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Notations

3 ; : . . . :
R® - continuous elastic media = Euclidean three-dimensional space

X', yi 1 =1,2,3 - Cartesian coordinates

Oii - Euclidean metric

[ : .
U (X) - displacement vector field
&ij = %(aiuj at (3jUi) - strain tensor
]

Elasticity theory of small deformations

Giaij +f1=0 - Newton'’s law

O - stress tensor

o' = /15ij8kk +2ue" - Hooke's law

f! (X) - density of nonelastic forces ( f | = 0)

A, 1 - Lame coefficients il



Differential geometry of elastic deformations

/ X y' = x(y) - diffeomorphism: RS — Rs
i y' - X
y X =Yy +U (X) & O

g;j (X) = (;y ayl O = O —0jU; —0U; = 0j; — 2&;; - induced metric

~ ~

F’iljkl = alfjkl —Flkmrjml = (l <> J) = O - curvature tensor

X' = —l:jk')'(J)'(k - extremals (geodesics)

~

Tijk = Fijk —fjik =0 - torsion tensor



Dislocations

Linear defects:

Edge dislocation Screw dislocation

&

' IS continuous = elastic deformations
u'(x) {

b - Burgers vector

Point defects:

Vacancy

IS not continuous = dislocations



Edge dislocation

pax“o,u' =—Pdx“a,y' =—b ()
C C

x“, ©=1,2,3 -arbitrary curvilinear coordinates

yi (x) - is not continuous !

| -
8ﬂy - outside the cut  triad field

eﬂi (X) o) | e i :
lim aﬂy _on the cut (continuous on the cut)

(*)= b' = <j5dx“eﬂi = ﬂ dx” A dx” ((’3ﬂevi —Oveﬂi) - Burgers vector in elasticity
€ S

i i ij : y ¢
i, =00y —a)ﬂjevj —(u<>v)  -torsion g A i
)z JZ
Ruv” ‘S 5ﬂa)v'l i @yl a)VkJ — (1 <> v) -curvature led SO(3)-connection

b' = H dx“ A dXVTWi - definition of the Burgers vector
In the geometric theory

Back to elasticity: if RWij =0 then a)ﬂij —0 4




Disclinations

Ferromagnets n'(X) - unit vector field né - fixed unit vector
n' =Ny S (@)
SN S, = S@(B) orthogonal matrix
- v 7 a)” ——w) e 50(3) - Lie algebra element (spin structure)
1
w; = —ei-ka)Jk - rotational angle
2 J
g - totally antisymmetric tensor (&1, =1)
Examples

' X i i
QY = g’idxﬂaﬂw

X 0 =¢ kQJk - Frank vector
(total angle of rotation)




Model for a spin structure:

o (X) € s0(3) - basic variable

kg
- ; a E; i
S = 5lcosw+—HKsinw +
) a

@’

>—(1—cosw) € SO(3), wzw/a)ia},

Iﬂij = (GﬂS_l)ik Skj - trivial SO(3)-connection (pure gauge)

8“|yij =0 - principal chiral SO(3)-model




Frank vector

@" (X) - is not continuous !

A O a)ij - outside the cut
o V(x)={ “

7 : -
Ilmﬁﬂa)”- on the cut

Q' = pdx“w,” = [[dx* A dx’ (8,0,

ij ij ik
Rﬂv —Gﬂa)v @,

Q' = [[dx* A dX'R,,]

Back to the spin structure: if N e R?

J
a)vk

- SO(3)-connection
(continuous on the cut)

'-0,w,") -the Frank vector

- (Le>v) - curvature

- definition of the Frank vector
In the geometric theory

then SO(3) > SO(2)



Summary of the geometric approach

(physical interpretation)

Media with dislocations and disclinations —

= R?’ with a given Riemann-Cartan geometry

_ e, - triad field
Independent variables 4]
a)#” - SO(3)-connection
Tuvi = aﬂevi _1 a)ﬂij €5 (u<v) - torsion (surface density of
! the Burgers vector)
w, ) — (1 <> V) - curvature (surface density of
the Frank vector)

ij i B il
RW —8ﬂa)v @,

Elastic deformations: RW” =0, TW' =C,
Dislocations: R, '=0, T, '#0
Disclinations: RWij # 0, TWi =0

Dislocations and disclinations: Ruv” # 0, Tuvl #0



The free energy

s[RI e L=xR—1Ty (BT + BT + BT 16%)
+% Rijid (VlRijkl L 7/2Rk"j T 73Rik5jl) + A
T; K =e”.e”. Tuv . ... -transformation of indices
T.=T.' -trace of torsion K, By, By Pa _
J 1) - coupling constants
Y1:Y2: V3 A

Ry = Rijkj - Ricci tensor

Ri= Rii - scalar curvature .
R=0, T #0 -onlydislocations
equations of equilibrium JR=0

. . T =0 - only disclinations
admit solutions y

Postulate:

R= 0, T =0 - elastic deformations

The result: L=xR-— 7/R[ij]R[ij]

R(e) - the Hilbert-Einstein action

Riijj(6,@) - antisymmetric part of the Ricci tensor 9



Elastic gauge

(1-20)Au;+6,0;u’ =0
A
O =
2(A+ 1)

i
€ ~5ﬂi—aﬂu

(1_ 20)5’”6/” +aieﬂﬂ — O

- the elasticity equation

- Poisson ratio

- the linear approximation

- the elastic gauge (fixes diffeomorphisms)

Lorentz gauge

8“@#” =0 | -the Lorenz gauge (fixes SO(3)-invariance)

N I _ e -lykg |
If there are no disclinations R ,* =0, then @ ;" =1 ;° =(0,57);" Sy

Ui

pure gauge

6”Iﬂij =0 - principal chiral SO(3)-model
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y Wedge dislocation in elasticity theory

I', @, Z - cylindrical coordinates

U, = {u(r),v(r)q),O} - displacement vector

// ~x  Boundary conditions:

Uy |o=0, Uy, |(p=O: 0, Uy, | =—270r, Ol |_gr=0

Q=21

‘—» v(r)=-0r

u | T

-
D= —ﬂﬁ, o - Poisson ratio
1-o

D C, .
U= > rinr+cr+—=, c;,=const -ageneral solution
r ]

dl® :(1+91_20In rjdrzqtr2(1+91_zgln L s jdgpz
T l1-c R l1-c R 1-o
—— induced metric <l r-~R 11




Wedge dislocation in the geometric theory

6 - deficit angle

R g a=1+0

: 1!
»/A% =278 d|% = gl ol gpz— metric for a conical singularity
a (exact solution of 3D Einstein egs.)

Where is the Poisson ratio g ???

The elastic gauge: (1- 20)8”% oi- aieﬂﬂ =0

For eﬂi — 8ﬂui it reduces to elasticity equations: (1— Zg)Aui b aiajuj =0

2(n-1) 2
2 r 2 ar 2 : o
dl© = (—j dr°+——dg” | - exact solution of the Einstein
R n equations in the elastic gauge

N —lo + \/6’202 +4(1+ 6)(1-0)°
] 2(1-0)
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Comparison of the elasticity theory
with the geometric model

r 2(n-1) o212
dl® = (EJ dr? + > do® | - the geometric model
n

1-20

— 0l n=1+6
2(1- o)

di‘ = (1+ p1=29 ! jdr2 +r° (1+ p1=29 ! +9Ljd¢)2 - the elasticity

The result of the elasticity theory is valid only for small
deficit angles @ <« 1 and near the boundary r ~ R

The result of the geometric model is valid for all &
and everywhere

Induced metric components define the deformation

tensor and can be measured experimentally 13



Conclusion

Geometric theory of defects

Elastic gaug‘e/ \_orenz gauge

Principal chiral SO(3)-model
* % J Kk

Elasticity theory
* % K kK

1) The geometric theory of defects in solids appears to be
a fundamental theory of defects.

2) It describes single defects as well as continuous distribution
of defects.

3) It provides a unified treatment of defects in media (dislocations)
and in spin structures (disclinations).

4) In the absence of defects it reduces to the elasticity theory
for the displacement vector field and to the principal chiral

SO(3)-model for spin structures. ad



