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ABSTRACT. A field extension L/F is called excellent, if for any quadratic
form ¢ over F' the anisotropic part (¢r)an of ¢ over L is defined over F
L/F is called universally excellent, if L - E/E is excellent for any field ex-
tension E/F. We study the excellence property for a generic splitting field
of a central simple F-algebra. In particular, we show that it is universally
excellent if and only if the Schur index of the algebra is not divisible by 4.
We begin by studying the torsion in the second Chow group of products
of Severi-Brauer varieties and its relationship with the relative Galois co-
homology group H3(L/F) for a generic (common) splitting field L of the
corresponding central simple F-algebras.

Let F be a field and let Aq,..., A, be central simple F-algebras. A splitting

field of this collection of algebras is a field extension L of F' such that all the

algebras (A;)r o A;®@p L (i = 1,...,n) are split. A splitting field L/F of

Ay, ..., A, is called generic (cf. [41, Def. C9)), if for any splitting field L'/ F
of Aq,..., A,, there exists an F-place of L to L'.

Clearly, generic splitting field of A;,..., A, is not unique, however it is
uniquely defined up to equivalence over F' in the sense of [24, §3]. Therefore,
working on problems (Q1) and (Q2) discussed below, we may choose any par-
ticular generic splitting field L of the algebras Ay, ..., A, (cf. [24, Prop. 3.1])
and we choose the function field of the product of the Severi-Brauer varieties
SB(A;) x --- x SB(A,).

Let Ay,..., A, be F-algebras and let L be their generic splitting field. Be-
haviour of different algebraic structures (algebras, quadratic forms, Brauer
group and Witt ring, cohomology groups, etc.) under the base change L/F
is a very critical question. Among basic results concerning algebras, we point
out the following two:

(A1) An algebra A splits over L if and only if the Brauer class of A be-
longs to the subgroup of Br(F') generated by the classes of the algebras
Ay, ..., A, In other words, the relative Brauer group Br(L/F) is gener-
ated by [A4],...,[A.].
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(A2) For an arbitrary central simple F-algebra A, the division part of the
algebra Ay is defined over F. In other words, there exists an F-algebra
D such that Dy is a division algebra Brauer-equivalent to Ay.

(these assertions are e.g. straight-forward consequences of the van den Bergh-
Schofield index reduction formula [45, Th. 3.1], see also [41, Th. on p. 268)).
This article concerns similar problems in the theory of quadratic forms:

(Q1) Which quadratic F-forms split over the field L? In other words, one likes
to determine the relative Witt group W (L/F).

(Q2) Is it true that for any quadratic F-form ¢, the anisotropic part of the
L-form ¢ is defined over F'? In other words, does there always exist an
anisotropic F-form 7 such that 7 is anisotropic and Witt equivalent to

or?

These questions are very significant both for the theory of central simple
algebras and for the theory of quadratic forms, especially in the case where
the algebras Ay, ..., A, are of exponent 2.

The problem of computation of W(L/F') seems to be very complicated. In
view of bijectivity of the generalized Arason invariants ¢* : I'(F)/I*TY(F) —
H'(F),! a natural first step in study of the relative Witt group W (L/F') is the
study of the relative cohomology groups H'(L/F).

There is no problem in the case ¢ = 2: since the group H?*(L/F) coin-
cides with the 2-torsion part of the relative Brauer group Br(L/F'), the group
H?(L/F) can be described by means of assertion (A1).

The case ¢ = 3 is much more complicated. Suppose that the algebras
Ay, ..., A, are of exponent 2. Clearly, the group H*(L/F) contains the sub-
group [A1]HY(F) + ...[A,JH'(F). One can ask if the equality H*(L/F) =
[A]]HY(F) + ... [A,]H(F) always holds. In [36] E. Peyre constructs a coun-
terexample to this question. He also constructs an injective homomorphism
of the quotient H*(L/F)/([Ai]HY(F)+ -+ [A,)H'(F)) into the torsion part
of the Chow group CH?*(SB(A4;) x --- x SB(A,)). In Appendix A we show
that this homomorphism is bijective in the case n < 2. Thus, computation of
H3(F(Ay,...,A,)/F) is closely related to computation of the torsion part of
the group CH?*(SB(A;) x --- x SB(A,)).

In Part I of this paper we study the group TorsCH?*(SB(A;) x - - - x SB(A,,))
for an arbitrary collection of algebras Ai,..., A,. It is a finite abelian group.
For any given indexes ind(A%" ® ... A%"), we develop a machinery for getting
the precise upper bound for the group TorsCH?(SB(A;) x --- x SB(A4,)).

In Part IT we study question (Q2) in the case of one algebra (i.e. n = 1).
The answer is known to be positive for a quaternion algebra; assertion (A2)
also give a motivation to expect the positive answer to (Q2). It turns out,
however, that the answer is negative in general (see Theorem 3.9).

"Here we use the notation H*(F) for the group H}, (F,Z/2Z). Bijectivity (and existence)
of e for all i was recently proved by V. Voevodsky [46].
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Part I. Cohomology

In this Part, we study the Chow group of 2-codimensional cycles on products
of n Severi-Brauer varieties (n > 2). We analyze more detailed

e the product of a biquaternion variety and a conic;
e the product of two Severi-Brauer surfaces.

0. INTRODUCTION

In [22], the Chow group CH? for one Severi-Brauer variety is studied. Here,
the same group for a direct product of Severi-Brauer varieties is studied by
using the same methods. The motivation for doing this work is given by a
result of E. Peyre establishing a connection between CH? and a 3-d Galois
cohomology group ([36, Th. 4.1}, see also Theorem 1.4.1 of Part II). In fact, it
is the cohomology group we are interested in. The information on it obtained
here is then applied in Part II for investigation of the excellence property for
the function fields of Severi-Brauer varieties.

The main and general result of this Part is Theorem 4.5 (with Corollary
4.6). We apply it to products of two small-dimensional varieties (Theorems
5.1 and 6.1); this way we obtain, in particular, new examples of torsion in CH?
(an example of product of three conics with torsion in CH? was obtained in
(36, Rem. 6.1]).

In this Part, we use the following terminology and notation. By saying “A
is an algebra”, we always mean that A is a central simple algebra (CS algebra
for short) over a field. For an algebra A over a field I, we denote by [A] its
class in the Brauer group Br(F') of F’; exp A stays for the exponent, deg A for
the degree and indA for the index of A.

The Severi-Brauer variety of an algebra A is denoted by SB(A). A wvariety
is always a smooth projective algebraic variety over a field; a sheaf over X is
an Ox-module. The Grothendieck ring of a variety X is denoted by K (X);

K(X)=T"K(X)>T'K(X)D... and K(X)=TK(X)DT'K(X)>D...

are respectively the gamma-filtration and the topological filtration on K (X);
we use the notation G*T'K(X) and G*TK (X) for the adjoint graded rings of
these filtrations. There are certain relations between G*T'K(X), G*TK(X),
and the Chow ring CH*(X') we use here; they can be found in [22, §2].

1. GROTHENDIECK GROUP OF PRODUCT OF SEVERI-BRAUER VARIETIES

Let Ay, ..., A, be algebras over a field F', let Xi,..., X, be their Severi-
Brauer varieties, and X = X; x --- X X,;. Fix a separable closure F' of F'
and put X; = (X;)p for each i. The varieties X; are (isomorphic to) projective

spaces; denote by ¢; the class in K (X) of the tautological sheaf of the projective
space bundle
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The ring K (X) is generated by the elements &, . . ., &, subject to the relations
(51 . 1)degA1 S (gn . 1)degAn =0.

Consider the restriction K (X) — K(X) which is a ring homomorphism.

Theorem 1.1. The homomorphism K(X) — K(X) is injective; its image is
additively generated by the elements

ind(AY @ @ AT g gl
with 0 < j; <deg Ay, ..., 0<j, <degA,.

Proof. Use a generalized Peyre’s version [36, Prop. 3.1] of Quillen’s computa-
tion of K-theory for Severi-Brauer schemes [38, Th. 4.1 of §8] n times. O

Corollary 1.2. For algebras Ay, ..., A, of fized degrees, the ring K(X) with
the gamma-filtration (and in particular the group TorsG*T' K (X)) depend only
on the numbers ind(AS”' @ --- @ A%In).

Proof. By the theorem, the numbers determine K (X) completely as a subring

in K(X). The Chern classes with values in K ([22, Def. 2.1]) for X, which
determine the gamma-filtration ([22, Def. 2.6]), are the restrictions of the
Chern classes for X. O

2. DISJOINT VARIETIES AND DISJOINT ALGEBRAS

Definition 2.1. Let X;,..., X, be arbitrary varieties over a field. We say
that they are disjoint if the ring homomorphism

KX)® - KX, = KX;x--xX,),
induced by the pull-back homomorphisms
pris K(X;) — K(X; x - x X,,)
with respect to the projections pr;: X; x --- x X,, = Xj, is an isomorphism.
Proposition 2.2. Let Xy,..., X, be disjoint varieties. The gamma-filtration

on K(X; x -+ x X)) coincides with the filtration induced by the gamma-
filtrations on K(X3),..., K(X,).

Proof. Denote by X the product X; X --- X X, and by [ the induced filtration,
where for each [ > 0, the term 'K (X) is going to be the subgroup of K(X)
generated by the products

pril" K (Xy) - pr, TV K (X,)

for all ly,...,l, > 0 with [; +--- + [, > [. Since a pull-back homomorphism
respects the gamma-filtration, one has an inclusion 'K (X) C I"K(X). Let
us prove the inverse inclusion. Since the gamma-filtration I' on K(X) is the
smallest ring filtration having the properties I'°K(X) = K(X) and c(x) €
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K (X) for all x € K(X) and [ > 1, where ¢ is the [-th Chern class with
values in K (][22, Def. 2.1]), it suffices to show that

(%) (z) e T'K(X) .

Since the varieties Xj,..., X, are disjoint, the additive group of K(X) is
generated by the products

() z = pri(@) - pro(en)
where z; € K(X;) is the class of a locally free sheaf. Therefore it suffices to
check the inclusion (x) only for x of the form (x*). Since ¢ commutes with
pry, one has

d(pri(z;)) € 'K (X),
and the last step of the proof is

Lemma 2.3. Letn,m,l > 0. There exists a Z-polynomial fl((ai), (Tj)), where
01y, 0p and Ti, ..., Ty are variables, having two following properties:

o if x,y € K(X) are classes of locally free sheaves over a variety X, the
Chern class c!(z - y) is equal to fi(c'(z),d(y));

o if one puts dego; =i and deg7; = j, the degree of every monomial of f;
1s at least [.

Proof. By the splitting principle ([31, Prop. 5.6]), it suffices to consider the
case where

x:€1++€n7 y=m-+--+0n

with the classes of invertible sheaves &;,7;. For the total Chern class ¢; (22,
Def. 2.1]), one has

() = ct(:l &) = lf[ (1 + (& — l)t) = 15[1(1 + a;t) where a; = §; — 1;
aly) = e m) = T (1+ (= 1) = [L(1+ byt) where by =, — 1
ce(zy) = c(3o&m;) =11 (1+ (&my — i) = I1 (1+ (aibj + a; +bj)t) .

The class c!(zy) is (by definition) the coefficient of ¢! in ¢;(xy). This coefficient
is evidently a polynomial in a4,...,a, and by, ..., b, symmetric with respect
to the variables (a;) and also symmetric with respect to the variables (b;)
(notice that the degree of each monomial is at least ). Consequently, by
the main theorem on the symmetric polynomials, ¢(zy) = fi((0;), (1;)) for a
polynomial f;, where (o;)", are the standard symmetric polynomials for (a;)
(07 is a homogeneous polynomial of degree i) and (7;)7L, are the standard
symmetric polynomials for (b;). The assertion of the lemma concerning the
degree is evidently satisfied. Finally, note that o; = ¢(z) and 7; = ¢(y). O

]
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Corollary 2.4. Let Xy,..., X, be varieties with finitely generated Grothen-
dieck groups (for instance, Severi-Brauer varieties). If the varieties are disjoint
and the groups G*'TK(X3y), ..., G'TK(X,) are torsion-free, then the group
G'TK(X; x --- x X,,) is torsion-free as well.

Proof. According to the proposition, the natural homomorphism
GTK(X)® - @GTK(X,) - GTK(X; x--xX,)

is surjective. By our assumption, the group on the left-hand side is finitely
generated and torsion-free; so, it is a free abelian group of finite rank. This
rank coincides with the rank of the group on the right-hand side, because the
varieties are disjoint. O]

No we are going to understand what the condition of being disjoint means
for Severi-Brauer varieties.

Definition 2.5. Let A,..., A, be algebras over a field. We say that they are
disjoint if
ind(AY" @ - @ A%") = ind A" ... indA®"  for all jy,..., 5, > 0.

Proposition 2.6. Algebras Ay, ..., A, are disjoint if and only if their Severi-
Brauer varieties are disjoint.

Proof. Since, for an arbitrary algebra A, there is a canonical isomorphism
K(A) =indA-Z, where K(A) denotes the Grothendieck group of the algebra,
the algebras are disjoint if and only if the maps

KAP) ® @ K(AY) —» KA @ -+ @ ADm)

are isomorphisms for all 0 < j; < deg Ay,...,0 < 7, < deg A,. Taking the

direct sum over all 7, ..., j,, we obtain the map
deg A1 —1 ) deg An,—1 )
I KA |e-e| I KA —
J1=0 in=0
deg A1 —1 deg Ap—1 ) ]
— I ... I KA @ - @A%").

1=0 jn=0
Identifying the factors of the product on the left-hand side with
K(SB(A1)),...,K(SB(4,))
and the direct sum on the right-hand side with
K (SB(A;) x -+ x SB(4,))

by Theorem 1.1, one obtains on the place of the arrow the homomorphism of
Definition 2.1. O
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3. “GENERIC” VARIETIES

Definition 3.1. Let us say that a variety X is “generic”, if the gamma-
filtration on K (X) coincides with the topological filtration.

Lemma 3.2. [f TorsG*T'K(X) = 0 (for an arbitrary variety X ), then X is
“generic”.

Proof. To see that the filtrations coincide, it suffices to show that the homo-
morphism

a: GTK(X) — G'TK(X) ,

induced by the inclusion of the filtrations, is injective. Since a ® QQ is bijective
([10, Prop. 5.5 of Chap. VI]), the kernel of a contains only elements of finite
order. Therefore, « is really injective if the group G*I' K (X ) has no torsion. [

Lemma 3.3. Let G — X be a grassmanian bundle. If X is “generic”, the
variety G is “generic” as well.

Proof. Since G is a grassmanian bundle over X, the CH*(X)-algebra CH*(G)
is generated by the Chern classes (with values in CH*) (see [9, Prop. 14.6.5] or
[26, Th. 3.2]). Using the natural epimorphism CH* — G*TK, one obtains the
same result for G*TK: the G*TK(X)-algebra G*TK(G) is generated by the
Chern classes (with values in G*TK). Since X is “generic”, the ring G*TK (X)
itself is generated by the Chern classes ([22, Rem. 2.17]). Consequently,
G*TK(G) is generated by the Chern classes not only as algebra but also as a
ring. That means G is “generic” (|22, Rem. 2.17)). O

Lemma 3.4. Let X — Y be a smooth morphism of varieties and let X be its

generic fiber. If X is “generic”, the variety X (it is a variety over the function
field of Y') is also “generic”.

Proof. The morphism (of schemes)~)~( — X induces a homomorphism of
Grothendieck groups K(X) — K(X), respecting the both filtrations, and a
homomorphism of Chow groups CH*(X) — CH*(X) which is surjective (]23,

Th. 3.1]). Consequently, the homomorphism
C'TK(X) —» G*TK(X)

is also surjective, and ~therefore, for every [, the group T'K(X) is nlaEped
surjectively onto T'K (X). Since T'K (X) = I'"K (X)), it follows that T'K'(X) C
K (X). The inverse inclusion is always true. O
Corollary 3.5. Let X and Y be varieties over a field F' such that the projec-

tion X XY — X is a grassmanian bundle. If X is “generic”, then Xpyy s
also “generic”.

Proof. The variety X x Y is “generic” according to Lemma 3.3; therefore the
variety Xp(y) is “generic” by Lemma 3.4. [



GENERIC SPLITTING FIELDS OF ALGEBRAS 9

4. “GENERIC” ALGEBRAS

Proposition 4.1. Let A be a primary algebra (i.e. deg A is a power of a
prime). Suppose that

o cither indA = exp A

e orindA = 2" and indA®*" " =4 (n>2)
(an example of such A is a biquaternion algebra). Then the group G*F(SB(A))
s torsion-free.

Proof. For algebras of the first type see [22, Prop. 3.3 and Cor. 3.6]; for the
second type see the proof of [22, Prop. 4.9]. O

Corollary 4.2. Let Aq,..., A, be disjoint algebras and suppose that each A;
satisfies the condition of Proposition 4.1. Then for the product X of their
Severi-Brauer varieties, one has: TorsG*T'K (X) = 0; in particular,

TorsCH*(X) =0 .

Proof. Tt is a straightforward consequence of the proposition with Corollary
2.4 and Proposition 2.6. O

For an algebra B and an integer r > 0, denote by SB(r, B) the general-
ized Severi-Brauer variety of rank r right ideals in B ([3, §2]). In particular,
SB(1, B) = SB(B).

Proposition 4.3. Let Ay,..., A, and B be algebras over a field, let X =
SB(A;) x -+- x SB(A,) and let Y = SB(r, B) with certain r > 0.

If the Brauer class [B] of the algebra B belongs to the group generated by
[A4],...,[Ay], then the projection X x Y — X is an r-grassmanian.

Proof. We may assume that
with some ji,...,7, > 0. Consider the cartesian square
XXY — T xY

! |

X — T

where T' = SB(B) and where the morphism X — T is given by tensor product
of ideals. The arrow on the right-hand side (that is the projection T'xY — T))
is an r-grassmanian by [22, Prop. 6.3]. Therefore, the projection X x Y — Y
(that is the left-hand side arrow) is an r-grassmanian as well. [

Definition 4.4. We call a collection of algebras Ay, ..., A, “generic”, if it
can be obtained by the following procedure. One starts with disjoint algebras
Aq,..., A, over afield F such that each A; satisfies the condition of Proposition
4.1. Then one takes F-algebras Bi,..., B, such that their classes in Br(F)
belong to the subgroup generated by [A4],...,[A,]. Finally, one takes as Y a
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direct product of some generalized Severi-Brauer of algebras By, ..., B, and
one puts A; = (A;)py) foralli =1,... n.

Theorem 4.5. If a collection of algebras Ay, ... A, is “generic”, then the
product X of their Severi-Brauer varieties is a “generic” variety (Definition
3.1); in particular, the epimorphism

TorsG*T'K (X) — TorsCH?(X)
15 bijective in this case.

Proof. Let Aq,..., A, be algebras used in construction of our “generic” col-
lection (Definition 4.4). Put X; = SB(A4;) for i = 1,...,n and let X =
X % -+ x X,. According to Corollary 4.2, the group G*T'K(X) is torsion-free.
In particular, the variety X is “generic” (Lemma 3.2).

Now, let Y be the direct product of generalized Severi-Brauer varieties, used
in the construction of our generic collection. By Proposition 4.3, the projection
X xY — X is a fiber product (over X) of grassmanians. Therefore, using
Corollary 3.5 m times, one proves that the variety X = X F(y) is “generic”. [

Corollary 4.6. Let Ay, ..., A, be arbitrary algebras and let X be the product
of their Severi-Brauer varieties. Let Ay, ..., A, be a “generic” collection of
algebras such that deg A; = deg A; and

ind(A%" @ ... @ A®") = ind(AS7" @ - - @ A®n)
for all i and all j1,...,jn. Then the group TorsCH?*(X) is isomorphic to a
factorgroup of TorsCH?*(X).
Proof. By the theorem, there is an isomorphism
TorsCH?(X) ~ TorsG* T K (X) ;
by Corollary 1.2, one has
TorsG’I'K (X) ~ TorsGTK (X) ;
finally, we always have a surjection ([22, Cor. 2.15])
TorsG*T'K (X)) —— TorsCH?(X) .
O

Proposition 4.7. Let Ay,..., A, and By,...,B,, be algebras over a field F
such that the subgroups in Br(F') generated by [A4], ..., [A,] and by [B], ...,
[B.] coincide. Then

TorsCH?(SB(A;) x - -+ x SB(4,)) ~ TorsCH?*(SB(B;) x - -+ x SB(B,,)) .
Proof. Set X = SB(A;) x --- x SB(A4,), Y1 = SB(By). It suffices to show that
TorsCH?*(X) ~ TorsCH?*(X x V7).

Since X x Y} — X is a projective space bundle (Proposition 4.3), one has ([12,
§2 of App. A])

CH*(X x Y}) ~ CH*(X) @ --- @ CH> 4mY1(X) |
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The last observation is: for all i < 2, the group CH*(X) has no torsion (for
i =1 see [42, Lemme 6.3(i)]). O

Let p be a prime. For an algebra A as well as for an abelian group A, we
are going to denote by A{p} the p-primary part of A.

Proposition 4.8. Let Ay, ..., A, be algebras over a field. One has
CH?(SB(4;) x - - - x SB(A,)){p} ~ TorsCH?*(SB(A4:{p}) x - - - x SB(A.{p})) .

Proof. For n = 1, the assertion is proved in [22, Prop. 1.3]. The same proof
works for n > 1. O

5. BIQUATERNION VARIETY TIMES CONIC

A Severi-Brauer variety of a biquaternion algebra is called biquaternion va-
riety here.

Theorem 5.1. Let X be a biquaternion variety, Y be a conic (over the same
field) and A, B be the corresponding algebras (B is a quaternion algebra).

1. The torsion in the group CH*(X x Y) is either trivial, or of order 2.
2. If the torsion is non-trivial, then
(%) indA =ind(A® B) =4 and indB=2.

3. If the collection A, B is “generic” (Definition 4.4) and satisfies the con-
dition (x), then the torsion is not trivial.

Proof. If indB # 2, i.e. if B is split, then we know from Proposition 4.7 that
TorsCH?*(X xY') ~ CH?(X); hereby the latter group is torsion-free ([21, Cor.]).

If indA # 4, than A is Brauer-equivalent to a quaternion algebra A’; denot-
ing by X’ its Severi-Brauer variety, one gets (Proposition 4.7)

TorsCH?*(X x Y) ~ TorsCH*( X' x Y) .
Since dim (X’ x Y') = 2, the group
GTK(X'xY)=T?K(X'xY)C K(X'xY)

has no torsion. It follows that in this case TorsCH*(X x Y) = 0 as well.

Let C be a division algebra Brauer-equivalent to the product A ® B; T =
SB(C). Using Proposition 4.7 once again, we have

TorsCH?*(X x Y) ~ TorsCH*(T' x Y) .

If ind(A® B) < 2, then dim7 x Y < 2 and we are done in the same way as
above.

If ind(A ® B) = 8, then the algebras A, B are disjoint and Corollary 4.2
shows that TorsCH?*(X x Y) = 0.

The rest is served by

Proposition 5.2. Suppose that a biquaternion algebra A and a quaternion
algebra B are division algebras and ind(A ® B) = 4. For X,Y as above, one
has: TorsG*TK(X xY) ~7Z/2.
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Proof. Put K = K(X xY), K = K(X xY). The commutative ring K is
generated by elements &, n subject to the relations (£ —1)* =0 = (n—1)? (see
§1). In particular, the additive group of K is a free abelian group generated
by the elements £/, i = 0,1,2,3, 7 = 0,1. We are also going to use another
system of generators: fig’,i=0,1,2,3,j=0,1, where f =& —1,g=1n— 1.
For each [, the I-th term I K of the gamma-filtration on K is generated by
the products fi¢’ with i+j > [. In particular, G'T'K is an abelian group freely
generated by the residue classes of the products fi¢’ with i + j = [.

Lemma 5.3. The subring K C K is additively generated by the elements
1, 4¢, €2, 4€°, 20, 4&n, 267, 4% .
Proof. 1t is a particular case of Theorem 1.1. O]

Lemma 5.4. The following elements are also generators of the additive group

of K:

17 2f_f2a 297 2f27 4fga 4f37 2f2g ) 4f3.g

(the singled out element is going to produce the torsion — see Corollary 5.9).

Proof. A straightforward verification. m

Lemma 5.5. There are the following inclusions:
MK s2f -2 29
K > 2f% 4fg, |2f%|;
K >4f° 2-12f%|;
MK >4f3% .

Proof. The assertion on I'' K is evident.

Since 2f2%, 4fg € K NT2K and the restriction homomorphism G'T'K —
GIT'K is injective ([42, Lemme 6.3(i)]), the assertion on I'?K holds (a direct
verification (see the rest of the proof) is also easy).

Finally, one has:

ci(4€) = (1 + ft)* = (4€) = 4f° = Af° e I’K ;
2f2 ¢ I'”K and 2g € I''K = 4f% = (2f%) - (29) € I*°K ;

4
ctdn) = (n—1)" = ((f +D(g+1) 1) =4f’g e 'K .
Corollary 5.6. Denote by o* the restriction homomorphism

GTK — G'TK .
For alli > 0, one has: Imo’ C 2GTK.
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Proof. According to the lemma, the group G'T'K is generated by the residue
classes of the elements 2f — f2 and 2¢; their images in G!T'K are really divisible
by 2. So,the assertion of the corollary for ¢ = 1 is proved.

Since the elements of K, 'K and I'K, listed in the lemma, generate
'K and are divisible by 2 in K , we obtain the assertion for ¢ > 2 (use the
absence of torsion in G*T'K). O

Corollary 5.7. #(TorsG*TK) < 2.

Proof. Since the group G*I'K is torsion-free, TorsG*I'K C Kera*. We are
going to show that #(Ker o*) < 2, using the following formula ([20, Prop.)):

#(Ker o) = #(Coker o*) /#(K /K) .
It is easy to calculate that # (K /K) = 2. According to the lemma,

#(Coker a*) < 21

Lemma 5.8. 2f%g ¢ K.

Proof. 1t suffices to show that Im o?® C 4G°T'K.

The group Ima? is generated by the subgroup Ima! - Ima? and by the
subset a®(*K'), where ¢? is the 3d Chern class with values in G*TK ([22, Def.
2.7]). Since Im o C 2G'T'K for i > 0 by Corollary 5.6, one has: Im a!-Im a? C
4G*T'K. Therefore, it suffices to verify that a3 (03(5)) C 4G3T'K for a system
S of generators of the additive group of K. The verification is trivial if we take
as S the system of generators of Lemma 5.3. ]

Corollary 5.9. The residue of 2f2g in G*T'K has order 2 and generates the
torsion subgroup.

Proof. The residue is of order 2 by Lemmas 5.8 and 5.5. It generates the whole
torsion subgroup (not only in G3T'K but also in G*I'K) by Corollary 5.7. [

The proofs of the theorem and of the proposition are complete. O

]

Remark 5.10. In the condition of the theorem, denote the base field by F
and suppose that there exists a quadratic extension L/F (or, more generally,
an extension of degree not divisible by 4) such that the algebra Ay, is no more a
division algebra and the algebra By, is split. In this case, f2g € T3K (X x Y7 );
using the norm map, we obtain: 2f2g € T3K(X xY), i.e. TorsCH*(X xY) = 0.

Therefore, if A, B are such that TorsCH?*(X x Y) # 0 (for example, if A, B
form a “generic” collection (Theorem 5.1)), there are no extensions like that.
The first example of this phenomenon is constructed in [30].
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6. PRODUCT OF TWO SEVERI-BRAUER SURFACES

A Severi-Brauer surface is a Severi-Brauer variety of dimension 2.

Theorem 6.1. Let X,Y be Severi-Brauer surfaces over a field and let A, B
be the corresponding algebras.

1. The torsion in the group CH*(X x Y) is either trivial, or of order 3.
2. If the torsion is not trivial, then

(%) indA = indB =ind(A® B) =ind(A® B°) =3

where B° is the algebra opposite to B.
3. If the collection A, B is “generic” (Definition 4.4) and satisfies the con-
dition (x), then the torsion is not trivial.

Proof. If at least one of the algebras A, B, A ® B, A ® B° is split, then
there exists an algebra C' of degree 3 such that its class [C] in the Brauer
group generates the same subgroup as [A] and [B] (together). According to
Proposition 4.7, in this case, the group TorsCH?*(X x Y') is isomorphic to the
group TorsCH?(SB(C)) which is trivial by [20, Cor.], or also by [17, Lemma
2.4].

If ind(A® B) = ind(A ® B°) = 9, then the algebras A, B are disjoint and
one can use Corollary 4.2.

Put Y° = SB(B°). Since by Proposition 4.7

TorsCH?*(X x Y) ~ TorsCH?*(X x Y°),

it suffices to consider only one of the two following cases:
e ind(A® B) =3 and ind(A ® B°) = 9;
e ind(A® B) =9 and ind(A ® B°) = 3.

Lemma 6.2. [findA = indB = ind(A® B) = 3 and ind(A ® B°) =9, then
TorsG2TK (X x V) = 0.

Proof. Put K = K(X xY), K = K(X xY). The commutative ring K is
generated by elements £, n subject to the relations (£ — 1) = 0= (n—1)? (see
§1). In particular, the additive group of K is an abelian group freely generated
by the elements £/ | 4,7 = 0,1,2. We also are going to use another system
of generators: fig’, 1,7 =0,1,2, where f=¢—1,g=n—1.

For every [, the I-th term I''K of the gamma-filtration on K is generated by
the products fig/ with i + j > I.

The condition of the lemma implies that

indA®? = indB*? = ind(A®? ® B¥?) = 3 and
ind(A ® B¥?) =ind(A*?* ® B) = 9.
So, according to Theorem 1.1, the subring K C K is additively generated by
L, 3¢, 3¢%, 3n, 3¢n, 987, 3n*, 9n*, 3" .
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We are also going to use another system of generators:
1, 3f, 3¢, 3f% 3fg, 3¢%, 9f%9, 3f*9 +3fg* +6f*¢* 9f°¢* .
Now it is evident that the intersection K NI3K is generated by
9f%g, 3f%9+3fg* +6f°¢°, and 9f%¢" .

To prove that the group G?I'K is torsion-free, it suffices to verify that these
three elements belong to I K.
Since 3f2, 3¢*> € I'’K, and 3¢ € I'' K, one has:

9f%9 = (3f%) - (39) € T°K, 9f%¢* = (3f%)-(3¢°) e 'K .

The last element coincides with a 3-d Chern class:

@) = (-1 = ((F+ D+ 1) -1)" = (fg+f+9)° =
3fo(f+9)* + (f+9)° =69 +3f°g+3fg" .
O
We finish the proof of the theorem by
Proposition 6.3. If indA = indB = ind(A ® B) = ind(A ® B°) = 3, then
TorsG’TK (X xY) ~7Z/3.

Proof. We use the notation introduced in the beginning of the proof of the last
lemma.

Lemma 6.4. The subring K C K is now generated by 1 and 3K. Moreover,
MK =3I'K ;
K = 3K ;
[°K 3 3f%9—3fg*, 3f°g+3fg° +6f°¢*;
MK 39f%¢*.
Proof. The assertion about I'' K is trivial. The assertion abouting is caused
by injectivity of the restriction homomorphism G'I'K — G'T'K ([42, Lemme
6.3(1)]); 9/%¢* € T*K because 3f2,3¢* € I?K.
To prove the assertion about I'*K, let us compute the 3d Chern class
3
(&) = (=17 = ((f+ D> g+ 1) —1)" =27f*¢" +12f*g + 6fg° .

Since 9f2¢,9f¢> € I'*K, we conclude that 3f%2g — 3f¢? € K.
Finally, as we have already computed in the proof of Lemma 6.2,

3f2g+3fg* +6f%¢° = A(3¢n) e IPK .

Corollary 6.5. #(TorsG*T'K) < 3.
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Proof. Analogously to Corollary 5.7. Now one has (Lemma 6.4):
#(K/K)=3® and #(Cokera*) < 3?.

Lemma 6.6. 3f%¢*> ¢ K.

Proof. Let us define a homomorphism ¢y : K — 7Z/9 as follows: write an
arbitrary element z € K as a linear combination
2 . .
r = Z aijflg] with Qi S Z,
ij=0

put ¢(x) = ag + a1z — aze and define ¢g(x) as the residue of ¢(z) modulo 9.

Since ¢g(3f2g?) # 0, it suffices to show that ¢o(I3K) = 0.

A priori, the group I K is generated by T''K - T'2K, ¢*(9) et ¢*(S) where

S =1, 3¢, 3¢, 3n, 3&n, 3¢, 3n°, 307, 3N .

Hereby, ¢*(s) = 0 for all s € S; thus one can eliminate ¢*(S) from the list of
generators.

Since I'K - T?K ¢ I'K - T'K € 9K (Lemma 6.4), ¢o(I'K - T2K) = 0.

It remains ¢3(5). For s = 1, 3¢, 32, 3n, and 3n?, the value ¢(s) is already 0.
The following calculations show that ¢g(c*(s)) = 0 for the other four elements
s €S as well:

SEen) =(En—1°=(f+D(g+1)—1)" = (fg+(f+9)° =
=3f9(f + 9>+ (f +9)° =|6/°9° +3/°9 + 3[4’

A(3¢%) = (€ = 1)° =
= ((f+1%g+ 1= 1) = (fP+4fg+ > +2(f +9))° =
=12(f*+4f9+ ) +9)> +8(f + 9)° =|120f%¢* + 24f%g + 24f¢*|;

SBE) = (-1 = ((f+ 129+ 1) —1)" = (F(f +29) + 2f +9))’ =
=3f(f+29)2f +9)>+ 2f +9)> =|27/* + 12?9 + 6 /4 |;

A(3¢n?) = 2712¢% + 6% + 12f4°|.

]

According to Lemma 6.4, we have 3f2¢g?> € '’ K. The residue class of the
element 3f2¢g? in GI'K has order 3 by Lemmas 6.4 and 6.6. Therefore, by
Corollary 6.5, it generates the whole torsion subgroup of G?I'K. So, the proof
of Proposition 6.3 is complete. O]

Proposition 6.3 completes the proof of Theorem 6.1. n
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Part II. Non-excellence

Let F be a field of characteristic different from 2. A field extension L/F is
called excellent if for any quadratic form ¢ over F' the anisotropic part (¢r)an
of ¢ over L is defined over F. In this Part, we study the excellence property
for the function fields of Severi-Brauer varieties.

0. INTRODUCTION

Let F be a field of characteristic different from 2 and let ¢ be a non-
degenerate quadratic form over F. It is an important problem to study the
behavior of the anisotropic part of forms over F' under a field extension L/F.
A field extension L/F is called excellent if for any quadratic form ¢ over F' the
anisotropic part (¢r)an of ¢ over L is defined over F' (this means that there
exists a form & over F' such that (¢r)an = &r)-

Any quadratic extension is excellent. Since any anisotropic quadratic form
Y over F is still anisotropic over the field of rational functions F(t), every
purely transcendental field extension is excellent.

Let F(X) be the field of rational functions on a geometrically integral variety
X. One of the important problems is to find conditions on X so that the field
extension F'(X)/F is excellent. We say that F(X)/F is universally excellent
if for any extension K/F the extension K(X)/K is excellent. The following
varieties are most important in the algebraic theory of quadratic forms: quadric
hypersurfaces, Severi-Brauer varieties, varieties of totally isotropic flags, and
products of such varieties.

If X is rational (or unirational) then F(X)/F is purely transcendental (re-
spectively, unirational), and it follows from Springer’s theorem that F(X)/F
is excellent and moreover that it is universally excellent.

In the case of a hypersurface X = X, defined by the equation ¢ = 0 where ¢
is a non-degenerate quadratic form, the following results are known: 1) if ¢ is
isotropic, then F'(X,)/F is universally excellent (because X, is rational in this
case); 2) if the field extension F'(X,)/F is excellent and ¢ is anisotropic, then
q is a Pfister neighbor (see [24]); 3) if dimq < 3 (or dimg = 4 and det ¢ = 1),
then X, is universally excellent (see [2] or [40], [29]); 4) if ¢ is anisotropic,
then F'(X,)/F is universally excellent if and only if ¢ is a Pfister neighbor of
dimension < 4 (see [16] or [14]). Thus, the problem whether the field extension
F(X)/F is universally excellent is completely solved in the case where X is a
quadric surface X,.

In this paper we study the function field of a Severi-Brauer variety X =
SB(A). If X is the Severi-Brauer variety of a quaternion algebra A = (a,b),
the field extension F'(X)/F is excellent. Indeed, in this case the variety X
coincides with the quadric hypersurface X, where ¢ = (1, —a, —b).

The next interesting case is the case of a biquaternion division algebra A.
In Section 3 we prove that the field extension F'(SB(A))/F is not universally
excellent for any biquaternion division F-algebra A. Moreover, we construct
an unirational field extension F/F such that F(SB(A))/E is not excellent (see
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Theorem 3.2). Applying this result, we find a condition on a central simple
algebra A under which F(SB(A))/F is universally excellent. Theorem 3.9
asserts that F(SB(A))/F is universally excellent only in the following two
cases: 1) the index of A is odd; 2) the algebra A has the form @ ®r D, where
@ is a quaternion algebra and D is of odd index. In addition, we show that
the field extension F(SB(A))/F is not excellent for an arbitrary algebra A of
index 8 and exponent 2 (see Theorem 3.10).

In our proof of the main result of Section 3 we apply a deep result of E. Peyre
concerning the groups

ker (H*(F,Z/2Z) — H*(F(X),Z/2Z)) and Tors,CH*(X),

where X is a product of Severi-Brauer varieties of algebras of exponent 2 (see
[36]). In Section 2 and Appendix A we prove some results concerning Chow
groups and Galois cohomology. In particular, in Appendix A we prove the
following

Theorem. Let A and B be central simple algebras of exponent 2 over F. Let
X = SB(A) x SB(B). Then the homomorphism

ker (H*(F) — H3(F(X))) =

= Tors; CH?(X).

AU HY(F) 1 [BluH(F) o
is an isomorphism. Here H*(F) = H*(F,7Z/27) and the homomorphism &, is
induced by the homomorphism ¢ : H3(F(X)/F,Q/Z(2)) — CH*(X) defined in
[44].

This theorem plays an important part of the proof that the function fields of
the Severi-Brauer varieties of biquaternion division algebras are not universally
excellent.

In Section 4 we prove the following statement: for any central simple F-
algebra A, the field extension F(SB(A))/F is 5-excellent (this means that if
dim¢ < 5 then (¢psp(a)))an is defined over F'). In Section 5 we construct
explicit examples of a biquaternion division algebra A such that the field ex-
tension F(SB(A))/F is not excellent. ? In particular, we prove that the
biquaternion algebra A = (a,b) ® (¢, d) over the field of rational functions in
4 variables F'(a,b, c,d) yields such an example (see Proposition 5.10). In Ap-
pendix B we study the excellence property for generic (partial) splitting fields
of quadratic forms. In particular, we find a criterion of universal excellence
for the function fields of integral varieties of totally isotropic subspaces (see
Theorem B.21).

1. MAIN NOTATION AND FACTS

1.1. Quadratic forms and central simple algebras. By ¢ 1L ¢, ¢ = 1,
and [¢| we denote respectively orthogonal sum of forms, isometry of forms,
and the class of ¢ in the Witt ring W(F) of the field F' (sometimes the Witt

2Another example (a little more complicated than ours) was independently constructed
by A. Sivatskij.
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class of ¢ is denoted simply ny ¢). The maximal ideal of W (F') generated by
the classes of even-dimensional forms is denoted by I(F'). We say that ¢ is
similar to ¢ (and write ¢ ~ 1) if there exists k € F™* such that k¢ = 1. The
anisotropic part of ¢ is denoted by ¢., and iy (¢) denotes the Witt index of
¢. We denote by ((ay,...,a,)) the n-fold Pfister form (1, —a;) ® --- ® (1, —ay,)
and by P, (F') the set of all n-fold Pfister forms. The set of all forms similar to
n-fold Pfister forms is denoted by GP,(F). The fundamental Arason-Pfister
Hauptsatz (APH for short) states that if ¢ € I"(F) and dim¢ < 2" then
[¢] = 0; if ¢ € I"(F) and dim¢ = 2" then ¢ € GP,(F). For any field
extension L/F we put ¢, = ¢ @ L, W(L/F) = ker(W(F) — W(L)), and
I"(L/F) = ker(I"(F) — I"(L)).

Let ¢ be a quadratic form such that dim¢ > 2 and ¢ % H. The function

field F'(¢) of the form ¢ over F' is the function field of the projective variety

X, given by equation ¢ = 0. If dim¢ < 1 or ¢ = H, we set F(¢) “r

In this Part, notations and conventions concerning F'-algebras are the same
in Part I.

We recall that two field extensions E/F and K/F are stably isomorphic if
and only if there exist indeterminates x4, ..., xs, y1, ..., y, and an isomorphism
E(z1,....7,) 2 K(y1,...,ys) over F. We will write E/F X K/F if E/F is
stably isomorphic to K/F. If [A] = [A’] in Br(F) then the field extensions
F(SB(A))/F and F(SB(A’))/F are stably isomorphic.

Let ¢ be a quadratic form. We denote by C(¢) the Clifford algebra of ¢. If
¢ € I*(F) then C(¢) is a CS algebra. Hence, we get a well defined element
[C(¢)] of Bry(F') which we will denote by ¢(¢).

1.2. Cohomology groups. Let F' be a field of characteristic # 2. By H*(F)
we denote the graded ring of Galois cohomology H*(Gal(Fi.,/F), Z/2Z). We
use the standard canonical isomorphisms H°(F) = Z/27Z, H'(F) = F*/F*?,
and H*(F) = Bry(F). Thus, any element a € F* determines an element of
H'(F) which is denoted by (a). The cup product (a;) U--- U (a,) is denoted
by (ai,...,a,). For any CS algebra A of exponent 2 we get an element [A] of
the group H?(F) = Bry(F).
Let L/F be a field extension. The relative Galois cohomology group

ker(H*(F) — H*(L))

is sometimes also denoted by H*(L/F).

For n = 0,1,2 there is a homomorphism e" : ["(F) — H"(F) defined as
follows: €%(¢) = dim ¢ (mod 2), e'(¢) = det+ ¢, and €?(¢) = ¢(¢). Moreover,
there exists a homomorphism e* : I*(F) — H3(F) which is uniquely deter-
mined by the condition €3({(ay,as,as))) = (a1, as,as) (see [1]). The homomor-
phism e” is surjective and ker e = I"T(F) for n = 0,1, 2, 3 (see [32], [35], and
[39]). Thus, for n = 0,1,2,3 we have isomorphism é&" : ["(F)/I""(F) —
H™(F) which is uniquely determined by the condition e"({(ai,...,a,)) =
(a1,...,an).
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1.3. The group I'(F; Ay, ..., Ag). Let Ay,..., Ax be CS algebras of exponent
2 over F'. We define the group I'(F; Ay, ..., Ax) by the following formula

 ker (H3(F) — H*(F(SB(A;) x - -+ x SB(Ax))))

I(F; A, ... Ag) =
i A ATHIE) + - + [AJHI(F)
The group I'(F; Ay, ..., Ax) depends only on the subgroup ([A:],...,[Ax]) of
Bry(F') generated by [A4], ..., [A]. In particular, for any algebras Ay, As, and

B with [A;] + [As] + [B] = 0, we have

Theorem 1.3.2 (see [1], [36]). If ind(A) < 4 and exp(A) = 2, then the group
['(F; A) is trivial. In other words, ker (H3(F) — H3(F(SB(A)))) = [A|JH'(F).

Applying this theorem and the injectivity of the homomorphism &3, we get
the following

Corollary 1.3.3. Let A be a biquaternion algebra and let q be a corresponding
Albert form. Then I3(F(SB(A))/F) C [q]I(F) + I*(F). O

1.4. Chow groups. For any smooth projective variety X, a homomorphism
ex of the group ker (H*(F,Q/Z(2)) — H3*(F(X),Q/Z(2))) into CH*(X) was
constructed in [44, §23]. We need the following

Theorem 1.4.1 (see [36, Th. 4.1]). Let Ay,..., Ay be CS algebras over F.
Let X = SB(A;) x -+ x SB(Ay).
1) The homomorphism € induces an isomorphism
ker (H*(F, Q/Z(2)) — H*(F(X), Q/Z(2)))
[AJHY(F,Q/Z) + - - - + [AH' (F, Q/Z)
which we will denote by Ex or &.

2) If all the algebras Ay, ..., Ay have exponent 2 then the homomorphism e
mduces a monomorphism

ker (H*(F) — H3(F(X)))
[AJHY(F) + -+ - + [A] H(F)

which we will denote by Ex o or &s.

5 TorsCH?*(X),

— TorsyCH?(X),

Thus Theorem 1.4.1 shows that for any collection Ay, ..., A, of algebras of
exponent 2, there exists a natural monomorphism

& :T(F; Ay, ..., Ay) < TorsyCH?(SB(A) x - - - x SB(A4y)).

The group TorsCH?(SB(A;) x - - - x SB(Ag)) was investigated in Part 1. In this
Part we need the following obvious consequence of Proposition 4.7 of Part I:

Lemma 1.4.2. Let Ay, Ay, and B be CS algebras such that [A1]+[As]+[B] =
0. Then

Tors,CH?(SB(A;) x SB(Ay) x SB(B)) = Tors,CH?*(SB(A;) x SB(B)).
O
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1.5. The group I'(F;q,...,q1)- Let qi,...,qn € I*(F). Let us define the
group I'(F' g1, . .., q) by the formula I'(F; g1, ..., ) = T'(F; C(q1), - - ., Caqw))-
By equation (1.3.1), for any ¢1,¢a,qs € I*(F) satistying q1 L qo L g3 € I*(F),
we have

(1.5.1) D(Fiq1,q2,03) = T(F5q1,¢2) = D(F 1, 43) = T(F g2, g3).

Let X = SB(C(q1)) x---xSB(C(qx)). We have a well-defined homomorphism

P(F(X)/F) % ker (H*(F) = HYF(X))) - T(F; a1, .., )

We denote this composition by €®. Thus, for any ¢ € I3(F(X)/F) we get an
element ¢*(¢) € D(F;q1, ..., qk).

Lemma 1.5.2. Let X = SB(C(qy) x -+ x SB(C(qx))) and ¢ € I*(F(X)/F).
The following assertions are equivalent:

1) &) =0 T(F;q,-..,q)-
2) ¢ € [Q]I(F)+ -+ [ L(F) + I'(F).
Proof. The isomorphism & : I3(F)/I*(F) — H?*(F) induces an isomorphism
B(F) . ()
[ I(F) + -+ @ I(F) + INF)  [Clq)][HY(F) + -+ + [Clgp) | H'(F)

]

Lemma 1.5.3. Let qi,...,q € I*(F) satisfy the following conditions:

a) dim(q1),...,dim(g) <6,

b) ¢ L L g€ *(F).
Let X = SB(C(qy)) x---xSB(C(qx)). Thene3(qy L -+ L q) € H}(F(X)/F).
In particular, we get a well-defined element

Ea L La) eT(Fiq,...,qn)-
Proof. Obviously, (¢1)r(x),-- -, (@) rcx) € I*(F(X)). The assumption
dim(g;) <6 (i=1,...,k)

and APH imply that [(¢1)px)] = -+ = [(Qkf)p(x)] = 0. Hence ¢; L --- L
q € W(F(X)/F). Since ¢ L -+ L q, € I*(F), we have ¢ L -+ L q; €
I*(F(X)/F). Therefore, ¢*(q1 L --- L qx) € H*(F(X)/F). O

2. SPECIAL TRIPLES

Definition 2.1. Let F' be a field of characteristic # 2.

1) We say that a triple (qi, g2, 7) of quadratic forms over F is special if the
following conditions hold:
a) q; and go are Albert forms and 7 is a 2-fold Pfister form;
b) a1 J_QQJ_WEIg(F)

2) We say that a triple (A;, A, B) of F-algebras is special if the following
conditions hold:
a) A; and A, are biquaternion F-algebras and B is a quaternion algebra;
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3) We say that a triple (q1, g2, 7) is anisotropic if all the forms ¢, ¢o, and 7
are anisotropic. We say that a special triple of forms (q1, g2, 7) corresponds
to a special triple of algebras (A1, Ay, B) if ¢(q1) = [A1], ¢(q2) = [A2] and
c(m) = [B].

It is clear that for any special triple of forms (g, g2, ) there exists a unique
(up to an isomorphism) special triple of algebras (A;, As, B) which corre-
sponds to (q1, e, m). Conversely, for any special triple of algebras (A, Ay, B)
there exists a special triple of forms (g1, g2, ), which corresponds to the triple
(A1, Ay, B). In the latter case, the quadratic forms ¢y, g2, and 7 are uniquely
defined up to similarity.

In view of Lemma 1.5.3 we have a well-defined element

(g Lg Lm)eT(F;q1,q0,7).

Lemma 2.2 (cf. [28]). Let A be a biquaternion algebra and let B be a quater-
nion algebra over F' such that ind(A ® B) = 4. Then

H*(F(SB(A) x SB(B))/F) = [A|H'(F) + [BJH'(F) + €*(¢) H"(F),

where the quadratic form ¢ is defined as follows: ¢ = q L ¢ L w, where ¢ and
q are Albert forms corresponding to the algebras A and A @p B, and 7 is a
2-fold Pfister form corresponding to B.

In other words, the element €3(p) generates the group T'(F; A, B).

Proof. Let X = SB(A), Y = SB(B) and L = F(Y) = F(SB(B)). Since
ind(A) < 4 and ind(B) < 2, Theorem 1.3.2 implies that

ker (H*(L) — H*(L(X))) = [AL]H' (L),

ker (H*(F) — H*(F(Y))) = [B|H'(F).
Let u € ker (H3(F) — H?*(F(X x Y))). We need to prove that u € [A|H'(F)+
[BJH(F) + 3(¢)H°(F). We have

uy, € ker (H*(L) — H*(L(X))) = [AL]H'(L).

Hence, there is f € L* such that uy, = [A7] U (f) = €3(qz (f))), where q is

an Albert form corresponding to A. Since the homomorphism e? is surjective,
there exists ¢ € I?(F') such that €*(¢) = u. We have

e*(¢r) = ur = [AJU(f) =€ (qr () =e*(ar L —f - ar).

Hence ¢ —qp + f - qu € ker(I*(L) S H¥(L)) = I*(L). Let 7 = f-qr(y). Since
L=F({), wehave 7 = [ qpry) = (¢ L —¢)pr) (mod I*(F(Y))). Hence
for any 0-dimensional point y € Y we have 02(7) = 0 (mod I*(F(y))). Since
dim7 = 6 < 8, it follows from APH that J;(7) = 0. Since 92(7) = 0 for each
0-dimensional point y on the projective conic Y, it follows from [4, Lemma
3.1] that the form 7 is defined over the field F' (see also [11]). This means that
there exists a 6-dimensional form ¢ over F' such that g, = 7 = f-qr. Therefore
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(@)1 = clg) = [Ar). Hence (@) — [A] € Bra(L/F) = Bry(F(SB(B))/F) =
{0, [B]}. Therefore ¢(q) € {[A],[A® B]}.

Consider the case ¢(¢) = [A]. Since [A] = ¢(q), we have ¢(§) = ¢(q). Thus
G~ q. Let k € F* be such that ¢ = kq. Then f - q; = . = kqr,. We have

up=eqr L —f-qr) = e*(qr L —kqr) = (*(q (k) = ([A] U (F))z.
Hence u — [A] U (k) € ker (H*(F) — H3(F(Y))) = [BJH'(F). Therefore,
u € [AJHY(F) + [B]JH'(F).

Suppose now that ¢(§) = [A ®r B]. By the assumption of the lemma,
c(¢') = [A®F B]. We have ¢(¢) = ¢(¢'). Hence § ~ ¢’. Choose k € F* such
that ¢ = kq’. Then fq, = G = kq}. Since [rr] = 0, we have

up =€e*(qp L —faqr) = ¥ (qr L —kq}) = e*((¢+ ¢ +7) — ¢ (k)1
= (*(¢) — [e(d")] U (k)L = (e*(¢) — [A]U (k) — [B] U (k)L

Thus u+ [A]U (k) + [B]U (k) —e3(¢) € ker (H3(F) — H3(F(Y))) = [B|H'(F).
Therefore u € [A|H*(F) + [BJH*(F) + €*(¢) H(F). O
Proposition 2.3. Let (q1,q9, ™) be a special triple. Then

1) T(F;q1,¢0,7) = T(F;q1,¢2) = T(Fs 1, ) = T(F; g2, ),

2) the group U'(F; qu, qo, ) is either 0 or Z/2Z,

3) the element e3(q1 L qo L m) generates the group T'(F;qi, g, ),

4) the homomorphism

& : T(F;q1, g2, ) — Tors;CH?*(SB(C(q1)) x SB(C(g2)) x SB(C(7)))
18 an isomorphism.

Proof. Assertion 1) is a particular case of equation (1.5.1). Assertion 3) follows
immediately from Lemma 2.2 since I'(F; ¢1, ¢z, ) = I'(F; ¢, 7). Obviously 3)
implies 2). Assertion 4) is proved in Appendix A (see Corollary A.9). O

Lemma 2.4. Let (q1,q2, ) be a special anisotropic triple over F and let
(A1, A, B) be the corresponding triple of algebras. Let E' = F(SB(A;)). Then

1) (g2)E is isotropic and dim((g2)g)an = 4,

2) for any s € Dp(((g2)E)an) we have ((g2)E)a = s - 7x,
3) if ((¢2)E)an is defined over F', then there exists s € F* such that

((g2)E)an = 5 - TE.

Proof. 1). Since [A;] 4 [A2] = [B] € Bra(F) and [(A1)g] = 0 € Bry(E), we
have [(As)g] = [Bg]. Therefore, (Ay)g is not a division algebra. Hence, its
Albert form (g2) g is isotropic and dim((g2)g)an < 4.

We claim that dim((¢2)g)an = 4 (and hence ((¢2)g)an € GP(F)). Otherwise
we would have [(¢2)g] = 0, and hence [(A2)g] = 0. Then [A] € Bro(E/F) =
Bry(F(SB(Ay))/F) = {0,[A1]}. Therefore, either [As] = 0, or [B] = [A1] +
[As] = 0, a contradiction.

2). Since c(q2) g = [(A2)r] = [Bg] = ¢(7) g, it follows that the form ((¢2)g)an
is similar to the 2-fold Pfister form 7g. Since s € Dg(((¢2)g)an), we have
((¢2)E)an & s - 7R
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3). If ((¢2) )an is defined over F', we can choose s in Dg(((¢2)g)an) NF*. O

Proposition 2.5. Let (¢1, o, ™) be a special anisotropic triple over F and let
(A1, Ay, B) be the corresponding triple of algebras. The following conditions
are equivalent:

1) ((g2)F(sB(Ay)))an @5 defined over F,
2) ((¢1) P(sB(As)))an 15 defined over F,
3) i Lgp Lwe[qll(F)+[@l(F)+ [xI(F)+ I'(F),
4) there exist ki, ky € F* such that

kigy L kago L € TM(F),

5) the group I'(F;q1, qa, ) is trivial,
6) the group TorsoCH?(SB(A;) x SB(Ay) x SB(B)) is trivial.

Proof. It suffices to prove that 1) = 3) = 4) = 1) and 3) <= 5) <= 6).

1) = 3). Let E = SB(A4;). It follows from Lemma 2.4 that there exists
s € F* such that [(¢2)g| = [smg]. Hence (¢a L —sm) € W(E/F). Since
@ € W(E/F), we have (¢ L ¢ L —sm) € W(E/F). Therefore (¢ L
@ L m) e W(E/F)+ [r][(F). Since ¢ = ¢ L ¢ L © € I*}(F), we have
¢ € I}3(E/F) + [7]I(F). Tt follows from Corollary 1.3.3 that I*(E/F) C
[]I(F) + I*(F). Hence

¢ € ] I(F) + [x]I(F) + I'(F) C [@)I(F) + @I (F) + [x]I(F) + I'(F).

3) = 4). Since ¢ € [@]I(F) + [@)I(F) + [x]I(F ) + I*(F), there exist
fi1; p2, iy € I(F) such that [¢] = [q1pu]—[gopa] = [mps] € T*(F). Let r; = dets p;
(i = 1,2,3). Clearly yu; = (r;)) (mod I*(F)). Therefore [¢] — [q1 {(r1)] —
(92 {(r2)] — [ (rs)] € I*(F). Since [¢] = [q1]+ [ga] +[7], we have [r1q1]+[rago] +
[r3mr] € T4(F). Setting ky = ry/rs and ky = 75 /13, we have [k1q1] + [kaqo] +[7] €
I(F).

4) = 1) Let £ = SB(Al) Then (/{Zlql 1 k2q2 1 7T)E S 14(E> and [<Q1>E] =
0. Using APH, we have [(kiq1)g] + [7rg] = 0. Hence ((¢1)g)an = —hk17g is
defined over F'.

3) <= 5). Obvious in view of Lemma 1.5.2 and Proposition 2.3.

5) <= 6). See Proposition 2.3. O

3. A CRITERION OF UNIVERSAL EXCELLENCE FOR THE FUNCTION FIELDS
OF SEVERI-BRAUER VARIETIES

In this Section for any biquaternion division algebra A over F' we construct
a field extension E/F such that the field extension F(SB(A))/E is not ex-
cellent. The construction is based on the following obvious consequence of
Propositions 2.3 and 2.5, and Lemma 1.4.2:

Lemma 3.1. Let (g1, g2, m) be an anisotropic special triple over E and let
(A1, Ay, B) be the corresponding triple of E-algebras. The following conditions
are equivalent:

1) For any ki, ke € F* we have kiqy L koqy L m & I*(E),
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2) the group I'(F;q1,q, ) = ['(E; Ay, Ay, B) is not trivial,
3) I(Eiq1, 2, m) = T(E; A1, Ay, B) 2 Z)2Z,
4) the group TorsoCH?*(SB(A,) x SB(B)) is not trivial.
If these conditions hold then the field extension E(SB(Ay))/E is not excellent.
O

Theorem 3.2. Let A be a biquaternion division F-algebra. Then there exists
an unirational field extension E/F such that the field extension E(SB(A))/E
15 not excellent.

Proof. Let K = F(x,y) be the field of rational functions in 2 variables. Let
B be the quaternion algebra (z,y) over K. Clearly, ind(Ax ®x B) = 8.
Let E be the function field K(Y') of the generalized Severi-Brauer variety
Y = SB(Ax®xk B, 4). By Theorem 5.1 of Part I, we have Tors,CH?*(SB(Ag) X &
SB(Bg)) = Z/2Z.

It follows from the properties of the generalized Severi-Brauer varieties [3]
that the algebra Ap ®p B has the form My(A’) where A’ is a biquaternion
E-algebra. Obviously [Ag] + [A'] + [Beg] = 0 € Bry(E). Hence the triple
(Ag, A', Bg) is special. By Lemma 3.1, the extension E(SB(A))/E is not
excellent.

Now we need to verify that the field extension E/F is unirational. Let
K = K (/7). Since [Bj] = (7,9)k(yz) = 0, we see that ind((Ax ®x B)g) =
ind(Az) < 4. Hence the variety Yz = SB((Ax ®k B),4) is rational. There-
fore the field extension KE/K = K(Y)/K is purely transcendental. Obvi-
ously K /F is purely transcendental. Hence KE /F' is purely transcendental
too. Therefore the field extension E/F is unirational. O

Definition 3.3. We say that the field extensions E;/F and E,/F are g-
equivalent (and write Ey/F ~ Fy/F) if the following conditions hold:
1) For any quadratic form ¢ over F, the form ¢g, is isotropic if and only if

¢g, 1s isotropic.

2) W(EL/F) =W (Ey/F).
We have the following examples of g-equivalent field extensions.

Lemma 3.4. Field extensions E1/F and Es/F are g-equivalent in the follow-
1mg cases:
(1) if By C Ey and Ey/Ey is a finite odd extension;
(2) if By C By and Ey/FEy is a purely transcendental field extension;
(3) if E1/F and Ey/F are stably isomorphic.

Proof. (1). Obvious in view of Springer’s theorem [27, Th. 2.3 of Chap. VII].
(2). Follows from [27, Lemma 1.1 of Chap. IX].
(3). Since F1/F and FEs/F are stably isomorphic, there is a field K such

that K/E, and K/F, are purely transcendental. By (2) we have E/F ~
K/F & E,/F. O
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Lemma 3.5 (see [7, Lemma 2.6]). Let Ey/F and Ey/F be some field exten-

sions such that Ey/F ~ Ey/F. Then Ey/F is excellent if and only if Ey/F is
excellent.

Lemma 3.6. Let A; and Ay be CS algebras such that ind(A; @p ASY) is odd,
where AP is the opposite to Ay algebra. Then

1) the field extensions F(SB(A1))/F and F(SB(As))/F are g-equivalent,
2) the field extension F(SB(A1))/F is excellent if and only if F(SB(Ay))/F

15 excellent.

PTOOf. 1) Let X1 = F(SB(A1>> and XQ = F(SB(AQ)) Since lIld<A1 KRF Agp) is
odd, there is an odd field extension K/F such that [(A; @ A3")k] = 0. Then
[(A1)k] = [(A2)k]. Hence the field extensions K(X;)/K and K(X,)/K are
stably isomorphic. Therefore K (X;)/F and K(X,)/F are stably isomorphic
too. By Lemma 3.4, we have K(X;)/F ~ K(X5)/F. Since [K(X,) : F(X;)] =
[K(X,): F(X,)] = [K : F]is odd, it follows from Lemma 3.4 that F(X;)/F ~
K(X,)/F & K(X,)/F ~ F(X,)/F.

2) Obvious in view of Lemma 3.5. O

Corollary 3.7. Let A and B be CS algebras over F such that [A] = [B]
in Br(F). Then the field extension F(SB(A))/F is excellent if and only if
F(SB(B))/F is excellent. O

Corollary 3.8. Let A be a CS algebra over F and let A{2} denote the 2-
primary component of A. Then the following conditions are equivalent:

1) the field extension F(SB(A))/F is excellent,
2) the field extension F(SB(A{2}))/F is excellent. O

Theorem 3.9. Let A be a CS algebra over F. Let X = SB(A). The following
conditions are equivalent:

1) F(X)/F is universally excellent,

2) ind(A) is not divisible by 4.
In other words, the field extension F(SB(A))/F is universally excellent only
in the following two cases: 1) index of A is odd; 2) algebra A has the form
Q ®r D, where () is a quaternion algebra and the index of D s odd.

Proof. 1) = 2). Suppose that ind(A) has the form ind(A) = 4k. Let Y =
SB(A,4) x SB(A%?) and K = F(Y). Obviously ind(Ax) < 4 and 2[Ag] =
0. By Blanchet’s index reduction formula (see [3]), we have ind(Ag) = 4.
Hence there is a biquaternion division algebra A over K such that [Ax] = [A].
It follows from Theorem 3.2, that there is a field extension E/K such that
E(SB(A))/E is not excellent. By Corollary 3.7 the field extension E(SB(A))/E
is not excellent too.

2) = 1). In view of Corollary 3.8, we can suppose that A is a division
algebra and deg A = 2". Since ind(A) is not divisible by 4, we see that A is a
quaternion algebra or A = F'. Hence F(SB(A))/F is universally excellent. [
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For algebras of index 8 we have the following

Theorem 3.10. Let A be a CS algebra of index 8 and exponent 2. Then the
field extension F(SB(A))/F is not excellent.

Since any algebra of index 8 and exponent 2 is Brauer equivalent to a 4-
quaternion algebra, it suffices to prove the following lemma. 3

Lemma 3.11. Let A = (a1,b1) ®F (ag9,by) Qp (a3, b3) @ (ag,bs) be a 4-
quaternion algebra over F' such that indA > 8. Then the field extension
F(SB(A))/F is not excellent.

In the proof of this lemma we will use the following

Theorem 3.12 (see [8, Cor. 9.3] or [18, Cor. 0.3]). Let ¢ be a quadratic form
over F such that indC(¢) > 8. Let K = F(SB(C(¢))). Then ¢x ¢ I'(K)

(cmd hence [QbF(SB(C(qb)))] 7§ 0)

Proof of Lemma 3.11. Let E = F(SB(A)) and ¢ € I*(F) be an arbitrary 10-
dimensional quadratic form such that c(q) = [A]. Since qg € I*(E) and
dim g = 10, the form g is isotropic (see [37]). Hence there is v € GP5(F)
such that [¢g] = [y] € W(E). Suppose at the moment that the field extension
E/F is excellent. Then + is defined over F'. It follows from Lemma 3.13 below
that there is @ € GP5(F) such that v = ap. We have [¢g] = [7] = [ag]. Let
¢ =q L —a. Then [¢pg] = 0. Since a € I*(F), it follows that c¢(¢) = c(q) =
[A]. Therefore the field extension F(SB(C(¢)))/F is equivalent to E'/F. Hence
it follows from [¢g| = 0 that [¢ppsp(c(e)))] = 0, what provides a contradiction
to Theorem 3.12. [

Lemma 3.13. Let E/F be an excellent field extension and v € GP,(F) be a
form defined over F'. Then there is a € GP,(F) such that v = ag.

Proof. Since v is defined over F, there is ¢ € Dg(vy) N F*. Then the form
¢ = ¢y is an n-fold E-Pfister form which is defined over F. By [7, Prop. 2.10]
there is an n-fold F-Pfister form [ such that ¢ = g. Setting a = ¢f3, we have
y=ag, a € GP,(E). O

4. FIVE-EXCELLENCE OF F(SB(A))/F

Let n be a positive integer. We say that a field extension L/F is n-excellent
if for any quadratic form ¢ over F' of dimension < n the quadratic form (¢r,)an
is defined over F.

Lemma 4.1. Let ¢ be an anisotropic 5-dimensional quadratic form and A be
a CS algebra over F. Than (¢rsp(a)))an s defined over F

3We adduce here the proof suggested by D. Hoffmann which is essentially shorter than
original author’s proof.
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Proof. Let E = F(SB(A)). We can suppose that ¢p is isotropic. Let s =
—det¢ and ¢ = ¢ L (s). If ¢ is isotropic, then ¢ is a 5-dimensional Pfister
neighbor. In this case ¢ is an excellent form (see [25]). Thus (¢g)an is defined
over F'. So, we can suppose that ¢ is an anisotropic Albert form. Hence
ind(C(q)) = 4. Since gg is isotropic, ind(C(q)g) < 2. By the Schofield-van
den Bergh-Blanchet index reduction formula (see [3] or [45]), there exists an
algebra B over F' such that [Bg| = [C(q)g] and indB = indC(q)g. Thus
indB < 2. Hence there exist a,b € F* such that [B] = (a,b). Let 7 =
s {(—a,—b,ab). We claim that (¢g)an = (7g)an. Indeed, since (¢g)an and (7g)an
are odd-dimensional forms of dimension < 3, it is sufficient to verify that
dety ¢ = detL 7p and [Co(¢g)] = [Co(Tr)]. Both equations are obvious by
the definition of 7. Since dim7 < 3, it follows that 7 is an excellent form.
Hence (¢g)an = (TE)an is defined over F. O

Theorem 4.2. The field extension F(SB(A))/F is 5-excellent for any CS al-
gebra A over F.

Proof. Let E = F(SB(A)) and 7 be a quadratic form of dimension < 5 over
F. We need to verify that 7 is defined over F. In view of Lemma 4.1, we
can assume that dim7 < 4. Since all forms of dimension < 4 are excellent, we
can suppose that dim7 = 4. Let ¢ = 7p) L (t), where t is an indeterminate,
and let & = (7g)an. We have &gy L (t) = (Tp@)an L (£) = (0p@))an =
(QbF(t)(SB(A)))am By Lemma 4.1, (¢F(t)(SB(A)))an is defined over F(t) Hence
{p@y L (t) is defined over F(t). It follows from Lemma 4.3 below that § =
(TE)an is defined over F. O

Lemma 4.3. Let E/F be a field extension and & be an anisotropic form over
E. Suppose that {gwy L (t) is defined over F'(t). Then & is defined over F.

Proof. Let v be a quadratic form over F(t) such that {pu L (t) = vgr). We
can write yp()) in the form ypp)) = Apw) L t)\'F((t)) where A and )\ are
quadratic forms over F. Obviously {p(r)) L t(1) = Ap(e) L tAp)- Since
¢ and (1) are anisotropic, we have £ = Ag, (1) = N. Hence £ is defined
over F. []

Proposition 4.4. Let A be a biquaternion division algebra over F. Then
there is a field extension E/F such that Ag is a division algebra and the field
extension E(SB(A))/E is excellent.

Proof. Let g be an Albert form corresponding to A. By [33] there is a field
extension F/F such that: 1) u(E) = 6; 2) Ag is a division algebra; 3) all
6-dimensional anisotropic quadratic E-forms are similar to ¢g.

Let ¢ be an anisotropic quadratic form over E. We need to prove that
(@E(sB(A)))an is defined over E. Since u(E) = 6, we have dim¢ < 6. By
Theorem 4.2, we can assume that dim¢ = 6. It follows from property 3) of
the field £ that ¢ ~ gg. Therefore [¢ppspay)] = 0. O

Corollary 4.5. There exist a field F' and a biquaternion division algebra A
over F' such that the field extension F(SB(A))/F is excellent.
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5. EXAMPLES OF NON-EXCELLENT FIELD EXTENSIONS F(SB(A))/F

In this Section we give some explicit examples of non-excellent field ex-
tensions F(SB(A))/F. The main tool for constructing these examples is the
following assertion.

Lemma 5.1. Let 1, po, pis, i1y, pty, piy be anisotropic 2-dimensional quadratic
forms over a field K. Let m € GPy(K). Suppose that mg,,) is anisotropic for

alli = 1,2,3. Let K = K((2))((y)), where x,y are indeterminates, and let
k. k' € K*. Then

k(pa Loapy Lyps) LK (ph Laph Lyph) Lomg & T'(K).

Proof. In view of Springer’s theorem we can identify W (K') with the direct
sum W(K) @ 2W (K) @ yW(K) ® xyW (K). Moreover we can regard W (K)
as a subring of W(K). Let ¢ = k(py L xpy L yus) L k(1) L 2y L yuh).
Suppose at the moment that ¢ | 7, € I*(K). Then ¢ L np € GP,(K).

Since (¢ L mg)g(, is isotropic, it is hyperbolic. Hence ¢g (. is hyperbolic.
Therefore ¢ € [r;]W (K).

Let us write [¢] € W(K) in the form [¢] = [r1] + z[rs] + y[73] + zy[rs], where
7; (i =1,2,3,4) are defined over K. Since all the forms p;, p} (i = 1,2, 3) have

dimension 2, we have dim7; <4 (i =1,...,4). Since
(0] € [mp]W(K) = [r]W(K) @ a[x]W (K) © y[r]W (K) © zy[x]W (K),

we have 71, 7o, 73,74 € [7|W(K).

Suppose that there exists j such that [7;] # 0. Since dim7; < 4 and 7; €
[T]W(K), we see that 7; ~ 7. By the definition of ¢, there exists i (1 <17 < 3)
such that p; is similar to a subform in 7;. Therefore y; is similar to a subform
in 7 and hence the form 7/, is isotropic; this yields a contradiction (see the
assumptions of the lemma).

Therefore [1;] = 0 for all ¢ = 1,2,3,4. Then [¢] = 0. It follows from
¢ L mp € I'(K) that [rz] € I*(K). Hence [r] € I*(K). By APH the form
is isotropic, a contradiction. 0

Corollary 5.2. Let r,s,u,v € K*, and m € Py(K) satisfy the conditions:

1) e(m) = (r,u) + (s,0),
2) m is anisotropic over the fields K(y/u), K(y/v), and K(y/uv).

Let gy = (uv) L —x((u)) L —y{v)) and g2 = (uv) L —ar (u)) L —ys (v)) be

quadratic forms over K = K(x,y). Then (qi1,q2, 75) is a special triple over K
and U'(K; qu, qo, ) = Z/27.

Proof. Obviously ¢; and ¢y are Albert forms. Since ¢(q; L g2 L ) = ¢(—q1 L
@ L) =clz{ur) Ly(sv) Lr)=(ur)+ (s,0)+ c(r) = 0, the triple
(q1,q2, ) is special. The quadratic forms puy = (uv)), pe = — (u), us =
— (), py = (uv)), ph = —s {u), usy = —r {(v), and 7 satisfy the conditions
of Lemma 5.1. Hence for any ki, ky € K = K((z))((y)) we have ki(q1)z L



30 O. T. IZHBOLDIN AND N. A. KARPENKO

ko(g)p L mp ¢ I*(K). Therefore for any ki, ky € K = K(x,y) we have
kigr L koge L 7 & T(K). Tt follows from Lemma 3.1, that T'(K; q, g2, 7jz) =
7.)27. O

Lemma 5.3. Let wy,wy € F* be such that wy, wy, wywy ¢ F**. Let K = F(t)
be the field of rational functions in one variable t. Let

r=—tw;, s=—twy, u=t+w, v=t+wy, and 7= {t,wwy) .
Then r,s,u,v € K*, and m € Py(K) satisfy the conditions of Corollary 5.2.

Proof. 1) We have (r,u) + (s,v) = (—twy, t + wy) + (—twq, t + we) = (t,wy) +
(t,wa) = (1, wiws) = c().

2) Let p(t) be equal to one of the polynomials u = t + wy, v = t + ws, or
w = 12 + (w1 + wy)t + wiywe. We need to verify that « is anisotropic over
the field K (1/p(t)). Suppose that Tk (/D) is isotropic. Then p(t) € Dp(—7")
where 7' = (—t, —wyws, twiws) is the pure subform of 7 (see [43, Th. 5.4(ii) of
Chap. 4]). Therefore p(t) € Dpq)((t, wiws, —twiws)). By the Cassels-Pfister
theorem * there are polynomials py(t), p2(t), p3(t) € F[t] such that

(5.4) p(t) = tpi(t) + wiwap(t) — twiwaps(t)
= t(pi(t) — wrwap3(t)) + wiwsp3(t).

If p(t) = t + wy, we have w; = p(0) = wiwyp3(0) € wiwyF*2. Therefore
wy € F*?. a contradiction. If p(t) = t + wy, then wy = p(0) = wiwyp3(0) €
wiwe F*2. Then wy € F*?, a contradiction.

Let now p(t) = t? + (wy + wy)t + wywsy. Since wywy ¢ F*2. it follows that
deg(t(p3(t) — wiwqpi(t))) is odd and deg(p(t) — wywqpd(t)) is even. We get a
contradiction to the equation (5.4). O

Corollary 5.5. Let wy,ws € F* and assume that wy,wy, wiwy ¢ F*2. Let
E = F(t,z,y) be the field of rational functions in 8 variables. Consider the
quadratic forms

@ = (¢ +w)(t+w)) L —z(t+w) L —y{t+ws),
G = {((t+w)(t +w2))) L xtwy {t +wy)) L ytwy {t + ws)),

T = ((t, wiws))

over E. Then (q1,qo, ™) is a special triple and U'(E; g1, g2, ) = Z/27. O

Proposition 5.6. Let wy,wy € F* and assume that wy, wa, wowy ¢ F*2. Let
E = F(t,x,y) be the field of rational functions in 8 variables. Let A = (z,y)®
(x(t +w2),y(t +wy)). Then the field extension E(SB(A))/E is not excellent.

Proof. Let (q1, g2, ™) be the special triple constructed in Corollary 5.5. Clearly
c(qr) = (z,y) + (z(t + wa),y(t +wy)) = [A]. Since I'(F; q1,q2, 7) = 727, it
follows from Lemma 3.1 that E(SB(A))/E is not excellent. O

“Note that a strong version of the Cassels-Pfister theorem assumes that the coefficients
in a diagonalization of the quadratic form are polynomials of degree < 1.
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Corollary 5.7. Let F be a field such that |[F*/F**| > 4. Let E = F(z,y,t)
be the field of rational functions in 3 variables. Then there is a biquaternion
algebra A over E such that the field extension E(SB(A))/E is not excellent. [

Lemma 5.8. Suppose that a field F' satisfies the following condition: there
exists w € F* such that w,w + 1,w(w + 1) ¢ F*2. Let E = F(a,b,c) be the
field of rational functions in 3 variables and define a biquaternion algebra A
over E as A = (a,b) ® (a+ 1,¢). Then the field extension E(SB(A))/E is not
excellent.

Proof. Let E' = F(t,z,y) be the field of rational functions in 3 variables. Let

w; = w, wy =w+1and A" = (z,y)® (z(t+w1), y(t+ws)). By Proposition 5.6,

the field extension E'(SB(A’))/E’ is not excellent. Let us identify the fields

E' = F(t,z,y) and E = F(a,b,c) by means of the isomorphism ¢ — (a — w),

x +— ac, y — b. We have

(A =(z,y) + (@t +w), y(t + w+ 1)) =
— (ac,b) + (acla —w+w),bla—w+w+1)) =
= (ac,b) + (¢,b(a+ 1)) = (a,b) + (a + 1,¢) = [A].

Since the algebra A" maps to A, it follows that E(SB(A))/E is not excellent.

[

Example 5.9. Let E = Q(a, b, ¢) be the field of rational function in 3 variables

over Q. Let A = (a,b) ® (a+ 1,¢). Then the field extension E(SB(A))/E is
not excellent.

Proof. 1t is sufficient to set w = 2 in Lemma 5.8. [

Proposition 5.10. Let E = F(a,b,c,d) be the field of rational functions in
4 variables and A be the biquaternion algebra (a,b) ® (c,d) over E. The field
extension E(SB(A))/E is not excellent.

Proof. Let I/ = F(z) and E' = F(x,y,t,z) be fields of rational functions in
1 and 4 variables respectively. Let w; = 1 — z and wes = 1 4 2. Obviously
wy, W, wiws & (F')*2. Let A" = (2,9)@(x(t+1+2),y(t+1—2)). It follows from
Proposition 5.6 that the field extension E'(SB(A’))/E’ is not excellent. Now
it is sufficient to identify the fields E = F(a,b,¢,d) and E' = F(z,y,t, z) by
means of F-isomorphism: a — x, b+ y, c— x(t+1+2),d— y(t+1—2). O

Appendix A. SURJECTIVITY OF &5 : H3(F(X)/F) — Tors,CH?(X) FOR
CERTAIN HOMOGENEOUS VARIETIES

The main purpose of this Appendix is to prove the following theorem.

Theorem A.1. Let A and B be CS algebras of exponent 2 over a field F of
characteristic # 2. Let X = SB(A) x SB(B). Then the homomorphism &,

ker (H3(F) — H3(F(X)))
[AJH*(F) + [BIH'(F)
is an isomorphism. Moreover, TorsCH?(X) = Tors, CH*(X).

— Tors, CH?(X)
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In this Appendix we will use the following notation and agreements.
e We identify the group H?(F) with the 2-torsion subgroup of the group
H(F, Q/2(2).
e For any field extension E/F we set
H'(E/F,Q/Z(j)) = ker(H'(F,Q/Z(j)) — H'(E,Q/Z(j)))
and H(E/F) = ker(H(F) — H'(E)).
Lemma A.2. Let q be a quadratic form over F'. Then
QHY(F(q)/F,Q/2(2)) = 0.
In other words, H*(F(q)/F,Q/Z(2)) = H3(F(q)/F).
Proof. Take a field extension L/F of degree < 2 such that ¢, is isotropic.
Obviously, H*(F(q)/F,Q/Z(2)) C H*(L/F,Q/Z(2)). Since
L+ FYH3(L/F,Q/Z(2) =0,
we are done. ]
Corollary A.3. Let g be an Albert form over F. Then
H (Flq)/F.Q/Z(2) = .

Proof. By Arason’s Theorem (see [1]), we have H*(F(q)/F) = 0. Applying
Lemma A.2, we get H*(F(q)/F,Q/Z(2)) = 0. O

We recall that a field F' is said to be linked (see [5], [6]) if the following
equivalent conditions hold:

(a) all F-algebras of exponent 2 have index < 2,

(b) all Albert forms over F' are isotropic.

Lemma A.4. For any field F there exists a field extension E/F such that E is
linked and the homomorphism H3(F,Q/7Z(2)) — H*(E,Q/Z(2)) is injective.

Proof. Let us define the fields Fy = F, Fi, F,, ... recursively as follows. We
set F; to be the free composite of all the fields of the form F;_;(¢) where g runs
over all Albert forms over F;_;. Further we set £ = U2, F;. By Corollary A.3,
the homomorphism H3(F,Q/Z(2)) — H?*(E,Q/Z(2)) is injective. By the
construction, all Albert forms over E are isotropic. Hence the field E is linked.

O

Lemma A.5 (cf. [36, Lemma 5.3]). Let Ay, Ay be CS F-algebras of index < 2
and let X = SB(A;) x SB(Ay). Then

H*(F(X)/F,Q/Z(2)) = [AJH(F,Q/Z(1)) + [A] H' (F,Q/Z(1)).

Proof. We can suppose that A; and A are quaternion algebras. By [36, Cor.
3.9], the group TorsCH?*(X) is trivial. Now it is sufficient to apply Theo-
rem 1.4.1. O

Corollary A.6. Let Ay, Ay be F-algebras of index < 2 and let X = SB(A;) X
SB(Ay). Then 2H?(F(X)/F,Q/Z(2)) = 0. [
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Lemma A.7. Let Ay and Ay be CS F-algebras of exponent 2 and let X =
SB(A;) x SB(Ay). Then 2H?*(F(X)/F,Q/Z(2)) = 0.

Proof. Let E/F be the field extension constructed in Lemma A.4. Since the
homomorphism H?(F,Q/Z(2)) — H?3(F,Q/Z(2)) is injective, the homomor-
phism H3*(F(X)/F,Q/Z(2)) — H*(E(X)/E,Q/Z(2)) is injective too. There-
fore it is sufficient to prove that 2H*(E(X)/E,Q/Z(2)) = 0. This assertion
follows immediately from Corollary A.6 since any algebra of exponent 2 over
a linked field has index < 2. O

Proof of Theorem A.1. By Theorem 1.4.1 it is sufficient to verify surjectivity
of the homomorphism &, : H3(F(X)/F) — TorsCH*(X). By Lemma A.7,
we have H3(F(X)/F,Q/Z(2)) = Torso H3(F(X)/F,Q/Z(2)) = H}(F(X)/F).
By Theorem 1.4.1, the homomorphism

e: H¥(F(X)/F,Q/Z(2)) — TorsCH?(F)
is surjective. Hence the homomorphism ¢, is surjective as well. [

Corollary A.8. For any CS F-algebra A of exponent 2 the homomorphism
€9

ker (H*(F) — H*(F(SB(4))))
[AJH(F)

s an isomorphism O

— Tors,CH?(SB(A))

Theorem A.1, Lemma 1.4.2, and equation (1.3.1) imply the following

Corollary A.9. Let Ay, Ay and B be CS F-algebras of exponent 2 such that
[A1] + [A2] + [B] = 0 € Bro(F). Let X = SB(A;) x SB(Ay) x SB(B). Then
the homomorphism &

ker (H*(F) — H3(F(X)))
[A1]HY(F) + [Ao] HY(F) + [BJHY(F)

— Tors, CH?(X)

s an isomorphism. O
Remark A.10. Let Ay,..., Ax be CS F-algebras of exponent 2. Let
X =8SB(A;) x -+ x SB(A).

It is not true (in general) that the homomorphism

ker (H¥(F) = H(F(X))) . :
[AHY(F) + -+ [Ak]Hl(F)éTorSQCH (X).

is bijective. A counterexample for the case k = 3 was constructed by E. Peyre
(see [36, Rem. 4.1 and Prop. 6.3]).
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Appendix B. A CRITERION OF UNIVERSAL EXCELLENCE FOR GENERIC
SPLITTING FIELDS OF QUADRATIC FORMS

Definition B.1. Let E/F be a finitely generated field extension. We say
that E/F is universally excellent if for any field extension K/F and any free
composite K of E and K over F the field extension EK/K is excellent.

Remarks. 1) By a free composite of K and E over F' we mean the field of
fractions of the factor ring (K ®p E)/P, where P is a minimal prime ideal in
K ®pE.

2) If X is a geometrically integral variety over F' and F = F(X), a free
composite FK is uniquely defined and coincides with K (X).

Let ¢ be a non-hyperbolic quadratic form over F'. Put Fy = F and ¢g = ¢ap.
Fori > 1let F; = F;_1(¢;—1) and ¢; = ((¢i—1)F,)an- The smallest h such that
dim ¢, < 1 is called the height of ¢. The tower of fields Fy, I, ..., F}, is called
the generic splitting tower of ¢. The degree of ¢ is defined to be zero if dim ¢
is odd. If dim ¢ is even then there is m such that ¢,_1 € GP,,(Fj,—1). In this
case we set deg ¢ = m.

The main purpose of Appendix B is to prove the following

Theorem B.2. Let ¢ be an anisotropic quadratic form over F and let
Fo, Fy, ..., Fy

be the generic splitting tower of ¢. Let s be a positive integer such that s < h.
Then

1) if the field extension F/F is universally excellent then s = h,
2) the field extension F,/F is universally excellent if and only if one of the
following conditions holds:
(a) ¢ has the form (a,b)) vy, where v is an odd-dimensional quadratic
form,
(b) ¢ L (—dety @) has the form {a,b)) v, where v is an odd-dimensional
quadratic form,
(c) ¢ has the form ((a)) v where 7y is an odd-dimensional quadratic form,
(d) there exist d ¢ F*?, m € Po(F) and two odd-dimensional quadratic
forms 1 and 5 such that Tp/a) 18 anisotropic, the field extension

F(m,v/d)/F is universally excellent, and [¢] = [ry] + [(d) 72 (in
this case dim ¢ is even and dety ¢ = d & F*?).

Remark B.3. We do not know whether there exist d and 7 (and hence ¢) as
in item (d) of Theorem B.2.

Definition B.4. Let ¢ be a quadratic form and k£ > 0. We say that a field
extension F/F' is generic in the class of the field extensions over which the Witt
index of ¢ is greater or equal to k (for short (¢, k)-generic), if the following
conditions hold:

1) iw(oE) > k,
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2) for any field extension K/F with iy (¢ )an > k and for any free composite
EK of the fields £ and K over F, the field extension K E/K is purely
transcendental.

Lemma B.5. Let q be a quadratic form and k be a positive integer. Let E1/F
and B>/ F be (¢, k)-generic field extensions. Then Ey/F & Fy/F.

Proof. By Definition B.4, E1Fy/E; and EjE,/FEy are purely transcendental.

Hence E;/F X E,/F. O
Proposition B.6 (see [24, Cor. 3.9 and Prop. 5.13]). Let
F07F17"'7Fh

be the generic splitting tower of a quadratic form ¢. Let ks = iw(¢r,) (0 <
s < h). Then the field extension Fs/F is (¢, ks)-generic.

Theorem B.7 (see [16, Th. 1.1]). Let ¢ be an anisotropic form over F'. The
field extension F(¢)/F is universally excellent if and only if dim¢ < 3 or
» € GPy(F).
Lemma B.8. Let ¢ be a non-hyperbolic quadratic form over F' and let
Py, ... F,
be the generic splitting tower of ¢. Let r be an integer such that 0 < r < h.
Suppose that the field extension F,./F is universally excellent. Then
1) for any s with0 < s <, the field extension F, | F is universally excellent;
2) r=h and deg ¢ < 2.

Proof. 1). Let k = iy (¢r, ). By Proposition B.6, both field extensions F}.F,/ Fy
and F,./F; are (¢r,, k)-generic, where F,.F; denotes a free composite of F,. and
F; over F. By Lemma B.5, we have F,.F;/Fj & F,/F.

Since F,./F is universally excellent it follows that F,.F,/F; is universally

excellent as well. Since F,.Fy/F, LF, / Fy, it follows that F,./F; is universally
excellent.

2). Since F,./F is universally excellent, it follows that F,./F,_; is universally
excellent. Let ¢p—1 = (¢F,_,)an. We see that F._1(¢r—1)/F,—1 is universally
excellent. It follows from Theorem B.7, that either dim¢,_; < 3 or ¢,_1 €
GPy(F._1). In both cases dim¢, < 1. Hence, r = h. Since dim¢,_1 =
dim ¢,y < 4, it follows that deg ¢ < 2. O

Definition B.9. Let ¢ be a quadratic form over F' and Fy, Fi,. .., F}), be the
generic splitting tower of ¢. We denote by Fy the field F},. For any field

extension E/F, we set Ey o Ey,.

Lemma B.10. Let ¢ be a quadratic form over F' and E/F be a field extension.
Then EF,JE X E4/E.

Proof. Let k = [dim ¢/2]. The field extensions EF,/E and Ey/E are (¢p, k)-

generic. Lemma B.5 completes the proof. O
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Corollary B.11. Let ¢ be a quadratic form over F' and E/F be a field ez-
tension. Suppose that the field extension Fy/F is universally excellent. Then
E,/E is universally excellent. [

Corollary B.12. Let ¢ € I3(F) be a quadratic form such that the field exten-
sion Fy/F is universally excellent. Then ¢ is hyperbolic.

Proof. Suppose that ¢ is not hyperbolic. Since ¢ € I3(F), we have deg(¢) > 3.
This contradicts to Lemma B.8. O

Corollary B.13. Let ¢ be a quadratic form over F' such that Fy/F is univer-
sally excellent. Then for any field extension E/F the condition ¢r € I*(E)
implies that ¢ is hyperbolic. O]

Lemma B.14. Let ¢ and v be quadratic forms over F'. The following condi-
tions are equivalent: 1) F 2 Fy; 2) dim(¢p, )an < 1 and dim(¢g, )an < 1.

Proof. 1)=2). Obvious.
2)=1). It follows from Proposition B.6 and Definition B.4 that the field

extensions FyFy/F, and F,F,/F, are purely transcendental. Hence F, X
Fy. O
Examples B.15. 1). Let ¢ be an odd-dimensional quadratic form. Let ¢ =
¢ L (—dets ¢). Then Fy/F X Fy/F.

2). Fori =1,...,n, let m; be anisotropic m;-fold Pfister forms with m; <
me < --- < my. Let v,...,7, be anisotropic odd-dimensional quadratic
forms. Let ¢ be a quadratic form such that [¢p] = [my1] + -+ + [77,]. Then
Fy)F X F(ry, ..., m)/F.

3). Let m € GP,(F) and let v be an odd-dimensional quadratic form. Let
¢ = my. Then F,/F X F,/F.

Proof. 1). Since ¢ € I(F), it follows that 1, is hyperbolic. Consequently
dim(¢r, )an = 1. Since dim(¢r,)an = 1, we have dim(¢p, )an < 2. It follows

from ¢ € I?(F') that dim(¢s, Jan = 0. By Lemma B.14, we have F,/F X Fy/F.

2). Obviously ¢p(r,,. . is hyperbolic. Let E = F,. It is sufficient to
verify that (m1)g, ..., (m,)g are hyperbolic. Suppose that there is 7 such that
[(m)Eg] # 0. Let ¢ be the minimal integer such that [(m;)g] # 0. Obviously,
[(m7i)E] = [¢r] = 0 (mod I™T(F)). Since dim~ is odd, we have [(m;)g] =
[(m7i)e] =0 (mod I™(F)). By APH, we have [(7;)s] = 0, a contradiction.

3). It is sufficient to set n = 1 in the previous example. O

The following lemma is a consequence of the index reduction formula [34].

Lemma B.16 (see [15, Th. 1.6] or [13, Prop. 2.1]). Let ¢ € I*(F) be a qua-
dratic form with ind(C(¢)) > 2". Then there is s (0 < s < h(¢)) such that
dim ¢ = 2r + 2 and indC(¢s) = 2". O

Lemma B.17. Let ¢ € I*(F) be a non-hyperbolic quadratic form such that
the field Fy is universally excellent. Then indC(¢) = 2.
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Proof. By Corollary B.12, we have ¢ ¢ I3(F). Hence indC(¢) > 2. Suppose
that indC'(¢) > 4. By Lemma B.16, there is s such that dim ¢ = 6. Therefore
¢s is an anisotropic Albert form. By Lemma B.8, the field extension F},/Fj is
universally excellent. Replacing F' and ¢ by F; and ¢,, we can suppose that ¢
is an anisotropic Albert form. Let A = C(¢). Clearly F,/F X F(SB(A))/F.
By Theorem 3.2, the field extension F(SB(A))/F is not universally excellent,
a contradiction. O

Proposition B.18. Let ¢ € I*(F) be an anisotropic quadratic form. Then
the following conditions are equivalent:

1) the field extension F,/F is universally excellent,
2) ¢ has the form {a,b)) u, where p is an odd-dimensional form.

Proof. 1)=-2). Suppose that the field extension Fj,/F is universally excellent.
By Lemma B.17, we have indC(¢) = 2. Therefore there exists an anisotropic
2-fold Pfister form © = {((a,b)) such that [c(¢)] = [c(7)]. Let £ = F(n).
Obviously ¢g € I*(E). By Corollary B.13, ¢ is hyperbolic. Hence there is ~y
such that ¢ = ((a, b)) 7. Since ¢ ¢ I*(F), dim~ is odd.

2)=1). Suppose that ¢ = ((a, b)) v, where = is an odd-dimensional quadratic
form. Let m = ({a,b)). By Example B.15, we have F,/F & F,/F. By Arason’s
theorem, the field extension Fy/F' is universally excellent. Hence F,/F is
universally excellent. O

Proposition B.19. Let ¢ be an odd-dimensional anisotropic quadratic form.
Then the following conditions are equivalent:

1) the field extension F,/F is universally excellent,
2) ¢ L (—detyd) has the form {(a,b)) p, where p is an odd-dimensional
form.

Proof. Obvious by virtue of Proposition B.18 and Example B.15. [

Proposition B.20. Let ¢ be an even-dimensional anisotropic quadratic form
with d = det+(¢) # 1 € F*/F*2. Then the following conditions are equivalent:

1) the field extension Fy/F is universally excellent,
2) there exist m € GPy(F') and odd-dimensional quadratic forms 1, 72 such
that [¢] = [my] + [(d) v2] and the field extension F(mw,/d)/F is univer-

sally excellent.

Proof. 1)=2). Let L = F(V/d). Since F,/F is universally excellent, it follows
that Ly/L is universally excellent. If ¢, is hyperbolic, we set 7 = 2H, what
completes the proof. Suppose now that ¢y, is not hyperbolic. By Lemma B.17,
ind(C(¢r)) = 2. Since C(¢y) is defined over F, it follows that there is 7 €
G Py(F) such that C(¢;) = C(ry). Let E = L(w) = F(n,/d). Since F,/F
is universally excellent, it follows that E,/E is universally excellent. We have
C(¢g) = C(mg) = 0. Hence ¢ € I3(E). Tt follows from Corollary B.13 that
¢p is hyperbolic. Therefore, [¢] € W(E/F) = [g]W (F) + [{(d)]W (F). Choose
v1 and 7, such that [¢p] = [7y1] + [{d)) 12]. Since ¢ ¢ I*(F), the dimension of
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72 is odd. Since indC(¢r) = 2, the dimension of 7 is odd. By Example B.15,

we have F,/F X E/F. Therefore, the field extension E/F = F(r,v/d)/F is
universally excellent.
2)=1). Obvious in view of Example B.15. O

Theorem B.2 is now an obvious consequence of Lemma B.8 and Proposi-
tions B.18, B.19, and B.20. O

Let ¢ be a non-degenerate quadratic form on an F'-vector space V and k
be a positive integer such that k£ < %dimV = %dim ¢. Let X(¢,k) be the
variety of totally isotropic subspaces in V' of dimension k. It is well-known
that X (¢, k) is geometrically integral if and only if k # £ dim ¢.

Suppose now that k& < 1 dim ¢. Clearly, the field extension F(X (¢, k))/F is
(¢, k)-generic. Therefore there exists r (0 < r < h = h(¢)) such that the field
extension F'(X (¢, k))/F is stably isomorphic to F,./F. Obviously, r = 0 if and
only if & <y (¢). In the case where k > iy (¢), the integer r is defined by the
condition dim ¢,y — 2 > dim ¢ — 2k > dim ¢,..

Theorem B.21. Let ¢ be a quadratic form over F' and X (¢, k) be the variety
of totally isotropic subspaces of dimension k (k < %dim ¢). The field extension
F(X(¢,k))/F is universally excellent if and only if at least one of the following
conditions holds:
2) k = 1dim¢ — 1 and @a has the form {(a,b)~, where v is an odd-
dimensional quadratic form,
3) k=1(dim¢ — 1) and ¢an L (—dety ¢) has the form ((a, b))y, where v is
an odd-dimensional quadratic form.

Proof. Let 7 be such an integer that F(X (¢, k) ~ F,/F. If r = 0 then
k <iw(¢) and the proof is complete. Suppose now that r > 0. By Lemma B.8,
we have r = h = h(¢) and deg(¢) < 2. Therefore, dim ¢ —2k < dim ¢, —2 <
2deed _ 2 < 2. By the assumption of the theorem, we have dim ¢ — 2k > 0.
Therefore, k = %dimgzﬁ —lork= %(dimgb— 1). Since dim ¢p,_1 > 2+ (dim ¢ —
2k) > 3, it follows that either ¢ € I*(F), or dim ¢ is odd. To complete the
proof it is sufficient to apply Theorem B.2. n
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