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Generation and Thermalization of Plasma Waves

By T. H. Stix

A fully ionized gas immersed in an axial magnetic
field may exhibit low-frequency oscillations where
the electric field and macroscopic velocity per-
turbations are perpendicular to the axis. The
ordinary and extraordinary hydromagnetic waves of
Alfvén 1 and Âstrôm 2 are examples of these transverse
oscillations. Ion cyclotron waves3 are another
example. The physical environment appropriate to
these low-frequency transverse waves is present in
several types of proposed thermonuclear reactors,
including the stellarator 4 and the pyrotron.5

For several reasons, the thermonuclear experimen-
tist may be interested in generating these waves.
First, they are a hydromagnetic phenomenon that can
be produced in the laboratory and experimental
data can be checked against hydromagnetic theory.
Second, generating and observing these waves at
low power may be a useful diagnostic technique for
determining plasma characteristics which are impor-
tant parameters of these waves such as magnetic
field strength, plasma density and density distribution,
plasma temperature and composition, and the state
of ionization of the plasma. Finally, generating
these waves at high power is a possible scheme for
rapid heating of the plasma. Calculations on ion
cyclotron wave generation and thermalization in-
dicate an efficiency, in a typical example, of more
than 65% for the transfer of power from an rf
power source into effective random ion motion.

An effect which is termed " cyclotron damping "
is found to be extremely important in the theory of
ion cyclotron waves. Cyclotron damping causes free
ion cyclotron waves to decay exponentially with
time, or propagated ion cyclotron waves to decay
exponentially with axial distance. Furthermore,
cyclotron damping converts the energy of the wave
motion into effectively random transverse ion motion,
which makes ion cyclotron heating especially useful
for a pyrotron-type device.

Cyclotron damping occurs for transverse oscillations
which are periodic both in time and in axial distance.
Ions moving along lines of force will " feel " the
oscillations of the transverse electric field at a
frequency which differs from the plasma rest frame

* Project Matterhorn, Princeton University, Princeton,
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frequency by the Doppler shift. Some ions will
" feel " the oscillations at their own cyclotron fre-
quency, and Lenard6 has pointed out that these
ions will absorb energy at a constant rate from the
electric fields. Dawson 6 has shown that the presence
of classes of such ions leads to the damping with
distance of propagated oscillations. In the excellent
paper of Gershman7 the effects of cyclotron damping
on ordinary and extraordinary hydromagnetic waves
have been computed.

The kinematic effects of cyclotron damping appear
in the off-diagonal components,

щтzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA <( wxwz )>Av and щт ( wywz )>AV,

of the stress tensor. The axial ion velocity  wz is a
constant of the motion through first order in these
transverse oscillations, and is a  zero- order  quantity.
The  off- diagonal  stress  tensor  terms  are  then  first
order  terms,  and must  be  included in  a  theory of
small- amplitude  oscillations.  Although  the  stress
tensor does not appear explicitly, it is the calculation
of  these  momentum  transport  quantities  which
occupies the first section of this paper.  A  dispersion
relation  is obtained at the end of this section.

Then  the  physical  effects  of  cyclotron damping
are  discussed  in  terms  of  phase  relations,  power
absorption  and damping rates.  The reduction of the
dispersion  relation  and  the  phase  relations  to the
undamped  results  previously  obtained  (Ref.  3)  is
shown  for  frequencies slightly  removed from  the  ion
cyclotron  frequency.

After  that  we calculate the energy  input  from an
inducing  coil  to  a  cylindrical  plasma.  The cir-
cumstances  include excitation of  the plasma  in the
immediate  neighborhood of  the  ion  cyclotron fre-
quency  and excitation  of  ion  cyclotron  waves and
hydromagnetic  waves.  Estimates are made for the
width  of  the  power  absorption  resonances, and
the power transferred to the plasma is compared to the
ohmic  losses  in the induction  coil.  For a plasma of
appreciable density, the power transfer is efficient only
in  the cases  of  wave  generation.  A plasma heating
scheme proposed in the  last section is to generate  ion
cyclotron  waves  at  a  long  wave- length,  in  order to
achieve  efficient  transfer  from  the rf  power source,
and  allow  the waves  to propagate through a region
of magnetic field which decreases with axial distance
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from the coil The wavelength of the ion cyclotron
waves becomes shorter and shorter, and finally local
cyclotron damping starts to occur In this local
region, the waves damp out and the wave energy is
converted into energy of effectively random transverse
ion motion

DISPERSION RELATION FOR CYCLOTRON

DAM PING

Small amplitude oscillations perpendicular to the
lines of force are considered for a fully ionized gas
immersed m an axial magnetic field Particle colli-
sions  are infrequent  and the temperature  of  the  gas
corresponding  to  ion  motions  perpendicular  to the
lines  of  force  is  assumed  to be zero  The temperature
of  ions  corresponding  to motions  parallel  to the lines
of force is taken to be  finite  We consider  oscillations
which  are periodic  m axial  distance  and m time, and
neglect  effects  of  resistivity  gravity  viscosity  and
electron  inertia

For  transverse  oscillations  the  velocity  of  an
individual  ion along  a  line  of  force  is  approximately
constant  We  divide  up the plasma  into  a  massless
electron  fluid  and into  constituent  streams  of  ions,
where  each  stream  is  populated  by  ions  with  the
same  zero- order  axial  velocity  We  solve  the equa-
tion  of motion  for each  constituent  stream  separately
in  terms  of  the  transverse  electric  field  along  a line of
force  Adding  the  streams  together  gives  a  charge
and  current  distribution  due to  the ion motions m
terms  of  the electric  field  Inserting  this  ion charge
and  current  distribution  into  Ohm's  Law and  Max-
well's  equations  yields  homogeneous  equations  m  the
transverse  electric  fields  The  solution  of  these
equations  determines  thezyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA x  and  y  dependence  of the
electric  fields  for  a  given  z  and  t  dependence, and
the  elimination  of the  electric field variables  from the
equation  yields  a  dispersion  relation  for  the  system

The  coefficients  in  the  dispersion  relation  are
integrals  over  the distribution  of  zero- order  parallel
ion  velocities  Following  a  suggestion  made  by
Ira  Bernstein

  8
  we  can  avoid  divergences  in  these

integrals  at  resonance  by  considering  an initial  value
problem  m  the ion motion

A  list  of  symbols  used  in  this  paper  is  given  in
Table  1, together  with  their  definitions  Dimension-
less  quantities  will be used  extensively

The  first- order  linearized  equation  for  the macro-
scopic motion of ions in one of the constituent streams is

ы
x (1)

We  assume  that the  first- order  electric  and magnetic

fields vary  as the real parts of ©(# , y)  exp  (ikz +  icot)
and  $&(x y)  exp  (tkz +   icot),  where  the components

of  © and  Я5 may be complex  A  consequence  of the

massless electron motion is that  (Јz is zero Using this
fact and Maxwell's equations,  Я5 m equation  (1)  can

be  expressed  m terms  of  ©# and  ©^
A  solution  to  (1) will  then  express  the  transverse

velocity  m terms  of  the transverse  electric  fields  We

choose  that  particular  solution  u
±
  which  fits  the

initial  values  ux  = щ  =  0  at  T  =   TQ  and sum u
±

over  all  the  constituent  streams,  to  obtain  v
±
  In

dimensionless  form,  we  have
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The  integrals  in  (3)  and  (4)  approach  long- time
asymptotic  values  For values  of  T  — T o^>  \KSQ\~1,
which  means  a  time  long  compared with  the  time it
takes  ions  with  the  rms  velocity  to  travel  an  axial
distance  equal  to  A/9, the  integrals  may be reason-
ably  approximated  by their  asymptotic  values

For  a Maxwelhan  distribution  of axial  ion  velocities
characterized  by  a  mean  axial  ion energy  of  kTlЎ2i

A± has the long-time asymptotic form

n

9  47Л
±  e- P±' (5)

where =   (1  ±

For  large  values  of  T  — T o  we  may approximate
D±  by  dropping  the  cosine  term  and  taking  the
principal  part  of  the  remaining  integral  For  a
Maxwelhan  distribution,  the  long- time  asymptotic
form  is  conveniently  given  by Ј)± —> I± — | A
graph of  KS0I± versus  p±  is shown m Fig. 1 Also
shown on the graph is  \xs0A±  I± reaches peak
values of O54|^so|"1 at  \p±

at ions to / ± are  I±

n)"1 for  U

1 0 Useful approxim-
-1 for  \p±\ > 1 and

Figure 1 Graphs of ̂ sol ± and |«|s0A
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Table 1

Integers and Operators
AzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA atomic weight
Z\  ionic atomic number
„  д  д  à
У Ђ*^T7+  еу - ^   +  ex

Re real part of

0  ЂXQX +  eyQy +  ezQz

Q±  exQx +  eyQy

Q  Q =  Re{Qe™Z + iQT}

Ђx,  ey, Ђz,  er, unit vectors

cgs­Gaussian  Units

first-order magnetic field
zero-order axial magnetic field strength
velocity of light
first-order electric field
electronic charge

3*k
I
/coü

m
Пе,  fli

n(wz)dwz

Гс

Ч
y, 6, z; x,y, z;
Ti
u

w
Я = | А |
СО

COci

sheet current density in " ideal coil "
axial wave- number, -ї 2я/ А
Boltzmann's  constant
over- all  length of induction coil
ion mass
number of electrons, ions per unit volume
number  of  ions  per unit  volume  with  wz  in
range dwz

radius of induction coil
radius of plasma boundary

t  cylindrical and Cartesian  coordinates;  time
ion  temperature in °K
first  order  macroscopic  velocity  for  a  single
constituent  stream
macroscopic plasma velocity
individual  ion velocity
axial  wave- length
angular  frequency
angular  ion cyclotron  frequency,  ZieB^mc

Dimensionless Units

В

E
F±

h,  / i,

J *
L
M, N
Pm
P±
Q.u,
R

Eq.  (3),  (5)

Eq. (4)
S
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- )'Ф
Кг

Eq. (6)
Eq. (21)
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m
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Fig. 1
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Eq. (14)
Eq. (22)
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Eq. (23)
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Eq. (20)
Eq. (9)

Eq. (18)
kc/ coci

il  - f-  y.wzc~ x

Eq. (8)
Eq. (23)

of Eq. (7)

We  look  now  at  particle  energies  rather  than
velocities.  Let m(u^  +  %

2
>/ 2  denote  the average

over  an oscillatory cycle of the  transverse energy of
an  ion  in  a  single  constituent  stream.  Summing
this  average  energy over all the constituent  streams,
we  obtain

( 6 )

where  F+  has the long- time  asymptotic  form  for a
Maxwellian  distribution,  F±  - > Fo +  (T — T0)A±Ў2.
Fo is the contribution to the sum from ions which do

not " feel " their ion cyclotron frequency, and repre-
sents the kinetic energy associated with the non-
resonant part of the forced ion oscillations. The second
term is the contribution to the sum from ions which
do " feel " their ion cyclotron frequency. The energy
associated with a single-constituent stream at exact
resonance increases as the square of the elapsed time.
However, because of the spread in axial velocities,
fewer and fewer streams remain in resonance as time
goes on, so that the total energy associated with all
the streams increases only linearly with time. Simi-
larly, the velocity u ± of a single-constituent stream
at exact resonance increases linearly with elapsed
time, but the summed velocity v ± asymptotically
approaches a constant magnitude.

The physical situation we wish to approximate in
a self-consistent manner is a plasma with steady-
state oscillations. A low but finite collision rate in
the plasma creates a quasi-equilibrium situation.
(There may be a heating of the plasma due to the
oscillations, which we can make arbitrarily slow by
reducing the amplitude of oscillation.) To help
understand this quasi-equilibrium, we consider, for
simplicity, those collisions which interchange the
axial velocities of the colliding ions but leave the
transverse velocities of each ion unchanged. Each
colliding ion will be removed from one constituent
stream and put into another. The transverse velocity
an ion carries with it from the first stream may be
different from the transverse velocity at that point
associated with the second stream. If so, this dif-
ference will be random. In particular, an ion moving
from a resonant stream to a non-resonant stream
will bring with it a large transverse velocity, almost
all of which will be random with respect to the
non-resonant stream. A large number of such tran-
sitions will increase the temperature of the trans-
verse motion of the non-resonant ions. Conversely,
an ion moving from a non-resonant stream to
a resonant stream will bring with it almost no
transverse velocity. It will then be accelerated
by the transverse electric fields from an initial state
of almost zero transverse velocity. A large number
of such transitions will cause energy to be absorbed
by the resonant ions from the electric fields in the
plasma. These two processes are the thermalization
and energy absorption mechanisms of cyclotron
damping.

With these processes as guides, we can construct a
simplified model of a quasi-equilibrium plasma to
which our ion orbit calulations would accurately
apply. We consider a plasma in which each ion
undergoes a catastrophe at a time r after its previous
catastrophe. Each catastrophe causes the ion's trans-
verse velocity to be reduced to zero. The macroscopic
velocity <V_L> for this plasma is obtained from (2)
by averaging over catastrophe times,

This average has the same asymptotic form for
large T that  v± has for large T — To. <V±> gives us
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the plasma ion current density, which is all we require.
Plasma electron current is obtained from Ohm's Law
(Eq.  5a, Ref. 3) which states that electrons move
freely along magnetic lines of force and with a velo-
city cE X ez across magnetic lines of force. In
Maxwell's equations (Eq.  6a­9a, Ref. 3) we can
neglect displacement current in both the plasma and
vacuum for the wave-lengths and frequencies of
interest to us. We obtain the differential equation
for the transverse electric field in the plasma

[V X (V X E)]JL = crJÉ + icTaE X e* (7)

where  ax == oc(iA+ —  iA_ — 1 + / + + 7_), and
(T2 == oc(iA+ +  iA_ +zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA О +  / +  — / __), and the long-
t ime  asymptotic expressions  are  to  be  used  forzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA  A±.

In  cylindrical coordinates, with no dependence on в,
and when аг  and a2  are independent  of  position, the r
and  в  components  of  Eq.  (7)  may  be  combined to
give  Bessel's  equation.  The  solution which  is  finite
at  the  origin

9
  is  Er~  Ёв~  J^vR),  where

-   сг
2 (8)

v  is  the  radial  wave- number.  By  going  to  the limit
of  large  radii,  Eq.  (8)  may  be  thought  of  as  the
dispersion  relation for  a  Cartesian coordinate system,
where  v  and  к  are  wave- numbers  in  the appropriate
Cartesian  directions.

PHASE RELATIONS AN D CYCLOTRON
DAM PING RATES

We  distinguish  four  regions,  determined  by  fre-
quency,  wavelength,  density,  and  temperature,

F our  parameters  are  particularly  important  in
characterizing  these regions,  \ x\ s0, p±,  y,  a n d

1 0  X2/ OL,
where

уzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA =
/  осЛ

±

mk2c2

- 2 . 03Х10
1 6 (10)

\K\S0  is  the  ratio  of  the  velocity  of  an ion of  energy
IT i  to  the  phase  velocity  of  the  oscillation,  and  is
small  in  cases  of  practical interest.  I t  may  be  eva-
luated  numerically  by  inspection  of  equation  (5).
p±  measures  the  proximity  of  the  oscillation  fre-
quency  to  the  ion  cyclotron  frequency,  у  large  or
small  will  determine  whether  or  not  the  electric
field  in  the  plasma  is  appreciably  affected  by  the
induced  field  due  to  plasma  currents.  x2/ oc  large or
small  was  the  principal  criterion  found  in  Ref.  (3)
separating  ion  cyclotron  waves  from hydromagnetic
waves.  In detail, the conditions in the four regions are :

Case  I :  \p+\  <  1 or  \p_\   <c  1,  \ x\ s0  <C  1,  X2/ OL  >  1

Case I I :  \p+\   >  1,  \p_\   >  1,  x2/ oc >  1,  O  fía  ± 1

Case I I I :  \p+\ > 1,  \p_ > 1,  X2\OL <C 1

Case IV:  \p+\ > 1, |/>_ > 1,  x2/oc <C 1. (11)

Using (2), the radial component of (7), and ap-
proximations based on (11 ), we obtain the approximate
dispersion relations and phase relations for each of
the four cases given in Tables 2 and 3. Some addi-
tional comments may be made on the separate cases.
References will be made to (11), Table 2 and Table 3
without specific mention.

Table 2. Approximate Dispersion Relations,  а
г
 and <r2 Case I

Dispersion relation

I I .  =

I I I .  Q.2 =

IV.  П
2
  =

7^1zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
  ± o

*
i

_ сг
2

a
_ ^ 2 _

ci

2(1 ± Q)

1  -  Ü2

ai l 3

1 -  П
2

The  ions  rotate  in  circular  orbits  with  the  same
sense  of  rotation  as  that  for  a  free  ion in  a magnetic
field.  The  ion  velocity  vector  is  thus  circularly
polarized.  An  electric  field  with  the  same  circular
polarization  and  phase  exists  in  the  plasma,  so  that
energy  is  being  put  into  the  ions.  Taking  the time
average  of  v*E,  and  using  the  phase  relations  of
Table  3  to obtain v  in terms of  E, we  obtain a power

Table 3. Phase Relations

where  the  oscillations  described  by  the  dispersion
relation  (8) may  be  rather  easily  characterized.  The
spectrum  also  contains other  regions, where the plas-
ma  behavior is not so easily characterized.  The kine-
matics  in  the  other  regions  can,  however,  also  be
obtained  from  the equations of  the preceding  section.
The  four  regions  are  labelled:

Case  I :  Neighborhood of ion cyclotron frequency

Case  I I :  Ion cyclotron waves

Case  I I I :  Torsional hydromagnetic waves

Case  IV :  Compressional hydromagnetic  waves.
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input for Cases I and I I which is the same as given
by (6), where the energy in each constituent stream
was summed over all the streams. The same power
input for Case I was also obtained by Kulsrud and
Lenard 6 through quite a different calculation.

F or Case I ,zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA EQ varies as 1г (constant xR), where the
absolute value of the constant lies between 1 and
V2. F or | и | Д 0 < 1 ,  Ee~R for  R  <  Ro, and is
equal to the EQ th at would exist in the region in the
absence of plasma due to the induction coil, iї0vacuum.
This  Ee cannot match the boundary condition for
a free oscillation (see Ref. 3), so the oscillations can
only be forced or driven.

For sufficiently low density or short wavelength,
y < l and  Er is very small compared to  Ee. The
total vector electric field in the plasma is approxi-
mately equal to  e0Ee

Yacuum.  Ee is in phase with  ve,
and in this circumstance cyclotron damping is a
strong effect. For  у  ^> 1, corresponding to higher
density or longer wavelength,  Er is approximately
equal in magnitude to  EQ. The physical explanation
for this set of circumstances was offered first by
Kulsrud. 6 The currents due to the radial ion
motion and the associated longitudinal electron
motion induce a fluctuating magnetic field and in
turn a radial electric field, Er. I t turns out that this
radial electric field is phased so that the resultant
Er and  Ee combination have principally a circular
polarization which is opposite to that of the ion mo -
tion,  vr  and  ve.  The  wrongly  polarized  electric
field  does  not  put  energy  into  the  ions.  There  is  a
small  electric  field  of  the  correct  polarization which
supplies  enough  energy  to  the  ions  to  overcome the
now  much  reduced  cyclotron  damping  effect.  I t
will  turn  out  that  at  appreciable  densities  this  in -
ductive  effect  greatly  reduces  the  efficiency  of  ion
cyclotron  heating in  the  Case  I region.

Cases  II,  III and IV

These  are possible  oscillatory modes of  the plasma*
The  simple  criterion,  \ф+\   ^> 1  and  |̂ >_| ^  1  is  suffi-
cient  to  reduce  the  formalism  in  this  paper  to  the
simpler  approach of  Ref.  (3), where  the  stress  tensor
was  neglected  in  the  equation of  motion.

In  Cases  I I I and  IV  and  in  the undamped form of
Case I I ,  the electric field in the plasma is in quadrature
with  the  ion  velocity.  No  energy  is  transferred  to
or  from  the plasma wave  in  the steady  state.  How-
ever, when these waves  are externally generated by an
induction  coil,  the  electric  field  due  to  the  coil  will
appear in the plasma in phase with the ion velocity and
in  quadrature  with  the  coil  current.  The  electric
field  due  to  plasma  currents  associated  with  the
generated  wave  will  be  in  quadrature with  the  ion
velocity  but  in  phase  with  the  coil  current.  This
field  is  the  " back  emf ".  Power  flows  from  the
coil  to  the  plasma  wave.

Of  particular interest  is  the  case  for  ion cyclotron
waves  which  are  slightly  damped by  a  small  amount
of  cyclotron  damping.  This  situation  occurs  for
values  oí  ft± such that  A± is small but not negligibly
small compared to | / ± | . (See Fig. 1.) In the

constituent stream derivation,  к  and Q were assumed
real.  The  dispersion  relation  is  satisfied  by  com-
plex  values  of  v.  Physically,  the  cyclotron damping
power  is  furnished  by  a  divergence  in  the  radial  (or
^- direction)  flow  of  energy.  Writing  v =   vQ +   ivx

where  v0  and  v1  are  real,  (v^ - 1
  is  the ^- direction

ї-folding distance for the damping of velocity and
field amplitudes. We are also interested in two
other cases.

When  О  and  v  are  real,  but  к  is  complex,  the
cyclotron  damping energy is  supplied by  a divergence
in  the  axial  flow  of  power.  Writing  к =  x0  +   ixlt

(%
1
)~

1
  is  the  axial  damping  distance  for  the  wave

amplitudes.  F inally,  when  v  and  к  are  real  but
О  =   ÇlQ 4- їQx is complex, the cyclotron damping
energy is supplied by the wave itself, causing it to
damp out with time at a rate  Clv

For slightly damped waves, the damping rate and
distances are linearly related to one another with
coefficients determined by the undamped waves.
Using such linearized perturbations of the dispersion
relation, we obtain the damping rate and reciprocal
damping distance for slightly damped ion cyclotron
waves,

±
aA±  (v* 4K4)

4v2x2

(12)

(13)

Equation (13), for the case  v = 0, has also been
obtained by Dawson.6

ENERGY INPUT TO A PLASMA FROM AN
INDUCTION COIL OF FINITE LENGTH

The relations given in the preceding sections apply
to steady-state oscillations in a cylinder of plasma
of infinite length. In practice, one has a plasma of
finite length and an induction coil considerably
shorter than the plasma. The true resonant modes
of such a plasma are periodic in the axial length.
However, we shall assume that wave energy which is
propagated axially away from the coil is thermalized
and absorbed without reflection. Assuming rapid
thermalization, the rate of temperature rise of a plasma
in a finite size reactor (e.g., stellarator or pyrotron)
may be found by dividing the net power input to the
plasma by the heat capacity of the plasma. For
practical cases, it is useful to have a ratio of power
inputs rather than an absolute level. We choose to
compare the power input to the plasma with the rf
power which is wasted, in a practical system, in ohmic
losses in the induction coil. This ohmic loss is the
principal source of inefficiency in a practical plasma
heating system. And in a diagnostic experiment,
power absorption by the plasma must be measured
above the background of this ohmic loss. For-
tunately, in both plasma heating and plasma diag-
nostic experiments, this power ratio is convenient
to measure.
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We call this power ratiozyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA  W, and break  W  up into
a product of three more ratios, such that  W  =   QVU.
We discuss these ratios in turn.

W

W  is the average rf power input to the plasma
divided by the average rf ohmic power loss in the
coil system. The coil system includes not only the
exciting coil, but also the connecting leads and
the resonating elements, such as capacitors.

Q is the figure of merit for the coil system. I t is
defined as the peak rf magnetic energy stored in
the coil system multiplied by the angular frequency,
со, and divided by the average rf ohmic power loss
in the coil system. Typical  Q values in the mega -
cycle  range  would  run  from  200  to  400.

A  practical  coil  system  stores  magnetic  energy  in
regions  other  than  inside  the  volume  normally  oc-
cupied  by  plasma.  To  allow  room  for  the  vacuum
chamber  wall  and  for  electrical  insulation,  the  radius
of  the  plasma  boundary  may  be  only  one  half  the
coil  radius.  Magnetic  energy  will  also  be  stored
outside the coil volume in the stray  inductances of the
resonating  elements and connecting leads.  We  there-
fore  introduce  a  storage  ratio,  V,  defined  under no-
plasma  conditions.  V  is  the  peak  rf  magnetic
energy  stored  in  an  " ideal  coil "  divided  by  the
peak  rf  magnetic  energy  stored  in  the  coil  system.
The  " ideal  coil "  is  defined  to  have  the  following
characteristics:  (a)  its  radius  is  the  same  as  the
radius  of  the  plasma  boundary,  (b) it  carries  a  sheet
current  proportional  to  cos  (kz +   cot),  (c)  it  has
zero  stray  inductance,  and  (d)  internal  to  the  ideal
coil,  the  electromagnetic  field  produced  by  the
sheet  current  of  the  ideal  coil  is  the  same  as  the
electromagnetic  field  produced  by  the  actual  coil
system.

If  the current distribution  in a physical  coil  system
is  best  approximated  by  standing  waves,  we  would
superimpose  two  running- wave  ideal  coils.  The
numerator  of  V  should  be  the  sum  of  the  magnetic
energies  for  both  ideal  coils.  For  a  practical
case,  we  consider  an  induction  coil  constructed  of
individual  sections  which  are  spaced  axially  every
half  wavelength  and  which  are  electrically  connected
in  series.  The  azimuthal  direction  of  current flow
alternates  from  section  to  section.  We  denote  by
Jiff  that  part  of  the  total  coil  system  inductance,
J>?cs,  which  is  associated  with  the  fundamental
(cos kz cos cot)  component  of  the  induction- coil
current.  If  each  section  contains  N   turns  spread
evenly  over a 1/Mth part of  a  wavelength,  we  obtain,
neglecting  end  effects,  the  end- to- end Jiff,

and  the  storage  ratio  is

F  = (15)

л  схzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA  Г

=   —  X  Ю-
9  MNkrc  sin (  ^

л  |  \М
X Г2,

coil

(14)

where  Jiff  and jЈ?cs are in henries, and /Coii is in cm.
Evaluating F in (14) for typical cases will reveal
the high penalty for short wavelengths and small
r0 to  rG ratios. In practice, values of  V may run
from 0.05 to 0.2.

U
The numerator of  U is the average power input

to the plasma for a given ideal-coil current. The
denominator of  U is the product of the angular fre-
quency,  со, and  the  peak  rf  magnetic  energy  stored
in  the ideal coil under a no- plasma  condition with  the
same  ideal- coil  current.

Long- coil Approximation

We  consider  now  an  induction coil  of  finite  length.
We  divide  the  plasma  into  three  sections:  to  the
left  of,  underneath, and  to  the  right  of  the  coil.  We
consider  the  plasma  section  underneath  the  coil  as
though  it  were  a  plasma  section  underneath  an  in-
duction  coil  of  infinite  length.  End  effects  are
neglected.

A  coil  of  finite  length  will  excite  a  band  of  wave-
lengths.  If  the band  is  too broad,  it  may  be  broken
into  groups  of  narrower  band- widths.  A  calculation
may  be  made  for  each  group,  and  the  results  super-
imposed.  In  treating  Case  I,  we  shall  assume  that
the  band  of  excited  wavelengths  lies  entirely  within
the  range  allowed  by  the  criteria  in  (11),  and  we
shall  neglect  the  change  of  plasma  kinematics  within
the  band.  In  Cases  I I , I I I  and  IV,  the  effect  of  the
wide  band- width  for  a  short  coil  will  appear  in  the
shape  and  amplitude  of  the  power  absorption  curve.

In  Case  I,  the power  absorption  calculation will be
based  on  the  cyclotron  damping  integrals  (4).  In
discussing  these  integrals,  it  was  mentioned  that
ions  would  reach  their  asymptotic  velocity  after
being  subjected  to  the  electric  fields  for  times  long
compared  with  the  time  it  would  take  an  ion  with
energy ÏTj/2 to travel the distance A/9. For these
integrals to apply to ions drifting through the coil
section, the coil length must be long compared to
A/9.

Case I

We consider the case  \K\R0 <C 1 so that  Ев  ^
Ев

УЖиит.  Underneath  the  induction coil,  the  power
input  per  unit  volume  may  be  obtained  from  (6).
We  use  the  phase  relation  in  Table  3  to  obtain
Ex  ±   iÊy in terms of  Ee

vacuum. To obtain the power
ratio  TJi, we integrate the power input per unit
volume over the plasma volume, and divide by the
reactive power stored magnetically in the ideal

ap-

(16)

coil. For  к
proximation. We
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Ј7i is a maximum for  y  = 1. At higher values of
y (higher density, longer wavelength), the plasma-
current inductive effect reduces the efficiency. The
shape and width of the resonance depend on the
magnitude of  y. We derive an improved version of
ErЎiEe in Table 3, Case I, usingzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA (Уг  =  o2  =  oc[iA +  - \ - I+),
and obtain by numerical calculation the following
half- power  frequencies.

=   1  ± 7.0 for
for

where

(17)

(18)

The  resonant peak  in  the  first  two  cases  occurs at
|Ј2| = 1. In the  у  =   1  case,  the  peak  occurs  at
|Í2| = 1 —8.0 77, and the calculated power absorption
at the peak is 2.6 times the absorption at |Q| = 1
(Eq. 16). For larger values of y, this peak moves into
the region of ion cyclotron waves. If one evaluates
p±, which measures when damping can occur (see
Fig. 1), at the resonant frequency for undamped ion
cvclotron waves, its numerical value turns out to be
approximately equal to y. For  у  <C 1  then, ion cyclo-
tron  waves  cannot  exist because they are overdamped.
у =  1 is  an intermediate  case.  For у  ^> 1,  cyclotron
damping  will  be  small,  and  there  is  a  weak  power
absorption  peak  at  |fi|  =   1 and  a  strong  peak  asso-
ciated  with  wave  generation.  The  calculation  of
power  absorption  at  the  strong  peak  is  done  in  the
following section.

Cases II,  III and IV

We  consider now  the cases  where we  have  a reso-
nance  of  the  total  plasma.  The  power  which  the
exciting  coil puts  into  the plasma  in  the coil section
is  propagated or radiated,  axially  out each end of the
section as a hydromagnetic or ion cyclotron resonance
wave.  (For Case  I I ,  a  small  amount  of  power  will
also go into cyclotron damping inside the coil section.)

We  expect  running waves  to  squirt  out  each end
of  the  coil,  and  to  run  axially  down  the  plasma  to
infinity  in  each  direction.  We  divide  the  plasma
into  three  axial  sections,  and  join  the  solutions  for
each  section  to  one  another  by  making  the  wave
amplitudes  continuous at  the  joint.  Further  details
of end effects  at the joints are not considered.  For a
left- moving  running wave,  for  instance,  we  assume
that  everywhere  to  the left  of  the left  end of  the ex-
citing  coil  the  wave  motion  is  a  natural  mode of
oscillation of the system, and that  the wave amplitude
is  constant.  To  the  right  of  the  right  end  of  the
exciting coil, the wave  amplitude for  this left  moving
wave  is  assumed  to  be  zero.  And  underneath  the
exciting  coil,  we  assume  that  the  plasma  behaves
as  though  it  were  underneath  an  exciting  coil  of
infinite length.

The  solution underneath  the  coil  must  satisfy  the
boundary  conditions at  the plasma- vacuum interface
R  =  Ro  and  at  the  induction  coil  radius  R =   Rc.
Without  loss  of  generality,  we  can  replace  the  in-
duction  coil  by  an  ideal  coil  at  R  =   Ro  carrying
a  current  j * =   eeRe\ j*  exp  (ixZ +   iЈlT)]. We use
the boundary conditions in Ref. (3), Eqs.  (4b)­(9b),
and expand  J^vR), where it occurs, in an infinite
series of J^VmR), where vm is the radial wave number
for the wth radial mode of oscillation of the free
cylindrical plasma. The various  vm are the various
solutions of Eq. (12), Ref. (3).

For each mode  m we choose particular solutions
Ee

m for the left moving wave which are zero at the
right end of the coil,  Z  =  Zo. We obtain, under-
neath the coil and for  R <  Ro,

È / W f r R ) _ cos{{x  _ Xm){z  _  Zo)}
V< —  Vn

where

and

+  i sin {(и  -   xm)  {Z  ~~  Z
o
)}]  (19)

2iЈLj*

Rї\ + (G2 -

G= -

-, (20)

(21)

xm is the axial wave-number for the mth radial mode
of free oscillation at the frequency  Q. Other am-
plitudes in the plasma beside  Ee may be obtained
from  Ee via the phase relations of Table 3.

The power input to the plasma from the ideal
coil is found by integrating over the surface of the
ideal coil the product of the coil current density
with the electric field due to plasma currents. The
average power going into the wth radial mode is

(22)

where

and Ј =  (и — xm)L/ 2,  and  where  we  use  the  real
term in 5(f ) to represent real power and the imaginary
term  to  represent reactive  power.  S( |)  approaches 1
as Ј -> 0 so that  Pm is real at resonance.

The power ratio  UwaYe is the ratio of the real part
of  Pm to the reactive power in an ideal coil. Eva-
luating this ratio at resonance,  v =  vm and  к —  xm,
we obtain

=  \ (2I1(xR0)K1(xR0)

(24)
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A useful approximation to (24) is the |^ |^0

limit. Then

xR0
2

r J •
(25)

The quantity  dv2/dx2 is obtained by differentiating
the relevant dispersion relation, (8) or Table 2.
In the low  xR0 limit,  vmR0 are the roots of  JoivmRo),
and are given approximately by  vmRa &  n{m — J)
for m > l . (Compare Ref. 3.) In this limit,
v2 ^> x2. It is frequently useful to drop the  x2joc ^> 1
criterion on ion cyclotron waves. For the undamped
waves, it is sufficient to require only that  v2 ^>  x2

and  v2Ўoc ^> Јi2 to obtain the approximate dispersion
relation

а/ и 2
] -

1
. (26)

Using  the  V2/OÙ ^> Q2 and  v2 ^> x2 approximation
for ion cyclotron waves, we obtain the  \x\  RO<^1
approximation to (24) for cases II, III, IV :

Un =

8/cou r0
2

яЛ»(т  - 1 )
4

їcoil И,

(27)

(28)

(29)

The  resonance  curve  of  plasma  load  versus  fre-
quency  is  given  by  (22).  Since  the  quantity  in
absolute  value  signs  in  Eq.  (22)  varies  only  slowly  in
the vicinity  of  a resonance, the shape  of  the resonance
curve is essentially  determined by S (f ), Eq.  (23).  One
may  substitute  for Ј, | = (L/2) (Q -zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA  пт)  {díl/dx)­1.
The half-power points occur at f = i 1.4.  dÛ/dx is
the group velocity of the wave, and may be deter-
mined from the dispersion relation. For our various
cases, we obtain the half-power frequencies

±-

їcoil

0.45A

їcoi]coil

±
1.8f0

2

їcoil A (m —  I)2

í]­1 Case II

Case III

Case IV. (30)

THERMALIZAT1ON OF PLASMA WAVES

We can list some of the processes which will act
to thermalize the energy of plasma wave motion and
which are amenable to calculation. In addition to
these known processes, there may occur in an actual
plasma a rapid thermalization of wave energy through
not yet understood processes similar to those observed
by Langmuir u and Gabor.12

In all three types of plasma waves, ion-electron
со lisions  will  transform  the  wave  energy  slowly  into
ohmic  heat.  A  faster  thermalization  will  take  place
in  hydromagnetic  compressional  waves  through  the
heating  processes  of  magnetic  pumping,

6
  which  will

act  on  both  ions  and  electrons.

An  interesting  situation  occurs  for  ion  cyclotron
waves  in  a  gas  containing  ions  with  different  charge
to  mass  ratios.  Only  the  resonant  ions  move  with
the  wave.  One might  consider  heating  a  deuterium-
tritium  mixture  in  this  manner.  Even  if  the  relative
average  velocities  of  deuterium  and  tritium  were
insufficient  for  nuclear  reaction  without  wave  ther -
malization,  the  ion- ion  collisions  will  cause  the  wave
to  be  thermalized  fairly  rapidly.

Cyclotron  damping  oners  a  possibility  for  therma-
lizing  ion  cyclotron waves  extremely  rapidly.  I t will
generally  be  highly  inefficient  to  put  power  into  a
plasma  of  appreciable  density  at  the  short  wave-
lengths required for strong cyclotron damping  (Case I ) .
At  longer  wavelengths,  however,  one  can  couple
energy  into  ion  cyclotron  waves,  and  the  power
transfer  can  be  extremely  efficient  (Case  I I ) .  For  a
plasma  confinement  device,  such  as  a  stellarator  or
a  pyrotron,  one  could  cause  the  steady- state  con-
fining  field  to  decrease  with  the  axial  distance  from
each  end  of  the  coil  section.  If  the  rate  of  change
with  distance  of  the  confining  field  is  sufficiently
small,  the  ion  cyclotron  waves  which  squirt  out  each
end  of  the  coil  section  will  change  in  an  adiabatic
fashion.  As  they  move  through  the  decreasing  Bo,
their  wavelength  will  gradually  decrease,  and  when
it  becomes  sufficiently  short,  cyclotron  damping
will  occur  locally.  The  ion  cyclotron  waves  will
damp  out  (Eq.  (13)),  and  the  wave  energy  will  be
transformed  into  energy  of  individual  ion  motions
which  are  still  perpendicular  to  the  lines  of  force,  but
with  effectively  random amplitudes  and phases.  One
might  say  that  the  actual  heating  of  the  plasma
occurs  in  this  region  of  cyclotron  damping.
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The  author  also  wishes  to  thank  D r.  J .  Neuf eld,
who  has  recently  brought  to  his  attention  the paper
of  G ershman.

7
  I t  may  be  noted  that  the  damping

rate  computed  from  the  dispersion  relation  (8)  in
the  present  paper  will  be  equal  to  Or1

  times  the
damping  rate  computed  from  the  dispersion  rela-
tion  (31)  in  G ershman's  work.  This  difference  has
its  origin  in  the  assumption  here  th at  the  tempe-
rature  of  transverse  ion  motion  was  zero,  while
G ershman  assumed  an  isotropic  distribution.
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