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Geometric Path Planning without Maneuvers for

Non-Holonomic Parallel Orienting Robots

Patrick Grosch1 and Federico Thomas1

Abstract—Current geometric path planners for non-holonomic

parallel orienting robots generate maneuvers consisting of a

sequence of moves connected by zero-velocity points. The need

for these maneuvers restrains the use of this kind of parallel

robots to few applications. Based on a rather old result on linear

time-varying systems, this paper shows that there are infinitely

differentiable paths connecting two arbitrary points in SO(3)
such that the instantaneous axis of rotation along the path rest

on a fixed plane. This theoretical result leads to a practical

path planner for non-holonomic parallel orienting robots that

generates single-move maneuvers. To present this result, we start

with a path planner based on three-move maneuvers, and then

we proceed by progressively reducing the number of moves to

one, thus providing a unified treatment with respect to previous

geometric path planners.

Index Terms—Motion and Path Planning, Parallel Robots,

Nonholonomic Mechanisms and Systems, Nonholonomic Motion

Planning.

I. INTRODUCTION

T
HIS paper addresses the problem of building a sequence

of open-loop input commands that steers a parallel non-

holonomic orienting robot to an arbitrary final orientation.

Fig. 1 shows a simple implementation of such a robot (for a

detailed account on the implementation of a more sophisticated

version of this kind of robot see [1]). It consists of a passive

non-holonomic spherical joint and two actuated prismatic

joints connected to a fixed base and a moving platform through

spherical joints. It can be thought as derived from a fully

parallel spherical robot in which the motion of the central

spherical joint is constrained by putting in contact with it a disk

that freely rolls without slipping, and in which one actuated

leg is also removed [2]. This robot belongs to a family of non-

holonomic parallel spherical robots studied and developed by

different authors (see, for example, [3], [4], [5], [6], [7], [8],

[9]).

The interest of the studied non-holonomic robot is that it is

able to attain an arbitrary orientation using only two actuators

and hence its interest as a spherical wrist [1]. However, this

reduction of actuation calls for sophisticated algorithms of path

planing and control.
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Fig. 1. A simple implementation of the studied non-holonomic parallel
orienting robot (see [6] for details).

Since the studied non-holonomic robot has two inputs (its

leg lengths) and three generalized coordinates (its orientation

parameters), its kinematics can be formulated in chained form

and, as a consequence, its path planning problem can be solved

using well-established procedures (see [12] and the references

therein). Using one of these analytical methods, the motion

planning problem for the studied robot is solved in [7] using

control functions given by truncated trigonometric series. The

algorithm stops when the Euclidean norm of the planning error

becomes less than a given amount.

The tackled problem here can also be seen as a variation

the rolling sphere problem, an example of an optimal control

problem with nonholonomic constraints which have studied by

a variety of authors (see [10], [11] and the references therein).

The use of the mentioned analytical procedures requires

a good understanding of sophisticated methods in non-linear

control. As an alternative, geometric path planners have been

proposed, for example, in [6], [8]. The main advantage of this

kind of path planners is that they are based on elementary

spherical kinematics arguments. However, they generate ma-
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neuvers, that is, sequences of moves that guide the moving

platform to the desired orientation. This paper is aimed at

presenting a geometric path planner able to steer the robot to

the desired orientation in a single move.

This paper is organized as follows. In the next section,

to make the presentation self-contained, we briefly review

the kinematics of the studied non-holonomic orienting robot.

Then, in Section III, we start with a path planner that gen-

erates three-move maneuvers consisting of three consecutive

rotations around two orthogonal axes on the plane defined

by the non-holonomic constraint. In Section IV, a two-move

maneuver is derived consisting of two consecutive rotations

around two non-necessarily orthogonal axes of this plane.

Finally, in Section V, it is shown how a single rotation around

a variable axis that rests on the plane solves the path planning

problem. A detailed example is presented in Section VI. We

conclude in Section VII with a summary of the main point

and some prospects for future research.

II. KINEMATIC MODEL

The path planning problem for the studied non-holonomic

parallel robot can be decomposed into the following two

steps: (1) first solve the planning problem considering only

the sphere and the disk that constrains its motion, and then

(2) obtain the required motion for the prismatic joints in the

legs using the inverse kinematics of the robot. Separating both

problems, instead of considering both at once, leads to an

important simplification. However, this does not go without

a price as the first step does not take into account the robot

singularities. This is not an important drawback if a workspace

free from singularities is defined beforehand.

Next, we briefly summarize the mathematics behind both

steps (a detailed derivation can be found in [6]).

A. The sphere’s motion

Once the disk is put in contact with the sphere, the sphere

can still rotate about any axis orthogonal to an axis defined

by the contact with the disk. Without loss of generality, we

can assume that this constrained axis, say r̂, coincides with

the z-axis. Therefore, the sphere can undergo any rotation of

the form

Rn(ω) = Rz(θ)Rx(ω)Rz(−θ), (1)

where n = [cos θ, sin θ, 0]T . In particular, it can be rotated

about the x-axis (θ = 0) or the y-axis (θ = π/2).

From the instantaneous kinematics point of view, the

sphere can undergo any angular velocity of the form ω =
(wx(t), wy(t), 0). Therefore, the sphere’s orientation must

satisfy the differential equation

Ṙ(t) = W(t)R(t), (2)

where

W(t) =





0 0 wy(t)
0 0 −wx(t)

−wy(t) wx(t) 0



 . (3)

Finding R(t) means integrating (2). Although this equation

describes a non-holonomic dynamic system and hence it is

not integrable, it does not mean that, for particular angular

velocities, it can be integrated. For example, for the trivial

case in which the angular velocities are constant, W becomes

constant and then, using Rodrigues’ formula, we have that

R(t) = eWt = I+
sin(θ)

θ
W +

1− cos(θ)

θ2
W2, (4)

where θ = t
√

w2
x + w2

y .

B. The legs’ motion

The lengths of the prismatic actuators for a given orientation

of the sphere, R, will be given by

li = ‖bi − ai‖ = ‖Rb0
i − ai‖, i = 1, 2, (5)

where ai stands for the location of the center of the i
spherical joint attached to the base, bi for the location of the

corresponding spherical joint center attached to the moving

platform, and b0
i for the location of this latter center at the

reference orientation of the moving platform.

The velocities of the prismatic joints, as a function of the

angular velocities, ωx and ωy , can be expressed as

[

l̇1/l1
l̇2/l2

]

= F





ωx

ωy

0



 (6)

where

F =

[

(a1 ×Rb0
1)

T

(a2 ×Rb0
2)

T

]

(7)

Then, parallel singularities arise when F is rank-deficient,

and serial singularities when ai and bi are parallel, where

i = 1, 2 (see [6] and [7] for details).

III. THREE-MOVE MANEUVER

Given the initial and final poses represented by the rotation

matrices RI and RF , respectively, the goal is to find three

rotations, Rx(ω1), Ry(ω2), and Rx(ω3), such that

RF = Rx(ω3)Ry(ω2)Rx(ω1)RI , (8)

That is,

Rx(ω3)Ry(ω2)Rx(ω1) = RFR
T
I = RT .

Therefore, {ω1, ω2, ω3} is a valid set of XYX Euler angles

representing RT . As a consequence, if ω2 ∈ (0, π), then

ω1 = atan2(r21,−r31), (9)

ω2 = arccos(r11), (10)

ω3 = atan2(r12, r13), (11)

where rij stands for the (i, j) entry of RF (see, for example,

[14] for the derivation of the above formulas).
The robot orientation as a function of time can be expressed

as

R(t)=



















Rx

(

t

∆t
ω1

)

RI , 0 ≤ t < ∆t

Ry

(

t−∆t

∆t
ω2

)

Rx(ω1)RI , ∆t ≤ t < 2∆t

Rx

(

t−2∆t

∆t
ω3

)

Ry(ω2)Rx(ω1)RI , 2∆t ≤ t ≤ 3∆t
(12)
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Fig. 2. Spherical triangle whose closure equation is given by (15).

This motion essentially corresponds to that generated by

the path planner presented in [6]. The above derivation is

performed at a much more elementary level.

IV. TWO-MOVE MANEUVER

Given the initial and final poses, RI and RF , the goal is

to find the angles θ1, θ2, ω1 and ω2 such that

Rn1
(ω1)Rn2

(ω2) = Rz(θ1)Rx(ω1)Rz(−θ1)

Rz(θ2)Rx(ω2)Rz(−θ2)

= RFR
T
I = RT . (13)

It is always possible to express RT as follows

RT = Rz(γ1)Rx(γ2)Rz(γ3), (14)

where {γ1, γ2, γ3} is any set of valid ZXZ Euler angles repre-

senting RT (see [14] for explicit formulas). Then, substituting

(14) in (13) and rearranging terms, we obtain

Rz(θ1 − γ1)Rx(ω1)Rz(θ2 − θ1)Rx(ω2)

Rz(−θ2 − γ3)Rx(−γ2) = I. (15)

This equation can be seen as the closure equation of the

spherical triangle shown in Fig. 2 [15]. Then, the analogues

of the law of cosines for the angles ω1, ω2 and −γ2 of this

spherical triangle allow us to write

cos(θ2−θ1) cos(θ1−γ1)− cos(−θ2−γ3)

+ sin(θ2−θ1) sin(θ1−γ1) cos(π−ω1) = 0, (16)

cos(θ2−θ1) cos(−θ2−γ3)− cos(θ1−γ1)

− sin(θ2−θ1) sin(−θ2−γ3) cos(π−ω2) = 0, (17)

cos(θ1−γ1) cos(−θ2−γ3)− cos(θ2−θ1)

+ sin(θ1−γ1) sin(−θ2−γ3) cos(π+γ2) = 0, (18)

Equations (16) and (17) allow us to express ω1 and ω2 as

a function of θ1 and θ2, respectively, as follows

ω1=arccos

[

cos(θ2−θ1) cos(θ1−γ1)− cos(θ2+γ3)

sin(θ2−θ1) sin(θ1−γ1)

]

, (19)

ω2=arccos

[

cos(θ2−θ1) cos(θ2+γ3)− cos(θ1−γ1)

sin(θ1−θ2) sin(θ2 + γ3)

]

, (20)

and equation (18), to express θ1 as a function of θ2 as

θ1=arctan
[

cos γ1 cos γ2 sin(θ2+γ3)+ sin γ1 cos(θ2+γ3)− sin θ2
sin γ1 cos γ2 sin(θ2+γ3)− cos γ1 cos(θ2+γ3)+ cos θ2

]

.

(21)

Then, the robot orientation as a function of time is given
by

R(t)=







Rn1

(

t

∆t
ω1

)

RI , 0 ≤ t < ∆t

Rn2

(

t−∆t

∆t
ω2

)

Rn1
(ω1)RI , ∆t ≤ t ≤ 2∆t

(22)

The motion generated by this two-move maneuver depends

on a parameter: θ2. This permits to optimize the maneuver

using different criteria. An obvious option is to choose the

value of θ2 that minimizes ω2
1 +ω2

2 , i.e., the “total motion” of

the sphere. This is exemplified in Section VI.

V. SINGLE-MOVE MANEUVER

It was proved in [16] that, if W(t) in (2) satisfies the

differential equation

Ẇ(t) = N1W(t)−W(t)N1, (23)

then the solution to (2) can be expressed as

R(t) = exp(N1t) exp(N2t)R(0) (24)

where N2 = W(0)−N1.

The substitution of the ansatz

N1 =





0 −ω 0
ω 0 0
0 0 0



 (25)

in (23) yields the following system of equations

ẇy = ωwx

ẇx = −ωwy
(26)

whose integration yields

wx = A cos(ωt+ ω0),

wy = A sin(ωt+ ω0). (27)

Then,

W(0) =





0 0 A sinω0

0 0 −A cosω0

−A sinω0 A cosω0 0



 , (28)

and, as a consequence,

N2 =





0 ω A sinω0

−ω 0 −A cosω0

−A sinω0 A cosω0 0



 . (29)
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In order to use the above result to solve the problem of

rotating the moving platform from RI to RF , we can scale

the time variable, t, so that the maneuver is completed at t = 1.

Then, at t = 1, we have that

RF = exp(N1) exp(N2)RI = Rz(ω)Rp(δ)RI , (30)

where

p =
1√

ω2 +A2
(A cosω0, A sinω0,−ω)T , (31)

δ =
√

ω2 +A2. (32)

In other words, the goal is to find ω, ω0, and A such that

Rz(ω)Rp(δ) = RFR
T
I = RT . (33)

If the vector of Euler parameters for the rotation defined by

RT is (a, b, c, d), it can be checked that the Euler parameters

for Rz(−ω)RT can be expressed, as a function of ω, as

a′(ω) = a cos
ω

2
+ d sin

ω

2
, (34)

b′(ω) = b cos
ω

2
+ c sin

ω

2
, (35)

c′(ω) = c cos
ω

2
− b sin

ω

2
, (36)

d′(ω) = d cos
ω

2
− a sin

ω

2
. (37)

Since, according to (33), Rp(δ) = Rz(−ω)RT , we have that

cos
δ

2
= a′(ω), (38)

A

δ
cosω0 sin

δ

2
= b′(ω), (39)

A

δ
sinω0 sin

δ

2
= c′(ω), (40)

−ω

δ
sin

δ

2
= d′(ω). (41)

Now, observe that (38) and (41) depend only on ω and δ.

From (38), we have that

δ = ±2 arccos (a′(ω)). (42)

Moreover, equation (38) can be rewritten as sin(δ/2) =
±
√

1− [a′(ω)]2. Then, dividing this expression by (41), we

conclude that −δ/ω = ±
√

1− [a′(ω)]2/d′(ω). In other

words,

δ = ∓ω

√

1− [a′(ω)]2

d′(ω)
. (43)

Therefore, equating (42) and (43) yields the following

transcendental equation in ω

2d′(ω) arccos (a′(ω)) + ω
√

1− [a′(ω)]2 = 0. (44)

Unfortunately, as it is usually the case for transcendental

equations, no explicit solution has been found for (44). Thus,

we have to rely at this point on a numerical method.

If we plot δ as a function of ω using (42) and (43), the

intersection of both curves will correspond to the sought

solutions. Fig. 3 depicts a typical example of the obtained

plots.

Observe that if (δ, ω) is a solution of (42) and (43), then

(−δ, ω) is a solution as well, but they both correspond to the

0

0
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4

4

6

6

8

10

−2

−2

−4

−4

−6

−6

−8

−10

ω

δ

Fig. 3. Typical example of plots representing the positive branches of (43)
and (42) shown in dashed blue and solid green lines, respectively.

same physical motion. This simply accounts for the double

covering of SO(3) when using Euler parameters.

Finally, with the obtained solutions for ω and δ, it is

concluded from (32) that

A =
√

δ2 − ω2, (45)

and, from (40) and (39), that

ω0 = arctan

(

c′(ω)

b′(ω)

)

. (46)

In conclusion, the robot orientation as a function of time

can simply be expressed as

R(t)=Rz

(

t

∆t
ω

)

Rp

(

t

∆t
δ

)

RI , 0 ≤ t ≤ ∆t. (47)

It can be verified that the equivalent axis of rotation of

Rz

(

t
∆t

ω
)

Rp

(

t
∆t

δ
)

lies on the XY plane for any value of t,
as required [9, p. 85].

At this point, it is worth remembering that a maneuver is a

sequence of moves connected by zero-velocity points. Thus, a

one-move maneuver is not, strictly speaking, a maneuver and

hence the title of this paper.

VI. EXAMPLE

Let us consider the non-holonomic orienting robot shown

in Fig. 4. The center of the sphere is located at the origin,

the spherical joints attached to the base are centered at

a1 = (1, 0, 0)T and a2 = (0, 1, 0)T , and those attached to

the moving platform, in the reference orientation, at b0
1 =

(0.5, 0, 0)T and b0
2 = (0, 0.5, 0)T . Due to the non-holonomic

constraint, the sphere cannot rotate about r̂, which is assumed

to be aligned with the z-axis, as above.

Let us also assume that the initial and final orientations of

the moving platform are given by

RI =





0.7513 −0.5275 −0.3965
0.5071 0.8460 −0.1646
0.4223 −0.0774 0.9031



 (48)

and

RF =





0.9970 0.0534 0.0553
−0.0192 0.8700 −0.4927
−0.0744 0.4902 0.8684



 , (49)
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Fig. 4. Location of the joints and the disk for the robot used in the example.
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as a function of θ2 is attained at 1.7384.

This value determines the two-move maneuver used in the example.

respectively. Then,

RT = RFR
−1
I =





0.6991 0.5416 0.4668
−0.2780 0.8074 −0.5204
−0.6588 0.2340 0.7150



 . (50)

A. Three-move maneuver

The three-step maneuver results from applying equa-

tions (9), (10) and (11). This yields

ω1 = 0.8594, ω2 = 0.7967, ω3 = −0.3993.

A representation of the robot motion following the resulting

trajectory can be seen in Fig. 6(top row).

B. Two-move maneuver

To obtain a two-move maneuver, the first step is to compute

a set of values for γ1, γ2, and γ3 satisfying (14). Then, we

can express ω1 and ω2 as a function of θ2 using (19), (20),

and (21). Since we can arbitrarily choose θ2, we can pick out

the value that minimizes ω2
1 + ω2

2 . This minimum is attained

at θ2 = 1.7384 (see Fig. 5). The substitution of this value in

(21) yields θ1 = 2.5829. Then, the axes of rotation are

n1 = (−0.848, 0.530, 0)T , n2 = (−0.167, 0.986, 0)T ,

and the rotated angles about them are obtained substituting the

values of θ1 and θ2 in (19) and (20), respectively. This yields

ω1 = 1.1713, ω2 = −1.1708.

A representation of the robot motion following the resulting

trajectory can bee seen in Fig. 6(center row).

C. One-move maneuver

Following the procedure detailed in Section V, the first step

consists in computing the Euler parameters for the rotation de-

fined by (50). The result is (0.8974, 0.2102, 0.3136,−0.2283).
Then, we can plot δ as a function of ω using both (42) and

(43). The result is plotted in Fig. 3. The intersection of both

curves occurs at

δ = 4.1578, ω = 3.7496.

Then, the substitution these values in (45) and (46) yields

A = 1.7965, ω0 = −0.8945.

A representation of the motion followed by the robot along

the resulting path can be seen in Fig. 6(bottom row).

D. Comparing the three path planners

Fig. 6 shows the motion generated by the three path planners

organized in three rows. From top to bottom we can see the

generated three-move, two-move, and single-move maneuvers.

In the left column, we have light gray and dark gray triangles

representing the moving platform in its initial and final ori-

entation, respectively. The sequence of small reference frames

illustrate the path followed by b1. This is the motion generated

as seen from the base reference frame. If we fix the observer

to the moving reference frame, the motion followed by the

disk on the sphere is better appreciated. This is represented in

the right column.

All three trajectories behave well and quite similarly in this

example. A greater difference is observed when translating

the generated motions into a variation of the two leg lengths

using (5). The result is represented in Fig. 7. The single-move

maneuver generates a differentiable path. It can lead to faster

motions because the generated trajectories do not contain zero-

velocity points, thus making the use of the studied parallel

robot possible in a larger range of applications. Finally, it is

worth noting that, although using the single-move path planner

the time variation of the legs’ lengths are differentiable, the

path followed by the point of contact between the disk and

the sphere contains cusp points (see Fig. 8). These points play

a fundamental role in non-holonomic path planners [12]. An

important result is that they are here automatically generated.
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Fig. 6. Example of the motions generated by the three described path planners shown with respect to both the reference frame of the base and that of the
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for the three path planners. The initial and final configurations are indicated
by ‘o’ and ‘*’, respectively. The same line code as in Fig. 7 is used to indicate
the results generated by the different path planners.

VII. CONCLUSION

It has been shown that it is possible to find smooth paths

connecting two arbitrary orientations of a sphere constrained

in its motion by a disk that can freely roll in contact with it

without slipping. The generated paths result from choosing the

ansatz in (25), but there are other alternatives. This means that

there are probably infinitely many L∞ paths connecting two

arbitrary orientations in SO(3) that satisfy the non-holonomic

constraint. This opens the possibility of optimizing the path

according to some criterion, or even the possibility of finding

paths with closed-form formulas for their defining parameters,

instead of relying on a numerical method.

The presented path planners are open-loop methods. How-

ever, it would be desirable to construct the input as a function

of the system state to compensate for noises and errors in the

system. Path planners that generate maneuvers cannot trans-

lated into control systems in an obvious way. The situation

changes with the presented single-move path planner. This is

certainly a point that deserves further attention.
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