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Abstract

Let M be an n-dimensional submanifold in the simply connected space form
F"*P(c) with ¢ + H? > 0, where H is the mean curvature of M. We verify that
if M™(n > 3) is an oriented compact submanifold with parallel mean curvature and
its Ricci curvature satisfies Ricy > (n—2)(c+ H?), then M is either a totally umbilic
sphere, a Clifford hypersurface in an (n+1)-sphere with n = even, or CP?(3(c+ H?))
in S7( CiHQ ). In particular, if Ricp > (n — 2)(c + H?), then M is a totally umbilic
sphere. We then prove that if M"(n > 4) is a compact submanifold in F"*?(c) with
¢ >0, and if Ricps > (n—2)(c+ H?), then M is homeomorphic to a sphere. It should
be emphasized that our pinching conditions above are sharp. Finally, we obtain a
differentiable sphere theorem for submanifolds with positive Ricci curvature.

1 Introduction

The investigation of curvature and topology of Riemannian manifolds and submani-
folds is one of the main stream in global differential geometry. In 1951, Rauch first proved
a topological sphere theorem for positive pinched compact manifolds. During the past
sixty years, there are many progresses on sphere theorems for Riemannian manifolds and
submanifolds [2, 8, 30, 37]. In 1960’s, Berger and Klingenberg proved the famous topolog-
ical sphere theorem for quarter-pinched compact manifolds. In 1966, Calabi and Gromoll
initiated the differentiable pinching problem for positive pinched compact manifolds. In
1977, Grove and Shiohama [14] proved the celebrated diameter sphere theorem which is
optimal for arbitrary n. In 1982, Hamilton [16] established the theory of Ricci flow and
obtained the famous sphere theorem for 3-manifolds with positive Ricci curvature. Later
some differentiable pinching theorems for Riemannian manifolds via Ricci flows were ob-
tained by several authors [5, 8, 9, 17]. In 1988, Micallef and Moore [24] verified the
topological sphere theorem for manifolds with pointwise 1/4-pinched curvatures via the
techniques of minimal surface. In 1990’s, Cheeger, Colding and Petersen [10, 27] obtained
differentiable sphere theorems for manifolds with positive Ricci curvature. Recently Bohm
and Wilking [3] proved that every manifold with 2-positive curvature operator must be
diffeomorphic to a space form. More recently, Brendle and Schoen [6] proved the remark-
able differentiable sphere theorem for manifolds with pointwise 1/4-pinched curvatures.
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Moreover, Brendle and Schoen [7] obtained a differentiable rigidity theorem for compact
manifolds with weakly 1/4-pinched curvatures in the pointwise sense. Using Brendle and
Schoen’s result [7], Petersen and Tao [28] proved a classification theorem for compact and
simply connected manifolds with almost 1/4-pinched sectional curvatures. The following
important convergence result for the Ricci flow in higher dimensions, initiated by Brendle
and Schoen [6] and finally verified by Brendle [4], cut open a new field in curvature and
topology of manifolds [5, 8, 37].

Theorem A. Let (M, go) be a compact Riemannian manifold of dimension n(> 4). As-
sume that
Ri313 + A’ Ria1a + Rosos + A Roags — 2ARi234 > 0

for all orthonormal four-frames {e1,e2,e3,e4} and all X\ € [—1,1]. Then the normalized
Ricci flow with initial metric go

0 , 2
ag(t) = —2Ricyy) + ETg(t)g(t)
exists for all time and converges to a constant curvature metric as t — oo. Here 1y
denotes the mean value of the scalar curvature of g(t).

Let M™ be an n(> 2)-dimensional submanifold in an (n + p)-dimensional Rieman-
nian manifold N™*P. Denote by H and S the mean curvature and the squared length
of the second fundamental form of M, respectively. After the pioneering rigidity theo-
rem for minimal submanifolds in a sphere due to Simons [32], Lawson [18] and Chern-do
Carmo-Kobayashi [11] obtained a famous rigidity theorem for oriented compact minimal
submanifolds in S™*? with S < n/(2 — 1/p). It was partially extended to compact sub-
manifolds with parallel mean curvature in a sphere by Okumura [25, 26], Yau [40] and
others. In 1990, the first named author [35] proved the generalized Simons-Lawson-Chern-
do Carmo-Kobayashi theorem for compact submanifolds with parallel mean curvature in
a sphere.

Theorem B. Let M be an n-dimensional oriented compact submanifold with parallel
mean curvature in an (n+ p)-dimensional unit sphere S"tP. If S < C(n,p, H), then M is

either the totally umbilic sphere S”(\/h{?), a Clifford hypersurface in an (n + 1)-sphere,

or the Veronese surface in S*(———). Here the constant C(n,p, H) is defined by

V1+H?2
a(n, H), forp=1, or p=2and H #0,
n > 2 H =
Cln.p. H)={ =5 Jorp =2 and =0
min{a(n,H),’;‘_”i2 —|—nH2}, forp>3and H #0,
p—1
3
n n(n —2)
H) = —— g = 2H4 + 4(n — 1)H2.
a(n, H) =n+ 57— Q(n—1)‘/" +4n—1)

Later, the above pinching constant C(n,p, H) was improved, by Li-Li [20] for H = 0
and by Xu [36] for H # 0, to

{ a(n, H), forp=1, orp=2and H # 0,

! —
C'(n,p, H) = min {a(n, H),3(2n+ 5nH2)}, otherwise.
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Using nonexistence for stable currents on compact submanifolds of a sphere and the
generalized Poincaré conjecture in dimension n(> 5) verified by Smale, Lawson and Simons
[19] proved that if M™(n > 5) is an oriented compact submanifold in S"P, and if S <
2y/n — 1, then M is homeomorphic to a sphere. Let F"*?(c) be an (n + p)-dimensional
simply connected space form with constant curvature c. Putting

n? n(n — 2)
Hye)=nct+ ———H?— 272 /02 FT 4 4(n — 1)cH?
a(n, H,c) nc+2(n—1) 2(n_1>\/n +4(n —1)cH?,

we have ming a(n, H, c) = 2y/n — lc. Motivated by the rigidity theorem above, Shiohama
and Xu [31] improved Lawson-Simons’ result and proved the following optimal sphere the-
orem.

Theorem C. Let M"(n > 4) be an oriented complete submanifold in F™*P(c) with ¢ > 0.
Suppose that sup,,;(S — a(n, H,c)) < 0. Then M is homeomorphic to a sphere.

Xu and Zhao [39] first investigated the differentiable pinching problem for submani-
folds. Making use of the convergence results of Hamilton and Brendle for Ricci flow and
the Lawson-Simons formula for the nonexistence of stable currents, Gu and Xu [15] proved
the following differentiable sphere theorem for submanifolds in space forms.

Theorem D. Let M be an n(> 4)-dimensional oriented complete submanifold in F"™*P(c)
with ¢ > 0. Assume that S < 2c+ Tiff, where ¢ + H? > 0. We have

(i) If c = 0, then M is either diffeomorphic to S™, R™, or locally isometric to S"~!(r) x R.
(#3) If M is compact, then M is diffeomorphic to S™ .

Theorem D improves the differentiable pinching theorems due to Andrews-Baker and
the authors [1, 38].

In 1979, Ejiri [12] obtained the following rigidity theorem for n(> 4)-dimensional ori-
ented compact simply connected minimal submanifolds with pinched Ricci curvatures in
a sphere.

Theorem E. Let M be an n(> 4)-dimensional oriented compact simply connected min-
imal submanifold in S™P. If the Ricci curvature of M satisfies Ricyy > n — 2, then M

1s either the totally geodesic submanifold S™, the Clifford torus Sm(\/g) X Sm( %) mn

St withn = 2m, or CPQ(%) in S7. Here (CPz(%) denotes the 2-dimensional complex pro-
jective space minimally immersed into ST with constant holomorphic sectional curvature %.

The pinching constant above is the best possible in even dimensions. It’s better than
ones given by Simons [32] and Li-Li [20] in the sense of the average of Ricci curvatures.
The following problem seems very attractive, which has been open for thirty years.

Open Problem A. Is it possible to generalize Ejiri’s rigidity theorem for minimal sub-
manifolds to the cases of submanifolds with parallel mean curvature in a sphere?



In 1987, Sun [33] showed that if M is an n(> 4)-dimensional compact oriented sub-
manifold with parallel mean curvature in S™*? and its Ricci curvature is not less than
%(1 + H?), then M is a totally umbilic sphere. Afterward, Shen [29] and Li [21]
proved that if M is a 3-dimensional oriented compact minimal submanifolds in S3*? and
Ricpy > 1, then M is totally geodesic.

The purposes of the present paper is to investigate rigidity of geometric, topological
and differentiable structures of compact submanifolds in space forms. Our paper is orga-
nized as follows. Some notation and lemmas are prepared in Section 2. In Section 3, we
generalize the Ejiri rigidity theorem for compact simply connected minimal submanifolds
in a sphere to compact submanifolds with parallel mean curvature in space forms. More
preciously, we prove that if M is an n(> 3)-dimensional oriented compact submanifold
with parallel mean curvature in F"*P(c) with ¢+ H? > 0, and if Ricys > (n —2)(c+ H?),
then M is either a totally umbilic sphere, a Clifford hypersurface in an (n + 1)-sphere
with n = even, or CPQ(%(0+ H?)) in 57(\/@). In particular, we provide an affirmative
answer to Open Problems A. In Section 4, we prove that if M is an n(> 4)-dimensional
compact submanifold in F™"*P(¢) with ¢ > 0, and if Ricyy > (n — 2)(c + H?), then M
is homeomorphic to a sphere. Moreover, we obtain a differentiable sphere theorem for
compact submanifolds with positive Ricci curvature in a space form.

2 Notation and lemmas

Throughout this paper let M"™ be an n-dimensional compact submanifold in an (n+ p)-
dimensional Riemannian manifold N™*P. We shall make use of the following convention
on the range of indices:

1§A7B7C7§n+p7 1SZ7]7k7§n7 n+1§a75777gn+p

For an arbitrary fixed point x € M C N, we choose an orthonormal local frame field {e4}
in NP such that e;’s are tangent to M. Denote by {wa} the dual frame field of {e}.
Let Rm, h and & be the Riemannian curvature tensor, second fundamental form and mean
curvature vector of M respectively, and Rm the Riemannian curvature tensor of N. Then

Rm = Z Rijrpiwi ® wj @ wi ® wy,

Z'7j7k7l
Rm = Z EABCDWA Qwp ¥wc Qwp,

ABCD

1
h = Zh%wl-@wj@ea, = EZ e,
a,l,] a,?
Rijie = Riji+ Y (h§ih5 — hiihsy), (2.1)
(0%
Ropr = Ragu + Y _(hihly — hihly). (2:2)
i

We define
S = ‘h|2a H = |€’a H, = (h%)nxn
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Denote by Ric(u) the Ricci curvature of M in direction of w € UM. From the Gauss
equation, we have

Ric(e;) ZRW - Z hehe; — (he5)?]. (2.3)

Set Ricmin(x) = minyep, i Ric(u). Denote by K(w) the sectional curvature of M for tan-
gent 2-plane 7(C T, M) at point x € M, K(7) the sectional curvature of N for tangent 2-
plane 7(C T, N) at point € N. Set Ky := mingcr, v K(7), Kmax 1= max,cr,n K (7).
Then by Berger’s inequality, we have

|RABCD’ < Kmax — Fmin) (24)

3(
for all distinct indices A, B, C, D.

When the ambient manifold N"? is the complete and simply connected space form
F"P(¢) with constant curvature ¢, we have

Rapep = c(6acdBp — daDdBC).- (2.5)
Then the scalar curvature of M is given by
R=n(n—1)c+n’*H* - S. (2.6)

When M is a submanifold with parallel mean curvature vector £, we choose e,11 such
that it is parallel to &, and

trHp+1 =nH, trHy =0, for a #n + 1. (2.7)

Set
Sp=trH},,, Sr= > trH..
aF#n+1

The following lemma will be used in the proof of our rigidity theorem.

Lemma 2.1([40]). If M™ is a submanifold with parallel mean curvature in F"*P(c),
then either H =0, or H is non-zero constant and Hy1H, = HoHp 1 for all a.

We denote the first and the second covariant derivatives of ho‘ by h: i and hwkl respec-
tively. The Laplacian of h{; is defined by Ahg; =) hey. Followmg [40] we have

ARG = (Rt Renige + iy Rnin)- (2.8)

k,m

The nonexistence theorem for stable currents in a compact Riemannian manifold M iso-
metrically immersed into F?(c¢) is employed to eliminate the homology groups Hy(M;Z)
for 0 < ¢ < n, which was initiated by Lawson-Simons [19] and extended by Xin [34].

Theorem 2.1. Let M™ be a compact submanifold in F"*P(c) with ¢ > 0. Assume that

n q

Y > R2lhleren)® = (hlessei) hlexs er))] < a(n — g)e

k=q+1 i=1



holds for any orthonormal basis {e;} of TuM at any point x € M, where q is an inte-
ger satisfying 0 < q¢ < n. Then there does not exist any stable g-currents. Moreover,
Hy(M;Z) = Hy—y(M;Z) = 0, and m1(M) = 0 when ¢ = 1. Here H;(M;Z) is the i-th
homology group of M with integer coefficients.

To prove the rigidity and sphere theorems for submanifolds, we need to eliminate the
fundamental group 71 (M) under the Ricci curvature pinching condition, and get the fol-
lowing lemmas.

Lemma 2.2. Let M be an n(> 4)-dimensional compact submanifold in F"*P(c) with
c > 0. If the Ricci curvature of M satisfies

(n—1)

n
Ricpy >
icy 2

then Hi(M;Z) = H,—1(M;Z) =0, and m (M) = 0.

(c+ H?),

Proof. From (2.6) and the assumption, we have

2n(n —1)

S —nH? <
n+ 2

(c+ H?).

This together with (2.3) implies that

n

> [2Ih(er, ) — (hler,ex), hlex, ex))]

k=2

= QZZ( ?k)2_zzh?l ok
a k=2 a k=2

= D > (h§y)* = Ric(er) + (n—1)c

o k=2
< %(s — nH) — Ric(er) + (n — e
< W(0+H2) - n(n+_21)(c+ H*) + (n—1)c
= (n—1ec. (2.9)

This together with Theorem 2.1 implies that Hy(M;Z) = H,—1(M;Z) = 0, and 71 (M) =
0. This proves Lemma 2.2. O

Lemma 2.3. Let M be an n(> 4)-dimensional compact submanifold in F"*P(c) with
c > 0. Assume that the Ricci curvature of M satisfies

Ricy > (n—2)(c+ H?).

We have the following possibilities:
(7) If n =4 and ¢ > 0, then m (M) = 0.
(#3) If n > 5, then w1 (M) = 0.



Proof. (i) If n =4 and ¢ > 0, then it follows from the assumption and (2.3) that

4
> [2Ih(er, ) — (hler,en), hlex, ex))]

k=2
4
= 222( ?k)z—zzh%h?k
a k=2 a k=2

= —2Ric(e1) + 6c— Y _[(h§y)? — trHahS)]

«
—2Ric(e1) + 6¢ + 4H?
< 3c (2.10)

IN

This together with Theorem 2.1 implies that 71 (M) = 0.
(ii) If n > 5, then the assertion follows from Lemma 2.2.
This completes the proof of Lemma 2.3. O

3 Rigidity of submanifolds with parallel mean curvature

In this section, we generalize the Ejiri rigidity theorem to compact submanifolds with
parallel mean curvature in space forms. To verify our rigidity theorem for submanifolds
with parallel mean curvature in space forms, we need to prove the following theorem.

Theorem 3.1. Let M be an n(> 3)-dimensional oriented compact submanifold with
parallel mean curvature (H # 0) in F"P(c). If

Ricyr > (n—2)(c+ H?),

where ¢ + H? > 0, then M is pseudo-umbilical.

Proof. The key ingredient of the proof is to derive a sharp estimate for ASy. By
the Gauss equation (2.1), (2.5) and (2.8), we have

S = OB T

.5,k

— 1 +17pn+1

= Z h:ﬁ; Z hn hn [ 5mj(51k — 5mk(5ij)c
.5,k ,4,km

+ D0 = Hoa)]

+ Z B R BomsOk = Sk
i,5,k,m

(i = k)



= Y (nmy? +ncz (= [y

1,5,k 1,J
—n2cH? + nH Z h”“h”“h”“
1,5,k
2
DN DICARES O]
a#n+1 4,5

(3.1)

Let {e;} be a frame diagonalizing the matrix H,,y; such that h?jﬂ = )\?Héij, for all 7, 5.

Set
fk = Z(A?J’_l)k?
7
pitt = H -\ i =120,
Bp =Y (uth*.
7
Then

B1 =0, By =Sy —nH?,
B3 = 3HSy — 2nH? — fs.

This together with (3.1) implies that

1 n
§ASH = Z(h 2 4 neSy — 8% — nPcH?

ijk
0,4,k
+nH f3 — Z (Zufbﬂho‘)
a#n+1 %
= Z(h:ﬁgl) +neSy — 8% — ncH?
0,5k
+nH(3HSy — 2nH? — By) — > (Z M”“ha)
aF#En+1 7
= Y (WP + Balne + 2nH? — Sy
WG,k
~nHB;— Y (Z,ﬂ“ha) .
a#n+1 7

Let d be the infimum of the Ricci curvature of M. Then we have
Ric(e;) = (n— De+nHNT = A2 = 3 (h8)? > d,
a#n+1,j

This implies that
S —nH? <n[(n—1)(c+ H? —d],

(3.2)



and

(n=2)HW\™ — H) = (\f™ = H)?
+n—1)(c+H?) = Y (h)*—d>0. (3.5)
a#n+1,j

It follows from (3.5) that

A —H)?2 ) 1 (hg5)? d n—1
H )\ﬂ"rl —H) > ( 7 a#En+1,j\"%j o H2 )
(A )= n—2 + n— 2 +n—2 n—2<c+ )

So,

—nHB; > nigz(“?ﬂ Z Z pHL)2

% a;én+1 1,5
" _1d—(n—1)(c+ H?)B,. (3.6)

+n—2

From (3.2) and (3.6), we get

1 n+1 2
§ASH > Z(hwk’) +Bg{nc+2nH — Sy

1,7,k

+n7_12[d—(n—1)(c+H2)]} nizzwﬂ)

* 3 [ - ()
> Z(h?j,;l) —I—Bz{nc—l—2nH2—SH

1,7,k

+—ld— (n—1)(c+ H)]

B2 B n «
+n—22 Z—Q > (Z“ Hh)
a#n+1 7

> Z(h?ﬁ;l) —I—Bg{nc+nH2—n:§(S—nH2)

1,7,k

+d = (n = e+ B}, (3.7)

This together with (3.4) implies that

%ASH > S+ Bal{(n— 2)(c + H)

ijk
ik
—(n—=3)[(n—1)(c+ H?) —d] +[d— (n—1)(c+ H*]}
= > (WY’ + nBald — (n— 2)(c+ H?)). (3.8)
ik



By the assumption, we have d > (n—2)(c+H?). This together with (3.8) and the maximum
principal implies that Sy is a constant, and

(S —nH?)[d — (n—2)(c+ H?)] =0. (3.9)

Suppose that Sy # nH?. Then d = (n —2)(c+ H?). We consider the following two cases:
(i) If n = 3, then the inequalities in (3.7) and (3.8) become equalities. Thus, we have

hi; =0, for a #n+1, i#j,

it = |u;‘+1 , ittt = b fora#n+1, 1<4,j<n. (3.10)

This implies ,u?“ =0,i=1,2,---,n. It follows from Gauss equation that ¢ + H? = 0.
This contradicts with assumption.
(ii) If n > 4, then the inequalities in (3.7) and (3.8) become equalities and we have

Ricy = (n—2)(c + H?),
hi; =0, fora#n+1, i#j,
it = |u?+1\, pitt =hg, fora#n+1, 1<i,j<n. (3.11)
It follows from Gauss equation that ,u?“ = 0 and ¢ + H? = 0. This contradicts with
assumption.

Therefore, Sy = nH?, i.e., M is a pseudo-umbilical submanifold. This completes the
proof of Theorem 3.1. O

The following lemma due to Yau [40] will be used in the proof of our geometric rigidity
theorem, i.e., Theorem 3.3.

Lemma 3.2. Let N"™ be a conformally flat manifold. Let Ny be a subbundle of the
normal bundle of M™ with fiber dimension k. Suppose M is umbilical with respect to Ny
and Ny is parallel in the normal bundle. Then M lies in an (n + p — k)-dimensional um-
bilical submanifold N' of N such that the fiber of Ny is everywhere perpendicular to N'.

We are now in a position to give an affirmative answer to Open Problems A. More
generally, we prove the following rigidity theorem for compact submanifolds with parallel
mean curvature in space forms.

Theorem 3.3. Let M be an n(> 3)-dimensional oriented compact submanifold with
parallel mean curvature in F"P(c) with ¢ + H? > 0. If

Ricyr > (n —2)(c+ H?),

then M is either the totally umbilic sphere S”(\/C}FW), the Clifford hypersurface

Sm(m) xSm(\/ﬁin)) in the totally umbilic sphere S”“(ﬁ) withm = 2m, or

(CPQ(%(0+ H?)) in 57(\/’;?). Here (CPZ(%(C—I— H?)) denotes the 2-dimensional complex
1

projective space minimally immersed in S ( =T

) with constant holomorphic sectional
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curvature 3(c+ H?).

Proof. Case I. H = 0. If n = 3, then the assertion follows from Shen and Li’s results
[29, 21].

If n > 4, then it follows from Lemma 2.3 that M is simply connected. Hence the
assertion follows from Theorem E.

Case II. H # 0. When p = 1, we get the conclusion from Theorem 3.1.

When p > 2, we know from the assumption and Theorem 3.1 that M is pseudo-
umbilical. It is seen from Lemma 3.2 that M lies in an (n + p — 1)-dimensional totally
umbilic submanifold F"*P~1(¢) of F"*P(c), i.e., the isometric immersion from M into
F"TP(c) is given by

iop: M — FMP=YE) — FP(e),
where ¢ : M — F"P~1(¢) is an isometric immersion with mean curvature vector ¢1, and

i: FP=1(&) — F"tP(c) is a totally umbilic submanifold with mean curvature vector &s.
Denote by hsy the second fundamental form of isometric immersion ¢. Set

Hy = |&f, Hz = [&]. (3.12)

We know that £ = & + 17, where n = 1 3. ha(e;, ;) and {e;} is a local orthonormal frame
field in M. Since & L &, and 7 || £, we obtain & = 0, and n = £. Noting that F"P~1(¢)
is a totally umbilic submanifold in F™*?(c), we have |n| = Hy. Thus,

H? = H? + |n|* = H3. (3.13)
This together with the Gauss equation implies that
é=c+ H” (3.14)

Hence, M is an oriented compact minimal submanifold in S™*P~1( \/ciT) Now we con-

sider the following two cases:
(i) n = 3. It follows from Shen and Li’s results [29, 21] that M is the totally umbilic
31
sphere S°( m) .
(i) n > 4. From the assumption and Lemma 2.3, we know that M is simply con-
nected. Therefore, it follows from Theorem E that M is either the totally umbilic sphere

S™"(———), the Clifford hypersurface S™(———=) x Sm(#) in the totally um-

Ve+H? 2(c+H?2) ct+H?)
bilic sphere SHH(\/ciT) with n = 2m, or CP%(3(c+ H?)) in S7( chrHQ)'
Combing (i) and (ii), we complete the proof of Theorem 3.3. O

Remark 3.1. It’s obvious that the pinching condition in Theorem 3.3 is sharp.
As a consequence of Theorem 3.3, we get the following:

Corollary 3.4. Let M™ be an n(> 3)-dimensional oriented compact submanifold with
parallel mean curvature in F"P(c) with ¢ + H? > 0. If

Ricyr > (n—2)(c+ H?),

then M is the totally umbilic sphere S™( c—il-H2)'

]
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4 Sphere theorems for submanifolds

In this section, we investigate rigidity of topological and differentiable structures of
compact submanifolds in space forms. Motivated by Theorem 3.3, we first prove the fol-
lowing topological sphere theorem for compact submanifolds in space forms.

Theorem 4.1. Let M be an n(> 4)-dimensional compact submanifold in F"P(c) with
c>0. If
Ricy > (n—2)(c+ H?),

then M is homeomorphic to a sphere.

Proof. Assume that 2 < ¢ < 7. Setting

T, - trHa,
n
we have Y, T2 = H?, and
Ric(e)) = (n—1)e+ Y [nTahg; —(h2)? — Z(h%)Q]. (4.1)
o i

Then we get

Z Z2|h €;, e | — (h(es, €i), hek, ex))]

k=q+1 i=1
n q n q
_ @ \2 a3 Xe
I IPIDIC D DD B
o k=q+1 =1 a k=q+1 =1

SDIE zn: Xq:( ?k)2—(ih3)<trﬂa_ih3ﬂ

Ie% k=q+1 i=1

[ > Y0 - 30+ a3 0]

<
P S s

< qzq: n —1)c — Ric(e;)] + n(qg — 1) ZZT e,

< Z[:(l 1)(c+ H?) — Ricmin] o
—q(n—q)H* +n(g—1) qu:Ta(h?i -

< q(n—q)(n—1)(c+ H?) - Bz”jclmm]
—q(n —q)H? +n(q — 1)22?@@;; —T,). (4.2)
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On the other hand, we obtain

Z Z2|h €, e | — (h(es, ), h(ek, ex))]

NI Q(ghg)(trﬂa_ghg)
=l Z i) (trHo - > i)

a  k=q+1i=1

k=q+1
q
< X2 Y Susr-m-an Y 1
ey k=q+1 i=1 =1 i=1
T Y B Q(”n‘ DS (]
k=q+1 k=q+1
q

< Q(”n—q)g _ za: [ang +(n—29)T, Z; h;;}
< qn—ln—1)(c+ H?) — Ricmin]

—q(n—q)H” — (n—2q) ZZT

a =1
It follows from (4.2), (4.3) and the assumption that

q

Z 22|h el,ek| — (h(es, ), h(ek, ex))]
k=q+

1:=1

< et — )l = (e + H2) = Ricy
—g(n— q)H* +n(q 1) Zajf;Ta<h3 ~T.)}
o=t = @ltn = 1)(c-+ H2) ~ R
= ) — (-2 Y Y T8 - T}

a =1
= q(n—q)[(n—1)(c+ H?) — Ricyin] — q(n — q)H?
< q(n—qc
This together with Theorem 2.1 implies that
Hy(M;Z)=H,—¢(M;Z) =0,
forall 2 < ¢ <

Q) Zq:(h )2

(4.3)

(4.4)

Since (n — 2)(c+ H?) > %(c + H?), we get from the assumption and Lemma 2.2

that
Hi(M;Z) = Ho 1 (M;2) = 0,
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and M is simply connected.

From above discussion, we know that M is a homotopy sphere. This together with the
generalized Paincaré conjecture implies that M is a topological sphere. This completes
the proof of Theorem 4.1. O

Remark 4.1. It’s seen from Theorem 3.3 that the pinching condition in Theorem 4.1
is sharp.

In the next, we investigate differentiable pinching problem on compact submanifolds
in a Riemannian manifold, and obtain the following theorem.

Theorem 4.2. Let (M, go) be an n(> 4)-dimensional compact submanifold in an (n+ p)-
dimensional Riemannian manifold N"*P. If the Ricci curvature of M satisfies

3n2 —9n + 8 R n(n—3
WKmax_ K min +g

- H?
3(n—2) n—2 ’

Ricyr >

then the normalized Ricci flow with initial metric gg

0 , 2
ag(t) = —2Ricyy) + ﬁrg(t)g(t)a

exists for all time and converges to a constant curvature metric as t — oo. Moreover, M
1s diffeomorphic to a spherical space form. In particular, if M is simply connected, then
M is diffeomorphic to S™.

Proof. Set T, = 1trH,. Then Y T2 = H?, and

(e Ne? 1 [0} (6 o (03
hizhg; = 5[(%‘ + hj; — 2T,)% — (h — Ta)” — (hj; — T,)?]

+T0¢(hg - Ta) + Ta(h;‘lj - Ta) + To%' (4.5)

We rewrite (2.3) as

Ric(e;) = Y Rijij+(n—1H?+(n—2)> To(h —To)

J o
=Y (W = Ta)? = > (b)) (4.6)
o a,j#
This implies that
- Z(h%c; - TOé)Q > Ricmin - (n - 1)(Fmax + H2)

—(n=2)Y Ta(h§ —Ta) + Y (h)? (4.7)

Q.7

and
ST (he - Ta) > %[Ricmin — (1= 1) (Fomax + H)). (4.8)

[0}

14



Suppose {e1, €2, e3,e4} is an orthonormal four-frame and A € R.
From (2.1), (2.4), (4.5), (4.7) and (4.8), we have

Ri313 + Rasas — |Ri1234]
I ) §5) a o a \2 a o a \2
= Riziz + Razes + Z [hn 53 — (h3)” + hiyhgs — (ha3)
(0%

—[Ri234 + Z(h(f:a 51 — hish53)]

v
Do

QFmin - 7(Fmax - Fmin)
-2 3 [atnta)? +308)" + 0% + 05

+ Z { hll a)2 _ (h§3 ; Ta)2

w

FTa(hfy = Ta) + Ta(hGs — Ta) + T2]

+Z [ h22 Ta)® _ (h§3 —T,)*

2

T (hGy — Ta) + To (B — Ta) + T2]
8 (— 1— 1 «a a o «
3 <Kmin - ZKmax) 3 za: [3( ) + 3(h33)? + (hfy)? + (hS,)?

+2[Ricamin — (0 — 1) (Kmax + H?)] + 2H?

by S Y g+ Y 0,

a,j#1 o, j#2 aj#3

n—4 o n—4 o
+ 92 Z Ta(hz‘z‘_Ta)+ 92 Z Ta(hz‘z‘_Ta)

a,i#1,3 ,i#2,3

v

8 /— 1—
g(Kmin - ZKmax> + 2H2

+(n — 2)[Ricmin — (n — 1) (K max + H?)]. (4.9)

v

Same argument implies that

Ri414 + R2a24 — |R1234]

8/ 1— )
> = P
> 2 (Kmm 4Kmax) 1 oH
+(n — 2)[Ricmin — (n — 1) (K max + H?)). (4.10)

This together with (4.9) and the assumption implies

Ri313 + A2 Ri414 + Rozaz + A2 Rosoq — 2A R34
> Riz13 + Rosos — |Ri2sa| + A2 (Ri414 + Rosos — |Rio34))
> 0. (4.11)
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It follows from Theorem A that M is diffeomorphic to a spherical space form. In partic-
ular, if M is simply connected, then M is diffeomorphic to S™. This completes the proof
of Theorem 4.2. ]

Theorem 4.3. Let M be an n(> 4)-dimensional compact submanifold in F"P(c) with
c>0. If
Ricyr > (n—2)(1 +&,)(c + H?),

then M is diffeomorphic to S™. Here

)0, for 4 <n <6,
€n = 7(7:‘:;)2, forn >17.

Proof. When n = 5,6, it is well known that there is only one differentiable structure on
S™. This together with Theorem 4.1 implies M is diffeomorphic to S™. When n # 5,6,
it follows from Theorem 4.2 that M is diffeomorphic to a spherical space form. On the
other hand, it follows from Lemma 2.2 that M is simply connected. Therefore, M is
diffeomorphic to S™. This completes the proof of Theorem 4.3. O

Remark 4.2. When 4 < n < 6, the pinching condition in Theorem 4.3 is sharp. When
n > 7, we have 0 < ¢, < % and lim, .., &, = 0. Therefore, the pinching condition in
Theorem 4.3 is close to the best possible.

Motivated by our rigidity and sphere theorems, we would like to propose the following
conjecture.

Conjecture A. Let M be an n(> 3)-dimensional compact oriented submanifold in the
space form F"'P(c) with ¢+ H? > 0. If

Ricyr > (n —2)(c+ H?),

then M is diffeomorphic to either the standard n-sphere S™, the Clifford hypersurface

Sm(%) XSm(%) in S"TY with n = 2m, or CP2. In particular, if Ricpy > (n—2)(c+H?),
then M is diffeomorphic to S™.

To verify Conjecture A, we hope to prove the following conjecture on the normalized
Ricci flow.

Conjecture B. Let (M, go) be an n(> 4)-dimensional compact submanifold in an (n+p)-
dimensional space form F"*P(c) with ¢+ H? > 0. If the Ricci curvature of M satisfies

Ricy > (n—2)(c + H?),

then the normalized Ricci flow with initial metric go

0 , 2
ag(t) = —2Ricyy) + ﬁrg(t)g(t)a

16



exists for all time and converges to a constant curvature metric as t — oo. Moreover, M
1s diffeomorphic to a spherical space form.

Theorems 4.2 and 4.3 provide partial affirmative answers to Conjectures A and B.
Motivated by our rigidity and sphere theorems, we would like to propose the following
conjecture on the mean curvature flow in higher codimensions.

Conjecture C. Let Fy : M — F""P(c) be an n-dimensional compact submanifold in
an (n + p)-dimensional space form F"P(c) with ¢ + H? > 0. If the Ricci curvature of M
satisfies

Ricyr > (n—2)(c+ H?),

then the mean curvature flow

{ S F(x,t) =né(z,t), v € M, t >0,
F(-,0) = Fy(-),

exists smooth solution Fy(-), and Fy(-) converges to a round point in finite time, or ¢ > 0
and Fi(-) converges to a totally geodesic sphere as t — oo. In particular, M is diffeomor-
phic to S™.

Recently, Andrews and Baker [1], Liu, Xu, Ye and Zhao [22, 23] obtained some conver-
gence theorems for the mean curvature flow of higher codimension under certain pinching
conditions on the second fundamental form of M.
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