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ABSTRACT

This paper presents a geometric approach to derive a consistent joint solu-

tion of a six-joint PUMA! robot. The approach calis for the definition of various
possible arm configurations based on the link coordinate systems and human arm
geometry. These arm configurations are then expressed in an exact mathematical
way to allow the construction of arm configuration indicators and their
corresponding decision equations. The arm configuration indicators are prespeci-
fied by a user for finding the joint solution. These indicators enable one to find a
solution from the possible four solutions for the first three joints, and a solution
from the possible two solutions for the last three joints. The solution is calcu-
lated in two stages. First a position vector pointing from the shoulder to the
wrist is derived. This is used to derive the solution of the first three joints by
looking at the projection of the position vector onto the x;,-y;, (i = 1,2,3) plane.
The last three joints are solved using the calculated joint solution from the first
three joints, the orientation matrices, and the projection of the link coordinate
frames onto the x, ;-y,, (i = 4,5,6) plane. From the geometry, one can easily find
the arm solution consistently. Computer simulation study conducted on a VAX-
11/780 computer demonstrated the validity of the arm solution.

This work was supported in part by the Robot Systems Division of the Center for Robotics and Integrated
Manufactuning (CRIM) at The University of Michigan, Ann Arbor, MI. Any opinions, findings, and conclusions or recom-
mendations expressed in this article are those of the authors and do not necessarily reflect the views of the funding agen-
cy.

! PUMA is a trademark of Unimation Inc.
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1. INTRODUCTION

An industrial robot is a general purpose manipulator having several rigid
links connected in series by revolute or prismatic joints driven by actuators.
One end of the chain is attached to a supporting base while the other end is free
and attached with a tool to manipulate objects or perform assembly tasks. The
motion of the joints results in relative motion of the links. Since the robot servo
system requires the reference inputs to be in joint coordinates and a task is gen-
erally stated in terms of the Cartesian coordinate system, controlling the posi-
tion and orientation of the end-effector of a robot arm to reach its object
requires the understanding of the kinematic relationship between these two coor-
dinate systems.

The kinematics problem usually consists of two subproblems - the direct
and inverse kinematics problems. The direct kinematics problem is to find the
position and orientation of the end effector of a manipulator with respect to a
reference coordinate system, given the joint variable vector q7 = (q;, ¢, - - - , gn)
of the robot arm and the various geometric link parameters, where superscript T
on vectors and matrices denotes a transpose operation, and » is the number of
degree-of-freedom. The inverse kinematics problem (or arm solution) is to cal-
culate the joint variable vector q for positioning the end-effector of the robot
arm at the desired position with the desired orientation, given the position and.
orientation of the end effector with respect to the reference coordinate system
and the various geometric link parameters. This paper is concerned with the
inverse kinematic analysis of simple manipulators consisting of six rotary joints.

In general, the inverse kinematics problem can be solved either by alge-
braic, iterative, or geometric approach. Several investigators have attempted to
solve the problem for the PUMA and Stanford robot arms using the algebraic
approach [1]-[6]. This approach suffers from the fact that the solution does not
give a clear indication on how to select the correct solution from the several pos-
sible solutions for a particular arm configuration. The user often needs to rely
on his/her intuition to pick the right answer. The iteration solution [7-8] often
requires more computations and it does not guarantee convergence to the
correct solution, especially in the singular and degenerate cases. Furthermore,
there is no indication on how to choose the correct solution for a particular arm
configuration.

If the manipulator under consideration is simple, that is the geometry of
the first three joints has revolute or prismatic pairs and the last three joint axes
intersect at a point {1}, then the geometric approach presents a better approach
for obtaining a closed form solution. This paper presents a geometric approach
in solving the inverse kinematics problem of a simple robot arm with rotary
joints. The approach calls for the definition of various possible arm configura-
tions based on the link coordinate systems and human arm geometry. These

Inverse Kinematics for Puma Robots 2
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arm configurations are then expressed in an exact mathematical way to allow
the construction of three arm configuration indicators (ARM, ELBOW, and
WRIST) and their corresponding decision equations. With the assistance of the
configuration indicators and the arm geometry, one can easily find the arm solu-
tion consistently. The validity of the arm solution was simulated on a VAX-
11/780 computer. With appropriate modification and adjustment, the user can
generalize and extend the method to most present day industrial robots with
rotary joints and obtain the arm solution easily.

2. LINKS, JOINTS, AND COORDINATE TRANSFORMATION

To describe the translational and rotational relationship between adjacent
links, a Denavit-Hartenberg matrix representation [9] for each link is used and
shown in Figure 1. From Figure 1, an orthonormal coordinate frame system (
x;,¥:,2; ) 1s assigned to link :, where the g, axis passes through the axis of motion
of joint i+1, and the x; axis is normal to the z,, axis pointing away from it,
while the y, axis completes the right hand rule. With this orthonormal coordi-
nate frame, link ¢ is characterized by two parameters: q;, the common normal
distance between the z,, and z; axes and ¢;, the twist angle measured between
the z,, and gz, axes in a plane perpendicular to a,. Joint i which connects link i-1
to link i is characterized by a distance parameter 4; measured between the x,;
and x; axes and a revolute joint variable ¢; which is the joint angle between the
normals and measured in a plane normal to the joint axis. If joint iis prismatic,
then it is characterized by an angle parameter ¢; and a joint variable 4.

Once the link coordinate systems have been established for each link, a
homogeneous transformation matrix, A, can easily be developed relating the *
coordinate frame to the i-1*% coordinate frame. Using the A, matrix, one can
relate a point p; at rest in link i and expressed in homogeneous coordinates with
respect to the i* coordinate system to the i-1* coordinate system established at
link (i-1) by:

Pii = AL p; (1)

where p;y = (209, #i, 201, DT 5 pi= (%, 4i, 2, DT

cosfd; — cosa,sinf; sina;sinf; a;cosd;

sinf; cose;cosf; - sina;cosd; a;sind; (2)
o= ) . .
a=1| g sin @ cosa; d; ; for a rotary joint
0 0 0 1

3 Inverse Kinematics for Puma Robots
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link i-1

Z.2

Joint i+1

S Joint j=1

Figure 1 Link Coordinate System and Its Parameters

With the basic rules for establishing an orthonormal coordinate system for
each link and the geometric interpretation of the joint and link parameters, a
procedure for establishing conssstent orthonormal coordinate systems for a robot
is outlined in [5]. An example of applying this algorithm to a six-joint PUMA
robot arm is given in Figure 2. The six A;; homogeneous transformation
matrices for the PUMA robot shown in Figure 2 are listed in Figure 3.

Inverse Kinematies for Puma Robots 4
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PUMA Robot Link Coordinate Parameters
Jointi | oy ay d; Range
1 80 | -90 0 (¢} -160 to +160
2 0 0 | 431.8 mm 149.09 mm -225 to +45
3 g0 80 | - 20.32 mm 0 -45 to +225
4 0 [ -90 0 433.07 mm | =110 to +170
5 0 90 0 0 -100 to +100
6 0 0 0 56.25 mm | -266 to +266

Figure 2 Link Coordinate Systems For A PUMA Robot

5 Inverse Kinematics for Puma Robots
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Cl 0 _Sl 0 CQ —Sg 0 (1)) Cg 03 0 S3 a3 03
1 Sl 0 01 0 9 Sz 02 0 0252 3 53 0 —03 0353
As=15 3 00| AM=f0 01 4| AT]o1 0 o

6 0 0 1 0 06 0 1 6 0 O 1
Cy G -5, 0 C: 0 S O Ce -5 0 0
S 0 Cy 0 S 0 -C; O S Cg 00
A34= A45= A56=
¢ -1 0 4, 01 0 O 0 0 1 dg
0 0 0 1 ¢ 0 0 1 0 0 01

where C; = cosé, ; S;= sin¥;

Figure 3 Coordinate Transformation Matrices For The PUMA in Figure 2

3. KINEMATIC EQUATIONS FOR MANIPULATORS

The homogeneous transformation matrix T, which specifies the position
and orientation of the i* coordinate frame with respect to the base coordinate
system is the chain product of successive homogeneous transformation matrices

of A}y, expressed as:

_ ’ X, ¥i % Py . (3)
Td=Ad A? - -~ ,_,—HIA,"_l— 000 1| sfori=12---,n
’—-

Specifically for i=n, we obtain the T matrix, T = T¢", which specifies the posi-
tion and orientation of the end-point of a manipulator with respect to the base
coordinate system. This T matrix is used so frequently in the kinematic analysis
of robot arm that it is called the arm matrix”. Consider the T matrix to be of
the form:

n; 8; 6; Pg

Xpn ¥n Zn Pa nsap Ny 8y 8y Py (4)
T=10 0 0 1 000 1] = |n, s 6, p,

0 06 0 1

Inverse Kinematics for Puma Robots 6
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where (see Figure 4):

n is the normal vector of the hand. Assuming paraliel-jaw hand, it is orthogo-
nal to the fingers of the robot arm.

s Is the sliding vector of the hand. It is pointing in the direction of the finger
motion as the gripper opens and closes.

a is the approach vector of the hand. It is pointing in the direction normal to
the palm of the hand. (i.e., normal to the tool mounting plate of the arm.)

p is the position vector of the hand. It points from the origin of the base coor-
dinate system to the origin of the hand coordinate system, which is usually
located at the center point of the fully closed fingers.

The elements of the arm matrix for the PUMA robot arm shown in Figure 2 are
found to be

X0

Figure 4 Hand Coordinate System and [n,s,a]

7 Inverse Kinematics for Puma Robots
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ng = C1|Co3(CsCs5Cs - 545) ~ 52355 Ce] — $1{54C5Ce + €455
ny = 51| Co3(Cy C5Ce — 5485) — 52355 Ce| + C1]S4C5C6 + €4Sl (5)
n, = —S3| C4CsC — S4S| — C2355Cp

8, = Cy|-Co3(CyCsS + S4Cs) + S238555] - S1|-84C58% + C4C
sy = S1[-Ca3(Cy CsS5 + S4C6) + S23555) + C1[-54CsS + CyCe) (6)
8, = $3(C4Cs55% + 51C¢) + C235: 5

8, = C1(Co3CyS5 + S23C5) - 515455
ay = 51(C23CySs + 523C5) + C15455 (7)
o, = ~53CyS5 + Co3C;

pr = C1|de(C23CsSs + $3C5) + Sazdy + a3Co3 + 02Cs] — 51(dsS4Ss + d2)
py = Si|dg(Ca3CySs + Sp3C5) + Spady + a3Co3 + a3C] + C1(d55,S5 + dy) (8)
pr= dg(Ca3Cs — Sp3C4Ss5) + Cogdy — 63525 — 625,

where C; = cosé; ; S;=sinf; ; Cy=cos(b; + §;) ; Sy==sin(6; + 6;).

4. THE INVERSE KINEMATICS SOLUTION OF A PUMA ROBOT ARM

This section presents a geometric approach to derive a consistent joint
angle solution of a PUMA robot given the arm matrix as in Eq. 4. Based on the
link coordinate systems and human arm geometry, various arm configurations of
a PUMA robot can be identified with the assistance of three configuration indi-
cators (ARM, ELBOW and WRIST) - two associated with the solution of the
first three joints and the other with the last three joints. For a six-joint PUMA
robot arm, there are four possible solutions to the first three joints and for each
of these four solutions there are two possible solutions to the last three joints.
The first two configuration indicators allow one to determine one solution from
the possible four solutions for the first three joints. Similarly, the third indica-
tor selects a solution from the possible two solutions for the last three joints.
The arm configuration indicators are prespecified by a user for finding the
inverse solution. The solution is calculated in two stages. First a position vec-
tor pointing from the shoulder to the wrist is derived. This is used to derive the
solution of each joint i (i= 1,2,3) of the first three joints by looking at the

Inverse Kinematics for Puma Robots 8
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projection of the position vector onto the x,,-y,; plane. The last three joints
are solved using the calculated joint solution from the first three joints, the
orientation submatrices of T¢and A}, (i = 4,5,6), and the projection of the link
coordinate frames onto the x.;-y,; plane. From the geometry, one can easily
find the arm solution consistently. As a verification of the joint solution, the
arm configuration indicators can be determined from the corresponding decision
equations which are functions of the joint angles.

4.1. DEFINITION OF VARIOUS ARM CONFIGURATIONS

For the PUMA robot arm shown in Figure 2 (and other rotary robot
arms), various arm configurations are defined according to human arm
geometry and the link coordinate systems which are established using the algo-
rithm in [5] as: (Figure 5)

RIGHT (shoulder) ARM: Positive 6, moves the wrist in the positive 2,
direction while joint 3 is not activated.

LEFT (shoulder) ARM: Positive 6, moves the wrist in the negative 2
direction while joint 3 is not activated.

ABOVE ARM (elbow above wrist): Position of the wrist of the

I},]EGFI‘{T arm with respect to the shoulder coordinate system has

negative : :
pasitive} coordinate value along the yo-axis.

BELOW ARM (elbow below wrist). Position of the wrist of the

?EP{{T arm with respect to the shoulder coordinate system has

positive . e
neg m-ve} coordinate value along the y,-axis.

WRIST DOWN: The s unit vector of the hand coordinate system and
the y; unit vector of the (x;,ys,25) coordinate system have a posi-
tive dot product.

WRIST UP: The s unit vector of the hand coordinate system and the
ys unit vector of the (x;,ys;,25) coordinate system have a negative
dot product.

(Note that the definition of the arm configurations with respect to the link coor-
dinate systems may have to be slightly modified if one uses different link coordi-
nate systems.)

With respect to the above definition of various arm configurations, two
arm configuration tndicators (ARM and ELBOW) are defined for each arm
configuration. These two indicators are combined to give one solution out of

9 Inverse Kinematics for Puma Robots
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-, Q 0

LEFT and ABOVE Arm

RIGHT and ABOVE Arm

\J

LEFT and BELOW Arm

RIGHT and BELOW Arm

Figure 6. Definition of Various Arm Configurations

Inverse Kinematics for Puma Robots 10



RSD-TR-1-83

the possible four joint solutions for the first three joints. For each of the four
arm configurations (Figure 5) defined by these two indicators, the third indica-
tor (WRIST) gives one of the two possible joint solutions for the last three
joints. These three indicators can be defined as:

{+1 : RIGHT arm (9)
ARM=\ _{ . LEFT arm

+1 ; ABOVE arm (10)

ELBOW={ -1 ; BELOW erm

+1 ; WRIST DOWN (11)

WRIST={ _1 ; WRIST UP

In addition to these indicators, the user can define a "FLIP” toggle as:

+1 ; Flip the wrist orientation (12)
FLIP = : . . .
-1 ; Do not flip the wrist orientation

The signed values of these indicators and the toggle are prespecified by a user
for finding the inverse kinematics solution. These indicators can also be set
from the knowledge of the joint angles of the robot arm using the correspond-
ing decision equations. We shall later give the decision equations that deter-
mine these indicator values. The decision equations can be used as a verifica-
tion of the inverse kinematics solution.

4.2. ARM SOLUTION FOR THE FIRST THREE JOINTS OF A PUMA
ROBOT ARM

From the kinematics diagram of the PUMA robot arm as in Figure 2, we
define a position vector p which points from the origin of the shoulder coordi-
nate system (x,,yo,50) to the point where the last three joint axes intersect as
(see Figure 4):

P =Ps - s = (Ps; Py, Pz)T (13)

which corresponds to the position vector of Ty

11 Inverse Kinematics for Puma Robots
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Ci{ 820y + 63Co3 + dyS3) - S

Ps (14)
pyl = |Si[02Co + 8305 + dySo3) + Gy
Pz d4Co3 — 83593 — 625

Joint One Solution. If we project the position vector p onto the x;-y,
plane as in Figure 6, we obtain the following equations for solving ¢;:

bf=¢-a; 0f=n+¢+a (15)

r=Vpitpi-a¢ ; R=pi+p] (16)

sin¢ = —%y ; cosp = -%z- (17)
o d i _r 18
sina = 7 cosa = 7 ( )

where the superscript L/R on joint angles indicates the LEFT/RIGHT arm con-
figurations. From Eqgs. 15-18, we obtain the sine and cosine functions of ¢, for
LEFT/RIGHT arm configurations:

sinf = sin (¢ — @) = sinpcosa — cos psina = ﬁi—;;;ﬁ (19)
cosft = cos(¢ — o) = cospcosa + singsina = —’Z:I:Tp"fz- (20)
sin ;" = sin(7 + ¢ + o) = -—-py—’;-;id-z— ‘ (21)
cosff = cos(r + ¢ + o) = :-M-—R-;M (22)

Inverse Kinematies for Puma Robots 12



RSD-TR-1-83

X,—Yo plane

L (szpy)
OA = d2

AB =r =~/pZ ¥ pg —d%

OB = Px+Py£

B

// ZIB=r=\/;TX2+py2 d3
/-
/ - 2T p2
[T+ ¢+ » OB = VPx TPy
\ Xo

\

\

\___’/

RIGHT Arm

Figure 6. Joint One Solution

13 Inverse Kinematics for Puma Robots
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Combining Egs. 19-22 and using the ARM indicator to indicate the
LEFT/RIGHT arm configuration, we obtain the sine and cosine functions of 6,
respectively:

- ARM - PyV Ps + Py — 45 — pidy (23)

sinf; =
! pf + p¢
— ARM : poN/ps + pg-ds +
cosfy = P:VPs + - + pyd (24)

pi + pf

where positive square root is taken in these equations and ARM is defined as in
Eq. 9. In order to evaluate 4, for -n <46, <=, an arc tangent function,

atan2(L ), which returns ta.n’l(-z— ) adjusted to the proper quadrant will be used.
It is defined as:

0°< 8 <90° ; for +zand +y o
80° < ¢ < 180° ; for ~zand +y (25)
6 = atan2(L ) = :
z -180° < § < -90° ; for—zand —y
90°< 9<0° ; for+zand-y
From Eqs. 23 and 24, and using Eq. 25, ¢, is found to be:
- ARM - Py Pz + Py - dy — pydy (26)

sin 91
6, = atan2

= gf
p—s ] atan?

~ARM - p\pZ + pZ - & + pydy |

Joint Two Solution. To find joint 2, we project the position vector p onto
the x;-y; plane as shown in Figure 7. From Figure 7, we have four different
arm configurations. Each arm configuration corresponds to different values of
joint two as:

Inverse Kinematies for Puma Robots 14
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Arm Configurations 05 ARM ELBOW ARM - ELBOW
LEFT and ABOVE arm a-p -1 +1 -1
LEFT and BELOW arm a+f -1 -1 +1
RIGHT and ABOVE arm a+p +1 +1 +1
RIGHT and BELOW arm a-8 +1 -1 -1

where 0° < o < 360° and 0° < 8 < 90°.

Table 1. Various Arm Configurations for Joint Two

From the above table, 6, can be expressed in one equation for different
arm and elbow configurations using the ARM and ELBOW indicators as:

fp=a+ (ARM - ELBOW)f=oa+ K- 8 (27)

where the combined arm configuration indicator K = ARM - ELBOW will give an
appropriate signed value and the "dot” represents a multiplication operation
on the indicators. From the arm geometry in Figure 7, we obtain:

R=\pl+pi+p2-& ; r=\pi+ps-& (28)

Dz P: (29)

sine = — = -

R VPz+Py+Pz"d2

ARM - r _ARM' ps + py - 43 (30)

=

R VP:+Py+Pz"d2

CoOsS(x = -

of + B -(di+af) _pl+pg+ol+ol-df-(df+df) (31)

202R 20\/p2 + pg + P2 - dF

cosf =

15 Inverse Kinematics for Puma Robots
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(stpyspz)
Z,
A D \ zg
22 x2 yo
B F E OA =dp EF = py
AB=a, EG=p,
— b 4 -
- 5 8 BT = ag DE = p,
1 —’192 CD =dy
AD =R =/pf +p; +pZ —d}
A AE =r =/pg ¥+ pg —d3
—» X
O G °
Figure 7. Joint Two Solution
sinf = V1 - coszﬂ (32)
From Eqs. 27-32, we can find the sine and cosine functions of 6,:
sind, = sin(e + K:f) = sinacos§ + (ARM - ELBOW)cos asin § (33)
cosfy = cos(a + K-f) = cosacosf - (ARM - ELBOW)sin asin § (34)
16
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From Eqs. 33 and 34, we obtain the solution for 4,:

sin 6
6y = atan2[ 2 } ;i m S 6 < 7 (35)

cosfy

Joint Three Solution. For joint 3, we project the position vector p onto
the x,-y, plane as shown in Figure 8. From Figure 8, we again have four dif-
ferent arm configurations. Each arm configuration corresponds to different

values of joint three as:

Arm Configurations (p)y 83 ARM ELBOW ARM - ELBOW
LEFT and ABOVE arm >0 6-p -1 +1 -1
LEFT and BELOW arm <o ¢-8 -1 -1 +1
RIGHT and ABOVE arm <o ¢-8 +1 +1 +1
RIGHT and BELOW arm >0 ¢-8 +1 -1 -1

Table 2. Various Arm Configurations for Joint Three

where (ps'), is the y-component of the position vector from the origin of
(x2,¥2,2) to the point where the last three joint axes intersect.

From the arm geometry in Figure 8, we obtain the following equations for

finding the solution for 4,

R=\/p; +py +p; - & (36)
24 (d2+ o) R
cos¢ = Rl i ek sing = ARM - ELBOW V1 — cos?g (37)
20-2 \V/ d4 + ag
. dy 38
sinf = cosff = ( )

\/d4 +ll3 ’

17

\Y4 d; + ag

Inverse Kinematices for Puma Robots
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LEFT and BELOW Arm

c dy 5
R i §
A/?A——V
- X
ap B ‘/ﬂ& 2
v 05 = ¢ — f = 90°
X3
LEFT and BELOW Arm
¢ Va=¢ —f

LEFT and ABOVE Arm

Figure 8. Joint Three Solution

Inverse Kinematics for Puma Robots 18
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From Table 2, we obtain the equation for 4;:
b3 =¢- 8 (39)

From Eq. 39, the sine and cosine functions of 4; are, respectively:

sin8; = sin(¢ — §) = sin ¢cos § — cos ¢sin S (40)

cosf3 = cos(¢ — B) = cospcosf + sin¢gsin g (41)

From Eqgs. 40 and 41, and using Eqgs. 36-38, we find the solution for 4;:

sind
6y = atanZ[ 3 ] ; 1< 3 £ 7 (42)
cosfy

4.3. ARM SOLUTION FOR THE LAST THREE JOINTS OF A PUMA
ROBOT ARM

Knowing the first three joint angles, we can evaluate the T¢ matrix which
is used extensively to find the solution of the last three joints. The solution of
the last three joints of a PUMA robot arm can be found by setting these joints
to meet the following criteria:

(1) Set joint 4 such that a rotation about joint 5 will align the axis of motion
of joint 6 with the given approach vector (a of T)
(2) Set joint 5 to align the axis of motion of joint 6 with the approach vector.

(3) Set joint 6 to align the given orientation vector ( or sliding vector or yg )
and normal vector.

Mathematically the above criteria respectively mean:

+(z3 X a) .
M= Tnxa] o fene= (e (43)
a=1y; ; givena = (a,,ay,a,)T (44)

19 Inverse Kinematics for Puma Robots
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E="Yyg ; givens = (s,,s!,,sz)rand n= (n,,ny,nz)T (45)

In Eq. 43, the vector cross product may be taken to be positive or nega-
tive. As a result, there are two possible solutions for 6,. If the vector cross
product is zero (i.e. z3 is parallel to a), it indicates the degenerate case. This
happens when the axes of rotation for joint 4 and joint 6 are parallel. It indi-
cates that at this particular arm configuration, a five-axis robot arm rather
than a six-axis one would suffice.

Joint Four Solution. Both orientations of the wrist ( UP and DOWN ) are
defined by looking at the orientation of the hand coordinate frame (n,s,a) with
respect to the (x;,ys,2;) coordinate frame. The sign of the vector cross product
in Eq. 43 cannot be determined without referring to the orientation of either
the n or s unit vector with respect to the xs or ys unit vector, respectively,
which have a fixed relation with respect to the z; unit vector from the assign-
ment of the link coordinate frames. (From Figure 2, we have the g, unit vector
pointing at the same direction as the y; unit vector )

We shall start with an assumption that the vector cross product in Eq. 43
has a positive sign. This can be indicated by an orientation indicator @ which
is defined as:

0 ; if in the degenerate case (46)
Q=!8y; ; ifsy;5#0
ny, ; ifsy;=0

From Figure 2, y; = z; and using Eq. 43, the orientation indicator Q can be
rewritten as:

if in the degenerate case

(zOXa) | (47)
) 3 .
G= o Tayxay el x A0

(zg X &) T _

Teoxa & Telmxa)=0

If our assumption of the sign of the vector cross product in Eq. 43 is not
correct, it will be corrected later using the combination of the WRIST indicator
and the orientation indicator 0. The 0 is used to indicate the initial orienta-
tion of the z4 unit vector (positive direction) from the link coordinate systems

Inverse Kinematics for Puma Robots 20
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assignment, while the WRIST indicator specifies the user’s preference of the
orientation of the wrist subsystem according to the definition given in Eq. 11.
If both the orientation 0 and the WRIST indicators have the same sign, then
the assumption of the sign of the vector cross product in Eq. 43 is correct.
Various wrist orientations resulting from the combination of the various values
of the WRIST and orientation indicators are tabulated in Table 3.

Wrist Orientation l=s8'y; OF n'ys WRIST M = WRIST- sign(Q)
DOWN >0 +1 +1
DOWN <0 +1 -1

UP >0 -1 -1
UP <o -1 +1

Table 3. Various Orientations for The Wrist

Again looking at the projection of the coordinate frame (x;,y4,24) on the
x3-y3 plane and from the Table 3 and Figure 9, it can be shown that the fol-
lowings are true (see Figure 9):

sinfy = -M-(24 - X3) ; cosfy = M-(24y3) (48)

where x; and y; are the z and y column vector of Tg respectively,
M = WRIST-sign(2), and the sign function is defined as:

+1 ;if z20
#ign(z) ={ 1 it z<0 (49)

Thus the solution for 4, with the orientation and WRIST indicators is:

sin 04 M'(C]Gy - S] Gz) (50)
04 = atan2 = glan2 S <7
! [ cosfy ] [ M- (CyCa3,+5) Ca384-Sy30,) !

If the degenerate case occurs, any convenient value may be chosen for 4, as
long as the orientation of the wrist (UP/DOWN) is satisfied. This can always
be ensured by setting 4, equals to the current value of ¢,. In addition to this,
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sinvg = — (24 x3)

cosVy ={(z4°'Yy3)

Figure 8 Joint Four Solution

the user can turn on the FLIP toggle to obtain the other solution of 4,, that is
8, = 04 + 180°.

Joint Five Solution. To find §;, we use the criterion that aligns the axis of
rotation of joint six with the approach vector ( or a = 5 ). Looking at the pro-
jection of the coordinate frame (xs,ys,25) on the x,-y, plane, it can be shown
that the followings are true (see Figure 10):

sinfs = a - x4 ; cosfs = —(a-y4) (51)

where x, and y, are the z and y column vector of Ty respectively and a is the
approach vector. Thus the solution for ¢; is:
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sindg = a - xg
- Y4

Figure 10 Joint Five Solution

sin 0

5 = atan2 ; 7 < 0 < 7

cosfg
- (52)
(C1C23Ci—51 84)az+(8) Cog Cy+ C154)ay~Cy Sp38;

C1536:+ 5152304 Crsa,

= gtan2

If 65 =~ 0, then the degenerate case occurs.

Joint Six Solution. Up to now, we have aligned the axis of joint 6 with the
approach vector. Next we need to align the orientation of the gripper to ease
picking up the object. The criterion for doing this is to set s = ys. Looking at
the projection of the hand coordinate frame (n,s,a) on the x;-y; plane, it can
be shown that the followings are true (see Figure 11):
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sinfg=mn'y; ; cosbg=8"ys (53)

where y; is the y column vector of Ty and n and s are the normal and sliding
vectors of T¢ respectively. Thus the solution for 4 is:

sin f

0 = atan2 i < 6 <7

cosfg

[ (-5 04—C, CaaSy)ng+(Cy C4=5, Ca3 Sa)nyt(SeSos)n,
| (=51C4—C1Co354)85+(Cy C4=51 Ca3 Sy) 8yt (S 523) 8,

= atan2

If the degenerate case occurs, then (8, + 6) equals to the total angle required to
align the sliding vector (s) and the normal vector (n). If the FLIP toggle is on

sindg = n ' y5 \195 | '

cos Vg =8 Y5 I

Figure 11 Joint Six Solution
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(1e FLIP=1), then 64 = 04 + ﬂ,65 == -, and b = 05 + 7.

In summary, there are eight solutions to the inverse kinematics problem of
a six-joint PUMA robot arm. There are four solutions for the first three joint
solutions - two for the right shoulder arm configuration and two for the left
shoulder arm configuration. For each arm configuration, Eqs. 26, 35, 42, 49,
52, and 54 give one set of solution (8;,0;,8s,684,05,6¢) and (8y,65,03,0,+7,—65,05+7)
(with the FLIP toggle on) give another set of solution.

§. DECISION EQUATIONS FOR THE ARM CONFIGURATION INDICA-
TORS

In the previous section, the arm solution of a PUMA robot arm has been
derived. The solution is not unfque and depends on the arm configuration indi-
cators specified by the user. These arm configuration indicators (ARM,
ELBOW and WRIST) can also be determined from the joint angles. In this sec-
tion, we shall derive the respective decision equation for each arm configuration
indicator. The signed value of the decision equation (positive, zero, or negative)
provide an indication of the arm configuration as defined in Egs. 9-11.

For the ARM indicator, following the definition of the RIGHT/LEFT arm,
a decision equation for the ARM indicator can be found to be:

e X P = gg* —siln() cojsﬂ l(; 1
0 ”zl X p, ” 4] 1 1

gf,p)=1¢ ‘oo
) | T

Pz Py

~pysinfdy - pgcosfy
llz2 x p' |

where p' = (p,,p,,0)7 is the projection of the position vector p (Eq. 14) onto the
xo-yo plane, g; = (-sinéy,cos6;,0)7 from the third column vector of T¢, and
2o = (0,0,1)7. ‘

If ¢6,p) > 0, then the arm is in the RIGHT arm configuration.

If ¢(4,p) <0, then the arm is in the LEFT arm configuration.

If g(¢,p) =0, then the criterion for finding the LEFT/RIGHT arm
configuration cannot be uniquely determined. The arm is within
the inner cylinder of radius 4, in the workspace (see Figure 6). In
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this case, it is default to the RIGHT arm (ARM = +1).

Since the denominator of the above decision equation is always positive, the
determination of the LEFT/RIGHT arm configuration is reduced to checking
the sign of the numerator of ¢(4,p):

ARM = sign{g(6,p)) = sign{~p,cosby — pysin by} (56)

where the sign function is defined in Eq. 49. Substituting the x and y com-
ponents of p from Eq. 14, Eq. 56 becomes:

ARM == sign(g(6,p)) = sign{g(8)) = sign(-dySp3 ~a3C23 - 65} (57)

Hence from the decision equation in Eq. 57, one can relate its signed value
to the ARM indicator for the RIGHT/LEFT arm configuration as:

| +1 ==> RIGHT arm (58)
ARM = sign(-d;Sp3 —a3Cy3 — 8,Cy) = -1 ===> LEFT arm

For the ELBOW arm indicator, we follow the definition of
ABOVE/BELOW arm to formulate the corresponding decision equation. Using
(p#)y and the ARM indicator in the Table 2, the decision equation for the
ELBOW indicator is based on the sign of the y-component of the position vector
of A3 - As and the ARM indicator:

) +1 ==> ELBOW above wrist (59)
ELBOW = ARM - sign(dyCs - 0383) =\ _| — 5 ELBOW below wrist

For the WRIST indicator, we follow the definition of DOWN/UP wrist to
obtain a positive dot product of the s and y; (or &4 ) unit vectors:

{+1 ; if s g >0 - . (60)
WRIST=\ | . it g5, <0 = Signis-zy)

If 8-z, = 0, then the WRIST indicator can be found from:

+1 ; if n'gg >0 ) (61)
WRIST =) _, Cif nog, <0 = sign{n-z,)

Combining Eqgs. 60 and 61, we have
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sign(s-zy) ; if 824540 {+1 ; WRIST DOWN (62)

WRIST={ sign(n.z“) ; if .'l4=0= -1 ’ WRIST UP

These decision equations provide a verification of the arm solution. We use
them to preset the arm configuration in the direct kinematics and then use the
arm configuration indicators to find the inverse kinematics solution. (See Figure
12)

6. COMPUTER SIMULATION

A computer program was written to verify the validity of the inverse solu-
tion of the PUMA robot arm shown in Figure 2. The software initially gen-
erates all the locations in the workspace of the robot within the joint angles lim-
its. They are inputed into the direct kinematics routine to obtain the arm
matrix T. These joint angles are also used to compute the decision equations to
obtain the three arm configuration indicators. These indicators together with
the arm matrix T are fed into the inverse solution routine to obtain the joint
angle solution which should agree to the joint angles fed into the direct
kinematics routine previously. A computer simulation block diagram is shown
in Figure 12 and a list of the computer program written in PASCAL is given in
the APPENDIX.

7. CONCLUSION

The kinematics and inverse kinematics problems of a PUMA robot arm
have been discussed. The inverse solution is determined with the assistance of
three arm configuration indicators (ARM, ELBOW, and WRIST). There are
eight solutions to a six-joint PUMA robot arm - four solutions for the first
three joints and for each arm configuration two more solutions for the last three
joints. Computer simulation of the direct and inverse kinematics showed that
the above derived arm solution is correct. This approach, with appropriate
modification and adjustment, can be generalized to other simple industrial
robots with rotary joints.
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POSITION AND ORIENTATION

JOINT ANGLES OF THE END-EFFECTOR
»| DIRECT KINEMATICS iy
hsap
T=10 00 1
+ -
| DECISION EQUATIONS
ERROR 5~

ARM, ELBOW, WRIST
'

A

INVERSE KINEMATICS |«

Figure 12. Computer Simulation of Joint Solution

them by controlling a PUMA robot arm from an IBM PC.
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