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SUMMARY 

Particulate materials are ubiquitous in the natural environment and have served 

throughout human history as one of the basic materials for developing civilizations. In 

terms of human activity, the handling of particulate materials consumes approximately 

10% of all the energy produced on earth. Advances in the study and understanding of 

particulate materials can thus be expected to have a major impact on society. 

Geotechnical engineers have a long history of studying particulate materials since 

the fundamental building blocks of the profession include sands, silts, clays, gravels and 

ores, all of which are in one form or another particulates. The interface between 

particulates and other engineered materials is very important in determining the overall 

behavior of many geotechnical systems. Laboratory experimental studies into interface 

shear behavior has until now, been largely confined to systems involving uniformly 

graded sands comprised of a single particle size. 

This study addresses these potential shortcomings by investigating the behavior of 

binary particle mixtures in contact with surfaces. The binary nature of the mixtures gives 

rise to a changing fabric state which in turn can affect the shear strength of the mixture. 

Accordingly, packing limit states and the shear strength of binary mixtures were 

investigated across a range of mixtures, varying in particle size ratio and the proportion 

of fine particles to provide a reference. 

Binary mixtures in contact with smooth surfaces were investigated from both a 

global shear response and a contact mechanics perspective. A model was developed that 

allowed for the prediction of an interface friction coefficient based on fundamental 
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material properties, particle and mixture parameters. Surface roughness changes as a 

result of shearing were also examined. 

The interface shear behavior with rough interfaces was examined in the context of 

the relative roughness between particles and surface features. The interpretation of 

traditional measures of relative roughness suffer from the need for a definitive average 

particle size, which is ambiguous in the case of non-uniform mixtures. Measures of an 

applicable average particle size for binary mixtures were evaluated. 
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1. INTRODUCTION 

1.1. Context for this research 

Particulate materials occupy a very prominent role in the world. They are 

ubiquitous in the natural environment and have served throughout human history as one 

of the basic materials for developing civilizations. 

Particles are present in the atmosphere, the oceans and on land. There is a 

virtually inexhaustible supply of sand particles on our shorelines and in deserts, which 

comprise more than 10% of the land area of the earth. In terms of human activity, 

particulates are no less important. The handling of this class of materials consumes 

approximately 10% of all the energy produced on earth (Duran, 2000). This ranks 

particulate materials second on a list of human priorities, behind only water. Advances in 

the study of particulate materials are thus bound to have a major impact on society. 

Particulate materials are processed in many diverse industries and are handled in 

some form in every nation on earth. Some of the industries that are major handlers of 

particulates include mining (ore), agriculture (food grains, seed, fertilizer), construction 

(sand, gravel, cement) and the pharmaceutical industry. Low-cost raw materials form a 

large part of the particulate materials handled by industry. The processes of extracting, 

crushing, grinding, separating, transporting and storing of these materials are generally 

carried out using somewhat basic technologies. Since the rise of more specialized 

industries that also use particulate materials, such as the cosmetic and pharmaceutical 

industries, the incentive to optimize and control particulate processing has increased and 

increasingly sophisticated processing technologies are being demanded and developed. 
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At many stages in the handling of particulates, the particles are placed in contact 

with a solid surface. These interface interactions between grains and silo walls, ores and 

conveyor belts, sands and geomembranes, and gravels and concrete piles are often the 

controlling factor in determining how these systems will behave. 

Geotechnical engineers have a long history of studying particulate materials 

(soils) and the behavior of the interface between a particulate soil and a continuum solid 

is of fundamental importance to the performance of many geotechnical engineering 

systems. Examples of such geotechnical systems include: contact surfaces between soil 

and man-made elements (pile foundations, tunnels, retaining walls), the boundaries 

between adjacent soil and rock layers, and internal shear zones formed within individual 

soil masses. In addition, many laboratory and in-situ geotechnical testing techniques are 

influenced by interface behavior (for example the rigid cell permeameter and the cone 

penetration test). Despite the prevalence and importance of interfaces in geotechnical 

engineering, the study of geotechnical interfaces has typically received less attention than 

the study of internal soil behavior, although this is beginning to change as evidenced by 

the recent International Symposium on the Characterization and Behavior of Interfaces 

held in 2008 (Frost, 2010). 

This dissertation seeks to extend the work done in this field by investigating 

binary particle mixtures in contact with both smooth and rough interfaces. The 

dissertation focuses solely on non-plastic coarse granular soils. Specifically, quartz sands 

varying in diameter from approximately 0.1mm to 1.0mm were used in the study. Smaller 

size particles were not studied as surface effects related to the specific surface then 

become dominant. Both uniform sands and binary mixtures made of these sands were 
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studied. Various counterface materials were studied, representing some of the common 

geomaterials found in use today. 

1.2. Outline and organization of dissertation 

This dissertation presents results and discussion focused on the general topic of 

geotechnical interface behavior. In addition to this introduction, the thesis is organized 

into six chapters, the contents of which are outlined below: 

Chapter 2 

Chapter 2 provides a summary of previous research findings that have important 

implications for the current study. In particular, similarities to and differences between 

previous work and the current study are examined. Chapter 2 is divided into two main 

sections: the first reviews particle mixtures and their behavior, and the second part 

reviews interface shear behavior. 

Chapter 3 

Chapter 3 presents the information related to the materials studied and the 

experimental methods and equipment used to study them. Information related to the 

particles themselves is presented, along with information related to the counterface 

surfaces tested. Details of all experimental procedures are also provided. 

Chapter 4 

Chapter 4 describes the results of tests on binary particle mixtures. Since the 

limiting case of a binary mixture would be a uniform soil, the study of uniform soils is 

also included here. 

Data and discussion from limiting void ratio and direct shear tests comprise the 

majority of this chapter. 
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Chapter 5 

Chapter 5 presents the results and analysis of binary mixtures in contact with 

smooth counterfaces. Again, uniform soils are first examined in order to provide a 

reference point for the binary mixtures. Interface shear test data is presented showing the 

stress-strain response of the interface system. Surface profilometry data is also presented 

which quantifies the changes in the counterface surface due to shearing against uniform 

and binary particle mixtures. 

The observed behavior is then examined from a tribological perspective, seeking 

to understand the behavior by relating the results to fundamental Hertzian contact 

mechanics and principles of friction. A model is presented that allows for the interface 

friction coefficient to be estimated based on the particle and counterface properties. This 

model is extended to apply to binary mixtures. 

Chapter 6 

Chapter 6 presents the results and analysis from tests with binary mixtures in 

contact with hard, rough counterfaces. The concept of relative roughness is re-examined, 

seeking a relationship between particle size, surface feature size and observed interface 

shear behavior. The effect of changing surface roughness and mixture proportions is 

examined. 

Chapter 7 

Chapter 7 presents the conclusions of the study and provides recommendations 

for future study on this topic. 

 

References and appendices are presented at the end of the dissertation. 
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2. CURRENT UNDERSTANDING OF GEOMATERIAL GRADATION 

EFFECTS AND INTERFACE SHEAR BEHAVIOR 

2.1. Introduction 

This chapter summarizes previous research findings that have important 

implications for the current study. In particular, similarities to and differences between 

previous work and the current study are examined. A central thread running through this 

study, and thus through this chapter, is that the particle size distribution of an assembly of 

particles has an important influence on the way in which the particles pack relative to one 

another, both at the formation of the assembly (inherent microstructure) as well as during 

any process that causes the particles to move relative to one another (induced 

microstructure). 

The influence of different particle sizes and particle size distributions will be 

examined through the study of binary particle mixtures, i.e. mixtures comprised of 

particles of two distinct sizes. This is a simpler and more illustrative and instructive case 

as compared to more complex ternary (or higher order) mixtures. A review of the 

behavior of binary particle mixtures will be presented below, drawing largely on 

literature from fields outside of geotechnical engineering. Various packing arrangements, 

models for describing void ratio changes and shear strength will all be reviewed in 

relation to particle mixtures. 

Interactions between particle mixtures and surfaces will be examined by 

reviewing aspects of tribology as well as the growing body of work within the 

geotechnical engineering field that specifically considers particulate-continuum interfaces 

and the process of shearing at those interfaces. The growing significance of this area of 
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research is reflected by the recent international symposium dedicated to this topic (Frost, 

2010). A significant contribution of this thesis will be to examine the effect of particle 

size distribution on interface shear behavior as this is not a topic that has received any 

meaningful attention in previously published works. 

The interplay between particle size and surface roughness has been demonstrated 

in previous studies. The relative roughness of a surface plays a very important role in 

determining the interface shear behavior but this has only previously been examined in 

cases with uniform particle assemblies. These studies will be reviewed in order to provide 

insight into the case of more complex particle size distributions. 

The effect of hard and soft counterfaces on interface shear behavior has long been 

established and a review of this work follows in order to provide understanding on how 

particle mixtures may interact with such surfaces. Wear is an aspect of interest with 

regards to soft counterfaces although this is only fairly recently receiving attention in the 

geotechnical community. 

2.2. Particle Mixtures 

There is a tendency in geotechnical engineering to want to classify soils into one 

of four primary groups, viz. gravel, sand, silt or clay. This tendency highlights the 

understanding that these different soil types behave in different ways at the particle level, 

but also masks the fact that most naturally occurring soils cannot be classified so simply. 

Naturally occurring soils are usually comprised of a mixture of different particle shapes 

and sizes rather than a single uniform particle shape or size. Soil mixtures, such as silty-

sands and clayey-silts, are more frequently encountered in geotechnical engineering 

projects than uniform gravels, sands, silts or clays. Soil mixtures are commonly found in 
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geotechnical construction such as engineered fills, embankments and ground 

improvement projects. 

Gap-graded materials, which can be approximated by binary particle mixtures, 

form an important group of engineered materials. Such materials are often used for 

flexible pavements and for water retention filters in dams (Peters and Berney, 2010). 

Despite the widespread occurrence of soil mixtures, geotechnical research, and 

laboratory testing in particular, has tended to focus more on uniform soils. There is thus 

considerably less data available on soil mixtures and an incomplete understanding of the 

fundamental behavior of soil mixtures. This incomplete understanding can be attributed, 

at least in part, to the lack of a unifying theoretical framework with which to characterize 

and model soil mixtures based on their constituent materials. Part of the difficulty in 

studying soil mixtures is the complexity of the behavior and the lack of index parameters 

to characterize them. 

There is a recognized need for a framework whereby the macro-scale response 

and state of soil mixtures can be predicted from the properties of the constituent 

materials. Such a framework, validated by experimental results, would also prove useful 

in selecting the optimal materials and mix proportions for the design of engineered soils. 

Other potential applications include optimizing mix designs for embankments, subgrade 

soils and for soil improvement projects in areas with marginal soils. 

Naturally occurring particles all exhibit some degree of variation in particle size, 

regardless of the soil chosen or the size measurement method or descriptor employed. An 

accurate description of particle size for a given soil must include information regarding 

this size variation. In geotechnical engineering this information is usually presented in the 
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form of a particle size distribution plot showing the relative frequency with which 

particles within a number of narrow size ranges occur. Various descriptors, such as the 

coefficient of uniformity, Cu, and the coefficient of curvature, Cc, are employed to 

describe and characterize the nature of the size distribution. 

In general, mixtures behave as a function of the individual component behaviors 

as well as a function of how the components are mixed. The combined effect of how the 

mixture as a whole acts may not necessarily be obvious from the component behaviors 

alone. There is a need to understand how the components act in isolation (for the limiting 

case or boundaries of the phenomenon), and also how the components interact with each 

other and what effect this has on the overall behavior. 

Individual components and mixture ratios determine the packing density and 

structure, this in turn effects the strength. Good models exist that predict the density (or 

void ratio) from the constituents (Dodds, 1980; Yu and Standish, 1991; Finkers and 

Hoffmann, 1998), but such models are not available for predicting the shear strength or 

the interface shear strength and void ratio by itself is not a  sufficient predictor of 

strength. 

In one sense, every soil encountered is a mixed soil. Even in the most uniform of 

sand deposits one will find particles of differing size and shape. Soils used for research 

purposes that are considered to be uniform include Ottawa 20/30, A.F.S. 50/70, F-110, 

Monterey #16 and Monterey #0. Table 2.1 presents grain size and grain size distribution 

data for the aforementioned sands. 
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Table 2.1 Examples of Uniform Sands 

Sand Dlarge 

(mm) 

D50 (mm) Dsmall 

(mm) 

Cu Relative Range 
(Dlarge-Dsmall)/D50 

Ottawa 20/30 0.85 0.72 0.60 1.2 0.35 

A.F.S. 50/70 0.30 0.26 0.21 1.4 0.35 

F-110 0.21 0.14 0.08 1.6 0.93 

Monterey #0 0.60 0.38 0.13 1.6 1.24 

Monterey #16 2.4 1.2 0.80 1.3 1.33 

Note: Dlarge = size of largest particle, Dsmall = size of smallest particle 

As can be seen in the table, there is not a well defined range of relative particle 

sizes that define a uniform soil. By the term “mixed soil” we mean a soil with at least two 

distinct and readily discernable (based on size) components of the solid phase. For the 

purposes of this study, binary particle mixtures will be studied. The review will thus 

focus largely on binary particle mixtures. Binary particle mixtures are studied in 

disciplines as diverse as ceramics, mining, chemical engineering, and food and 

pharmaceutical handling. This is reflected in the diverse range of publications covering 

this topic. 

2.2.1. Packings of Particles 

Volumes and surface areas of regular geometrical solids are readily determined, 

and, as such, the majority of research on particle packings has been carried out 

considering perfectly spherical particles. A review of packing arrangements and 

characteristics of rigid mono-sized spheres provides an excellent starting point for this 

review. 

Regular packings of rigid mono-sized spheres have been extensively studied with 

some of the earliest work investigating the flow of water through a soil mass (Slichter 
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1899). Five distinct stable configurations are identified: simple cubic, cubic-tetrahedral, 

tetragonal sphenoidal, face-centered cubic and tetrahedral packings (Graton and Fraser, 

1935). Table 2.2 shows various properties of these regular packings. These values of 

porosity are completely independent of the size of the particles and it can be observed 

how the co-ordination number increases as the void ratio decreases. 

Table 2.2 Properties of Regular Packings, data from (Deresiewicz 1958) 

Arrangement Porosity 

(n) 

Void Ratio 

(e) 

Packing Density 

(1-n) 

Co-ordination 

Number (cn) 

Simple Cubic 0.476 0.908 0.524 6 

Cubic-

Tetrahedral 
0.395 0.652 0.605 8 

Tetragonal 

Sphenoidal 
0.302 0.432 0.698 10 

Face-Centered 

Cubic 
0.260 0.351 0.740 12 

Tetrahedral 0.260 0.351 0.740 12 

 

Packings of spherical particles in random arrangements has also been extensively 

studied. A good summary of early research can be found in (Brown and Richards 1970). 

Results of tests from many researchers are described and include various types of 

materials, including poppy seeds, lead shot and glass beads. Particle sizes varied from 

0.04mm to 4.8mm and the results were shown to be substantially independent of the 

particle size. The packing densities are found to range from approximately 0.60 to 0.64, 

indicating an intermediate density, but tending towards the looser packings. (Santamarina 

2001)) indicates that random packings of mono-sized spheres will typically achieve 

packing densities of between 0.56 and 0.67 and that average co-ordination numbers can 
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vary from approximately 6 for loose packings to approximately 9.5 for dense packings. A 

similar range of co-ordination numbers is reported in (Brown and Richards 1970) where 

values of average coordination number range from 6.2 to 9.5, as determined 

experimentally. 

Lu (2010) recently identified a new measure of soil fabric, called the “packing 

signature”. This is a meso-scale measure of void ratio throughout a three-dimensional 

arrangement of particles. It is interesting to note that this packing signature shows 

definite periodicity, with the size of the particles largely determining the wavelength of 

the measurement signal. 

The minimum and maximum void ratios for real soil particles will differ from 

those of spherical particles. In general, for more angular particles, there is greater 

opportunity to build a loose arrangement of particles, resulting in a lower minimum 

density (greater void ratio). A comprehensive review of the factors affecting the void 

ratio of soils can be found in (Youd 1973). The most significant findings of that study 

were that the primary factors controlling the limiting void ratios for clean sands are 

particle shape and the range of particle sizes present. It was also found, contrary to 

previous studies, that particle size per se has no significant influence on the limiting void 

ratios. This would seem to be in agreement with the findings for mono-sized spherical 

particles which also showed no dependence on the actual particle size. 

2.2.2. Mixtures of Particles of Different Sizes 

An assembly of mono-sized particles will leave void space between the particles. 

These voids can be filled with smaller particles which would result in a denser 

arrangement. In turn, these smaller particles leave voids which can be filled in by even 
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smaller particles, resulting in an even denser packing. It is thus apparent that the relative 

size and proportions of particles present will play a very significant role in the packing 

structure of the entire arrangement. The case of binary mixtures (two components) will be 

considered as it is a simpler case than ternary (or higher order packings) and allows for 

the primary aspects to be illustrated clearly without unnecessary complication. 

In the earliest related work, (Furnas 1931) was interested in determining 

mathematical expressions for intermittent and continuous gradations that would achieve 

the maximum density. The parameter, K, was designated as the ratio of the smallest to the 

largest particle present and was found to be a very important parameter. This parameter 

(or it’s inverse) is named differently by different authors and in the current study will 

generally be termed “particle size ratio”. 

Particle mixtures were further studied by (McGeary 1961) who showed that as the 

ratio between particle sizes increased (for binary mixtures) a denser arrangement was 

achieved. An approximately sevenfold difference between particle diameters was found 

to produce the most efficient packing and this was related to the triangular pore size 

created by the large particles through which the smaller particles had to migrate. It was 

also shown that the percentage of small particles present when the packing reached a 

maximum density was between 20% and 40%. 

Many researchers have attempted to develop mathematical models that relate the 

particle size distribution to the porosity of the mixture. These models can be broadly 

classified into two main groups: geometrical models and analytical models (Yu and 

Standish 1991). All of the geometrical and analytical models have been shown to be able 

to predict the porosity of particle mixtures with various degrees of success. It is however 
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noted by many researchers (Stovall, De Larrard et al. 1986); (Ouchiyama and Tanaka 

1989) that comparisons between models are very difficult since different assumptions or 

geometries are used. A brief overview of the development of the primary models will be 

presented next. 

The first analytical model was proposed by Westman and Hugill (1930) and is 

called the linear packing model. This model has since been extended to multi-component 

mixtures and continuous distributions (Bierwagen and Saunders 1974). A more recent 

version of the linear packing model was developed (Stovall, De Larrard et al. 1986) to 

address some short comings in the previous models. Taking a slightly different approach 

and basing the new analytical model on the experimental theory of mixtures (Yu and 

Standish 1988) developed a mixture packing model. 

The geometrical models are based on assuming a certain particle geometry. 

(Dodds 1980) developed a simple statistical geometrical model which assumed that all 

particles were touching their neighbors. While clearly this is an invalid assumption, the 

model, which uses tetrahedral sub-units for calculating the porosity, shows results very 

similar to more complex models. Other geometrical models have been proposed (Suzuki 

and Oshima 1985); (Ouchiyama and Tanaka 1989). These models all assume a certain 

particle configuration, which while clearly questionable, does have the advantage of 

allowing other properties, such as coordination number, to be calculated. 

2.2.3. Intergranular void ratios 

In the geotechnical literature various aspects related to particle mixtures have 

found expression in research on silty sands. In particular, research on the undrained shear 

strength related to liquefaction has been studied extensively. 
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Traditionally, void ratio has been chosen as one of the most important state 

variables. This is seen in the choice of void ratio as a central parameter in critical state 

soil mechanics (Roscoe et al, 1958), in the development of the steady-state concept 

(Poulos, 1981) and in the formulation of the state parameter concept (Been and Jefferies, 

1985). The use of void ratio has however led to some uncertainty in the study of such 

cases as the undrained shear strength of silty-sands (Thevanayagam, 1998). Alternatives 

to the traditional concept of void ratio have thus been sought. 

Thevanayagam (1998) introduced the concept of the intergranular and interfine 

void ratios. The intergranular void ratio is defined as the void ratio of the original coarse-

grain matrix if the finer particles were removed and is considered to be an index of the 

active contacts of the coarse-grained component. This measure of void ratio is applicable 

to soils with a low percentages of finer particles present (below a certain threshold). The 

interfine void ratio is applicable for soils with a high percentage of finer particles (greater 

than a certain threshold). Under this proposed framework, the finer particles are regarded 

as voids when the percentage of finer particles is low and are assumed not to participate 

in resisting load. When the percentage of finer particles is high, the large grains are 

considered to be voids. In a similar study, Yang et al. (2006) examined the transitional 

fines content (TFC) which is the point at which one can separate the material as being 

either sand-dominated or fines-dominated. Their study examined whether the steady state 

line, limiting void ratios and various cyclic and liquefaction parameters could be used to 

determine the TFC. They determined that based on all these different approaches that the 

TFC for the studied sand-non-plastic fines mixture was approximately 30%. 
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Thevanayagam et al. (2002) introduced an equivalent intergranular void ratio 

which sought to account for the contributions of the coarse and fine components at high 

and low percentages of finer particles, respectively. This equivalent intergranular void 

ratio requires an additional parameter which represents the fraction of finer particles that 

participate in load transfer through the soil. Predicting this parameter is problematic and 

has generally been back calculated. Rahman et al. (2008) attempted to address this by 

developing a semi-empirical relationship between this parameter and the size and 

percentage of finer particles in the context of binary mixtures. 

Gutierrez (2003) developed very similar relationships from the starting point of 

mixture theory. Good correlations were found between the percentage of finer particles 

and various other parameters, including the cyclic undrained shear strength and mixture 

void ratio. 

These concepts of intergranular void ratios and transitional fines content all apply 

to soil mixtures. While the studies undertaken to date generally consider the fine 

component to be significantly smaller than the coarse component, the current study will 

investigate whether the same concepts can be applied to mixtures where there is not such 

a large particle size discrepancy. 

Binary particle mixtures have also been studied using numerical simulations. The 

work by Consiglio et al. (2003) showed how the void ratio of binary particle mixtures at 

different mixture ratios could be obtained using Monte-Carlo simulations. Results 

showed a minimum void ratio at approximately a 12% concentration of larger spheres. 

That study was completed only for particles that had a size ratio of 2 and for a very 

limited number of mixture ratios. Due to the large (100,000) number of simulations 
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performed, the expected error in the reported results was estimated to be very low. 

Results do differ however from other experimental results on spherical particles at similar 

size ratios. 

2.2.4. Strength tests on mixtures 

A number of studies have been conducted that have examined the shear strength 

of cohesionless sand-gravel mixtures (Holtz and Gibbs, 1956; Doddiah et al., 1969; 

Vasileva et al., 1971; Marsal and Fuentes de la Rosa, 1976; Fragaszy et al., 1992). These 

studies showed that the maximum shear strength of the mixtures approximated that of the 

sand (finer component) when the percentage of gravel (coarse component) was less than 

approximately 50% by mass. The maximum mixture shear strength approximated that of 

the gravel when the gravel fraction was greater than approximately 70%. At 

concentrations of gravel between 50% and 70% the maximum shear strength of the 

mixture was some combination of the strengths of the two components. 

Similar results were obtained by using binary mixtures of glass beads with a 

particle size ratio of 12.5 (Vallejo, 2001). In this case, peak shear strengths from direct 

shear tests also showed three distinct zones of behavior, with the transition zone 

occurring at mass concentrations between 35% and 70% of the coarse fraction. In that 

study however, the validity of the tests performed with predominantly coarse grains is 

questionable due to the very large size of the particles in relation to the size of the testing 

apparatus. 

Simoni and Houlsby (2006) studied the strength and dilatancy of sand-gravel 

mixtures in a large direct shear box and specifically investigated how the grain size 

characteristics affected the shearing resistance. They found that adding even a small 
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amount (less than 10%) of gravel to a sand increased both the peak and constant volume 

friction angles. They further found that the minimum void ratio could be used as a 

normalizing parameter. Empirical relationships were developed to predict the peak shear 

strength of sand-gravel mixtures up to 50% gravel component. 

Vallejo and Mawby (2000) investigated the shear strength of sand-clay mixtures. 

While these results are not directly applicable to the current study due to the plastic 

nature and relatively small size of the fines component, the results are nonetheless 

noteworthy. The authors found that if the coarse component was greater than 75%, then 

the strength of the mixtures was basically that of the coarse component by itself. If the 

coarse component was less than 40% (by mass) then the strength was basically that of the 

clay. For the situation when the coarse fraction was between 40 and 75% the strength of 

the mixture was partially controlled by each component. The proposed explanation for 

this behavior is based on the porosity resulting from mixing the components. The point at 

which maximum density was achieved represented the boundary between where the 

mixture strength was sand controlled or clay controlled. 

The relationship between binary mixture properties and shear banding has also 

been experimentally studied (Viggiani et al. 2001). Monodisperse and binary mixtures 

were both studied under plane strain conditions using stereophotogrammetry to capture 

the onset of localization and shear band characteristics. The results confirmed that the 

shear band thickness does depend on the mean grain size, but that orientation does not. 

The authors concluded that grain size distribution has a major effect on shear band 

characteristics but that simple descriptors of the size distribution cannot be directly 

related to the shear band characteristics. 
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The angle of repose of particle mixture has been studied by Chik (2005) using the 

ASTM C1444-00 Funnel Test. Results indicate that the basal surface upon which the 

particles are placed is also a very important factor. On a “rough” basal surface the angle 

of repose was found to decrease by approximately 5 degrees with the addition of finer 

material. This suggests that the fine particles fill in the spaces found between the surface 

texturing, thereby reducing the effective roughness. For a “smooth” basal surface the 

angle of repose increased by approximately 5 degrees with addition of finer material. No 

quantification of the surface roughness was attempted so any relationship between 

strength and relative roughness was not established. It is clear, however, that the strength 

of binary mixtures can vary significantly depending on the mixture ratio and that the 

interface (in this case the basal surface) does play a significant role in the measured 

strength (taking the angle of repose to be a measure of strength). 

2.3. Behavior at Interfaces 

2.3.1. Friction at Interfaces 

The basic laws of friction as summarized by Bowden and Tabor (1956) indicated 

that: 

1. Friction is independent of the contact area between surfaces 

2. Friction is proportional to the load transferred between surfaces 

These statements are a restatement of Amonton’s Laws of Friction first elucidated 

in the 17
th

 century. Since the frictional force is independent of the gross area of contact, 

one can express the same relationships in terms of boundary shear stresses and normal 

stresses as is more commonly done in geotechnical engineering. Amonton’s Laws imply 

a constant friction coefficient but many materials in fact do not obey this law as their 
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friction coefficients can vary with normal load. For a detailed analysis of friction, refer to 

Bowden and Tabor (1956). 

In modeling real surfaces Archard (1957) found that contact behavior is a function 

of the number of asperities touching the surfaces. Elastic conditions at these contact 

points resulted in a variable friction coefficient while plastic conditions resulted in a 

constant friction coefficient. Real materials exhibit a behavior somewhere between the 

two extremes and Archard presented a generalized equation linking the contact area to 

the applied load. A thorough review of this work can be found in Dove and Frost (1999). 

2.3.2. Particulate Materials at Interfaces 

When discrete particles are moved relative to the surface they are contacting, they 

are able to either slide along the surface or roll. This is in contrast to asperities from 

another contacting surface in that those asperities do not have the option to roll. 

The contacting particulate assembly can deform partially or completely in one of 

two mechanisms: sliding and shearing. Pure sliding is characterized by translation with 

respect to the counterface with no internal particle rearrangement. Pure sliding of a 

particulate assembly along a counterface can occur under the following conditions: (1) 

the surface is smooth relative to the contacting particle size, (2) the normal stress remains 

below the critical stress level, thereby preventing particles from embedding in the 

surface, which can lead to surface ploughing, or particle fracturing, and (3) the surface is 

sufficiently hard so that abrasive wear is negligible during shear. In the case of pure 

sliding, interface friction is generated solely due to sliding at the particle-counterface 

contacts and therefore volume change in the adjacent particulate structure is negligible. 
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Shearing of the particulate structure occurs to varying degrees when one of the 

conditions for pure sliding is not met. A change in the continuum surface roughness, the 

confining stress, the continuum hardness, or particulate shape can result in sliding at the 

particle-counterface contacts no longer being the mechanism with the lowest friction 

coefficient (i.e. requiring the minimum energy). When internal shearing within the 

particulate medium provides less resistance to shear than sliding at the interface at least 

partial shear will occur. For example, for shear against smooth surfaces at low normal 

stress, sliding at the counterface contacts provides the least resistance, as sliding can 

occur with essentially no particle rearrangement and therefore no volume change. 

However, if for example the surface roughness is increased slightly, sliding at the 

interface results in higher frictional resistance as particles must displace into the 

contacting particulate structure to overcome surface asperities. This translational 

movement requires the contacting particulate structure to deform to allow the particles to 

pass over the asperity. In conditions where both sliding and shearing occur 

simultaneously, the internal shear deformation of the particulate structure permits sliding 

at the interface contacts. The case of pure interface shearing is analogous to shearing 

within a global particulate mass, and occurs when the interface resistance is higher than 

the internal resistance over the entire contact area, essentially clogging the interface. 

These two basic types of particle motion, sliding and rolling, were shown by Fang 

et al. (1993) in their study of single sand particles placed between two metal surfaces. 

One surface was displaced relative to the other. It was observed that sliding particles left 

tracks in the form of a groove while particles that rolled caused serial pitting of the 

surface. In this same, study the authors attempted to account for the factors that would 
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cause either rolling or sliding. It was proposed that the main determining factor was the 

ratio of the vertical to horizontal moment arms of the couples keeping the particle in 

equilibrium and that sliding would occur only if this ratio exceeded the friction 

coefficient. Experimental evidence confirms this by showing that particles with ratios 

greater than the friction coefficient did in fact slide, while particles with lower ratios 

rolled. 

It was further shown that this ratio increases with either an increase in the normal 

load or with a decrease in particle size, thus making the particle more likely to slide. This 

is a very interesting result given that it is also known that larger particles are more likely 

to slide on a given surface than smaller particles (Uesugi and Kishida, 1986; Paikowsky 

et al., 1995). In these cases, it appears as if the increase in normal load per particle 

outweighs the effect of increasing particle size. Another observation was that maximum 

value of the friction coefficient of a rolling particle was greater than that of a sliding 

particle. 

2.3.3. Interface Shear in Soil Mechanics 

The placement of particulate material (soil) adjacent to a continuum material 

(foundation, tunnel, landfill component) creates an interface between two different 

materials. This particulate-continuum interface governs the behavior of many 

geotechnical systems, including deep foundations, geosynthetic liners, earth retaining 

structures and trenchless technology projects. A fundamental understanding of the 

mechanisms governing the behavior of these geomaterial interfaces is essential if the 

design of these systems is to be improved. 
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Numerous factors that affect measured geomaterial interface behavior have been 

identified and can broadly be categorized into three groups: particulate properties, 

continuum (counterface) properties, and test conditions. 

Particulate properties that affect interface shear behavior are particle shape (at 

various scales, including overall shape, angularity, and surface roughness), density, 

particle size (this will be more extensively reviewed in later sections) and particle size 

distribution. Continuum or counterface properties that are of interest are the roughness of 

the surface and the hardness. Testing conditions that affect the measured interface 

response include the normal stress applied across the interface, the strain rate and the 

method of testing employed (type of device used). 

All of these factors play some role in affecting the observed interface behavior, 

although to varying degrees of significance and to varying degrees of relevance to this 

study. The following sections will focus on the most relevant factors. 

Early contributions in the study of interface shear strength mechanisms were 

made by (Potyondy 1961)) and (Brumund and Leonards 1973). Conclusions from these 

initial efforts showed that continuum surface roughness was a factor contributing 

significantly to the interface shear strength, as were normal load, moisture content and 

the properties of the sand particles. The particulate properties identified were size, 

angularity and surface texture. It was observed that as the surface roughness of the 

counterface was increased, the interface friction angle increased. This occurred until the 

interface friction angle was equal to the internal friction angle of the soil, leading to 

failure occurring within the soil mass and not at the interface. 
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Skinner (1969) investigated glass balls in contact with a glass plate and found that 

the presence of water had a very significant effect on the shear resistance. This was 

attributed to the change from sliding to rolling when water was present. However, the 

effect of water was limited to the interface since tests with glass balls in a direct shear 

device did not show the same increase in strength when water was present. 

Yoshimi and Kishida (1981) conducted tests on dry sands at different densities in 

contact with steel surfaces of varying roughness. The conclusion from these ring torsional 

shear tests was that the coefficient of friction was mainly dependent on the continuum 

surface roughness and to a far lesser extent on the density of the dry sands. Further tests 

carried out on sand-steel interfaces by Uesugi and Kishida (1986) using a simple 

interface shear device showed that the continuum surface roughness, mean particle 

diameter, sand density and mineralogy were factors that did significantly influence the 

interface shear strength. They showed that there was a strong connection between mean 

particle size and surface roughness. This led to both the very important realization that 

surface roughness should be considered as a measure relative to the mean particle size 

and to their proposal of a modified roughness parameter, Rn, which captured this 

interaction. 

Uesugi and Kishida (1986) found further that below a “critical roughness” the 

particles simply slid along the steel surface while if the surface roughness was greater 

than this “critical roughness” then the failure moved from occurring at the interface to 

occurring within the soil mass. This can be seen in Figure 2.1 below. They also found 

that the testing apparatus, coefficient of uniformity and applied normal stress did not play 

as meaningful a role in controlling the interface shear strength. 
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Figure 2.1 Bilinear Roughness-Friction Relationship (Uesugi and Kishida, 1986) 

Williams and Houlihan (1987) studied a range of soil-geomembrane interfaces 

and, similarly to research with steel interfaces, it was found that the interface friction 

depended upon surface roughness, particle size, type and composition and the water 

content of the soil. Similarly to previous research, it was observed that as the roughness 

of the counterface increased, the failure plane moved from the interface and into the soil 

mass. In contrast to some of the research with steel interfaces, it was found that the 

normal stress and soil density did play a role, as did the tensile strength and modulus of 

the geomembrane. 

O’Rouke et al. (1990) conducted interface shear tests on sand-polymer interfaces 

and focused their investigation on the effect of the surface hardness of the polymer. Both 

high-density polyethylene (HDPE) and polyvinyl chloride (PVC) smooth geomembranes 

were tested to give a range of hardness values. They observed that the interface strength 

decreased as the hardness of the counterface increased. Relatively hard materials (HDPE) 

induced sliding at the interface while relatively soft materials (PVC) induced rolling of 

the particles. 
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Using a dual interface shear apparatus Paikowsky et al. (1995) identified three 

distinct zones of roughness, as measured with Rn. For “smooth” surfaces (Rn < 0.02) the 

failure occurred at the soil-continuum interface while for “rough” surfaces (Rn > 0.5) the 

failure occurred within the soil mass since the internal friction of the soil was fully 

mobilized during shearing. 

Dove (1996) completed experimental and theoretical analyses showing that the 

shear mechanisms for smooth geomembrane-granular material interfaces are elastic-

plastic sliding and plowing. It was also found that surface roughness has a first order 

effect on granular material-geomembrane interface strength but there is a limit to the 

beneficial effect with increasing degrees of surface texturing. 

Dove and Frost (1999) have shown that for Ottawa 20/30 sand in contact with a 

smooth HDPE geomembrane, the interface friction will initially decrease with an increase 

in normal stress. This will occur up until a critical stress is reached, after which the 

interface friction will increase as normal stress increases. At stress levels below this 

critical stress level, which is dependent on the material, the contact stress per particle 

decreases with increasing global normal stress due to an increase in the number of 

particles contacting the surface. The interface friction is thus decreased due to the 

reduced contact stresses even though the global stress level is increasing. At the critical 

stress, the number of particles per unit area in contact with the surface reaches a 

maximum and any increase in the global normal stress is reflected not in an increase in 

the number of contacting particles but rather in an increase in the contact stress per 

particle. This results in the particles plowing into the surface of the geomembrane and 

leads to a greater force needed to translate the soil relative to the geomembrane. There is 
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thus an increase in the interface friction. The critical stress was found to be 

approximately 60 kPa for the geomaterials tested. Plowing is especially evident for softer 

geomaterials, such as geomembranes, but not significant for harder materials, such as 

steel. Particles plowing into the geomembrane cause the geomembrane surface to change 

and the extent of this change can be quantified (Zettler et al., 2000). 

Studies have shown (Lings and Dietz 2005), that two thresholds exist in terms of 

interface shear behavior and surface roughness. Below a certain relative roughness the 

interface behavior is non-dilative. Above this threshold, but beneath the upper limit of 

relative roughness, the interface behavior is that typical of sand stress-dilatancy behavior. 

At relative roughness values greater than the upper limit, the shear zone moves fully into 

the soil mass and the strength characteristics from direct shear tests are seen. 

As has been summarized above, surface roughness plays a critical role in 

determining overall interface strength. It has also been noted that for smooth HDPE 

geomembranes, the displacement of sand particles relative to the geomembrane results in 

wear of the surface and changes in the surface roughness even at very modest normal 

stress levels. It is thus of great importance to further explore the mechanisms causing the 

changes in surface roughness and to quantify these changes. 

2.3.4. Wear of Counterface Surfaces 

Wear can be defined as the progressive damage, involving material loss, which 

occurs on the surface of a component as a result of its motion relative to adjacent working 

parts. It is evident that this definition can be applied to a soil-geomembrane interface. For 

interface shear behavior the volume of wear debris generated is not of direct interest but 

rather the change in surface roughness due to wear is. For the purposes of subsequent 
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discussion, the definition of wear will mean the change in surface roughness as measured 

by surface profiles taken perpendicular to the shearing direction. 

Vaid and Rinne (1995) noted that grooves were formed in smooth HDPE 

geomembranes after shearing in a ring shear apparatus. For angular sands the groove 

depth did not exceed 10% of the mean particle size and the maximum amount of scarring 

was observed at the initiation of the residual shear stress. 

Zettler et al. (2000) specifically investigated the wear of smooth HDPE 

geomembranes in contact with both sands and glass beads and showed that changes in the 

surface topography were a function of shear displacement, normal stress and particle 

shape. Results showed that angular sands resulted in the highest peak interface strengths 

as well as the greatest amount of surface wear while the glass beads resulted in the lowest 

interface strengths and least amount of wear. This is due to the propensity for the angular 

sands to plow into the geomembrane as a result of the higher contact stresses induced by 

the angular features of the particles. At low normal stresses, the angular sands did not 

behave significantly differently than the other sands due to the fact that, in common with 

the other sands, the particles slid along the surface rather than plowed into it. The 

transition from a sliding to plowing mode occurred at a lower global normal stress for the 

angular particles. Angularity was identified as an important parameter, as was normal 

stress. For plowing, and thus wear, to occur the normal stress must be sufficiently high so 

that the yield stress of the geomembrane is exceeded. 

2.3.5. Measures of Relative Roughness 

There are many ways of determining the roughness of a surface and many 

researchers have developed new ways of calculating the roughness (for a comprehensive 
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review see Sozer, 2005). The first study to recognize and quantify the relative aspect of 

surface roughness in the context of interface shear was by Uesugi and Kishida (1986). 

Analysis of their results showed a strong interaction between average particle size and 

surface roughness which indicated the importance of relating the surface roughness to the 

particle size. They proposed a normalized roughness parameter, Rn, which is calculated 

by measuring the vertical relief between the highest peak and the lowest valley over a 

length of profile equal to the average particle diameter and then dividing that through by 

the average particle diameter. This realization led to the classic bilinear plot shown earlier 

in Figure 2.1. 

More recently research by DeJong (2001) and Sozer (2005) has moved further in 

this direction by developing techniques that link the particle size and characteristics to 

surface profiles. Kinematic measures of roughness consider a particle rolling over a 

surface and thus take into account the interaction between the surface and the particle. 

Examples of such kinematic measures are the E-system, motif system and the centroid 

trace method. Additional details on the E-system and motif system are provided in Sozer 

(2005). 

The significance of “relative size” is evident in the centroid trace (CT) 

experiments performed by DeJong et al. (2001). CT experiments reveal that a 1.0mm and 

a 20.0mm diameter particle experience the same surface profile in different ways. The 

relative dimensions of the particle and the surface profile comprising of peaks and valleys 

is captured by the CT method. Complete details on the centroid trace method are 

presented in DeJong (2001). 
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Disadvantages of the aforementioned systems are that particle shapes need to be 

assumed a-priori and this shape is assumed to be spherical (or circular in two 

dimensions). This is clearly a reasonable first approximation although the affect of this 

assumption has not been demonstrated. The centroid trace method is essentially the same 

as applying a series of filters to the profile and in itself does not produce a value of 

relative roughness but a new profile that approximates the path that a circular particle 

would have taken. 
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3. METHODS AND MATERIALS 

 

3.1. Introduction 

This chapter describes the test program carried out in order to investigate the 

effect of geomaterial gradation on interface shear. The particulate and continuum 

materials used in this study are described and analyzed. The experimental apparatus used 

and procedures carried out are also presented along with analysis thereof. 

3.2. Materials Tested 

3.2.1. Particulate Materials 

The particles used as components of the particle mixtures were obtained by 

scalping specific size fractions from commercially available sands, termed the “source” 

sands. This enabled strict control over the particle size and resulted in a very narrow 

range of particle sizes for each component that was then to be mixed. The three source 

sands used were: 

•  ASTM 20/30, poorly graded medium sand 

•  A.F.S. 50/70, poorly graded fine sand 

•  F-110, poorly graded fine sand 

All are quartz sands with a specific gravity of approximately 2.65 (U.S. Silica 

data sheets). These source sands were chosen because of their appropriately different 

sizes and because they were all comprised of particles of the same mineralogy, specific 

gravity and particle shape. Bolton (1986) has shown that mineralogy plays an important 

role in the internal friction of sands and thus it was desired to use sands of the same 
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mineralogy. The sands were supplied by the U.S. Silica Company. Additional properties 

of these three source sands is given below in Table 3.1. 

Table 3.1 Properties of Source Sands 

Sand D10 (mm) D50 (mm) Cu
a
 Cc

b
 emin

c
 emax

d
 

Ottawa 20/30 0.65 0.72 1.15 1.02 0.502 0.741 

A.F.S. 50/70 0.24 0.26 1.43 0.96 0.612 0.861 

F-110 0.081 0.14 1.62 0.99 0.535 0.848 
Note: 

a
Cu=D60/D10; 

b
Cc=D30

2
/(D60xD10); 

c
ASTM D4253 method 1A; 

d
ASTM D4254 method B 

 

The three sands obtained by scalping are designated by the sieve sizes used to 

scalp out the desired size fraction. The scalped components are thus termed 20/25, 50/60 

and 100/140 and were scalped from the ASTM 20/30, A.F.S. 50/70 and F-110, 

respectively. The amount of sand obtained from scalping was as follows: 

•  Yield of 20/25 from source:  67% 

•  Yield of 50/60 from source:  81% 

•  Yield of 100/140 from source: 53% 

These percentages show that sieving was an efficient way in which to scalp out 

the desired size fractions from the “heart” of the source sands while leaving behind the 

“head” and “tail”. While sieving does have disadvantages, one notably being that particle 

shape plays a role in determining which particles pass through the mesh, the advantages 

are significant. Principally, sieving provides a means of simultaneously characterizing 

and separating by size. Other methods for grain size characterization (for example by 

light scattering or optical methods) do not actually separate the components, which was 

necessary in this case. 

While scalping out the desired size fractions, it was important to limit the amount 

of material placed into the nest of sieves. The source sands themselves were poorly 
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graded and thus contained a very high percentage of material that would be retained on a 

single sieve. This had the effect of clogging up that single sieve if too much material was 

sieved at a time. An amount of approximately 300g was sieved at a time to ensure that the 

particles did not clog any single sieve, allowing for an accurate sorting of the grains. 

Sieving was done for 10 minutes on a mechanical shaker as recommended by Lambe 

(1951). 

Grain size distribution curves for the source sands as well as for the scalped sands 

are shown below in Figure 3.1. Additional properties of the scalped sands are given in 

Table 3.2 and representative microscope images are shown in Figure 3.2. 
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Figure 3.1 Grain Size Distribution 

Table 3.2 Properties of Scalped Sands 

Sand D50 (mm) emin
a
 emax

b
 

20/25 0.78 0.529 0.767 

50/60 0.28 0.604 0.857 

100/140 0.13 0.636 0.899 
Note: 

a
ASTM D4253 method 1A; 

b
ASTM D4254 method B 
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     20/25 

     50/60 

 100/140 

Figure 3.2 Sands used in this study, from the top: 20/25, 50/60 and 100/140 

Particle shape is an inherently difficult parameter to quantify. Numerous 

researchers have developed different methods to quantify particle shape but no method 

has become accepted as standard. For this study, where particle shape is considered to be 

a secondary influence, a comparison of the particles to long-standing but simple shape 
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descriptors is made through the use of reference charts, such as the ones shown in Figure 

3.3. 

 

 

 

Figure 3.3 Particle Shape Reference Charts, clockwise from top left: Krumbein and Sloss, 

1963; Powers, 1953; Ozol, 1978 (after Santamarina, 2001). 
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In relation to these reference charts, the shapes of the sands used can be described, 

as is summarized in Table 3.3. 

Table 3.3 Shape Descriptors of Studied Particles 

Particle Shape 

(Ozol, 1978) 

Sphericity 

(Krumbein 

and Sloss, 

1963) 

Roundness 

(Krumbein 

and Sloss, 

1963) 

Description 

(Powers, 1953) 

20/25 Spheroid 0.7 0.9 Well rounded 

50/60 Spheroid 0.7 0.7 Rounded 

100/140 Spheroid 0.7 0.4 Subrounded 

 

The shape of the sands will, to some extent, effect the observed behavior. This 

study is deliberately focused on the role that the size ratio and mixture proportions have. 

The three sands resulting from the scalping were then combined in different ratios 

by mass to produce the sand mixtures that were tested. Particle size ratios of 6.1, 2.8 and 

2.1 were produced by mixing 100/140 and 20/25, 50/60 and 20/25, and 100/140 and 

50/60 respectively. The various mix proportions are expressed as a mass percentage of 

the finer particles. For example, a mixture named as “P.S.R. 2.8 60%” would be 

comprised of 60% 50/60 and 40% 20/25. It is important to note that the mixtures have 

been combined based on the weight of the components and not on the number of particles 

or specific surface or any other measure. This was done for practical reasons (it is simpler 

to accurately determine mass rather then number of particles or specific surface) and it is 

consistent with the other studies that have been completed on soil mixtures. 

Grain size distribution plots for mixtures with different particle size ratios and 

percentage of smaller particles are shown below in Figure 3.4. 
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Figure 3.4 Grain Size Distribution Plots of Binary Mixtures 
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3.2.2. Counterface Materials 

3.2.2.1.Geomembrane 

The geomembrane used in this study was a smooth high-density polyethylene 

(HDPE) Dura Seal HI geomembrane supplied by the National Seal Company. HDPE is 

currently the most widely used geomembrane material due to its high tensile properties at 

low strain levels. Other commonly used geomembrane materials include very flexible 

polyethylene (VFPE) and polyvinyl chloride (PVC). 

The selected geomembrane is produced from formulated polyethylene resin and 

contains 97.5% polyethylene and 2.5% carbon black. Selected engineering properties are 

listed below in Table 3.4. 

Table 3.4 Properties of smooth HDPE geomembrane 

Tensile Properties Thickness 

(mm) 

Density 

(g/cm3) σy (Pa) σb (Pa) εy (%) εb (%) 

1.0 0.94 15.4 26.6 13 700 

Note: y designates yield, b designates break 

3.2.2.2.Smooth Steel 

The steel plates used in this study were gauge 26 mild steel. The assumed 

properties of the steel are listed below in Table 3.5. 

Table 3.5 Properties of Mild Steel Plate 

Property Value 

Elastic Modulus 200 GPa 

Poisson’s Ratio 0.3 
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3.2.2.3.Artificial Rough Counterfaces 

The rough counterface surfaces were created by securing commercially available 

sandpaper sheets to an acrylic base using epoxy. The sandpapers were supplied by Norton 

Abrasives and the following grit sizes were used: 36, 60, 80, 100, 120, 150, 320 and 600. 

These range from a very coarse to an extra fine texture. 

Care was taken when securing the sandpaper to the base to ensure that no folds, 

air bubbles or any other disturbances were present when the surfaces had been bonded 

together. A light roller, not heavy enough to damage the sandpaper surface, was used to 

smooth out the surface. Results from the testing of these surfaces are presented in 

Chapter 6. 

3.2.2.4.Pipe Surfaces 

The pipe surfaces tested as a part of this study were supplied from contacts in the 

pipe jacking industry. Short sections of pipe were provided (usually two or three feet 

long) which were then cut into coupons to be tested. Tested sections included pipes made 

from fiber-reinforced polymer (Hobas
TM

), polycrete, steel, vitrified clay and concrete 

(both a wet-cast and a pre-cast (Packerhead
TM

)). 

3.3. Experimental Apparatus and Procedures 

3.3.1. Limiting Void Ratio Tests 

The maximum and minimum void ratios were determined by following the 

procedures specified in ASTM D4254-00 (Method B) and D4253-00 (Method 1A) 

respectively. 

For each of the three particle size ratios, tests to determine the limiting void ratios 

were conducted at 10% intervals of finer component by mass. This resulted in 30 
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different samples being tested. For the minimum void ratio (maximum density), three 

trials per sample were performed, for a total of 90 trials. Due to potential particle 

breakage during the minimum void ratio tests, the sands were sieved between tests to 

ensure continually uniform particle sizes for each size fraction. It should be noted that the 

grain size distribution curves before and after testing were indistinguishable, indicating 

that particle crushing or breakage was not occurring during testing. This is due to the 

sands being comprised of quartz. If sands of a different mineralogy were tested (for 

example a calcium carbonate sand) then this may have been very important. 

For the maximum void ratio (minimum density), 10 trials per test were performed, 

for a total of 300 trials. The difference between the number of trials for the minimum and 

maximum void ratio tests is due to the short duration of the maximum void ratio test and 

the desire to obtain some relevant statistics related to this test. The pipe pullout method 

was adopted as this method produced the minimum densities. This method is however 

somewhat influenced by the manner in which the particles are initially placed into the 

pipe. This is because the particles in the centre of the pipe (in a vertical column) do not 

move very much when the pipe is removed. The particles closer to the pipe flow and 

move to fill up the mold, but a substantial portion of the particles do not. 

Pouring the sand into the pipe did result in some segregation of the particles based 

on size, this was more pronounced for the higher PSR mixtures and for higher pouring 

heights. For these reasons the lowest possible pouring height was used and the flow of 

particles into the pipe was disturbed using a long metal spoon in order to prevent this 

segregation from occurring. 
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The pipe used for the limiting void ratio tests was made from PVC and the static 

electricity build up due to friction with the sand particles was noticeable. The charges 

were large enough to influence the behavior of the 100/140 sand particles, but the other 

particles were unaffected due to their larger mass. This effect was mitigated by wiping 

down the pipe with an antistatic cloth before each test. 

A further variable in these tests is the rate at which the pipe is removed from the 

mold. This has an effect on the way in which the particles move to fill the mold. If the 

pipe is removed at a very rapid rate then the sand mass inside the pipe can be lifted up 

and dropped back into the mold, increasing the energy input into the formation of the 

specimen. If the pipe is removed too slowly then a stop/start or slick/slip type of motion 

occurs. Based on the experience of performing many tests, the correct manner in which to 

perform these tests was at the slowest possible speed that would allow for a continuous 

flow of particles from the base and sides of the pipe as it was removed. This was quite 

easily achieved with some practice and is thus not considered to have had any significant 

effect on the measured results. 

With multiple trials being performed for each test there are a number of different 

ways in which the test result can be reported. A simple arithmetic mean could be reported 

as the average result but since the test is designed to find the limiting condition it is 

plausible to choose the limiting (or most extreme) result and to report that as the limiting 

void ratio. The approach adopted in this study was to choose the limiting value provided 

that it was not considered to be an outlier. Outlier data points that clearly seemed to be 

unrepresentative of the material behavior but a reflection of some other influence (be it a 

procedural error or something else) were not used. The process used to obtain the results 
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does thus contain a subjective element. In practice, however, the limiting values used and 

the mean average approach were seldom very different due to the simple nature and 

repeatability of the test. This was an additional reason to conduct so many trials, since the 

more trials that one performed the more confidence one would have in the data. Results 

from the limiting void ratio tests are presented in Chapter 4. The complete record of all 

limiting void ratio tests performed is presented in Appendix A. 

An additional series of maximum void ratio tests was performed in order to assess 

the propensity of the particle mixtures to segregate during testing. Mixtures comprising 

40% finer particles and with a particle size ratio of 6.1 were used for these tests. This 

particle size ratio is the most susceptible to segregation due to the large difference in 

particle size. 

The samples were built and tested in exactly the same way as was done 

previously. At the completion of the test the particles were carefully removed in four 

layers of equal mass. The particles from each layer were then independently sieved to 

determine the percentage of each component for each layer. Results from the segregation 

tests are presented in Chapter 4. 

3.3.2. Direct Shear Tests 

Direct shear tests were conducted in order to obtain the strength parameters of the 

various soil mixtures. The peak and post-peak strengths were obtained, and thus a 

measure of the dilatancy could be determined. Tests were conducted for each particle size 

ratio on particle mixtures of 20%, 40%, 60% and 80% of finer particles at stress levels of 

50, 100, 300 and 500 kPa (the same stress levels that were used for the interface shear 

tests). The uniform sands were also tested, giving a total of 60 tests. 
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A GeoComp ShearTrac direct shear device was used to conduct the direct shear 

tests on the particle mixtures. The device contained a 63.5mm circular shear box. All 

testing parameters were controlled and monitored through a connected computer utilizing 

GeoComp test control and data acquisition software. The maximum displacement was 

approximately 8mm. The shearing rate was set at 1mm/min (the same as for the interface 

shear tests) and measurement readings were taken every second. The vertical and 

horizontal force applied and the vertical and horizontal displacements were all 

continuously monitored. Rough porous stones were placed in the base of the shear box 

and between the top of the sample and the loading cap. 

Dry samples were prepared in the shear box to relative densities of approximately 

80% +/- 5%. These densities could be consistently obtained across the range of particle 

mixtures using a dry tamping method and building the sample in three layers with the 

predefined shear plane passing through the center of the middle layer. Results from the 

direct shear tests are presented in Chapter 4. 

3.3.3. Stylus Profilometry 

Surface profiles of each counterface surface tested in interface shear were 

recorded using a Taylor-Hobson Form Talysurf Series 2 stylus profilometer. The stylus 

tip was set to move at a speed of 1mm/second. The gauge range for the relief was set at 

2.1 mm and the data was acquired with a resolution of 32 nm in the vertical direction. 

Data points were recorded at micron intervals in the travel direction. 

Many roughness parameters can be calculated from a surface profile, each one 

having generally been developed with a specific purpose or application in mind (see 

Sozer, 2005 for a thorough treatment). For the purposes of this study and to facilitate 
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comparison with previous work, the average roughness parameter, Ra, was used. This 

widely used and accepted parameter provides the average vertical deviation of the surface 

profile from the mean line. 

Profiles were recorded over a length of 40mm and were taken both before and 

after shearing. This enabled a reliable baseline to be established. In addition, repeat 

measurements were taken across various spatial scales to verify the precision and 

repeatability of the profilometer results. One set of surface roughness measurements was 

taken by passing the stylus over the same path multiple times. This was achieved by 

securely clamping the geomembrane to the testing platform and ensuring that the correct 

travel limits were set on the profilometer. Ten passes were made over what was, within 

the accuracy of the setup, the same travel path. The results of these ten passes, together 

with some measures of variation in the data are shown below in Table 3.6. 

Table 3.6 Repeatability measurements along same path 

Pass Ra (10
-4

mm) 

1 1.473 

2 1.642 

3 1.586 

4 1.682 

5 1.506 

6 1.517 

7 1.643 

8 1.668 

9 1.501 

10 1.617 

Arithmetic Mean 1.583 

Standard Deviation 0.074 

Coefficient of Variation 0.047 

 

As can be seen in Table 3.6 the coefficient of variation for this set of 

measurements is 4.7%. This indicates a narrow spread in the data and good repeatability 
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of the Ra measurement. The minor variations seen in the data are most likely due to the 

stylus not tracing the exact same path across the surface. The tip of the stylus may fall on 

either side or on top of peaks in the surface resulting in slightly different measurements. 

A second set of repeatability measurements was made to compare the average 

roughness measurements across different locations on a single coupon cut from a large 

roll of geomembrane. Ten profile measurements were made on each of three coupons. 

The results are presented in Table 3.7 below. 

 

Table 3.7 Repeatability measurements on different coupons 

Pass Coupon A Coupon B Coupon C 

1 1.4921 1.6751 1.5602 

2 1.5075 1.6388 1.3341 

3 1.2737 1.5915 1.5577 

4 1.3154 1.6345 1.4488 

5 1.5296 1.7715 1.2839 

6 1.6655 1.1750 1.6472 

7 1.7065 1.2966 1.2874 

8 1.8474 1.3839 1.2397 

9 1.8329 1.2354 1.4671 

10 1.7245 1.3824 1.6561 

Arithmetic 

Mean 
1.59 1.48 1.45 

Standard 

Deviation 
0.189 0.197 0.147 

Coefficient of 

Variation 
0.119 0.134 0.102 

Note: All measurements:Ra (10
-4

mm) 

This set of data indicates that within each coupon there is a coefficient of 

variation of approximately 11.8%. This is greater than the variability seen for multiple 

measurements of a single profile so the increase is due to the different locations of the 

profiles within the coupon. This is entirely expected but still indicates that there is not a 

significant variation in roughness across an individual coupon. There is also not a 
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significant variation across the three different coupons, indicating that regardless of 

where the material was cut from within the large roll the average surface roughness is 

approximately the same. The overall average roughness for the smooth HDPE 

geomembrane in it’s virgin state is thus taken as 1.51 x 10
-4

mm, the average across the 

coupons tested. 

Profiles recorded post-shearing were taken at the midpoint of the path traveled by 

the particulate specimen as this location had been found to be the point at which 

maximum surface wear occurred (Zettler et al., 2000). Since the roughness induced by 

the shearing was of specific interest, a Gaussian filter was used to omit some frequency 

components. Wavelengths greater than 2.5mm and less than 8µm were omitted from the 

roughness calculations. This enabled comparisons with data sets from previous 

researchers who had used these standard filters. 

3.3.4. Interface Shear Tests 

3.3.4.1.Device Description 

The interface shear tests were performed using a custom built modular shear 

device. The base device has been through a number of design changes since it was first 

constructed and these changes were summarized by Zettler (1999). The device uses a ball 

screw-jack driven by a 120 volt DC motor to displace the shear box relative to the 

counterface. Gear reducers are used to achieve the slow strain rates required for testing 

and the drive system is controlled electronically through a DART speed control system. 

Limit switches are used to prevent the device from running beyond allowable physical 

limits. Vertical load is applied through a pneumatic cylinder which is mounted directly 
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beneath the sample and can move to stay in the same position relative to the sample. A 

photograph of the device can be seen in Figure 3.5. 

The sensing devices consist of two load cells, monitoring vertical and horizontal 

force, and an LVDT measuring the horizontal displacement. The signals transmitted from 

the load cells and LVDT were collected by a data acquisition system consisting of three 

parts: a data acquisition/switch unit, a 16-channel multiplexer module, and a USB/GRIB 

Interface. The multiplexer module had a maximum scanning rate of 250 channels per 

second and has a 22 bit resolution. External wiring was minimized in order to reduce the 

amount of noise entering the system. The data could be monitored in real time using HP 

BenchLink software installed at the switch unit. 

There are a number of issues related to testing using these types of interface shear 

devices. Particles can slide underneath the shear box that is moving over the top of the 

counterface. Smaller particles, greater surface texturing and high normal stresses will 

accentuate this issue. Particles can become lodged between the box and the surface, 

potentially increasing the shear stress. Lodged particles may also plough into softer 

counterface materials. As particles are lost out the rear of the box the measurements of 

vertical displacement become uncertain. Since there is not an established way to account 

for these effects by post-processing of the data it is best to minimize this effect through 

careful design. 

Shear stresses can also develop along the inside walls of the shear box. By 

constructing the shear box out of hard, smooth, low-friction surfaces these effects can be 

minimized. The normal stress applied may also be non-uniformly distributed across the 

surface. Ensuring an adequately rigid load-transfer plate and centralized point of load 
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application will minimize these effects. During testing it was observed that the applied 

normal stress was varying by approximately 5% from the expected value, with a 

generally decreasing trend as the test progressed. This was most likely due to the leak-off 

of air from the pneumatic system. Since the variation was small this issue was not 

directly addressed during testing. The data reported from the affected tests is also shown 

in normalized format which reduces the impact of this minor variation. 

Inherent to particulate materials is the formation of force chains to transfer load. 

This cannot be controlled experimentally. Shearing at the interface is also progressive in 

nature, generally starting at the rear of the specimen and propagating forward (in the 

direction of travel). This can cause peak shear stress measurements to be dependent on 

the size of the shear box. Residual shear stress measurements will not be similarly 

affected. 

 

Figure 3.5 Photograph of Modular Interface Shear Device 
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3.3.4.2.Tests on smooth geomembranes 

For these tests the direct interface shear module was used in conjunction with a 

circular 63.5mm diameter Teflon shear box. The specimen height was 38.1mm and 

specimens were prepared to a relative density of 80 (±5)% using a dry tamping method 

and preparing the sample in 5 layers of equal mass. The lower layers were under-tamped 

to account for the additional tamping that was to come as subsequent layers were placed. 

Geomembrane specimens were cut from a larger roll and clamped securely to the 

testing platform. The orientation of the geomembrane with respect to machine direction 

and shearing direction was consistent across all tests but was not considered to have any 

effect on the results. This is due to the uniformity of the smooth geomembranes used. 

Tests were performed at applied normal stresses of 50, 100, 300 and 500 kPa at a 

constant displacement rate of 1mm/minute, these parameters are the same as those used 

for the direct shear tests. Tests were performed to a maximum of 40mm total 

displacement. During testing, the vertical load, horizontal load and horizontal 

displacement were each recorded at a frequency of 1 Hertz using the digital data 

acquisition system. 

3.3.4.3.Tests on rough counterface surfaces 

The same suite of tests as was conducted on the smooth counterface was 

conducted on the rough sandpaper surfaces. The only difference was that a newly 

designed shear box was used in place of the circular shear box. 

A new shear box was designed and built specifically for the current study. The 

shear box attaches to the drive train of the device in the same was as the circular shear 



49 

box described before. The purpose of the new shear box is to allow direct visual 

observation of the particles in contact with the counterface. 

The new shear box, known as the “VisionBox”, is rectangular and made of 

smooth aluminum. One side is made of polycarbonate, which is optically clear and rigid. 

The maximum mid-span deflection in this panel is estimated to be less than 0.1mm 

Machine tolerances were approximately 0.05mm. 

Figure 3.6 below shows the repeatability of this shear box when sheared against a 

rough counterface. Minor variation is noticed in the displacement to peak friction 

coefficient but otherwise the graphs are virtually identical. 
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Figure 3.6 Repeatability Test for Rough Counterface Testing (Mixture of 10% 100/140 

and 90% 50/60) 
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4. PROPERTIES OF BINARY PARTICLE MIXTURES  

 

4.1. Introduction 

In a general sense, mixtures are often created with the purpose of combining the 

properties of the separate components in order to achieve a mixture that has more 

desirable properties than either of the separate components acting alone. An example of 

this would be a retirement portfolio that holds a combination of stocks and bonds. The 

combination of these two asset classes produces a superior risk-adjusted return than either 

of the two asset classes would by themselves. 

A mixture between two components can also result in a fundamental change in 

the materials. For example, the mixture of two liquids in a chemistry laboratory may give 

rise to a liquid and a gas. An engineering example would be a fiber-reinforced composite, 

where the combination of glass fibers and a polymer matrix gives rise to a material with 

properties very different from either of the components. 

In contrast, mixing two different granular soils together does not fundamentally 

alter the nature of the material. The resulting mixture is still a granular material 

comprised of discrete particles that can be described by the same mechanics and set of 

parameters. As such, the mixtures can be readily compared with the separate components 

in order to understand how the particle size ratio and percentage of finer material affects 

the behavior and properties. While the mixtures are fundamentally similar to the 

components, there are interactions possible in a mixture that are not possible in either of 

the components alone, and these interactions may give rise to behaviors that were not 

obvious from examination of the components alone. One such behavior that is not 
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possible for an individual component is that of segregation. The separation of different 

particles based on size is a concern only for mixtures with different sized particles. The 

segregation phenomenon is a fundamental property of the granular state (Duran, 2000) 

and is often referred to as the “Brazil nut” phenomenon because of the observation that 

when transporting a mixture of nuts in the back of pickup trucks in South America, the 

Brazil nuts (the largest) invariably ended up on top of the pile. Segregation is an entire 

topic of discussion by itself and a detailed examination of it will not be attempted here. A 

brief look at segregation is, however, required since the effect of segregation poses a 

question when one is considering how to prepare a homogenous sample of a mixture that 

has a tendency to separate out. 

A mixture of two granular soils, each of which may actually possess similar 

characteristics (such as strength or permeability), may not always be feasible in order to 

balance strengths and weaknesses (as was the case for the retirement portfolio). In this 

study the materials that have been mixed are relatively similar, differing mainly in their 

size. A unique material was created when the components were mixed but the objective 

was not to create a new material to study, rather the purpose was two-fold: (i) to 

approximate a gap-graded soil; and (ii) to create a set of soils that could be tested which 

varied within a well defined and measurable framework (the percentage of finer to course 

material and the size ratio between the particles). 

The choice to study binary mixtures, as opposed to ternary or other higher order 

mixtures, was made in order to limit the potential number of mixtures that had to be 

tested in order to test materials occupying the entire experimental space. Binary mixtures 
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can readily be characterized by the particle size ratio and the percentage of finer material. 

These are the two aspects that fundamentally characterize the mixtures in this study. 

This chapter will focus first on the way that particles in a binary mixture pack 

together. The void ratios at the states of maximum and minimum density will be 

examined and a model developed that will allow for the prediction of the mixture void 

ratio as a function of the void ratios of the components, the particle size ratio and the 

percentage of finer material in the mixture. 

The shear strength of mixtures will be examined in the second part of the chapter 

by utilizing a unique data set obtained from direct shear testing. The peak and residual 

shear strengths are examined in relation to the mixture properties. The effects of normal 

stress and dilation will also be examined. This section of the study will also serve as a 

reference point for the interface shear strength studies that will be presented in Chapters 5 

and 6. 

4.2. Limiting Void Ratios 

4.2.1. General discussion on limiting void ratios 

The void ratio describes the relative amount of void volume to solid volume in a 

given sample. A given soil can exist through a range of void ratios, so the void ratio 

given for a particular soil describes the current state of the soil. It is oftentimes more 

helpful to describe the state of a soil in relation to some reference or limiting state. Two 

reference states exist, the maximum and minimum void ratios. These correspond to the 

arrangement of particles that give the minimum and maximum densities, respectively. 

Narsilio and Santamarina (2008) suggest that there exists a terminal void ratio (or 

terminal density) corresponding to each soil and the process used to achieve that terminal 
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void ratio. They also propose that there exist two limiting states: a state of certain dilation 

(a geometric limit) and a state of certain contraction (a stability limit). All possible 

terminal void ratios would fall between these two limits. Based on this approach it would 

appear to be more appropriate to consider that the limiting void ratios found 

experimentally be considered not to be the ultimate limiting states, but rather, to be the 

terminal void ratios of the particular process used to achieve that state. To claim that the 

limiting void ratios found experimentally are in fact the ultimate limiting void ratios (or 

true limits) implies that the process followed was indeed that single process that resulted 

in the true limiting state being found. Since it would be a never ending process to 

determine what that exact process was, it implies that the true limit can never actually be 

attained experimentally (or numerically for that matter). 

The procedures set forth in the relevant ASTM standards are however expected to 

give values very close (perhaps even indistinguishable from) the true limiting values. It 

must also be noted that the standards do allow for different methods to be used to 

determine the maximum void ratio, and the method that results in the maximum values 

should be used. This is a tacit acknowledgement that different soils will achieve limiting 

states via different processes. While the limiting void ratio found in this study may not be 

the true limits, there is not expected to be any significant difference between the limiting 

void ratio values presented and the true (theoretical) limiting values. 

A very helpful concept in the study of limiting void ratios is the notion of relative 

density. This parameter expresses the void ratio as a percentage between 0% and 100% 

where 0% corresponds to the maximum void ratio and 100% corresponds to the 

minimum void ratio. The expression for relative density is: 
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  Equation 4.1 

where:  emax = maximum void ratio 

  emin = minimum void ratio 

  e = current void ratio 

4.2.2. General factors affecting limiting void ratios 

Limiting void ratios have been extensively studied in the past. An excellent 

summary of information can be found in Selig and Ladd (1973). It is shown that both 

maximum and minimum void ratios decrease with an increase in mean particle size (for 

clean sands). The effect is not strong and is not expected based on theoretical 

considerations which indicate that the void ratio should be independent of mean particle 

size. It is also shown that both the maximum and minimum void ratios decrease with 

increasing particle roundness. This effect is most pronounced for particles characterized 

as very angular and angular and is somewhat weak for particles described as rounded and 

subrounded. The particles used in the current study are classified between being well 

rounded and subrounded (Chapter 3) and therefore the effect of particle shape is not 

expected to be a strong factor. The particle size distribution as measured by Cu is also 

shown to influence the limiting void ratios. An increasing Cu corresponds to a decreasing 

void ratio. This effect is stronger for the maximum void ratio than for the minimum void 

ratio. 

4.2.3. Limiting void ratios of binary mixtures 

Consider a stable assembly of identical spheres: the void space can be filled with 

smaller spheres resulting in an assembly with a lower void ratio. This process can in turn 
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be repeated ad infinitum with ever decreasing size particles. A number of general 

observations can be made: 

•  Mixing particles of different sizes results in a denser mixture 

•  The greater the difference in particle size the denser the mixture 

•  A maximum density must be reached once some fraction of smaller 

particles has been added 

Consider the changes in the fabric of the binary particle mixture shown below: 

 

Figure 4.1 Changes in fabric in a binary particle mixture (Vallejo, 2001) 

Case A shows a coarse grain matrix without finer particles. Case B shows a case 

when some small amount of finer particles have been added to the coarse matrix. Case B 

will have a lower void ratio than case A. The smaller particles may serve as wedges 
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which will constrain rotation and relative movement between particles, thus leading to an 

increase in the shear strength. The smaller particles will not however participate in force 

chains and the load will be carried predominantly by the large particles. There are not 

sufficient small particles to provide lateral support to the force-carrying large particles. 

There will be an increase in the average coordination number as well. 

Continuing to add finer particles will result in case C, where all of the available 

void space between the coarse particles is filled with finer particles. Case C thus 

corresponds to the state of minimum void ratio. In this case the smaller particles are 

present in sufficient numbers to provide lateral support to the force chains. The smaller 

particles provide many contact points with the larger particles leading to a large increase 

in the average coordination number and allowing the stress being carried to be more 

evenly distributed throughout the assembly. The smaller particles also serve to prevent 

rotation and relative displacement between particles. One may expect a soil at this state to 

reflect the highest shear strength. 

If additional finer particles are added they will start to take the place of the 

coarser grains. The coarser grains will no longer be in contact and will float within a sea 

of smaller particles, as is shown in cases D and E. The properties (friction, surface 

roughness, mineralogy) of the smaller particles is thus now primary. The large particles 

are surrounded by smaller particles and as such the average coordination number for the 

large particles is very high. The average coordination number for the smaller particles is 

lower, and is basically that of an assembly of all smaller particles. 

Case F is the opposite of case A, the entire assembly is made of finer particles. 

Note that the only difference from case A to F is that of scale, one can expect the two 
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assemblies to have the same void ratio (assuming particle characteristics, except for size, 

remain constant). 

4.2.4. Visualization of Binary Mixtures 

The previous section illustrated in general terms how the addition of a second 

component creates a binary mixture and the associated fabric with varying amounts of 

finer and larger particles. For the mixtures used in this study, namely of P.S.R. 2.1, 2.8 

and 6.1, the diagrams (in two dimensions) for the percentage of finer material of 0%, 

40% and 100% are shown below in Figure 4.2. 

 Percentage Finer Material 

PSR 0% 40% 100% 

2.1 

 
 

 

2.8 

 

 

 

6.1 

 

 

 

Figure 4.2 Visualization of Binary Mixtures 
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4.2.5. Selection of particle size ratios for this study 

The particulate materials were introduced in Chapter 3 but it is now time for a 

more detailed examination of why the particular size ratios were chosen for this study. To 

recall, the particle size ratio is defined as the ratio of the largest to the smallest particle 

and the particle size ratios chosen were: 6.1, 2.8 and 2.1. 

The figure below demonstrates the rationale clearly: 

 

Figure 4.3 Maximum observed packing of binary mixtures (McGeary, 1961) 

Beyond a size ratio of approximately 7 (indicated by the red arrow at the “knee” 

of the curve) the density (or void ratio) is not expected to change significantly as the size 

ratio changes. The expected void ratio for mixtures with a size ratio of 20 is not that 

different from a mixture with a size ratio of seven. On the other hand, for mixtures with 

size ratios between 1 and 7, there is a significant change in the expected void ratio. A 

“mixture” with a size ratio of one is not a mixture, but just a uniform soil. Choosing size 
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ratios of 2.1, 2.8 and 6.1 covered the region where the expected void ratio changes with 

size ratio would be the greatest. 

Another consideration in choosing the size ratios was when segregation due to 

vibration was considered. The minimum void ratio test is a situation where such a 

situation exists. In vibratory situations there is a critical diameter ratio which will allow 

for continuous rise of the larger particles due to vault effects. This is when we consider 

the stability of a larger intruder particle rising through a continuum of vault 

configurations such that the intruder particle is stable when it rests on two particles below 

it’s center of gravity (Duran, 2001). The critical diameter ratio is found analytically to be 

2.78 which agrees with values found from numerical simulations. 

Based on the above observations the size ratios chosen cover values above and 

below this critical ratio as well as covering the region of behavior where the greatest 

changes in void ratio as a function of particle size ratio are likely to take place. 

4.2.6. Results of limiting void ratio tests 

4.2.6.1.Minimum Void Ratio 

The vast majority of previous studies have examined the case of minimum void 

ratio (or maximum density). Results from the current study are presented below. 
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Figure 4.4 Minimum void ratios 

Figure 4.4 shows how for all the size ratios considered the minimum void ratio 

varies as the percentage of finer material ranges from 0% to 100%. A number of 

observations can be made: 

•  All the data show a similar trend; an initial decrease in the void ratio as 

finer material is added, a gradual bottoming out, and a subsequent increase 

in the void ratio until only the finer material is present. 

•  The decrease in void ratio becomes more exaggerated with an increase in 

the particle size ratio. 

•  As the particle size ratio increases, the percentage of finer material 

required to reach a minimum void ratio decreases (as indicated by the blue 

line). 
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•  The percentage of finer material at the minimum void ratio varies from 

approximately 25% for the 6.1 size ratio, to 30% for 2.8 and to 35% for 

the case with a size ratio of 2.1. 

•  At 0% finer particles the difference between 20/25 and 50/60 is explained 

by the minor difference in particle shape. The 20/25 is a more rounded 

shape than the 50/60 and thus the 0% point for particle size ratios of 6.1 

and 2.8 are less than the void ratio for the 0% point for a particle size ratio 

of 2.1. 

•  At 100% finer particles a similar observation can be made. The 100/140 

particles are more angular than the 50/60 particles, resulting in a higher 

void ratio. 

4.2.6.2.Maximum Void Ratio 

The data for the maximum void ratio is shown below: 
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Figure 4.5 Maximum void ratios 

Figure 4.5 shows how for all the size ratios considered the maximum void ratio 

varies as the percentage of finer material ranges from 0% to 100%. A number of 

observations can be made: 

•  All of the curves show a similar shape to each other as well as to the 

minimum void ratio curves. 

•  The lowest values for these cases are almost the same (blue line), 

indicating that the percentage of finer material required to achieve the 

lowest maximum density is approximately constant regardless of the 

particle size ratio and is approximately 38% for all the particle size ratios. 

4.2.6.3.Same data – improved presentation 

The general trends and some general observation can be made from the above 

void ratio plots but the data is somewhat obscured by the fact that the initial and final 
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points (0% and 100% percentage finer material) are at different levels. This is inevitable 

when using real particles as the limiting void ratio depends on a number of factors, as 

previsouly discussed. 

The differing start and end points makes direct comparisons less clear and also 

does not facilitate modeling the data. An improved method of examining the data was 

thus developed. This will allow more clear comparisons, and thus a better interpretation 

of the data, as well as allow for a simpler approach when developing predictive 

equations. 

The new approach for examing the data seeks to isolate the effect of mixing the 

two components while minimizing any other effects. The method developed determines 

the ratio between two volumes. One volume is the sum of the volumes of the two 

components when each component is not mixed. The other volume is the volume of the 

mixture resulting from mixing the same two components. Visually, it can be thought of as 

the ratio between the volume of a layered system versus the volume of a homogenous 

mixture, for the same mass of material. 

The volume reduction is expressed as a ratio between these two volumes and can 

be calculated as a function of the percentage finer material, the porosity of the mixture 

and the porosity of each of the individual components. The method applies equally well 

to either the minimum or maximum void ratio cases. The volume reduction ratio can be 

expressed as: 

1

arg

(1 )( ) (1 )(1 )

(1 ) (1 )

mix small mix small
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n p n p
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n n
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  Equation 4.2 
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Alternatively, the nmix can be expressed as: 
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where: 

 nmix = porosity of the mixture 

 nsmall = porosity of the small particles alone 

 nlarge = porosity of the large particle alone 

 psmall = percentage of small particles 

 plarge = (1-psmall) = percentage of large particles 

 VRR = volume reduction ratio 

 

The benefits of remapping the data are clear below: 
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Figure 4.6 VRR data for particle size ratio 6.1 
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Figure 4.7 VRR data for particle size ratio 2.8 
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Figure 4.8 VRR data for particle size ratio 2.1 

In each case with the data plotted as straight void ratio any comparison between 

the behavior of the emax and emin are very difficult due to the gap between the data and the 

differing start and end points. In the VRR charts a comparison is far simpler. One can 
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readily see that due to mixing the void ratios decrease (as we saw before) but the relative 

nature of change is now clear. 

It is apparent that the minimums are more sharply defined in the VRR plots and it 

is clear that at a level of approximately 60% smaller particles there is a change in the 

behavior of the materials. At amounts of smaller particles greater than 60% the volume 

reduction due to mixing is virtually identical for both the emin and emax cases. For all other 

amounts of smaller particles the volume reduction is significantly greater for the emin 

case. The difference appears greatest at approximately 20% smaller particles. 

Utilizing this new approach we can reexamine the data across the range of particle 

size ratios: 
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Figure 4.9 VRR data for emax and emin 

Plotting this data in this framework and on the same scaled axes allows a number 

of additional observations: 
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•  The intermediate size ratio, which is closer to the case with size ratio 2.1, 

now tracks more closely with the 2.1 case. This is more reflective of the 

true material behavior. 

•  The lowest values for the emin case is further left and more angled than for 

the emax case. 

•  The minimum void ratio case (maximum density) is arguably more 

sensitive to mixing as the size ratio increases. 

4.2.6.4.Correlating emin to emax 

The limiting void ratios are sometimes expressed as ratios of one another. This is 

usually done to fit a correlation, and presumably to determine both limits by only 

performing a single test. 

The relationship between emin and emax for all of the mixtures tested is shown 

below: 
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Figure 4.10 Correlations between emax and emin 

As can be seen in Figure 4.10, emin = 0.6662emax (correlation fitted assuming the 

origin to be a point). This correlation is very comparable to other published data sets as 

summarized by Thomas (1997) and shown in Figure 4.11 below. The dashed blue line in 
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Figure 4.11 is the best-fit line from Figure 4.10. While the fit is reasonable for the data in 

aggregate the upper part of Figure 4.10 indicates that there is a definite pattern to the 

variation in this ratio. The ratio between the respective void ratios can differ by as much 

as 67% from the mean. 

 

Figure 4.11 Literature correlations between emax and emin (Thomas, 1997) 

4.2.6.5.Comparison with source sands 

The sands tested were scalped from different source sands so it will be beneficial 

to examine how the scalped portions compare to the source sands. The scalped sands by 

design have a narrower range of particle sizes present and this should be reflected in the 

limiting void ratio data. 

Table 4.1 Comparison with source sands 

 
Ottawa 

20/30 
20/25 

A.F.S. 

50/70 
50/60 F-110 100/140 

emin 0.502 0.529 0.612 0.604 0.535 0.636 

emax 0.741 0.767 0.861 0.857 0.848 0.899 
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Table 4.1 indicates how the minimum and maximum void ratios have changed as 

a result of the scalping. For the cases of the Ottawa 20/30 and the F-110 sands, when the 

scalped fractions were tested both the limiting void ratios showed increases, quite 

noticeable was the large increase in the minimum void ratio for F-110. This general 

behavior was expected due to the decrease in the available particle sizes (and hence a 

decrease in Cu). In contrast, A.F.S. 50/70, when scalped, showed very slight decreases. 

4.2.7. Segregation Tests 

The results of the segregation testing are shown below in Figure 4.12. Three trials 

were conducted and each is shown in a different color in the figure. The mass percentage 

of finer particles is shown for each of the excavated layers. For reference, the dashed blue 

line indicates where the data points would plot for a mixture with a perfectly uniform 

spatial distribution of each component. 
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Figure 4.12 Segregation Testing 

Figure 4.12 shows that Layer 4, the bottom layer, contains a lower average 

percentage (37%) of finer particles than would be expected. Layer 3, immediately above 

layer 4, shows a slightly higher average percentage (42%) of finer particles than would be 

expected. The upper two layers, layers 1 and 2, shows percentages of finer particles of 

40% and 41%, respectively. 

These numbers indicate that segregation is not a significant factor during the 

limiting void ratio tests. The deviation from the reference of 40% is at most 3% (layer 4). 

This is, however, a repeatable deviation, as is evidenced by the cluster of data points in 
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layer 4. The reason for the decrease in the percentage of finer particles in this lowest 

layer is due to the method by which the particles are initially placed in the pipe (the pipe-

pullout method was used for the maximum void ratio testing). The mixture of particles 

was poured from a container into the pipe, with a drop height approximately equal to the 

height of the pipe used. As the particles move against the sides of the container and out of 

it, the small and large particles partially separate, with the larger particles rising to the 

surface and being the first to exit the container and fall into the pipe. This leads to the 

larger percentage of larger particles in the lowest layer. This effect was mitigated by 

disturbing the flow of particles, just before they exited the container. 

Segregation for the mixtures with P.S.R. 2.1 and 2.8 is not expected to be as 

significant an effect as it is for the P.S.R. 6.1 mixture, which itself has been shown to be 

of negligible effect. These findings, however, do indicate that there may be a very minor 

overestimate of VRR, since the assumption of homogeneity is not strictly valid. 
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4.3. Shear Strength 

4.3.1. Introduction 

When one considers the shear strength of a particulate material at the particle 

level, one identifies a number of factors that all concurrently, and to varying degrees, 

contribute to the overall strength. These factors are, amongst others; interparticle friction, 

dilatancy, particle geometry and rolling frustration (Santamarina, 2001). Which of these 

factors are being affected most significantly by the binary nature of the mixtures is an 

important consideration. Due to the choice of particles used in this study the influence of 

interparticle friction and particle geometry have been minimized. In this next part of the 

study, the focus will be on how the particle size ratio and percentage of finer material 

influences the peak and large displacement strengths as well as the dilatancy. 

As well as being of interest in and of itself, the results of the direct shear 

experiments will be very helpful in understanding the results from the interface shear 

tests. 

4.3.2. General discussion on direct shear testing 

The direct shear test is arguably the oldest and simplest test for measuring the 

shear strength of soils – this has both advantages and disadvantages. For detailed reviews 

of the history and current state of the art of direct shear testing please refer to Lings and 

Dietz (2004). 

The primary reason for selecting the direct shear test was because it is most 

directly relatable to the interface shear tests conducted as part of this study. It is of vital 

importance that the results from the two different tests be compared and contrasted and 

this was most easily achieved by using the direct shear test. 
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4.3.3. Results 

The data from the direct shear tests is presented in the tables below: 

Table 4.2 Direct Shear Test Data for P.S.R. 2.1 

 

20/25 50/60 100/140 
Test 

Reference 

Normal 

Stress 

[kPa] 

Relative 

Density 

[%] 

Peak 

Friction 

Coeff. 

Large Disp. 

Friction 

Coeff. 

50/60_50 50 84 0.819 0.586 

50/60_100 100 81 0.732 0.604 

50/60_300 300 80 0.632 0.582 
0 100 0 

50/60_500 500 81 0.648 0.573 

21_20_50 50 83 0.743 0.586 

21_20_100 100 84 0.733 0.573 

21_20_300 300 82 0.633 0.550 
0 80 20 

21_20_500 500 85 0.598 0.514 

21_40_50 50 83 0.715 0.533 

21_40_100 100 81 0.715 0.579 

21_40_300 300 82 0.645 0.549 
0 60 40 

21_40_500 500 84 0.606 0.525 

21_60_50 50 81 0.771 0.593 

21_60_100 100 85 0.716 0.582 

21_60_300 300 85 0.663 0.582 
0 40 60 

21_60_500 500 84 0.614 0.551 

21_80_50 50 80 0.693 0.566 

21_80_100 100 82 0.625 0.581 

21_80_300 300 81 0.616 0.592 
0 20 80 

21_80_500 500 83 0.612 0.549 

100/140_50 50 80 0.721 0.624 

100/140_100 100 83 0.651 0.609 

100/140_300 300 84 0.637 0.627 

P
.S

.R
. 

2
.1

 

0 0 100 

100/140_500 500 82 0.631 0.627 
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Table 4.3 Direct Shear Test Data for P.S.R. 2.8 

 

20/25 50/60 100/140 
Test 

Reference 

Normal 

Stress 

[kPa] 

Relative 

Density 

[%] 

Peak 

Friction 

Coeff. 

Large Disp. 

Friction 

Coeff. 

20/25_50 50 81 0.662 0.530 

20/25_100 100 85 0.680 0.503 

20/25_300 300 82 0.607 0.533 
100 0 0 

20/25_500 500 82 0.618 0.495 

28_20_50 50 81 0.720 0.508 

28_20_100 100 85 0.700 0.502 

28_20_300 300 84 0.696 0.520 
80 20 0 

28_20_500 500 80 0.688 0.526 

28_40_50 50 82 0.796 0.610 

28_40_100 100 85 0.754 0.589 

28_40_300 300 83 0.716 0.573 
60 40 0 

28_40_500 500 85 0.625 0.548 

28_60_50 50 82 0.812 0.586 

28_60_100 100 84 0.730 0.579 

28_60_300 300 83 0.701 0.595 
40 60 0 

28_60_500 500 85 0.666 0.611 

28_80_50 50 80 0.803 0.620 

28_80_100 100 85 0.754 0.624 

28_80_300 300 80 0.661 0.628 
20 80 0 

28_80_500 500 83 0.646 0.640 

50/60_50 50 84 0.819 0.586 

50/60_100 100 81 0.732 0.604 

50/60_300 300 80 0.632 0.582 

P
.S

.R
. 

2
.8

 

0 100 0 

50/60_500 500 81 0.648 0.573 

 



79 

 

Table 4.4 Direct Shear Test Data for P.S.R. 6.1 

 

20/25 50/60 100/140 
Test 

Reference 

Normal 

Stress 

[kPa] 

Relative 

Density 

[%] 

Peak 

Friction 

Coeff. 

Large Disp. 

Friction 

Coeff. 

20/25_50 50 81 0.662 0.530 

20/25_100 100 85 0.680 0.503 

20/25_300 300 82 0.607 0.533 
100 0 0 

20/25_500 500 82 0.618 0.495 

61_20_50 50 85 0.844 0.603 

61_20_100 100 84 0.786 0.544 

61_20_300 300 84 0.715 0.522 
80 0 20 

61_20_500 500 84 0.695 0.534 

61_40_50 50 83 0.875 0.640 

61_40_100 100 85 0.767 0.619 

61_40_300 300 85 0.699 0.575 
60 0 40 

61_40_500 500 80 0.695 0.600 

61_60_50 50 84 0.714 0.549 

61_60_100 100 83 0.722 0.605 

61_60_300 300 81 0.644 0.583 
40 0 60 

61_60_500 500 81 0.571 0.523 

61_80_50 50 85 0.630 0.519 

61_80_100 100 81 0.631 0.548 

61_80_300 300 85 0.601 0.539 
20 0 80 

61_80_500 500 80 0.593 0.543 

100/140_50 50 80 0.721 0.624 

100/140_100 100 83 0.651 0.609 

100/140_300 300 84 0.637 0.627 

P
.S

.R
. 

6
.1

 

0 0 100 

100/140_500 500 82 0.631 0.627 
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Typical data from the direct shear tests is shown below: 
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Figure 4.13 Typical direct shear data 

A number of observations are made with respect to the stress-strain plot: 
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•  Peak strength is dependent on the normal stress. As the normal stress 

increases the peak strength decreases. The normal stress was varied from 

50 kPa to 500 kPa and in this case the peak angle of friction is observed to 

vary from 32 degrees to 38.5 degrees. 

•  The strength at large displacement is very weakly, if at all, dependent on 

the normal stress level. This indicates that the large displacement strength 

does not reflect the normal stress level, but only the particle 

characteristics. 

•  The strain to peak strength increases with increasing normal stress. 

•  The shape of the stress-strain curve changes with normal stress. The 

flattening of the peak occurs with the increase in normal stress, reflecting 

the suppression of the dilative tendency of these medium to dense sand 

specimens. 

One can also make a number of observations from the plot of vertical 

displacement: 

•  At low normal stresses (50 and 100 kPa) the samples did not contract, but 

did subsequently dilate (reflecting the medium to dense packing of the soil 

specimens). 

•  At higher normal stresses (300 and 500 kPa) the samples initially 

contracted, and then dilated. 

•  In all cases, after some strain the samples sheared at a nearly constant 

volume (or constant void ratio) reflecting the formation of a fully 

mobilized zone of shear failure in the center of the sample. 
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•  An increase in the normal stress resulted in a suppression of the dilation. 

Using the type of data shown above the relationship between peak shear stress 

and normal stress can be plotted in order to calculate an overall friction angle for the 

specimen. 
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Figure 4.14 Direct shear friction angle calculation 

In the figure above, a straight line has been fitted through the data points and the 

origin. One can confidently use the origin as a point on this line since the frictional basis 

for the shear strength of soils implies that at zero normal stress the shear strength will be 

zero. Note that this may not be the case for sands that are cemented or have some fluid 

present. The slope of this line defines the peak angle of friction, which is 33.1 degrees. 

A measure of the goodness of the fit of this model can be provided by the 

coefficient of determination, R
2
. In this case R

2
 = 0.9851, indicating a good fit to the data. 

Although the high R
2
 value in this case is somewhat misleading, given the fact that we 
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have already observed that the strength is stress dependent. If one calculates the peak 

friction angle for each of the four normal stresses, the following are the results: 

Table 4.5 Peak friction angles at different normal stress levels 

Normal Stress (kPa) Peak Shear Stress (kPa) Peak Friction Angle 

50 39.8 38.5 

100 75.4 37.0 

300 214.9 35.6 

500 312.4 32.0 

Linear Regression  33.1 
 

One can immediately observe that the overall or average peak friction angle 

determined from the linear regression does not accurately reflect the soil behavior, 

despite the high R
2
 value. This is due to the low number of data points and the fact that 

the data point for the 500 kPa normal stress has a disproportionately large effect on the 

slope of the regression line due to it being the furthest from the origin (which acts as a 

kind of pivot point). 

The data from the direct shear tests is presented from here on in summary form. 

The peak effective shear stress ratios were calculated based on the recorded horizontal 

and vertical load data and the large displacement values were obtained from an average 

over the region of the curve where shearing continued at a constant volume and at a 

constant shear stress. 

The plot below shows the boundaries of the peak strength envelope for all soil 

mixtures tested, excluding the uniform soils. The uniform soils are plotted as orange 

points on the same plot. The upper blue line represents a peak friction angle of 35.2 

degrees while the red lower bound represents a peak friction angle of 30.1 degrees. 
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Figure 4.15 Peak Strength Envelope 

From the plot it can be seen that at low normal stresses the uniform soils plot 

slightly above or very close to the upper boundary. Indicating that compared to the soil 

mixtures, the uniform soils have relatively higher peak friction angles. At high normal 

stresses the uniform soils plot towards the middle to lower bound, indicating relatively 

lower peak friction angles. 

From this overview of the data it may be inferred that uniform soils are more 

sensitive to the effect of normal stress on peak strength than mixed soils. 

A similar plot can be drawn for the large displacement strength, as is shown 

below: 
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Figure 4.16 Large Displacement Strength Envelope 

It can be seen in the plot above that for the large displacement strengths, two of 

the uniform soils bracket the envelope, while the third lies in the center of the envelope. 

The upper bound is mirrored by the 100/140 soil while the lower bound by the 20/25 soil. 

This indicates a size and/or shape effect on the large displacement strengths. 

The most rounded of the particles is the 20/25 and this corresponds to the lowest 

large displacement friction angles. The most angular of the particles, though still only 

mildly sub-angular, is the 100/140 which shows the largest large displacement friction 

angles. 

Uniform soils are thus seen to bound the large displacement friction angles which 

is not the case for the peak friction angles. 

The upper bound corresponds to a friction angle of 32.5 degrees and the lower 

bound to 27.3 degrees. These angles are clearly lower than the peak friction angles, with 
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both bounds shifting by the same amount of 2.7 degrees. The internal range of each of the 

envelopes is thus also the same, at 5.2 degrees. 

This leads to an important observation: the effect of the particle mixing on the 

peak friction angles is greater than the effect of dilatancy (the portion of strength greater 

than the critical state). This is true by a factor of almost two. 

To summarize, the effect of mixing is indicated by the internal range of the peak 

strength envelope. This range is approximately 5.2 degrees. The dilatancy effect 

(difference between the peak and large displacement values) is approximately 2.7 

degrees. This indicates that the mixing characteristics have the potential to be almost 

twice as significant as the effect of dilatancy for the binary mixtures studied between 50 

and 500 kPa. 

A further examination of the peak effective stress ratio is shown below: 
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Peak Effective Stress Ratio PSR2.1
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Peak Effective Stress Ratio PSR2.8
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Peak Effective Stress Ratio PSR6.1
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Figure 4.17 Peak Effective Stress Ratio 
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The plots above show the peak effective stress ratio for each particle size ratio and 

mixture percentage for all four normal stresses. The following observations can be made: 

•  Lower normal stresses lead to consistently greater peak stress ratios 

•  In the case of the PSR’s of 2.1 and 2.8 the range of values for the peak 

ratio is very much in line with the bounding values at 0 and 100%. The 

values are not perfectly linearly varying, but there are no particularly 

strong trends in the data. 

•  In the case of PSR 6.1 there is a very clear pattern in the data. 

o Note that the starting and ending ratios (at 0 and 100%) are 

approximately the same. 

o The intermediate values (at some ratio of finer to coarse material) 

the peak ratio is generally higher than at the boundaries. 

o Peak ratios are found at approximately 30% to 40% of finer 

material 

o Peak ratios decrease to approximately 80% finer content. 

o Stress ratio at 20% finer particles is always greater than at 0% finer 

particles. 

o The trend is more pronounced for lower normal stress values. 

Note that this pattern is also reflected in the data from Vallejo (2001) in Figure 

4.18, albeit to a greater extent. The data from Vallejo (2001) is however based on 

measurements performed where the size of the device containing the particles is 

only 12.7 times larger than the diameter of the largest particles. The large 

difference between the 0% and 100% cases in this data cannot readily be 
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explained since glass beads were used for this study deliberately to reduce the 

influence of particle shape and mineralogy. The box-size effect appears to have 

been ignored in the study but it is thought to play a significant role. 

 

Figure 4.18 Peak shear strength of a binary mixture (Vallejo, 2001) 

It is important to note that the large displacement friction angle is not strictly the 

same as the critical state value. Lings and Dietz (2004) have shown that the critical state 

friction angle and the large displacement friction angle as measured in direct shear are 

related by the expression: 

` `tan sin
ld crit

σ σ=  
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The large-displacement effective stress ratios are graphed in Figure 4.19 below 

for each particle size ratio. 
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Large Displacement Effective Stress Ratio PSR 2.8
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Large Displacement Effective Stress Ratio PSR 6.1
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Figure 4.19 Large Displacement Effective Stress Ratio 
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Figure 4.19 shows no clear trend across all of the materials tested. For the P.S.R. 

2.1 material the large displacement stress ratio appears to remain relatively constant 

across the range of mixture proportions and normal stresses tested. In this case, the stress 

ratio is slightly increased at the 0 and 100% cases, indicating that uniform sands have a 

greater large displacement strength. 

For the P.S.R. 2.8 case a more clear trend is evident. The trend is one of 

increasing large displacement stress ratio with an increasing percentage of finer material 

in the mixture. 

For the P.S.R. 6.1 case, a peak is evident in the plot at the 40% mark, indicating 

that the large displacement stress ratio is the greatest when 40% of the total mixture is 

made up of the smaller particles. This trend is not however present in the other two cases 

examined. 

An alternative way to examine this data is to present it as a friction angle plotted 

against the percentage of finer material. In the following graphs, Figure 4.20and Figure 

4.21, the data is grouped into four charts by normal stress. 
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Large Displacement Friction Angle (50 kPa)
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Figure 4.20 Large Displacement Friction Angles (50 and 100 kPa) 
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Large Displacement Friction Angle (300 kPa)
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Figure 4.21 Large Displacement Friction Angles (300 and 500 kPa) 
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Viewing the same data in this manner it is observed that across all materials and 

normal stresses tested the total range of the data is from approximately 26.5 degrees to 

32.5 degrees, a range of 6 degrees. No obvious trends emerge from the data, however. 

Since the large displacement friction angle is assumed to be relatively 

independent of the normal stress applied, the variation in the large displacement friction 

angle is due to a combination of the changing of the material (particle size ratio and 

mixture percentages) and inherent variability in experimental soil testing. 

The dilation of the samples is indicated by the difference between the peak and 

large displacement values. Taylor’s flow rule (Taylor, 1948) has been adopted since it 

was originally developed for direct shear testing. Other flow rules have also been 

proposed for sands, notable by Rowe (1962) and Bolton (1986), but these were both 

formulated using plane strain parameters. Jewell (1989) reports that the differences 

between these different flow rules is only relevant at large dilation angles. 

Taylor’s relationship is expressed as: 

` `tan tan tanp ld pσ σ ψ= +  

where:  σ`p = peak friction angle 

  σ`ld = friction angle measured at large displacement 

  ψp = peak dilation angle 

The dilatancy effect can thus be explored as a function of the normal stress and 

mixture characteristics (particle size ratio and percentage of finer material). 

As was seen above, only the PSR 6.1 mixture showed a strong trend in relation to 

the percentage of finer material. 
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Tabulating the dilation angle data using Taylor’s relationship gives the following 

results for the P.S.R. 6.1 mixture, as shown in Table 4.6. For a given mixture percentage, 

the column on the far right gives the range in the measured dilation angles across the full 

range of normal stress tested (50 to 500 kPa). For a given normal stress, the bottom-most 

row gives the range in the measured dilation angle across all the mixtures tested. 

 

Table 4.6 Dilation Angles for P.S.R. 6.1 

% Finer 

Material 
50 kPa 100 kPa 300 kPa 500 kPa 

Range 

across σσσσn 

0 7.5 10.0 4.2 7.0 5.82 

20 13.6 13.6 10.9 9.2 4.44 

40 13.2 8.4 7.1 5.4 7.82 
60 9.3 6.7 3.5 2.8 6.59 

80 6.4 4.7 3.5 2.8 3.52 

100 5.5 2.4 0.5 0.2 5.31 

Range across 

% finer 
8.03 11.17 10.39 8.93  

 

From Table 4.6 it can be observed that for a particular mixture ratio the maximum 

range for the dilation angle is 7.8 degrees (for 40% finer content) across the full range of 

normal stresses tested. It is noteworthy that for any particular normal stress, the range of 

dilation angle across the range of mixture ratios is always greater than 7.8 degrees, with a 

maximum of 11.2 degrees. 

For the materials and normal stress conditions tested, the mixture ratio plays a 

larger role in determining the dilation angle than the normal stress, which varied by one 

order of magnitude.. This is a clear indication of the role that the mixture characteristics 

can have on the strength of binary mixtures. 
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Figure 4.22 shows graphically how the dilation angle varies with the percentage 

of finer material. Data is plotted in a different color for each normal stress tested. 
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Figure 4.22 Dilation Angle for PSR 6.1 

As can be seen in Figure 4.22, the dilation angle shows a significant decrease with 

an increasing percentage of finer material from 20% through to 100%. There is an 

increase in the dilation angle from 0% to 20% finer particles. This trend is pronounced 

for all stress levels. 

It is interesting to note that the dilation angle peaks, for all cases, when the 

mixture percentage of finer particles is 20%. 

4.4. Conclusions 

•  The minimum void ratio for a particle mixture occurs at a mixture ratio of 

between 25% and 35% finer particles by mass. 
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•  The greater the particle size ratio the lower the amount of finer material is 

required to obtain the minimum void ratio. 

•  The lowest value for the maximum void ratio occurs at a mixture ratio of 

approximately 38%. 

•  This value does not vary as the particle size ratio varies and is also greater 

than observed for the minimum void ratio case. 

•  A new parameter, VRR, was developed to isolate the effect of mixing on 

the packing of particle mixtures. 

•  Using VRR, it is clear that for the minimum void ratio case the largest 

reduction in void ratio due to mixing occurs for ratios of finer material 

between 30% and 40%. The data shows that for larger particle size ratios 

the amount of finer material to have an equivalent effect is lower. 

•  For the maximum void ratio case, the amount of finer material required to 

exhibit the largest decrease in void ratio due to mixing is independent of 

particle size ratio and occurs at approximately 40% of finer material by 

mass. 

•  Divergence in the VRR between the minimum and maximum void ratio 

cases occurs for all particle size ratios at approximately 60% finer 

particles by mass. 

•  Mixing two particles together in ratios of greater than approximately 60% 

finer particles does not alter the way in which the particles pack together. 

At any ratio greater than 60% the packing structure remains essentially the 

same. Note that coordination number and void ratio do change, but the 
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presence of the larger particles does not alter the way in which the smaller 

particles are arranged. 

•  At mixture ratios less than approximately 60% there is not an interaction 

effect between the different sized particles. 

•  The relationship between emin and emax is not constant, but varies as a 

function of both the particle size ratio and mixture ratio. This emin/emax 

relationship is particularly sensitive at low concentrations of finer particles 

and higher particle size ratios. 

•  The emin/emax ratio becomes substantially less influenced by particle size 

ratio when the amount of finer material reaches 50%. 

•  Segregation between the two different components during limiting void 

ratio tests was minimal. Some minor segregation occurred in the lowest 

layers of particles as a result of the manner in which the particles were 

initially placed inside the pipe. The minor degree of segregation is not 

expected to influence the results in a meaningful way. 

•  The large displacement strength of mixtures is bounded by the large 

displacement strength of the uniform soils. 

•  Peak strengths of mixtures are not similarly bounded by uniform soils. In 

this case, the strengths of uniform soils form an upper bound at low 

normal stresses while at higher normal stresses they tend towards the 

bottom of the peak strength envelope. 

•  Large displacement friction angles vary from approximately 26.5 to 32.5 

degrees across the entire range of materials and normal stresses tested. 
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This range reflects the changes in the materials, in terms of particle size 

ratio and mixture proportions, as well as inherent variability in 

experimental soil testing. No significant trends emerged from the data set. 

•  The dilatancy angle is significantly affected by the mixture ratio. A change 

from 20% to 100% finer particles shows a decrease in the dilation angle. 

The dilation angle increases from 0% to 20% of finer material. 

•  The peak dilation angle is found at a 20% mixture percentage. 

•  For the materials tested, the mixture percentage plays a more dominant 

role than the applied normal stressing determining the dilation angle. 
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5. INTERFACE SHEAR BEHAVIOR OF BINARY PARTICLE MIXTURES 

WITH SMOOTH COUNTERFACES 

5.1. Introduction 

In this chapter the interaction between particulates and smooth counterface 

surfaces will be investigated. The shear mechanisms and interface shear behavior of soils 

in contact with smooth counterfaces are of interest to geotechnical engineers as these 

types of materials are commonly found in geotechnical systems and structures. In 

particular, the use of smooth geosynthetic membranes is widespread in containment 

applications. Smooth high-density polyethylene (HDPE) was selected for study as it is 

widely used in such field applications and previously published data is available for 

comparison. The interface shear strength for this material in contact with a range of 

different soils will be examined. In particular, the interface shear strength of binary 

particle mixtures will be evaluated in contrast to that of the individual constituent 

materials. 

This chapter is comprised of several sections. The first section presents the results 

of the experimental study into the interface shear strength of particles in contact with a 

smooth HDPE surface. Both uniform sands and particle mixtures will be considered. The 

second section presents the results of a surface profilometry evaluation of the HDPE 

surfaces before and after shearing. 

In order to fully explore and understand the results presented in the first two 

sections, an interpretation of the results on the scale of the particle contacts is required. 

Since the measurements presented in the first section were global values measured on the 

boundaries of the soil specimens it is necessary to relate these global measurements to 
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phenomena occurring on the scale of the particle contact. The surface profilometry results 

give micro-scale insight into the particle-membrane interactions. Particle scale analysis 

will be presented in the third main section of the chapter where analytical models 

describing the contact conditions will be used. A brief review of key concepts relating to 

contact mechanics and friction introduces this third section. The development of models 

to predict the friction coefficient for both uniform sands and binary mixtures will then be 

presented. 

5.2. Interface Shear Tests with Smooth HDPE 

As outlined in Chapter 3, a series of interface shear tests were performed using 

smooth HDPE as the counterface material and a range of different particulate materials. 

Results are presented and discussed in subsequent sections. 

5.2.1. Interface Shear Results of Uniform Sands 

Figure 5.1 shows the stress ratio - displacement response of various uniform sands 

sheared against a smooth HDPE counterface as measured using the modular interface 

shear device. The graphs show how the stress ratio (also termed the “friction coefficient”) 

varies with shear displacement. The particles in each of the three graphs differ principally 

in size. Each series of tests presented on a single graph covers the same range of normal 

stresses, from 50 kPa to 500 kPa. The particles range in diameter from 0.78mm (20/25) to 

0.13mm (100/140) with the intermediate diameter being 0.28mm (50/60). 
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(a) 100/140 Particles (0.13mm) 
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(b) 50/60 Particles (0.28mm) 
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(c) 20/25 Particles (0.78mm) 

Figure 5.1 Interface Shear Behavior for Smooth HDPE 
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It can be seen in Figure 5.1 how the friction coefficient initially increases rapidly 

to a peak value before decreasing post-peak to a relatively constant value. This constant 

value is referred to as the post-peak strength. As can be seen in Figure 5.1, an increase in 

the normal stress causes a decrease in both the peak and post-peak interface shear 

strengths. This is further shown in the summary plots below (Figure 5.2 and Figure 5.3). 

Minor variations in trends are attributed to minor variations in specimen density. 

The increased variability evident in the 50 kPa plots in Figure 5.1 is due to the 

slight variation in the applied normal stress which, relatively speaking, manifests as a 

larger variability for the lower normal stresses. In Figure 5.1 (b) the plots for 100 kPa and 

300 kPa are almost coincidental with one another. This is most likely due to minor 

variations in the relative density of the prepared specimens. In this particular case, the 

relative density of the 300 kPa specimen was greater than that of the 100 kPa specimen, 

thereby yielding plots that exhibit similar coefficient of frictions. The 100 kPa plot in 

Figure 5.1 (c) is truncated due to an incorrect setting on the contact switch determining 

the length of the test. This error does not affect any other part of the test and occurs at a 

point in the test where significant additional variation in the friction coefficient is not 

expected. 

The generally decreasing trend of the peak friction coefficient can be seen in 

Figure 5.2 where the peak interface friction coefficients decrease from approximately 

0.47 at 50 kPa to 0.34 at 500 kPa. These values correspond to interface friction angles of 

approximately 19 to 25 degrees. As expected, these values are somewhat lower than the 

values one would expect for these same soils tested under direct shear conditions since 

the internal friction angle of the soil is the upper limit to what would be measured in an 
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interface shear device. The smooth HDPE counterface does not mobilize the full internal 

friction of the soil and thus the measured interface shear strength in this case is less than 

the internal shear strength of the soil. The values for the post-peak interface friction 

coefficient, as presented in Figure 5.3, range from approximately 0.30 at 50 kPa to 0.19 at 

500 kPa. These values correspond to interface friction angles of between approximately 

10 and 17 degrees. 

It is interesting to note that the difference between the average peak and post-peak 

friction angles is approximately 9.6 degrees at 50 kPa and 8.5 degrees at 500 kPa. From a 

traditional soil mechanics perspective this is not a surprising result since the difference 

between the peak and post-peak strengths would generally be expected to decrease with 

an increase in the normal stress. This is due to the phenomenon of dilation (for a dense 

specimen) and the fact that at increasing normal stresses the dilation can be suppressed. 

The mechanisms in this case are, however, different and an explanation should not purely 

be made based on the traditional soil mechanics interpretation. 
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Figure 5.2 Peak Friction Coefficient for Uniform Soils 

Post-Peak Friction Coefficient

0.10

1.00

10 100 1000

Normal Stress [kPa]

P
o

st
-P

ea
k 

F
ri

ct
io

n
 C

o
ef

fi
ci

en
t 

[ 
]

20/25

50/60

100/140

Average

Post-Peak Trend

 

Figure 5.3 Post-Peak Friction Coefficient for Uniform Soils 
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The decrease in the friction coefficient seen in Figure 5.2 and Figure 5.3 indicates 

that the true contact area between the particles and the surface (the seat of shear 

resistance) is increasing at a rate less than the normal stress. The ratio between the 

horizontal and vertical stresses thus decreases with an increasing normal stress. This 

decrease is consistent across the entire range of normal stress tested. This type of 

behavior is consistent with expectations and has also been noted by Archard (1957), 

Dove (1999) and Iscimen (2004), amongst others. 

In  Figure 5.2 and Figure 5.3 it can also be observed that the particle size does not 

have a primary role in controlling the friction coefficient. This is evidenced by the 

relatively close clusters of data points at each normal stress value. Some of the particles 

differ in size by more than a factor of 6 and yet it is clearly seen that the level of normal 

stress is the controlling factor, not the absolute particle size. This is a very important 

observation and will be related to the contact mechanics of the situation later in the 

chapter. Since the absolute particle size does not have a controlling effect on the friction 

coefficients an average friction coefficient can be taken at each stress level with a degree 

of confidence. 

Given that the particles do differ in size by a factor of 6 and that the same shear 

box is used for all of the tests, the issue of box size relative to particle size arises. 

However, this is not considered to be a significant factor since even for the largest 

particle size the smallest dimension of the rectangular shear box is more than 80 times 

greater than the particle diameter. As a point of reference, ASTM D3080-03 (Standard 

Test Method for Direct Shear Test of Soils under Constant Drained Conditions) 
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prescribes that the minimum width of the shear box be only at least 10 times greater than 

the largest particle diameter. 

The comparison between the peak and post-peak friction coefficients is shown in 

Figure 5.4 below. 

Comparison of Average Friction Coefficients for Uniform Soils
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Figure 5.4 Average Friction Coefficients for Uniform Soils 

The effect of particle size on the interface shear behavior can be investigated 

further by using the same data set but presenting the data in alternative formats. 

Figure 5.5 presents four graphs, one for each level of normal stress tested. On 

each graph the response of the three different sized particles can be compared. All of the 

data is for uniform sands. 

It can be see in Figure 5.5 that the particle size does not have a large effect on the 

coefficient of friction. However, a closer examination of the peak and post-peak values 

show some interesting trends. 
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At the lowest normal stress level of 50 kPa, the smallest particles showed the 

highest peak strength with the largest particles showing the lowest peak strength. The 

largest particles also showed the lowest post-peak strength. 

In contrast, at the highest normal stress level tested of 500 kPa, the largest 

particles showed the highest peak strength with the smallest particles showing the lowest 

peak strength. In all cases, however, the largest particles (20/25) showed the lowest post-

peak friction coefficients. This suggests that the mechanisms responsible for the friction 

coefficient are different at the peak state and at the post-peak state. 
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Figure 5.5 Particle Size Effect on Interface Shear Behavior 
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It is hereby postulated, based on these observations and knowledge of the particle 

shape and sizes, that the post-peak strength is predominantly controlled by the particle 

shape. The largest particles, in all cases, exhibited the lowest strength which corresponds 

well to them being the roundest of all the particles. 

The peak strength is likely controlled by the friction conditions that exist just 

prior to shearing, and will depend on the true contact area between the particles and the 

surface. 

5.2.2. Interface Shear Behavior of Particle Mixtures 

Interface shear tests, as have been presented above, were also carried out with 

particle mixtures with 20%, 40% and 70% of smaller particles. The tests were performed 

in an identical manner to the tests performed with the monosized particles. Tests were 

performed at normal stresses of 50, 100, 300 and 500 kPa and each of the three particle 

size ratios was tested at each of the mixture proportions. 

The results of the tests are shown below in Figure 5.6, Figure 5.7 and Figure 5.8. 

Each figure shows the friction coefficient varying with shear displacement for four 

different normal stresses and at five different mixture proportion ratios (0, 20, 40, 70 and 

100% of smaller particles). 

The variation of the peak friction coefficient with normal stress is shown in 

Figure 5.9 and the post-peak friction coefficients are shown in Figure 5.10. The figures 

present data for the three different particle size ratios and provides a comparison to the 

average peak friction coefficient for uniform soils. The dashed blue line is the trend line 

through the data for the uniform soils (data points not shown). The dashed red line is a 

trend line through the shown data points (for the binary mixtures). 
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Figure 5.6 Interface Shear Tests for PSR 2.1 (100/140 and 50/60) 
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Figure 5.7 Interface Shear Tests for PSR 2.8 (50/60 and 20/25) 
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Figure 5.8 Interface Shear Tests for PSR 6.1 (100/140 and 20/25) 
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(a) 20% Smaller Particles
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(b) 40% Smaller Particles
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(c) 70% Smaller Particles
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Figure 5.9 Peak Friction Coefficient for Particle Mixtures 
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(a) 20% Smaller Particles
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(b) 40% Smaller Particles
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(c) 70% Smaller Particles
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Figure 5.10 Post-Peak Friction Coefficient for Particle Mixtures 
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The compete data set for both the uniform sands and the particle mixtures in 

contact with smooth geomembrane is shown in the tables below: 

Table 5.1 Interface Shear Test Data for P.S.R. 2.1 

 

20/25 50/60 100/140 Test Reference 

Normal 

Stress 

[kPa] 

Relative 

Density 

[%] 

Peak 

Friction 

Coeff. 

Large 

Disp. 

Friction 

Coeff. 

GM50/60_50 50 80 0.487 0.327 

GM50/60_100 100 82 0.4956 0.252 

GM50/60_300 300 82 0.420 0.245 
0 100 0 

GM50/60_500 500 85 0.339 0.189 

GM_2.1_20_50 50 83 0.458 0.292 

GM_2.1_20_100 100 81 0.357 0.271 

GM_2.1_20_300 300 83 0.292 0.249 
0 80 20 

GM_2.1_20_500 500 84 0.414 0.311 

GM_2.1_40_50 50 83 0.334 0.232 

GM_2.1_40_100 100 84 0.319 0.24 

GM_2.1_40_300 300 83 0.349 0.223 
0 60 40 

GM_2.1_40_500 500 81 0.432 0.296 

GM_2.1_70_50 50 83 0.450 0.256 

GM_2.1_70_100 100 82 0.391 0.236 

GM_2.1_70_300 300 82 0.422 0.282 
0 30 70 

GM_2.1_70_500 500 84 0.386 0.225 

GM100/140_50 50 80 0.511 0.292 

GM100/140_100 100 84 0.472 0.272 

GM100/140_300 300 85 0.380 0.235 

P
.S

.R
. 

2
.1

 

0 0 100 

GM100/140_500 500 81 0.302 0.220 
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Table 5.2 Interface Shear Test Data for P.S.R. 2.8 

 

20/25 50/60 100/140 Test Reference 

Normal 

Stress 

[kPa] 

Relative 

Density 

[%] 

Peak 

Friction 

Coeff. 

Large 

Disp. 

Friction 

Coeff. 

GM20/25_50 50 81 0.422 0.264 

GM20/25_100 100 81 0.435 0.222 

GM20/25_300 300 83 0.373 0.193 
100 0 0 

GM20/25_500 500 84 0.375 0.181 

GM_2.8_20_50 50 84 0.388 0.25 

GM_2.8_20_100 100 80 0.369 0.237 

GM_2.8_20_300 300 84 0.420 0.279 
80 20 0 

GM_2.8_20_500 500 84 0.397 0.273 

GM_2.8_40_50 50 85 0.419 0.291 

GM_2.8_40_100 100 81 0.358 0.235 

GM_2.8_40_300 300 85 0.383 0.243 
60 40 0 

GM_2.8_40_500 500 85 0.377 0.241 

GM_2.8_70_50 50 80 0.470 0.372 

GM_2.8_70_100 100 84 0.434 0.268 

GM_2.8_70_300 300 83 0.343 0.213 
30 70 0 

GM_2.8_70_500 500 80 0.378 0.233 

GM50/60_50 50 80 0.487 0.327 

GM50/60_100 100 82 0.4956 0.252 

GM50/60_300 300 82 0.420 0.245 

P
.S

.R
. 

2
.8

 

0 100 0 

GM50/60_500 500 85 0.339 0.189 

Table 5.3 Interface Shear Test Data for P.S.R. 6.1 

 

20/25 50/60 100/140 Test Reference 

Normal 

Stress 

[kPa] 

Relative 

Density 

[%] 

Peak 

Friction 

Coeff. 

Large 

Disp. 

Friction 

Coeff. 

GM20/25_50 50 81 0.422 0.264 

GM20/25_100 100 81 0.435 0.222 

GM20/25_300 300 83 0.373 0.193 
100 0 0 

GM20/25_500 500 84 0.375 0.181 

GM_6.1_20_50 50 80 0.351 0.296 

GM_6.1_20_100 100 81 0.326 0.250 

GM_6.1_20_300 300 82 0.318 0.256 
80 0 20 

GM_6.1_20_500 500 80 0.393 0.282 

GM_6.1_40_50 50 81 0.404 0.302 

GM_6.1_40_100 100 80 0.339 0.232 

GM_6.1_40_300 300 82 0.405 0.271 
60 0 40 

GM_6.1_40_500 500 82 0.379 0.284 

GM_6.1_70_50 50 85 0.399 0.321 

GM_6.1_70_100 100 83 0.378 0.266 

GM_6.1_70_300 300 83 0.404 0.260 
30 0 70 

GM_6.1_70_500 500 81 0.360 0.252 

GM100/140_50 50 80 0.511 0.292 

GM100/140_100 100 84 0.472 0.272 

GM100/140_300 300 85 0.380 0.235 

P
.S

.R
. 

6
.1

 

0 0 100 

GM100/140_500 500 81 0.302 0.220 
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In Figure 5.9 (c) it can be seen that for a mixture with 70% smaller particles, 

regardless of the particle size ratio, the mixture acts in a similar way to a uniform soil. 

That is, the friction coefficient shows a consistent decrease with an increase in the normal 

stress. For this case, the friction coefficient ranges from approximately 0.44 at 50 kPa to 

0.38 at 500 kPa, equivalent to a change in friction angle of approximately 3.5 degrees. 

This can be compared to the values shown in Figure 5.2 where for a uniform soil the 

friction coefficient varies from approximately 0.47 to 0.34 (equivalent to a change of 

approximately 7.5 degrees) over the same normal stress range. 

The slight difference in the magnitude of the observed behavior between the 

uniform and 70% mixtures is not believed to indicate a fundamental difference in how 

these two different materials behave. The 70% mixture behaves in essentially the same 

manner as the uniform soil, within the scatter found in the data. 

Referring again to Figure 5.9, it is observed that the intermediate cases of 20% 

and 40% smaller particles exhibit a different type of behavior, with the peak coefficient 

of friction reaching a minimum at some intermediate normal stress value before 

increasing as the normal stress increases. The “elbow” in the curves occurs at 

approximately 300 kPa for the 20% mixtures and at approximately 100 kPa for the 40% 

mixtures. 

Figure 5.10 shows the results for the post-peak friction coefficient, and while the 

values are less than the peak values, the graphs show substantially similar trends to 

Figure 5.9. For soil with 70% finer material, the behavior is very similar to that of a 

uniform sand. For the mixtures with 20% and 40%  finer material present, an elbow 
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occurs, as in Figure 5.9, with the elbow occurring at a lower normal stress in the 40% 

case. 

It is clear from the figures above that the particle mixture proportions have an 

effect on the friction coefficients while the absolute particle size and particle size ratio 

have only a secondary influence. 

A similar finding was made for uniformly sized particles by Dove (1999) who 

carried out similar experiments using smooth HDPE surfaces and Ottawa 20/30 sand (D50 

of 0.72mm) which is very similar to the 20/25 sand used in the current study. A summary 

of those results are shown below: 

 

Figure 5.11 Peak Friction Coefficients (Dove, 1999) 

The “elbow” in these results can clearly be seen at a normal stress of 

approximately 60 kPa, slightly less than that observed for the 40% mixtures and 

significantly less than that observed for the 20% mixtures. 
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Dove (1999) attributes the elbow to the existence of two different regimes with 

one dominating on either side of the elbow. At normal stresses less than approximately 

60 kPa it is postulated that the predominant mode of shearing is sliding and that adhesion 

between the surface and real particle contact area is responsible for the resistance to 

movement. At higher normal stresses it is postulated that the load on the individual grains 

becomes greater than the yield stress of the surface. This results in plastic indentation of 

the surface by the particles which in turn leads to a plowing mode of shear when relative 

displacement occurs. 

The experiments reported were for uniform particles ranging in size from 0.5 to 

0.7mm and for relative densities ranging from 52% to 83%. It was further reported that 

the particle size (within the relatively narrow range tested) and the relative density 

(across a fairly wide range) showed no effect on the behavior. 

It can be observed in Figure 5.2 and Figure 5.3 that the absolute particle size does 

not play a large role in determining the behavior in the current study either. The data 

shows the same consistent trend even though the particles used vary in size from 0.13mm 

to 0.78mm, a more than six-fold increase in size. 

From Figure 5.9, however, it can be seen how the behavior is affected by the 

mixture ratio. The cause of this is not the fact that different size particles are present (as 

this would have manifest in the experiments reported in Figure 5.1) but rather it is the 

way that the applied normal stress changes the number and type of particles in contact 

with the surface as well as the load distribution between the contacting particles. 

The mixture of 70% finer particles shows similar behavior as the uniform 

particulate material, indicating that at that ratio, the larger particles are not playing a large 
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role in the interface shearing behavior, but rather are surrounded by a matrix of smaller 

particles and in a sense shielded from playing a role. 

5.3. Surface Profilometry of Smooth HDPE 

Stylus profilometry was used to determine the post-shear surface profiles as well 

as the reference baseline for the surfaces prior to shearing. This allows for the change to 

the surface as a result of the shearing action of the particles to be quantified. The amount 

of wear on the surfaces can then be related to the particle characteristics, surface 

properties and test conditions. All profiles were recorded perpendicular to the shearing 

direction and in accordance with the directions stated in Chapter 3. 

5.3.1. Pre-Shear Profiles 

The significant vertical exaggeration associated with the plotting of surface 

profile plots can lead to a distorted perspective on the roughness (or smoothness) of a 

surface. Figure 5.12 shows the same surface profile (or portions thereof) to illustrate this 

and provide a sense of perspective on the surface roughness relative to the particle size. 
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Figure 5.12 Pre-Shear Surface Profile at Various Scales 

In Figure 5.12 (a) the entire profile length is shown and all three particle sizes are 

illustrated alongside, scaled in proportion to the horizontal axis. In part (b) the same 

particles are shown and in part (c) only the smallest of the particles (D50 = 0.13mm) is 

illustrated. 
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The blue horizontal markers in parts (b) and (c) indicate the average roughness, 

Ra, as measured for this surface, which is 1.5 x 10
-4

mm. The markers indicate half of the 

average roughness distance on each side of the horizontal axis. 

Another observation is that the sampling interval of 1µm enables all the features 

of the surface to be accurately captured. For scale, the profile in Figure 5.12 (c) is made 

of 200 data points. 

5.3.2. Post-Shear Profiles 

Once shearing has taken place the coupons were removed from the shear test 

setup, brushed lightly with a soft-bristled paint brush and re-profiled using the stylus 

profilometer. A number of observations can be made: 

•  No particles adhered to or were otherwise “stuck” in the HDPE surface. 

Some particles remained on the surface after turning the coupon upside 

down, but none remained after a very light brushing. 

•  The area where shearing had taken place on the surface was clearly 

visible. In some cases (larger normal stresses) tracks and grooves were 

clearly seen with the naked eye and in other cases (low normal stresses) 

there appeared to be a slight change in the way light reflected off the 

surface. It was thus easy to determine where to take the post-shear 

profiles. 

•  For these smooth HDPE surface there was a negligible number of particles 

that escaped out of the rear of the shear box during testing, if any. This can 

be a concern with rough surfaces but was not an influence in these tests. 
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•  No small particles or flakes of HDPE were observed to be mixed in with 

the particles or laying on the surface of the coupon. This is a significant 

observation as it indicates that no third party particles are created as a 

result of the particles plowing into the surface. The surface material 

appears to thus be plowed into grooves, but not separated into smaller 

pieces. No smaller particles of HDPE thus have to be incorporated into 

modeling of the surface shearing process. 

5.3.2.1.Post-Shearing Profiles: Uniform Sands 

Figure 5.13, Figure 5.14 and Figure 5.15 show the post-shear surface profiles for 

smooth HDPE surfaces after having been sheared with uniform sands of mean particle 

size 0.78, 0.28 and 0.13mm respectively. Profiles are shown for each normal stress tested. 

The vertical scale for each figure is the same to allow for comparisons between 

normal stresses to be made. In each figure the same pre-shear baseline plot has been used 

for comparison. 

Figure 5.16 shows how the average roughness varies with applied normal stress 

and particle size for uniform sands. 
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Figure 5.13 Post-Shear Surface Profiles for 20/25 Sand 
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Figure 5.14 Post-Shear Surface Profiles for 50/60 Sand 
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Figure 5.15 Post-Shear Surface Profiles for 100/140 Sand 
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Figure 5.16 Average Roughness after Shearing for Uniform Sands 

As can be seen in Figure 5.13, Figure 5.14 and Figure 5.15 there is a clear 

increase in induced surface roughness as normal stress increases. This is due to the 

contacting particles being subject to an increasing normal force which indents the 

particles further into the surface. Upon shearing, the particles carve out more pronounced 

grooves in the surface, which is reflected in the profiles. 

Based on a visual assessment of the surface roughness for the largest uniform 

sand (Figure 5.13) it is seen that there is a seemingly consistent increase in roughness 

with normal stress. For the smaller particles, and in particular for the smallest of the three 

particles tested, the increase in surface roughness is accelerated at a normal stress of 300 

kPa and larger. This is especially noticeable in Figure 5.15 where there is a very large 

change in surface roughness from 100 kPa to 300 kPa. Figure 5.16 shows how, for 

uniform particles, the average roughness of the surface profiles increases as the normal 



129 

stress increases. There is an insignificant change in roughness from the pre-shear state to 

a normal stress of 50 kPa. The roughness is observed to increase when the normal stress 

reaches 100 kPa, with the increase sustained throughout the range of normal stress tested. 

The increase in induced roughness is observed to increase approximately linearly with 

normal stress up to 500 kPa. 

Figure 5.16 shows that the average roughness induced due to shearing of uniform 

particles reaches a maximum value of approximately 7.5 x 10
-4

mm. This is approximately 

5 times greater than the average roughness of the virgin material. The increase in average 

roughness is linearly proportional to the applied normal stress over the range of stress 

level and material properties tested. 

The variation between the three different sized sands is not as great as the effect 

of the applied normal stress. The difference between the particles may also be attributed 

to the particle shape since the largest particles are the most rounded while the smallest of 

the particles are the least rounded. The results for uniform sands suggest that particle 

shape is a more useful predictor of induced roughness than absolute particle size. 

It is also noted that the smallest particle induces the greatest roughness change 

and the largest particle the smallest amount of roughness change. This likely reflects the 

different number of particles present at the interface. The increased number of smaller 

particles increase the average deviation from the mean line of the profile, resulting in an 

increasing Ra value. To gain further insight into the profile, the dominant wavelength (as 

found by Fourier analysis of the profile), is presented in Figure 5.17 below plotted as a 

function of the applied normal stress. 
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Figure 5.17 Dominant wavelength in surface profile (post-shear, uniform sands) 

It can be seen in the above figure how the dominant wavelength is directly 

influenced by the particle size. The other primary observation is that the dominant 

wavelength increases as the normal stress increases. The 20/25 sand (D50 = 0.78mm) 

shows a dominant wavelength of 0.42 at 100 kPa and that increases to 0.50 at 500 kPa. 

The 50/60 sand (D50 = 0.28mm) shows an increase from 0.10 to 0.22 over the same 

normal stress range and the 100/140 sand (D50 = 0.13mm) shows a very slight increase 

from 0.12 to 0.14. 

The shorter wavelength of the profiles created by shearing against the smaller 

particles is clearly a result of the smaller particle size. The increased Ra for the smaller 

particles is thus a reflection of the increased number of particles in contact with the 

surface. 
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The increase with normal stress is a result of the particles becoming further 

embedded into the surface at higher normal stresses. This increases the contact radius 

(amount of particle in contact with the surface) which in turn is reflected in an increase in 

the dominant wavelength. 

5.3.2.2.Post-Shearing Profiles: Particle Mixtures 

The surface profile changes as a result of shearing against binary particle mixtures 

will now be presented. Figure 5.18, Figure 5.19 and Figure 5.20 below show how the 

surface profiles obtained after shearing at 500 kPa change as a function of the mixture 

proportions. Mixtures with 20%, 40% and 70% of finer particles were tested. The other 

normal stress values were also tested but only the profiles for 500 kPa will be presented. 

The complete set of roughness data is subsequently presented in summary format. 

Figure 5.21, Figure 5.22 and Figure 5.23 show how the average roughness various 

with applied normal stress for the three different particle size ratio cases for the different 

mixture proportions tested. 
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Figure 5.18 Post-Shear Surface Profiles for P.S.R. 2.1 at 500kPa 



133 

0 10 20 30
0.02−

0.01−

0

0.01

0.02

0% Fines

0

0 10 20 30
0.02−

0.01−

0

0.01

0.02

20% Fines

0

0 10 20 30
0.02−

0.01−

0

0.01

0.02

40% Fines

0

0 10 20 30
0.02−

0.01−

0

0.01

0.02

70% Fines

0

0 10 20 30
0.02−

0.01−

0

0.01

0.02

100% Fines

Profile Length [mm]

0

 
Figure 5.19 Post-Shear Surface Profiles for P.S.R. 2.8 at 500kPa 
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Figure 5.20 Post-Shear Surface Profiles for P.S.R. 6.1 at 500kPa 
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Figure 5.21 Average Roughness after Shearing for P.S.R. 2.1 Mixture 
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Figure 5.22 Average Roughness after Shearing for P.S.R. 2.8 Mixture 
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Figure 5.23 Average Roughness after Shearing for P.S.R. 6.1 Mixture 

In Figure 5.18, for a P.S.R. of 2.1, it is clear that the surface is most affected by 

shearing when the mixture contains 20% and 40% finer particles. At a mixture ratio of 

70% finer particles the induced roughness is marginally more than that at 100% finer 

material, but significantly less than that at 40% finer material. 

Figure 5.19 shows the surface profiles for the P.S.R. of 2.8. This is the mixture 

with the two largest particle sizes mixed together. Comparing the 0% and 100% finer 

particle cases it is interesting to note that the 100% case shows a greater degree of surface 

texture than for the 0% case. The surface texture in both of these cases is, however, 

visually less pronounced than the other three cases. In contrast to the P.S.R. 2.1 case, the 

roughness for the 70% mixture for P.S.R. 2.8 is noticeably greater than the uniform cases 

for a P.S.R. of 2.8. It must be noted that the absolute level of texturing induced by the 

P.S.R. 2.8 mixture is the greatest out of all those tested. This is despite that fact that the 
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two component particles making up the P.S.R. 2.8 mixture are the most rounded of the 

three components tested. 

The final figure in this series, Figure 5.20, shows the case of a mixture with a 

P.S.R. of 6.1. The behavior is generally very similar to the P.S.R. 2.8 case, with the 20% 

mixture showing the greatest amount of texturing, followed by the 40% mixture. In this 

case, however, the 70% mixture shows less induced texturing than the 100% case, which 

had not been observed in any of the other mixtures. 

Figure 5.21, Figure 5.22 and Figure 5.23 all show a similar trend of increasing 

roughness with an increase in the normal stress. For the binary mixture however there is a 

clear size effect: the mixture comprised of the largest absolute particle sizes exhibits the 

largest increase in roughness. This is most apparent for the 20% and 40% mixtures. 

For the P.S.R. 2.8 case the 0% mixture shows an induced roughness of 

approximately 4 times the virgin roughness when sheared at 500 kPa. When just 20% of 

the finer material is added the induced roughness increases by a further 3.5 times, to 

approximately 14 times greater than the virgin roughness. This is a very substantial 

increase in induced roughness for a relatively small change in the particle size 

distribution. The other mixtures (P.S.R. 2.1 and 6.1) do not show such dramatic increases, 

but in all cases the 20% mixture shows the greatest capacity to induce roughness at all 

stress levels. 

5.4. Contact Mechanics and Friction 

In typical geotechnical scenarios, both in the field and in the laboratory, the 

boundary forces and the global properties of the materials are known. The mechanics of 

what is happening right at the contact interface between the soil particles and the surface 
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is however not usually observed or measured directly due to the difficulty in making such 

measurements. 

It is possible, however, to relate measurements made at the boundaries (macro-

scale, on the order of centimeters or larger) to the behavior at the interface (micro-scale, 

on the order of microns) by using analytical models. In this section a brief review of 

fundamental aspects of friction and contact mechanics will be presented, followed by the 

development of a model to predict the friction coefficient for sliding between a binary 

particle mixture and a smooth surface. In this study only dry surface friction will be 

considered. Friction with hydrodynamic lubrication, where a lubricating fluid prevents 

direct contact between the solid surfaces, will not be considered. 

5.4.1. Single Particle Contact Behavior (Hertzian Contact) 

Hertz provided the first satisfactory analysis of contact stresses between two 

elastic solids in 1882 (Johnson, 1985). Consider two smooth spheres brought into contact 

under an external force, the radius of the area of contact, a, is given in terms of the 

applied load and material properties as: 
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Figure 5.24 Illustration of particle radius, R,  and contact radius, a 

The external applied force is W, ν and E are the Poisson ratio and Young’s 

modulus respectively where the subscripts denote the different surfaces in contact. R is 

the effective radius of curvature. This theory is valid under a number of assumptions: 

•  The surfaces are continuous and non-conforming 

•  The strains are small 

•  Each solid can be described as an elastic half-space 

For elastic contact between a single particle and a smooth flat surface, the value 

of R2 can be taken as infinite, hence R will be equal to R1, the radius of the contacting 

particle. The area of contact per particle, δAc, can be expressed as: 

2

* 3( )
c

A D R Wδ π δ=  

where 

2 2
* 1 2

1 2

1 13
( )

4
D

E E

ν ν− −= +  

δW = Normal force per particle 

The variation of contact area with normal force can thus be expressed in a more 

general form as: 
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2

3
c

A k Wδ δ=  

where 

2

* 3( )k D Rπ=  

This indicates that the contact area for a single point elastic contact is proportional 

to the 2/3 power of the normal force. However, multi-asperity and plastic conditions can 

also occur, both of which will result in the contact area being directly proportional to the 

normal force. Multi-asperity contact is an elastic process that results in an increasing 

number of contacts between contacting surfaces as the normal force is increased. A more 

generalized relationship is given by Archard (1957) as: 

n

c
A k Wδ δ=  

Where k is the friction factor and n is the load index. The friction factor contains 

information about the material properties and size of the particle while the load index 

describes contact conditions, which could be elastic (n=2/3), fully plastic or multi-

asperity (n=1) or some value in between these limits. A load index of 2/3 implies a 

decreasing friction coefficient with increasing normal load since the contact area 

increases at a slower rate than the normal force. A load index of 1 implies a constant 

friction coefficient. 

Ludema (1996) reports that polymeric materials, such as the one used in this 

study, typically show elastic behavior. Dove (1996) shows that for HDPE geomembranes 

in contact with Ottawa 20/30 sand, the assumption of single point contact (as opposed to 

multi-asperity contact) is appropriate at the scale of measurement and observation 

employed. 
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For the remainder of this study it will be assumed that single point elastic 

conditions occur at the contacts between particles and surfaces. While this is known to be 

an approximation of the real contact conditions, these assumptions have a basis in 

observations made by tribological researchers and will allow for the development of a 

model to predict the coefficient of friction for a binary mixture in contact with an HDPE 

surface. 

The frictional force, F, acting to retard relative lateral displacement between a 

particle and it’s contacting surface is governed by two main components. The first 

component is an adhesion component and the second is a plowing component. The is 

illustrated in Figure 5.25. 

 

Figure 5.25 Components of Friction: Adhesion and Plowing (Dove, 1999) 

The total frictional resistance can thus be written as a sum of these two 

components: 

adhesion plowing
F F F= +  

Each of these two components will be examined separately in the following 

sections. 

5.4.1.1.Adhesion Component of Friction 

The adhesion component arises as a result of a microscale process occurring at the 

junctions formed by pressing two surfaces together into contact at localized points. The 
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shear resistance offered by these junctions, which have become “bonded” together 

provides the resistance to shearing which is manifest as adhesion. There is some debate 

as to whether this is actually the true mechanism or not, but for the purposes of this study 

the exact mechanism of adhesion is not important as it occurs on a scale smaller than the 

scales used in this investigation. 

The model that will be used in this study to describe the adhesion component is 

presented by Briscoe and Tabor (1978) and is expressed as: 

0adhesion c
F A Wδ τ δ αδ= +  

Where τo is the intrinsic interfacial shear strength and α is the normal pressure 

coefficient. These are material properties that can be derived from experimental data. 

This relationship can also be expressed as a coefficient of friction as: 

0
adhesion

c

τµ α
δσ

= +  

Where δσc is the normal stress acting across the contact area. At high levels of 

normal force (higher levels of contact stress) the friction coefficient tends to the value of 

α. 

This can be rewritten as; 

1
*2 2 3

0adhesion

D R

W
µ τ π α

δ
 

= + 
 

 

by using the prior relationship between contact area and normal force. This 

expression relates the friction coefficient due to adhesion to measurable properties of the 

surface and the particle. The friction coefficient is made up of two parts, one part is 
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dependant on the material properties, particle size and applied normal force while the 

other, α, is a constant term regardless of what other parameters change. 

The normal pressure coefficient can be found by calculating the slope of a plot of 

the frictional force, F, against W, the normal load. Dove (1999) presents data from single 

particle interface friction tests that can be used to determine α. These tests sheared a 

single steel particle, that was prevented from rotating, across an HDPE geomembrane. 

Both smooth and roughened spheres were used to investigate a possible range of values. 

It was also shown through back-analysis that the real particles exhibited behavior that 

was essentially an average of the rough and smooth particles. A similar approach is 

adopted here in that the estimate for α for real particles will be an average of the α values 

for roughened and smooth particles. Figure 5.26 shows the calculation of α. 
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Figure 5.26 Calculation of pressure coefficient, α 
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In order to determine the value of τ0, a plot of interface shear stress against the 

normal force to power 1/3 is used. The intercept of the best-fit line and the vertical axis 

yields the value of τ0 as shown in Figure 5.27 below. 
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Figure 5.27 Calculation of τ0 

These values of α and τ0 will be used in the remainder of this study. These values 

compare suitably to the values obtained by Abou-Chakra (1998) for glass ballotini in 

contact with a Perspex surface (α = 0.18 and τ0 = 4 MPa). 

5.4.1.2.Plowing Component of Friction 

The plowing component of friction is significant when a hard particle slides 

across a relatively soft surface. This results in grooves or tracks being formed in the 

surface which is a permanent deformation. Shooter and Tabor (1952) showed that 

τ0 = 1.6 MPa 
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plowing results in a higher friction coefficient than adhesion acting by itself. Estimates of 

the friction coefficient due to the plowing component have been made, with those 

estimates by Czichos (1985), Sin et al. (1979) and Bhushan (1999) presented below and 

illustrated (for the first two references) in Figure 5.28. 

2
tan( )

plowing
µ θ

π
=    (Czichos, 1985) 
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Figure 5.28 Plowing Component of Friction 

The method proposed by Czichos (1985) results in a constant value for the 

friction coefficient. Based on an approximate shape analysis of the 20/25 sands used in 

this study (see elsewhere in Chapter 5) the angle, θ, is approximately 4 to 5 degrees. This 

results in a friction coefficient due to plowing of approximately 0.045 to 0.056. These 

values are considered to be a lower bound as the method does not take into account the 

presence of material that is mounded up in front of the particle due to plowing. This may 

have a significant effect on the friction coefficient as the particle will have to plow 

through a cross-sectional area of material. 

The methods proposed by Sin et al (1979) and Bhushan (1999) are operationally 

very similar over the range of stresses and particle sizes tested. The Bhushan (1999) 

relationship was chosen as it is simpler to implement. An important feature of both of 
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these relationships is the inclusion of a ratio between the particle size and size of the 

contact area. Since the contact area varies with load according to equations previously 

presented, a new relationship could be developed that explicitly included the normal 

stress. The relationship between particle size, applied normal force and friction 

coefficient is presented below and shown in Figure 5.29 (using Bhushan, 1999). 
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Figure 5.29 Friction Coefficient due to Plowing 

Figure 5.29 shows that for a given normal force the smaller the particle the greater 

the contribution to shearing resistance due to plowing effects. As normal force increases 

it is clear that the effect reduces as the normal force increases. The maximum gain in 

sliding resistance occurs at very low normal forces, when one might typically not expect 

to see any effect of plowing at all. 
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Figure 5.30 also shows the plowing component of the overall friction coefficient 

and how it varies as a function of the Young’s modulus of the surface material. As 

expected, the plowing component increases as the material becomes softer. The modulus 

of the particle has a much lesser effect as it is a much larger number. 
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Figure 5.30 Friction Coefficient due to Plowing 

It is also important to note that the aforementioned models do not consider the 

rotation of particles. The particles are assumed to remain in an essentially locked mode as 

they traverse across the surface. In an actual physical experiment or field setting it is very 

unlikely that such conditions would occur, so it is important to address how much of an 

affect this simplification may have. 

Based on observations of the tracks left in the geomembrane surface after 

shearing, it appears unlikely that significant particle rotations are occurring at the 
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interface. Pit or pock marks are not seen, which would have indicated particles rolling 

and the edges of particles creating repeatable indentations or marks in the soft 

geomembrane. Even at low normal stresses the only marks on the geomembrane are 

micro-striations, evidence of particle sliding. 
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5.4.2. Multiple Uniform Particles in Contact 

The relationships developed in the previous section all dealt with individual 

particles. This will now be extended to the case of a bed of uniform particles in contact 

with a surface. It will be assumed that all of the particles are of the same size and that 

each particle is subject to an equal normal force. This is equivalent to assuming a uniform 

stress distribution across the bed of particles. 

The load per particle, δW, can be calculated based on the number of particles in 

contact with the surface. This depends on both the particle size and how the particles are 

packed together. Since it has been assumed that all the particles are of the same size and 

are spherical the problem can be treated as packing circles in two dimensions. 

The packing limit states for stable arrangements are known. The loosest stable 

arrangement is the square packing arrangement and the densest arrangement is the 

hexagonal packing arrangement. These two arrangements are shown below in Figure 5.31 

along with their corresponding porosity values. 

 

Square Packing 

 

 

Hexagonal Packing 

 
  

Porosity, n = 1-π/4 = 0.2146 Porosity, n = 1-(π/6)(√3) = 0.093 

Figure 5.31 Limiting Stable Packing Arrangements 
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The load per particle, δW, can be expressed as: 

2 2

. (1 )

n total n total n

solids

A A r r
W

no particles A n

σ σ π σ πδ = = =
−

 

Introduce the variable β, such that: 

4(1 )nβ
π
−=  

And so: 

2 2

(1 )

n n
r d

W
n

σ π σδ
β

= =
−

   where d = particle diameter 

For a square packing (loosest possible): 1
4

n
π= −   1β =  

For a hexagonal packing (densest possible): 1 3
6

n
π= −   

2

3
β =  

By varying the β parameter between these two values, the entire range of possible 

stable arrangements will be included. The load per particle can now be incorporated into 

previous expressions where the term δW is present. 

5.4.2.1.Adhesion Component of Friction for Multiple Uniform Particles 

Recall that for a single particle: 

0adhesion c
F A Wδ τ δ αδ= +  

Since 

2

* 3( )
c

A D R Wδ π δ=  

This gives rise to 

2 2

* 3 3
0 ( ) ( )

adhesion
F D R W Wδ τ π δ αδ= +  
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We can now modify this expression for a single particle to be valid for multiple 

particles by multiplying by the number of particles. Where N is the number of particles in 

contact with the surface and F and W are the total shear and normal forces respectively: 

( )( )

( )( )

F N F

W N W

δ
δ

=
=

 

We can thus express: 

2 2

* 3 3
0 ( ) ( )
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F D R N W Wτ π δ α= +  

Expressing the friction coefficient by dividing by W: 

2 1
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N
D R

W
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The projected area of all particles can be written as Ap = NπR
2
 and the total 

normal force, W = Atσn. Hence we can write: 
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This is a general expression that allows for the coefficient of friction to be 

calculated for a monosized assembly of particles subject to a compressive normal stress. 

Since (Ap/At) = (1-n) = (βπ/4) one could also write it as: 

1
2 3

* 3
0 ( )

4
adhesion

n

D
βµ τ π α
σ

 
= + 

 
 

It is interesting to note that this expression is independent of the particle size, 

fairly weakly dependent on the normal stress and packing geometry, and somewhat 

dependant on the elastic material properties and intrinsic shear strength. The parameter 
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that has the largest influence is the pressure coefficient, α. It is clear that as the applied 

normal stress increases the value of µadhesion tends to a value of α. 

A similar development for the plowing component of friction will now be 

presented, followed by an investigation of the predictive utility of these expressions. 

5.4.2.2.Plowing Component of Friction for Multiple Uniform Particles 

Utilizing the Bhushan model for the plowing component of friction and 

combining it with Hertzian contact theory which gives a relationship between the applied 

normal force and the contact area one can derive an expression for the plowing 

component as a function of the normal force. 

Give that: 
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3
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Substitute into Bhushan’s relationship, to give: 
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For uniform particles we know the following: 
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Hence, 
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The total coefficient of friction for uniform particles in contact with a surface is 

given as: 
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where 

2 2
* 1 2

1 2

1 13
( )

4
D

E E

ν ν− −= +  

It is important to note that the model is independent of particle size and thus also 

independent of the number of contacting particles. The model parameters are summarized 

below in Table 5.4. 

Table 5.4 Model Parameters 

Parameter Values Source 

τo 1.6 MPa Empirically derived 

E1 76 GPa Santamarina (2001) 

E2 550 MPa Manufacturer supplied 

ν1 0.31 Santamarina (2001) 

ν2 0.30 Dove (1996) 

β 1.0 to 2/√3 (1.15) Theoretically derived 

α 0.302 Empirically derived 

Note: Subscript 1 indicates particle, 2 indicates surface 

The effect of packing density is shown in Figure 5.32 below. The figure shows 

how the coefficient of friction varies as a function of the global normal stress. The two 

lines in the figure show the behavior for the loosest and densest stable packing 

arrangements for uniform particles. It is clear from the figure that the packing density has 

virtually no influence on the friction coefficient in this case. 
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Figure 5.32 Effect of Packing Density, β 

This is somewhat unexpected behavior since the packing density (void ratio) is 

generally considered in soil mechanics to be a useful correlator to behavior. This 

observation has, however, been made by previous experimentalists. Dove (1999) 

indicates that the friction coefficient behavior relative to normal stress appears to not be 

affected by either particle size or density (packing) and in that case the relative densities 

varied from approximately 50% to 85%. The model presented provides insight into why 

this behavior is observed. 

Since the packing density has virtually no effect, the value of β will be taken as 1 

for all future comparisons. 

Figure 5.33 shows how changing the Young’s Modulus of the surface affects the 

friction coefficient. The modulus was varied by 200 MPa in each direction from the value 

applicable to the actual material used. This was done for illustrative purposes. 
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Figure 5.33 Effect of Young’s Modulus of the Surface, E2 

As can be seen in the figure the lower the modulus of the surface material the 

greater the friction coefficient. As the modulus increases the coefficient decreases, 

although the effect does diminish with an increasing modulus. The difference in the 

friction coefficient at 500 kPa is approximately 0.025 between the 350 MPa and 550 MPa 

cases. This is equivalent to a change in friction angle of less than 1.5 degrees, a relatively 

minor change. A changing elastic modulus also changes the relative contributions of 

adhesion and plowing to the total friction coefficient. This is illustrated in Figure 5.34 

which shows the percentage that plowing contributes towards the total friction coefficient 

as a function of normal stress. 
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Figure 5.34 Effect of Young’s Modulus of the Surface, E2 

It is evident that as the modulus of the surface is decreased the plowing 

component takes on a larger relative role. The observations related to the previous two 

figures have relevance to other current research (Karademir, 2010). Studies are being 

undertaken to investigate the interface friction between geomembranes and other 

engineering materials as a function of temperature. In general, an increase in the 

temperature of the geomembrane results in an increased interface friction. If the increase 

in temperature is analogous to a decrease in the modulus, then the model developed here 

may be used as a framework to predict changes in interface behavior as a result of 

changes in temperature. 
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Figure 5.35 shows that the Young’s modulus of the particle has almost no 

influence on the friction coefficient. Plots are shown for quartz material (sand particles) 

and for steel. Even though the modulus varies by a factor of 2.5, the friction coefficient 

barely changes at any stress level. 
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Figure 5.35 Effect of Young’s Modulus of Particle, E1 

This is an important observations as it allows test results to be compared even if 

the indenting particles have been comprised of materials of different elastic modulus. 

Care should be taken, however, as the elastic modulus is not the only change between 

steel and quartz materials (for example). The surface roughness of the contacting 

particles as well as the elemental composition also play roles in determining the friction 

coefficient. These issues are outside the scope of the current work. 

Figure 5.36 shows a comparison between the experimental data obtained and the 

model developed. The two lines representing the plowing and no-plowing cases both 
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provide reasonably good estimates of the actual friction coefficient, with the default 

model (inclusive of the plowing term) arguably providing the better fit to the data. 

0 100 200 300 400 500
0

0.2

0.4

0.6

0.8

Default Model Prediction

No Plowing Prediction

20/25

50/60

100/140

Global Normal Stres [kPa]

F
ri

ct
io

n
 C

o
ef

fi
ci

en
t 

[ 
]

 

Figure 5.36 Comparison with Experimental Data 

 

5.4.3. Binary Mixtures in Contact 

In a similar fashion to that employed above, a model will be presented below that 

relates the friction coefficient to particle characteristics and surface material properties. In 

this case, however, the assumption of uniform particle size is rescinded and instead it is 

assumed that a binary mixture is present with two distinct particle sizes. 

The total normal and shear forces acting on the surface are thus: 

f f c c

f f c c

F N F N F

W N W N W

δ δ
δ δ

= +

= +
 

Where:  Nf = number of contacting fine grains 
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  Nc = number of contacting coarse grains 

By combining and manipulating the expression above, along with expressions 

already given, one can express the adhesion component of the friction coefficient for 

binary mixtures in contact with a surface as: 

2 2

2 3 3
* 3

( ) ( )
( )

f f f c c c

a binary o

N R W N R W
D

W

δ δ
µ τ π α−

 
+ = + 

 
 

 

This expression should allow for the coefficient of friction due to adhesion to be 

calculated, however, there are two primary concerns when using this equations directly. 

The first concern is knowing the number of fine and coarse grains in contact with 

the surface. It is not possible to measure these directly in a test of the kind that was 

performed as part of this study. The second concern is knowing how the normal forces 

are transmitted between the two phases and the surface. Do the larger or smaller particles 

take a disproportionate amount of the load? Does this change with particle size ratio 

and/or the proportion of finer materials? 

The question of load distribution between particles in a binary particle mixture 

against a surface was studied by Abou-Chakra (1998) using finite element simulations. In 

that study mixtures with particle size ratios of 2.4 and 3.9 were studied. The large 

particles were arranged in a square packing arrangement (β =1 in the terminology 

employed herein) and the smaller particles were packed in between the larger ones 

without disturbing their positions. The resulting bed of particles was thus packed in a 

dense configuration. The particle bed was then subjected to a uniform load on a loading 

plane located at the top of the large particles. It was found that the force acting on the 
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base from the large particles was almost the same as that acting on the base from the 

small particles. In the terminology used in this chapter, δWc = δWf. 

This study was limited to only two particle size ratios but it is expected that the 

result could be extended down to a particle size ratio of 1.0. It is natural to assume (as 

was done for the uniform case above) that the load per particle will be equal. The result 

cannot, however, be extended to particle size ratios greater than that studied (i.e. greater 

than a particle size ratio of 3.9). A further limitation of the study was that the effect of 

shear forces acting on the particles was not considered. 

The primary result of the study, that δWc = δWf, will be used to further the 

development of the friction coefficient model. It is important, however, to remain 

cognizant of the limits now built into the applicable scope of the model. 

Given that δWc = δWf = δW: 

( )
f c

W N N Wδ= +  

Substituting into the previous equation and manipulating gives: 
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The plowing component of the friction coefficient will be presented. In this 

development it will be assumed that δWc = δWf = δW. 
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Since, 
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The expression for the plowing component of the friction coefficient is: 
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Combining the expression for the adhesion and plowing components of friction 

yields an expression for the total friction coefficient for a binary particle mixture. 

Given the geometrical constraints of being able to determine how many fine and 

course particles are in contact at the interface, the above expression will be compared to a 

subset of the experimental data. The case of a P.S.R. 2.1 mixture with 20% finer particles 

will be examined since the number of particles at the interface can be estimated with a 

geater degree of certainty than other size ratio and mixture proportions. Figure 5.37 

shows an estimation of the friction coefficient for the aforementioned sand mixture. As 

was discussed previously, the plowing component tends to underestimate the true 

plowing contribution. To compensate for this, an additional stress-level dependent factor 

was introduced, and multiplied into the plowing component only. A factor of σn/200 was 

used to plot the blue line shown below. 
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Figure 5.37 Estimation of friction coefficient for binary particle mixture 

The unadjusted model provides a reasonable fit to the experimental data at lower 

stress levels but underestimates the friction coefficient at 500 kPa. The adjustment 

provided ensures that the data is well fit at 500 kPa but at the expense of the data point at 

300 kPa. The adjusted model is however able to capture the increase in friction 

coefficient beyond a certain stress level. 
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6. INTERFACE SHEAR BEHAVIOR OF BINARY PARTICLE MIXTURES 

WITH ROUGH COUNTERFACES 

This chapter examines the interface shear behavior of binary particle mixtures in 

contact with hard, textured surfaces. The test procedures and equipment were outlined in 

Chapter 3. One of the key questions to be considered in this chapter is what the most 

appropriate descriptor of particle size is when a binary particle mixture is in contact with 

a rough surface. A series of interface shear tests, along with an examination of relative 

roughness, were completed in order to explore these topics. 

6.1. Relative Roughness 

A number of measures for relative roughness exist, most importantly the 

parameter called “normalized roughness” developed by Uesugi and Kishida (1986). This 

parameter was proposed to improve the correlation between the coefficient of friction and 

surface roughness values that were being measured. Normalized roughness, Rn, is defined 

as the ratio of maximum roughness (Rmax) measured over a distance equal to the mean 

grain size to the mean grain size (d50). 

In order to calculate this parameter one calculates Rmax (peak to valley height) 

over a length of the profile equal to d50. This calculation is then repeated for every section 

of the profile. Measuring local Rmax over a distance equal to d50 prevents a peak from one 

side of the profile being twinned with a valley on the other side of the profile resulting in 

a potentially very large Rmax value but one that was irrelevant since a single particle 

would not experience such a roughness. 



165 

Relative roughness will be investigated using the materials used in the interface 

shear testing phase of this study. Typical surface profiles for the  sandpaper surfaces 

tested are shown below in Figure 6.1. 
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Figure 6.1 Typical Sandpaper Surface Profiles 

As the grit size of the sandpaper decreases (increasing number) one can observe a 

corresponding decrease in the texturing of the surface. 

Histograms showing the distribution of local Rmax values for a given surface and 

D50 are shown in Figure 6.2 below. This histograms show the frequency with which 

specific intervals of localized Rmax values occur over the entire profile length. A scaled 

lognormal probability density function has been overlaid. The scaling factor scales the 

probability density function by the bin width of the histogram. This keeps the same shape 

as the original probability density function but allows for a direct comparison on the same 

vertical scale as the histogram, which maintains the significance of indicating the 

frequency. Nine histograms have been plotted, for sandpaper surfaces #60, #150 and 

#320, and for the three d50 values of the uniform sands (0.13mm, 0.28mm and 0.78mm). 
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Figure 6.2 Local Rmax Histograms 

From Figure 6.2 it can be seen that the lognormal distribution fits the distribution 

of local Rmax values very well. 

The original method of calculating Rn was to use the mean value of local Rmax, as 

indicated by the vertical dashed line in the above plots. Examination of the distributions 

indicates that a more representative value to describe the Rmax value may be the modal 

value. An evaluation of using the mode rather than the mean value to calculate Rn is 

presented next. This new normalized roughness parameter will be designated mRn, where 

the “m” stands for “modal”. 

Figure 6.3 shows the two normalized roughness parameters plotted as a function 

of particle size for the same sandpaper surfaces as were presented previously. 
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Figure 6.3 Comparison of modal and mean normalized roughness parameters - sandpaper 
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It is evident from Figure 6.3 that by changing the calculation from the mean to the 

mode the resulting normalized roughness parameter is changed. Rn shows a strong 

increase as the particle size (or the measurement length) decreases in size. This is due to 

the decreasing denominator (D50) which thus increases Rn dramatically as D50 

approaches zero. In all cases, mRn plots beneath Rn. Probably the most striking aspect of 

Figure 6.3 is that mRn is seen to increase as the particle size increases, this is especially 

evident in the case of the sand papers #100 and #150. The roughness parameter increases 

to a peak and then decreases again, indicating a potential “resonant” wavelength at which 

the particle size and interface features may interact the most fully. 

Similar plots are shown below in Figure 6.4 for pipe sections commonly used in 

the pipe-jacking industry. Again, there is a clear difference between the two measures of 

normalized roughness. 
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Figure 6.4 Comparison of modal and mean normalized roughness parameters - pipes 

A comparison between the sandpapers is shown below in Figure 6.5 and Figure 

6.6. 
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Figure 6.5 Mean Normalized Roughness - Sandpaper 
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Figure 6.6 Modal Normalized Roughness - Sandpaper 

These figures highlight an important, yet often overlooked, aspect of surface 

roughness – that one surface may be rougher than another at one particle size, but 

smoother at a different particle size. To the best of the authors knowledge this 

observation has not previously been explicitly noted. 

It is thus not strictly correct to term one surface as “rougher” than another without 

reference to a particle size. With most soils exhibiting a range of particle sizes the 

concept of relative roughness becomes even more ambiguous. The same phenomenon is 

seen to occur with the pipe sections, with the vitrified clay pipe being alternately 

smoother and rougher than the PackerHead concrete pipe, depending on the particle size 

considered. 
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Figure 6.7 Mean Normalized Roughness - Pipes 
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Figure 6.8 Modal Normalized Roughness - Pipes 
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In order to further evaluate the suitability of both Rn and mRn, each method were 

was employed in this study. Analyzing the results using both methods will lead to clarity 

on which one is more suited for describing the relative roughness of these surfaces. 

Knowledge of the particle size distribution is most helpful if the size of the 

governing particles for a particular process is known. For example, Hazen identified that 

the d10 of a soil corresponds well to the hydraulic conductivity of that soil. For many 

processes there may well not be such a clear relationship with particle size, but for other 

processes, the link with particle size may have been obscured by poorly chosen particle 

size descriptors and/or a poor choice of the governing particle size. 

The most relevant example of this is the continued use of D50 as a measure of the 

particle size in interface shear studies. Since the development of the concept that particle 

size and surface profile (or roughness) are fundamentally related in this particular 

process, scant attention has been paid to choosing the most appropriate measure of 

particle size. 

6.2. Choosing a representative particle size for binary mixtures 

When an “average” size for a given particle mass is offered it is usually implied 

that that particle size is the most relevant to the topic or process under consideration. It is 

usually assumed that d50 is an appropriate measure of size to use when considering 

interface shear. For example, the pioneering work by Uesugi (1986) uses d50 to calculate 

normalized roughness. Their research highlighted the relative nature of interface 

roughness, that is, that the surface profile and particle size need to be assessed together to 

establish roughness. In other applications different measures of size are more appropriate, 

reflecting an understanding of the true nature of the processes. A good example of this is 
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the use of d10 in Hazen’s permeability equation, reflecting the fact that smaller particles 

in a distribution control the permeability. Another example is Hardin’s use of d5 in 

studying the importance of the smaller particles in determining Gmax. 

In the case of binary particle mixtures undergoing interface shear the question 

remains – what is the most appropriate particle size descriptor to use? This chapter will 

address this question. 

6.2.1. Weighted-Average Approach 

One can use a weighted-average approach to determine the d50 for a binary 

particle mixture in a relatively straightforward manner. Each of the base sands used in 

this study was sieved to be within a very narrow size range (see Chapter 3 for more 

details) so the mean size of the particles captured between the two sieves gives a good 

representation of the particle size for each base sand. These base sands were then 

combined in different proportions and so a weighted-average approach can be used to 

determine the D50. This does result in D50 values between the largest and smallest particle 

sizes (which makes sense), but without any particles actually being close to the reported 

D50 value (which may seem correct mathematically, but perhaps not physically). All of 

the studied combinations and the resulting weighted average D50 values are shown in the 

table below. 
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Table 6.1 Weighted Average Particle Size for Binary Particle Mixtures 

P.S.R. 6.1 P.S.R. 2.8 P.S.R. 2.1 

% 

Fine 

% 

Coarse 

D50 

[mm] 

% 

Fine 

% 

Coarse 

D50 

[mm] 

% 

Fine 

% 

Coarse 

D50 

[mm] 

0 100 0.780 0 100 0.780 0 100 0.280 

10 90 0.715 10 90 0.730 10 90 0.265 

20 80 0.650 20 80 0.680 20 80 0.250 

30 70 0.585 30 70 0.630 30 70 0.235 

40 60 0.520 40 60 0.580 40 60 0.220 

50 50 0.455 50 50 0.530 50 50 0.205 

60 40 0.390 60 40 0.480 60 40 0.190 

70 30 0.325 70 30 0.430 70 30 0.175 

80 20 0.260 80 20 0.380 80 20 0.160 

90 10 0.195 90 10 0.330 90 10 0.145 

100 0 0.130 100 0 0.280 100 0 0.130 

 

Based on this table it is evident that a number of different combinations of 

particles have very similar weighted average particle size. Notably, this indicates that the 

weighted-average D50 is far from being a unique property of a soil. The combinations that 

show very similar weighted-average D50 values are shown in the table below. 
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Table 6.2 Different Combinations of Particles with the same Weighted Average Particle 

Size 

First Combination Second Combination 

Fine Coarse Size [mm] Size [mm] Fine Coarse 

30% 100/140 70% 20/25 0.585 0.580 40% 50/60 60% 20/25 

60% 100/140 40% 20/25 0.390 0.380 80% 50/60 20% 20/25 

70% 100/140 30% 20/25 0.325 0.330 90% 50/60 10% 20/25 

80% 100/140 20% 20/25 0.260 0.265 10% 100/140 90% 50/60 

90% 100/140 10% 20/25 0.195 0.190 60% 100/140 40% 50/60 

 

Examining the table above one can see that the two mixtures that both have a D50 

close to 0.260mm are made up very differently. One is a mixture of 80% 100/140 with 

20% 20/25 while the other is comprised of just 10% 100/140 with 90% 50/60. These two 

different mixtures, while sharing a weighted-average D50, would most likely be expected 

to behave very differently under a given set of circumstances. The difference in their 

interface shear response is shown in Figure 6.13. 

6.2.2. Sectional Approach 

An alternative approach to determining a representative particle size builds on 

observations made in Chapter 4. In that chapter, it was observed that at a percentage of 

finer particles of approximately 40% there was a transition from a coarse dominated 

fabric to a fabric dominated by the finer particles. The transition is not abrupt, but a 

transition exists nonetheless. 

The sectional approach thus divides a mixture into two or three sections, with 

each section being dominated by a different particle size. The dominant particle size thus 

changes in a step wise fashion as the mixture proportion changes. 

In the two section approach, the dividing line between the regime dominated by 

finer particles and the coarse dominated regime would be the minimum point on a plot of 
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the VRR (volume reduction ratio, as discussed in Chapter 4). This is approximately 35% 

of finer particles. For any mixture with a percentage of finer particles less than 35%, the 

representative particle size would be taken as the size of the coarse particle. At a 

percentage of finer particles greater than 35%, the representative particle size would be 

taken as the size of the finer particle. 

In a three section approach, a central transition zone is identified from 

approximately 25% to 55% of finer particles. At percentage of finer particles greater than 

55%, the representative size would be that of the fine particles. At percentages less than 

25%, the representative grain would be that of the coarse particles. At intermediate values 

from 25% to 55%, the representative grain size would be an average of the fine and 

coarse particle sizes. 

This sectional approach is illustrated in Figure 6.9 and Figure 6.10 below for a 

P.S.R. of 2.8. 

 

Figure 6.9 Two Section Approach 
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Figure 6.10 Three Section Approach 

The tables below list the representative particle sizes for both two and three 

section approaches for the materials used in this study. 
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Table 6.3 Representative Particle Size using Two Section Approach 

 Large Component Small Component  

P.S.R. Proportion Diameter 

[mm] 

Diameter 

[mm] 

Proportion Representative 

Size 

2.1 100 0.28 0.13 0 0.28 

2.1 90 0.28 0.13 10 0.28 

2.1 80 0.28 0.13 20 0.28 

2.1 70 0.28 0.13 30 0.28 

2.1 60 0.28 0.13 40 0.28 

2.1 50 0.28 0.13 50 0.13 

2.1 40 0.28 0.13 60 0.13 

2.1 30 0.28 0.13 70 0.13 

2.1 20 0.28 0.13 80 0.13 

2.1 10 0.28 0.13 90 0.13 

2.1 0 0.28 0.13 100 0.13 

2.8 100 0.78 0.28 0 0.78 

2.8 90 0.78 0.28 10 0.78 

2.8 80 0.78 0.28 20 0.78 

2.8 70 0.78 0.28 30 0.78 

2.8 60 0.78 0.28 40 0.78 

2.8 50 0.78 0.28 50 0.28 

2.8 40 0.78 0.28 60 0.28 

2.8 30 0.78 0.28 70 0.28 

2.8 20 0.78 0.28 80 0.28 

2.8 10 0.78 0.28 90 0.28 

2.8 0 0.78 0.28 100 0.28 

6.1 100 0.78 0.13 0 0.78 

6.1 90 0.78 0.13 10 0.78 

6.1 80 0.78 0.13 20 0.78 

6.1 70 0.78 0.13 30 0.78 

6.1 60 0.78 0.13 40 0.78 

6.1 50 0.78 0.13 50 0.13 

6.1 40 0.78 0.13 60 0.13 

6.1 30 0.78 0.13 70 0.13 

6.1 20 0.78 0.13 80 0.13 

6.1 10 0.78 0.13 90 0.13 

6.1 0 0.78 0.13 100 0.13 
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Table 6.4 Representative Particle Size using Three Section Approach 

 Large Component Small Component  

P.S.R. Proportion Diameter 

[mm] 

Diameter 

[mm] 

Proportion Representative 

Size 

2.1 100 0.28 0.13 0 0.28 

2.1 90 0.28 0.13 10 0.28 

2.1 80 0.28 0.13 20 0.28 

2.1 70 0.28 0.13 30 0.19 

2.1 60 0.28 0.13 40 0.19 

2.1 50 0.28 0.13 50 0.19 

2.1 40 0.28 0.13 60 0.13 

2.1 30 0.28 0.13 70 0.13 

2.1 20 0.28 0.13 80 0.13 

2.1 10 0.28 0.13 90 0.13 

2.1 0 0.28 0.13 100 0.13 

2.8 100 0.78 0.28 0 0.78 

2.8 90 0.78 0.28 10 0.78 

2.8 80 0.78 0.28 20 0.78 

2.8 70 0.78 0.28 30 0.53 

2.8 60 0.78 0.28 40 0.53 

2.8 50 0.78 0.28 50 0.53 

2.8 40 0.78 0.28 60 0.28 

2.8 30 0.78 0.28 70 0.28 

2.8 20 0.78 0.28 80 0.28 

2.8 10 0.78 0.28 90 0.28 

2.8 0 0.78 0.28 100 0.28 

6.1 100 0.78 0.13 0 0.78 

6.1 90 0.78 0.13 10 0.78 

6.1 80 0.78 0.13 20 0.78 

6.1 70 0.78 0.13 30 0.46 

6.1 60 0.78 0.13 40 0.46 

6.1 50 0.78 0.13 50 0.46 

6.1 40 0.78 0.13 60 0.13 

6.1 30 0.78 0.13 70 0.13 

6.1 20 0.78 0.13 80 0.13 

6.1 10 0.78 0.13 90 0.13 

6.1 0 0.78 0.13 100 0.13 

 

These representative particle sizes can be used in the calculation of the 

normalized roughness. The traditional bilinear plots presenting the interface friction 
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coefficient and normalized roughness are presented later in this chapter using these 

representative values. 

6.3. Interface Shear Results 

Due to the fact that many variables could be altered, the combination of possible 

tests to perform was very large. A comprehensive exploration of this entire experimental 

matrix was not feasible, so a targeted approach was used instead to highlight select 

aspects. 

6.3.1. Changing surface roughness – uniform sands 

Figure 6.11 shows the effect of changing the roughness of the counterface surface, 

from a very smooth steel to a very rough sandpaper. Table 6.5 presents the data from the 

interface shear tests with uniform sands and rough, hard counterfaces. 

Table 6.5 Interface Shear Test Data for Rough Counterfaces with Uniform Particles 

Sand Counterface Test Reference 

Normal 

Stress 

[kPa] 

Peak 

Friction 

Coeff. 

Large Disp. 

Friction 

Coeff. 

SP #60 IS_20/25_60 100 0.701 0.613 

SP #80 IS_20/25_80 100 0.690 0.593 

SP #100 IS_20/25_100 100 0.681 0.564 

SP #150 IS_20/25_150 100 0.633 0.509 

SP #320 IS_20/25_320 100 0.561 0.472 

SP #600 IS_20/25_600 100 0.523 0.488 

20/25 

Steel IS_20/25_ST 100 0.345 0.276 

SP #80 IS_50/60_80 100 0.700 0.575 

SP #150 IS_50/60_150 100 0.714 0.570 

SP #320 IS_50/60_320 100 0.698 0.553 

SP #600 IS_50/60_600 100 0.570 0.511 

50/60 

Steel IS_50/50_ST 100 0.327 0.305 

SP #100 IS_100/140_100 100 0.740 0.544 

SP #150 IS_100/140_150 100 0.721 0.567 

SP #320 IS_100/140_320 100 0.740 0.538 

SP #600 IS_100/140_600 100 0.679 0.542 

100/140 

Steel IS_100/140_ST 100 0.292 0.266 
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Figure 6.11 Effect of Surface Roughness on Interface Shear 
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The following observations are made: 

•  For the above particles any sandpaper coarser than SP100 will result in a 

fully mobilized shear zone 

•  For surfaces rougher than the critical roughness the peak strength is very 

similar 

•  For surfaces less rough than the critical roughness, the rougher the surface 

the greater the peak interface strength 

•  Very little surface texturing is required in order to significantly alter the 

interface strength 

•  There is a slight increase in post-peak strength with increasing 

displacement for all the roughened surfaces 

6.3.2. Changing the mixture proportions 

In the following section the effects of changing the mixture percentage will be 

highlighted. Figure 6.12 shows how the interface shear response for a PSR 6.1 mixture 

changes as the relative proportions of fine to coarse particles re changed, through the 

ratios from 0, 10, 30, 60, 80 and 100% finer particles. These interface shear tests were all 

performed at a normal stress of 100 kPa and with sandpaper #100 as the counterface. 
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Figure 6.12 Effect of changing mix percentage (P.S.R 6.1, SP #100) 

The following observations are made: 

•  The base sands have higher residual strength than all of the mixtures. 

•  The uniform sands show a reduced post-peak drop off in strength. 

•  All of the mixtures show relatively similar residual strengths, with the 

general trend of a decreasing strength with an increase in percentage of 

finer particles (note that the residual strength for each of the base sands is 

very similar and therefore the difference is attributable to the mix 

percentages and not the particle characteristics themselves). 

•  A small amount of finer particles (in this case just 10%) is all that is 

needed to significantly alter the strength-strain curve. 

•  A small amount of coarse material (in this case just 20%) is all that is 

needed to significantly alter the strength-strain curve. 
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•  The 30% mixture exhibits the greatest peak strength, corresponding 

approximately with the percentage of finer particles required to reach the 

maximum density. 

6.3.3. Changing mixture proportions while maintaining the same weighted-average 

D50 

Figure 6.13, Figure 6.14and Figure 6.15, presented below, all show the clear 

difference in interface shear behavior despite the samples having the same weighted 

average d50 in each case. All tests were performed at a normal stress of 100 kPa, relative 

density of 80% and used sandpaper #100 as the counterface material. 
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Figure 6.13 Different Mixtures with d50 of 0.26mm 
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D50 = 0.39mm
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Figure 6.14 Different Mixtures with d50 of 0.39mm 
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Figure 6.15 Different Mixtures with d50 of 0.58mm 



189 

A number of observations can be made: 

•  In each case there is a clear distinction between the two different mixtures 

•  Differences are observed both at the peak friction coefficient as well as in 

the post-peak (large-strain) region, with more pronounced differences 

occurring in the post-peak region. 

•  In Figure 6.3 it can be seen how the mixture with a percentage of finer 

particles of 40% (the most stable mixture) shows greater strength then the 

less stable mixture with 30% finer particles. 

Further quantitative assessments cannot be made with confidence since the 

mixtures are all comprised of different particles in different proportions. In order to 

assess the effect that the binary nature of the mixtures has on the interface shear behavior 

the different aspects (mix percentage, size ratio, surface roughness) all need to be 

considered in isolation. 

6.4. Aggregate Analysis of Results 

The stress-strain curves shown in the previous section were analyzed further and 

the strength data combined with the roughness data. The resulting plots show the typical 

bilinear nature of the relationship. Up to a certain critical roughness the strength increases 

as the roughness increases. Past this critical roughness the strength is constant, despite 

increasing the roughness. This indicates that the interface strength is now solely 

controlled by the particles, and that the surface has no further influence. 

6.4.1. Peak Interface Shear Strength – Uniform Sands 

Figure 6.16 and Figure 6.17 both show how the peak friction coefficient varies 

with normalized roughness. Figure 6.16 shows Rn (calculated using the mean value) and 
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the expected bilinear nature of the plot is evident. The figure confirms what was observed 

in the stress-strain plots; that the peak shear strength is well correlated with surface 

roughness up to a certain critical roughness. 

Figure 6.17 shows the same shear test data but his time with the normalized 

roughness expressed by mRn. The same bilinear nature of the plot is observed, although 

the horizontal scaling is different. 
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Figure 6.16 Normalized Roughness, Rn (using the mean) 
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Figure 6.17 Normalized Roughness, mRn (using the mode) 

Despite the modal value being expected to perform better as a normalizing value, 

the two figures above do not display any advantage to one method or another. 

It is interesting to note that for the 100/140 sand, mRn displays the data almost as 

points on a smooth curve. The upper limit of the interface friction coefficient for these 

uniform sands is approximately 0.74, corresponding to a friction angle of 36.5 degrees. 

This is very close to the experimentally obtained value from the direct shear tests carried 

out and presented in Chapter 4. The peak internal friction angle of the soils used in this 

study was found to be approximately 37 degrees at a normal stress of 100 kPa (refer to 

Table 4.2). 
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6.4.2. Post Peak Interface Shear Strength – Uniform Sands 

The post-peak interface shear strength can be plotted in a manner similar to the 

plots above. Figure 6.18and Figure 6.19 show the post-peak interface friction coefficient 

plotted against normalized roughness. . Figure 6.18 is plotted using the mean Rn 

parameter while Figure 6.19 is plotted using the modal Rn parameter mRn. 
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Figure 6.18 Post-Peak, Normalized Roughness, Rn (using the mean) 
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Figure 6.19 Post-Peak, Normalized Roughness, mRn (using the mode) 

The plots for the post-peak interface friction coefficient are again similar to each 

other, with just minor horizontal scaling being the main difference, indicating that the 

choice of normalized roughness parameter does not significantly alter the relationship 

between friction coefficient and roughness. 

In the case of post-peak friction coefficient, however, the trends appear to be 

dependant on the particle size. The largest particles, as indicate by the dark blue dots on 

the figures, show a trend where an increasing normalize roughness leads to an increasing 

post-peak friction coefficient, although with some scatter at the largest normalized 

roughness values. The intermediate particle size, as indicated by the pink dots, indicates a 

bilinear type of relationship, as was observed in all cases for the peak friction coefficient. 

The smallest particle size tested, indicated by the red dots, presents as a constant value, 

but with some scatter in the data. 
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6.4.3. Peak Interface Shear Strength – Mixed Sands 

Figure 6.20 and Figure 6.21 provide a summary of 17 interface shear tests carried 

out on various combinations of particle mixtures and counterface surfaces. All tests were 

conducted at 100 kPa normal stress with the samples prepared to a relative density 

between 80 and 85%. Further details are provided in Table 6.6 below. For each test, three 

different representative particle sizes were determined: the weighted average, two section 

and three section representations of the most applicable particle size. These sizes were 

then used to calculate the Rn and mRn parameters for each combination of particle size 

and sandpaper. 
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Table 6.6 Interface Shear Test Data for Rough Counterfaces 

W.A. Two Section Three Section P.S.R. % 

finer 

Sand-

paper 

Peak 

Fric. 

Coeff. 

Size 

[mm] 

Rn Size 

[mm] 

Rn Size 

[mm] 

Rn 

2.1 10 100 0.774 0.265 0.222 0.28 0.218 0.28 0.218 

2.8 10 80 0.694 0.73 0.131 0.78 0.127 0.78 0.127 

2.8 10 100 0.763 0.73 0.140 0.78 0.135 0.78 0.135 

2.8 10 150 0.667 0.73 0.089 0.78 0.086 0.78 0.086 

2.8 10 600 0.505 0.73 0.024 0.78 0.023 0.78 0.023 

2.8 40 80 0.731 0.58 0.146 0.78 0.127 0.53 0.152 

2.8 40 100 0.732 0.58 0.159 0.78 0.135 0.53 0.166 

2.8 40 150 0.75 0.58 0.101 0.78 0.086 0.53 0.106 

2.8 40 600 0.53 0.58 0.031 0.78 0.023 0.53 0.031 

2.8 60 80 0.696 0.48 0.159 0.28 0.190 0.28 0.190 

2.8 60 150 0.729 0.48 0.111 0.28 0.141 0.28 0.141 

2.8 60 600 0.536 0.48 0.034 0.28 0.050 0.28 0.050 

2.8 80 100 0.764 0.38 0.194 0.28 0.218 0.28 0.218 

6.1 10 100 0.752 0.715 0.142 0.78 0.135 0.78 0.135 

6.1 30 100 0.759 0.585 0.158 0.78 0.135 0.78 0.135 

6.1 60 100 0.702 0.39 0.192 0.13 0.270 0.13 0.270 

6.1 80 100 0.736 0.26 0.224 0.13 0.270 0.13 0.270 
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Figure 6.20 Normalized Roughness, Rn, for mixed sands 
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Figure 6.21 Normalized Roughness, mRn, for mixed sands 

As can be see in the figure, the bilinear nature of the behavior is preserved 

regardless of which particle size measure or which measure of roughness is used. The 

three section approach does reduce the scatter in the data more than the other two 
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approaches do. Given that the range of mixture proportions and difference in particle 

sizes is large, some scatter in the data is inevitable. The maximum friction coefficient 

reached is, again, very similar to that obtained from the uniform sands and from the direct 

shear tests conducted on the same materials. 

6.4.4. Post Peak Interface Shear Strength – Mixed Sands 

Aggregate data for the post-peak interface friction coefficient is presented in 

Figure 6.22 and Figure 6.23 below. Regardless of the normalized roughness parameter 

chosen, the data shows that the interface friction coefficient is largely independent of the 

normalized roughness. There is however a range of values for the interface friction 

coefficient, with a minimum of approximately 0.40 and a maximum of approximately 

0.56. This range of values corresponds to interface friction coefficients of 21.8 to 29.2 

degrees, a relatively wide band. The range of values must be considered in light of the 

significant differences in particle size, mixture ratios and surface roughness, all reflected 

in the data. 

A value of approximately 20 degrees would be a conservative estimate for the 

post-peak interface friction angle for binary mixtures in contact with rough surfaces. 
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Figure 6.22 Post Peak, Normalized Roughness, Rn, for mixed sands 
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Figure 6.23 Post Peak, Normalized Roughness, mRn, for mixed sands 
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Table 6.7 Interface Shear Test Data for Rough Counterfaces 

W.A. Two Section Three Section P.S.R. % 

finer 

Sand-

paper 

Post 

Peak 

Fric. 

Coeff. 

Size 

[mm] 

Rn Size 

[mm] 

Rn Size 

[mm] 

Rn 

2.1 10 100 0.545 0.265 0.222 0.28 0.218 0.28 0.218 

2.8 10 80 0.559 0.73 0.131 0.78 0.127 0.78 0.127 

2.8 10 100 0.520 0.73 0.140 0.78 0.135 0.78 0.135 

2.8 10 150 0.522 0.73 0.089 0.78 0.086 0.78 0.086 

2.8 10 600 0.417 0.73 0.024 0.78 0.023 0.78 0.023 

2.8 40 80 0.541 0.58 0.146 0.78 0.127 0.53 0.152 

2.8 40 100 0.503 0.58 0.159 0.78 0.135 0.53 0.166 

2.8 40 150 0.463 0.58 0.101 0.78 0.086 0.53 0.106 

2.8 40 600 0.510 0.58 0.031 0.78 0.023 0.53 0.031 

2.8 60 80 0.506 0.48 0.159 0.28 0.190 0.28 0.190 

2.8 60 150 0.484 0.48 0.111 0.28 0.141 0.28 0.141 

2.8 60 600 0.451 0.48 0.034 0.28 0.050 0.28 0.050 

2.8 80 100 0.464 0.38 0.194 0.28 0.218 0.28 0.218 

6.1 10 100 0.437 0.715 0.142 0.78 0.135 0.78 0.135 

6.1 30 100 0.409 0.585 0.158 0.78 0.135 0.78 0.135 

6.1 60 100 0.392 0.39 0.192 0.13 0.270 0.13 0.270 

6.1 80 100 0.408 0.26 0.224 0.13 0.270 0.13 0.270 

 

6.5. Shear Zone Thickness 

The primary purpose for designing a new shear box with a transparent window 

was to enable the direct observation of the interface during shear. While only the particles 
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in direct contact with the window can be seen, these observations still allow for some 

general observations regarding the thickness of the shear zone. 

Previous research indicates that there exists a heavily sheared and rearranged zone 

of particles that extends upwards into the soil mass away from the interface. This has 

been observed both experimentally and in numerical simulations. This shear zone, which 

can be thought of as one-half of a shear band, can be directly observed or inferred from 

local void ratio measurements. Both of these are shown below in Figure 6.24. 
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(a) Frost et al., 2004 
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(b) Lee (2011), personal communication 

Figure 6.24 Evidence of Shear Zone adjacent to Interface 
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Figure 6.24 (a) shows the end condition of two tests performed with Ottawa 20/30 

sand at a normal stress of 50 kPa. For the smooth sleeve, no shear zone is evident, 

indicating that only sliding at the interface is occurring. For the textured sleeve, a shear 

zone is clearly evident, showing a horizontal deformation of the dyed sand column of 

approximately 11mm, with a total shear displacement of 63.5 mm. The thickness of this 

shear zone is approximately 5 to 7 particle diameters. 

Figure 6.24 (b) shows how the local void ratio changes as a function of distance 

away from an interface, in this case for an interface that is a textured geomembrane. The 

void ratio increases in the shear zone due to localized dilation, occurring to allow for 

particle rearrangement which, in turn, facilitates continuing shearing. The thickness of the 

shear zone is indicated to be approximately 6 to 7 particle diameters. 

The shear zone thickness was measured in this study by placing a light cotton 

thread inside the shear box against the transparent window. The thickness of the shear 

zone could thus be measured directly with a ruler placed against the window. This is 

illustrated in Figure 6.25 below, for a sample of P.S.R. 6.1 with 30% finer particles in 

contact with sand paper #100. 
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Figure 6.25 Measurement of Shear Zone Thickness 
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6.5.1. Shear Zone Thickness of Uniform Sands 

For uniform sands, the results are shown in Table 6.8 below. 

Table 6.8 Shear Zone Thickness for Uniform Sands 

Shear Zone Thickness (mm) Counterface 

Material 20/25 50/60 100/140 

Steel 0 1.0 0.5 

SP #60 5.0 -- -- 

SP #80 5.0 2.5 -- 

SP #100 5.0 -- 1.5 

SP #150 4.0 2.5 1.5 

SP #320 5.0 2.5 1.0 

SP #600 5.0 2.5 1.5 

Average 6.2 d50 8.9 d50 10.6 d50 

 

These results compare well with other published data as is shown in Figure 6.26 

below. The red circles are the data points from this study, and it is clear how they follow 

the same general trend indicated in the plot. This general trend shows a decreasing shear 

zone thickness (in terms of d50) as the particle size increases. Analysis of Table 6.8 shows 

that the absolute thickness of the shear zone increases with particle size. Another 

noteworthy aspect of the data in Table 6.8 is that the shear zone thickness is independent 

of the surface roughness, once the surface roughness is greater than some critical level. In 

all of these cases, however, that critical level has been exceeded for even the combination 

of the largest particles and finest sandpaper grit (#600). 

The development of a shear zone is thus very sensitive to some small level of 

surface roughness, but the thickness of the shear zone is not sensitive to the degree of 

texturing. 
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Figure 6.26 Shear Zone Thickness for Uniform Sands 

 

6.5.2. Shear Zone thickness of Binary Mixtures 

The shear zone thickness of binary mixtures was also investigated, the results are 

shown in Table 6.9 Shear Zone Thickness for Binary MixturesTable 6.9 and Figure 6.27 

below. 
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Table 6.9 Shear Zone Thickness for Binary Mixtures 

P.S.R. 
% Finer 

Particles 
Sandpaper 

Shear Zone Thickness 

(mm) 

2.8 10 80 5.0 

2.8 10 100 5.0 

2.8 10 150 5.0 

2.8 10 600 4.5 

2.8 40 80 3.0 

2.8 40 100 2.5 

2.8 40 150 2.5 

2.8 40 600 2.5 

2.8 60 80 3.0 

2.8 60 150 3.0 

2.8 60 600 3.0 

6.1 10 10 5.0 

6.1 30 30 5.0 

6.1 60 60 3.0 

6.1 80 80 2.5 
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Figure 6.27 Shear Zone Thickness for Binary Mixtures 

 

Based on the data presented for binary mixtures it is clear that for a given binary 

mixture, the degree of surface roughness does not play a role in determining the thickness 

of the shear zone. This finding is the same as was found for uniform sands. 

The trend of a decreasing shear zone thickness (in terms of d50) was also found to 

hold for binary mixtures, in the same way as for uniform sands. 

The thickness of the shear zone (in terms of absolute thickness) is shown, in 

general, to decrease as the average particle size decreases. 

Published Data 
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7. CONCLUSIONS AND RECOMMENDATIONS 

7.1. Introduction 

This dissertation has presented the results of an experimental study focused on the 

behavior of binary particle mixtures in contact with continuum surfaces. A variety of 

particle mixtures and counterface surfaces were studied. This particulate-continuum 

interface is present in many geotechnical engineering applications, including deep 

foundations, geosynthetic liners, trenchless technologies, and many earth retaining 

systems. The behavior of many of these systems is controlled by the particulate-

continuum interface and thus an understanding of the mechanisms governing interface 

behavior is essential for the improvement of geotechnical engineering design. This in turn 

results in improved safety and cost-efficiencies which benefit society at large. 

The behavior of binary particle mixtures was investigated and new insights into 

the relationship between size ratio, mixture percentage and void ratio was observed. The 

behavior of particle mixtures in contact with smooth surfaces was also shown to be 

noticeably different from uniform particles. The investigations carried out have shown 

the importance of the relationship between the length scales of the particles and the 

surface features. In addition, the particle size distribution and the distribution of surface 

feature sizes also play a role. A new method for quantifying these relationships was 

proposed. 

The findings of this experimental study provide a basis for future numerical 

simulations to extend the findings to different materials and interface systems. 

This chapter summarizes the conclusions based on the research conducted and 

presents recommendations for further study in this area. 
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7.2. Conclusions 

7.2.1. Binary Particle Mixtures 

7.2.1.1.Packing of Mixtures 

•  The minimum void ratio for a particle mixture occurs at a mixture ratio of 

between 25% and 35% finer particles by mass. 

•  The lowest value for the maximum void ratio occurs at a mixture ratio of 

approximately 35% to 40%. 

•  The greater the particle size ratio the lower the amount of finer material is 

required to obtain the minimum void ratio. 

•  A new parameter, VRR, was developed to isolate the effect of mixing on 

the packing of particle mixtures. 

•  Using VRR it is clear that for the minimum void ratio case the largest 

reduction in void ratio due to mixing occurs for ratios of finer material 

between 30% and 40%. The data shows that for larger particle size ratios 

the amount of finer material to have an equivalent effect is lower. 

•  For the maximum void ratio case, the amount of finer material required to 

exhibit the largest decrease in void ratio due to mixing is independent of 

particle size ratio and occurs at approximately 40% of finer material by 

mass. 

•  Divergence in the VRR between the minimum and maximum void ratio 

cases occurs for all particle size ratios at approximately 60% finer 

particles by mass, this indicates the transition from a matrix dominated by 

finer particles (greater than 60% finer particles) to a transitional matrix, 
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where both fine and coarse particles have influence on the mixture 

properties. 

•  Mixing two particles together in ratios of greater than approximately 60% 

finer particles does not alter the way in which the particles pack together. 

At any ratio greater than 60% the packing structure remains essentially the 

same. Note that coordination number and void ratio do change, but the 

presence of the larger particles does not alter the way in which the smaller 

particles are arranged. 

•  The relationship between emin and emax is not constant, but varies as a 

function of both the particle size ratio and mixture ratio. This emin/emax 

relationship is particularly sensitive at low concentrations of finer particles 

and higher particle size ratios. 

•  The emin/emax ratio becomes substantially less influenced by particle size 

ratio when the amount of finer material reaches 50%. 

•  Segregation between the two different components during limiting void 

ratio tests was minimal. Some minor segregation occurred in the lowest 

layers of particles as a result of the manner in which the particles were 

initially placed inside the pipe. The minor degree of segregation is not 

expected to influence the results in a meaningful way. 

7.2.1.2.Mixture Shear Strength 

•  The large displacement strength of mixtures is bounded by the large 

displacement strength of the uniform soils. 



213 

•  Peak strengths of mixtures are not similarly bounded by uniform soils. In 

this case the strengths of uniform soils form an upper bound at low normal 

stresses while at higher normal stresses they tend towards the bottom of 

the peak strength envelope. 

•  The dilatancy angle is significantly affected by the mixture ratio. A change 

from 20% to 100% finer particles exhibits a change in the dilatancy angle 

twice that of a change in applied normal stress of 50 kPa to 500 kPa. 

7.2.2. Interface Shear with Smooth HDPE Counterface 

7.2.2.1.Uniform Sands 

•  Peak friction coefficient decreases with increasing normal stress for all 

particles tested. 

•  Post-peak friction coefficient decreases with increasing normal stress for 

all particles tested. 

•  Absolute particle size, for the range of sizes tested, does not play a role in 

determining the friction coefficient 

7.2.2.2.Particle Mixtures 

•  Mixture proportion (percentage of finer particles) has a far greater effect 

on the friction coefficient than the particle size ratio. 

•  The 20% and 40% mixtures all show an “elbow” after which the peak 

friction coefficient increases within creasing normal stress. 
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•  The 70% mixtures show the same trend as the uniform sands, most likely 

since these mixtures are dominated by the finer particles (greater than 60% 

finer particles). 

7.2.2.3.Induced Roughness 

•  Induced roughness, as measured by Ra, shows a consistent linear increase 

with increasing normal stress for uniform mixtures. 

•  For uniform particles the dominant wavelength is seen to increase as the 

particle size is increased, corresponding to larger induced features from 

the larger particles 

•  For particle mixtures sheared under a normal stress of 500 kPa the 20% 

and 40% mixtures show the greatest induced roughness 

7.2.2.4.Contact Mechanics Based Interface Friction Model 

•  A model to estimate the interface friction coefficient was developed based 

on Hertzian contact theory and Bhushan plowing equation. This is 

believed to be the first time that plowing was directly incorporated into a 

model estimating the friction coefficient for an assembly of particles in 

contact with a surface. 

•  The model can reasonably accurately predict values for the friction 

coefficient provided that the values of α and τ0 are known with some 

certainty. 

•  The model shows that the friction coefficient is not sensitive to the 

packing density of the particles. 
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•  The increase in friction coefficient due to plowing can be modeled by 

incorporating a factor to increase the plowing component. 

7.2.3. Interface Shear with Rough Counterface 

7.2.3.1.Relative Roughness 

•  An alternative measure of relative roughness was proposed, using the 

modal value of local Rmax instead of the mean value. This was based on 

the insights gained from fitting a log-normal distribution to the local Rmax 

histograms. The log-normal distribution was shown to be valid for a range 

of surface profiles and particle sizes. 

•  The proposed measure of relative roughness, mRn, can exhibit a peak, 

indicating that surface roughness does not necessarily decrease as particle 

size increases, as was previously thought. 

7.2.3.2.Interface Shear Strength 

•  D50 is not necessarily an appropriate descriptor for particle size when 

interface shear behavior is concerned 

•  D50 is far from being a unique property of a soil. The continued use of d50 

is detrimental to this field of research as it obscures potentially relevant 

findings related to particle size and particle size distribution. 

•  Peak shear strength is dominated by having at least one component in the 

fully rough zone, particles need to engage to create that strength although 

a high percentage is not required 

•  For a given surface: 
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o a mixture of two components will exhibit a weaker residual 

strength than a uniform material 

o The greatest peak interface shear strength is exhibited by the 

mixture that has a ratio closest to that ratio with which the 

minimum void ratio is obtained 

o In general, an increase in percentage of finer particles leads to a 

decrease in post-peak strength 

•  Very minor amounts of surface texturing is required to significantly effect 

the interface shear behavior 

•  Surface roughness is well correlated to peak interface strength up to the 

point of critical roughness, thereafter becoming a non-factor 

•  Post-peak strength is correlated to surface roughness, even beyond the 

critical roughness 

•  Various methods of calculating an average particle size for a binary 

mixture were presented. The three-sectional approach was shown to be 

most suitable for describing the interface friction coefficient for binary 

particle mixtures. 

7.2.3.3.Shear Zone Thickness 

•  For both uniform sands and binary mixtures the shear zone thickness was 

found to decrease (in terms of d50) with increasing particle size, and data 

presented agrees well with published data sets. 
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•  The thickness of the shear zone was found to be independent of the degree 

of surface roughness, provided that some minimum amount of surface 

texturing was present. 

 

7.3. Recommendations for future research 

As a result of this research a number of additional questions and areas needing 

further refinement and/or clarification arose. This indicates the potential for further 

profitable study in this area. A number of recommendations for future research are 

presented below. 

•  Three dimensional numerical simulations using a discrete element 

methods would be beneficial to further understand the stress distribution at 

the interface. This would aid in modeling the plowing behavior of 

mixtures in contact with smooth counterfaces. 

•  Three dimensional numerical simulations using a discrete element 

methods would also be beneficial in the study of hard, rough counterfaces. 

The particle level behavior could then be observed and the understanding 

of the interplay between surface features and particle size and size 

distribution could be further developed. 

•  Temperature effects on the interface shear behavior of binary mixtures in 

contact with smooth HDPE surfaces could also be examined. 

•  Counterface surfaces with varying degrees of hardness could be studied. 

The effects on plowing, wear, the interface shear coefficient and induced 

roughness could be examined. 
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•  Additional study of statistical measures of particle size distribution for 

binary mixtures and different distribution types for measures of local Rmax 

values could also be implemented. 
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APPENDIX A 

emax emin  
20/25 50/60 100/140 

1 2 3 4 5 6 7 8 9 10 Final 1 2 3 Final 

0 100 0 0.857 0.857 0.856 0.857 0.855 0.855 0.854 0.857 0.857 0.857 0.857 0.604 0.617 0.606 0.604 

0 90 10 0.819 0.820 0.818 0.818 0.820 0.817 0.818 0.819 0.821 0.819 0.821 0.549 0.545 0.551 0.545 

0 80 20 0.798 0.797 0.798 0.798 0.772 0.800 0.801 0.800 0.799 0.797 0.801 0.507 0.509 0.509 0.507 

0 70 30 0.778 0.777 0.776 0.779 0.781 0.780 0.781 0.778 0.779 0.780 0.781 0.513 0.507 0.501 0.501 

0 60 40 0.768 0.767 0.764 0.762 0.735 0.764 0.767 0.765 0.764 0.766 0.768 0.515 0.508 0.498 0.498 

0 50 50 0.772 0.767 0.771 0.773 0.772 0.773 0.764 0.770 0.771 0.768 0.773 0.521 0.515 0.517 0.515 

0 40 60 0.776 0.777 0.779 0.778 0.778 0.771 0.777 0.778 0.777 0.776 0.779 0.538 0.542 0.542 0.538 

0 30 70 0.810 0.811 0.810 0.810 0.809 0.807 0.811 0.806 0.809 0.809 0.811 0.566 0.569 0.573 0.566 

0 20 80 0.827 0.825 0.831 0.827 0.839 0.836 0.836 0.835 0.834 0.829 0.839 0.594 0.585 0.590 0.585 

0 10 90 0.867 0.866 0.866 0.866 0.865 0.867 0.864 0.866 0.865 0.867 0.867 0.623 0.613 0.616 0.613 

P
.S

.R
. 

2
.1

 

0 0 100 0.895 0.888 0.881 0.898 0.898 0.908 0.896 0.899 0.897 0.898 0.899 0.636 0.648 0.637 0.636 

100 0 0 0.767 0.763 0.765 0.767 0.767 0.767 0.765 0.764 0.763 0.767 0.767 0.529 0.529 0.534 0.529 

90 10 0 0.702 0.700 0.704 0.704 0.705 0.704 0.700 0.676 0.701 0.704 0.705 0.472 0.469 0.463 0.463 

80 20 0 0.672 0.675 0.676 0.664 0.668 0.672 0.673 0.676 0.668 0.671 0.676 0.421 0.423 0.413 0.413 

70 30 0 0.658 0.651 0.656 0.655 0.659 0.650 0.648 0.658 0.651 0.648 0.659 0.415 0.409 0.418 0.409 

60 40 0 0.654 0.651 0.659 0.656 0.661 0.658 0.652 0.655 0.654 0.651 0.661 0.423 0.410 0.410 0.410 

50 50 0 0.669 0.663 0.668 0.669 0.661 0.667 0.663 0.665 0.665 0.662 0.669 0.444 0.433 0.435 0.433 

40 60 0 0.689 0.682 0.693 0.693 0.691 0.693 0.692 0.687 0.688 0.690 0.693 0.465 0.469 0.464 0.464 

30 70 0 0.723 0.724 0.726 0.725 0.725 0.722 0.719 0.724 0.723 0.721 0.726 0.521 0.507 0.510 0.507 

20 80 0 0.758 0.759 0.759 0.753 0.575 0.758 0.759 0.760 0.760 0.754 0.760 0.524 0.535 0.545 0.524 

10 90 0 0.795 0.806 0.791 0.810 0.811 0.813 0.812 0.808 0.805 0.799 0.813 0.578 0.572 0.572 0.572 

P
.S

.R
. 

2
.8

 

0 100 0 0.857 0.857 0.856 0.857 0.855 0.855 0.854 0.857 0.857 0.857 0.857 0.604 0.617 0.606 0.604 

100 0 0 0.767 0.763 0.765 0.767 0.767 0.767 0.765 0.764 0.763 0.767 0.767 0.529 0.529 0.534 0.529 

90 0 10 0.662 0.664 0.665 0.663 0.664 0.662 0.665 0.663 0.664 0.666 0.666 0.405 0.393 0.401 0.393 

80 0 20 0.586 0.601 0.605 0.578 0.579 0.602 0.613 0.612 0.604 0.598 0.613 0.281 0.285 0.291 0.281 

70 0 30 0.579 0.578 0.570 0.571 0.575 0.580 0.579 0.578 0.575 0.573 0.580 0.287 0.285 0.287 0.285 

60 0 40 0.551 0.550 0.568 0.563 0.571 0.580 0.570 0.568 0.559 0.563 0.571 0.320 0.319 0.317 0.317 

50 0 50 0.599 0.594 0.596 0.590 0.594 0.589 0.587 0.594 0.597 0.592 0.599 0.387 0.387 0.389 0.387 

40 0 60 0.624 0.633 0.618 0.632 0.611 0.627 0.627 0.616 0.630 0.625 0.633 0.422 0.425 0.417 0.417 

30 0 70 0.691 0.686 0.694 0.693 0.692 0.693 0.692 0.690 0.691 0.688 0.694 0.469 0.475 0.474 0.469 

20 0 80 0.746 0.747 0.749 0.752 0.749 0.740 0.748 0.736 0.747 0.749 0.752 0.536 0.529 0.530 0.529 

10 0 90 0.832 0.832 0.834 0.833 0.830 0.829 0.835 0.834 0.835 0.832 0.835 0.584 0.591 0.583 0.583 

P
.S

.R
. 

6
.1

 

0 0 100 0.895 0.888 0.881 0.898 0.898 0.908 0.896 0.899 0.897 0.898 0.899 0.636 0.648 0.637 0.636 
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