra. Interestingly, the
algebras obtained here contain known finite algebras as sub-
algebras and inherit the way they are related between each
other. Indeed, the following diagram summarizes the IW con-
tractions that relate the Poincaré, AdS, Maxwell and AdS—
Lorentz algebras in 24 1 dimensions as well as their relation
with the Lorentz algebra through different S-expansions:

ATS: & Lorent:

2 75
b Lw
v NS
s
. . Deformati
Poincaré clomgtion Maxwell

+ Enlargement

In the first part of this article we have shown that the centrally
extended 2D-conformal algebra vir? as well as the bmss al ge-
bra can be obtained as S-expansions of the Virasoro algebra
using the semigroups Z; and Sg ), respectively. Subsequently
we showed that, using the semigroups S/(\Z/i and Sg), the S-
expansion leads to three copies of the Virasoro algebra in
the former case and to a deformed bmsj; algebra in the lat-
ter case. These algebras correspond to infinite-dimensional
lifts of the AdS—Lorentz and Maxwell algebras and, further-
more, the deformed bms3 algebra can be obtained as an IW
contraction of vit>. This means that the infinite-dimensional
symmetries presented here satisfy the same IW contraction
and expansion relations as their finite-dimensional subalge-
bras presented in the previous diagram, i.e.,

vir? vir®
N e
. M
LW vit LW
s
) NCE
£
Deformation
bmss — Deformed bmss
+ Enlargement

In Sect. 4, we have generalized the previous results by con-
sidering expansions of the Virasoro algebra with the semi-
groups Sj\k/[—Z) and Sg(_z) to obtain two sets of families of
infinite-dimensional algebras that we have called general-
ized bmsj; algebras and generalized 2D-conformal algebras.
These families are denoted, respectively, by virg, and vitg,,
and reduce to the infinite-dimensional algebras previously

@ Springer



262 Page 12 0of 15

Eur. Phys. J. C (2018) 78:262

discussed for k = 3 and k = 4. Furthermore, they turn out
to be related by an IW contraction for every value of k

| Generalized 2D-conformal algebra (vite, ) |

/'Su\fz)
M
it LW

o(k—2)
Sk

| Generalized bms3 algebra (vitgs,) |

In Sect. 5 we have introduced another family of infinite-
dimensional algebras, virp,, which can be obtained by

expanding the Virasoro algebra using the semigroup Sg(_z),
and showed the simplest examples explicitly. These algebras
can always be written as the direct product vit> @ B;_» after
a suitable change of basis.

In Sect. 6 the Sugawara construction has been applied
to expanded Ka¢-Moody algebras to obtain the expanded
Virasoro algebras and the cases k = 3 and k = 4 have
been worked out explicitly. This result is remarkable as it
means that these new infinite-dimensional symmetries could
be related to some kind of generalized WZW theories whose
current algebras are given by expanded Kac-Moody alge-
bras. In that case the algebras vitgs, or vitg, should be recov-
ered as the Poisson algebras for the stress-energy momentum
tensor components in the very same way as it happens for vit?
and bmss.

In the context of gravity, upon imposing suitable bound-
ary conditions, the algebras vit? and bms; appear as the
asymptotic symmetries of asymptotically AdS and Asymp-
totically flat three-dimensional Einstein gravity, respectively.
We conjecture that the new infinite-dimensional algebras
vitgs, , birg, and virp, obtained here correspond the asymp-
totic symmetries of 3D gravity theories invariant under the
algebras By, € or ®; when suitable boundary conditions
for the fields content are adopted. These theories of gravity
can be straightforwardly constructed by considering Chern—
Simons actions invariant under these algebras. This will be
the subject of a subsequent article.

On the other hand, it is well known that the KdV system
possesses a Virasoro symmetry related to the KAV hierarchy
[86]. This result can be used to construct an infinite set of
boundary conditions for 3D gravity [87]. Along this line it
would be interesting to evaluate the existence of integrable
systems associated with expanded Virasoro symmetries and
they hierarchies as well as their relations to boundary condi-
tions for gravity theories invariant under the algebras By or
k.

Another natural generalization of our results is to extend
the expansion method to A -extended supersymmetric exten-
sion of asymptotic symmetries. In particular, it would be
interesting to study S-expanded super Virasoro symmetries.
However, this would require a more subtle treatment than the
one introduced here. Indeed, one cannot naively consider the

@ Springer

expansion of a super Virasoro structure. The general setup
and the respective supergravity models will be presented in a
future paper. As an ending remark: it would be worth explor-
ing the expansion procedure to higher spin extension of grav-
ity theories in 2 + 1 dimensions.
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Appendix
A Generalized Kac-Moody algebras

Let us consider the Ka¢-Moody algebra gy ,

i i8] = 1 g+ kg™, (A1)
which corresponds to the central extension of the loop algebra
of a semi-simple Lie algebra g. One can show that two fam-
ilies of Kac—Moody-like algebras can be obtained applying
diverse semigroups S to . Let Sg‘_z) ={Ao, Al .nny Ak—1}
be the finite abelian semigroup whose elements satisfy (4.1)
and A;_1 = Oy is the zero element of the semigroup. Then
the Sg(_z)-expanded algebra is given by

. .b
[J(‘;w), ](mﬂ)]
. rab
lfa C-](Cm+n,a+ﬁ)

= +ka+ﬂ+lmgab8m,fn if a+p<k-2
0 if a+pB>k—-2

(A.2)

where we have defined kyypr1 = kog = kK;/ﬂ)»y. One

can see that the Sgc_z)—expanded algebras always contain an
abelian ideal generated by the set

. - k
a=fn). a=[t] i
and for which

j(am,&)’ ]E)m’g) =0,
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[j(“m’&), j(l’m’a)] € A + central terms. (A.3)

In particular, the Ka¢-Moody-like structure appears by
redefining the generators in the form

j,’,i(i) = j(am,,') = Ailm,

a(l) —

m = Jingy = Alms (A.4)

where i takes even values and 1 takes odd values. This allows
one to write the Sg(_z)-expanded algebras in the form

.a)y b))
I:ng(l)’Jn(J)

ab it
zlfacfr;(—li—nj)

tkigj1mg 8y —y for i+ j<k—2,

a(i) b@) ]| _ :pab _cl+i
i@, ph @] = iretpyl)

+kisr41mg8, _, for i4+1<k—2,

b ey (]
P%Wpf) —if e jolr )

thiy 5 mg ™oy for T4 <k-2,
others = 0. (A.5)

Let us note that, for k = 3, the semigroup corresponds to
the Sg) whose elements satisfy (2.11) and the commutation
relations (A.5) reduce to the affine current algebra given by
(6.4). The case k = 4 reproduce the Sg)-expanded algebra
whose generators satisfy (6.9).

An alternative family of generalized Kac—-Moody algebras
can be obtained applying the S/(\k/l_z) = {Xo, A1, ..o, Ag—2}
semigroup to gg. Considering the multi}Plication law of the
semigroup (4.6) one can show that the Sj\/l_Z) -expanded alge-
bra takes the form

L. ]
l.fabcj(cvan,a+ﬂ) + ka+/3+lmgab5m,—" if a+pf=<k-2

. rab
lfac]Enl+n,a+/3—2[%:|)
mgahgm,—n

+k if o+ p>k—2.

a+ﬂ—2[%]+l
(A.6)

One can redefine the generators in the form (A.4) leading to
the following generalized affine current algebra:

I:Jr?l(l)ﬂ Jn (j)] = lfabcfr;{-l;]} + k{i+j}+1mgab8m,fn,
o ) . .
[J,ii(’), pf(’)] = if® et ki 1mg ™8,

_ b(i . .c l_-i-jT
|:p31(l)7 pn(/):| = lfabc]m{-i-n | + k{f‘i'f}""lmgab(smﬁn’

(A7)
where {- - - } means the following:
e it if i4+j<k-2,
{“+”_{i+j—2ﬁ;1 it itjok—2 AP

Interestingly the k¥ = 3 and k = 4 cases reproduce two
and three copies of Kac—-Moody algebras, respectively. How-
ever, for k > 5 the commutation relations of the generalized
Kac—Moody algebra obtained here become non-trivial and
are given by (A.7).

It is important to mention that the two families of general-
ized Ka¢-Moody algebras presented here are related through
the IW contraction. Indeed, considering the rescaling of the
generators satisfying a SX‘/fz)—expanded algebra (A.7)

-0 -0 ¥ [y 7 1.1
Jm g ]m’ -]m — 0 jn’l’ pm — 0 pm’
ki — ki, kiv1 — o'kizy, kiyr — o'k,

the limitoc — ooleads to the Sg‘_z) -expanded algebra (A.S).
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