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SUMMARY 

The c l a s s i f i c a t i o n o f a s e t o f p a t t e r n s 
i s a p rob lem t h a t appears i n v e r y many f i e l d s . I n 
g e n e r a l , the number o f p o s s i b l e c l asses i s unknown. 
To d e f i n e a d i s t a n c e ( o r s i m i l a r i t y ) m a t r i x on the 
s e t o f p a t t e r n s , we must summarize the a v a i l a b l e 
da te i n the fo rm o f a f i n i t e s e t o f f e a t u r e s w i t h 
an i n f o r m a t i o n l o s s as sma l l as p o s s i b l e . To e v a 
l u a t e d i s t a n c e c o e f f i c i e n t s , the b e s t i s t o p r o 
j e c t t he p a t t e r n on a t o t a l o r thono rma l b a s i s ; 
on the c o n d i t i o n of choos ing a base match ing the 
p a t t e r n p r o p e r t i e s wh ich concern t he c l a s s i f i c a 
t i o n prob lem to be s o l v e d . In the case o f geome
t r i c p a t t e r n s where the d i s c o n t i n u i t i e s p l a y a n 
e s s e n t i a l r o l e , H a a r ! s d i s c o n t i n u o u s f u n c t i o n s 
appears to be v e r y p r o m i s i n g as shown in t h e g i v e n 
examples. Morever , Haa r ' s f u n c t i o n s are w e l l adap
t e d t o d i g i t a l c o m p u t a t i o n . 
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1 - PATTERN CLASSIFICATION 

The c l a s s i f i c a t i o n o f a s e t o f p a t t e r n s 
i s a p rob lem t h a t appears i n v e r y many f i e l d s . I n 
t he most s imp le case the number o f d i f f e r e n t c l a s 
ses p o s s i b l e i s known a p r i o r i ; t h i s i s the case , 
f o r example, o f p r i n t e d c h a r a c t e r s o f a g i v e n t y 
p e . But i n g e n e r a l t h e i r number i s unknown. 

In a g e n e r a l way, the prob lem o f c l a s s i 
f i c a t i o n i s the f o l l o w i n g : be i ng g i v e n a s e t o f 
p a t t e r n s one makes c e r t a i n measurements on these 
p a t t e r n s and wants t o de te rmine subsets wh ich a r e , 
w i t h r e s p e c t t o these measurements, i n t e r n a l l y a s 
s i m i l a r as p o s s i b l e and e x t e r n a l l y as d i s s i m i l a r 
as p o s s i b l e . More f o r m a l l y , we have to d e f i n e a 
p a r t i t i o n o f the s e t o f p a t t e r n s ; t h a t i s , a s e t 
o f s u b - s e t s w h i c h are m u t u a l l y e x c l u s i v e and c o l 
l e c t i v e l y e x h a u s t i v e . I t i s n o t a lways p o s s i b l e t o 
reach t h i s i d e a l g o a l , sometimes t h e s u b - s e t s are 

i n t e r n a l l y s i m i l a r and e x t e r n a l l y d i s s i m i l a r b u t 
n e i t h e r e x c l u s i v e nor e x h a u s t i v e . 

The l o g i c d iagram o f f i g u r e 1 . schema
t i z e s t h e i d e a l p roceedure f o r d e f i n i n g such a 
p a r t i t i o n . One uses a se t o f d i s t a n c e v a l u e s ( o r 
s i m i l a r i t y c o e f f i c i e n t s ) i n t h e fo rm o f a t r a i n -
g u l a r m a t r i x ; each d i s t a n c e ( o r s i m i l a r i t y ) b e i n g 
a t t a c h e d t o a p a i r o f p a t t e r n i n d e p e n d e n t l y o f 
t h e o r d e r i n w h i c h one c o n s i d e r s these p a t t e r n s . 
The d i s t a n c e s are to be e v a l u a t e d f rom the rough 
d a t a a v a i l a b l e o n these p a t t e r n s . I f , i n making 
t h e e v a l u a t i o n , one does n o t l ose i n f o r m a t i o n the 
d i s t a n c e m a t r i x w i l l e x a c t l y r e p r e s e n t t he i n i t i a l 
d a t e . U n h a p p i l y t h i s i s r a r e l y so . Moreover a c t u a l 
p a t t e r n s a re v e r y o f t e n compos i t e , t h e d i s t a n c e 
between two compos i te p a t t e r n s i s n o t v e r y s i g n i 
f i c a n t and i t i s necessary t o e x t r a c t f i r s t t h e 
e lemen ta ry components o f composi te p a t t e r n s . 

2 - FEATURE EXTRACTION 

I n a l l t h a t f o l l o w s w e w i l l e s p e c i a l l y 
c o n s i d e r g e o m e t r i c a l o r more e x a c t l y t o p o l o g i c a l 
p a t t e r n s . A good example is a m e t e o r o l o g i c a l map. 
I n t h i s l a t t e r case , w e are i n t e r e s t e d b y omb i -
l i c a l p o i n t s ( e i t h e r h i g h e s t o r l owes t atmosphe
r i c p r e s s u r e ) , and b y e v o l u t i o n o f these p o i n t s . 
The prob lem to be s o l v e d i s t o summarize f i r s t 
t he a c t u a l p a t t e r n by a s e t o f f e a t u r e s and a f 
t e r to c l a s s i f y a s e t o f such maps. 

For t h i s k i n d o f p a t t e r n , i t i s p o s s i b l e 
to a s s o c i a t e w i t h each p a t t e r n S a c e r t a i n c h a 
r a c t e r i s t i c f u n c t i o n s wh i ch c o n t a i n s a l l t h e 
rough da te a v a i l a b l e c o n c e r n i n g t h a t p a t t e r n . The 
energy / E s 2 dE a s s o c i a t e d w i t h t h i s c h a r a c t e 
r i s t i c f u n c t i o n i s f i n i t e because t h e a c t u a l p a t 
t e r n s a re o f f i n i t e d imens ions . The s e t o f c h a 
r a c t e r i s t i c f u n c t i o n s s c o n s t i t u t e a H i l b e r t spa -

and i t i s p o s s i b l e t o d e f i n e o n L 2 a base 
o r t h o n o r m a l f u n c t i o n i so t h a t : 

( E ) . (E).dE = i f * i 
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L ( E ) . * * ( E ) . d E = 1 

Thus it is natura l to use as operators 
G. the group of scalar products which are the p ro
jec t ions of pat tern on the base i, and to def ine 
the main features g^ of the pat tern S by : 

•* = L 
i s conve r -The s e t o f c o e f f i c i e n t s g . 

gen t and we have the P a r s e v a l e q u a l i t y f o r a c e r 
t a i n base o f o r t h o n o n n a l f u n c t i o n s c a l l e d t o t a l 

(and complete i f t he s e t i s f i n i t e ) : 

The above property is i n te res t i ng as it permits 
evaluat ion of that which we might c a l l the q u a l i 
ty of pa t te rn features ex t rac t ion : the r i g h t s i 
de of the r e l a t i o n measures the pat tern energy, 
we can evaluate as a funct ion of the rank i to 
which we have car r ied the analysis what is the 
percentage of the energy of the pat tern summed 
up in the set of i f i r s t computed features g by 
ca lcu la t ing the sum of t h e i r squares and decide 
to stop the analysis when the summation corres
ponds to 80 or 90 % of the t o t a l energy of the 
pat tern to be summed up. 

I f i t i s possible to use distance bet 
ween two patterns s(E) and (E), t h i s quant i ty is 
the sum of the squares of the d i f ferences of the 
corresponding coe f f i c ien ts g^ and X^ : 

This type of analysis is extremely c lassic ; the 
Fourier transformation is a pa r t i cu l a r case using 
the orthogonal propert ies of c i r cu l a r funct ions. 
Two spa t ia l or temporal funct ions are i den t i ca l 
if they have the same spectrum and we can compa
re several funct ions by ca lcu la t ing the sum of 
the squares of di f ferences between the frequency 
components ; the greater t h i s sum is the more d i s 
t i n c t the funct ions w i l l be. In place o f the c i r 
cu lar funct ions one also uses the orthogonal po
lynomials of Tchebicheff, Legendre, Hermite, 
Jacobi , Laguerre, e tc . Bases are more or less 
e f f i c i ency ; t h e o r i t i c a l l y , the best e f f i c iency 
is achieved w i t h a Karhunen-Loeve base of o r tho
gonal eigen-funct iona [ 6 ] . But, from a p rac t i ca l 
po in t of view i t is sometimea preferable to use 
more c lass ic orthogonal bases. 

u n i d i m e n s i o n a l p a t t e r n s o f t h e Morse t ype s i 
g n a l s do t -dash -space [ 3 ] • The use o f H e r m i t e * s 
p o l y n o m i a l s f o r p a t t e r n r e c o g n i t i o n has been 
proposed by G.E. LOWITZ [ 4 ] . We have p o i n t e d 
o u t I h e i n t e r e s t o f t h i s p roceedure b u t a l s o t he 
d i s c r e p a n c y between t h e d i s c o n t i n u o u s c h a r a c t e r 
o f the p a t t e r n s to be summed up and the c o n t i 
nuous aspec t o f t h e Hermi te F u n c t i o n s . I n o t h e r 
wo rds , an Hermi te base is a bad one to summari 
ze rough da te i f one admi ts t h a t t hese rough 
d a t a are e s s e n t i a l l y l i n k e d t o t h e d i s c o n t i n u i 
t i e s o f s . 

I t i s more normal t o t h i n k o f u s i n g 
bases o f d i s c o n t i n u o u s o r t hono rma l f u n c t i o n s 
wh i ch p e r m i t a p r i o r i a b e t t e r a n a l y s i s t h e r e 
f o r e a s m a l l e r i n f o r m a t i o n l o s s ; t h u s we can 
d e f i n e t h e d i s t a n c e s between p a t t e r n s wh i ch w i l l 
have more sense. 

3 - HAAR'S ORTHONORMAL BASE 

H a a r ' s f u n c t i o n s [ 2 ] c o n s t i t u t e a n 
example o f such a base . T h e i r use in p a t t e r n 
r e c o g n i t i o n p roceedures has a l r e a d y been e n v i 
saged [ 1 ] , T h e r e f o r e our s tudy has been m o d i f i e d 
and Hermi tes f u n c t i o n s have been r e p l a c e d by 
H a a r ' s f u n c t i o n s . 

The g o a l i s t he automated a n a l y s i s o f 
maps. B u t , i t i s t oo d i f f i c u l t t o f r o n t - a t t a c k 
t h i s p rob lem and we have used f i r s t t he same one 
d i m e n s i o n a l p a t t e r n s as b e f o r e . 

W i t h o u t l o s i n g a n y t h i n g o f the gene
r a l i t y one c a n , because the monodimensional p a t 
t e r n s t o be ana lysed are o f f i n i t e energy and 
t h e r e f o r e o f f i n i t e d imens ions l e a d the s t u d y 
i n the n o r m a l i z e d range 0 . 1 . H a a r ' s 2 n f u n c t i o n s 
o f the n t h o rde r a re d e f i n e d a s f o l l o w s (see f i 
gure 2 ) . 

I n a f i r s t p a r t o f our s t u d y , we have 
used a base of o r t h o n o r m a l f u n c t i o n s deduced f r o m 
H e r m i t e ' s p o l y n o m i a l s t o c h a r a c t e r i z e geomet r i c 
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4 - NUMERICAL EXAMPLES 

The i n te res t in using a base of Haar fs 
orthonormal funct ions is brought out in the exam
ples tha t f o l l ow . 

Some of the analyzed patterns are r e 
presented in f i gu re 3. The amplitude can only take 
but two values 0 or h, h being such tha t the t o t a l 
energy of the pa t te rn w i l l be un i t y on the norma
l i zed range (0 ,1 ) . 

Figures 4, 5, 6 represent the Haar 
spectrum up to the 5th order, which is 63 coef
f i c i e n t s per pa t te rn . From t h i s we can deduce a 
ce r ta in number of propert ies which are the f o l l o 
wing ( fo r the unidimensional pat terns analyzed). 

a) a coe f f i c i en t equal to 0 over a given i n t e r 
va l s i g n i f i e s that over tha t i n t e r v a l the f ea 
ture represent ing the s ignal is a constant, n u l l 
or not or tha t i t is symetr ical r e l a t i v e to the 
mean of tha t i n t e r v a l . 

b) a pos i t i ve coe f f i c i en t s i g n i f i e s tha t on the 
f i r s t ha l f o f the i n t e r v a l the s ignal is longer 
than on the second h a l f , t h i s indicates tha t at 
least a d i scon t i nu i t y ex is ts over the i n t e r v a l . 
A negative coe f f i c i en t leads to the inverse con
c lus ions. 

c) i f a l l the coe f f i c i en ts are nuls to the M 
order, and if the sum of the squares of the coef
f i c i e n t s ca lcu lated up to then is equal to the 
energy contained in the s ignal a l l the other 
coe f f i c i en t s of an order greater than M w i l l be 
nu ls , the calculated coe f f i c i en ts exact ly sura up 
the pa t t e rn . 

d) as soon as the quant i ty c< = 2 - J being 
the order of the Haar func t ion - is less than 
the smallest i n t e r v a l appearing in the pa t t e rn , 
only the d i scon t i nu i t i es w i l l appear. This p ro 
per ty is very important because i t permits to 

state tha t from a ce r ta in number N, which is 
unknown a p r i o r i because we don ' t know the pa t 
t e r n , only the d i scon t i nu i t i es remain ; which 
c l e a r l y appears in the examples shown. 

e) the accuracy w i t h which we represent the 
pa t te rn is l inked to the value of the i n t e r v a l , 
i . e . to the order of the Haar func t ion where 
the analys is has reached. 

Therefore i t i s possible to recons
t r u c t the pa t te rn from the coe f f i c i en ts of the 
N order, tak ing i n to account the d i scon t i nu i t i es 
appearing on the i n te rva l s of a lenght greater 
than 2~N-1. As an example t h i s is shown in f i 
gure 7 : at the 5^ o r d e r of the Haar funct ions 
the 5 t h , 1 0 t h , 1 3 t h , 1 8 t h , 2 3 r d and 2 6 t h coef
f i c i e n t s are d i f f e r e n t from zero, the i n t e r v a l 
lenght f o r t h i s order is 1/32, thus we know tha t 
the pa t te rn presents a d i scon t i nu i t y f o r the 
5 t h , 1 0 , 1 3 t h , 1 8 t h , 2 3 r d and 2 6 t h i n t e r v a l 
of the reconstructed pa t te rn of f igure. 7. 

The ex t rac t i on of the main features 
of a monodimensional geometric pa t te rn by p ro 
j e c t i o n on a Haar orthonormal base is then a p ro -
ceedure tha t permits a very small in format ion 
loss . In t h i s way we can make the comparisons 
between s t ruc tu res , on one hand by considering 
the number of d i s con t i nu i t i e s brought out at the 
order where one has stopped and on the other 
hand by considering the value of the c o e f f i c i e n t s . 
For example, the pat terns of f i gu re 4. are very 
close to each other and have j u s t two d i s c o n t i 
n u i t i e s , they are symetr ical in r e l a t i o n to the 
middle of the i n t e r v a l ( 0 . 1 ) . These proper t ies 
appear in the values of the coe f f i c i en ts which 
are symetr ical in r e l a t i o n to 0.5. 

If the pat terns to be analyzed have 
not the noiseless character of f i gu re 3. but 
they are deformed, f o r example, by the presence 
of no ise, the analysis w i l l remain v a l i d . As we 
can see in f igures 6, 8 and 9 the nuls c o e f f i 
c ients are no longer nu l s , but ce r t a i n of the 
most cha rac te r i s t i c amongst them stand out c l ea r 
ly from the background noise of the others. The 
pa t te rn s igna l to noise l eve l is roughly 17 dB. 

5 - CONCLUSION 

The c l a s s i f i c a t i o n of a set of patterns 
by the p ro jec t i on on a t o t a l base of orthonormal 
funct ions permits to summarize the patterns in 
an e f f i c i e n t manner ; on the condi t ion of choo
sing a base matched to the proper t ies of the 
pat terns which concern the c l a s s i f i c a t i o n . In 
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the case of geometric pat terns where the d iscon
t i n u i t i e s p lay an essent ia l r o l e , the use of 
Haar's funct ions appears to be very promising 
as we have seen in the examples given above in 
the p a r t i c u l a r case of monodimensional pa t te rns . 
Ve must add tha t Haar's funct ions are p a r t i c u 
l a r l y we l l adapted to computation by d i g i t a l 
computer. 

For actual bidimensional pat terns such 
as maps, i t is possible to use e i t he r bidimen
s iona l Haar's func t ion or a topo log ica l descr ip 
t i o n of bidimensional space onto monodimensional 
one [ 5 ] . Ve are t r y i n g to evaluate what is the 
most e f f i c i e n t . 
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Fig. 9 - Analysis by HAAR functions 
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