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Abstract 

Relativistic and non-relativistic plasma outflows are quite ubiquitous in 

astrophysical scenarios, as well as in laboratory plasmas. The propagation of 

relativistic and non- relativistic charged particle beams in background 

plasmas provides return currents in the opposite direction and interactions 

between the currents then drive several plasma instabilities involving the 

longitudinal (electrostatic instabilities) and trans- verse (electromagnetic 

instability) modes. Such instabilities have been accepted as possible 

mechanisms for generating spontaneous magnetic fields in extreme astro- 

physical environments, such as the gamma-ray bursts (GRBs), pulsar 

magnetosphere, active galactic nuclei (AGN), as well as in laboratory 

plasmas such as those in inertial confinement fusion schemes. 

In the present thesis, we have studied several aspects of waves and 

instabilities in both unmagnetized and magnetized plasmas. We have 

calculated the linear growth rates of the plasma instabilities that can occur in 

the presence of counter-propagating anisotropic plasmas (the Weibel 

instability/filamentation instability) in an unmagnetized plasma, due to the 

counter-streaming of electrons and positrons in uniform and nonuniform 

magnetoplasmas, and by a nonstationary ponderomotive force of an elec- 

tromagnetic wave in a warm plasma. 

Comprehensive analytical and numerical studies of plasma instabilities have 

been made to understand possible mechanisms for purely growing magnetic 

fields in the presence of mobile/immobile ions and (or) cold/mildly hot 

electron beams. The theory has been developed for a proper understanding 

of fast as well as slow phenomena in plasmas by using the kinetic, fluid and 

magnetohydrodynamic (MHD) approaches. Specific applications are 

presented, including inertial confinement fusion; Gamma- rays bursts 

(GRBs), and pulsar magnetosphere. 

We have also studied new and purely growing modes in quantum-plasmas, 

which happen to be a rapidly growing emerging subfield of plasma physics. 

We have investigated an oscillatory instability involving dust acoustic-like 

waves due to a relative drift between the ions and the charged dust particles 

in quantum dusty magneto-plasma. This study can be of importance in 

semiconductor plasmas or in astrophysical plasmas, such as those in the 

cores of white dwarfs. 

  



 

 

Sammanfattning  

Relativistiska och icke-relativistiska partikelflöden är vanliga inom 

astrofysikaliska scenarier lika väl som i laboratorieplasmor.  Utbredningen 

av relativistiska och icke-relativistiska laddade partikel-strålar i bakgrunds 

plasmat genererar strömmar i den motsatta riktningen, och växelverkan 

mellan dessa strömmar kan sedan driva olika sorters plasma instabiliteter, 

inklusive longitudinella (elektrostatiskt instabila) och transversella 

(elektromagnetiskt instabila) moder. Sådana instabiliteter har lagts fram 

som möjliga mekanismer för spontan generering av magnetfält i 

astrofysikaliska miljöer, såsom gammablixtar (GRB), pulsar magnetosfärer, 

aktiva galaxkärnor, lika väl som i laboratorie-plasmor, exempelvis i samband 

med tröghetsfusion.  

  

I denna avhandling har flera aspekter av vågor studerats, både i 

magnetiserade och omagnetiserade plasmor. Den linjära tillväxthastigheten 

har beräknats för mot-strömmande anisotropa plasmor (Weibel-

instanilitet/Filamentations instabilitet) i ett icke-magnetiserat plasma, p. g. 

a. driften mellan elektroner och positroner i homogena såväl som 

inhomogena plasmor, samt p. g. a den ponderomotiva kraften från en 

elektromagnetisk våg i ett varmt plasma. 

 

Omfattande analytiska och numeriska studier av plasma instabilitieter har 

gjorts för att förstå möjliga mekanismer för magnetfältsförstärkning i 

närvaro av rörliga/orörliga joner och/eller kalla/varma elektronstrålar. 

Teorin har utvecklats för att nå en djupare förståelse av snabba såväl som 

långsamma fenomen i plasmor genom användande av kinetiska modeller, 

vätskemodeller och magnetohydrodynamiska (MHD) modeller.   

   Specifika tillämpningar presenteras mot tröghetsfusion, gammablixtar and 

pulsar magnetosfärer. Tillväxten hos nya vågmoder i kvantplasmor studeras 

också, vilket är ett nytt snabbt växande delområde av plasmafysiken. 

Slutligen studeras en oscillerande instabilitet hos damm-akustiska vågor 

orsakad av en drift mellan joner och laddade damm-partiklar i ett 

kvantplasma.  Denna studie kan vara av betydelse för halvledar-plasmor och 

astrofysikaliska plasmor, exempelvis i de centrala delarna av en vit dvärg.  
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CHAPTER 1
Introduction

1.1 Motivation and background

Understanding the origin of magnetic fields in cosmic and laser produced plasmas

has been of great theoretical as well as experimental interest [1–3]. The generation of

seed magnetic fields in the early universe is a long-standing mystery in astrophysics.

A very weak magnetic field (typically of the order of one to thirty microgauss) in the

early universe has been of much interest to the scientific community. Our galaxy and

many other spiral galaxies are endowed with coherent magnetic fields ordered on

scales = 10 kpc with typical strength BG = 3 ⇥ 10�6 G [4, 5]. Furthermore, the cos-

mic magnetic field is strongly correlated with the large-scale structures (e.g. currents

filaments and sheets) of the Universe [6, 7]. The origin of cosmological, galactic and

large-scale extra-galactic magnetic fields is one of the main unresolved problems of

astrophysics and cosmology.

The existence of these magnetic field are relevant to the processes which took place

in the early universe. Because of the Universe’s high conductivity, two important

quantities are almost conserved during the evolution of the Universe: the magnetic

flux and the magnetic helicity. The magnetic field in ionized media is generated on

account of electrical currents or of rotational electric fields. The self-excitation of large

scale magnetic fields B in astrophysical bodies, such as the Sun, stars, galaxies, etc

[8, 9], is a challenging issue. The main problem of most particle physics mechanisms of

the origin of seed magnetic fields is how to produce them coherently on cosmological

(large) scales [10].

The production of large quasi-static magnetic fields has been observed in Laser-

produced plasma. In early experiments [11] it was observed that such magnetic fields

can exceed 100-200 kG in underdense plasma ne ' 0.2nc, where nc is the critical den-

sity. This experiment used a Nd-glass laser producing a short pulse less than 100 ps

aimed at a target larger than 100µm in diameter. For laser pulse lengths longer than 1

ns, one obtains a larger-scale toroidal magnetic field surrounding the laser spot. One

is then tempted to attribute these toroidal fields to the rn⇥rT mechanism [12]. The

Faraday rotation of a high frequency electromagnetic probe beam has been used to

1



2 1.1. MOTIVATION AND BACKGROUND

detect such magnetic fields [13].

The recent developments of ultra-intense laser beams (intensity of the order of

1021 � 1022 W/cm2) with durations shorter than 1 picosecond (ps), open new possi-

bilities to implement different mechanisms for magnetic field generation that can be

significant in inertial confinement fusion (ICF) experiments [14, 15]. In this approach, a

small spherical pellet containing micrograms of deuterium-tritium (DT) is compressed

by powerful laser beams. The enormous energy influx explodes the outer layer of the

target; the remaining portion of the target is then driven inward. As a result, a shock

wave forms which is hot and dense enough to ignite the DT fuel [16]. Two approaches

have been systematically investigated; direct drive and indirect drive. In the indirect

derive the laser energy is converted into x-rays by the interaction of the hohlraum

[17], to obtain a symmetric compression from a limited amount of laser beam lines,

whereas in the direct drive scheme a large number of beam lines is used to directly

obtain a symmetric compression directly from the laser light [18].

The fast ignition scheme (FIS) is a more recent and alternative approach for ICF.

The advantage of this scheme is that it is very efficient in terms of lower driver and

higher gain energy. It is also economically less expensive than conventional inertial

confinement fusion. The scheme of FI by an ultra-intense laser beam [19] is illustrated

in figure 1.1. In this scheme, a capsule of DT fuel is implanted on a gold cone. The

spherical pellet of DT is compressed having a density in the core of a target of the order

of 300g/cm3. Then, a very-short (⇠ 10ps) ultra-high-power (⇠ 70KJ, 4PW ) intense

laser beam is injected onto the gold cone. When this pulse interacts with the fuel, it

produces highly energetic (3.5MeV ) relativistic electrons. These electron beams trans-

port the energy to ignite the hot spot in the core of the pre-compressed target and heat

up the fuel to 100 million degrees centigrade, which is hot enough for thermonuclear

reactions [20, 21].

The propagation of a short laser pulse in an overdense plasma has been widely

examined [22]. It was found that high intensity laser pulses drive the electrons in the

forward direction. For such highly intense laser pulses, the electron quiver velocity

becomes relativistic and with its progress in the background plasma, a return elec-

tron current flows in the opposite direction to maintain the global charge neutrality.

This implies unstable modes of the two counterpropagating beams which produces

anisotropy in the plasma temperature and eventually leads to the Weibel instability

driven by anisotropic velocity distributions. The collisionless Weibel instability also

appears in the coronal region, typically for densities below 1024cm�3 [23]. The evo-

lution of the instability can be divided into two stages. In the linear stage, the fast

MeV-beam electrons move into the target; initially, the plasma electrons respond to
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Figure 1.1: The standard scheme of Fast Ignition (FI): (a) capsule of DT fuel with an imbed-
ded cone of gold is irradiated by many symmetrically arranged laser beams, (b) the material
converges around the tip of a gold cone. The density of the DT is now hundreds of times the
density of solid material, (c) An ultra intense laser is fired onto the gold cone. When the laser
beam interacts with the tip of the gold cone, a large number of energetic electrons are produced,
(d) The energetic electrons travel into the dense DT fuel and deposit their energy. This raises
the fuel to 100 million degrees centigrade, which is hot enough to initiate the fusion reactions.
(Courtesy of HiPER)

the instability and a return current is set up compensating the micro-currents carried

by the fast MeV-beam electrons. These currents induce the magnetic field that rein-

forces the initial disturbance. This instability generates electromagnetic fields, creating

current filaments and the magnetic field amplification. It is found that the instability

grows with Γ s !�1
pe0 in the linear stage [24]. Later the magnetic field decays rapidly

due to the fact that the electrons reach thermal equilibrium and the ions begin to re-

spond to the instability. As a result, the Weibel instability ceases at 100 !�1
pe0. The

Weibel instability breaks the flow of particles into tiny dissipated magnetic fields and

can be susceptible to the energy deposition in the core of the compressed fusion pellet.

At this stage, the linear instability enters into the nonlinear dissipative stage and the

gets filamented. Theoretically, it has been predicted that the magnetic field saturates

at Bsat ∝ Γ
2 [25] and reaches a quasi-steady linear level with no or very slow decay

on a time scale much longer than 100!�1
pe0. One of the obstacles in this scheme is to

deposit 10keV energy in a small region of radius 20 µm near the compressed target

core due to plasma instabilities. Both the analytical and numerical simulations reveal

that these instabilities can play an important role in stopping the hot electrons in the

core [26, 27]. One of the key issues in the FIS is the deposition of the beam energy in
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the plasma core, which is required to ignite fusion. Actually, spontaneously generated

magnetic fields by these plasma instabilities are an undesirable effect in FIS scenarios

[28]. Hence, in order to design the FI experiment, it is necessary to understand the

consequence of the instabilities. This will help to improve the FI design. Several ex-

periments have been conducted to inspect the role of the Weibel instability in different

scenarios [29, 30].

In many previous works, the linear and nonlinear stages of the Weibel instabil-

ity have been investigated theoretically and numerically by assuming immobile ions,

which form a neutralizing background, because their impact is visible on longer time

scales only. Thus, the role of ions is relatively unexplored yet, but necessary for the

treatment of realistic scenarios and the large time scales of the shock formation pro-

cess [31]. The question arises whether the inclusion of the ion dynamics still drives the

electromagnetic or the Weibel-type instability on the ion time scale after the electron

Weibel instability has saturated. At this stage, the electron temperature is quite high

but the evolution of ions is slow due to their inertia, and thus the ion temperature of

the ions Ti is still different from Te. With this in mind in paper VII, we investigated

the Weibel instability in a counter-propagating electron-ion plasma with the focus on

contribution due to a realistic mass ratio. Furthermore, in paper VI, we demonstrated

the role of purely growing electromagnetic instabilities driven by anisotropic protons

in the presence of cold and relativistically hot electrons in plasmas. Magnetic fields

can also be generated by the interaction of an intense laser pulse with a solid density

plasma target. The non-stationary ponderomotive force of a large-amplitude electro-

magnetic wave pushes the electrons in the propagation direction, thus generating a

temperature anisotropy and the magnetic fields, which have been investigated in pa-

per V.

The importance of large-scale magnetic fields has also been recognized in a num-

ber of astrophysical sources, such as the gamma-ray bursts [32] and relativistic jets

[33]. In fact, great efforts have been made to understand the cause of these magnetic

fields. But the source of these strong magnetic fields is still not understood and re-

mains a mysterious question. These seed magnetic fields are required for nonthermal

radiation and particle acceleration in astrophysics. Moreover, the plasma instabili-

ties are proposed as the first stage of suitable mechanism generating strong magnetic

fields. Such plasma instabilities are ubiquitous in astrophysical scenarios. In other

words, the natural occurrence of these plasma instabilities may generate strong mag-

netic fields, which are required for nonthermal radiation in GRBs. The dynamics of

relativistic outflows appears to be an important research field to study. The impor-

tance of collisionless plasma dynamics and plasma instabilities has been studied in
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connection with many outstanding problems in astrophysics [34]. One of the general

consensuses in the scientific community is that the plasma instabilities are plausible

mechanisms for the magnetic field generation in astrophysics, especially in Gamma-

Ray Bursts (GRBs). In this section, we will briefly introduce the phenomenon of GRBs

and then discuss the role of the electromagnetic beam-plasma instability (the Weibel

instability), which plays a role in GRBs.

The Gamma-ray bursts (GRBs) are intense flashes of gamma-radiation that can last

from milliseconds to several minutes (figure 1.2). The GRBs were first discovered in

1967 by the Vela satellites [35]. The GRBs are believed to be caused by very energetic

explosions, when a large amount of energy E ⇠ 1051 � 1053erg is released over a few

seconds in a small volume [36]. The GRBs are luminous electromagnetic events pro-

duced in so called fireballs. Such fireballs consist primarily of electron-positron pairs

together with a small amount of baryonic mass, M ⌧ E/c2. There seem to be two

kind of GRBs, long bursts that last longer than a few seconds typically T > 2s, and

short ones that last less than a few seconds, T < 2s. The emitted jets of high-energy

particles move with relativistic velocities of � ⇠ 102 � 103 (� is the Lorentz factor).

Most observed GRBs are believed to be narrow beams of intense radiation. The in-

teraction of these energetic particles with the ambient medium produces light at all

wavelengths from �-rays to radio waves and ultra-relativistic energy flows are con-

verted to radiation. It was found that the main radiation process involved in the GRBs

scenarios is synchrotron radiation [37, 38], which is determined by the magnetic field

strength. The detected radiation allows for the measurement of the magnetic field

strength, which can be compared with theoretical models and simulations. On large

scales, the interaction of particle jets with a pre-existing plasma can lead to the forma-

tion of shocks, where the magnetic field was observed to be amplified substantially

at the shock front. Often, an electromagnetic wave propagating ahead of the shock

is present, the so-called precursor. The large size of the shock provides enough time

for plasma instabilities to occur between the precursor and the surrounding medium.

Here, we do not provide a fully consistent theory of the shock model, but focus on the

precursor regime and the generation of plasma instabilities and the self-consistently

generated magnetic fields.

Several mechanisms have been proposed to explain the generation of seed mag-

netic fields in GRBs. But most of the mechanisms failed to explain the required equipar-

tition of magnetic fields generated in GRBs, since the magnetic fields turn out to be too

weak. Medvedev and Loeb [39] studied the equipartition of magnetic fields that in-

volve a relativistic two-stream (Weibel) instability in an astrophysical scenario. It was

noted that the Weibel instability plays a crucial role in generating relatively strong
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Figure 1.2: Cartoon of a fireball

magnetic fields. The mechanism can be described in the following way in connection

with GRBs; When the GRB explodes, it ejects out a dense relativistic jet which collides

with interstellar plasmas. Thus, a counter-streaming profile forms and the instability

can arise. In general, longitudinal and transverse instabilities occur simultaneously.

Theoretical studies have been made to understand and to explain the fastest growing

instability which can generate strong magnetic fields [40]. It is found that only purely

transverse electromagnetic instabilities can generate strong magnetic fields, which can

then scatter charged particles that emit the electromagnetic radiation. The result of

numerical simulations confirms the validity of the above mechanism in astrophysical

scenarios. Many 2D and 3D numerical simulations have been performed by collid-

ing two plasma shells [41, 42]. Simulation results show that these plasma instabilities

cause the rapid growth of the magnetic fields. When the latter are strong enough,

charged particles are trapped in the magnetic field. This magnetic field merges into

the filaments causing the magnetic energy to cascade from the initial skin depth scale

c/!pe to larger scales. Later, it is saturated at a time scale of the order 100 !�1
pe0, achiev-

ing a near equipartition field. The magnetic field energy density is then comparable

with the initial particle energy density. The ratio between the energy density in the

B-field and the initial kinetic energy density is of the order of 10�3 � 10�5 [43]. In

the case of a pure electron-positron plasma, computer simulations have conclusively

demonstrated that the generated magnetic field reaches sub-equipartition and grows

to about 10% of the initial kinetic energy density [44]. The obtained values of the

equipartition parameter 10�2 agree with the values inferred from GRB afterglows

[45]. It is concluded that this instability can be the main mechanism to generate the

sub-equipartition magnetic fields required to explain the afterglow emission of GRBs.



7 1.1. MOTIVATION AND BACKGROUND

Figure 1.3: Carton of a Pulsar: Credit: http://science.nasa.gov/science-news

Many exotic astrophysical environments, such as pulsars, are embedded in strong

magnetic fields (B⇠ 1012 � 1013 G) 1.3. In 1967, J. Bell and A. Hewish discovered the

emission of a highly stable train of radio pulses [46, 47]. Due to the stability of the

pulse period, Thomas Gold concluded that pulsars must be highly magnetized. Pul-

sars are rapidly rotating, strongly magnetized neutron stars that emit radio waves.

A huge potential difference is generated between different parts of a rotating magne-

tized neutron star, which causes a coherent process to produce the pair plasma in the

pulsar magnetosphere. In the polar-cap region, such outflows produce intense radi-

ation, as seen in the electromagnetic spectrum. A single-particle approach has been

introduced to describe possible radiation sources, but it fails to explain the highest

energy observed [48]. It is these bunched particles with �⌥ ⇠ 103 that would give

coherent radiation in the radio range. But the growth rate of the instability is too low

to account for the high level of observed radio emission.

In 1977 Cheng and Ruderman proposed a possible new mechanism where elec-

trons and positrons of the relativistic plasma, moving along the curved open field

lines of the rotating pulsar magnetosphere, would produce a net charge density and

a relative streaming between the electrons and positrons [49]. As a result of the rel-

ative streaming of the plasma particles, there would appear a two-stream instability

with a sufficient growth rate. This instability would be responsible for both plasma

wave excitation and a bunching of charged particles. The wave vectors of unstable

waves can form a wide range of angles relative to the flow velocity vector vk, as has

been discussed for electron-positron flows [50]. Electrostatic beam-plasma instabili-
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ties in the pulsar plasma are generally weaker than electromagnetic instabilities. The

energy stored in the bulk motion of the plasma then converts the plasma kinetic en-

ergy into the internal energy of the radiating electrons and magnetic fields. Hence, it

is important to know the description of mechanisms which helps to understand the

radio emission processes in pulsar magnetospheres, radio emission from relativistic

jets and relativistic expansion of strongly magnetized pair plasmas involved in the

gamma-ray burst models. There has been many works in this direction [51]. The

counter-streaming instability has been extensively investigated in the presence of a

weak external magnetic field. In paper I, we have investigated the generation of mag-

netic fluctuations by field-aligned flows in plasmas. Our results show a new range of

instabilities relevant to strongly flowing constant density plasmas.

Interesting results have, however, been found for the high-frequency radiation.

But very few pulsars radiating with sufficiently high intensity in that frequency region

have been observed. The low-frequency part of the spectrum can provide an expla-

nation for the high effective radio temperatures of the pulsars. The low frequencies

form in the inner magnetosphere, where the infinite magnetic field approximation is

appropriate. Furthermore, a new purely growing instability in a strongly magnetized

nonuniform pair plasma has been studied in paper II. The applications are relevant to

space and tokamak plasmas.

Understanding the origin of magnetic fields in white dwarf stars and in high en-

ergy density compressed plasmas created by intense laser beams is of fundamental

importance with regard to the transport of degenerate electrons in both astrophys-

ical and inertial confinement settings. To extend our studies, we have investigated

amplification of magnetic fields by polaritonic flows in quantum pair plasmas in pa-

per III. Further, we have investigated the low-frequency waves in a quantum dusty

magnetoplasma in paper VI. Such kind of plasmas are ubiquitous in compact astro-

physical bodies (e.g. the interiors of white dwarf stars, magnetars and supernovae),

as well as in micro- and nanoscale objects (e.g. nanowires, ultra-small semiconductor

devices), which have an very high electron number density. A quantum dusty plasma

consists of the electrons, ions and negatively/positively charged dust particles. Since

the electrons are the lightest particles compared to the ions and charged dust parti-

cles the quantum behavior of the electrons is reached faster. In our paper, we have

investigated the ion streaming instability in a quantum dusty magnetoplasma. This

instability can produce a quantum dust acoustic-like wave. The result may explain

the origin of the low-frequency electrostatic fluctuations in semiconductors quantum

wells.
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1.2 Outline of the Thesis

The aim of this doctoral thesis is to demonstrate the role of purely growing electromag-

netic instabilities as one of the possible mechanisms for generating magnetic fields in

uniform and nonuniform plasmas.

The thesis is organized in the following fashion. In Chapter 2, we briefly explain

the underlying physics and the plasma models that we use. After the basic descrip-

tion of plasmas, we begin with a short introduction of waves in plasmas. Chapter 3

provides a comprehensive study of fundamental plasma wave instabilities. The ap-

proaches of several plasma wave instabilities have been provided, pointing out some

of the relevant mechanism, which are of great importance for generating seed mag-

netic fields in plasmas. In particular, instabilities have been studied within the frame-

work of the linear approximation.

Comprehensive and substantial concepts of waves and instabilities in plasmas are

described in many textbooks. The reader is referred to e.g. Nicholson (1983), Chen

(1984), Lectures notes of I. H. Hutchinson(2001). Finally, In Chapter 5 we summarize

the novel results of the papers that have been published during the course of my

doctoral thesis work. The study of linear plasma wave instabilities in collisionless,

homogeneous, unmagnetized electron-proton plasmas with temperature anisotropies

has been performed and discussed in Papers I-VII.



CHAPTER 2
Properties of plasmas

In this chapter, we describe the basic concepts, fundamental properties and criteria of

plasmas. Three different approaches are briefly elaborated, in order to describe the

dynamics of plasmas in electromagnetic fields.

2.1 Basics of plasma physics

Plasmas, often known as the fourth state of matter, are collections of charged particles,

which exhibit quasi-neutrality and collective interactions. The term quasi-neutrality

implies that the electron and ion number densities are approximately equal, viz. ne0 =

ni0. The concept of collective behavior implies the existence of long range electro-

magnetic forces (EMF) arising due to interactions between an ensemble of charged

particles in plasmas. At a microscopic level, corresponding to distances shorter than

the Debye radius (to be defined below), the plasma particles do not exhibit collective

behavior, but instead react individually to a disturbance, for example, an electric field.

The orbit of a charged particle is controlled by the electric and magnetic fields in

plasmas. However, particle motion in given fields typically gives raise to a charge

imbalance. The typical length beyond which the quasi-neutrality condition can exist

is represented by the Debye radius (�D). The potential drops exponentially with dis-

tance to any test charge particle, see fig. 2.2. This phenomena is known as the Debye

shielding or the screening effect in plasmas [52]. A plasma is a conductor of electricity,

and a volume with dimensions greater than the Debye radius would exhibit electri-

cally neutral behavior.

Let us suppose that a positive test charge qt is placed inside the plasma at r = 0.

The test charge attracts all the negative charge and repels the positive charge. The

charge density of the electron will increase near the test charge, while the ion number

density will decrease. Hence, it will modify the charge density distribution around a

test charge. The electric potential � around a test particle is determined from Poisson’s

equation

r2�(r) =
e

✏0
[ne(r)� ni(r)]�

qt
✏0
�(r� v0t), (2.1)

10
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Figure 2.1: Comparison of the Debye and Coulomb potentials.

where e is the magnitude of the electron charge, ✏0 the permittivity of the free space,

ne, ni are the electron and ion number densities, respectively, �(r� v0) the Dirac delta

function, and v0 a constant velocity of a test charge if it moves. For a stationary test

charge, we can set v0 to zero.

Now let us consider the case where a stationary test ion charge is shielded by

electrons which follow the Boltzmann law, namely,

ne = ne0 exp

✓

e�

kBTe

◆

, (2.2)

where ne0 is the equilibrium electron number density, kB the Boltzmann constant, and

Te the electron temperature. Far from origin, we have e�/kBTe ⌧ 1. Thus, the Fourier

transformation of Poisson’s equation yields

�(r) =
qt

8⇡3✏0

Z

dk
exp(ik · r)

k2D
, (2.3)

where we have denoted D = 1 + 1/k2�2
De, with the electron Debye radius given by

�De =

✓

✏0kBTe

ne0e2

◆1/2

. (2.4)

The potential distribution around a test stationary ion is then the shielded Coulomb

potential

�(r) =
qt

4⇡✏0r
exp(�r/�De). (2.5)

The potential distribution around a positive test charge is also known as the Debye-
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Hückel or the Yukawa potential.

2.2 Criteria for the plasma state

The Coulomb field of a test particle is screened over a distance of the order of �De. We

stress the following points for the plasma state:

• For a length L much smaller than �De, the plasma should exhibit quasi neutral

behavior, i.e. the net charge density is zero.

• The number of particles in a Debye sphere is ND = (4⇡/3)ne0�
3
De � 1. This

condition makes sure that the collisional influence is not too large in the plasma,

and that the dynamics is dominated by collective forces. In case this condition

is not fulfilled, one speaks of ”strongly coupled plasmas”, which behave quite

differently from normal plasmas.

2.3 Physical regimes for classical and quantum plasmas

Plasma physics has vast applications in low-temperature laboratory plasmas (gas dis-

charges), in high energy density plasmas, e.g. for instance Inertial Confinement Fusion

(ICF) schemes, in Magnetic Confinement Fusion (MCF) schemes, in magneto-inertial

fusion schemes, in our solar system (viz. geospace plasmas, heliospheric plasmas),

in planetary systems, and in astrophysical environments (e.g. interstellar medium,

the cores of white dwarf stars, magnetars, neutron stars, etc.), and in MHD energy

conversion. The plasma fusion efforts will provide a cost effective, limitless and envi-

ronmentally friendly alternative energy, because the method would not produce un-

wanted waste fusion products, and in most cases would expose insignificant hazards

to mankind. Plasmas are also used for medical treatments and also for improving

lamination, printing, and adhesion.

Classical plasma physics is mainly focused on regimes of high temperatures and

low densities. Over many years, new emerging subfields of plasma physics have been

growing rapidly, such as strongly coupled dusty and quantum plasmas, ultra-cold

neutral plasmas, and intense laser-plasma/solid density plasma interactions. In the

next section, we will briefly characterize certain physical parameters for quantum-

dusty plasmas and their applications, which have been an interest in our research. In

paper 6, we have investigated a new purely growing ion streaming instability in a

quantum-dusty plasma.
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Figure 2.2: Plasma diagram in the log T - log n0 plane, separating the quantum and classical
regimes. METAL: electrons in a metal; IONO: ionospheric plasma; TOK: plasma in the typical
tokamak experiments for nuclear fusion; ICF: inertial confinement fusion; SPACE: interstellar
plasma; DWARF: white dwarf star.

2.4 Basic parameters for quantum plasmas

The quantum effects in plasmas become important when the de Broglie length �Be

is similar to the Thomas-Fermi radius �Fe = VFe/!pe. The characteristic de Broglie

length in a dense plasma with degenerate electrons is given by �Be = ~/meVFe, where

VFe = (2kBTFe/me)
1/2 = (3⇡ne0)

1/3
~/me is the Fermi electron speed, kBTFe = EFe

is the Fermi electron energy, and ~ the Plank constant divided by 2⇡. Naturally, the

quantum effects play an important role whenever the plasma temperature Te is greater

than TFe, whereas a classical plasma description is typically adequate in the opposite

limit. The coupling parameter in quantum plasmas reads

ΓQ =

✓

~!pe

EFe

◆2

=

✓

1

ne0�
3
Fe

◆2/3

, (2.6)

which describes the ratio between the plasmonic energy associated with the electron

plasma oscillations and the Fermi electron energy. The characteristic de Broglie length

can be expressed in terms of the quantum coupling parameter as �Be =
p

ΓQ�Fe. For

ne0�
3
Be � 1, the quantum effects become important, representing that �Be is equal to or

greater than the average inter-electron distance d = n
1/3
e0 . However, when �Be ! �De,

the quantum coupling parameter tends to the classical coupling parameter, i.e ΓQ !
ΓC . In the classical regime, ~ ! 0, and the electrons can be considered point-like and

no quantum interference effect shows up. Thus, classical and quantum regimes occur

in different physical environments [53].
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2.5 Quantum dusty plasmas

A quantum dusty plasma consists of degenerate electrons, non-degenerate ions and

negatively/positively charged dust particles [54]. Naturally, the electrons are the

lightest particles compared to the ions and dust particles, and therefore the quan-

tum degeneracy of electrons is rather important in dense quantum plasmas. Since the

ions and dust particles are relatively massive, one can neglect the quantum effects for

ions and dust grains. The latter are ubiquitous in the universe, such as in the inter-

stellar medium, in interplanetary space, in molecular clouds, in cometary tails, and in

planetary rings etc. About twenty years ago, the existence of the dust-acoustic-wave

(DAW) was theoretically predicted in a multi component electron-ion-dust plasma by

Rao, Shukla and Yu [55] . In such a wave, the restoring force comes from the pres-

sures of the inertialess electrons and ions, whereas the dust mass provides the inertia

to maintain the wave.

A new dust mode, whose frequency strongly depends on the dust charge and

the dust number density, has been reported [56] in an unmagnetized quantum dusty

plasma. The dispersion properties of several electrostatic and electromagnetic waves

[57] are studied including the quantum statistical pressure and quantum electron tun-

neling or quantum recoil effects.

2.6 Theoretical descriptions of plasmas

A plasma is a collection of many charged particles, which can be described microscop-

ically or macroscopically. In order to describe the dynamics of the plasma particles in

the presence of electromagnetic fields in plasmas, one uses some simplified mathemat-

ical methods. Depending on the problem, one uses three different models to describe

the state of plasmas:

• A single particle approach

• The kinetic theory

• The fluid description

A single particle approach provides a microscopic view of the plasma, where the mo-

tion of a single charged particle in the presence of electric and magnetic fields is con-

sidered. The single particle approach can be quite cumbersome when one deals with

large number of particles. Even more importantly, the self-consistent fields generated

by the plasma currents and charges cannot be dealt with in a dynamical situation us-

ing this approach. In such a case, the plasma dynamics can be described by means of

a statistical approach using the kinetic theory. For some applications, it is easier to use
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Figure 2.3: Gyromotion of the electrons and ions in a constant magnetic field

the fluid description instead of kinetic theory, since the seven independent variables

in the latter theory can make both analytical and numerical calculations very challeng-

ing. In the next section, we will briefly describe the three different approaches to treat

the plasma particle dynamics under the electromagnetic forces.

2.6.1 Single particle motion

Let us consider the motion of a single charged particle in a homogeneous static mag-

netic field without the electric field. The equation of motion of a charged particle is

given by

dvj

dt
=

qj
mj

vj ⇥B, (2.7)

which reveals a circular orbit of a charged particle with the angular gyrofrequency

!c =
qjB

mj
, (2.8)

where the magnetic field B = ẑB is along the z-axis in a Cartesian coordinate system.

We note that !c depends on the charge and mass of the plasma particles. The ions

would gyrate in the left-handed sense and the electrons in the right-handed sense (see,

Fig. 2.3). Since the ions (in case of protons) are 1836 times heavier than the electrons,

the ions would gyrate much more slower than the electrons. In this case, the particles

would gyrate in a circular orbit across the external magnetic field with a constant

velocity. The gyroradius is given by

rL =
v?
!c

, (2.9)

where the velocity v? =
q

v2x + v2y is perpendicular to the external magnetic field. If
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(a)

(b)

(c)

Figure 2.4: (a)Particle drifts in the crossed electric and magnetic fields (b) Particle drifts due
to a magnetic field gradient (c) Curvature drift along curved field lines.

we next consider a constant electric field E, in addition to the magnetic field, we will

find that the gyrating motion is combined with a drift of the guiding center, given by

v =
E⇥B

B2
, (2.10)

which is perpendicular to both E and B fields, and is independent of the charge and

mass of the plasma particles. This is called the E⇥B drift. Note that the above result

breaks down in case the magnetic field is small such that the E ⇥ B-drift becomes

relativistic. In general, the responses of charged particles with different configurations

of the electric and magnetic fields results in different drifts of charged particles, for

instance, the polarization drift, the curvature drift, the Grad-B drift etc., see Fig. 2.4.

A necessary condition for describing the particle motion is that the inhomogeneity

scale length of the fields is much longer that the Larmor radius, and also that the field

changes slowly in time compared to the gyroperiod.

As is well-known, the quantum effects could be included by replacing the Newton

equation of motion with the single particle Schrödinger equation in given fields. In

physical terms, this will lead to the dispersive spread of an initially well localized

wave packet. However, the evolution of the expectation value of the position and

momentum is still given correctly by the classical equation of motions, as is ensured

by the Ehrenfests theorem. We will return to the effect of quantum particle dispersion

when studying the fluid equation of motion in section 2.6.3.

Computing the motion of all plasma particles in plasmas is quite tedious, and not

possible in practice. However, one often uses statistical approaches of the plasma

dynamics since they are quite useful for many applications. Hence, we need another

tool to define the plasma dynamics statistically. The Kinetic theory will be discussed
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in the next section for the statistical approach of plasmas.

2.6.2 Kinetic Model

In an equilibrium plasma, the trajectory of an individual particle is quite complicated.

Instead of providing a detailed description of the plasma particles, it is rather simple

to provide the average description of a large number of plasma particles due to their

collective behavior in plasmas. It can be achieved by using a kinetic theory where a

single distribution function fj(r,v, t) can be used to define the dynamics of all identi-

cal particles. The distribution function is defined by the number of particles per cm3

at position r = xî+yĵ+ zk̂ and time t, with velocity v = vxî+vy ĵ+vzk̂ in a small vol-

ume dV of six-dimensional phase space. The number density of the plasma particles

is therefore

n(r, t) =

Z

fj(r,v, t)d
3v. (2.11)

The time evolution of the distribution function in a collisionless plasma is determined

by the Vlasov equation, which follows from the conservation of phase space density

along the particle trajectory. The Vlasov equation reads

@fj
@t

+ vj ·rfj + qj (E+ vj ⇥B) ·rpfj = 0, (2.12)

where qj , vj and fj are the charge, perturbed velocity, and normalized distribution

function associated with the jth component of the plasma species. For the case of non-

relativistic velocities, the momentum derivative in Eq. (2.12) can be replaced by rp =

(1/m)rv. In relativistic regime Eq. (2.12) must be used as it stands, and we should

consider the distribution function to be a function of momentum i.e f = f(r,p, t). In

this case, Eq. (2.11) is replaced by n(r, t) =
R

f(r,p, t)d3p, and the velocity in (2.12)

as well as (2.18) is expressed as v = p/�m, where m is the invariant mass and � =
p

1 + p2/m2c2.

The electric and magnetic fields in plasmas can be determined by using Maxwell’s

equations. We can also use Ampére’s law (when the displacement current in the

Maxwell equation is neglected) and Faraday’s laws in order to compute the electric

and magnetic fields in plasmas. The Maxwell equation is

r⇥B = µ0J+ µ0✏0
@E

@t
, (2.13)

and Faraday’s law reads

r⇥E = �@B

@t
. (2.14)
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The Poisson equation is

r ·E =
⇢

✏0
. (2.15)

The condition

r ·B = 0. (2.16)

is required in general.

In the non-relativistic kinetic theory, the charge and current densities in plasmas

are given by

⇢ =
X

j

qjnj =
X

j

qj

Z

fjd
3v, (2.17)

and

J =
X

j

qjnjVj ⌘
X

j

qj

Z

fjvd
3v. (2.18)

The kinetic theory provides detailed information about plasma species, but math-

ematically it can be hard to solve in many cases. In many applications, where the

plasma is considered as two interpenetrating charged fluids, as the electron and ion

fluids, the discrete particle aspect of the plasma can be neglected and the plasma can

be treated as a macroscopic fluid, i.e. only the macroscopic parameters (e.g. the den-

sity, the fluid velocity, the pressure) are relevant. In the case of a single fluid descrip-

tion, the main physical quantities are referred to as the mean mass velocity and then

summed over all species to characterize the entire fluid. The advantage of the fluid

model is that it is composed of the evolution equations for a set of physical quantities

in time, and three spatial dimensions. But the disadvantage in using the fluid model is

that it does not provide information regarding the wave-particle interactions, such as

Landau damping. Nevertheless, it does provide a sufficient description of the charged

particles, such as the density, the fluid velocity, the temperature and is useful for de-

scribing transport properties of charged particles explicitly, depending on the relative

motions of various plasma constituents. In the multi-fluid theory, the ions and elec-

trons are described separately. In the next section, we present the equations that are

suitable for the fluid approach to treat the plasma wave dynamics.

2.6.3 The fluid model

The first standard assumption in the non-relativistic fluid approach is that free parti-

cles cannot be destroyed nor created. This applies if we can neglect re-combination

and ionization effects. Such an assumption results in the continuity equation, which

can be derived from the zeroth velocity moment of the Vlasov equation, and is
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@nj

@t
+r · (njvj) = 0. (2.19)

Next, we note that the plasma fluid will experience pressure and electromagnetic

forces. Here, we can obtain an appropriate evolution equation from the Vlasov equa-

tion, by multiplying it with mv and integrating over velocity space. We then obtain

the non-relativistic momentum equation

mjnj [
@vj

@t
+ (vj ·r)nj)vj ] = qjnj( ~E + ~vj ⇥ ~B)�r ·Pj , (2.20)

where ~E + ~vj ⇥ ~B is the electromagnetic force and Pj =
R

mvvfjd
3v is the pressure

tensor. Here, we have neglected collisions between the plasma species. Next, an equa-

tion for the pressure tensor must be supplied. Here it is common to make rather crude

assumptions, and replace the divergence of a pressure tensor with the gradient of a

scalar pressure. It is then also standard to consider an ideal gas law with P = kBnT ,

and let the temperature be described by an adiabatic equation of state with T propor-

tional to nγ , where � is the ratio of specific heats. For low-frequency wave phenomena,

such that the particles have time to thermalize, it is also common to assume an isother-

mal equation of state with a constant temperature. The Poisson-Maxwell equations are

finally used to close the continuity and momentum equations.

The collisionless fluid equations are valid if the electron-ion collision frequency

is much smaller than the electron plasma frequency. Such a situation is common in

plasmas in the Earth’s magnetosphere, in pulsar magnetospheres, in solar and astro-

physical plasmas, etc. The dynamics of heavy ions is important for the low-frequency

wave phenomena in plasmas. In magnetized plasmas, one often uses the magnetohy-

drodynamic (MHD) description of the plasma, which is presented in the next section.

In this thesis, I will be concerned with the non-relativistic quantum hydrodynamic

equations that are composed of the continuity equation, the electron momentum equa-

tion including the quantum statistical pressure and the quantum recoil force associ-

ated with overlapping electron wave functions and electron tunneling through the

Bohm potential. Then Eq.(2.20) must be improved. The electron pressure in our Fermi

plasma is

PFe = nekBTFe (2.21)

where TFe = (3⇡ne)
2/3

~
2/2mekB is the Fermi temperature.

Another basic quantum effect is the dispersive properties of degenerate electrons.

This can be incorporated within a fluid model by making a so called Madelung trans-
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formation of the Schrödinger equation [58] in which case the quantum equation of

motion is transformed into fluid like variables. This leads to the appearance of an ef-

fective quantum force added to the right hand side of (2.20), often referred to as the

Bohm-de Broglie term, describing the quantum particle dispersive effects. The effec-

tive quantum recoil force on electrons reads

FQ =
~
2

2me
rr2(

p
ne)p

ne
. (2.22)

Another, slightly more rigorous way to obtain the quantum fluid equations, is to start

from the quantum kinetic theory. In particular, the hydrodynamical equations for elec-

trostatic disturbances in an unmagnetized quantum plasma have also been derived by

using the Wigner-Poisson (Hartree) model [59],

@f

@t
+ v

@f

@x
+

iem

2⇡~

Z Z

d�dv0eim(v�v0)�⇥


�

✓

x+
�~

2

◆

� �

✓

x� �~

2

◆�

f(x, v0, t) = 0,

(2.23)
@2�

@x2
=

e

✏0

✓Z

fdv � n0

◆

, (2.24)

where f(x,v,t) is the Wigner distribution function �(x, t) the electrostatic potential, e

and m are the magnitude of the charge and mass of the electrons, respectively. Like-

wise, as in the classical approach, we integrate Eq. (2.23) over velocity space in order

to derive the continuity and momentum equations.

To summarize, the non-relativistic equation of motion in quantum plasmas reads

✓

@

@t
+ v ·r

◆

v =
q

m
(E+ u⇥B)� ~

2(3⇡)2/3

2m2n
rn5/3 +

~
2

2m2
r
✓r2pnp

n

◆

. (2.25)

Furthermore, the continuity equation and Maxwell’s equation remain unchanged. A

detailed derivation of the fluid model for a quantum magnetoplasma can be found in

Ref. [60]. In that derivation, the electron spin effects have not been included. However,

in the case of an ambient magnetic field, the electron-one-half spin dynamics can be

important, which has been intensively studied in Refs. [61, 62], where the propagation

of spin-dependent soliton structures in pair plasmas have also been considered.

2.6.4 The MHD model

In the magnetohydrodynamic (MHD) description of the plasma, the latter is consid-

ered as a single charged fluid in which the plasma particles (viz, electrons and ions)

move with the same velocity. The MHD plasma model assumes that the electron gy-

rofrequency !ce = eB0/me is much larger than 2⇡/T , where T is the characteristic
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time-scale of the low-frequency phenomena that one studies.

The advantage of using the single fluid MHD equations, instead of the multi-fluid

model, is the simplicity introduced by reducing the number of variables and removing

the fast dynamical time-scales. This simplification might be necessary when compli-

cated nonlinear and/or inhomogeneous systems are studied.

Now, let us define the mass density, the mass flow velocity, the current density,

and the total pressure for a single plasma fluid. We have

⇢ ⌘
X

j

mjnj = mene +mini ⌘ n(me +mi) ⇡ nmi, (2.26)

V =
(nemeve + nimivi)

⇢j
⌘ mivi +meve

mi +me
⇡ vi, (2.27)

j =
X

j

qjnjvj ⇡ n(qeve + qivi) ⇡ ne(vi � ve), (2.28)

and

P = Pe + Pi ⇡ nkB(Te + Ti), (2.29)

under the quasi neutrality approximation ne = ni = n, which is valid for low-frequency

phenomena in plasmas in which the ion plasma frequency is much larger than the ion

gyrofrequency. The temperature Tj is assumed constant.

The single MHD equations in the presence of electric and magnetic fields consist

of the mass conservation

@⇢

@t
+r · (⇢V) = 0, (2.30)

and the momentum equation

⇢

✓

@

@t
+V ·r

◆

V = j⇥B�rP. (2.31)

In the MHD description, one also uses Ohm’s law

E+V ⇥B = ⌘j, (2.32)

where ⌘ = me⌫ei/ne
2 is the resistivity, and ⌫ei the electron-ion collision frequency.

Furthermore, to close the system we need Faraday’s law

@B

@t
= �r⇥E, (2.33)
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and Ampére’s law

r⇥B = µ0j, (2.34)

which is valid for electromagnetic perturbations with the phase speed much smaller

than the speed of light in vacuum. This also corresponds to the neglecting the dis-

placement current in the Maxwell equation. The effect of the charge separation is

neglected, since the whole plasma is moving as a single fluid. The j ⇥B force can be

obtained by using Eq. (2.34), yielding

j⇥B =
�rB2

2µ0
+

(B ·r)B

µ0
, (2.35)

where B2/2µ0 and (B · r)B/µ0 represent the magnetic pressure and the magnetic

tension force, respectively.

In a collisionless MHD plasma, there is no diffusion of the magnetic fields in the

plasma, and the magnetic lines of force are just frozen into the plasma. However, in

the presence of electron-ion collisions (or turbulent collisions) there appears a finite

plasma resistivity which, in combination with sheared magnetic fields, produce tear-

ing mode instabilities via which the magnetic energy is converted into plasma kinetic

energy. This phenomena is referred to as magnetic field reconnection. It is relevant for

understanding the origin of changes in magnetic field topology (e.g. magnetic islands)

and charged particle acceleration in both space and laboratory plasmas [63].

Finally, in non-ideal MHD plasmas, one has to account for the Hall term due to the

appearance of the j ⇥ B term in the generalized Ohm’s law. Here, the phenomena

would appear on the ion skin depth (c/!pi) scale. The Hall-term becomes import

and whenever the characteristic scale-lengths are shortened (to approach the ion skin-

depth scale), or the frequency is increased (to approach the ion gyrofrequency).

The quantum analog of the classical magnetohydrodynamic equations has been

derived by Haas [64], by considering a quantum electron-ion plasma in a strong mag-

netic field where the degenerate electrons are coupled to the non-degenerate ions

through EM forces. The quantum MHD equations are

@⇢

@t
+r · (⇢V) = 0, (2.36)

✓

@

@t
+V ·r

◆

V =
1

⇢
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⇢
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◆

(2.37)

Here P̃ is one fluid pressure, defined as
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P̃ = P I+
memineni

⇢m
(ve � vi)⌦ (ve � vi) (2.38)

where P = Pe + Pi and I is an identity matrix. As usual, an equation of state for the

pressure that closes the quantum fluid equations cannot be derived from first princi-

ples. Instead a bit of phenomenological modeling is needed. In case the Fermi electron

temperature is smaller than the average electron temperature, it is common to consider

the degenerate electrons as an isothermal fluid, in which case we have

memi

⇢ e2
DJ

Dt
� mirP̃e

⇢ e
= E+V ⇥B� mi

⇢ e
j⇥B� ⇢~2

2 eme
r
✓r2p⇢

p
⇢

◆

� 1

�
j, (2.39)

where D/Dt = (@/@t) + ve · r, J = j � neV, ve = V � (1/enµ0)r ⇥ [B], � =

⇢ e2/(memi⌫ei) is the longitudinal electrical conductivity. By neglecting slowly vary-

ing and small pressures, one can retrieve the complete set of generalized quantum

version of the MHD equations

@⇢

@t
+r · (⇢V) = 0, (2.40)
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rP̃ = C2
s r⇢, (2.42)

r⇥E = �@B

@t
, (2.43)
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(2.45)

where the linear and nonlinear electron inertial forces have been neglected, We have

here denoted Cs = (kBTFe/mi)
1/2, ⌘ = ��1 the plasma resistivity, and J⇥B the Hall

term.

The ideal quantum MHD equations for a collisionless quantum magnetoplasma

are composed of Eq. (2.40), together with

⇢

✓
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◆
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, (2.46)
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and
@B

@t
= r⇥ (V ⇥B), (2.47)

2.7 Conclusion

To summarize this chapter, we began with a brief and intuitive description of basic

plasma physics and its limitations. Furthermore, we have provided a brief introduc-

tion of quantum plasmas. A comprehensive study of plasma dynamics in electromag-

netic fields has been described by analyzing three different approaches for classical

and quantum plasmas. These introductory descriptions have been reviewed from dif-

ferent books [64–66]. Both electrostatic and electromagnetic waves are very impor-

tant in plasma physics, since they provide the understanding of many different eigen-

modes at multi-scales in plasmas. The modes of wave propagation can be identified

from the appropriate dispersion relations. In the next chapter, we will characterize the

propagation of linear waves in plasmas.



CHAPTER 3
Waves in plasmas

The collective behavior of plasmas allows for a large number of different wave modes.

The free charges make the plasma electrically conductive, so that it strongly responds

to electromagnetic fields. Wave phenomena are ubiquitous in plasmas in which both

electrostatic and electromagnetic waves of different frequencies can propagate. For

most purposes it is sufficient to describe linear wave phenomena in homogenous plas-

mas by computing the dispersion relation, where the frequency !(k) is associated with

the wavenumber k. The phase and group velocities of these waves are defined as

vph =
!(k)

k
k̂ , (3.1)

and

vg =
@!

@k
. (3.2)

The phase velocity is directed parallel to k and gives the direction and speed of the

propagation of the wave front or phase �(x, t) = k ·r�!(k)t , while the group velocity

can point a direction different from the phase velocity which gives the direction of the

flow of energy and information contained in the wave.

An introduction to linear wave phenomena in unmagnetized and magnetized plas-

mas is now presented in the following sections, where the basic concepts for the vari-

ous types of waves and their dispersion relations are briefly examined.

3.1 Waves in an unmagnetized plasma

A plasma is a complex fluid that supports many plasma wave modes obeying Maxwell’s

equations. The latter dictate how the electric field E and the magnetic field B are re-

lated to each other. We have

r⇥E = �@B

@t
, (3.3)

and

r⇥B = µ0j+
1

c2
@E

@t
. (3.4)
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By using Eqs. (3.3) and (3.4), the wave equation for a homogeneous plasma can be

written as

r⇥r⇥E = �µ0
@j

@t
� 1

c2
@2E

@t
. (3.5)

The current density j is created by the motion of the plasma particles, and reads

j = ⇢σvσ =
X

σ=e,i

nσeσvσ. (3.6)

The momentum equation is then used to solve for the fluid velocity vσ

mσnσ

✓

@

@t
+ vσ ·r

◆

vσ = nσqσ(E+ vσ ⇥B). (3.7)

Here for simplicity, we have invoked the cold plasma approximation, it is valid for

perturbations with phase velocities much larger than the thermal speeds. We have

also neglected collisions between the electrons and ions, as well as any quantum ef-

fects. For finite amplitude perturbations, the plasma system is a nonlinear medium. It

is rather difficult to calculate exact solutions for nonlinear systems. In order to in-

vestigate the behavior of normal plasma modes, we generally resort first to small

amplitude (linear) perturbations and neglect higher order nonlinear terms (e.g. the

nonlinear flux njvj , the nonlinear advection (vσ · r)vσ, the nonlinear Lorentz force

vσ⇥B, etc.) The linear equations are then Fourier transformed in both space and time.

Effectively this is equivalent to making a plane wave ansatz, i.e to assuming that per-

turbations vary as exp(ik ·r�i!t), thus reducing the differential equations to algebraic

equations according to the substitution of @/@t ! �i! and r ! ik. Accordingly, from

Eqs. (3.5) and (3.7) we have the wave equation

� k(k ·E) + k2E =
!2

c2
E� µ0

✓

Σσ
nσe

2
σ

mσ

◆

E. (3.8)

In plasmas, both electrostatic and electromagnetic waves propagate with oscillating

electric and magnetic fields. In the next section, we will examine a few of these waves

and the approximations needed to find their dispersion relations.

3.1.1 Electrostatic electron plasma (ESEP) waves in an unmagnetized plasma

The ESEP waves are longitudinal waves, which imply r ⇥ E = 0. Substituting this

condition in Eq. (3.8) we have

!2

c2
E = µ0

✓

Σσ
nσe

2
σ

mσ

◆

E, (3.9)
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Figure 3.1: Physical mechanism of electron plasma oscillations: displaced electrons oscillate
around fixed ions. (After F. F. Chen, 1974 ).

which yields

!2 =
1

✏0

✓

Σσ
nσe

2
σ

mσ

◆

=
X

σ=e,i

!2
pσ (3.10)

where ! = (!2
pe + !2

pi)
1/2, which is approximately equal to !pe, since the ion plasma

frequency !pi is 43 times smaller than the electron plasma frequency for a hydrogen

plasma with singly charged ions. The physics of this important oscillation is as fol-

lows; If the quasi-neutrality condition is disturbed by some external force, an electric

field will be set up due to the charge separation. This electric field will provide a

restoring force on the electrons pulling them back to their initial position and hence

the electrons will overshoot forth and back around the ions. As a result, a harmonic

oscillation appears at the frequency ! that matches the electron plasma frequency

!pe =

s

nee2

✏0me
= 5.64⇥ 104n1/2

e (rad/sec). (3.11)

The electron plasma wave frequency does not depend on the propagation wave vector

k. Therefore, the group velocity of the electron plasma oscillation is Vg = @!/@k = 0.

Hence, the electrostatic disturbance would not propagate, see Fig. 3.1. This particular

kind of plasma wave is referred to as the electron plasma oscillation, carrying only
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electron density fluctuations.

In order for the propagating electron plasma oscillations to exist (i.e a non-zero

group velocity), we must include the pressure gradient -rpe in the right-hand side of

Eq. (3.7). The effect of a non-zero electron temperature allows the propagation of the

dispersive Langmuir wave, which then obeys the dispersion relation

!2 = !2
pe +

3

2
k2V 2

Te, (3.12)

where VTe = (2kBTe/me)
1/2 is the electron thermal speed, where the factor 3 comes

from the assumption of an adiabatic equation of state for the electrons.

We note that Eq. 3.12 has been derived from the wave equation that results from

the combination of the linearized electron continuity and electron momentum equa-

tions in which the electron inertial force, the electric force and pressure gradient are

retained on equal footings, and Poisson’s equation with immobile ions.

In the low-frequency (in comparison with the electron plasma frequency), low-

phase velocity (in comparison with the electron thermal speed) electrostatic ion-acoustic

waves, inertialess electrons follow the Boltzmann density distribution, ne = n0 exp(e�

/kBTe) that results from the balance between the electric force neer� and the pres-

sure gradient (�kBTerne), while inertial ions are subjected to the electric force �er�

and the pressure gradient, �3kBTirni, with the ions obeying an adiabatic equation of

state. The frequency of the ion-acoustic wave can be obtained from the combination

of the Fourier transformed Poisson’s equation with the electron density perturbation

ne1 ⇡ n0e�/kBTe and an expression for the ion density perturbation ni1 that is de-

duced from the combination of the ion continuity and ion momentum equations. We

then have the dispersion relation for the dispersive ion-acoustic wave

!2 = 3k2V 2
T i +

k2c2s
(1 + k2�2

De)
, (3.13)

where VT i = (kBTi/mi)
1/2 and cs = (kBTe/mi)

1/2 are the ion thermal and ion/acoustic

speeds, respectively. Equation (3.12) reveals that the dispersion of the ion acoustic

wave comes from ne1 6= ni1, so that one must consider Poisson’s equation for wave-

lengths comparable to the the electron Debye radius.

The electric field vectors of both Langmuir and ion-acoustic waves are parallel

to the propagation wave vectors. The dispersion relation for the Langmuir and ion-

acoustic waves are displayed in Fig 3.2.
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Figure 3.2: Dispersion curves of the Langmuir and ion-acoustic waves.

3.1.2 Electromagnetic (EM) waves in an unmagnetized plasma

The electric and magnetic field vectors of the transverse electromagnetic wave in an

unmagnetized plasma are orthogonal to each other and to the direction of the wave

propagation. Hence, EM waves satisfy the condition r · E = 0, revealing that there is

no density perturbation associated with the wave. The frequency of the EM wave is

deduced from the dispersion relation

!2 = k2c2 + !2
pe, (3.14)

which follows from Eq. (3.8).

The group velocity of the EM wave is Vg = @!/@k = c2k/!. One observes from

(3.14) that for ! < !pe the EM waves have imaginary k, implying that an electromag-

netic wave incident onto an overdense plasma will be exponentially damped in the

plasma, where the damping length is the of the order of the electron skin depth. In

other words, the linear propagation of the EM wave in an unmagnetized plasma is

allowed only when ne > nc, where nc is the critical density associated with the wave

frequency !, see Fig. 3.3.
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Figure 3.3: Fig. (a) transverse mode; the direction of k relative to the oscillating electric field
E. Fig. (b) presents dispersion curves for EM waves in an unmagnetized plasma. The dashed
line is the vacuum dispersion relation ! = kc.

3.2 Waves in magnetized plasma

In this section, we consider a magnetized plasma with a uniform magnetic field ẑB0.

Specifically, we present the low-frequency hydromagnetic waves by using the MHD

theory. For the MHD theory to apply we first note that

�

�

�

�

@

@t

�

�

�

�

⌧ !ci =
eB

mi
, (3.15)

which exhibits the slow wave phenomena in plasma. Furthermore, in the ideal MHD

theory, we suppose that ni = ne = n, and neglect the electron inertial force. We now

express

v = v0 + v1 ⌘ v1, (3.16)

B = B0 +B1, | B1 |⌧| B0 |, (3.17)

⇢ = ⇢0 + ⇢1, ⇢1 ⌧ ⇢0, (3.18)

and

p = p0 + p1, p1 ⌧ p0, (3.19)

where the subscripts ”0” and ”1” represent the unperturbed and perturbed quanti-

ties, respectively. The equilibrium is assumed to be uniform with ⇢0 = constant, B0

= constant, and p0 = constant. Hence, the linearized ion momentum equation can be

written as

⇢0
@v1

@t
=

(r⇥B1)⇥B0ẑ

µ0
� V 2

s r⇢1, (3.20)
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Figure 3.4: Geometry of the wave propagation in a magnetized plasma.

where Vs = [kB(Te+Ti)/mi]
1/2 is the effective ion-sound speed, and we have assumed

an isothermal equation of state for both electrons and ions.

The linearized continuity equation is

@⇢1

@t
+ ⇢0r · v1 = 0. (3.21)

The linearized momentum and continuity equations are closed by using the linearized

Faraday’s law

@B1

@t
= r⇥ (v1 ⇥B0ẑ) . (3.22)

Supposing that v1, ⇢1 and B1 are proportional to exp(ik · r � i!t), we can Fourier

transform Eqs. (3.20)-(3.22) by letting the operators @/@t ! �i! and r ! ik. Without

loss of generality, we consider k = kxx̂ + kz ẑ with an arbitrary angle against B0, see

fig 3.4. Hence, we have

!
⇢1

⇢0
= k · v1, (3.23)

!v1 = �B0(k⇥B1)⇥ ẑ

(µ0⇢0)
+

V 2
s

⇢0
k⇢1, (3.24)

and

!B1 = �B0k⇥ (v1 ⇥ ẑ). (3.25)

By using Eqs. (3.21) and (3.23) one can eliminate ⇢1 and B1 from Eq. (3.22), obtain-

ing

0

B

B

@

�!2 + k2c2A + k2xV
2
s 0 kxkzV

2
s

0 �!2 + k2zc
2
A 0

kxkzV
2
s 0 !2 + k2zV

2
s

1

C

C

A

0

B

B

@

vx

vy

vz

1

C

C

A

= 0 (3.26)

A non-trivial solution of Eq. (3.26) requires that the determinant of the matrix is
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Figure 3.5: Phase velocities of the three MHD waves in the x-z plane. Courtesy to Richard
Fitzpatrick

zero, yielding the dispersion relation

(!2 � k2zc
2
A)[!

4 � !2k2(c2A + V 2
s ) + k2zk

2c2AV
2
S ] = 0, (3.27)

where cA = B0/(µ0⇢0)
1/2 is the Alfvén speed. The dispersion relation (3.27) exhibits

the shear Alfvén waves, given by ! = ±kzcA, as well as the fast and slow magne-

tosonic waves, given by !2 = (Ω2
m/2) ± (1/2

q

Ω2
m � 4k2zk

2C2
AV

2
s , are decoupled (e.g.,

fig. 3.5). Here, we have denoted Ω
2
m = k2(c2A + V 2

s ). The plus (minus) sign refers to

the fast (slow) magnetosonic mode.

3.3 Summary

There are a great variety of possible plasma waves in magnetoplasmas that can be

easily studied, depending on the direction of the wave vector and the polarization

of the EM waves with respect to the background electric and magnetic fields. Ex-

amples in a uniform magnetoplasma include the high-frequency ordinary (the elec-

tric field vector polarized along the external magnetic field direction) and extraordi-

nary (elliptically polarized waves accompanying finite density perturbations) electro-

magnetic waves, circularly polarized electromagnetic electron-cyclotron and electron

whistlers that propagate obliquely to the external magnetic field direction, fast and

slow magneto-sonic waves that are coupled with the low-frequency ion-cyclotron-

Alfvén waves, inertial and kinetic Alfvén waves, and many other electrostatic eigen-
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modes (e.g. the high-frequency electron Bernstein modes, propagating upper-hybrid

waves, low-frequency lower-hybrid and electrostatic ion cyclotron waves, obliquely

propagating dispersive ion-acoustic waves, etc.

Various types of waves are useful for heating plasmas and for diagnostics pur-

poses. The free energy accessible to excite instabilities exists in a variety of forms, as

for example found in laboratory and space plasmas. Common instabilities that lead

to the excitation of numerous wave modes in plasmas include the cross-field current,

lower- hybrid- drift, drift kink/sausage, current driven Alfvénic, Kelvin-Helmholtz,

tearing, and entropy anti-diffusion instabilities. The free energy sources associated

with the deviation from the thermodynamics equilibrium distribution functions could

also excite waves. In the present thesis, our main objective is to provide detailed stud-

ies of the plasma wave instabilities and the plasma magnetization that occur in dif-

ferent physical environments. In chapter 4, we first critically examine and evaluate

several mechanisms that are responsible for the generation of seed magnetic fields in

plasmas.



CHAPTER 4
Mechanisms for the plasma magnetization

This chapter is mainly a phenomenological description of different mechanisms for

generating magnetic fields in plasmas. The plasma magnetization is attributed to

sources that foster motion of the background plasma electrons against the ions. Fur-

thermore, the currents are driven by electric fields, and thus the interplay between

electric fields, electron currents and magnetic fields must be understood in a self-

consistent framework.

4.1 Motivation

During the last few decades, the generation of magnetic fields has been studied in

different areas of physics, such as in cosmic environments (e.g. supernova remnants,

gamma-ray bursts), and in laser produced plasmas. Thus, magnetic fields are found to

be important in every scale hierarchy of various plasma systems. The usual question

posed is: How can an initially magnetic-field free plasma give rise to a non-zero ”seed

magnetic field”? The answer to this question rests on identifying suitable mechanisms

that are responsible for creating the electron current je and the electric field E that

are required for generating the seed magnetic field B. Neglecting the displacement

current in Maxwell’s equations, we have

r⇥B ⇡ µ0J ⌘ �µ0e(neve � nivi), (4.1)

and
@B

@t
= �r⇥E, (4.2)

where the electron and ion fluid velocities, ve and vi, in turn, are controlled by the

electromagnetic fields E and B, as well as by the forces involving the gradients of

the plasma and electromagnetic wave intensity. Thus, the key issue is how to tear

apart the electrons and ions, so that there will be electric fields and currents due to the

motion of the electrons against the ions.

It has been shown that the seed magnetic fields in plasmas can be generated by sev-

eral mechanisms, e. g. due to non-parallel electron density and temperature gradients

34
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(rne⇥rTe) (known as the Biermann battery [67]), by electron temperature anisotropy

(known as the Weibel instability [68]), by counterstreaming charged particle beams

(known as the current- filamentation instability [69]), due to the inverse Faraday ef-

fect [70, 71], and by the ponderomotive forces of intense laser beams [72–74]. These

mechanisms describe how the motion of electrons generates the space charge electric

field and currents that are sources for the seed magnetic fields in plasmas. We will

discuss in more detail each of these mechanisms for the magnetic field generation in

the following subsections.

4.2 The rne ⇥rTe (The Biermann battery)

About sixty years ago, Schlütter and Biermann [75] demonstrated in the context of

rotating magnetized stars that, in a non-relativistic plasma without equilibrium elec-

tron flow, the presence of an electron temperature gradient that is not parallel to the

density gradient will give rise to a pressure force �rPe, where the electron pressure

is Pe = kBneTe, that will swiftly move the lighter electrons against the heavy ions so

that there are both a space charge electron field and electron currents. Neglecting the

linear and nonlinear inertia of the electron fluid, the electric field is determined from

the non-relativistic electron momentum equation

0 = �e (E+ ve ⇥B)� kBTerne

ne
� kBnerTe

ne
, (4.3)

which shows how the electromagnetic forces and the electron pressure gradient bal-

ance each other in plasmas.

Now, by using Eq. (4.3) we can eliminate E from (4.2), obtaining

@B

@t
= r⇥ (vi ⇥B) +

1

µ0ene
r⇥ [B⇥ (r⇥B)] +

kB
ene

(rTe ⇥rne), (4.4)

where we have assumed ni = ne. It follows from Eq. (4.4) that the baroclinic vec-

tor (the third term in the right- hand side of (4.4)) is non-zero when the equilibrium

electron temperature and density gradients are non-parallel. This baroclinic vector is

responsible for the seed magnetic fields. The first and second terms in the right-hand

side of (4.4) are associated with the ion flow and the j ⇥ B force, respectively. They

become important in the long term evolution of the magnetic fields that are spon-

taneously generated by the non-parallel electron temperature and density gradients.

Thus, this mechanism generates a dc magnetic field when there is an angle between

the equilibrium density and temperature gradients in plasmas.

In the context of laser-produced plasmas, the baroclinically induced magnetic fields
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Figure 4.1: Schematic representation of toroidal dc magnetic fields produced by the rne⇥rTe

mechanism (after Ref. [67] ).

were investigated by Stamper et al. [13]. The simplest description of this mechanism

is as follows:

For a target irradiated with one finite-sized laser beam, this process is most likely to

occur in the outer regions of the laser spot, as shown in Fig. 4.1. The density gradient

points into the solid-density target face, whereas near the edge of the laser spot the

temperature gradient points radially inward toward the axis of the laser beam. The

magnetic field is toroidal in shape, has a scale size comparable to the spot radius,

and falls to zero at the axis of the laser beam. Since the intensity distribution of the

laser beam is usually rather flat near the middle of the focal spot, radial temperature

gradients are thought to be small there. Thus, one expects low magnetic fields at the

center of the focal region. The order of magnitude of the magnetic field over a time

∆t is roughly �t(me/e)(V
2
Te/LnTT ) sin ✓, where VTe = (kBTe/me)

1/2 is the electron

thermal speed, Ln and LT are the scale lengths of the density and electron temperature

gradients, respectively, and ✓ is the angle between the direction of the density and

temperature inhomogeneities.

To estimate the steady-state size of the magnetic field Bs, one could balance the

baroclinic driver and the curl of the u ⇥B, where u =< vi > is the outward average

ion fluid velocity, obtained from Eq. (4.4)

Bs '
✓

meL

e

◆✓

V 2
Te

csLnLT

◆

, (4.5)

where L is the scale size of the variation of the u ⇥ B flow, |u| ⇠ cs, and cs is the ion

sound speed. The angular factors due to the various cross products in Eq. (4.4) are
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assumed to be of order unity.

For a 1-KeV hydrogen plasma with the electron temperature and density gradient

scale lengths of order 20 µm, one would obtain a magnetic field strength of the order

' 4 MG at place where the density and temperature gradients were at large angles

relative to each other. Recently, huge magnetic fields (of the order of 340 MG) have

been measured in the high-density region of plasmas produced during intense laser-

matter interactions, near the critical density surface [76].

In cosmological context, non-parallel density and temperature gradients can arise

in a number of ways. For example, cosmic ionization fronts are produced when the

first ultraviolet photon sources, like star bursting galaxies and quasars, are turned on

to ionize the intergalactic medium (IGM); here the temperature gradient is normal

to the front. However, a component of the density gradient can arise in a different

direction, if the ionization front is sweeping across arbitrarily laid down density fluc-

tuations, which will later collapse to form galaxies and clusters. Such density fluc-

tuations, will in general, have no correlation to the source of the ionizing photons,

resulting in a thermally generated electric field which has a curl, and magnetic fields

correlated on galactic scales can grow. After compression during galaxy formation,

they turn out to have a strength of a few micro-Gauss [77].

Numerical examples for the cosmic plasma parameters [78] reveal that at the temporal-

spatial scales of cosmic plasmas, one cannot come up with the seed magnetic fields,

deduced from either (4.5), that are of the order of 30 - 100 µG in the Early Universe or

in our galaxy [1, 79]. Thus, the mechanism associated with the traditional baroclinic

vector or its extension is, unfortunately, not capable of providing a satisfactory an-

swer to the origin of the seed magnetic fields in cosmic plasmas, since it can only act

on scales smaller than the galactic scale. Hence, the efficiency of the turbulent galactic

dynamo is still being debated.

4.3 The Weibel instability

The Weibel instability [68] is considered to be the most important example of a purely

growing electromagnetic mode in an unmagnetized plasma with electron tempera-

ture anisotropy. In his classic paper, Weibel found that an anisotropic plasma having a

directional dependence of the temperature is unstable against a magnetic field pertur-

bation. Transverse modes are amplified in a collisionless plasma even in the absence of

an external magnetic field. The free energy stored in electron temperature anisotropy

produces a purely growing magnetic field. The dispersion relation in an unmagne-

tized plasma has been derived by using a closed set of linearized Vlasov-Maxwell
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equations, viz. Eqs. (2.12)-(2.14). We have

!2 � k2c2 �
Z 1

0

Z 1

�1

✓

@f0
@v0

� v0k

(! + kvz)

@f0
@vz

◆

v20 dv0 dvz = 0, (4.6)

where ! is the angular frequency of the electromagnetic mode, and the wave vector k

is parallel to the z-direction, and f0(v) = F (v0, vz) is an anisotropic distribution func-

tions for the electrons with v20 = v2x + v2y . Specifically, we have chosen a bi-Maxwellian

electron distribution function (an electron temperature anisotropy (u0/uz)
2 � 1 > 0)

of the form

f0 =
n0

v20uz(2⇡)
3/2

exp

✓

� v20
2u20

� v2z
2u2z

◆

, (4.7)

where u0 and uz are the unperturbed thermal velocities corresponding to v0 and vz ,

respectively. In the limit !/kuz � 1, Eq.( 4.6) reads

!4 � (!2 + k2c2)!2 � k2u20!
2
pe = 0. (4.8)

The solution of Eq. 4.8 is

! = ±

✓

1

2
[(!2

pe + k2c2)± ((!2
pe + k2c2)2 + 4k2u0!

2
pe)

1/2]

◆1/2

. (4.9)

The negative imaginary solution of Eq. (4.9) shows the growth rate of self-excited

magnetic fields. Using kuz/! ⌧ 1 and u0 � uz we can simplify the expression for the

growth rate Γ, obtaining

Γ = Im(!) =
ku0!pe

(!2
pe + k2c2)1/2

, (4.10)

which is valid only for kuz/! ⌧ 1. The latter implies that u0 � uz . Hence, a large

electron temperature anisotropy is required for instability.

The physical picture of the Weibel instability in the presence of counterstreaming

electron beams in plasmas was interpreted by Fried [80]. To understand the phys-

ical mechanism of the Weibel instability, Fried studied the anisotropy for electrons

and assumed immobile ions in an electron-ion plasma. Due to their anisotropic tem-

peratures, the electrons are moving with the thermal velocity v = ±ax̂ along the

x�direction (see Fig. 4.2). The anisotropic electron distribution function is given by

f0(v) = �(v2x � a2)�(vy)�(vz). (4.11)

Now, let us assume some initial perturbation in the magnetic field B = ẑBz cos(ky),
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which is polarized along the z-axis and propagating along the y-axis, arising from

noise. The electrons will be deflected by the magnetic field and will acquire in time an

additional z� component of velocity �vz = �t!La, where !L = eB1/me is the electron

gyrofrequency associated with the oscillating magnetic field. The latter would grow

at a rate Γ = !pea/c. Since the magnetic field changes in time, it generates an electric

field perpendicular to the magnetic field Ex = (!/k)Bz ( assuming exp(�i!t) time

dependence), due to Faraday’s law. By incorporating these effects, Fried obtained a

similar quadratic dispersion relation for !2, as Weibel found,

!4 � (k2 + !2)� k2a2!4
pe = 0. (4.12)

Now, we can allow the thermal velocities to be also in the y and z directions by con-

sidering f0(v) = �(v2x � a21)�(v
2
y � a22)�(v

2
z � a22). The net effect is simply to replace a2

with a22 � a21 in Eq. 4.12. The instability could occur only when a2 > a1. But, if a2 = a1,

unstable modes would no longer occur and one would have a stable electromagnetic

wave propagating in an unmagnetized plasma.

The Weibel instability has a wide range of applicability in astrophysical plasmas,

such as gamma ray burst sources, supernovae and galactic cosmic environments. Med

-vedev and Loeb [39] suggested that the Weibel instability is capable of generating a

strong small-scale magnetic field in an initially unmagnetized plasma, arising from

electron temperature anisotropy. The Weibel instability has been extensively studied

in both non-relativistic and relativistic regimes. The case of the Weibel instability with

ultra-relativistic electron streams (viz., ve/c ⇠ 1) has been investigated by Yoon and

Davidson [81, 82], who obtained the maximum growth rate

Γ =
!pe

�1/2
, (4.13)

where � =
�

1� v2e0/c
2
��1/2

is the relativistic gamma factor, and ve0 the electron stream-

ing velocity.

In closing, it should be mentioned that we have not here discussed the generation

of magnetic fields and filamentaion instabilities due to colliding electron clouds, since

the free-energy sources in colliding electron clouds could also drive purely growing

magnetic fields. The latter could be saturated when the e-folding time is comparable to

the electron gyroperiod in the excited magnetic fields. The saturated magnetic fields,

in turn, can be associated with the observed magnetic fields in cosmic and laboratory

plasmas.
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Figure 4.2: Physical mechanism of the Weibel instability: counter-propagation of two electron
beams.

4.4 Plasma magnetization by a nonuniform electromagnetic

beam

The ponderomotive force of a nonuniform intense electromagnetic beam has been con-

sidered as a possible alternative mechanism for generating magnetic fields in an un-

magnetized plasma [74].

The ponderomotive force is the technical term for the radiation pressure that is ex-

erted by intense laser beams or high-frequency electromagnetic (HF-EM) waves that

are interacting with the plasma. In the presence of the HF-EM waves, electrons experi-

ence a jitter motion. The advection of the electron fluid and the nonlinear Lorentz force

in the electric and magnetic fields of the HF-EM waves give rise to a low-frequency

ponderomotive force that primarily acts on the electrons. The ponderomotive force,

which is proportional to the HF-EM wave intensity, will swiftly expel the electrons

from the region of the high-field intensity such that they instead pile up in the regions

of low field intensity.

Let us consider the single particle motion in a given electromagnetic field in the

plasma. We assume a monochromatic electromagnetic field given by

Ew(r, t) = E0(r, t) cos(!t), (4.14)

@Bw(r, t)

@t
= �r⇥Ew(r, t), (4.15)
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or

Bw(r, t) = � 1

!
r⇥E0(r) sin(!t) = Bw(r) sin(!t), (4.16)

where E0 is the space dependent part of the electric field and ! = (k20c
2 + !2

pe)
1/2 is

the angular frequency of the HF-EM waves in the plasma. The equation of motion for

an electron moving in the HF-EM fields is

me
dve

dt
= �e [E0(r, t) cos(!t) + ve ⇥Bw sin(!t)] . (4.17)

In the weakly nonlinear limit, viz. ve/c ⌧ 1, ( the term ve ⇥Bw is smaller than the

Ew term. Therefore due to the first order ve = v1, r = r1) electrons would oscillate in

the direction of Ew, and in this case one has to solve

me
dv1

dt
+ eE0(r0, t) = 0, (4.18)

me
dv1

dt
+ eE0(r0, t) cos(!t) = 0, v1 =

dr1
dt

. (4.19)

The solution of (4.19) is

v1 = �eE0(r0) sin(!t)

me!
, r1 =

eE0(r0) sin(!t)

me!2
. (4.20)

To study the equations to second order in the amplitude, we write

ve = v1 + v2, E0 = E0(r0 + r1) ⇡ E0(r0) + (r1 ·r)E0(r = r0), Bw = Bw(r0). (4.21)

After substituting Eqs. (4.20) and (4.21) into (4.17), we obtain the second order equa-

tion

me
dv2

dt
= �e [(r1 ·r)E0(r0) cos(!t) + v1 ⇥Bw sin(!t)] (4.22)

Substituting Eqs. (4.16) and (4.20) into Eq. (4.22) and averaging over the period 2⇡/!,

one can calculate the average nonlinear force

hFNLi = meh
dv2

dt
i = � e2

2me!2
[(E0 ·r)E]0 +E0 ⇥ (r⇥E0)] . (4.23)

In Eq. (4.23), the first term in right-hand side is the force which causes the electrons

to move in a linear trajectory and the Ew ⇥Bw force (second term into the right-hand

side) acting on the electron and distorts the linear motion into a figure 8 trajectory. By

using the identity

E0 ⇥ (r⇥E0) =
1

2
rE2

0 � (E0 ·r)E0, (4.24)
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Figure 4.3: The physical mechanism of the ponderomotive force associated with the high-power
laser beams (Courtesy to http://phys.strath.ac.uk/alpha-x/pub/Project/lwfa.html ).

and multiplying Eq. (4.23) with the electron number density ne, one can obtain the

ponderomotive force per unit volume for an isotropic collisionless plasma in the pres-

ence of a nonuniform HF-EM beam. The result is

Fp = neFNL =
nee

2

4me!2
r | E0 |

2= �
!2
p

16⇡!2
r | E0 |

2 . (4.25)

The ponderomotive force Fp is an important source of nonlinearity, which has im-

portant consequences for many nonlinear phenomena, such as stimulated scattering

instabilities of EM waves, and the plasma magnetization by a nonuniform EM beam.

The figure 4.3 depicts the physical mechanism of the EM ponderomotive force.

From the balance between the ponderomotive force of the EM waves, as well as

the electrostatic and Lorentz forces on the electrons, we have in the steady state

e2

2me!2
r|E0|

2 = �e (Es + ues ⇥Bs) , (4.26)

where we have assumed that the EM wave ponderomotive force is much stronger

than the electron pressure gradient. The electric and magnetic fields associated with

the slow plasma motion are denoted by Es and Bs, respectively.

The electrons are coupled to the ions by the slowly varying electric field Es. Thus,

eliminating the electric field by using Es = �uis⇥Bs, where uis is the ion fluid veloc-

ity, as well as ẑ · (r⇥Bs) = µ0js, we readily obtain [74] from the radial component of

Eq. (4.26)

Ω

!pe
=

e

me!rc

✓

�
Z r

0
dr1r

2
1

@|E0|
2

@r1

◆1/2

, (4.27)

where Ω = eBθ/me and Bθ is the azimuthal component of Bs.
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Considering an electromagnetic beam with the Gaussian intensity distribution, i.

e. |E0|
2 = W 2

0 exp(�r2/r20), where r0 is the effective beam radius, we have [74] from

Eq. (4.27)

Ω

!pe
=

r0eW0

me!rc



1�
✓

1 +
r2

r20

◆

exp(�r2/r20)

�1/2

. (4.28)

The generated magnetic field is thus proportional to r for r ⌧ r0 and to r�1 for r � r0,

whereas in the region r ⇡ r0, Ω is of the order of !peeW0/me!c. It turns out that for

eW0/me!c ⇠ 0.1, Eq. (4.28) yields Ω ⇠ !pe at r = r0. Thus, the magnitude of Bθ is of

the order of 320 mega-Gauss for a plasma with n0 ⇡ 1020 cm�3.

4.5 Summary and conclusion

Summing up, we have here presented a review of possible mechanisms for generat-

ing seed magnetic fields in plasmas. Especially, we have described the physics of the

baroclinic vector, the Weibel instability, and the pondermotive force of nonuniform in-

tense electromagnetic beams as sources for the seed magnetic fields in plasmas. Each

mechanism has the potential of generating both non-stationary and stationary mag-

netic fields, the strength of which critically depends on the plasma conditions (e.g. the

electron temperature and density gradients and the intensity of the electromagnetic

beams). In conclusion, we note that the seed magnetic fields could scatter high energy

photons and affect the propagation of EM beams, as well as the cross-field transport

of charged particles in plasmas.

In the next section, we will summarize the results of the papers which are included

in this thesis. Some elaborate mechanisms have been proposed during my Ph. D. work

to amplify the seed magnetic fields into MG fields which was based on known mech-

anisms, such as non-parallel density and temperature gradients, electron-temperature

anisotropy known as the Weibel instability, the ponderomotive forces of nonuniform

laser beam and counterstreaming electron-positron beams. Subsequently, the mecha-

nisms lead to important results, such as being responsible for the origin of previously

un-explained magnetic fields in galaxy clusters. It is deduced that magnetic fields

could have played a significant role in the formation of large scale structures in our

universe.



CHAPTER 5
Summaries of the papers

Paper I: Generation of magnetic field fluctuations in relativistic electron-positron

(e-p) magnetoplasmas

In this paper, we have investigated purely growing electromagnetic instabilities in a

magnetized e-p plasma that contains equilibrium relativistic e-p flows. For this pur-

pose, a new dispersion relation is derived by using a relativistic two-fluid model and

the Maxwell equations. The dispersion relation admits purely growing instabilities of

electromagnetic perturbations across the ambient magnetic field direction. The results

have relevance for understanding the origin of magnetic field fluctuations in cosmo-

logical and laser-produced plasmas.

In this paper, I have contributed with analytical calculations and was partially involved in

interpreting the results, in addition to participating in discussions and writing of the paper.

Paper II: A new purely growing instability in a strongly magnetized nonuniform

pair plasma

A new dispersion relation for the low-frequency (in comparison with the electron gy-

rofrequency) electrostatic waves in a nonuniform magnetoplasma with the equilib-

rium density and magnetic field inhomogeneities is derived. For our purposes, we

have used Poisson’s equation, as well as the electron and positron continuity equa-

tions with the guiding center drifts for the electron and positron fluids. The dispersion

relation reveals a purely growing instability in the presence of the equilibrium den-

sity and magnetic field gradients. The instability arises because of the inhomogeneous

magnetic field induced differential electron and positron density fluctuations, which

do not keep in phase with the electrostatic potential arising from the charge separa-

tion in our nonuniform magnetized e-p plasmas. The present result should be helpful

for understanding the origin of nonthermal purely growing electrostatic waves and

the glitches in strongly magnetized nonuniform e-p plasmas, such as those in dense

neutron stars, in the Crab Nebula, and in some laboratory experiments.

Analytical calculations have been done under the supervision of the coauthor. I also contributed

partially in discussions and writing of the paper.

44
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Paper III: Amplification of magnetic fields by polaritonic flows in quantum pair

plasmas.

In this paper, we have investigated a new purely growing instability, which can spon-

taneously create magnetic fields due to the equilibrium polaritonic flows in quantum

electron-positron/hole plasmas. The linear dispersion relation has been derived by

using the quantum hydrodynamic equations for the polaritons, the Maxwell equa-

tion, and Faraday’s law. Spontaneously excited magnetic fields can produce cross-

field transport of the polaritons at quantum scales. Thus, we expect that the present

results would be relevant for understanding the origin of magnetic fields and the as-

sociated polaritonic transport at nanoscales in semiconductors, as well as in dense

astrophysical pair plasmas and in forthcoming intense laser-plasma interaction exper-

iments.

Analytical calculations have been done by me under the supervision of the coauthors. I also

contributed partially in discussions and in writing of the paper.

Paper IV: Ion streaming instability in a quantum dusty magnetoplasma

In this paper, we have shown that a relative drift between the ions and charged dust

particles in a magnetized quantum dusty plasma can produce an oscillatory instabil-

ity involving a quantum dust acoustic-like wave. The threshold and growth rate of

the instability are presented. The knowledge of threshold condition, as well as the

growth rate and the real part of the wave frequency, as presented here, is essential for

identifying non- thermal electrostatic fluctuations that may originate in dense dusty

magnetoplasmas, such as those in semiconductors quantum wells. The dust acoustic

wave in a magnetized semiconductor plasma can be used as a diagnostic tool for in-

ferring the dust charge.

In this paper, I have contributed with analytical calculations and have been partially responsi-

ble for interpreting the results, in addition to participating in discussions.

Paper V: Magnetization of a warm plasma by the nonstationary ponderomotive

force of an electromagnetic wave

An electron-temperature anisotropy in a warm plasma can generate magnetic fields by

the non-stationary ponderomotive force of a large-amplitude electromagnetic wave.

The non-stationary ponderomotive force of the electromagnetic wave pushes electrons

locally and creates slowly varying electric fields and vector potentials. The electron

currents and electric fields, in turn, produce magnetic fields. The present mechanism

for the magnetic field generation is relevant for intense short laser pulse-plasma inter-
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action experiments and also for intense x-ray laser pulses interacting with solid den-

sity plasma targets. Specifically, spontaneously generated magnetic fields in a warm

plasma can affect the electromagnetic wave propagation and the electron energy trans-

port in inertial confinement fusion schemes.

My contribution in this paper has been to carry out analytical calculations, which were checked

by my coauthors. I also contributed in discussions and applications of our work.

Paper VI: Proton-temperature anisotropy driven magnetic fields in plasmas with

cold and relativistically hot electrons

In this paper, we complement the physical model to present a dispersion relation

for a plane polarized electromagnetic wave in plasmas composed of cold electrons,

relativistically hot electrons and bi-Maxwellian protons. The free energy in proton

temperature anisotropy drives purely growing electromagnetic modes in our three-

component plasma. Proton-anisotropy driven instabilities may saturate when the gy-

rofrequency in the saturated magnetic fields is comparable to the growth rate of the

instabilities. The saturated magnetic field can be associated with a large-scale mag-

netic field, which may co-exist with cold electrons, relativistically hot electrons, and

protons having a bi-Maxwellian proton distribution function. The present results are

relevant for explaining the origin of spontaneously generated magnetic fields in labo-

ratory and astrophysical plasmas. Finally, we note that the present investigation can

be readily generalized for multi-component plasmas with a relativistic bi-Maxwellian

proton distribution function.

My contribution in this paper was to perform analytical calculations and participate in discus-

sions and writing of the paper.

Paper VII: Enhancement in the electromagnetic beam-plasma instability due to ion

streaming

In this paper, we have investigated the Weibel instability in counterpropagating electron-

ion plasmas with the focus on the ion contribution, considering a realistic mass ratio.

A generalized dispersion relation (GDR) is derived from a relativistic theory by as-

suming an initially anisotropic electron temperature, which is represented by a wa-

terbag distribution in momentum space. The GDR reveals an enhanced growth rate

due to the ion response. Two-dimensional particle-in-cell simulations support our

theoretical analysis, showing a further amplification of the magnetic field on the ion

time-scale. The effect of an initially anisotropic temperature is investigated, showing

that the growth rate is monotonously decreased if the transverse spread is increased.
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Nevertheless, the presence of mobile ions allows an instability to develop for signifi-

cantly higher electron temperature anisotropy. Suppression of an oblique mode is also

explored by introducing a parallel electron velocity spread.

Two and three-dimensional numerical simulations have been carried out by collid-

ing two electron-positron or electron-ion plasmas with or without temperature anisotropy

[83, 84], but the ion dynamics for realistic mass ratios have not been investigated with

simulations yet, because of limited computational resources. We have performed two-

dimensional (2D) kinetic simulations with the particle-in-cell (PIC) code OSIRIS to

probe the features of the Weibel instability of two interpenetrating, initially unmagne-

tized electron-ion plasma clouds with zero net charge and initial electron temperature

anisotropy. We demonstrate the possibility of driving an electromagnetic instability

on the ion time-scale, and compare our simulation results with our analytical pre-

dictions. In the case of an electron-ion plasma, the Weibel instability is a two stage

process. Initially, only the electrons respond to the instability since they are much

lighter than the ions. This process shuts down due to a strong electron heating and

the quasi-isotropization of the electron distribution function. At this stage, the stream-

ing ions start to respond by generating micro-currents and associated magnetic fields

that grow at the expense of the energy stored in the ion flow. As a consequence, the

instability is further amplified on ion time-scale.

In this paper, I have done all analytical calculations leading to the generalized dispersion rela-

tion. Numerical simulations and interpretation of the results have been partially done by me.
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