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Abstract

Geometric algebrais a consistent computational framework in which to
define geometric primitives and their relationships. This algebraic approach
containsall geometric operators and permits specification of constructionsin
atotally coordinate-free manner. Since it contains primitives of any dimen-
sionality (rather than just vectors) it has no special cases: al intersections of
primitives are computed with one general incidence operator. We show that
the quaternion representation of rotations is also naturaly contained within
the framework. Models of Euclidean geometry can be made which directly
represent the algebra of spheres.

1 Beyond vectors

In the usua way of defining geometrical objects in fields like computer graphics,
robotics and computer vision, one uses vectors to characterize the construction. To
do this effectively, the basic concept of a vector as an element of alinear space
is extended by an inner product and a cross product, and some rather extraneous
constructions such as homogeneous coordinates and Grassmann spaces (see[7]) to
encode compactly the intersection of, for instance, offset planes in space. Many
of these techniques work rather well in 3-dimensional space, although some prob-
lems have been pointed out: the difference between vectors and points, and the
affine non-covariance of the normal vector as a characterization of a tangent line
or tangent plane (i.e. the normal vector of atransformed plane is not the transform
of the normal vector). These problems are then traditionaly fixed by the intro-
duction of certain data structures with certain combination rules; object-oriented
programming can be used to implement this patch tidily.
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Yet there are deeper issues in geometric programming which are still accepted
as ‘the way things ar€’. For instance, when you need to intersect linear subspaces,
the intersection algorithms are split out in treatment of the various cases: lines and
planes, planes and planes, lines and lines, et cetera, need to be treated in separate
pieces of code. The linear algebra of the systems of equations with its vanish-
ing determinants indicates changes in essential degeneracies, and finite and infinite
intersections can be nicely unified by using homogeneous coordinates. But there
seems no getting away from the necessity of separating the cases. After dl, the out-
comes themselves can be points, lines or planes, and those are essentially different
in their further processing.

Yet this need not be so. If we could see subspaces as basic elements of compu-
tation, and do direct algebra with them, then algorithms and their implementation
would not need to split their cases on dimensionality. For instance, A A B could be
‘the subspace spanned by the spaces A and B’, the expression A - B could be ‘the
part of B perpendicular to A’; and then we would always have the computation
rue(AAB)-C = A-(B-(C) since computing the part of C' perpendicular to the
span of A and B can be computed in two steps, perpendicularity to B followed by
perpendicularity to A. Subspaces therefore have computational rules of their own
which can be used immediately, independent of how many vectors were used to
span then (i.e. independent of their dimensionality). In this view, the split in cases
for the intersection could be avoided, since intersection of subspaces aways leads
to subspaces. We should consider using this structure, since it would enormously
simplify the specification of geometric programs.

This paper intends to convince you that subspaces form an algebra with well-
defined products which have direct geometric significance. That algebra can then
be used as a language for geometry, and we claim that it is a better choice than
a language always reducing everything to vectors (which are just 1-dimensional
subspaces). It comes as a hit of a surprise that there is really one basic product
between subspaces that forms the basis for such an algebra, namely the geometric
product. The algebrais then what mathematicians call a Clifford algebra. But for
applications, it is often very convenient to consider ‘components’ of this geomet-
ric product; this gives us sensible extensions, to subspaces, of the inner product
(computing measures of perpendicularity), the cross product (computing measures
of paralelness), and the meet and join (computing intersection and union of sub-
spaces). When used in such an obviously geometrical way, the term geometric
algebrais preferred to describe the field.

In this paper, we will use the basic products of geometric algebra to describe all
familiar elementary constructions of basic geometric objects and their quantitative
relationships. The goal isto show you that this can be done, and that it is compact,
directly computational, and transcends the dimensionality of subspaces. We will
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not use geometric algebra to develop new algorithms for graphics; but we hope you
to convince you that some of the lower level algorithmic aspects can be taken care
of in an automatic way, without exceptions or hidden degenerate cases by using
geometric algebra as alanguage — instead of only its vector algebra part asin the
usua approach.

2 Subspaces as elements of computation

Asin the classical approach, we start with a real vector space R™ which we use
to denote 1-dimensiona directed magnitudes. Typical usage would be to employ
avector to denote atrandation in such a space, to establish the location of a point
of interest. (Points are not vectors, but their locations are.) Another usage is to
denote the velocity of a moving point. (Points are not vectors, but their velocities
are.) We now want to extend this capability of indicating directed magnitudes
to higher-dimensional directions such as facets of objects, or tangent planes. In
doing so, we will find that we have automatically encoded the algebraic properties
of multi-point objects such as line segments or circles. This is rather surprising,
and not at al obvious from the start. For educationa reasons, we will start with
the simplest subspaces. the ‘proper’ subspaces of alinear vector space which are
lines, planes, etcetera through the origin, and develop their algebra of spanning
and perpendicularity measures. Only in Section refmodels do we show some of
the considerable power of the products when used in the context of models of
geometries.

2.1 Vectors

So we start with areal m-dimensional linear space V', of which the elements
are called vectors. They can be added, with rea coefficients, in the usual way to
produce new vectors.

Wewill alwaysview vectors geometrically: avector will denote a‘ 1-dimensional
direction element’, with acertain ‘attitude’ or ‘stance’ in space, and a‘ magnitude’,
a measure of length in that direction. These properties are well characterized by
calling a vector a ‘directed line element’, as long as we mentally associate an ori-
entation and magnitude with it: v isnot the same as —v or 2v.

2.2 Theouter product

In geometric algebra, higher-dimensional oriented subspaces are also basic ele-
ments of computation. They are called blades, and we use the term k-blade for
a k-dimensional homogeneous subspace. So a vector is a 1-blade. (Again, we
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first focus on ‘proper’ linear subspaces, i.e. subspaces which contain the origin:
the 1-dimensional homogeneous subspaces are lines through the origin, the 2-
dimensional homogeneous subspaces are planes through the origin, etc.)

A common way of constructing a blade is from vectors, using a product that
congtructs the span of vectors. This product is called the outer product (sometimes
the wedge product) and denoted by A. It is codified by its algebraic properties,
which have been chosen to make sure we indeed get m-dimensional space elements
with an appropriate magnitude (area element for m = 2, volume elements for
m = 3). Asyou have seen in linear algebra, such magnitudes are determinants
of matrices representing the basis of vectors spanning them. But such a definition
would betoo specifically dependent on that matrix representation. Mathematically,
a determinant is viewed as an anti-symmetric linear scalar-valued function of its
vector arguments. That gives the clue to the rather abstract definition of the outer
product in geometric algebra:

The outer product of vectors aq, - - -, a; IS anti-symmetric, asso-
ciative and linear in its arguments. It isdenoted asa; A --- A ag, and
called a k-blade.

The only thing that is different from a determinant is that the outer product is
not forced to be scalar-valued; and this gives it the capability of representing the
‘attitude’ of a k-dimensional subspace element as well as its magnitude.

2.3 2-bladesin 3-dimensional space

L et us see how this works in the geometric algebra of a 3-dimensional space V3.
For convenience, let us choose abasis {e1, ez, es} in this space, relative to which
we denote any vector (there isno need to choose this basis orthonormally —we have
not mentioned the inner product yet — but you can think of it as such if you like).
Now let uscompute aAb for a = a1e; +ases +azez and b = bye; + baes + bses.
By linearity, we can write this as the sum of six terms of the form a,bse; A e; OF
ai1bie; A ep. By anti-symmetry, the outer product of any vector with itself must
be zero, so the term with a1b1e; A e; and other similar terms disappear. Also by
anti-symmetry, e; A e; = —eq A ez, SO Some terms can be grouped. You may
verify that the final result is.

aAb=

= (alel + ases + a3e3) N (blel + baes + b3€3)
= (albz — a2b1> e A (SD)] + (a2b3 — a3b2) (D) A es + (a3b1 — albg) es A el (1)

We cannot simplify thisfurther. Apparently, the axioms of the outer product permit
us to decompose any 2-blade in 3-dimensional space onto a basis of 3 elements.
This*2-blade basis' (also called ‘bivector basis) {e; Aes, e Aes, e3Ae;} consists
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Figure 1. Spanning proper subspaces using the outer product.

of 2-blades spanned by the basis vectors. Linearity of the outer product implies
that the set of 2-blades forms a linear space on this basis. We will interpret this
as the space of al plane elements or area elements. Let us show that they have
indeed the correct magnitude for an area element. That is particularly clear if we
choose a particular orthonormal basis {e;, e,, es}, chosen such that a liesin the
e;-direction, and b lies in the (e, ez)-plane. Thena = ae;, b = bcospe; +
bsin ¢ ey (With ¢ the angle from a to b), so that

aAb=(absing)e; Ney 2

Thissingle result contains both the correct magnitude of the areaa b sin ¢ spanned
by a and b, and the plane in which it resides — for we should learn to read e; A es
as ‘the unit directed area element of the (e;, e,)-plane’. Since we can always adapt
our coordinates to vectors in this way, this result is universally valid: a A b isan
area element of the plane spanned by a and b.

You can visualize this as the parallelogram spanned by a and b, but you should
be abit careful: the shape of the area element is not defined in a A b. For instance,
by the properties of the outer product, a A b = a A (b + \a), for any A, so
the parallelogram can be sheared. Also, the area element is free to trandate: the
sum of the areadlements 1 (a A b), 1(b A (—a)), 1((—a) A (b)), 1((—=b) A a)
equals a A b; drawing this equation shows that we should imagine the area element
to have no specific location in its plane. You may aso verify that an orthogonal
transformation of a and b in their common plane (such as arotation in that plane)
leaves aAb unchanged. (Thisis obvious once you know the result for determinants
and note that a A b can aways be expressed as in eg.(1), but we will revisit its
deeper meaning in Section 7).

It is important to realize that the 2-blades have an existence of their own, in-
dependent of any vectors that one might use to define them; that is reflected in the
fact that they are not paralelograms. Planes (or, more precisely, plane elements)
are nouns in our computational geometrical language, of the same basic nature as
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vectors (or line eements).

2.4 Volumes as 3-blades

We can also form the outer product of three vectors a, b, c. Considering each of
those decomposed onto their 3 components on some basis in our 3-dimensional
space (as above), we obtain terms of three different types, depending on how many
common components occur: termslike a1b1c1 e1 Aej Aeq, likeaibics e1 Aep Aes,
and like a1b2c3 €1 A ex A e3. Because of associativity and anti-symmetry, only the
last type survives, in all its permutations. Thefina result is:

aAbAc= (a1b263 — a1b362 + a2b163 - a2b361 + a3b162 - a3b201) e; Nex Aes.

The scalar factor is the determinant of the matrix with columns a, b, ¢, which is
proportional to the signed volume spanned by them (as is well known from linear
algebra). Theterm e; A ex A e3 isthe denotation of which volume is used as unit:
that spanned by e, e, e3. The order of the vectors gives its orientation, so this
isa‘signed volume'. In 3-dimensiona space, there is not really any other choice
for the construction of volumes than (possibly negative) multiples of this volume.
But in higher dimensional spaces, the attitude of the volume element needs to be
indicated just as much as we needed to denote the attitude of planesin 3-space.

25 Linear dependence

Note that if the three vectors are linearly dependent, they satisfy:
a,b,c linearly dependent <— aAbAc=0.

We interpret the latter immediately as the geometric statement that the vectors span
azero volume. This makes linear dependence acomputational property rather than
a predicate: three vectors can be ‘almost linearly dependent’. The magnitude of
a A b A c obvioudly involves the determinant of the matrix (a b c¢), so this view
corresponds with the usual computation of determinants to check degeneracy.

2.6 Thepseudoscalar ashypervolume

Forming the outer product of four vectorsa A b A ¢ A d in 3-dimensional space
will always produce zero (since they must be linearly dependent). To see this,
just decompose the vectors on some basis (for instance, the fourth vector on abasis
formed by the other 3), and apply the outer product. Since (aAbAc) isproportiona
toe; Aex Aes, multiplication by d will dwayslead totermslikee; Ae; Aes ey,
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in which at least two vectors are the same. Associativity and anti-symmetry then
makes all terms equal to zero.

The highest order blade which is non-zero in an m-dimensional spaceis there-
fore an m-blade. Such ablade, representing an m-dimensiona volume element, is
called a pseudoscalar for that space (for historical reasons); unfortunately a rather
abstract term for the elementary geometric concept of ‘ hypervolume element’.

The dimensionality of a k-blade is the number of vector factors that span it;
thisisusually called the grade of the blade. It obeys the simple rule:

grade (A A B) = grade (A) + grade (B) . (3)

Of course the outcome may be 0, so this zero element of the algebra should be seen
as an element of arbitrary grade. Thereisthen no need to distinguish separate zero
scalars, zero vectors, zero 2-blades.

2.7 Scalarsassubspaces

To make scalars fully admissible elements of the algebra we have so far, we can de-
fine the outer product of two scalars, and a scalar and a vector, through identifying
it with the familiar scalar product in the vector space we started with:

aAfB=aff and aAv=av

This automatically extends (by associativity) to the outer product of scalars with
higher order blades.

We will denote scalars mostly by Greek lower case letters. Since they are
constructed by the outer product of zero vectors, we can interpret the scalars asthe
representation in geometric algebra of 0-dimensiona subspace elements, i.e. asa
weighted points at the origin —or maybe you prefer ‘ charged’, since the weight can
be negative. This isindeed consistent, we will get back to that when intersecting
subspaces in Section 4.

2.8 The Grassmann algebra of 3-space

Collating what we have so far, we have constructed a geometrically significant
agebra containing only two operations. the addition + and the outer multiplica-
tion A (subsuming the usual scalar multiplication). Starting from scalars and a
3-dimensional vector space we have generated a 3-dimensional space of 2-blades,
and a 1-dimensional space of 3-blades (since all volumes are proportional to each
other). In total, therefore, we have a set of elements which naturally group by their
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dimensionality. Choosing some basis {e1, e2, e3}, we can write what we have as
spanned by the set:

1 , en,exe3 ,e;Aey, ex/\e3 e3/\er, €1 \exAeg 4
N~ —— N ~~
scalars vector space bivector space trivector space

Every k-blade formed by A can be decomposed on the k-vector basis using +.
The ‘dimensionality’ k is often called the grade or step of the k-blade or k-vector,
reserving the term dimension for that of the vector space which generated them. A
k-blade represents a k-dimensional oriented subspace element.

If we alow the scaar-weighted addition of arbitrary elements in this set of
basis blades, we get an 8-dimensional linear space from the origina 3-dimensional
vector space. This space, with + and A as operations, is caled the Grassmann
algebra of 3-space.

We have no interpretation (yet) for mixed-grade termssuch as 1+ e;. Actualy,
even addition of elements of the same grade is hard to interpret in spaces of more
than 3 dimensions, since it easily leads to elements that cannot be decomposed
using the outer product — so to non-blades, i.e. objects that cannot be ‘ spanned’ by
vectors. (For instance, e; A e2 + ez A e4 in 4-space cannot be written in the form
a A b —tryitl) The general term for the sum of k-blades (for the same k) is k-
vector, and the general term for the mixed-grade elements permitted in Grassmann
algebra is multivector.

2.9 Many blades

¢From the way it is constructed through the anti-symmetric product, it should be
clear that the k-dimensional subspaces of an m-dimensional space have a basis
which consists of a number of independent elements equal to the number of ways
one can take k distinct indices from a set of m indices. That is

The linear space of k-vectors in m-space s (}*)-dimensional.
Adding them al up, we find:

Thelinear space of all subspaces of an m-dimensiona vector space is
2™-dimensional.

To have a basis for al possible subspaces (through the origin) in 3-dimensional
space takes 23 = 8 elements, such asin eq.(4). You can characterize an element X
of that space therefore by a8 x 1 matrix [X]. Since the outer product by another
element vector A islinear, A A X can be written as the action of alinear operator
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A on X, and hence be represented as a matrix multiplication [A"] [X], with [A"]
an 8 x 8 matrix. Thisisnot a particularly efficient representation, but it shows that
this algebra of + and A on a vector space is just a special linear algebra; a fact
which may give you some confidence that it is at least consistent.

When they just learn about this algebra, most people are put off by how many
blades there are, and some have rejected the practical use of geometric algebra
because of its exponentially large basis. Thisis alegitimate concern, and the im-
plementation just sketched obviously does not scale well with dimensionality. For
now, a helpful view may be to see this 2"*-dimensional basis as a cabinet in which
al relationships which we may care to compute in the course of our computa-
tions in m-dimensional space can be filed properly: k-point relationships in the
(%) files in the k-th drawer. And the files themselves have clear computational
relationships (we have seen the outer product, more will follow). This should be
compared to the usual way in which such k-point relationships are made whenever
they are needed, but not preserved in a structural way relating them algebraically
to the other relationships of the application. This simile suggests that there might
be some potentia gain in building up the overall structure rather than reinventing
it several times along the way, as long as we make sure that this organization does
not affect the efficiency of individual computations too much. This paper should
provide you with sufficient material to ponder this new possibility.

3 Relative subspaces measures

The outer product gives computational meaning to the notion of ‘spanning sub-
spaces . It does not use any metric structure which we may have available for our
original vector space V™. The familiar inner product of vectors in a vector space
does use the metric — in fact, it defines the metric, since it gives a bilinear form
returning ascalar value a - b for each pair of vectors, which can be used to defined
the distance measure \/(a — b) - (a — b). Now that vectors are viewed as rep-
resentatives of 1-dimensiona subspaces, we of course want to extend this metric
capability to arbitrary subspaces. Thisleads to the scalar product, and its meshing
with the outer product gives ageneralized inner product between blades.

3.1 Thescalar product: a metric for blades

Between two blades A, and B, of the same grade k, we can define a metric mea-
sure. The most computational way of doing so is to span each of the blades by &
vectors: A, =a; AagA---Aag and B, = by Abg A--- Aby. Then the scalar
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product between them is defined as:

a;-by aj-bg_y -+ a;-by
ay-b, as-by; -~ ay-b

A, % B, = 2: 2: 1 ; 2: 1 )
ap-by ag-bp1 - ag-by

The unfortunate order of the factors was chosen historically. We get a nicer form
if we introduce an operation that reverses a factorization, for instance A = a; A
as A ag would become a3 A as A a;. (We need this for other purposes as well,
or we would have preferred to fix the scalar product.) Due to the anti-symmetry
of the outer product, these differ only by a sign factor, for a k-blade a sign of

(—1)%’“(’“’1). We denote it by atilde, so: A = a3 Aas Aa; = —A. Now A « B
has nicely matching coefficients.

The value of A = B is independent of the factorization of A and B, as you
may verify by the properties of determinants: adding a multiple of, say as to a;
leaves the blade A unchanged, so it should give the same answer. In A B, itleads
to addition of a multiple of the second column to the first, and this indeed leaves
the determinant unchanged — the two anti-symmetries in the definitions of A and x
match well. The value of A « B is proportional to the cosine of the angle of the
two subspaces — if a rotation exists that rotates one into the other, otherwise it is
zero. The definition is extended to blades of different grade by setting A « B = 0
whenever the grades are different. So no scalar metric comparison is possible
between such different subspaces (but for them we have the inner product of the
next section).

The scalar product of a subspace with itself gives us the norm of the subspace,

defined as 1
Al =VAxA (6)

For a 2-blade A = a; A ay, with an angle of ¢ between a; and ay, you may
verify that thisgives |A| = |a;||az] | sin ¢|, the absolute value of the area measure,
precisely what one would hope.

3.2 Theinner product

The geometric nature of blades means that there are relationships between the met-
ric measures of different grades: for instance, the angle two 2-blades make is re-
lated to that of two properly chosen vectors in their planes (see Figure 2). We

Thisworks only in a Euclidean metric in areal vector space; in other metrics one should define
the ‘norm squared’ and avoid the square root.
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Figure 2: The metric relationship between different spans.

should therefore be capable of relating those numerically. If ablade is spanned as
A AB, and we areinterested in its measure relative to C we compute (A AB) « C;
but we should be able to find a similar measure between the subblade A, and some
subblade of C, which is‘C with B taken out’. This can be used to define a new
product, through:

(AAB)*C=Ax(B-C), forallC ©)

Theblade B - C isthe inner product of B and C. Its grade is the difference of the
grades of C and B (since it should equal the grade of A in the definition). The
inner product can be interpreted more directly as

B - C isthe blade representing the largest subspace which is con-
tained in the subspace C and which is perpendicular to the subspace
B; itislinear in B and C; it coincides with the usual inner product
b - ¢ of V™ when computed for vectors b and c.

The above determines the inner product uniquely?. It turns out not to be sym-
metrical (as one would expect since the definition is asymmetrical) and aso not
associative. But we do demand linearity, to make it computable between any two
elementsin our linear space (not just blades).

For later use, we just give the rules by which to compute the resulting inner
product for arbitrary blades, omitting their derivation. Then we will do some ex-
amples to convince you that it does what we want it to do. In the following «, 3
are scalars, a and b vectors and A, B, C blades of arbitrary order. We give the
rulesin adlightly redundant form, for convenience in evaluating expressions.

scalars  a-B=aAf (8)

2The resulting inner product differs slightly from the inner product commonly used in the geo-
metric algebra literature. Our inner product has a cleaner geometric semantics, and more compact
mathematical properties, and that makes it better suited to computer science. It is sometimes called
the contraction, and denoted as B | C rather than B - C. The two inner products can be expressed
in terms of each other, so thisis not a severely divisive issue. They ‘algebraify’ the same geometric
concepts, injust slightly different ways.
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Figure 3: The definition of the inner product of blades XXX where referred?.

vector and scalar a-g=0 9
scalar and vector a-b=aAb (20)
vectors  a- b isthe usual inner product in V'™ 1D
vectorandblade a-(bAB)=(a-b)AB—-bA(a-B) (12
blades (AAB)-C=A-(B-C) (13)
distributivity1 A-(B4+C)=A-B+A-C (14)
digtributivity2  (A+B)-C=A-C+B-C (15)

It should be emphasized that the inner product is not associative. For instance,
a- (b-c) = 0 since the second argument is a scalar; but (a - b) - ¢ = ac (with
a = a-b) isavector. Neither isthe inner product symmetrical, as the scalar/vector
rules show.

3.3 Perpendicularity and duality

Having the inner product expands our capabilities in geometric computations. It
enables manipulation of expressions involving ‘spanning’ to being about ‘ perpen-
dicularity’ and vice versa. Such ‘dual’ formulations turn out to be very convenient.
We briefly develop intuition and basic conversion expressions for these manipula-
tions.

e perpendicularity
We define the concept of perpendicularity through the inner product:

a perpendicular to A < a-A =0,

It is then easy to prove that, for general blades A, the construction A - B is
indeed perpendicular to A, as we suggested in the previous section. For any
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vector a satisfiesa- (A-B) = (aAA)-B. Butif aisin A it must belinearly
dependent on the spanning vectors, soa A A = 0. Thereforea- (A-B) =0
for any a in A. So any vector in A is perpendicular to A - B.

¢ orthogonal complement and dual
If we take the inner product of a blade relative to the volume element of the
space it resides in (i.e. relative to the pseudoscalar of the space), we get the
whole subspace perpendicular to it. Thisis how duality sits in geometric
algebra: it is simply taking an orthogonal complement. A good example
in a 3-dimensiona Euclidean space is the dual of a 2-blade (or bivector).
Using an orthonormal basis {e;}?_; and the corresponding bivector basis,
wewrite: B = biey A es + baes A ey + bses A eo. We take the dual relative
to the space with volume element Is = e; A ex A e3 (i.e. the ‘right-handed
volume' formed by using a right-handed basis). Any scalar multiple would
do, but it turns out that the best definition isto use the reverse of I3 to define
the dual (since that generalizes to higher dimensions; here I; = —I). The
subspace of I3 dual to B is then:

B -ig = (bleg A es + boeg A er + bze; A eg) . (e3 AL AN e1)
= b161 + b2€2 + b3€3. (16)

Thisisavector, and we recognize it (in this Euclidean space) as the normal
vector to the planar subspace represented by B. So we have normal vectors
in geometric algebra as the duals of 2-blades, if we would want them (but
we will seein Section 7.3 why we prefer the direct representation of a pla-
nar subspace by a 2-blade rather than the indirect representation by normal
vectors).

If itis clear from context relative to which pseudoscalar I the dual is taken,
we will use the convenient shorthand B* for B - 1.

o duality relationships

Going over to a dua representation involves trandating formulas given in
terms of spanning to formulas using perpendicularity. An example is the
specification of a plane in 3-space given its 2-blade B. On the one hand,
al vectors in the plane satisfy x A B = 0 (zero volume spanned with the
2-blade); but dualy they satisfy x - B* = 0 (perpendicular to the normal
vector). Thisis an example of a more general duality relationship between
blades, which we state without proof. Let A, B and T be blades, with A
contained in I (thisis essentia). Then:

(A-B)-I=AAB-I) fACL (17)
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Remember also the universally valid eq.(13)
(AAB)-I=A-(B-I). (18)

Together, these equations allow the change to a‘ dual perspective’ converting
spanning to orthogonality and vice versa, permitting more flexible interpre-
tation of equations.

Let us use these to verify the motivating example above in full detail. In a
3-dimensional space with pseudoscalar I, the equation x AB = 0 (meaning
that x isin the 2-dimensional subspace determined by B) can be duaized to
0 = (x AB) I3 = x - (B - I3). This characterizes the vectors in the B-
plane through its normal vector n = B - I3 = B*. It is the familiar ‘normal
eguation’ of the plane, and identical to the common way to represent a plane
by its normal vector n.

In general, we will say that a blade B represents a subspace B of vectors x
if
xeB <= xAB=0 (29

and that ablade B* dually represents the subspace B if
xeEB < x-B*=0. (20)
Switching between the two standpoints is done by the duality relations above.

the cross product

Classica computations with vectors in 3-space often use the cross product,
which produces from two vectors a and b a new vector a X b perpendicular
to both (by the right-hand rule), proportional to the area they span. We can
make this in geometric algebra as the dua of the 2-blade spanned by the
vectors:

axb=(aAb)-Is. (21)

This shows anumber of things explicitly which one always needs to remem-
ber about the cross product: there is a convention involved on handedness
(this is coded in the sign of I3); there are metric aspects since it is perpen-
dicular to a plane (this is coded in the usage of the inner product ‘ - ’); and
the construction really only works in three dimensions, since only then isthe
dual of a2-blade avector (thisis coded in the 3-gradedness of I3). The vec-
tor relationship a A b does not depend on any of these embedding properties,
yet characterizes the (a, b)-plane just as well.
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You may verify that computing eq.(21) explicitly using eg.(1) and eg.(16)
indeed retrieves the usual expression:

aXb= (a2b3 — a3b2) e + (a3b1 - a1b3) ey + (Clle - a2b1) €3 (22)

In geometric algebra, we have the possibility of replacing the cross product
by more elementary constructions. In Section 7.3 we discuss the advantages
of doing so.

4 Intersecting subspaces

So far, we can span subspaces and consider their containment and orthogonality.
Geometric algebra also contains operations to determine the union and intersection
of subspaces. These are the join and meet operations. Several notations exist for
these in literature, causing some confusion. For this paper, we will simply use the
set notations U and N to make the formulas more easily readable.

4.1 Union of subspaces

The join of two subspaces is their smallest superspace, i.e. the smalest space
containing them both. Representing the spaces by blades A and B, the join is
denoted A U B. If the subspaces of A and B are digoint, their join is obviously
proportional to A A B. But aproblem isthat if A and B are not digoint (whichis
precisely the case we are interested in), then A U B contains an unknown scaling
factor which is fundamentally unresolvable due to the reshapable nature of the
blades discussed in Section 2.3 (see Figure 4; this ambiguity was also observed
by [13][Stolfi]). Fortunately, it appears that in al geometrically relevant entities
which we compute this scalar ambiguity cancels.

The join is a more complicated product of subspaces than the outer product
and inner product; we can give no ssimple formula for the grade of the result (like
eq.(3)), and it cannot be characterized by a list of algebraic computation rules.
Although computation of the join may appear to require some optimization process,
finding the smallest superspace can actually be done in virtualy constant time.

3We should also say that there are some issues currently being resolved to make meet and join
a properly embedded part of geometric algebra since they produces blades modulo a multiplicative
scaling factor rather than actual blades. Most literature now uses them only in projective geometry,
in which there is no problem.



16 Leo Dorst and Stephen Mann

Figure 4: The ambiguity of scale for meet M and join J of two blades A and B.
Both figures are examples of acceptable solutions.

4.2 Intersection of subspaces

The meet of two subspaces A and B is their largest common subspace. If thisis
the blade M, then A can befactorize<das A = A’ AMandBasB = M A B/,
and their join isamultipleof A’ AM AB’ = A AB’ = A’ A B. Thisgivesthe
relationship between meet and join.

Given the join J = A U B of A and B, we can compute their meet by the
property that its dual (with respect to the join) is the outer product of their duals
(this is a not-so-obvious consequence of the required ‘ containment in both’). In
formula, thisis:

(ANB)-J=(B-J)A(A-J) or (ANB)*=B*AA*

with the dual taken with respect to the join J. (The somewhat strange order is
a consequence of the factorization chosen above, and it corresponds to [13] for
vectors). This leads to a formula for the meet of A and B relative to the chosen
join (use eq.(18)) :

ANB=(B-J)-A. (23)

Let us do an example: the intersection of two planes represented by the 2-blades
A= %(el +e2) A(ez+e3) and B = e; A es. Note that we have normalized them
(thisis not necessary, but convenient for a point we want to make later). These are
planes in general position in 3-dimensiona space, so their join is proportiona to
I5. It makes sense to take J = I3. Thisgivesfor the meet:

ANB = J((e1her)-(e3hesner)) ((er+e2)A(es+e3))
es- ((e1 +ez) Ae;)
1 e +er

AR

(the last step expresses the result in normalized form). Figure 5 shows the answer;
asin [13] the sign of A N B is the right-hand rule applied to the turn required to
make A coincide with B, in the correct orientation.

NO[—= D=

= —j(e1te) = ) (24)
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Figure 5: An example of the meet

Classically, one computes the intersection of two planes in 3-space by first
converting them to normal vectors, and then taking the cross product. We can see
that this gives the same answer in this non-degenerate case in 3-space, using our
previous equations eq.(17), eq.(18), and noting that Iy = —I5:

(A-T;)x(B-T;) = (A'i3)A(B'i3)> I

(
= ((B'T3)/\(A'i3) I3

N——

So the classical result is a specia case of eq.(23), but that formula is much more
genera: it applies to the intersection of subspaces of any grade, within a space of
any dimension. With it, we begin to see some of the potential power of geometric
algebra.

When the meet isascalar, the two subspaces intersect in the point at the origin.
Thisisin agreement with our geometrical interpretation in Section 2.7 of scalars
asthe weighted point at the origin. Scalars are geometrical objects, too!

The norm of the meet gives an impression of the ‘strength’ of the intersection.
Between normalized subspaces in Euclidean space, the magnitude of the meet is
the sine of the angle between them. From numerical analysis, thisis awell-known
measure for the ‘distance’ between subspaces in terms of their orthogonality: it is
1 if the spaces are orthogonal, and decays gracefully to 0 as the spaces get more
parallel, before changing sign. This numerical significance is very useful in appli-
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b

a

Figure 6: Ratios of vectors

cations.

5 Ratiosof subspaces

With subspaces as basic elements of computation, we would readly like to com-
plete our algebra by the ability to solve equations in similarity problems such as
indicated in Figure 6:

Given two vectors a and b, and a third vector ¢, determine x so
that x isto c asb isto a, i.e. solve (in a symbolic notation which we

will soon make exact):
x_b (25)
C a
Such equations require a division of subspaces (here vectors), and so, really, an
invertible product of subspaces. This geometric product is at the core of geometric

algebra, and it is arather amazing construction, at first sight.

5.1 Thegeometric product

For vectors, the geometric product is defined in terms of theinner and outer product
as:
ab=a-b+aAb (26)

So the geometric product of two vectors is an element of mixed grade: it has a
scalar (O-blade) part a - b and a 2-blade part a A b. It is therefore not a blade;
rather, it is an operator on blades (as we will soon show). Changing the order of a
and b gives.

ba=b-a+bAa=a-b—aAb

The geometric product of two vectors is therefore neither fully symmetric (or
rather: commutative), nor fully anti-symmetric.



Geometric Algebra: a Computational Framework (DRAFT) 19

x - a fixed

-

~__x A a fixed

Figure 7: Invertibility of the geometric products.

A simple drawing may convince you that the geometric product is indeed in-
vertible, whereas the inner and outer product separately are not. In Figure 7, we
have a given vector a. We denote the set of vectors x with the same value of the
inner product x - a —thisis a plane perpendicular to a. The set of all vectors with
the same value of the outer product x A a is also denoted — this is the line of all
points which span the same directed area with a. Neither of these setsis a sin-
gleton (in spaces of more than 1 dimension), so the inner and outer products are
not fully invertible. The geometric product provides both the plane and the line,
and therefore permits determining their unigue intersection x, asillustrated in the
figure. Thereforeit isinvertible.

Note that the geometric product is sensitive to the relative directions of the
vectors: for paralel vectors a and b, the outer product contribution is zero, and
ab isascaar and commutative in its factors; for perpendicular vectors, ab isa
2-blade, and anti-commutative. In general, if the angle between a and b is ¢ in
their common plane with unit 2-blade I, we can write (in a Euclidean space):

ab = |a||b| (cos ¢ + I sin ¢) (27)

We will see below that TT = —1, so thisis very reminiscent of complex numbers.
More about that later, we mention it here to make the construction of the different
grade elements in eq.(26) somewhat less outrageous than it may appear at first.
Eq.(26) defines the geometric product only for vectors. For arbitrary elements
of our algebra it is defined using linearity and associativity, and making it coincide
with the usual scalar product in the vector space, as the notation already suggests.
That gives the following axioms (where « and /5 are scalars, x is avector, A isa
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general element of the algebra):

scalars  af and ax havetheir usual meaning in V'™ (28)

scaarscommute o A=A« (29)
vectors xA=x-A+xANA (30)
associativity A(BC)=(AB)C (3D
distributivity 1  A(B4+C)=AB+ AC (32
distributivity 2 (A+B)C=AC+ BC (33)

(One can avoid the reference to the inner and outer product through replacing
eg.(30) by ‘the square of a vector x must be equal to the scalar Q(x,x)’, with
@ the bilinear form of the vector space. Then one can re-introduce inner and outer
product through the commutative properties of the geometric product:

a-b=

(ab+ba) and aAb=3;(ab—-ba). (34)

1 1
2 2
Thisis mathematically cleaner, but too indirect for our purpose here.)

It may not be obvious that these equations give enough information to compute
the geometric product of arbitrary elements. Rather than show this abstractly, let us
show by example how the rules can be used to devel op the geometric algebra of 3-
dimensiona Euclidean space. We introduce, for convenience only, an orthonormal

basis {e;}?_,. Since thisimpliesthat e; - e; = d;;, we get the commutation rules:

P —€;€e; if 7 75]
i€ = { 1 ifi = j (39)

In fact, the former isequal to e; A e;, whereasthe latter equalse; - e;. Considering
the unit 2-blade e; A es, wefind for its square:

(eine;)” = (e;Nej)(e;Ne;j) = (eie;)(ee;)

= ejejee; = —e;e€e;¢e; = -1 (36)

S0 a unit 2-blade squares to —1 (we just computed for e; A e, for convenience,
but there is nothing exceptional about that particular unit 2-blade, since the basis
was arbitrary). Continued application of eg.(35) gives the full multiplication for
al basis elements in the Clifford algebra of 3-dimensional space. The resulting
multiplication table is given in Figure 8. Arbitrary elements are expressible as a
linear combination of these basis elements, so thistable determines thefull algebra.
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‘ Cl3 H‘ 1 ‘ €1 ‘ €2 ‘ €3 ‘ €12 ‘ €31 ‘ €23 ‘ €123 ‘
1 1 e €9 e3 eo €31 €23 | €123
€1 €1 1 €12 —€es31 €2 —€3 €123 €23
€2 €2 —€12 1 €23 —€ €123 €3 €31
€3 €3 €31 —€23 1 €123 €1 —€2 €12
€12 €12 —€2 €1 €123 -1 €23 —€31 | —€3
€31 €31 €3 €123 —€1 | —€s3 -1 €12 —€2
€23 €3 | €123 | —e3 € e | —ep | —1 | —e;
€123 €123 €23 €31 €12 —es3 —€2 —€ —1

Figure 8: The multiplication table of the geometric algebra of 3-dimensional Eu-
clidean space, on an orthonormal basis. Shorthand: e2 = e; A e3, etcetera

5.2 Invertibility of the geometric product

The geometric product isinvertible, so ‘ dividing by avector’ has a unique meaning.
We will usually do this through ‘ multiplication by the inverse of the vector’. Since
multiplication is not necessarily commutative, we have to be a bit careful: thereis
a'left division’ and a‘right division’.

Asyou may verify, the unique inverse of avector a is.

al_a _a
a-a |al?

since that is the unique element that satisfies: a 'a = 1 = aa!. Similarly, a
blade A (of which the norm should not be zero) has the inverse

1 A _ A
A-A |A]?

(the reverse is due to the definition of the norm in eq.(6)).

5.3 Projection of subspaces

The availability of an inverse gives us an interesting of way of decomposing a
vector x relative to a given blade A using the geometric product:

x=xA)A'=(x-A)A '+ (xAA)A! (37)

Thefirst termisablade fully inside A: itisthe projection of x onto A.. The second
term isavector perpendicular to A, sometimes called the rejection of x by A. The



22 Leo Dorst and Stephen Mann

@

Figure 9: (a) Projection and rejection of x relative to a. (b) Reflection of x in a.

projection of ablade X onto ablade A is given by the extension of the above, as.
projectionof X onto A: X — (X-A)A™!

Again geometric algebra has allowed a straightforward extension to arbitrary di-
mensions of subspaces, without additional computational complexity.

5.4 Reflection of subspaces

The reflection of a vector x relative to a fixed vector a can be constructed from
the decomposition of eq.(37) (used for a vector a), by changing the sign of the
rejection (see Figure 9b). This can be rewritten in terms of the geometric product:

-1 1

(x-a)a~! - (xAa)a'=(a-x+aAx)a ! =axa '

So the reflection of x in a is the expression ax a !, see Figure 9b; the reflection
in aplane perpendicular to a isthen —axa™!,
We can extend this formula to the reflection of ablade X relative to the vector

a, thisissimply:
reflectioninvectora: X — aXa .
and even to the reflection of ablade X in a k-blade A, which turns out to be;
general reflection: X — — (1)) AX AL
Note that these formulas permit you to do reflections of subspaces without first
decomposing them in constituent vectors. It gives the possibility of reflection a

polyhedral object by directly using a facet representation, rather than acting on
individual vertices.
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5.5 Anglesasgeometrical objects

We have found in eg.(36) that any unit 2-blade I in a Euclidean space sdtisfies
I = —1, so thisis aso true for the unit 2-blade occurring in €g.(27). Therefore,
using the usual definition of the exponential as aconverging series of terms, we are
actually permitted to write the geometric product in an exponential form:

ab = |a| |b| (cos ¢ + I sin ¢) = |a| |b| e (38)

with I the unit 2-blade containing a and b, oriented from a to b. This exponential
form will be very convenient when we do rotations. Note that al elements occur-
ring in this equation have a straightforward geometrical interpretation, we are not
doing complex numbers here! (Really, we aren’t; T isnot acomplex scalar, since
then it would have to commute with all elements of the algebra by eq.(29), but it
instead satisfiesaI = —Ia for vectors a in the I-plane.)

The combination I¢ isafull indication of the angle between the two vectors: it
denotes not only the magnitude, but also the plane in which the angle is measured,
and even the orientation of the angle. If you ask for the scalar magnitude of the
geometrical quantity I¢ in the plane —I (the plane ‘from b to a’ rather than ‘from
atob’), itis —¢; so the scalar value of the angle automatically gets the right
sign. The fact that the angle as expressed by I¢ is how a geometrical quantity
independent of the convention used in its definition removes a major headache
from many geometrical computations involving angles. We cdll this true geometric
quantity the bivector angle (it isjust a2-blade, of course, not anew kind of element
—but we use it as an angle, hence the name).

5.6 Rotationsin the plane

Using the inverse of avector, we can now solve the motivating problem of eq.(25),
to find avector x that isto c asb isto a. Denoting the 2-blade of the (a A b)-plane
by I, we obtain:

xc ' =ba!

<0 that

x=(bal)c= %e‘l‘% (39
Here I¢ isthe angle in the T plane from a to b, asin eq.(38), so —1¢ isthe angle
from b to a. If we happen to have |a| = |b|, we get x = e~ !?c; apparently we
should interpret ‘pre-multiplying by e~1%" as a rotation operator in the I-plane.
The full expression of eq.(39) denotes arotation/dilation in the I-plane.
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¢/1 O I-plane

Figure 10: Coordinate-free specification of rotation.

Let uswrite this out, to get familiar with the geometric algebra way of looking
at rotations:

e ¢ =ccos¢—Icsing = ccos ¢ + clsin ¢

What is cI? Introduce orthonormal coordinates {e;, es} in the I-plane, with e;
aongc,sothat c = ce;. ThenI = e; A ey = eq €. Thereforecl = ceq e1er =
cey: itisc turned over a right angle, following the orientation of the 2-blade I
(here anti-clockwise). So ccos ¢ + cIsin ¢ is ‘a bit of ¢ plus a bit of its anti-
clockwise perpendicular’ — and those amounts are precisely right to make it equal
to the rotation by ¢, see Figure 10.

If you use aclassical rotation matrix in 2 dimensions, it does precisaly this con-
struction, but in a coordinate system that is adapted to an arbitrary basis {e;, e, },
rather than to c¢. That is why you then need 4 coefficients, to describe how each
of those 2 basis vectors turns. Geometric algebra is coordinate-free in this sense:
orthogonal directions can be made from the vectors for which you need them in
a coordinate-free manner. Then a specification of the rotation requires only 2
trigonometric functions, just for the scaling of those 2 components.

5.7 Rotationsin 3 dimensions

Two subsequent reflections in lines which make an angle of ¢/2 in a plane with
unit 2-blade I congtitute a rotation over ¢ in the I-plane. In 2-dimensional space,
thisisobvious, but it also worksin 3-dimensional space, see Figure 11 (and evenin
m-dimensional space). It gives usthe way to express general rotationsin geometric
algebra.

Two successive reflections of avector x in vectors u and v give

vV u u v
_ o 1o/2  J8/2

1y -1
viuxu )v = — —X— — =
vl Ju ™ |ul v



Geometric Algebra: a Computational Framework (DRAFT) 25

e 12xel?/2 = v—1(u xu)v

u Xu

Figure 11: Arotation as 2 reflections in vectors u and v, making an angle of Ip/2.

where we used the exponential notation for the geometric product of two unit vec-
tors (I isthe unit 2-blade from u to v). The expression for the rotation is therefore
directly given by the bivector angle, i.e. by angle and rotation plane. An operator
e 19/2 used in this way, is called arotor. Writing out this expression in terms of
the perpendicular component x; (rejection) and the parallel component x; (pro-
jection) of x relative to the I plane gives

rotation over Ip: x — e "/2xe!/? = x| +e7x (40)

(thisisagood exercise, it requiresIx; = x; I'and Ix = —x I; why do these
hold?). So the perpendicular component to the rotation plane is unchanged (as it
should!), and the parallel component becomes pre-multiplied by e, We have
seen in eg.(39) that thisisarotation in the I-plane. (In fact, we could have defined
the higher dimensional rotation by the right hand side of eq.(40) and then derived
the left hand side.)
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5.8 Combiningrotations

Two successive rotations R; and Ry are equivalent to a single new rotation R of
which the rotor R isthe geometric product of the rotors R; and R, since

RoR xR 'R;' = (RyR1)x(Ry R))™' = RxR™".

This applies in 3-dimensional space as well asin 2-dimensional space. Therefore
the combination of rotations is a simple consequence of the definition of the geo-
metric product on rotors, i.e. elements of the form e 19/2 = cos ¢/2 — Isin ¢/2,
withI? = —1. (Wecould allow ascaar factor in the rotor, since the inverse divides
it out; yet it is common to restrict rotor to be normalized to unity — then one can
replace R~ by R, defining the rotation by R x R. Reversion isasimpler (cheaper)
operation than inversion, though the normalization may add some additional com-
putational cost.)

Let's see how it works in 3-space. In 3 dimensions, we are used to specifying
rotations by a rotation axis a rather than by a rotation plane I. The relationship
between axis and plane is given by duality: a = I - I3 = —II; (check that this
indeed gives the correct orientation). Given the axis a, we therefore find the plane
asthe 2-blade I = —aIg1 = al3 = I3a. A rotation over an angle ¢ around an
axis with unit vector a is therefore represented by the rotor e—132#/2,

To compose, say, arotation Ry around the e; axis of 7/2 with a subsequent
rotation Ry over the e axis over w/2, we write out their rotors:

Rl — e—Igelﬂ'/4 _ 1-— €923 and RQ _ 6_13627r/4 _ 1-— €31
V2
The total rotor is their product, and we rewrite it back to the exponential form to
find the axis:

R=RyR; = 5(1—exn)(l—es)=35(1—exy—es —ep)

_% 313 e +es t+e3 _ 6713371—/3
V3

Therefore the total rotation isover theaxisa = (e; + ey + e3)/+/3, over the angle
27r/3. But of course you do not need to decompose the resulting rotor into those
geometrical constituents: you can apply it immediately to a vector x as Rx R~ !,
or even to an arbitrary blade through the formula:

= N

general rotation: X — RXR !
This enables you to rotate a plane in one operation, for instance:
Rler Aex)R™' = 1(1—ey3—e3 —ej2)ern(1+ex3+es +epn) = e

No need to decompose the plane into its spanning vectors first!
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5.9 Quaternions: based on bivectors

You may have recognized the example above as strongly similar to quaternion
computations. Quaternions are indeed part of geometric algebra, in the following
straightforward manner.

Choose an orthonormal basis {e;}?_,. Construct out of that a bivector basis
with elementse s = e; Aey(= e; e2) and cyclic. Note that these elements satisfy:
6%2 = 8%3 = e%l = —1, and €12 €93 = €13 (and CyClIC) and also ejpexz ez = 1.
Infact, setting i = ey3, j = —e3; andk = e, wefindi? = 2 =k>=ijk=—1
and j ¢« = k and cyclic. Algebraically these objects are the quaternions obeying the
quaternion product, commonly interpreted as some kind of ‘4-D complex number
system’. Thereisnothing ‘complex’ about quaternions; but they are not really vec-
tors either (as some still think) — they are just real 2-blades in 3-space, denoting
elementary rotation planes, and multiplying through the geometric product. Visu-
aizing quaternions is therefore straightforward: each isjust a rotation plane with
arotation angle, and the ‘bivector angle’ concept represents that well (the corre-
sponding quaternion is simply its exponential, elevating the bivector angle to a
rotation operator).

5.10 Constructingrotors

For a 2-dimensiona rotation, if you know for certain that a vector e has been
rotated to become avector f (which therefore necessarily has the same norm) by a
rotation in the e A f-plane, it is easy to find arotor that does that:

R=1+fe

(if you want the unit rotor, you need to normalize this). For a 3-dimensiona ro-
tation, if you know an orthonormal frame {e;}?_, which has rotated to the frame
{£;}2_,, then arotor doing that is:

R =1+ fie; + ey + f3e3

(which needs to be normalized if you want a unit rotor). This formula can be
generalized smply to non-orthonormal frames, see [11]. Warning: the formulas
do not work for rotations over 7 (there is then no unique rotation plane!) — but are
very useful elsewhere.

6 Differentiation

Geometric algebra aso has a much extended operation of differentiation, which
contains the classical vector calculus, and much more. It ispossible to differentiate
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with respect to a scalar or a vector, as before, but now also with respect to k-
blades. This enables efficient encoding of differential geometry, in a coordinate-
free manner, and gives an alternative look at differential shape descriptors like the
‘second fundamental form’ (it becomes an immediate indication of how the tangent
plane changes when we dlide along the surface).

Somebody should rewrite classical differential geometry texts into geometric
algebra; but this has not been done yet and it would lead too far to do so in this
introductory paper. Let usjust briefly show the scalar differentiation of arotor, to
demonstrate how the commutation rules of geometric algebra naturally group to a
well-known classical result, which isthen automatically extended beyond vectors.

So, suppose we have arotor R = e~ 1%/2, and useit to produce arotated version
X = RXj R of some constant blade Xy. Scadar differentiation with respect to
time gives (using chain rule and commutation rules):

4x = d(e719/2X,e19/2)

_%%(w)(e*w/?XOeIaﬁ/?) + %(671¢/2X061¢/z)%(1¢)
3(X 5(19) — 4 (1) X)

= Xx g(1¢)

using the commutator product x defined in geometric algebra as the shorthand
Ax B = %(AB — BA); this product often crops up in computations with Lie
groups such asthe rotations. This simple expression which results assumes a more
familiar form when X is a vector x in 3-space, the rotation plane is fixed so that
%I = 0, and we introduce a scalar angular velocity w = %¢. It is then common
practice to introduce the vector dual to the plane as the angular velocity vector w,

0w = wl - I3 = wI/I3. We then obtain:
%X:X‘ é_lt(IGb) =x(wl) = xANw)I3 =wXx

where X isthevector cross product. Asbefore when wetreated the meet and other
operations, we find that an equally simple geometric algebra expression is much
more general; here it describes the differential rotation of £-dimensional subspaces
in n-dimensional space, rather than merely of vectorsin 3-D.

Similar generalizations result for differentiation relative to blades; the inter-
ested reader isreferred to the tutorial of [2], which introduces these differentiations
using examples from physics.

7 Linear algebra

In the classical ways of using vector spaces, linear algebra is an important tool.
In geometric algebra, this remains true: linear transformations are of interest in
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their own right, or as first order approximations to more complicated mappings.
Indeed, linear algebrais an integral part of geometric algebra, and acquires much
extended coordinate-free methods through this inclusion. We show some of the
basic principles; much more may be found in [2] or [10].

7.1 Outermorphisms. spanningislinear

When vectors are transformed by a linear transformation on the vector space, the
blades they span can be viewed to transform as well, simply by the rule: ‘the
transform of a span of vectors is the span of the transformed vectors'. This means
that alinear transformation f : V™ — V'™ on avector space has anatural extension
to the whole geometric algebra of that vector space, as an outermorphism, i.e. a
mapping that preserves the outer product structure:

flag Nag A--- Nay) =f(a)) Af(ag) A+ Af(ag).

Note that this is grade-preserving: a k-blade transforms to a k-blade. To this we
have to add what the extension does to scalars, which issmply: f(a) = «a.

This outermorphism definition has immediate consequences. Apply it to a
pseudoscaar I,,,, which is an m-blade; it must produce another m-blade. But
the linear space of m-blades in m-dimensional vector space is 1-dimensional, so
this must again be amultiple of I,,,. That multiple is precisely the determinant of f
in m-dimensional space:

det(f) = f(L,,)LL.

The determinant is thus simply the change of hypervolume under f. Thisis nothing
new, but it is satisfying that all the usual properties of the determinant, including its
expression in terms of coordinates, follow immediately from this straightforward,
coordinate-free definition.

7.2 Linear transformation of theinner product

The transformation rule for the inner product now follows automatically from the
definition through eq.(7), and is found to be rather more involved:

f(A-B)=F7"(4) -f(B),
where f isthe adjoint of f, defined by
f(A)x B=Axf(B) foradl AandB.

(In terms of matrices on an orthonormal basis, f is the mapping represented by the
transpose of the matrix representing f.)
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7.3 Nonormal vectorsor cross products!

Since the inner product transformation under a linear mapping is so involved, one
should steer clear of any constructions that involve the inner product, especialy in
the characterization of basic properties of one's objects. Therefore the practice of
characterizing a plane by its normal vector — which contains the inner product in
its duality, see Section 3.3 — should be avoided. Under linear transformations, the
normal vector of a transformed plane is not the transform of the normal vector of
the plane! (thisisawell known fact, but always a shock to novices). The normal
vector isin fact a cross product of vectors, which (as you may verify from eq.(21)
and the above) transforms as:

flaxb) =f (a) xf (b)/det(f)

and that is usually not equal to f(a) X f(b). It is therefore much better to char-
acterize the plane by a 2-blade, now that we can. The 2-blade of the transformed
plane is the transform of the 2-blade of the plane, since linear transformations are
outermorphisms preserving the 2-blade construction. Especially when the planes
are tangent planes constructed by differentiation, 2-blades are appropriate: under
any transformation f, the construction of the tangent plane is only dependent on
the first order linear approximation mapping f of f. Therefore atangent plane rep-
resented as a 2-blade transforms simply under any transformation (and the same
applies of course to tangent &-blades in higher dimensions). Using blades for those
tangent spaces should enormously simplify the treatment of object through differ-
ential geometry, especialy in the context of affine transformations — but this has
not yet been done.

8 All you need is blades. models of geometries

So far we have been treating only homogeneous subspaces of the vector spaces,
i.e. subspaces containing the origin. We have spanned them, projected them, and
rotated them, but we have not moved them out of the origin to make more interest-
ing geometrical structures such aslines floating in space.

There is a very nice way of making such basic primitives in geometric alge-
bra. At first it looks like a straightforward embedding of the classical ideas behind
“homogeneous coordinates’, but it rapidly becomes much more powerful than that.
It creates an algebra of points (rather than vectors). We present three models of
Euclidean space, al useful to computer graphics, and show how the geometric al-
gebra of those models implements totally different semantics using the same basic
products (but in different spaces). This goes much beyond resolving the issues
raised in the classical papers by Goldman [6, 7].
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8.1 Thevector space model

The most straightforward model of Euclidean space represents its points by the
trandlation vectors required to get there. We call those position vectors. This rep-
resentation strongly depends on the location of the origin. It iswell known [6] that
this easily leads to bad representations and software which depend heavily on the
chosen origin. It isinappropriate to take the position vectors a and b as ‘being’
the points A and B, and then form new points by addition of their vectors. The
construction a + b cannot represent a geometrical point, for its value changes as
the origin changes, and no geometrically relevant objects should depend on that.

Still, the vector space model of a Euclidean space is appropriate for translation
vectors (the null trandation is specia: it is the identity operation) and for tangent
planesto amanifold (again, the origin is specia since it is where the tangent space
is attached to the manifold). For those, a+ b hasaclear meaning: it isthe resultant
trandation or resultant velocity, of a point. Beyond these applications, one has to
be careful with the vector space model.

The products between vectors are just as much part of the mode as the em-
bedding of the points themselves (this is a point which Goldman [6, 7] neglects
somewhat in his discussion of representations). In the vector space model, they
simply have the meaning we have used throughout this paper: the outer product
constructs the higher-dimensiona proper subspaces; the inner product constructs
the orthogonal complement of subspaces; and the geometric product gives us the
rotation/dilation operator between subspaces. Elementary combinations of these
give us projection and reflection. Note that all these operations are origin-centered
in this model: rotations are around an axis through the origin, reflections are in
planes through the origin, etcetera. It is simple to shift them out of the origin of
course, but algebraically, that isa‘hack’ — it would be much more tidy if we could
find a representation in which those operations are al elementary relationships be-
tween blades (and we will). Even an basic concept like the Euclidean distance
between two points P and @ is a fairly involved expression — we have to form
V/(p —q) - (p — q) to obtain this geometric invariant. It would be much nicer if
this elementary concept were one of the elementary products.

The vector space model, then, contains a lot of the basic elements to do Eu-
clidean geometry, especially when we consider its full geometric algebra of higher
dimensional subspaces. But we can do better, tidying up the algebra by embedding
Euclidean geometry of E™ in a space of more than m dimensions and using the
geometric algebra of that space to describe the Euclidean objects and operators of
interest.
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8.2 Thehomogeneous model

We can get rid of the special nature of the origin, by (paradoxicaly!) introducing a
vector representing it. To represent an m-dimensional Euclidean space E™ in this
way, we must introduce an extra dimension and obtain an (m + 1)-dimensional
representation space. This is the familiar homogeneous model or affine model of
the vector space.

8.2.1 Pointsasvectors

Let the unit vector for the extra dimension be denoted by ey. This vector must be
perpendicular to all regular vectorsin the Euclidean space E™, s0 ey - x = 0 for all
x € E™. Welet ey denote ‘the point at the origin’. A point at any other location p
is made by trandation of the point at the origin over p. Thisis done by adding p
to eq. This congtruction therefore gives the representation of the point at location
p asthe vector p in (m + 1)-dimensiona space:

p=¢€+ P

This is no more than the usual homogeneous coordinates;, we have extended the
m-dimensional vector by an eq-coordinate to make an (m+1)-dimensional vector
capable of representing a point in m-dimensional space.

We will denote vectorsin the m-dimensional Euclidean spacein bold, and vec-
torsin the (m + 1)-dimensional model initalic. You can visualize this construction
asin Figure 12a (necessarily drawn for m = 2).

8.2.2 Off-sat flats asblades

Now let uslook at how we can interpret the higher grade elements of the geometric
algebra of this (m+1)-dimensional space. A vector in (m + 1)-space is apparently
the representation of a point in E™, i.e. a0-dimensiona affine subspace element.
What does a 2-blade p A ¢ formed by two vectors p and ¢ represent, in other words,
what is the semantics of the outer product in this homogeneous model? We com-
pute

pANg=(eo+pP)A(eo+q) =eA(q—p)+PAg

We recognize the vector q — p, and the area spanned by p and q. Both are el ements
which we need to describe an element of the directed line through the points p and
g. Theformer isthe direction vector of the directed line, the latter is an areawhich
we will call the moment of the line through p and ¢. It denotes the distance to the
origin, for we can rewrite it to a rectangle spanned by the direction (q — p) and
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Figure 12: Representing offset subspaces of E™ in m + 1-dimensional space.

any vector on the line, such as p or %(p + q) or the perpendicular support vector
d:

PAq=pA(q-p)=+(p+a)A(a—p)=dA(q-Dp) (41)

whered isdefinedby d A (q — p) = pAqandd- (q— p) = 0. (These equations
can be solved using the geometric product to give: d = (p A q)(q — p) ™!, anice
example of the use of division by vectors.)

So the outer product p A ¢ can be used to represent a directed line e ement of
the line pg. However, note that p A ¢ is not aline segment: neither p nor ¢ can be
retrieved from p A ¢. The 2-blade is just aline element of specified direction and
length, somewhere along the line through p and ¢ (in that order).

Asablade, we can use p A ¢ to give an equation for the whole line: a point «
ison the line through p and ¢ if and only if z A (p A ¢) = 0. Let’s verify that:

rApANg=egAN(PAQ—XA(qQ—P))+XAPAQq (42)

This is zero if and only if two conditions hold: (1) x A (q — p) = pAq =
pA(q—p), sothat x = p + A(q — p) which isindeed the usua line equation;
and (2) x A p A q = 0 —but this holds when we have satisfied the first condition.

Geometrically, apoint  lies on the line through p and ¢ if the vector z in the
homogeneous maodel lies in the plane spanned by p and ¢: €q.(42) is the state-
ment that they span no volume. This is depicted in Figure 12b or c. You see
that the geometry of homogeneous subspaces of 3-space is a faithful representa-
tion of the geometry of offset subspaces in 2-space. In the classical homogeneous
model, one can only use this fact for the representation of points, since with vec-
tors one can only span 1-dimensional subspaces representing O-dimensional offset
subspace. With geometric algebra, we can suddenly use this idea to describe any
affine (i.e. offset) subspace. We simply continue this construction: an element of
the oriented plane through the points p, ¢ and r isrepresented by p A ¢ A r, and so
on for higher dimensional ‘offset’ subspaces — if the space has enough dimensions
to accommodate them.
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8.2.3 Equivalence of alternative characterizations

A specid and rather satisfying property of this construction is its insensitivity to
the kind of objects we use to construct the subspace. Of course the element of the
line through p and ¢ is determined by two points, or by a point and a direction. We
would normally think of those as different constructions. However, in geometric
algebra

pAg=pA(q—p) (43)

(verify this!). So the two are exactly equal, they produce the same element by the
same operation of ‘taking the outer product’. Moreover, theintrinsic ‘dliding’ sym-
metry of the support vector (any of p+ A(q — p) can be used) is also automatically
absorbed in the representation p A ¢ dueto the‘diding’ symmetry of the outer prod-
uct term p A q init. For instance, we may rewriteitaspAq = 3(p+q) A (q—p),
showing that the midpoint %(p + q) isonthe carrier line. Wehavein p A ¢ just the
right mixture of specificity and freedom to denote the desired geometric entity.

You may verify that in general, a k-dimensiona subspace element B deter-
mined by the points at locations pg, - - - py IS represented in the homogeneous
model by the (k + 1)-blade

B=poA---Apy

and that this is equivalent, by the rules of computation for the outer product, to
specifying it by apoint and k directions

B =po A (Pt —Po) A+ A(Pr — Po)

or any intermediate form specifying some positions and some directions. It issatis-
fying not to have to make different data-structures for those many ways of specify-
ing thissingle geometrical object; the ‘ constructor’ A takes care of it automatically.
Testing of equivalence of various objects is therefore much ssimplified. The paper
[12] goes on to use this to develop a complete ‘simplicial calculus for simplices
specified in this manner, deriving advanced results in a highly compact algebraic
and computational manner.

8.2.4 Intersection and incidence

The meet and join operations can be applied immediately to blades in the homo-
geneous model, and return blades representing the intersection and union of the
corresponding Euclidean entities. Of course meet and join should be implemented
as basic operations, but it pays to look in a little more detail how the various ele-
ments of the Euclidean results are packaged in a single homogeneous result, to get
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afeeling for the power of the representation. To do so we consider separate cases
— but we emphasize that the meet and join themselves do not show such a breakup
in cases explicitly: they are handled completely internally and automatically.

¢ line and hyperplane
When intersecting a line with a hyperplane in general position (two lines
in 2-space, a line and a plane in 3-space), the meet produces the unique
intersection point, weighted by an ‘intersection strength’ denoting how per-
pendicular the intersection is, and hence how significant numerically.

Let the line be p A u, and the hyperplane ¢ A V, both in general position in
m-~dimensional space with pseudoscalar I. Then their join isT,,, and we get
for their meet after some rewriting:

(pAu)N(gAV) = eu*-V+(pAu)-V—-u"-(VAQ)
(duality relative to I,,,), and this therefore represents the point at location

(pAuw)"-V—-u*-(VAQ)
u*-V

So we obtain a clear geometrical entity as a result of such a meet, as long
asu* -V # 0; whichisthe demand u A 'V # 0 equivaent to the linear
independence demand usually expressed as a determinant in the classica
treatment. Note how the point isfully expressible in closed form, using only
basic geometric operations.

e parallel lines
Geometric algebra still gives consistent results when we compute the meet
between subspaces that do not geometrically intersect in the classical sense.

For instance, between two parallel linesp A u and ¢ A u, in a plane with
2-blade T determining their join and the corresponding duality, we get (after
some rewriting):

(pAu)N(gAu)=((p—q)Au)'y,

exhibiting the common directiona part u, weighted by a scalar magnitude
proportional to the distance of thelines. Thisisstill clearly interpretable, and
more importantly, one can continue to compute with it since it is a regular
element of the algebra. Itsonly unusual aspect isin its interpretation, not in
its computational properties.



36 Leo Dorst and Stephen Mann

e skew lines
Similarly, by adirect computation (see [4]), you may establish that two skew
linesp Auand g A vin3-dimensional space (which therefore have ajoin of
eo A I3 in the homogeneous model), have a meet of

pAw)N(gAV)=(p—a) AuAv)”

(with duality relative to Is). Thisis a scalar, proportiona to the perpendic-
ular signed distance between the two lines (weighted by the meet of their
directionsuNv = (u A v)/I in their common plane I,,).

These examples suggest that the meet is not just an intersection operation: itisa
genera incidence operation, which computes the highest order geometric object in
common between its arguments. That may be an actual offset subspace (as in the
first example), or the scalar distance, possibly as a factor for common directional
elements. All are legitimate outcomes in the full framework of geometric algebra,
and we have to learn how to write algorithms using this new and stronger notion of
incidence in its computation —it would prevent the splits into the different kinds of
incidence which are required in the classical approach, and which are the potential
source of SO many errors.

8.3 Theconformal model

A recently developed mode! of Euclidean space E™ isthe conformal model V11,
This is a true algebra of points, or rather, an algebra of spheres (with points be-
ing spheres of zero radius). Again, points at locations p and q are represented
by vectors p and ¢ in the model, but now in a manner such that the inner product
represents their Euclidean distance:

p-qg=—-%(p—q)’ (44)

In particular, p - p = 0, so that points are represented by vectors which have —
in their representative space — a zero norm! To do this and still have a complete
geometric algebra requires two extra dimensions, so an m-dimensional Euclidean
space is now represented using the geometric algebra of an (m + 2)-dimensional
space. Moreover, one of these extra dimensions is represented by a basis vector
which squares to —1 (such spaces are known as Minkowski spaces).

A useful basis for this space is: an orthonormal basis for the Euclidean space
embedded in it, and the vectors ey and e, to represent the point at the origin, and
the point at infinity, respectively. Thetwo satisfy: eg-eo, = 1, they are null vectors:
eo - ep = 0 and ey - €50 = 0, and they are orthogonal to the Euclidean subspace,
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sothat eg - x =0 and e, - x = 0 for any x € E™. The representation of a point p
of Euclidean space in this conformal model is the vector:

p=eo+p—ip’ex
(or ascalar multiple). You may verify that p? = 0, and that

P q=(co+P—3P o) (c0+q—3q’ec) = —3q°+p-q—3p° = —3(q—p)°
as desired.

Any point x on the hyperplane perpendicularly bisecting the line segment pqg
satisfies (x — p)? = (x — q)?, and therefore:

z-(q—p)=0.

It followsthat ¢ — p = (q — p) — 3(q> — p?) e~ dually represents the midplane of
p and ¢, see eg.(20). In general, a hyperplane with orthogonal support vector d is
(dually) represented by the vector

d=d ' — ey

or any multiple of it, such asn — de,, with n its normal vector and ¢ the support
along n of the hyperplane. You may verify that the equation = - d = 0 is indeed
equivalent to the normal hyperplane equation x - n = 4.

8.3.1 Spheresareblades

The direct expression of the Euclidean distance by the inner product in eq.(44)
implies that the equation

__12
TCc=—5p

isthe equation of a sphere with radius p and center c. We rewrite this to
x on sphere with radius p and center ¢ <= - (c + $p%e) =0,

so this shows that the vector ¢ + % p? dually represents a sphere. Where the ho-
mogeneous maodel can be used to code a hyperplane by a homogeneous normal
vector, the conformal model (dually) represents a complete sphere by a single rep-
resentative vector! In the conformal model, (dual) spheres are basic elements of
computation. We get an algebra of spheres; apoint isjust a (dual) sphere of radius
zero.

The direct (rather than dual) representation of a sphere is through the wedge
product: spheres are blades in the conformal model. This is obvious since the
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dual of the vector ¢ + 3p%e., isan (m — 1)-blade in the (m + 2)-dimensional
representation space. So, we have:

x onspherethrough p, ¢, 7, s <= xA(pAgArAs)=0.

Moreover, the two representations are exactly dual in the conformal representa-
tion, so we can compute the center and radius of a sphere given by four points
immediately through using:

p/\q/\T‘/\S:(C-f—%,OQeoo)*

Itisvery satisfying that these two totally different specifications of a sphere should
be literally duals of each other, i.e. perpendicular to each other in the representative
space of the conformal model. It is aso a very pleasant surprise that the very
complicated symmetries of four points determining the same sphere are simply
reduced to the anti-symmetry of the outer product (as were the symmetries of the
support vectors of hyperplanes in the homogeneous model). Spheres are not really
new objects requiring totally new products — aslong as you treat them in their own
algebra, they behave just like subspaces.

We note that p A ¢ isa 1-dimensional sphere, i.e. the computational represen-
tation of a point pair. In contrast to the homogeneous model, p A ¢ now really has
the semantics of alocalized line segment rather than merely aline element.

8.3.2 Intersection of spheres

In the homogeneous model we saw that a factorization like eq.(43) gave litera
equivalence of the same geometric object specified in different ways. Such simpli-
fications also occur in the conformal model. Indeed, the dua equivaence of the
sphere specifications just treated can be used in this way. Another example is the
intersection of two spheres, which should produce acircle in awell-defined plane.
Let ustake asimple example, equal sized spheres of radius p at opposite sides +c¢
of the origin. The dual of their intersection is computed as the outer product of
their duals, which can then be rewritten in more convenient form:

(e0 — € — 3(c?—p?)exs) A (€0 + € — 2(c*—p?)ess) = 2¢ A (e + 5(c*—p?)ex)

The right hand side is immediately recognizable as the dual of the intersection of
a hyperplane with normal ¢ through the origin (its dual representation is ¢) with a
sphere at the origin of radius c? — p2. So these two alternative representations of the
intersection circle are just two factorizations of the element of geometric algebra
representing it (many other factorizations exist). Note how we can compute directly
with spheres and planes rather than with equations asserting properties of points
onit.
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8.3.3 Unification of trandations and rotations

The conformal model unites rotations and trandations in a satisfying manner: both
are representable as the exponent of a 2-blade. We have seen that the rotations
require a 2-blade I/2 denoting a plane in the Euclidean space, and that a rotation
can then be represented as

rotation: x > e 19/2x19/2,

A trandation turns out to be representable as the exponent of a 2-blade e, A p/2
containing the point at infinity and the tranglation vector p. Because e, squares to
zero and commutes with p, we obtain

efoP/2 = 1 4 €coP/2.

You can now use this to verify that the trandlation of the point at the origin (repre-
sented by eg) indeed gives the point at p:

—esoP/2 2 2
p=e “PlPege=P/? = ¢ 4+ p - 3P oo

Having rotations and trangdlations in the same form permits a concise treatment of
rigid body motions, presenting new unifying insights in traditional representations
such as screws [9]. This may well transfer them from theoretical mechanics to
practical computational geometry, as the next refinement after quaternions.

9 Conclusion

This introduction of geometric algebra intends to alert you to the existence of a
limited set of products that appears to generate all geometric constructions in one
consistent framework. Using this framework can simplify the set of data structures
representing objects since it inherently encodes all relationships and symmetries
of the geometrical primitives in those operators (an example was eg.(41)). Also,
it could serve as a straight-jacket for the specification of geometric agorithms,
preventing the unbridied invention of new operations and objects without clear
and clean geometrical meaning, or well-defined relationships to other objects in
the application. If our hopes are correct, this straight-jacket would actually not
be a limitation on what one can construct; rather it contains precisely the right
set of operations to provide a precise language for arbitrary constructions. The
basic operations even have the power to model the geometry of spheres and their
interactions; thus the same syntax admits of varied semantics.

That such a system exists is a happy surprise to al learning about it. Whether
it is aso the way we should structure our programming is at the moment an open



40 Leo Dorst and Stephen Mann

guestion. Use of the conformal model would require representing the computa-
tions on the Euclidean geometry of a 3-dimensional space on abasis of 2312 = 32
elements, rather than just 3 basis vectors (plus 1 scalar basis). It seems ahard sell.
But you often have to construct objects representing higher order relationships be-
tween points (such aslines, planes and spheres) anyway, even if you do not encode
them on such a‘basis. Also, our investigations show that perhaps al one needs
to do al of geometry are blades and operators composed of products of vectors;
the product combinations of this limited subset can be optimized in time and space
requirements, with very little overhead for their membership of the full geometric
algebra. That automatic membership would enable us to compute directly with
lines, planes, circles and spheres and their intersections without needing to worry
about specia or degenerate cases, which should eliminate major headaches and
bugs. We also find the coordinate-free specification of the operations between ob-
jectsvery attractive; relegating the use of coordinates purely to the input and output
of geometric objects banishes them from the body of the programs and frees the
specification of algorithms from details of the data structures used to implement
them. Such properties makes geometric programs so much more easy to verify,
and — once we have learned to express ourselves fluently in this new language —to
construct.

We are currently investigating these possibilities, doing our best to make the
geometric algebra approach a reasonable alternative. The main delay now is that
the algebra dictates a new way of thinking about geometry which requires one to
revisit many old constructions. This takes time, but is worthwhile since it appears
to simplify the whole structure of geometric programming. At the very least, we
would hope geometric algebra to be a useful meta-language in which to specify
geometric programs; but the proven efficiency of quaternions, which are such a
natural part of geometric algebra, suggests that we might even want to do our low-
level computations in this new computationa framework.

10 Further reading

There is a growing body of literature on geometric algebra. Unfortunately much
of the more readable writing is not very accessible, being found in books rather
than journals. Little has been written with computer science in mind, since the
initial applications have been to physics. No practical implementations in the form
of libraries with algorithms yet exist (though there are packages for Maple [1] and
Matlab [5] which can be used as a study-aid or for algorithm design). We would
recommend the following as natural follow-ups on this paper:

e GABLE: aMatlab package for geometric algebra, accompanied by atutorial
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[5].
Theintroductory chapters of ‘New Foundations of Classical Mechanics' [8].
Anintroductory course intended for physicists [2].

An application to abasic but involved geometry problem in computer vision,
with a brief introduction into geometric algebra [11].

A paper showing how linear algebra becomes enriched by viewing it as a
part of geometric algebra: [10].

If you read them in approximately this order, you should be aright. We are work-
ing on texts more specifically suited for a computer graphics audience; these will
probably first appear as SIGGRAPH courses.
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