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GEOMETRIC ASPECTS OF PRIMARY LATTICES

BENNO ARTMANN

The incidence structure derived from a primary lattice with
a homogeneous basis of three n-cycles is a Hjelmslev plane
of level n. A desarguesian Hjelmslev plane H(R) is of level
n if and only if R is completely primary and uniserial of
rank ».

Introduction. The classical correspondence between vector spaces,
projective spaces and complemented modular lattices was extended to
finitely generated modules over completely primary and uniserial rings
and primary lattices by Baer [5], Inaba [7] and, recently, by Jénsson
and Monk [8]. In these extensions, however, an analogue to the
classical projective space is missing. It is shown in the present paper,
that the appropriate concept is that of a Hjelmslev space as defined
by Klingenberg [9], [10] and by Lick [11]. To be correct, this is
only shown for the case of a plane geometry, namely Hjelmslev planes
of level n, corresponding to primary lattices with homogeneous basis
of three m-cycles, and to free modules R*. Also, we have the complete
correspondence only in the desarguesian case. The restriction to this
case is justified, as the author believes, by the fact it is well known
to be typical for higher dimensional spaces in the classical theory.

In the non desarguesian case, there is a coordinatization theory
for Hjelmslev planes of level # given by Drake [6], but this does not
seem to lead to a construction of a lattice from the plane. Every
primary lattice with a homogeneous basis of three n-cycles, however,
leads to a Hjelmslev plane of level » (Theorem 2.13). Planes of level
1 (ordinary projective planes) and of level 2 (uniform Hjelmslev planes)
can be shown to be obtainable from lattices. For uniform planes,
this was done by the author in [2]. A combination of Theorem 2.13
with results of [4] shows that a desarguesian Hjelmslev plane 57°(<2)
is of level » if and only if <Z is completely primary and uniserial
of rank =.

0. Definitions.

0.1. Let & = (b, ®, I) be an incidence structure consisting of a
set p of points, a set & of lines and an incidence relation I £ p x G.
We say that two points p, ¢ of 5~ are neighbors, p ~ ¢, if there
are two different lines G, H such that p, ¢ IG, H. Neighborhood for
lines is defined dually. A mapping @: 57 — S5#°* is a morphism of
incidence struectures, if it maps points on points, lines on lines and

15



16 BENNO ARTMANN

pIG implies oplpG.

An incidence structure 5# is called a projective Hjelmslev plane,
short H-plane, if it satisfies the axioms [9, Def. 0]:

(i) For all points », ¢ of 27 there exists a line G of 2% such
that p, ¢IG.

(ii) For all lines G, H of 57 there exists a point p of & such
that »IG, H.

(iiiy There exists an ordinary projective plane &7 and an epi-
morphism «: H— .27 such that ap = aq¢ is equivalent to p ~ ¢, and
aG = aH is equivalent to G ~ H.

Using (iii}, we see that neighborhood is an equivalence relation and
the factor structure 577/~ = 97 is a projective plane isomorphic to .&°.
We call o7’ the canonical epimorphic image and the projection
P: 2 — 7' the canoniecal epimorphism of 2. In [9] it is shown that
this set of axioms is equivalent to the ones used in [1] to define H-planes.

0.2. We deal with modular lattices with universal bounds N and
U. The lattice operations are dencted by Vv, A and we make the
convention that A shall bind closer than v/, that is a Vb Ac=aV
b N c). Lia, by is the interval of elements x such that a <z < 6.
We use a . b to denote independent join, i.e. to indicate ¢ A b = N.
A cycle ae. &7 is an element such that L(N, a) is a chain. A cycle
of dimension % is a k-cycle.

Definition [8, Def. 4.2 and Def. 6.1]: A lattice . is said to be
primary, if:

(i) &~ is modular of finite dimension.

(ii) Every element of &~ is the join of cycles and the meet of
dual eycles.

(iii) Every interval in & that is not a chain contains at least
three atoms.

Furthermore, we make the assumption

(iv) There are three independent n-cycles a,, a,, a, such that U =
a, > a, o a, for the greatest element U of &°. This means that &~
is of type (0, ---, 0, 3) in the sense of [8, Def. 4.10]. By [8, Lemma
6.4] it follows, that the a, are pairwise perspective. Hence they form
a homogeneous basis of order three of &~ (for a definition of that
concept, see [1, Def 1]). Since the dual =~ of a primary lattice &%
is again primary [8, Cor. 6.2], and the type of & is equal to the
type of &7 [8, Cor. 4.11], we may use duality in deriving results
from (i)—(iv).

For the rest of this paper, & will always denote a lattice satis-
fying (i)—(iv), i.e. a primary lattice with a homogeneous basis of
n-cycles a,, a,, a;. For {¢, 7, k} = {1, 2, 3} we put A; = a;> a,. Since
the geometric dimension of &~ [8, Def. 5.1] is three, .&¥ may be
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non-arguesian.

1. The H-plane S# ().

1.1. Points and lines in .2¥. Let q be the set on n-cycles of
<, and

p = {pe & |there is 7¢{1, 2, 8} such that p.o A, = U}.

Every pep is perspective to some a;, hence is n-cycle. For an n-cycle
q, assume g N A; =« N+-qgnNA,. Then wehaveq A A, N A, =g Na; #
N since ¢ is a cycle, and by the same reason ¢ A A; = N. Therefore
L(g, g vV A,) has dimension n and ¢.o 4; = U. Hence we have p = q.

By duality, we get: The set of dual cycles of & of codimension
n is equal to the set

G = {Ge &~ there is 7€ {1, 2, 8} such that G a, = U}.
We call p the set of points of & and © the set of lines of &~.

1.2. Geometric elements. Every Element of & which is the
join of independent points is said to be geometric [8, Def. 5.1]. By
definition, a, a,, ¢, and A,, 4,, A, are geometric. From [8, Thm. 5.2]
we derive (F'C) (a) For every b<{a, a,, a;, A, A,, A;} and every

xe.%” with © A b = N, there exists y = « such that y o b = U.

Since the dual (b) of (a) is true as well, .&© satisfies the condition
(FC) of [1, p. T7].

Let G be a line of &7, say G a;,= U,and r = GA A,and s =
G A A;. We claim that r and s are points such that G = r . s.
Obviously we have a; A(rVs)=N. Then, e; Vr=a;,V GAA,=
(a; vV G) N A, = A,, so that » and a; are perspective with center a,.
Hence r and s are points. From a;, Vv (r Vv 8) = A,V 4; = Uand r vV
s £ G we get »\/ s = @ by the indivisibility of complements.

In particular, every line of & is geometric.

Since the independent join of three points is U, and it is easy to
see that the independent join of two points is always a line (by (FC)
and [1, Lemma 8]), points and lines make up all geometric elements
of & except for N and U.

1.3. For a line G and a point p < G, the interval L(p, G) is a
chain. Proof: Consider two points », s such that r.os= G. For
at least one of them, say », we have r Ap=N. Thenrop =G
and we have L(p, G) = L(N, r), the assertion.

1.4. Neighbors of p on G. Again let p be a point, G a line and
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p = G. We use <€ to denote the covering relation in 7. Let N =
2, K2 &+ €2z, =p be the chain of elements less than or equal to
p, and let p =y, < --- <y, = G be the chain of elements between
p and G.

LEMMA. For every t<{0,1.-- n} there exists a point ¢; £ GG such
that y, = p\V e, and z2,_, = P N ¢

Proof. For every 1, p is a maximal cycle contained in y; [8, Cor.
4.7]. By [8, Thm. 4.8] p has a relative complement =z; in L(N, y,)
and by [8, Lemma 6.4] there exists a cycle ¢; such that y, = » O
x, =p Ve =x ¢. Since ¢; and p are perspective, ¢; is an n-cycle,
hence a point. Counting the relative dimensions shows » A ¢; = 2,_;.

1.5. Let G and H be two lines and » a point such that p <
G N H. By the last lemma, there is a point ¢ < G such that p v
q = G A H. This and the dual statement yield

(S) (a) Tor points p, ¢ of .2 and a line G with » VV ¢ £ G there
exists a line H such that p\v g =G N H.

(b) For lines G, H of .&¥ and a point p < G A H there exists a
point ¢ such that p v ¢ = G A H.

1.6. In [1, p. 77/78] it was defined: A modular lattice with a
homogeneous basis of order three consisting of cycles is called an H-
lattice, if it satisfies (FC) and (S). By 1.2 and 1.5, .&~ is an H-lattice.
From an H-lattice an incidence structure (p, ®, I) is derived by defining
p and ® as in 1.1 and incidence by the ordering of the lattice. Using
Theorem 1 of [1], we can now state:

PropoSITION. & 4s an H-lattice and the incidence structure
S = 57(2)y = 0,8, I) derived from £ is a projective H-plane.
Two points p, q of &7 are neighbors in 27 if and only if p /\ ¢ > N,
two lines G, H are neighbors if and only 1f G\ H <U.

More information about 5% will be given in the next section.

2. 7 (Z) is of level #.

DEFINITION 2.1. (cf. [3] and [6]) Let 5% and 57 * be H-planes with
canonical epimorphisms @: 57 — 27 and k: 57 * — (277*)" onto ordinary
projective planes. Let +: 57— 57* be an epimorphism and \: (527%) —
277" an isomorphism. If @ = Ak we say 57 has a refined neighbor pro-
perty defined by v: 77— *. We define p = q by +vp =g and G =
H by G = H. Then = is called a refined neighbor relation in 5#.
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We say = is minimal provided the following conditions hold:

(M) Let p, ¢ be points on G and p on H.

(a) If p=q and G ~ H, then ¢ is on H.

(b) If p~q and G = H, then ¢ is on H.

(¢) There exist distinct points ¢ and b and distinct lines A and
B such that a = b and A = B.

DEFINITION 2.2. The ordinary projective planes make up the
class of projective H-planes of height 1. Suppose £ is an H-plane
with a minimal neighborhood defined by +: 57 — 5#°*, where 27°* is
of height n — 1. Then one calls &~ an H-plane of height n.—It is
suitable to denote an H-plane of height n by 57, and by &7, , the
plane and by ., Pu_s, My the maps which define the minimal neigh-
borhood in £57,. Proceeding thus we obtain, for every H-plane of
height n, the following commutative diagram

é%i —> é%j_l—f—ﬂ e )é%ﬁ

V-1 Va2 ¥

jﬁon j‘r’)n—l j/@l

G e—— S e —— 27
An—1 An—2 AL

We set ft, = 4 =+ ¥, and take g, to be the identity on 27,.

We denote by (~ k) the refined neighborhood defined by p,.: 27, —

EF, in 57,

DEFINITION. 2.83. If 57 is an H-plane of height =, then the H-
planes 27 in the defining sequence of 57, are of height ¢. The notion
of (~ k)-neighborhood is defined in 2% asin 5#,. A k-segment in 5%
is the nonempty intersection of a line with a class of (~ k)-neighbor
points. An H-plane 57, of height n is called of level #n, if the follow-
ing axiom of reciprocal segments holds in every plane 5% of the
defining sequence of S7:

(RS) (a) For all lines G, H of 57, the set of common points of
G and H is a k-segment, for some ke{l,2, ---, i}.

(b) G(~ k)H if and only if the set of common points of G and
H contains an (7 — k)-segment.

REMARK. For the change of (N) [3, p. 175] to (RS), see [4].

2.4. If the cycles a, of & are of dimension 1, then 57 (%) is
an ordinary projective plane (an H-plane such that two points p, ¢
are neighbors if and only if p = ¢), hence an H-plane of level 1. If
the a; are bicycles, that is of dimension 2, then by 1.5 every point
of 27°(.#) has at least one proper neighbor and by [2, Satz 3], 57()
is a uniform H-plane, that is of level 2 [3, p. 179].
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We are going to apply induction to show that 5#°(%°) is of level
n if the g, are n-cycles. We may assume % > 2. First we have to
show that 27 (%°) is of height n.

2.5, Let a; cover b, and B =b, Vv b, V b;. Then b, b, b; form a
homogeneous basis of .<#* = L(N, B) (cf. [8, Cor. 4.13]). By [8, Cor.
4.4] <¥* satisfies (i) and (ii) of Def. 0.2. Moreover, every interval
of #* is an interval of &2, so .&©* satisfies (iii) as well. Hence
Z* is a primary lattice with the homogeneous basis b,, b,, b, of three
(n —1)-cycles. Let the derived H-plane be 577* = 57°(F*) = (b*, 8%, I).

Let p be a point of 7 = 2#(<°) and G be a line of 277. We
define

W G — K
by
+p=p A B and +G =G A B.

In the following paragraphs, we will show that « is an epimorphism.
If p <@, then p AB = G A B, so the fact that + preserves in-
cidence is trivial.

2.6. Let p be a point of 57, say p. A; = U, and let B; = b, v
b,. Then (p A B) V B; = B, and + maps p into p*. We want to show
that it is onto. Let p* be a point of &%, say p* v B; = B. Then
»* N A; = N, and by [8, Thm. 5.2], p* is contained in some comple-
ment p of A,. It follows pep and +p = p*.

27. Let G be a line of 57, say G o a;=U, and GANA A4, =s
and G A A, =7 asin 1.3. We have b, Vv r = b, and b, \V s = b,, hence
b,V GAB =(0B;VG AB=DB. Since GABAb =N, maps ®
into &*. Again we have to show that it is onto. I.et G* be a line
of &#* and G* = r* .0 s* for two points of 57 *. There exist points
r,s of 57 such that » A B=7* and s A\B=s* For G=7rVs
we have G = G*.

2.8. Since p~ ¢ in 5~ means p A ¢ > N in &, we have p~ ¢
in 57 if and only if ¥p ~ g in S#*.

We want to show that the same is true for lines. Assume G ~
Hin 57. We know that this means G A H > p for some common point
p of G and H. Let « be a cycle £ G such that G A H=1p_ 2.
We may assume G = H, hence the dimension of z is at most n — 1.
Therefore s < G A B and « £ H A B, and we have
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GANHANB=((poxAN\B
=pANBV=z
=yp Ve,

and from z > N we deduce G ~ H.

Now let G+ H in 57, then G A H = p for a unique point p.
There are points #,s8 of 5~ such that G=pC r and H=p_ s.
From this we derive ¢p V v V s = 4G V v H, and since yp, vyr, ¥s
are three independent (n — 1)-cycles, it follows G A B\ H A B = B,
hence G + +H.

Thus we have arrived at: G ~ H in 27 if and only if ++G ~ +H
in 7%,

2.9. By 2.5 — 2.8 we know:
i S — 7% is an epimorphism and

p ~ q if and only if p ~ g,
G ~ H if and only if vG ~ H .

Now, for # — 1 >1, we may repeat the procedure and, changing
notation to o7 = 27, 57* = 57,_, and = ,_,, get a sequence

%_‘_)9/4—17—“%"°7%3
1

Yp—1 Yp—2

where the final incidence structure 577 is an ordinary projective plane.
The mapping

= gttt Py, g/n"_’ 9/%
is an epimorphisms such that

p~ ¢ in 57 if and only if ¢p = pq in 57 and

) G~ H in 57 if and only if G — wH in S7.

Now the canonical epimorphism @,: 57, — 27, is universal with the
property (*), hence we have a unique isomorphism ¢: 57’ — 57 such
that p, = 09,. By the same reasoning for 27,_, and v.: 57, — 57
we get the following commutative diagram

5 — 2,
Y1

%
Qn/ #1\ /Hl \Z’fn—l

%’T%e—éfﬁ;l.
7

If we put \,_, = 077, we have @, = N, @P,_vr,_, and +r,_: 57, — SF,_,
defines a refined neighborhood in 57#,. Clearly, the same is true for
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all v 57, — 27 (1 <1< x). Thus we arrive at a commutative
diagram as required in Definition 2.2 We did not yet show that
the refined neighborhood defined by +,..: &7, — 27,_, is minimal.
Without knowing this, we define y, and (~ ¢) as in 2.2,

2.10. In order to prove the axioms (M) and (RS) of Definitions
2.1 and 2.3, it is useful to have an alternative description p{~ 7)¢
and G(~ )H in &7 = 27(<7).

(i) Let N=p,<p, <+ p,,«p,=p and N=¢, <K +++ <
g, = q be the chains of elements below the points p and ¢q. We have
V. =» A B=p,_, hence +,_ p = +,_q if and only if p,_, = g,_.-
Repeating the argument we obtain f,p = p;, which yields p,p = g
if and only if p;, = q..

(iiy Let G, H be lines of £#7(.") and p, r, s be points such that
G=p>rand H=p_s. Let r,s; be defined like p, in (i), and
p=zx <L, L L, =G If p,G = pH, then

= pr 2 G = . H
and
8, = s = 1, H = p1,G .

Hence p o7, = 2, £ G A H and from Lemma 1.4 we get
(+) There exists a point ¢ such that p,_; = ¢, ; and

pVeg=a,=GANH.

Conversely, assume {4). There exists a cycle »; such that p Vv ¢ =
< r; = x; and points 7, s such that », <» <G and 7, <s < H [8,
Thm. 4.8]. From this we derive G = p o »r and H=p._ s and

PG =01 = (H .

Letting G =g, € 9.« -+ KLg,=U and H=h < ++- L h, = U we
may equivalently say

p:G = pHif and only if g, ;, = kb, ;.
Or, using p =4, < -+ <y, = H:
1:G = p;H if and only if z;, =y, .

2.11. We are now ready to verify that ,_.: 57, — 57, _, defines
a minimal neighborhood in S7.
(Ma) From p A B=qg A B it follows that p and ¢ cover p A q.
Hence » v ¢ covers p and q. Now if Gv H<U, then G AN H > »p
and since L(p, G) is a chain, we have
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pLPVeEGANH,

hence ¢ < H.

(Mb) Let z; and y; be as in 2.10. By 2.10 (ii) we know ®,_; = ¥._,.
Now if p ~ ¢, then p vV ¢ < G, hence p VV ¢ < x,_, = ¥,_, which implies
q = H.

(Mc) Taking 7 =1 in 1.5 we get points with the desired property.
By duality, we have lines G = H such that G Vv H is a cocycle of
codimension n — 1, hence +,_,G = +,_ H.

2.12. The axiom of reciprocal segments. By 2.10 (i) an {-segment
is a set of points on a line G such that p; = ¢; for any two points

p, g of the set.
(RSa) Let p <G A H and p;, x; as before. Assume GA H=12x,_,.
Then for every point ¢ < H we have that

p A q = p; implies ¢ £ G, and
P A q < p; implies ¢ £ G, since otherwise G A H > x,_;.

Hence the set of points incident with both G and H is an i-segment.
(RSb) By 2.10 (ii), #:G = ¢, H if and only if G and H have (at least)
an i-segment in common.

THEOREM 2.138. The H-plane 57 (%) derived from a primary
lattice L with a homogeneous basts of three n-cycles is an H-plane of
level n.

Proof. By 2.9, +,_: 27, — 57, , defines a refined neighborhood
in 57, which is minimal by 2.11. By 2.12, the axiom (RS) of reciprocal
segments holds in 5#,. Since 5#,_, is derived from a primary lattice
with a homogeneous basis of (n — 1)-cycles, we may assume that 57, ,
is of level n — 1. But then 57, is of level xn.

3. Desarguesian H-planes of level #n.

DEriNITION 3.1. [8, Def. 6.6]. A ring .&Z (associative with unit)
is said to be completely primary and uniserial if there is a two-sided
ideal .o~ of .&Z such that every left or right ideal of .22 is of the form
S7% (where ° = 7). The rank of such a ring is the smallest
integer k such that .o7* = (0).

It is a simple exercise to verify that a completely primary and
uniserial ring is an H-ring in the sense of [9 Def. 9].

DEFINITION 3.2. Let <2 be a completely primary and uniserial
ring of rank n. The lattice (577 of all submodules of the (<Z-
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left) module .22 is primary [8, Thm. 6.7] and has the homogeneous
basis a, = #(1,0,0), ¢, = #(0,1,0), a, = ZZ(0, 0, 1) of n-cycles. Let
SF(B) = P (L (#%)) be the H-plane derived from .&(<#%. It is
easy to check that this plane is essentially the same as defined by
Klingenberg [9 Def. 10] via homogeneous coordinates. An H-plane
27 is called desarguesian if there exists an H-ring <#Z such that
&7 is isomorphic to 57 (<#), the latter defined as in [9].

THEOREM 3.3. If <% is a completely primary and uniserial ring
of rank n, then the H-plane 57 (%) is of level n.

Proof. Theorem 2.13 and Definition 3.2.

3.4. In [4] it is shown: If & = (<) is a desarguesian H-
plane of level n, then .# is a completely primary and uniserial ring
of rank n. We combine this with 3.3:

COROLLARY. A desarguesian H-plane 57 (Z) is of level n if and
only if #Z is completely primary and wniserial of rank n.

8.5. Since the lattice &(<#*) defined in 3.2 is arguesian, we
have a correspondence between completely primary and uniserial rings
of rank =, arguesian primary lattices with a homogeneous basis of
three n-cycles and desarguesian H-plane of level n as in the classical
theory of projective spaces. With the appropriate definitions, it should
be not too hard to verify the analogues correspondences for finite
dimensional H-spaces. The coordinatization theorems relevant for this
can be found in [7] and [8] for lattices and in [10] and [11] for
Hjelmslev spaces.

REFERENCES

1. B. Artmann, Hjelmslev planes derived from modular lattices, Canad. J. Math., 21
(1969), 76-83.

2. ,  Uniforme Hjelmslev-Ebenen und modulare Verbinde, Math. Z., 111
(1969), 15-45.
3. , Hjelmslev-Ebenen mit verfeinerten Nachbarschafisrelationen, Math. Z.,

112 (1969), 163-180.

4, , Desarguessche Hjelmslev-Ebenen n-ter Stufe, Mitt. Math. Sem. Giessen,
Heft 91 (1971), 1-19.

5. R. Baer, A unified theory of projective spaces and finite abelian groups, Trans.
Amer. Math. Soc., 532 (1942), 283-343.

6. D. A. Drake, Coordinatization of H-planes by H-modules, Math. Z., 115 (1970), 79~
103.

7. E. Inaba, On primary lattices, Journ. Fac. Sci. Hokkaido Univ., 11 (1948), 39-107.
8. B. Jénsson and G. S. Monk, Representations of primary arguesian lattices, Pacific
J. Math., 30 (1969), 95-139.

9. W. Klingenberg, Desarguessche Ebemen mit Nachbarelementen, Abh. Math. Sem.




GEOMETRIC ASPECTS OF PRIMARY LATTICES 25

Univ. Hamburg 20 (1955), 97-111.

10. ————, Projektive Geometrien mit Homomorphismus, Math. Ann. 132 (1956},
180-200.

11. H. H. Luck, Projektive Hjelmslevrdume, Crelles J. fir Math. 243 (1970), 121-158.

Received April 12, 1971.

MATHEMATISCHES INSTITUT
ARNDTSTR. 2
63 GIESSEN, GERMANY






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON J. DUGUNDJI
Stanford University Department of Mathematics
Stanford, California 94305 University of Southern California
Los Angeles, California 90007
C. R. HoeBy RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLr K. YosHIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA UNIVERSITY OF SOUTHERN CALIFORNIA
CALIFORNIA INSTITUTE OF TECHNOLOGY STANFORD UNIVERSITY

UNIVERSITY OF CALIFORNIA UNIVERSITY OF TOKYO

MONTANA STATE UNIVERSITY UNIVERSITY OF UTAH

UNIVERSITY OF NEVADA WASHINGTON STATE UNIVERSITY

NEW MEXICO STATE UNIVERSITY UNIVERSITY OF WASHINGTON

OREGON STATE UNIVERSITY * * *

UNIVERSITY OF OREGON AMERICAN MATHEMATICAL SOCIETY
OSAKA UNIVERSITY NAVAL WEAPONS CENTER

Printed in Japan by International Academic Printing Co., Ltd., Tokyo, Japan



Pacific Journal of Mathematics

Vol. 43, No. 1 March, 1972

Alexander (Smbat) Abian, The use of mitotic ordinals in cardinal

AFIERIMELIC . ..o 1
Helen Elizabeth. Adams, Filtrations and valuations on rings.............. 7
Benno Artmann, Geometric aspects of primary lattices . .................. 15
Marilyn Breen, Determining a polytope by Radon partitions .............. 27
David S. Browder, Derived algebras in L1 of a compact group . .. ......... 39
Aiden A. Bruen, Unimbeddable nets of small deficiency .................. 51
Michael Howard Clapp and Raymond Frank Dickman, Unicoherent

COMPACHfICALIONS . ..o\ttt et ettt ettt 55
Heron S. Collins and Robert A. Fontenot, Approximate identities and the

SEFICEEOPOLOZY . . o o oo e 63
R. J. Gazik, Convergence in spaces of subsets...................ccouiun. 81
Joan Geramita, Automorphisms on cylindrical semigroups ................ 93
Kenneth R. Goodearl, Distributing tensor product over direct product. . . . .. 107
Julien O. Hennefeld, The non-conjugacy of certain algebras of

OPEFALOYS . . . oo v v ettt e e e e e et e e 111
C. Ward Henson, The nonstandard hulls of a uniform space . .............. 115

M. Jeanette Huebener, Complementation in the lattice of regular
1OPOLOZIES . . ..o oo 139
Dennis Lee Johnson, The diophantine problem Y? — X3 ]
polynomial ring ............ . .. . ... .
Albert Joseph Karam, Strong Lie ideals .................
Soon-Kyu Kim, On low dimensional minimal sets. . . . ...
Thomas Latimer Kriete, III and Marvin Rosenblum, A Ph
theorem with applications to M(u, v) functions . . ...
William A. Lampe, Notes on related structures of a unive
Theodore Windle Palmer, The reducing ideal is a radical .
Kulumani M. Rangaswamy and N. Vanaja, Quasi projecti
module categories.................c it
Ghulam M. Shah, On the univalence of some analytic fun
Joseph Earl Valentine and Stanley G. Wayment, Criteria f¢
SPUACES v ev ittt et

Jerry Eugene Vaughan, Linearly stratifiable spaces . . .. ..
Zbigniew Zielezny, On spaces of distributions strongly re,
to partial differential operators ....................



