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Abstract

A decorated surface S is an oriented surface with boundary and a finite, possibly empty, set of special points
on the boundary, considered modulo isotopy. Let G be a split reductive group over Q.

A pair (G, S) gives rise to a moduli space Ag, g, closely related to the moduli space of G-local systems on S.
It is equipped with a positive structure [FGI]. So a set .Ac;ys(Zt) of its integral tropical points is defined. We
introduce a rational positive function W on the space Ag, s, called the potential. Its tropicalisation is a function

t: Ag,s(Z') — Z. The condition W' > 0 defines a subset of positive integral tropical points AJCE'S(Zt). For
G = SLg, we recover the set of positive integral .A-laminations on S from [FGI].

We prove that when S is a disc with n special points on the boundary, the set 'AJCE,S(Zt) parametrises top
dimensional components of the fibers of the convolution maps. Therefore, via the geometric Satake correspondence
L4, [G], MV, they provide a canonical basis in the tensor product invariants of irreducible modules of the
Langlands dual group GL:

(Vay ®...® V3, )" (1)
When G = GLy, n = 3, there is a special coordinate system on Ag g [EGI]. We show that it identifies the set
'AJCng, S(Zt) with Knutson-Tao’s hives [KT]. Our result generalises a theorem of Kamnitzer [KI], who used hives
to parametrise top components of convolution varieties for G = GL,,, n = 3. For G = GL;,, n > 3, we prove

Kamnitzer’s conjecture [KI]. Our parametrisation is naturally cyclic invariant. We show that for any G and n = 3
it agrees with Berenstein-Zelevinsky’s parametrisation [BZ], whose cyclic invariance is obscure.

We define more general positive spaces with potentials (A, W), parametrising mixed configurations of flags.
Using them, we define a generalization of Mirkovié-Vilonen cycles [MV], and a canonical basis in Vi, ®...@Vy,,
generalizing the Mirkovié-Vilonen basis in V). Our construction comes naturally with a parametrisation of the
generalised MV cycles. For the classical MV cycles it is equivalent to the one discovered by Kamnitzer [K].

We prove that the set Aé’ S(Zt) parametrises top dimensional components of a new moduli space, surface affine
Grasmannian, generalising the fibers of the convolution maps. These components are usually infinite dimensional.
We define their dimension being an element of a Z-torsor, rather then an integer. We define a new moduli space
Locgr g, which reduces to the moduli spaces of GF-local systems on S if S has no special points. The set Ag’s(Zt)
parametrises a basis in the linear space of regular functions on LOCGL’S.

We suggest that the potential VW itself, not only its tropicalization, is important — it should be viewed as
the potential for a Landau-Ginzburg model on Aq,s. We conjecture that the pair (Ag,s, V) is the mirror dual
to LOCGL' 5. In a special case, we recover Givental’s description of the quantum cohomology connection for flag
varieties and its generalisation [GLO2]. [R2]. We formulate equivariant homological mirror symmetry conjectures
parallel to our parametrisations of canonical bases.
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1 Introduction

1.1 Geometry of canonical bases in representation theory
1.1.1 Configurations of flags and parametrization of canonical bases

Let G be a split semisimple simply-connected algebraic group over Q. There are several basic vector spaces
studied in representation theory of the Langlands dual group G:

1. The weight A component U(N%)™) in the universal enveloping algebra U (N%) of the maximal nilpotent
Lie subalgebra in the Lie algebra of G*.

2. The weight p subspace VA(” ) in the highest weight \ representation Vy of GF.
3. The tensor product invariants (Vi, ® ... ® Vi, )¢".
4. The weight p subspaces in the tensor products Vy, ® ... @ V3 ,.

Calculation of the dimensions of these spaces, in the cases 1)-3), is a fascinating classical problem, which led
to Weyl’s character formula and Kostant’s partition function.

The first examples of special bases in finite dimensional representations are Gelfand-Tsetlin’s bases [GT1],
[GT2]. Other examples of special bases were given by De Concini-Kazhdan [DCK].



The canonical bases in the spaces above were constructed by Lusztig [L1], [L3]. Independently, canonical
bases were defined by Kashiwara [Ka]. Canonical bases in representations of GLg3,Sp, were defined by
Gelfand-Zelevinsky-Retakh [GZ], [RZ].

Closely related, but in general different bases were considered by Nakajima [N1J, [N2], Malkin [Ma],
Mirkovié¢-Vilonen [MV], and extensively studied afterwords. Abusing terminology, we also call them canonical
bases.

It was discovered by Lusztig that, in the cases 1)-2), the sets parametrising canonical bases in repre-
sentations of the group G are intimately related to the Langlands dual group G*.

Kashiwara discovered in the cases 1)-2) an additional crystal structure on these sets, and Joseph proved a
rigidity theorem [J] asserting that, equipped with the crystal structure, the sets of parameters are uniquely
determined.

One of the results of this paper is a uniform geometric construction of the sets parametrizing all of these
canonical bases, which leads to a natural uniform construction of canonical bases parametrized by these sets
in the cases 2)-4). In particular, we get a new canonical bases in the case 4), generalizing the Mirkovié-Vilonen
(MV) basis in V. To explain our set-up let us recall some basic notions.

A positive space ) is a space, which could be a stack whose generic part is a variety, equipped with
a positive atlas. The latter is a collection of rational coordinate systems with subtraction free transition
functions between any pair of the coordinate systems. Therefore the set V(Z!) of the integral tropical points
of ) is well defined. We review all this in Section 2111

Let (M, W) be a positive pair given by a positive space ) equipped with a positive rational function W.
Then one can tropicalize the function W, getting a Z-valued function

Wt (7 — 7.
Therefore a positive pair (,V) determines a set of positive integral tropical points:
IW(Z') = {l e Y(Z') | W'(l) = 0}. (2)

We usually omit W in the notation and denote the set by Y+ (Z").
To introduce the positive pairs (), W) which play the basic role in this paper, we need to review some
basic facts about flags and decorated flags in G.

Decorated flags and associated characters. Below G is a split reductive group over Q. Recall that
the flag variety B parametrizes Borel subgroups in G. Given a Borel subgroup B, one has an isomorphism
B =G/B.

Let G’ be the adjoint group of G. The group G’ acts by conjugation on pairs (U, x), where x : U — Al is
an additive character of a maximal unipotent subgroup U in G’. The subgroup U stabilizes each pair (U, x).
A character y is non-degenerate if U is the stabilizer of (U, x). The principal affine spacfﬂ Aqg/ parametrizes
pairs (U, x) where x is a non-degenerate additive character of a maximal unipotent group U. Therefore there
is an isomorphism

iyt Acy = G//U.
This isomorphism is not canonical: the coset [U] € G’'/U does not determine a point of Ag/. To specify a
point one needs to choose a non-degenerate character x. One can determine uniquely the character by using
a pinning, see Sections So writing Ag: = G’/U we abuse notation, keeping in mind a choice of
the character x, or a pinning.

Having said this, one defines the principal affine space Ag for the group G by Ag := G/U. We often
write A instead of Ag. The points of A are called decorated flags in G. The group G acts on A from the
left. For each A € A, let Up be its stabilizer. It is a maximal unipotent subgroup of G. There is a canonical
projection

m: A— B, m(A):= the normalizer of Uy. (3)

The projection G — G’ gives rise to a map p : Ag — Ag’ whose fibers are torsors over the center of
G. Let p(A) = (Ua,xa). Here Uy is a maximal unipotent subgroup of G’. It is identified with a similar

Hnspite of the name, it is not an affine variety.



subgroup of G, also denoted by Ua. So a decorated flag A in G provides a non-degenerate character of the
maximal unipotent subgroup Uy in G:
XA - Up — Al. (4)

Clearly, if u € Ua, then gug=! € U,., and
xa(u) = xgalgug™). (5)

Example. A flag for SL,, is a nested collection of subspaces in an m-dimensional vector space V,,, equipped
with a volume form w € detV,}:

Fo=FClkhC...CF,,_1CF,, dmF;=1.

A decorated flag for SL,, is a flag F, with a choice of non-zero vectors f; C F;/F;_1 foreachi=1,...,m—1,
called decorations. For example, Agy, parametrises non-zero vectors in a symplectic space (Va,w). The
subgroup preserving a vector f € Vo — {0} is given by transformations us(a) : v — v + aw(v, f)v. Its
character xr is given by xf(us(a)) = a.

Our basic geometric objects are the following three types of configuration spaces:

Conf,(A) = G\A",  Conf(A",B) := G\(A" x B), Conf(B, A", B) := G\(Bx A" x B).  (6)

The potential WW. A key observation is that there is a natural rational function
x°: Conf(B, A,B) = G\(B x A x B) — A'.

Let us explain its definition. A pair of Borel subgroups {B1,Ba} is generic if B; N By is a Cartan subgroup
in G. A pair {A1,Bs} € A x B is generic if the pair (7(A1),B2) is generic. Generic pairs {A;,Bs} form
a principal homogeneous G-space. Thus, given a triple {B1, A3, B3} € B x A x B such that {As,Bs} and
{A2, B} are generic, there is a unique u € Uy, such that

{AQ,Bg}ZU'{AQ,Bl}. (7)

So we define x°(B1, Az, B3) := xa,(u). Using it as a building block, we define a positive rational function W
on each of the spaces ().

For example, to define the W on the space Conf,,(A) we start with a generic collection {A1,...,A,} € A",
set B; := m(A;), and define W as a sum, with the indices modulo n:

n

W : Confn(A) — A, W(A1, ., An) =Y X°(Bio1, A, Bipy). (8)

=1

Note that the potential W is well-defined when each adjacent pair {A;, A;+1} is generic, meaning that
{m(A;), 7(A;+1)} is generic. Assigning the (decorated) flags to the vertices of a polygon, we picture the
potential W as a sum of the contributions ya at the A-vertices (shown boldface) of the polygon, see Fig[l

By construction, the potential Wg on the space Conf, (Ag) is the pull back of the potential Wg for the
adjoint group G’ via the natural projection pg_,g : Conf, (Ag) — Conf, (Ag/):

WG = pEHG/W(}/. (9)

Potentials for the other two spaces in (@) are defined similarly, as the sums of the characters assigned to
the decorated flags of a configuration. A formula similar to (@) evidently holds.

Parametrisations of canonical bases. It was shown in [FGI] that all of the spaces (@) have natural
positive structures. We show that the potential W is a positive rational function.

We prove that the sets parametrizing canonical bases admit a uniform description as the sets ij(Zf) of
positive integral tropical points assigned to the following positive pairs (), W). To write the potential W we
use an abbreviation xa, := x°(Bi—1, A;, Bi+1), with indices mod n:



Ay As B, Bs

Figure 1: The potential W is a sum of the contributions xa at the A-vertices (boldface).

1. The canonical basis in U(NT):

Y = Conf(B,A,B), W(B1,Az,B3) := xa,.

2. The canonical basis in V):

y = CODf(A, A7 B)a W(A17A27B3) = XA + XAs-

3. The canonical basis in invariants of tensor product of n irreducible GX-modules:

Y =Confn(A), W(A1,...,Ax) =) xa, (10)
i=1

4. The canonical basis in tensor products of n irreducible G*-modules:

n+1
Y = Conf(A™",B), W(A1,...,Ani1,B) =) xa.- (11)
1=1

Natural decompositions of these sets, like decompositions into weight subspaces in 1) and 2), are easily
described in terms of the corresponding configuration space, see Section

Let us emphasize that the canonical bases in tensor products are not the tensor products of canonical
bases in irreducible representations. Similarly, in spite of the natural decomposition

Vo ®..0Va, =®aVa® (Vy @ Vi, ®...@ V3, ),

the canonical basis on the left is not a product of the canonical bases on the right.

Descriptions of the sets parametrizing the canonical bases were known in different but equivalent formu-
lations in the following cases:

In the cases 1)-2) there is the original parametrization of Lusztig [LJ].

In the case 3) for n = 3, there is Berenstein-Zelevinsky’s parametrization [BZ], referred to as the BZ
data. We produce in Appendix an isomorphism between our parametrization and the BZ data. The cyclic
symmetry, evident in our approach, is obscure for the BZ data.

The description in the n > 3 case in 3) seems to be new.

The cases 1), 2) and 4) were investigated by Berenstein and Kazhdan [BKI],[BK2], who introduced
and studied geometric crystals as algebraic-geometric avatars of Kashiwara’s crystals. In particular, they
describe the sets parametrizing canonical bases in the form (2)), without using, however, configuration spaces.
We show in Appendix [Al that the space of generic configurations Conf* (A", B) with the potential W is a
positive decorated geometric crystal in the sense of [BK3|. Interpretation of geometric crystals relevant to
representation theory as moduli spaces of mixed configurations of flags makes, to our opinion, the story more
transparent.



To define canonical bases in representations, one needs to choose a maximal torus in G and a positive
Weyl chamber. Usual descriptions of the sets parametrizing canonical bases require the same choice. Unlike
this, working with configurations we do not require such choices

Most importantly, our parametrization of the canonical basis in tensor products invariants leads immedi-
ately to a similar set which parametrizes a linear basis in the space of functions on the moduli space Locgr g
of G -local systems on a decorated surface S. Here the approach via configurations of decorated flags, and
in particular its transparent cyclic invariance, are essential. See the example when G = SLs in Section [[311

Summarizing, we understood the sets parametrizing canonical bases as the sets of positive integral tropical
points of various configuration spaces. Let us show now how this, combined with the geometric Satake
correspondence [L4], [G], [MV], [BD], leads to a natural uniform construction of canonical bases in the cases
2)-4).

We explain in Section [[LI.2] the construction in the case of tensor products invariants. A canonical basis
in this case was defined by Lusztig [L3]. However Lusztig’s construction does not provide a description of
the set parametrizing the basis. Our basis in tensor products is new — it generalizes the MV basis in Vy. We
explain this in Section 2.4

1.1.2 Constructing canonical bases in tensor products invariants

We start with a simple general construction. Let ) be a positive space, understood just as a collection of
split tori glued by positive birational maps [FGI]. Since it is a birational notion, there is no set of F-points
of Y, where F is a field. Let K := C((¢)). In Section 2221 we introduce a set Y°(K). We call it the set of
transcendental KC-points of Y. It is a set making sense of “generic C-points of V. In particular, if ) is given
by a variety Y with a positive rational atlas, then Y°(K) C Y(K). The set Y°(K) comes with a natural
valuation map:

val : Y°(K) — V(Z").
For any | € Y(Z"), we define the transcendental cell C; assigned to I:

C=val () CY°(K), YK)= ][] ¢
)

ley(zt

Let us now go to canonical bases in invariants of tensor products of G¥-modules (). The relevant
configuration space is Conf,,(A). The tropicalized potential W' : Conf,,(A)(Z') — Z determines the subset
of positive integral tropical points:

Conf; (A)(Z') := {I € Conf,(A)(Z') | W) > 0}. (12)

We construct a canonical basis in (Il) parametrized by the set (I2]).
Let O := C[[t]]. In Section 2222 we introduce a moduli subspace

Conf?(A)  Conf, (A)(K). (13)
We call it the space of O-integral configurations of decorated flags. Here are its crucial properties:

1. A transcendental cell Cf of Conf, (A) is contained in ConfS (A) if and only if it corresponds to a positive
tropical point. Moreover, given a point [ € Conf, (A)(Z!), one has

I € Conf (A)(Z!) < € C Conf?(A) <= €7 N Conf?(A) # 0. (14)

2. Let Gr := G(K)/G(O) be the affine Grassmannian. It follows immediately from the very definition of
the subspace ([I3)) that there is a canonical map

% : ConfS (A) — Conf,,(Gr) := G(K)\(Gr)".

2 We would like to stress that the positive structures and potentials on configuration spaces which we employ for parametriza-
tion of canonical bases do not depend on any extra choices, like pinning etc., in the group. See Section



These two properties of ConfS (A) allow to transport points I € Conf; (A)(Z") into the top components
of the stack Conf,,(Gr). Namely, given a point I € Conf;’ (A)(Z!), we define a cycle

M := closure of M} C Conf, (Gr), where M7 := k(C}).

The cycle C7 is defined for any | € Conf,,(A)(Z"). However, as it clear from (1)), the map ~ can be applied
to it if and only if [ is positive: otherwise C; is not in the domain of the map «.
We prove that the map | — M; provides a bijection

Conf;} (A)(Z') > {closures of the top dimensional components of the stack Conf, (Gr)}. (15)

Here the very notion of a “top dimensional” component of a stack requires clarification. For now, we will
bypass this question in a moment by passing to more traditional varieties.

We use a very general argument to show the injectivity of the map [ — M;. Namely, given a positive
rational function F' on Conf,(A), we define a Z-valued function Dp on Conf,(Gr). It generalizes the
function on the affine Grassmannian for G = GL,, and its products defined by Kamnitzer [K], [K1]. We
prove that the restriction of D to M is equal to the value F*(l) of the tropicalization F* of F at the point
1 € Conf!(A)(Z). Thus the map (I3 is injective.

Let us reformulate our result in a more traditional language. The orbits of G(O) acting on Gr x Gr are

labelled by dominant weights of G£. We write Ly — Ly if (L1, Lsg) is in the orbit labelled by A. Let [1] be
the identity coset in Gr. A set A = (A1,...,\,) of dominant weights of G determines a cyclic convolution
variety, better known as a fiber of the convolution map:

Grny o= {(L1,- o, L) [ Lt 25 Lo 22 0 2% Ly Ly = Ly = [1]} € [1] x G L (16)

These varieties provide a G(O)-equivariant decomposition

xG™'= [ Gr. (17)
A=(A1,.., )

Since G(0O) is connected, it preserves each component of Gr,(y). Thus the components of Gry) live naturally
on the stack

Conf, (Gr) = G(O)\([1] x Gt 1).

We prove that the cycles M; assigned to the points I € Conf, (A)(Z!) are closures of the top dimensional
components of the cyclic convolution varieties. The latter, due to the geometric Satake correspondence,
give rise to a canonical basis in ([I). We already know that the map (I3 is injective. We show that the
A-components of the sets related by the map (I[H) are finite sets of the same cardinality, respected by the
map. Therefore the map (A is an isomorphism.

Our result generalizes a theorem of Kamnitzer [K1], who used hives [K'T] to parametrize top components
of convolution varieties for G = GL,,,, n = 3.

Our construction generalizes Kamnitzer’s construction of parametrizations of Mirkovi¢-Vilonen cycles [K].
At the same time, it gives a coordinate free description of Kamnitzer’s construction.

When G = GL,,, there is a special coordinate system on the space Confs(.A), introduced in Section 9 of
[FGI]. We show in Section [3] that it provides an isomorphism of sets

Conf3 (A)(Z') 5 {Knutson-Tao’s hives [KT]}.

Using this, we get a one line proof of Knutson-Tao-Woodward’s theorem [KTW] in Section

For G = GL,,,, n > 3, we prove Kamnitzer conjecture [K1], describing the top components of convolution
varieties via a generalization of hives — we identify the latter with the set Conf; (A)(Z!) via the special
positive coordinate systems on Conf,,(A) from [FGI].



1.2 Positive tropical points and top components
1.2.1 Our main example

Denote by Conf (A) the subvariety of Conf,,(A) parametrizing configurations of decorated flags (A1, ..., A;)
such that the flags (7(A;), 7(A;41)) are in generic position for each ¢ = 1,...,n modulo n. The potential W
was defined in (). It is evidently a regular function on Conf, (A).

Let P* be the cone of dominant coweights. There are canonical isomorphisms

a: Confy (A) — H, Confy(Gr) =PT. (18)

Configurations (Aq, ..., A,,) sit at the vertices of a polygon, as on Fig[2l Let mp : Conf, (A) — Confy(A)
be the projection corresponding to a side E of the polygon. Denote by 7} its restriction to Conf,; (A). The
collection of the maps {r}, followed by the first isomorphism in ([I8) provides a map

7 : Conf) (A) — Conf} (A)™ = H".
Using similarly the second isomorphism in ([I8]), we get a map

Az Ls

A As Ly Ls

Figure 2: Going from an O-integral configuration of decorated flags to a configuration of lattices.

mar : Conf, (Gr) — Confy(Gr)"=(P™)".

Let {w;} be a basis of the cone of positive dominant weights of H. The functions mhw; are equations of
the irreducible components of the divisor D := Conf,(A) — Conf, (A):

D := Conf,(A) — Conf) (A) = UEyiDlE.

Equivalently, the component DF is determined by the condition that the pair of flags at the endpoints of the
edge F belongs to the codimension one G-orbit corresponding to the simple reflection s; € W.

The space Conf, (A) has a cluster A-variety structure, described for G = SL,, in [FGI], Section 10. An
important fact [FG5] is that any cluster A-variety A has a canonical cluster volume form 4, which in any
cluster A-coordinate system (Ay,...,A,) is given by

Qq==xdlogAi N...NdlogA,.

The functions mhw; are the frozen A-cluster coordinates in the sense of Definition [[2.5l This is equivalent
to the claim that the canonical volume form € 4 on Conf, (A) has non-zero residues precisely at the irreducible
components of the divisor Dl

All this data is defined for any split semi-simple group G over Q. Indeed, the form Q on Conf,,(A) for the
simply-connected group is invariant under the action of the center the group, and thus its integral multiple
descends to a form on Conf,(Ag). The potential W is defined by pulling back the potential Wg/ for the
adjoint group G’. We continue discussion of this example in Section [[.4] where it is casted as an example of
the mirror symmetry.

3Indeed, w;(a(A1, A2)) = 0 if and only if the corresponding pair of flags belongs to the codimension one G-orbit corresponding
to a simple reflection s;.

4Indeod7 it follows from Lemma [T[2.3] and an explcit description of cluster structure on Conf, (A) that the form Q4 can not
have non-zero residues anywhere else the divisors DZE . One can show that the residues at these divisors are non-zero.



The simplest example. Let (V5,w) be a two dimensional vector space with a symplectic form. Then

SLs = Aut(Vs,w), and Agr, = Vo — {0}. Next, Conf, (Asr,) = Conf,(V2) is the space of configuration

(I1, ..., 1) of n non-zero vectors in Va. Set A, ; := (w,l; Al;). Then the potential is given by the following

formula, where the indices are mod n:

W = Ajiyo
i=1

. 19
A it1Dit1,i42 (19)

The boundary divisors are given by equations A; ;11 = 0. To write the volume form, pick a triangulation 7'
of the polygon whose vertices a labeled by the vectors. Then, up to a sign,

Q.= /\dlogAE.
E

where E are the diagonals and sides of the n-gon, and Ag := A, ; if E = (4, j). The function (I9) is invariant
under [; — —I;, and thus descends to Conf,,(Apar,) = Conf,(V2/ £ 1).

1.2.2 The general framework

Let us explain main features of the geometric picture underlying our construction in most general terms,
which we later on elaborate in details in every particular situation. First, there are three main ingredients:

1. A positive space ) with a positive rational function W called the potential, and a volume form €2y with
logarithmic singularities. This determines the set ij (Z') of positive integral tropical points — the set
parametrizing a canonical basis

2. A subset of O-integral points Y© C Y°(K). Its key feature is that, given an [ € Y(Z?!),

e VL(Zh <= ¢ c Y° = cpnY° £0. (20)

3. A moduli space Gry v, together with a canonical map

kY9 — Gryw. (21)

These ingredients are related as follows:

e Any positive rational function F' on ) gives rise to a Z-valued function D on Gry )y, such that for
any | € W), (Z!), the restriction of Dp to k(C7) equals F*(1).

So we arrive at a collection of irreducible cycles
M7 = k(C7) C Gryw, M, :=closure of M}, 1€ W}, (Z").
Thanks to the e, the assignment [ — M is injective.

Consider the set {D.} of all irreducible divisors in Y such that the residue of the form Qy at D, is
non-zero. We call them the boundary divisors of . We define

VX =Y —UD.. (22)

By definition, the form 2y is regular on Y*. In all examples the potential W is regular on }*.
There is a split torus H, and a positive regular surjective projection

T Y — H.

5The set Y(Z!), the tropicalization W?, and thus the subset ij (Z') can also be determined by the volume form €2y, without
using the positive structure on ).
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The map 7 is determined by the form 2y. For example, assume that each boundary divisor D, is defined by
a global equation A, = 0. Then the regular functions {A.} define the map 7, i.e. w(y) = {Ac(y)}-

Next, there is a semigroup H® C H(K) containing H(Q), defining a cone
P := HC/H(O) C H(Z') := H(K)/H(O) = X.(H),

such that the tropicalization of the map 7 provides a map 7t : ij(zt) — P, and there is a surjective map
mar : Gryyy — P. Denote by 7@ restricting of 7 @ K to Y©. These maps fit into a commutative diagram

(2l & Y0 Gryw
) L e (23)
p & me X p
We define GYS;)\,)W and y;‘v(Zt),\ as the fibers of the maps 7g, and 7f over a A € P. So we have

Gryw =[] Gy, W2 = T v5(2s. (24)
AEP AEP

The following is a key property of our picture:

e o The map I — M; provides a bijection

I (Zh)\ +— {Closures of top dimensional components of Grg,)‘) )W}

Although the space Gry,jy is usually infinite dimensional, it is nice. The map 7, : Gry vy — P slices it into
highly singular and reducible pieces. However the slicing makes the perverse sheaves geometry clean and
beautiful. It allows to relate the positive integral tropical points to the top components of the slices.

Example. In our main example, discussed in Section [Tl we have
Y =Conf,(A), Y*=Conf*(A), Y°=Conf9(A4), Gryyw =Conf,(Gr), H=H" P=P")"

The potential W is defined in (), and decomposition ([24)) is described by cyclic convolution varieties (7).

1.2.3 Mixed configurations and a generalization of Mirkovié-Vilonen cycles

Let us briefly discuss other examples relevant to representation theory. All of them follow the set-up of
Section The obtained cycles M; can be viewed as generalisations of Mirkovi¢-Vilonen cycles. Let us list
first the spaces ) and Gry . The notation Conf,,, indicates that the pair of the first and the last flags in
configuration is in generic position.

i) Generalized Mirkovié-Vilonen cycles:

Y := Conf,, (A, A", B), Gry := Conf,, (A, Gt", B) = Gr".

If n = 1, we recover the Mirkovié-Vilonen cycles in the affine Grassmannian [MV].
ii) Generalized stable Mirkovié-Vilonen cycles:

Y := Confy,, (B, A", B), Gryw := Conf,, (B,Gr",B) = H(K)\Gr".

If n = 1, we recover the stable Mirkovié-Vilonen cycles in the affine Grassmannian. In our interpretation
they are top components of the stack

Conf, (B, Gr, B) = H\Gr.

11



iii) The cycles providing canonical bases in tensor products
Y := Conf(A" ™! B), Gryy := Conf(Gr"** B) = B~(0)\Gr".

The spaces ) in examples i) and iii) are essentially the same. However the potentials are different: in the
case iii) it is the sum of contributions of all decorated flags, while in the case i) we skip the first one. Passing
from Y to Gry v we replace those A’s which contribute to the potential by Gr’s, but keep the B’s and the
A’s which do not contribute to the potential intact.

We picture configurations at the vertices of a convex polygon, as on Fig[Il Some of the A-vertices are
shown boldface. The potential W is a sum of the characters assigned to the boldface A-vertices, generalizing
[®). The decorated polygons in the cases ii) and iii) are depicted on the right of Fig Rl and on Figlll We
discuss these examples in detail in Sections -24

1.3 Examples related to decorated surfaces

1.3.1 Laminations on decorated surfaces and canonical basis for G = SLo

1. Canonical basis in the tensor products invariants. This example can be traced back to XIX
century. We relate it to laminations on a polygon.

Definition 1.1. An integral lamination | on an n-gon P, is a collection {B;} of simple nonselfintersecting
intervals ending on the boundary of P, — {vertices}, modulo isotopy.

Figure 3: An integral lamination on a pentagon of type (4,4, 1,6, 3).

Pick a vertex of P,, and number the sides clockwise. Given a collection of positive integers aq, ..., G,
consider the set £,,(a1, ..., a,,) of all integral laminations [ on the polygon P, such that the number of endpoints
of I on the k-th side is ax. Let (Va,w) be a two dimensional Q-vector space with a symplectic form. Let us
assign to an [ € L, (a1, ..., a,) an SLo-invariant map

I (89V) ® ... ® (8% V3) — Q.

We assign the factors in the tensor product to the endpoints of I, so that the order of the factors match
the clockwise order of the endpoints. Then for each interval g in [ we evaluate the form w on the pair of
vectors in the two factors of the tensor product labelled by the endpoints of 5, and take the product over all
intervals 8 in [. Recall that the SLo-modules S*V3, a > 0, provide all non-trivial irreducible finite dimensional
S Lo-modules up to isomorphism.

Theorem 1.2. Projections of the maps I;, I € L,(a1,...,an), to S"Vo ® ... ® SV, form a basis in
Homgyr, (S Vo ®...® S V5,Q).

2. Canonical basis in the space of functions on the moduli space of SLs-local systems.

Definition 1.3. Let S be a surface with boundary. An integral lamination | on S is a collection of simple,
mutually non intersecting, non isotopic loops o with positive integral multiplicities

l= Zni[ai] n; € Zso,
considered modulo isotopy. The set of all integral laminations on S is denoted by EZ(S)E

12
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Figure 4: An integral lamination on a surface with two holes, and no special points.

In the case when S is a surface without boundary we get Thurston’s integral laminations.

Given an integral lamination [ on S, let us define a regular function M; on the moduli space Locgy,,,s of
S Ly-local systems on S. Denote by Mon, (£) the monodromy of an S Ls-local system £ over a loop « on S.
The value of the function M; on L is given by

M(L) = H Tr(Mon (£)).

Theorem 1.4. ([FG1), Proposition 12.2). The functions M;, | € Lz(S), form a linear basis in the space
O(LOCSLLs).

Recall that a decorated surface S is an oriented surface with boundary, and a finite, possibly empty,
collection {s1, ..., sp } of special points on the boundary, considered modulo isotopy.

We define a moduli space Locgr, s for any decorated surface S, so that laminations on S provide a
canonical basis O(Locsyr,.s), generalising both Theorem (when S is a polygon) and Theorem [[0.14] see
Section

Let us discuss now how to generalize constructions of Section to the decorated surfaces.

1.3.2 Positive G-laminations and top components of surface affine Grassmannians
A pair (G, S) gives rise to a moduli space Ag g [FGI]. Here are two basic examples.
e When S is a disc with n special points on the boundary, we recover the space Conf,,(A).

e When S is just a surface, without special points, the moduli space Ag_ s is a twisted version of the moduli
space of G-local systems with unipotent monodromy around boundary components on S equipped with
a covariantly constant decorated flag near every boundary component of S.

The space Ag s has a positive structure [FGI]. We define in Section [0 a potential VW on the space Ag s. It
is a rational positive function, with the tropicalization W' : Ag g(Z') — Z.
The condition W' > 0 determines a subset of positive integral G-laminations on S:

A& (2 == {l € Aa,s(Z") | WH(I) > 0} (25)

For any decorated surface S, the set Ang’ 5(Z") is canonically isomorphic to the set of integral laminations
on S, see Section [I0.3] An interesting approach to a geometric definition of laminations for G = SL,,, which
employs the affine Grassmannian, was suggested by lan Le .

There is a canonical volume form 2 on the space Ag. s, which can be defined by using an ideal triangulation
of S and the volume forms on Conf, (A). When G is simply-connected, it is also the cluster volume form 2 4.

We also assign to a pair (G, S) a stack Gra,s, which we call the surface affine Grassmannian. When S
is a disc with n special points on the boundary, we recover the stack Conf,,(Gr). In general it is an infinite
dimensional stack.

6Laminations on decorated surfaces were investigated in [FGI], Section 12, and [FG3]. However the two types of laminations
considered there, the A- and X-laminations, are different then the ones in Definition Indeed, they parametrise canonical
bases in O(Xpgr,,s) and, respectively, O(Asr,,s), while the latter parametrise a canonical basis in O(Locgr,,s). Notice that
a lamination in Definition [[L3] can not end on a boundary circle.
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The components of the punctured boundary 95 — {s1, ..., s, } isSomorphic to intervals are called boundary
intervals. We define the torus H and the lattice P by

H -— g{boundary intervals on S} P.— (P+){b0undary intervals on S}

The map 7 is defined by assigning to a boundary interval I the element i(Ay,A_) € H, see ([I8), where
(A_,A,) are the decorated flags at the ends of the interval I, ordered by the orientation of S, provided by
the very definition of the space Ag,s.

Given a point [ € AJCE_’S( *), we define a cycle My C Grg,s. Given an element A € P, we prove that the
map [ — M gives rise to a bijection of sets

AaS(Zt),\ — {closures of top dimensional components of Grg)s}. (26)

However in this case we can no longer bypass the question what are the “top components” of an infinite
dimensional stack, as we did in Section [[LI.21 So we define in Section [[(0.5.1] “dimensions” of certain relevant
stacks with values in certain dimension Z-torsors. As a result, although the “dimension” is no longer an
integer, the difference of two “dimensions” from the same dimension Z-torsor is an integer, and so the notion
of “top dimensional components” does make sense.

To define the analog of the space of tensor product invariants for a decorated surface S, we introduce in
Section [[0l a moduli space Locgr g. If S has no special points, it is the moduli space of G%-local systems on
S. If S is a disc with n points on the boundary, it is the space Conf,,(Agz). We prove there that the set
Aas(Zt) parametrizes a linear basis in O(Locgr g).

1.4 Canonical bases, canonical pairings, and homological mirror symmetry

Below we write A for Ag etc., and use notation Ay, for AqL etc.

For any split reductive group G, the space O(Ar) of regular functions on the principal affine space Ay, of
GL is a model of representations of G%: every irreducible G-module appears there once. This allows us to
organize the direct sum of all vector spaces of a given kind where the canonical bases live into a vector space
of regular functions on a single space. For example:

&b Vi, @...0Va, = O(A}). (27)
(Al,...,An)G(P+)"

(el L
o) (VM ®...8 VM) = O(AT)E" = O(Conf,(AL)). (28)
(>‘17"')>‘7l)6(P+)n

Using this, let us interpret the statement that a canonical basis of a given kind is parametrized by positive
integral tropical points of a certain space as existence of a canonical pairing.

1.4.1 Tensor product invariants and mirror symmetry

For any split reductive group G, the set Conf;’ (A)(Z!) parametrizes a canonical basis in the space [28). So
there are canonical pairings
Ig : Conf (A)(Z") x Conf,(Ar) — A’ (29)

I : Conf,(A) x Conf (AL)(Z') — Al (30)

So the story becomes completely symmetric. The idea that the set parametrizing canonical bases in tensor
product invariants is a subset of Conf, (A)(Z") goes back to Duality Conjectures from [FGI]. It is quite
surprising that taking into account the potential we get a canonical basis in the space of regular functions
on the same kind of space, Conf,,(Ay), for the Langlands dual group.

To picture this symmetry, consider a convex n-gon P, on the left of Fig Bl and assign a configuration
(A1,...,A,) € Conf, (A) to its vertices. The potential W is a sum of the vertex contributions; so the vertices
are shown boldface. The pair of decorated flags at each side is generic; so all sides are dashed. Tropicalizing
the data at the vertices, and using the isomorphism Confy (A)(Z!) = P*, we assign a dominant weight A\
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Figure 5: Duality between configurations spaces of decorated flags for G and G¥. The potential is a sum of
contributions at the boldface vertices. Pairs of decorated flags at the dashed sides are in generic position.
No condition on the pairs of decorated flags at the solid sides.

of G¥ to each side of the left polygon. Consider now the dual n-gon *P, on the right, and a configuration
of decorated flags (A, ...,A’) in GL at its vertices. The dominant weight A, on the left corresponds to the
irreducible representation V), , realised in the model O(Ar) assigned to the dual vertex of xP,.

Tropical points live naturally at the boundary of a positive space, compactifying the set of its real positive
points [FG4]. An example is given by Thurston’s boundary of Teichmiiller spaces, realized as the space of
projective measured laminations.

It is tempting to think that canonical pairings [29) and ([B0) are manifestations of a symmetry involving
both spaces simultaneously, rather then relating the tropical points of one space to the regular functions on
the other space. We conjecture that this elusive symmetry is the mirror symmetry, and the function W is
the potential for the Landau-Ginzburg model.

To formulate precise conjectures, let us start with a general set-up.

The A-model. Let M be a complex affine variety. So it has an affine embedding i : M < C~. The Kahler
form Y, dz;dz; on CV induces a Kahler form on M(C) with an exact symplectic form w. The wrapped Fukaya
category Fuy(M,w) [AS] does not depend on the embedding i. We denote it by Fyy(M). A potential W
on (M,w) allows to define the wrapped Fukaya-Seidel category FSy, (M) = FSyr(M,w, W). The case of
a potential with only Morse singularities is treated in [SO8]. It also does not depend on the choice of affine
embedding. A volume form ) provides a Z-grading on FS, (M) [SO0].

The positive A-brane. In our examples M is a positive space over Q. So it has a submanifold M(R~¢)
of real positive points. It is a Lagrangian submanifold for the symplectic form w induced by any affine
embedding. The form  is defined over @, and so M(Rsq) is a special Lagrangian submanifold since it
restricts to a real volume form on M(Rsq). The potential W is a positive function on M. So the special
Lagrangian submanifold M(R~) should give rise to an object of the wrapped Fukaya-Seidel category of M,
which we call the positive A-brane, denoted by L .

The projection / action data. In all our examples we have a mirror dual pair M + M, equipped with
the following data: a projection m : M — H onto a split torus H, an action of the split torus T on M
preserving the volume form and the potential, and a similar pair of tori Hy, Ty for M. These tori are in
duality:

X.(Tp) = X*"(H), X.(Hp)=X"(T).
This projection / action data gives rise to the following additional structures on the categories.

i) The group Hom (X, (H),C*) = ﬁ(@) of C*-local systems on the complex torus H(C) acts on the category
FSyr(M). Namely, we assume that the objects of the category are given by Lagrangian submanifolds in
M(C) with U(1)-local systems. Then a U(1)-local system £ on H(C) acts by the tensor product with 7*(L),
providing an action of the subgroup Hom (X, (H), U(1)) on the category. We assume that the action extends
to an algebraic action of the complex torus

Hom(X, (H),C*) = X*(H) ® C* = X, (H) ® C* = H(C).
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ii) Let Tk be the maximal compact subgroup of the torus T(C). We assume that the action of the group
Tk on the symplectic manifold (M, w) is Hamiltonian[l Then any subgroup S' C Ty provides a family of
symplectic maps 74, t € R/Z = S'. The map 71 provides an invertible functorial automorphism of Hom’s of
the category FSy:(M), and thus an invertible element of the center of the category. So the group algebra
Z[X.(T)] = O(T) is mapped into the center:

o~

O(T) — Center(F Sy (M)).
iii) Clearly, there is a map O(H) — Center(D*Coh(M)), and the group T acts on D’Coh(M).

The potential / boundary divisors. It was anticipated by Hori-Vafa [HV] and Auroux [Aul] that adding
a potential on a space M amounts to a partial compactification of its mirror M, by a divisor. More precisely,
denote by M* and M7 the regular loci of the forms  and Q. The potential is a sum W = Y W,. Its
components W, are expected to match the irreducible divisors D, of M — Mz The divisors D, are defined
as the divisors on My, where Resp,(€21) is non-zero. So we should have

W= "W., Mp—MS=UD, W, D. (31)

There are several ways to explain how this correspondence should work.

i) The potential W, determines an element [W,] € HH°(M), which defines a deformation of the category
DPCoh(M) as a Z/2Z-category. On the dual side it corresponds to a deformation of the Fukaya category
obtained by adding to the symplectic form on M a multiple of the 2-form w., whose cohomology class is
the cycle class [D.] € H*(My,Z(1)) of the divisor D..

ii) The Landau-Ginzburg potential W, should be obtained by counting the holomorphic discs touching
the divisor D., as was demonstrated by Auroux [Aul] in examples.

iii) In the cluster variety set up the correspondence is much more precise, see Section
Example. To illustrate the set-up, let us specify the data on the moduli space Conf,,(A).
e A regular positive function, the potential W : Conf (A) — Al

e A regular volume form 2 on Conf ) (A), with logarithmic singularities at infinity.

o A regular projection 7 : Conf (A) —s H onto a torus H := H{sides of the n-gon Py}

e An action r of the torus T := H{vertices of P} o1, Conf,, (A) by rescaling decorated flags.

Changing G to G” we interchanges the action with the projection:
e The torus Ty, is dual to the torus H, i.e. there is a canonical isomorphism X, (Ty) = X*(H).
By construction, the potential is a sum
W=> Y W (32)
v el

over the vertices v of the polygon P,, parametrising configurations (Aq,...,A,), and the set I of simple
positive roots for G. Indeed, a non-degenerate character x of U is naturally a sum x = ). x;.

On the other hand, the set of irreducible components of the divisor Conf,, (A )—Conf, (A) is parametrised
by the pairs (E, i) where E are the edges of the dual polygon %P, see Section [LZT}

Conf, (Az) — Conf (Ar) = Ug User DF. (33)

"In our main examples the symplectic structure is exact, w = da. So avereging the form a by the action of the compact group
Ty we can assume that it is Tg-invariant. Therefore the action is Hamiltonian: the Hamiltonian at x for a one parametric
subgroup g is given by the formula a(%gt (z)).
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Since vertices of the polygon P, match the sides of the dual polygon *P,,, the components of the potential
[B2) match the irreducible components of the divisor at infinity (B3] on the dual space.

We start with the most basic form of our mirror conjectures, which does not involve the potential.

Conjecture 1.5. For any split semisimple group G over Q, there is a mirror duality
(Conf)(A),Q) is mirror dual to (Conf, (AL), ). (34)
This means in particular that one has an equivalence of A -categories
For(Conf (A)(C)) = D’Coh(Conf*(Ar)). (35)

This equivalence maps the positive A-brane Ly to the structure sheaf O.
It identifies the action of the group H(C) on the category Fy.(Conf ) (A)(C)) with the action of the group
TL(C) on D*Coh(Conf) (AL)), and identifies the subalgebras

O(T) C Center(Fy:(Conf (A)(C))) and O(H.) C Center(D*Coh(ConfX (AL))).
The projection / action data for the pair (34]) is given by
H=H", H,=H? T=H", T,=H"

The pair (34)) is symmetric: interchanging the group G with the Langlands dual group G* amounts to
exchanging the A-model with the B-model.

Using the mirror pair (34 as a starting point, we can now turn on the potentails at all vertices of the
left polygon P,. This amounts to a partial compactification of the dual space. Namely, we take the space

Conf, (Ar), and consider its affine closure Conf, (A )a := Spec ((’)(A’L‘)GL).

Since the action of the group H" on Conf, (A) alters the potential W, and the projection 7, onto H}
does not extend to Conf,, (AL )a, the projection / action data for the pair {8 is

H=H", H,={e}, T={e}, T,=H]}.
Therefore by turning on the potentials we arrive at the following Mirror Conjecture:

Conjecture 1.6. For any split semisimple group G over Q, there is a mirror duality
(Conf, (A),W,Q) is mirror dual to Conf,,(AL)a. (36)

This means in particular that there is an equivalence of A~ -categories

~

FSyr(ConfX (A)(C),W,0) = D Coh(Conf,(AfL)a). (37)

It maps the positive A-brane L to the structure sheaf O, and identifies the action of the group ]?]I((C) on the
category F Sy, (Conf, (A)(C)) with the action of Tr,(C) on D*Coh(Conf,,(Arz)a).

The geometry of mirror dual objects in Conjectures and is essentially dictated by representation
theory. Indeed, the tropical points are determined by birational types of the spaces, and canonical bases tell
the algebras of functions on the dual affine varieties:

The set Conf;’ (A)(Z!) parametrises a canonical basis in O(Conf,,(Ar7)). (38)

The set Conf, (AL)(Z!) should parametrise a canonical basis in O(Conf*(A))H (39)

The potential W and the projection 7 define a regular map (7, W) : Conf (A) — H x A'. The form
on Conf(A) and the canonical volume forms on H and A' provide a volume form Q(*¢) at the fiber F, . of
this map over a generic point (a,c) € H x Al

8 Although the claim (B3) is not addressed in the paper, it can be deduced from (B8).
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More generally, we can turn on only partial potentials at the vertices of the polygon P, , which amounts
on the dual side to taking partial compactifications, and then considering their affine closures. This way we
get an array of conjecturally dual pairs, described as follows.

For each vertex v of the polygon P, parametrising configurations (A1, ..., A, ) choose an arbitrary subset
I, C T of the set parametrising the simple positive roots of G. It determines a partial potential

Wiy =Y Wi, W= W (40)

i€l,

On the dual side, subsets {I,} determine a partial compactification of the space Conf, (Ar), obtained by
adding the divisors Df v where ¢ € I,. Here F, is the side of the polygon %P, dual to the vertex v of Py:

Conf,,(Ar)1,} = Conf); (Ar) UU” Uier, DEv. (41)

For each vertex v of P, there is a subgroup Hy, C H preserving the partial potential Wi, at v. On the
dual side, let HIL” be the dual quotient of the Cartan group Hy. So we arrive at the projection / action data

H=H", Hp=[[H, T=][[H., T.=H;. (42)

v
So turning on partial potentials we arrive at Conjecture [[7 interpolating Conjectures and

Conjecture 1.7. For any split semisimple group G over Q, there is a mirror duality
(Conf s (A), Wy1,3,Q) is mirror dual to the affine closure of Confy,(AL)qr,}- (43)
Its action / projection data is given by ({2).

Needless to say, the positive integral tropical points of the left space parametrise a basis in the space of
functions on the right space.

Here is another general principle to generate new mirror dual pairs. We start with a mirror dual pair
(M, QW) <> My, equipped with the projection / action data which involves a dual pair (T,Hz). So T acts
by automorphisms of the triple (M, Q, W), and there is a dual projection 7y, : My — Hy.

Choose any subgroup T’ C T, and consider the corresponding T’-equivariant category. If the group T
acts freely, this amounts to taking the quotient of the space with potential (M, W) by the action of T'. A
volume form on T’ gives rise to a volume form on the quotient, obtained by contructing the volume form
Q with the dual polyvector field on T’. The subgroup T/ C T determines by the duality a quotient group
Hj; — H, and therefore a projection 7} : My — H/.

e The quotient stack (M /T, W) is mirror dual to the family =) : My — H .
In the examples below (M /T, W) is just dual to a fiber 7} "' (a) C My, a € H,.

In particular, starting from a mirror dual pair ([@3)), we can choose any subgroup T’ C T = [[, H;, acting
on the space with potential on the left. All examples below are obtained this way.

Example. We start with the space Conf* (A"*1) with the potential Wi, given by the sum of the full
potentials at all vertices but one, the vertex A, ;1. The action of the group H on the decorated flag A, 41
preserves the potential W . ,. Applying the above principle, we get a dual pair illustrated on Fig The
fiber over a, illustrated by the middle picture on Fig[fl is canonically isomorphic to the less symmetrically
defined space illustrated on the right.

In the next Section we consider this example from a different point of view, starting from representation-
theortic picture, just as we did with our basic example, and arrive to the same dual pairs.
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Figure 6: Dual pairs (Conf™ (A%, B), Wi 2 3) and Conf,, (A%, Br) = A%. The H-components of the projection
A sit at the A-decorated blue dashed edges on the left. The projection p to H is assigned to the red A3B,A;.

1.4.2 Tensor products of representations and mirror symmetry

The set Conf™ (A"*!, B)(Z?!) defined using the potential VW from (L)) parametrises canonical bases in n-fold
tensor products of simple G¥-modules. So using (27) we arrive at a canonical pairing

I: Conft (A" B)(Z') x A} — AL (44)

Let us present A7} as a configuration space. Recall that Conf,,, (AZH,B 1) parametrises configurations
(A1,..., A, 1,Bu42) such that the pair (A, 1, B,12) is generic. Generic pairs {A, B} form a GL-torsor. Let
{A* B~} be a standard generic pair. Then there is an isomorphism

n =5 Confyy (AT, B),  {A1,..., A} — (Aq,..., A, AT B7). (45)

The subspace Conf* (AZH, B1,) parametrises configurations (A1,...,A,41,Bnt2) such that the consec-
utive pairs of flags are generic. It is the quotient of Conf, ,(A) by the action of the group H on the last
decorated flag. The projection Conf,, ,(A) — H"*? induces a map, see (IJ),

7= (\p) : Conf* (A" B) — H" x H. (46)

(A1  Api1, Brgo) — (a(Al,Ag), ...,a(An,AnH)) % &(Ant1, Bryo)a(Ar, Bpis) L.

Then the symmetry is restored, and we can view (@) as a manifestation of a mirror duality:
(Conf* (A" B),W,Q, ) is mirror dual to (Conf,, (A}, Br), Qr,rL). (47)

Here ry, is the action of H’L“rl by rescaling of the decorated flags. The projection/action data is

H=H"" Hp={e}, T={e}, Tp=H",
The analog of mirror dual pair (34) and its projection/action data are given by, see Fig[7]
(Conf” (A", B),Q) is mirror dual to (Conf” (A}, Br), Q). (48)
H=H"*! H= H7£+1a T=H"*!, T, = H7£+1a

So we arrived at the two dual pairs and (@) and (48] using canonical pairings as a guideline.

As discussed in the Example in Section[I.4] we can get them from the basic dual pairs ([B@) and ([B34) using
the action / projection duality e, which in this case tells that the quotient by the action of the group H on
one side is dual to a fiber of the family of spaces over the dual group Hy, over a point a € Hy,.

In particular, the dual pair ([B4) leads to the dual pair illustrated on Fig [l Notice that configurations
(A1,..., Ay o) with a(A,11,A42) = a € H are in bijection with configurations (Aq, ..., Ay +1, Bri2) where
the pair (A, 41, B,4+2) is generic. So the two diagrams on the right of Fig[frepresent isomorphic configuration
spaces, and we get the dual pair {@8)) from ([B4]). The dual pair ([@T) is obtained from S]] by adding potentials
at the A-vertices, thus allowing arbitrary pairs of flags on the dual sides.

We conjecture that the analogs of Conjectures and hold for the pairs @8] and (47).
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Figure 7: Dual spaces Conf™ (A%, B) (left) and Conf* (A3, Br) = A% (right).

1.4.3 Landau-Ginzburg mirror of a maximal unipotent group U and it generalisations
We view Lusztig’s dual canonical basis in O(U%) as a canonical pairing, and hence as a mirror duality:
. + t L 1 * . . L
I:U7(2") xU" — A, (U",x) is mirror dual to U™. (49)

To define U*, we realise a maximal unipotent subgroup U as a big Bruhat cell in the flag variety, and intersect
it with the opposite big Bruhat cell. The x is a non-degenerate additive character of U, restricted to U*.
This example is explained and generalised using configurations as follows.

Let Conf,,, (B, A", B) be the space parametrising configurations (B1, As, ..., A,11,By42) such that the
pairs (B1,By42) and (A,41,Bry2) are generic, see the right picture on Fig[8l There is an isomorphism

Up x A}~ ' = Confyy (Br, A7, Br), {B1,Ag,...; Ay} — (Bi, Ag, .., Ay, AT B7). (50)

The group H? acts on Conf,,, (Br, A}, Br) by rescaling decorated flags.

The subspace Conf™ (B, A", B) parametrises configurations where each consecutive pair of flags is generic.
It is depicted on the left of Fig[B It is the quotient of Conf; ,(A) by the action of H x H on the first and
last decorated flags. Thus there is a map 7, defined similarly to (46):

7= (\p): Conf*(B, A", B) — H" ! x H. (51)
So the projection / action data in this case is
H=H", Hp={e}, T={e}, Tr=Hj,
For example, Conf™ (B, A, B) = U*, in agreement with U* in ({9).

Conjecture 1.8. The set Conf™ (B, A", B)(Z') parametrises a canonical basis in O(Uy, x A}~1). The subset
AL )N, oy A1 V) parametrises a canonical basis in the weight v subspace of

UNDY @V, @...0 W)

o
The analogs of Conjectures [ and [L.4 hold for the following mirror dual pairs:
(Conf™ (B, A", B), Q) is mirror dual to (Conf™ (B, A},BL), L),
(Conf™ (B, A™,B),W,Q,m) is mirror dual to (Conf,,(Br, A},BL),rL)
These mirror pairs can be obtained from the basic mirror pairs ([B4]) and (B6]) by trading, using the action
/ projection principle e, the quotient by H? to the fiber over (a,b) € H? on the dual side, see Fig Bl
1.4.4 Landau-Ginzburg mirror of a simple split group G

In this Section we interprete a split simple group G as a configuration space, and using this deduce its
Landau-Ginzburg mirror from Conjecture by using our standard toolbox. The companion conjecture tells
that the mirror of the maximal double Bruhat cell for G is the maximal double Bruhat cell for G*.
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Figure 8: Duality Conf™ (8%, 4%) <+ Conf,, (B%,A4}) = Uy x A37. In the middle: the H-components of the
map A sit at the dashed blue sides. The map p is assigned to A;B1BsAy.

Denote by Conf* (B, A4, B, A) the space parametrising configurations (B, A2, B3, A4) where all four con-
secutive pairs are generic. There is a potential given by the sum of the potentials at the A-vertices:

W2,4(B1; A27B3; A4) = XA2 (Bla AQ; B3) + XA4 (B37A47B1)'

The space with potential is illustrated on the left of Fig[@ Let us describe its mirror.

Ay
/‘\ AA A{
7 N
s N | |
/ \\ | |
B:< >By o~ d: : a
AN 7/ | |
N 4 I I
S s
\\.// Al Az
Ay

Figure 9: The Landau-Ginzburg model (left) dual to G (right).

Recall the isomorphism « : Conf™ (A, A) — H. Consider the moduli space of configurations
(A1, Az, A3, Ay) € Confy(AL) | (A1, Az), (As, Ay) are generic; a(Aq, Az) = a(Asz, Ay) =e. (52)
The picture on the right of Fig [ illusatrates this moduli space.
Lemma 1.9. The moduli space (53) is isomorphic to the group GL.

Proof. Pick a generic pair {A1, Ao} with a(A4;, A3) = e. Then for each Gl-orbit in (BZ) there is a unique
representative {A1, Ap, A3, Ay} where {A;, Ay} is the chosen pair. There is a unique g € G¥ such that
g{A1,A2} = {A3,Ay}. The map (A1, Az, A3, Ay) — g provides the isomorphism. O

Conjecture 1.10. The mirror to a split semisimple algebraic group GT over Q is the pair

(Conf™ (B, A, B, A), Wh.4). (53)

Example. Let GL' = PGL,, so G = SLy. Then A= A% — {0}, B=P!, and
COHfX(B,A,B,A) = {(Ll,vg,Lg,U4)}/SL2. (54)

Here L, L3 are one dimensional subspaces in a two dimensional vector space Vs, and v, v4 are non-zero
vectors in V. The pairs (L1, v2), (v2, L3), (L3, vs4), (v4, L1) are generic, i.e. the corresponding pairs of lines
are distinct. Pick non-zero vectors [; € Ly and I3 € L3. Then

Wy s o AlL) NGRS
’ A(ly,v2)Av2,13)  A(ls,va)A(ly,vs)
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It is a regular function on (54)), independent of the choice of vectors Iy, 3. To calculate it, set
i =(1,0), we=(x,1/p), Is=(1,y/p), wvs=(0,1). (55)

Then
Conf™(Br, Ar,Br, Ar) = {(z,y,p) € A' x A’ xG,,, — (zy — 1 =0)}.
y/p y/p yp Y
Was = Jp +2 56
U Up (ay/p—1/p) 11 ay—1"p (56)
The case G = PG Ly, GI' = SL, is similar, except that now Apgr, = A% — {0}/ + 1.

Let us explain how this conjecture can be deduced from our general conjecture.

Ay
A Ay A,
7 AN
7/ AN
7/ AN
// \\
A€ oAy —
AN 7/
AN Ve
AN 7/
\\ //
\‘/ A1 AQ
A,

Figure 10: Duality between configurations of decorated flags for G and G*.

Step 1. Conjecture tells us mirror duality, illustrated on Fig [Tt

(Conf[ (A), Wi 2.3.4) <> Confy(Ap).

Step 2. We alter the pair (Conf} (A), W) 23 4) by removing the potentials at the vertices A; and As. This
reduces the potential Wi 234 to a new potential:

Wa 4(A1, A, A3, Ay) := xa,(B1,A2,Bs) + xa,(Bs, Ay, By).

In the dual picture this amounts to removing two divisors from Confy(Ayr), illustrated by two punctured
edges on the right of Fig[[Il dual to the vertices A; and As on the left. Precisely, we introduce a subspace
(T(;r;f4(AL) such that the pairs of decorated flags at punctured sides are generic. The obtained dual pair is
illustrated on Fig[IIl In particular there is a projection provided by the two punctured sides:

Ay
/‘\ A4 A.'l
7 N 1
s \ | |
’ N
7 AN | |
A] N V4 Ag - : l
N s/ |
AN 7/ | |
\ ’ | |
N //
\‘/ A1 AQ
Ay

Figure 11: Dual pair of spaces obtained on Step 2.
Confy(AL) — HZ. (57)
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Step 3. There is an action of the group H x H on Conf} (A) preserves the potential W4, given by
(Al,AQ,Ag, A4) — (hl . Al,AQ, hl . A37A4). The quotient is the space m):

(COIlel< (A), W214)/(H X H) = (COan (B, A, B, A), W274).

Step 4. The action of the group H x H is dual to the projection (IZ). The quotient by the H x H-action is
dual to the fiber over e € Hy, x Hy,. The fiber is just the space (52)). On the level of pictures, this is how we
go from Fig[IIlto Figl@l This way we arrived at Conjecture [[L.14

Canonical basis motivation. Let us explain how the positive integral tropical points of the space from
Conjecture [LT4 parametrise a canonical basis in O(G*). One has O(GY) = @, .p+ Vo ®@ V.
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Figure 12: The (tropicalised) Landau-Ginzburg model dual to G’ is obtained by gluing the two LG models
dual to Ay, along their “vertical sides”, as shown on the left.

Recall that O(AL) = @,cp+ Va. The decomposition of O(AL) into irreducible G-modules is provided
by the Hp-action on Ap. According to our general picture,

Ar = Confy, (Br, AL, Ar) is mirror dual to (Conf™ (B, A, A), Wa 3).

The canonical basis in Vy is parametrised by the fiber of the projection Conf™ (B, A, A)(Z!) — P* over the
A € PT. This projection is the tropicalisation of the positive rational map Conf(B, 4, A) — Conf(A, A).
Therefore the tensor product of canonical basis in Vy ® V" is parametrised by the fiber over A of the tropi-
calisation of the positive rational map Conf(B, A, B, A) — Conf(A, A).

Lemma 1.11. The space Conf* (B, A, B, A) is isomorphic to the open double Bruhat cell of G.

Proof. Note that Conf* (B, A, B, A) is isomorphic to the moduli space parametrizing the configurations
(A1, A2, A3, Ay) € Confy(A) such that a(A1,Az) = a(A4,A3) = e and each consecutive pair (A;, A1)
is generic. There is a unique element g € G such that {g- Aj,g- A2} = {A4,As}. Let 7(A;) = B and
m(Ag) = B~. Then we have

{A1,A4} ={A1,9- A1} is generic <= g € BuyB,

{A2, A3} ={As,g- As} is generic < g€ B wB™.
So the space is isomorphic to the open double Bruhat cell BuwyB (B~ woB~. [l

Conjecture 1.12. The open double Bruhat cell of G is mirror to the open double Bruhat cell of GL.

Ay
//\\ A4 ______ A3
// AN r 1
7 N\ | |
e \\ | |
B < > Bs -~ a : : a
N\ / | |
AN pd | |
—_—— e —_—— N
N7 A1 A2
Az

Below we investigate the case when G = SLs.
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An example: the open double Bruhat cell of SLy. It consists of elements
[I p} € SLa, ry—1=pq, p.q€Gn.
qa 'y

Let

D={ry—1=0}CA? X =A%D.

The open Bruhat cell of SLs is isomorphic to X x G,,. It is a cluster A-variety with two seeds p +— = — ¢
and p +— y — ¢. The {p, ¢} are the frozen variables. The seeds are related by the cluster transformation

1+ pq
y

Note that the coordinates here are compatible with (B]). In particular, the potential function (BG) becomes

W:g—l—g
q P

An example: the open double Bruhat cell of PGLs. It consists of elements

pr 1
€ GLs, xzy —1#0, € G,,.
[p y] 2 y—1#0, p

It is again isomorphic to X x G,,. So we expect that X x G, is mirror to itself.
This open double Bruhat cell admits a cluster X-structure. We set

T = pzx, To =2y — 1, T3 = T.
It gives rise to a cluster X-structure z1 <— z2 — x3. Mutation at zo delivers ) «— x5 — 2. Here

oy =z (1+z)" " =p/ly,

1
/o -1
Lo =Ty =

xy—1’
ah =x3(1+29)" ! =1/y.

The example X = A2\ D is considered by Auroux in Section 5 of [Aul]. See also Section 2 of [P]
Finally, let us remind that in general, when G is simply connected, then the open double Bruhat cell is a
cluster A-variety. The open double Bruhat cell of G is a cluster X-variety.

1.4.5 Landau-Ginzburg mirror of G"

Since G™ is a semi-simple group, the previous discussion applies. However our general approach leads to a
slightly different mirror dual, which has an additional symmetry: the group Z/(n + 1)Z acts naturally on
each of the spaces. It starts from the dual pair

Conf3, 5(A) mirror dual to Confj,  ,(AL).

Let Confs, ,5(A, B, ..., A, B) be the space parametrising configurations (A1, Ba, A3, By, ..., Aoy i1, Bonyo)
such that any consequtive pair is generic. There is a potential

Wigs,..on+1(A1,Ba, ..., Aoy y1, Boyyo) = E xa;(Bi—1, A4, Bit1).
i=1,3,..2n+1

The dual space parametrises configurations
(A1,..., Ao, 42) € Confa,ia(AL) such that (Asgt1, Aogt2) are generic, and a(Aggy1, Aggy2) = 1. (58)

The group Z/(n + 1)Z acts by automorphisms of this pair of spaces. The dual pair is illustrated on Fig I3l
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Lemma 1.13. The space (58) is isomorphic to (GL)™.

Proof. For any given collection {Ay, ..., Ag, 2} representing a point in the moduli space (B8)) there is unique
gk € G such that {Agry1, Aokia} = gr{A1,A2}. So picking a representative with the first pair {Ay, Ay}
provided by a pinning in G¥, we get an isomorphism with (G¥)".

O
Conjecture 1.14. The mirror to (GL)" is the pair
(Confy,  o(A,B, ..., A, B), Wi 3, . 2n41). (59)
As in the n = 1 case, Conjecture [[.T4] can be deduced from Conjecture telling that
(Conf;nJrQ (A), W12, 2n+2) mirror dual to Confa,i2(AL). (60)

Indeed, starting with duality (G0), we turn off the potentials at the even vertices. Then the group H" ! acts
by automorphisms of the space with the new potential. The quotient is the pair (BJ)).

On the other hand, turning off the potentials at the even vertices amounts on the dual side to removing
the divisors from Confa,1+2(Ay) assigned to the sides of the (2n+2)-gon dual to those vertices. The obtained
space is fibered over H;," . The fiber over e is the space E]).

A
e, A A
T TN / \
By B a/ \\b
1 ! /
: : > A YA
A% %
k-3 A ¢ A

Figure 13: Getting the mirror dual for G™ from configurations.

1.5 Representation theory and examples of homological mirror symmetry for
stacks

As soon as our space M is fibered over a split torus H, the mirror dual space M acquires an action of
the dual torus Tz. Thus we want to find the mirror of the stack My /Ty. Let us discuss two examples
corresponding to the examples in Section and

Let us look first at the dual pair (7). The subgroup 1 x H} acts freely on the last n decorated flags in
Conf, (Br, A7), and the quotient is BY}. So one has

Conf ., (Br, A7) /(Hy x H}) = H\BY}. (61)

We start with the problem reflecting the A-model to this stack.

1. Equivariant quantum cohomology of products of flag varieties. There is a way to understand
mirror symmetry as an isomorphism of two modules over the algebra of h-differential operators Dj: one
provided by the quantum cohomology connection, and the other by the integral for the mirror dual Landau-
Ginzburg model:

The quantum cohomology Di-module of a projective (Fano) variety M =
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The Dp-module for the Landau-Ginzburg mirror (7 : MY — H, W, Q), defined by f e~ W/hQ),

Here the space MV is fibered over a torus H, the Q is a volume form on MY, and W is a function on MV,
called the Landau-Ginzburg potential. The form 2 and the canonical volume form on the torus H define a
volume form Q() on the fiber of the map 7 over an a € H. The integrals J e~ W/ over cycles in the
fibers are solutions of the Dyp-module 7, (e V/"Q) on H.

This approach to mirror symmetry was originated by Givental [Gi], see also Witten [W] and [EHX], and
developed further in [HV] and many other works. See [Aul], [Au2] for a discussion of examples of mirrors
for the complements to anticanonical divisors on Fano varieties.

In our situation M is a positive space and W is a positive function, so there is an integral

Fuulash) = / W@ () = 71 (a) N M(Rso). (62)

7t (a)

If it converges, it defines a function on H(R~(). This function as well as its partial Mellin transforms is a
very important object to study. It plays a key role in the story. Below we elaborate some examples related
to representation theory.

Let 15 be the character of H(Rsq) corresponding to an element s € Hy(Rso). Recall the projection
p: Conf* (A" B) — H from [@6). Consider the integral

Feontx (an+1,p)(a, 8 ) 1= / W (Ws)e V@ (a,5) € (H x HL)(Rso). (63)

7+ (a)

It is the Mellin transform of the function (62)) along the torus 1 x H € H**1. If n = 1, one can identify integral
([63) with an integral presentation for the Whittaker-Bessel function of the principal series representation of
G(R) corresponding to the character ;. The latter solves the quantum Toda lattice integrable system [Ka.

Therefore it provides, generalising Givental’s work [Gi2] for G = GL,, in non-equivariant setting, the
integral presentation of the special solution of equivariant quantum cohomology Dp-module for the flag
variety By, studied in [GiK], [Gi3], [GKLO], [GLOT]-[GLO3], [L], [R1], [R2].

Recall the special cluster coordinate system on Confs(A) for G = GL,, from [FGI]. It has a slight
modification providing a rational coordinate system on Conf,,, (B, .4, A), see Section Bl

Theorem 1.15. i) Let G = GL,,. Then the potential W, expressed in the special cluster coordinate system
on Conf,, (B, A, A), is precisely Givental’s potential from [Gi2].

The value of the integral Feonx (3,4,.4)(a; 8, 1) at s = e coincides with Givental’s integral for a solution
of the quantum cohomology Dr-module QH*(Br) [GiZ].

ii) For any group G, the integral Feonex (g, a,4)(a;8) is a solution of the Dp-module QHyy, (BL).

Proof. 1) It is proved in Section 3.2l

ii) Since integral (G3]) provides an integral presentation for the Whittaker function, it is equivalent to the
results of [GLOT], [RI]. Observe that the parameter a € H(C) is interpreted as the parameter on H?(By,, C*),
which is the base of the small quantum cohomology connection, while the parameter s € Hp(Rs() is the
parameter of the Hp -equivariant cohomology. O

For arbitrary n, integral (63) determines the equivariant quantum cohomology Dp-module of B}. The
latter lives on H" x Hy, it is a Dp-module on H™, but only O-module along Hj,. Integral (63)) is a solution
of this Dj-module.

2. Mirror of equivariant B-model on B}. The integral (63) admits an analytic continuation in s
provided by the analytic continuation of the character 15 in the integrand. The complex integrand lives on
an analytic space defined as follows. Let H(C) is the universal cover of H(C). Denote by (B x ... x B)5% the
fiber of the map A in ({G]) over an @ € H™. It is a Zariski open subset of B™. Consider the fibered product

(Bx...xB)R“C) ZB (Bx...xB)>%C)
il o
H(C) i H(C)
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Let W and Q be the lifts of W and Q by the map exp. We get a locally constant family of categories

FSue((Bx ... x B)y*(C),W, Q) over H"(C). So the fundamental group 1 (H"(C)) acts on the category for
any given a. The group m (H(C)) also acts on it by the deck transformations induced from the universal
cover H(C) —s H(C).

On the other hand, the Picard group of the stack Hy\B7,

Pic(HL\B}) = X*(Hy) x Pic(B}) = X*(HL) x X*(H})
acts by autoequivalences of the category D*Cohy, (B7).

Conjecture 1.16. There is an equivalence of A -categories

FSue((Bx ... x Byy*(C),W,Q) ~ DCohy, (BY). (64)

It intertwines the deck transformation action of m (H(C)) x the monodromy action of w1 (H™(C)) on the
Fukaya-Seidel category with the action of X*(Hy) x Pic(BY) on the category D*Cohy, (BY).

The integral ([63) over Lagrangian submanifolds supporting objects of the Fukaya-Seidel category is a
central charge for a stability condition on the category.

Kontsevich argued that there is a smaller class of stability conditions, which he called “physical
stability conditions”. Stability conditions above should be from that class.

Examples. 1. Let n = 1. Then B} is the intersection B* of two big Bruhat cells in the flag variety B.
It parametrising flags in generic position to two generic flags, say (B*, B™).

2. Let G = SLy, n = 1. Then B;"* = C* with the coordinate u, vi“ = C with the coordinate ¢, u = e,
and W = a~t(e!+e7t) where a € C* is a parameter. Next, B, = CP!, with the natural C*-action preserving
0, co. Conjecture predicts an equivalence

FSue(Cia= (et +e7Y),dt) ~ DPCohc-(CP'), aecC*.

The equivalence is a trivial exercise for the experts. It can be checked by using the Kontsevich combinatorial
model [K09|, [A09], [STZ], [DK] for the Fukaya-Seidel category as a category of locally constant sheaves on
the Lagrangian skeleton for a surface with potential in the case of (C,e! + e~ t), shown on Fig T4

Varying the parameter a € C* in the potential we get a locally constant family of the Fukaya-Seidel
categories. Its monodromy is an autoequivalence corresponding to the action of a generator of the group
Pic(P'). The translation ¢ — ¢ + 2mi is another autoequivalence corresponding to the action of a generator
of the character group X*(C*) = Z on D’Cohc- (CP").

2
2mi
_——m

Figure 14: Horisontal rays are the rays of fast decay of the potential. Together with the vertical line, they
form the Lagrangian skeleton of the Kontsevich model of FSy,(C;a~!(e! +e7t), dt).

Let us consider now the oscillatory integral
! Y d
/ exp(—(—a (e +e7") — st))dt = / e~ (utu) /Ry s/m O
L h exp(L) U

Here L is a path which goes to infinity along the line of fast decay of the integrand. This is an integral for
the Bessel function. It defines a family of stability conditions on the Fukaya-Seidel category depending on
s € C — it is the value of the central charge on the Ky-class of the object supported on L. The parameter s
reflects the equivariant parameter for the C*-action.
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3. Mirror of equivariant B-model on B} x Uy. There is an integral very similar to (G3)):

Feontx (B,An,8) (@, 8) 1= /+( )N*Ws)e_w/hﬂ(a)a (a,s) € (H" ! x HL)(Rs0). (65)
vt (a
Denote by A the map A onto H? ! from (5I)). The integrand has an analytic continuation in s which lives

on the fibered product

——

Map@(© B ARp@)(©)
pd pd
H(C) SR H(C)

There is a conjecture similar to Conjecture describing the category D’Cohy, (B7 ! x Up). For example,
when n = 1 it reads as follows.

Conjecture 1.17. There is an equivalence of A -categories
FSue(U*(C),W,Q) ~ D'Cohy, (Up). (66)

It intertwines the deck transformation action of m (H(C)) on the Fukaya-Seidel category with the action of
X*(Hy) on the category D?Cohg, (Uy).

Example. If G = SLy and n = 1, then Conf,,(B,A4,8) = C with the C*-action. On the dual side,
Conf* (B, A, B) = C*, m = u is the identity map, W = u, Q = du/u. The universal cover of C* is C with the
coordinate ¢ such that u = e’. The integral is

F(s) = / e "udufu=T(s).
0
The equivalence of categories predicted by Conjecture [[L.17] is
FSu:(C,e',dt) ~ DPCohe-(C). (67)

It can be checked by using the Kontsevich combinatorial model for the Fukaya-Seidel category.

1.6 Concluding remarks

1. Mirror dual of the moduli spaces of G*-local systems on S. The true analog of the moduli space
of GF-local systems for a decorated surface S is the moduli space Locgr g. We view the function WV on the
space Ag, g as the Landau-Ginzburg potential on Ag g, and suggest

Conjecture 1.18.
(AG.g» W, Q, ) is mirror dual to (Locgr, g, Qr,71)- (68)

It would be interesting to compare this mirror duality conjecture with the mirror duality conjectures of
Kapustin-Witten [KW] and Gukov-Witten [GWT], which do not involve a potential, and refer to families of
moduli spaces, which are somewhat different then the moduli spaces we consider.

Notice also that if each boundary component of S has at least one special point, then LocgL ¢ = Agr g,
and so in this case we have a more symmetric picture:

(A&.g: W, Q,7) is mirror dual to (Agr g, Qr,7L)- (69)

(AG 5, ) is mirror dual to (’AéL,S’ Qr,7r). (70)
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2. Oscillatory integrals. The analog of integral (62)) in the surface case is an integral
Fas(a) = / W), (71)
7t (a)/Ts

Since the integrand is I'g-invariant, the integration cycles are defined by intersecting the fibers with Ag, s(R)/T's.
Notice that Ag s(Rso) is the decorated Higher Teichmuller space [FGI]. If G = S Lo, the integral converges.
For other groups convergence is a problem.

Notice also that the three convergent oscillatory integrals

Feontx (45,8 (8),  Feontx(4,4,8)(@5 ), Foguex (a)(a1,a2,a3),  a; € H(R>o), s € HL(R>o)

are continuous analogs of the Kostant partition function, weight multiplicities and dimensions of triple tensor
product invariants for the Langlands dual group G¥(R).

3. Relating our dualites to cluster Duality Conjectures [FG2]. The latter study dual pairs (A, XV),
where A is a cluster A-variety, and X'V is the Langlands dual cluster X-variety:

A is dual to XV.

There is a discrete group I' acting by automorphisms of each of the spaces A and XV, called the cluster
modular group. So it acts on the sets of tropical points A(Z') and XV (Z'). Cluster Duality Conjectures
predict canonical I'-equivariant pairings

Ii: AZY) x XY — A', Ty Ax XY (Z') — AL (72)

As the work [GHKT3] shows, in general the functions assigned to the tropical points may exist only as formal
universally Laurent power series rather then universally Laurent polynomials.

There are cluster volume forms Q4 and Qx on the A and X spaces [FGH], see Section

We suggest that, in a rather general situation, there is a natural I'-invariant positive potential YW, on
the space A, a similar potential Wy on the space X, and a certain “alterations” XV and AV of the spaces
XY and AY providing mirror dualities underlying canonical pairings (72):

(A, Wa,Qa,m4) is mirror dual to (}V7 Qav,rxv). (73)
(X,Wx,Qx,ﬁx) is mirror dual to (ﬁ,QAv7TAv). (74)

Canonical pairings ([[2) should induce canonical pairings related to the potentials and alterations:
Lawa) t Ay (Z0) x XV — AL, Ty ) 0 A (21) x AV — AL,

This should provide a cluster generalisation of our examples. For instance, there is a split torus H 4 asso-
ciated to a cluster variety A, coming with a canonical basis of characters, given by the frozen A-coordinates.
They describe the projection m4 : A — Hy, see Section

An alteration AY, given by a partial compactification of the space AV, and a conjectural definition of the
potential Wx are given in Section [2.2

4. Conclusion. A parametrisation of a canonical basis, casted as a canonical pairing I, should be understood
as a manifestation of a mirror duality between a space with a Landau-Ginzburg potential and a similar space
for the Langlands dual group.

Our main evidence is that canonical pairing ([@4]) describing a parametrisation of canonical basis in tensor
products of n irreducible G*-modules is related via an integral presentation to the Dy-module describing the
equivariant quantum cohomology of (Br)™.

There is a remarkable mirror conjecture of Gross-Hacking-Keel [GHKTI], who start with a maximally
degenerate log Calabi-Yau Y and conjecture that the Gromov-Witten theory of Y gives rise to a commutative
ring R(Y'), with a basis. Its spectrum is an affine variety which is conjectured to be the mirror of Y.

29



Notice that in our conjectures we give an a priori description of the mirror dual pair of spaces, while in
the mirror space is encrypted in the conjecture. For example, mirror conjecture ([34]) is expected to
be an example of the Gross-Hacking-Keel conjecture, but we do not know how to deduce, starting from the
pair (Conf (A), ), the former from the latter, and in particular why the Langlands dual group appears in
the description of the mirror.

We want to stress that in our mirror conjectures we usually deal with mirror dual pairs where at least one
is a Landau-Ginzburg model, i.e. is represented by a space with a potential. In particular canonical bases
in representation theory and their generalisations related to moduli spaces of G-local systems on decorated
surfaces S always require the dual space to be a space with a non-trivial potential, unless S is a closed surface
without boundary.

Finally, in applications to representation theory we are forced to deal with stacks rather then varieties,
as discussed in Section This is a less explored chapter of the homological mirror symmetry. See also a
recent paper of C. Teleman in this direction.

The space M(K) of K-points of a space M is a cousin of the loop space QM(C). Heuristically, the
quantum cohomology Dp-module is best seen in the (ill defined) S-equivariant Floer cohomology of the loop
space QM(C) [Gi], which are sort of “semi-infinite cohomology” of the loop space. It would be interesting
to relate this to the infinite dimensional cycles C; C M°(K).

It would be very intersecting to relate our approach to the construction of canonical bases via cycles
M7 to the work in progress of Gross-Hacking-Keel-Kontsevich on construction of canonical bases on cluster
varieties via scattering diagrams.

Organization of the paper. In Section[2lwe present main definitions and results relevant to representation
theory. We start from a detailed discussion of the geometry of the tensor product invariants in Sections 2.1}
We discuss more general examples in Sections In Section 2.4 we construct a canonical basis in tensor
products of finite dimensional GX-modules, and its parametrization. In Sections 2l we give all definitions and
complete descriptions of the results, but include a proof only if it is very simple. The only exception is a
proof of Theorem in Section 2.4l The rest of the proofs occupy the next Sections. In Section [0 we
discuss the general case related to a decorated surface. In the Section [[2] we discuss the volume form and the
potential in the cluster set-up.
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2 Main definitions and results: the disc case

2.1 Configurations of decorated flags, the potential }V, and tensor product in-
variants

2.1.1 Positive spaces and their tropical points

Below we recall briefly the main definitions, following [FG2| Section 1].

Positive spaces. A positive rational function on a split algebraic torus T is a nonzero rational function

on T which in a coordinate system, given by a set of characters of T, can be presented as a ratio of two

polynomials with positive integral coefficients.

A positive rational morphism ¢ : T1 — T9 of two split tori is a morphism such that for each character x
of Ty the function x o ¢ is a positive rational function.
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A positive atlas on an irreducible space (i.e. variety / stack) ) over Q is given by a non-empty collection
{c} of birational isomorphisms over Q
ac: T — Y,

where T is a split algebraic torus, satisfying the following conditions:
e For any pair ¢,c’ the map e e := ag ! o ae is a positive birational isomorphism of T.
e Fach map a. is regular on a complement to a divisor given by positive rational function.

A positive space is a space with a positive atlas. A split algebraic torus T is the simplest example of a
positive space. It has a single positive coordinate system, given by the torus itself.

A positive rational function F on ) is a rational function given by a subtraction free rational function in
one, and hence in all coordinate systems of the positive atlas on ).

A positive rational map Y — Z is a rational map given by positive rational functions in one, and hence
in all positive coordinate systems.

Tropical points. The tropical semifield Z is the set Z equipped with tropical addition and multiplication
given by
a+;b=min{a,b}, a+b=a+0b, a,beZ.

This definition can be motivated as follows. Consider the semifield R ((¢)) of Laurent series f(¢) with
positive leading coefficients: there is no “—” operation in R4 ((¢)). Then the valuation map f(t) — val(f) is
a homomorphism of semifields val : Ry ((¢)) — Z.

Denote by X, (T) = Hom(G,,,, T) and X*(T) = Hom(T,G,,,) the lattices of cocharacters and characters
of a split algebraic torus T. There is a pairing (x,*) : X*(T) x X, (T) — Z.

The set of Z'-points of a split torus T is defined to be its lattice of cocharacters:

T(Z') := X.(T).

A positive rational function F' on T gives rise to its tropicalization F*, which is a Z-valued function on the
set T(Z!). Tts definition is clear from the following example:

1123 + 37013

F= ,  F'=min{z; + 2x2, 29 + 53} — min{zy + z4}.

T2X4

Similarly, a positive morphism ¢ : T — S of two split tori gives rise to a piecewise linear morphism ¢* :
T(Z') — S(Z).

There is a unique way to assign to a positive space Y a set Y(Z!) of its Z!'-points such that
e Each of the coordinate systems ¢ provides a canonical isomorphism

al :T(Z') = Y(ZY).

e These isomorphisms are related by piecewise-linear isomorphisms ¢f -

ag (1) = a0 P o (1)

We raise the above process to the category of positive spaces. It gives us a functor called tropicalization
from the category of positive spaces to the category of sets of tropical points. For each positive morphism
f:Y — Z, denote by ft: Y(Z') — Z(Z') its corresponding tropicalized morphism.

Pick a basis of cocharacters of T. Then, assigning to each positive coordinate system c a set of integers
(I§,...,18) € Z"™ related by piecewise-linear isomorphisms wé)c/, we get an element

l=al(l§,...,1) e V(7).

For a variety ) with a positive atlas, the set Y(Z") can be interpreted as the set of transcendental cells of
the infinite dimensional variety Y(C((t))), as we will explain in Section 2211
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The set of positive tropical points. Let (¥,V) be a pair given by a positive space ) equipped with a
positive rational function W. Let us tropicalize this function, getting a map

Wt (7 — 7.
We define the set of positive tropical points:
IW(Z') = {l e Y(Z') | W'(l) = 0}.

Example. The Cartan group H of G is a split torus and hence has a standard positive structure. The
set H(Z') = X.(H) is the coweight lattice of G. Let {a;} the set of simple positive roots indexed by I. We
define

W:H— A, h— > a(h). (75)
il

The set of positive tropical points is the positive Weyl chamber in X, (H):

HH(Z') .= H},(Z") = {} € X,(H) | (\,a;) >0, Vi € I}.

2.1.2 Basic notations for a split reductive group G

Denote by H the Cartan group of G, and by H” the Cartan group of the Langlands dual group G¥. There is
a canonical isomorphism X*(H%) = X, (H). Denote by AT C X*(H) the set of positive roots for G, and by
IT := {a;} C AT the subset of simple positive roots, indexed by a finite set I. We sometimes use P instead of
X..(H). Denote by PT the positive Weyl chamber in P. It is also the cone of dominant weights for the dual
group GX. Denote by V) the irreducible finite dimensional G*-modules parametrized by A € P*.

Let U;t (i € I) be the simple root subgroup of U*. Let a) : G,,, — H be the simple coroot corresponding
to the root «; : H — G,,,. For all i € I, there are isomorphisms z; : G, — U;-" and y; : G, — U; such that

the maps
(1) 1) wita), 2 (1) — i(b), (t) tE)l — o (t) (76)
(b 5) o (3 3) e (5 2)

provide homomorphisms ¢; : SLs — G.

Let s; (i € I) be the simple reflections generating the Weyl group. Set 5; := y;(1)z;(—1)y;(1). The
elements ; satisfy the braid relations. So we can associate to each w € W its representative w in such a way
that for any reduced decomposition w = s;, ...s;, one has W =73;, ...5;,.

Denote by wg be the longest element of the Weyl group. Set sq := Wa. It is an order two central element
in G. For G = SLy it is the element —Id. For an arbitrary reductive G the element s is the image of the
element sg,, under a principal embedding SLy < G. For example, sgr,, = (—1)""!d. See [FGI] Section
2.3] for proof.

2.1.3 Lusztig’s positive atlas of U and the character ya

Let wog = 84, ... 8;,, be areduced decomposition. It is encoded by the sequence i = (i1, 12, .. .,%,,). It provides
a regular map

$i: (Gp)™ — U, (a1, ...,am) — 4, (a1) ...z, (). (77)

The map ¢; is an open embedding [L], and a birational isomorphism. Thus it provides a rational coordinate
system on U. It was shown in loc.cit. that the collection of these rational coordinate systems form a positive
atlas of U, which we call Lusztig’s positive atlas. There is a similar positive atlas on U™ provided by the
maps ¥;.

The choice of the maps z;, y; in (G provides the standard character:

m

x:U— Al xil(al)...xim(am)»—>2aj. (78)

j=1

32



It is evidently a positive function in Lusztig’s positive atlas. Moreover it is independent of the the sequence
i chosen. Similarly, there is a character x~ : U~ — A, y;, (b1) ... 4i,, (bn) = D07-; by, which is positive in
the positive atlas on U™.

Let A := g- U be a decorated flag. Its stabilizer is Ux = gUg~!. The associated character is

xa : Uy — Al u—s X(g_lug).

For example, for an h € H, the character x,.u is given by z;, (a1) ... 2, (@m) — Z;n:l aj/ai; (h).

2.1.4 The potential VW on the moduli space Conf,(A).

Given a group G and G-sets X1, ..., X,,, orbits of the diagonal G-action on X; x ... x X, are called configu-
rations. Denote by {z1,...,2z,} a collection of points, and by (z1,...,z,) its configuration.

We usually denote a decorated flag by A; and the corresponding flag 7(A;) by B;. Denote the set {1,...,n}
of consecutive integers by [1,n].

Definition 2.1. A pair {B1,B2} € B x B of Borel subgroups is generic if By N By is a Cartan subgroup in
G. A collection {A1,...,Buin} € A" x B™ is generic if for any distinct i, j € [1,m + n], the pair {B;,B;}
18 generic.

Set Conf (A", B™) := G\(A™ x B™). Note that if {Aq,...,By,4+,} is generic, then sois g-{A1,...,Byan}
for any g € G. Denote by Conf™(A™, B™) the subset of generic configurations.

Definition 2.2. A frame for a split reductive algebraic group G over Q is a generic pair {A,B} € A x B.
Denote by Fg the moduli space of frames.

The space Fg is a left G-torsor. If G = SL,,,, then a K-point of Fg is the same thing as a unimodular
frame in a vector space over K of dimension m with a volume form. If G is an adjoint group, then a frame
is the same thing as a pinning.

Let {A1,...,A,} be a generic collection of decorated flags. For each j € [1,n], take the triple {B;_1,A;,B;;1}.
Since Fg is a G-torsor, there is a unique u; € Ua; such that

{A),Bjp1t =u; - {A;,Bj-1}. (79)

Consider the following rational function on A", whose definition is illustrated on Fig

W(AL -, An) = > xa, (). (80)
j=1
Lemma 2.3. For any g € G, we have W(gA1,...,gA,) = W(A1,...,A,).
Proof. Clearly {gA;,gBj+1} = gujg~" - {gA;,gB;_1}. The Lemma follows from (G). O
As

Al A n
Figure 15: The potential is a sum of the contribution at the vertices.

Since W is invariant under the G-diagonal action on A", we define
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Definition 2.4. The potential W is a rational function on Conf, (A), given by (E0).
Theorem 2.5. The potential W is a positive rational function on the space Conf, (A), n > 2.

Theorem 2.5 is a non-trivial result. It is based on two facts: the character y is a positive function on U,
and the positive structure on Conf,,(A) is twisted cyclic invariant, see Section [ZT.61 We prove Theorem 2.5
in Section

Therefore we arrive at the set of positive tropical points of Conf,,(A):

Conf! (A)(Z") := {l € Conf,(A)(Z") | W) >0}, n>2. (81)

Example. Let G = SLy. The space Confs(A) parametrizes configurations (v, va, v3) of vectors in a two
dimensional vector space with a volume form w. Set A; ; := (v; A v;,w). Then

ALB A1,2 A2,3

pu— : 2
W(vi, vz, v3) Ay Ags * ACEWAVE: * Az Agp .

Therefore tropicalizing the function (82]) we get
Confj (Ast,)(Z") ={a,b,c€Z | a>b+c, b>a+ec, c>a+b}.
Notice that the inequalities imply a, b, ¢ € Z<y.
2.1.5 Parametrization of a canonical basis in tensor products invariants
By Bruhat decomposition, for each (A1, As) € Conf5(A), there is a unique ha, o, € H such that
(A1,A2) = (U, ha, a,w0 - U).
It provides an isomorphism, which induces a positive structure on Confs(A):
a:Confy(A) =5 H, (A1,As) — ha, A, (83)
We extend definition (1)) to n = 2 using the potential (3], so that one has an isomorphism
o' : Confj (A)(Z") = HT(Z') =PT.

See more details in Section [63] formula ([I31]), and [FGI].

The restriction maps 7;;. We picture configurations (Aq, ..., A,) at the labelled vertices [1, n] of a convex
n-gon P,. Each pair of distinct 4, j € [1, n] gives rise to a map

(Ai,A]‘) ifi<j,

m;; « Conf, (A) — Confs(A), (A1,...,A,) — { (sa-ALA,) ifi> ).

The maps 7;; are positive [FGI], and therefore can be tropicalized:

Conf,(A)(Z!) %  Confy(A)(Z!) =P
U U

Confr(A)(Z!) 2% Conff (A)(Z!) = P+

The fact that «/;(Conf, (A)(Z')) € PT is due to Lemma G.14
In particular, the oriented sides of the polygon P, give rise to a positive map

7w = (m2,723,. .., 1) : Conf,(A4) — (Confg(A))n ~ H". (84)
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A decomposition of Conf, (A)(Z!). Given ) := (\1,...,\,) € (P*)", define
Cy = {l € Conf} (A)(Z") | 7' (1) = A}. (85)

The weights A of G are assigned to the oriented sides of P,, as shown on Fig Such sets provide a
canonical decomposition
Confl(A)(Z')= || Ca (86)

AE(PH)n

Figure 16: Dominant weights labels of the polygon sides for the set Cx, x,,x5,M4-

Tensor products invariants. Here is one of our main results.

Theorem 2.6. Let \i,...,\, € PT. The set C, ...\, parametrizes a canonical basis in the space of

mvariants (V,\1 ®...0 V,\H)GL.

Theorem follows from Theorem 220 and geometric Satake correspondence, see Section [Z.2.4]
Alternatively, there is a similar set, defined by reversing the order of the side (1,n):

Cyr o, ={leConff (ANZ) | 7w}, () =N, i=1,..,n—1, 7] (1) =\ }. (87)

sAn—1

Then \
C)\17~~~7)\n = C;l’w[)():;)fl'

.....

The set C:\\;‘ ..\, barametrizes a basis in the space of tensor product multiplicities

HOHIGL (V)\n,V)\l ®R...Q V)\nfl). (88)

2.1.6 Some features of the set Conf,! (A)(Z!).

Here are some features of the set Conf;\ (A)(Z!). All of them follow immediately from the definition of the
potential W and basic facts about the positive structure on Conf,(A). One of the most crucial is twisted
cyclic invariance, so we start from it.

The twisted cyclic shift. It was proved in [FGI Section 8] that the defined there positive atlas on
Conf,(A) is invariant under the twisted cyclic shift

t: Conf, (A) — Conf, (A), (A1,....,A,)— (A, ..., Ap, Ay - sq).
Its tropicalization is a cyclic shift on the space of the tropical points:
t : Conf, (A)(Z") — Conf, (A)(Z"). (89)
e Twisted cyclic shift invariance. The potential W is evidently invariant under the twisted cyclic

shift. Therefore the set (81) is invariant under the tropical cyclic shift (89).
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Given a triangle ¢t = {i; < i2 < i3} inscribed into the polygon P,, there is a positive map
m : Conf, (A) — Confs(A), (A1,...,A,) — (As Ay, Asy).

Each triangulation T' of P, gives rise to a positive injection 7y : Conf, (A) — [],c Confz(A), where the
product is over all triangles ¢ of T'. Set its image

Confr(A) := Immp C H Conf3(A). (90)

teT

For each pair (¢,d), where t € T and d is a side of ¢, there is a map given by obvious projections

p(t,d) : [ Confs(A) =% Confs(A) =% Confy(A).

teT

For each diagonal d of T, there are two triangles, ¢ and 2, sharing d. A point = of Confz(A) is described
by the condition that p(t{,d)(x) = p(t4,d)(x) for all diagonals d of T.

Proposition 2.7. [FG1] There is an isomorphism of positive moduli spaces
7r : Conf, (A) — Confr(A).
It leads to an isomorphism of sets of their Z-tropical points:

74 : Conf,, (A)(Z") = Confr(A)(Z"). (91)

Some important features of the potential W are the following:

e Scissor congruence invariance. For any triangulation T of the polygon, the potential W, on
Conf,,(A) is a sum over the triangles t of T

Wn=> Wsom. (92)

teT

This follows immediately from the fact that ya is a character of the subgroup Ua. Combining this with the
isomorphism (@) we get

e Decomposition isomorphism. Given a triangulation T of P,, one has an isomorphism

i : Conf (A)(Z') = Conff(A)(ZY).

So one can think of the data describing a point of Conf;’ (A)(Z") as of a collection of similar data assigned
to triangles ¢ of a triangulation 7" of the polygon, which match at the diagonals. Therefore each triangulation
T provides a further decomposition of the set (85)). By Lemma [B.I4] the weights of G assigned to the sides
and edges of the polygon are dominant.

Consider an algebra with a linear basis ey parametrized by dominant weights A of G* with the structure
constants given by the cardinality of the set Cﬁl_ Ay

e xen, = > ICY ,len (93)
peP+

The following basic property is evident from our definition of the set Ct\Ll, Ay
e Associativity. The product x is associative.

The associativity is equivalent to the fact that there are two different decompositions of the set Conf (A)(Z!)
corresponding to two different triangulations of the 4-gon.
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A2 A2
}\17\7‘3 A/ : E As

Ay Ay

Figure 17: The associativity.

A simple proof of Knutson-Tao-Woodward’s theorem [KTW]. That theorem asserts the associa-
tivity of the similar *-product whose structure constants are given by the number of hives. The associativity
in our set-up, where the structure constant are given by the number of positive integral tropical points, is
obvious for any group G. So to prove the theorem we just need to relate hives to positive integral tropical
points for G = GL,,,, which is done in Section [Bl

2.2 Parametrization of top components of fibers of convolution morphisms
2.2.1 Transcendental cells and integral tropical points

For a non-zero C' =37, cit® € K such that ¢, is not zero, we define its valuation and initial term:

val(C) :=p, in(C):=c,.

A decomposition of T(K). For each split torus T, there is a natural projection, which we call the valuation
map:
val : T(K) — T(K)/T(0) = T(Z").

Given an isomorphism T = (G, )", the map is expressed as (Cy,...,Ci) — (val(Cy),...,val(Cy)).
Each | € T(Z') gives rise to a cell

T, := {z € T(K) | val(z) =}.

It is a projective limit of irreducible algebraic varieties: each of them is isomorphic to (G,,)* x AY. Therefore
T, is an irreducible proalgebraic variety, and T(K) is a disjoint union of them:

TK)= [] T

1T (ZY)
Transcendental C-points of T. Let us define an initial term map for T(K) in coordinates:
in: T(K) — T(C), (Ci,...,Ck)+— (in(Cy),...,in(Cy)).
A subset {c1,...,¢cq} C Cis algebraically independent if P(ci,...,¢q) # 0 for any P € Q(X1,..., X,)*.

Definition 2.8. A point C' € T(K) is transcendental if its initial term in(C) is algebraically independent as
a subset of C. Denote by T°(K) the set of transcendental points in T(K). Set

T} o= Ty [ | T°(K).
Lemma 2.9. Let F be a positive rational function on T. For any C' € T°(K), we have
val(F(C)) = F*(val(C)).

Proof. 1t is clear. O
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Transcendental [C-cells of a positive space ).

Definition 2.10. A birational isomorphism f : Y — Z of positive spaces is a positive birational isomorphism
if it is a positive morphism, and its inverse is also a positive morphism.

Theorem 2.11. Let f: T — S be a positive birational isomorphism of split tori. Then
F(T7) =S5

We prove Theorem 211 in Section [Bl It is crucial that the inverse of f is also a positive morphism. As
a counterexample, the map f : G,, = G,,,,  — x + 1 is a positive morphism, but its inverse x — = — 1 is
not. Let [ € G,,(Z") = Z. If | > 0, then Theorem 2Tl fails: the points in f(T}) are not transcendental since

in(f(T7)) = 1.
Definition 2.12. Let ac : T — Y be a coordinate system from a positive atlas on' Y. The set of transcendental
KC-points of Y is
Yo(K) = ac(T°(K)).
For each 1 € Y(Z'), the transcendental l-cell of Y is

Cl = ac(Thi(yy), where f=ag’.

By Theorem 2.I1] this definition is independent of the coordinate system a. chosen. Similarly one can
upgrade the valuation map to positive spaces: given a positive space ), there is a unique map

val : Y°(K) — Y(Z') (94)

such that
Cr ={y € Y°(K) | val(y) =1}
The valuation map (@4 is functorial under positive birational isomorphisms of positive spaces. Therefore the

transcendental cells are also functorial under positive birational isomorphisms.
Thus there is a canonical decomposition parametrized by the set Y(Z?!):

K= ] e
ley(zt)
Thanks to the following Lemma, one can identify each tropical point [ with Cp.

Lemma 2.13. Let F be a positive rational function on Y. For any C € Y°(K), we have
val(F(C)) = F*(val(C)).
Proof. Tt follows immediately from Lemma 2.9 and Theorem 2111 O

2.2.2  (O-integral configurations of decorated flags and the affine Grassmannian
Recall the affine Grassmannian Gr. Recall the moduli space Fg of frames from Definition 2.2
Lemma—Construction 2.14. There is a canonical onto map
L: Fa(K) — Gr, {A;,Bs} — L(A1,B2) (95)

Proof. Let {U,B™} € F(Q) be a standard frame. There is a unique g¢a, B,} € G(K) such that

{A1,B2} = g(a, B,y - {U, B}
It provides an isomorphism Fg(K) = G(K). Composing it with the projection [] : G(K) — Gr,

L(A1,B2) := [g(a, B,}] € Gr. (96)

Note that Fc(Q) is a G(Q)-torsor. So choosing a different frame in Fe(Q) we get another representative of
the coset gra, B,} - G(Q). Since G(Q) C G(0O), the resulting lattice (@8] will be the same. Therefore the map
L is canonical. O

9By abuse of notation, such a cell will always be denoted by Cp. The tropical point [ tells which space it lives.
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Symmetric space and affine Grassmannian. The affine Grassmannian is the non-archimedean version
of the symmetric space G(R)/K, where K is a maximal compact subgroup in G(R). A generic pair of flags
{B1, B2} over R gives rise to an H(Rx¢)-torsor in the symmetric space — the projection of B; NBa. [ Notice
that H(R-q) = H(R)/(H(R) NK). A generic pair {A;, By} determines a poinf] Q(A1,Bs) € G(R)/K. So we
get the archimedean analog of the map (@2)):

Q : fg(R) — G(R)/K, {Al,Bg} — Q(Al,Bg). (97)

Decorated flags and horospheres. For the adjoint group G, the principal affine space A can be inter-
preted as the moduli space of horospheres in the symmetric space G'(R)/K in the archimedean case, or in
the affine Grassmannian Gr. The horosphere H assigned to a decorated flag A is an orbit of the maximal
unipotent subgroup Ua. Let B} be the open Schubert cell of flags in generic position to a given decorated
flag A. Then there is an isomorphism

By — Ha, Br—L(A,B) or B— Q(A,B).

Figure 18: The metric g(h,y) determined by a horocycle h and a boundary point y.

Examples. 1. Let G(R) = SLy(R). Its maximal compact subgroup K = SO2(R). The symmetric space
SL2(R)/SO2(R) is the hyperbolic plane H2. A decorated flag A; € Apcr,(R) corresponds to a horocycle h
based as a point = at the boundary. A flag Bo corresponds to another point y at the boundary. Let g(z,y)
be the geodesic connecting = and y. The point Q(A1, By) is the intersection of h and g(z,y), see Fig [[&

q(h,y) == hNglz,y) € H>.

2. Let G = GL,. Recall that a flag F, in an n-dimensional vector space V,, over a field is a data
F, C...CF,,dimF; =i. A generic pair of flags (Fs,G,) in V,, is the same thing as a decomposition of V,,
into a direct sum of one dimensional subspaces

Vi=Li®...® Ly, (98)

where L; = F; N Gp1—4. Conversely, Fy, = L1 ® ... & Ly and Gy = Lyy—p41 D ... D L.
Over the field R, this decomposition gives rise to a (R%)"-torsor in the symmetric space, given by a
family of positive definite metrics on V;, with the principal axes (L1, ..., Ly):

arrt+ ... a2, a; > 0. (99)

Here (x1,...,x,) is a coordinate system for which the lines L; are the coordinate lines.

A decorated flag A in V,, is a flag F, plus a collection of non-zero vectors l; € F;/F;_1. A frame in Fgr,,
is equivalent to a generic pair of flags (F,,G,) and a decorated flag A over the flag F,. It determines a basis
(e1,...,en) in V,, and vice verse. Here e; € L; and e; = I; under the projection L; — F;/F;_;. This basis
determines a metric — the positive definite metric with the principal axes L; such that the vectors e; are unit
vectors.

10Here is a non-archimedean analog: A generic pair of flags {B1, B2} over K gives rise to an H(K)/H(O)-torsor in the affine
Grassmannian — the projection of By (K) N B2(K) to G(K)/G(O).

1n the archimedean case, a maximal compact subgroup K is defined by using the Cartan involution. A generic pair {A, B}
determines a pinning, and hence a Cartan involution.
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3. Over the field K, decomposition (@8] gives rise to an H(K)/H(O) = Z"-torsor in Gr, given by the
following collection of lattices in V/,.

Othre; @ ... OtFre,, ke Z.

These lattices are the non-archimedean version of the unit balls of the metrics (@9]).

O-integral configurations of decorated flags.

Definition 2.15. A collection of decorated flags {A1,..., Ay} over K is O-integral if it is generic and for
any i € [1,n] the lattice L(A;,B;) does not depend on the choice of j different then i.

Let g € G(K). Note that L(gA;,gB;) = g - L(A;,B;). Therefore if {A;,...,A,} is O-integral, so is
g-{A1,...,A,}. Thus we define

Definition 2.16. A configuration in Conf, (A)(K) is O-integral if it is a G(K)-orbit of an O-integral collec-
tion of decorated flags. Denote by Conf,?(A) the space of such configurations.

The archimedean version of Definition is trivial. For example, let G = SLa(R). Then there are no
horocycles (hi, ha, h3) such that their boundary points (21,2, x3) are distinct, and the intersection of the
horocycle h; with the geodesic g(z;,x;) do not depend on j # i.

In contrast with this, we demonstrate below that the non-archimedean version is very rich. The difference
stems from the fact that in the archimedean case the intersection K N U = e is trivial, while in the non-
archimedean G(O) NU(K) = U(O).

Transcendental cells and O-integral configurations. The following fact is crucial.

Theorem 2.17. If € Confl (A)(Z"), then there is an inclusion Cf C ConfS (A). Otherwise Cf N ConfS (A)
15 an empty set.

Theorem .17 gives an alternative conceptual definition of the set of positive integral tropical points of
the space Conf,,(A), which refers neither to the potential ¥, nor to a specific positive coordinate system.
However to show that the set Conf;’ (A)(Z!) is “big”, or even non-empty, we use the potential W and its
properties, which imply, for example, that the set Conf;" (A)(Z!) is obtained by amalgamation of similar sets
assigned to triangles of a triangulation of the polygon. We prove Theorem 217 in Section

2.2.3 The canonical map « and cycles on Conf,(Gr)
The canonical map . Recall the configuration space
Conf, (Gr) := G(K)\(Gr x ... x Gr).
Given an O-integral collection {Aq,...,A,} of decorated flags, we get a collection of lattices {Li,...,L,}
by setting L; := L(A;,B;) for some j # i. By definition, the lattice L; is independent of j chosen. This
construction descends to configurations, providing a canonical map
% : Conf(A) — Conf, (Gr), (A1,...,A,) — (L, ..., Ly,). (100)

The map is evidently cyclic invariant, and commutes with the restriction to subconfigurations:

KAy, oy Asy) = (Liy, oo L) forany 1 <y < ... < <n.

The cycles M; in Conf,(Gr). Let I € Conf,; (A)(Z"). Thanks to Theorem 217 we can combine the
inclusion there with the canonical map (I00Q):

¢y < Confl (A) 5 Conf,,(Gr). (101)
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Definition 2.18. The cycle M; C Conf,(Gr) is a substack given by the closure of k(Cy):
M =M, M; :=k(C) C Conf,(Gr), 1 € Conf (A)(ZY). (102)
Lemma 2.19. The cycle M; is irreducible.
Proof. For a split torus T, the cycle T is irreducible. So the cycles C; and M; are irreducible. O
In other words, M; is a G(K)-invariant closed subspace in Gr™. There is a bijection
{G(K)-orbits in Gr"} <L {G(O)-orbits in [1] x Gr" '} (103)

Therefore one can also view the cycles M; as G(O)-invariant closed subspaces in [1] x Gr" ', Let us describe
them using this point of view.

2.2.4 Top components of the fibers of the convolution morphism

Given A = (A1,...,\n) € (PT)™, recall the cyclic convolution variety
Groa) = {(Li, .., L) € G [ Ly 25 Ly 25 0 2% Ly, Ly = Loy = (1))

It is a finite dimensional reducible variety of top dimension
ht(A) :== (p, \1 + ...+ ).

It is the fiber of the convolution morphism, and therefore, thanks to the geometric Satake correspondence
[L4) [G] [MV], there is a canonical isomorphism

ot
IHht(A) (GI‘C(A)) e (VM ®R...Q0 V)\n) . (104)

Each top dimensional component of Gr.,) provides an element in the space (I04). These elements form a
canonical basis in (I04). Let Ty be the set of top dimensional components of Gr.(y). Recall the set Cy of
positive tropical points (8], and the cycle M; from Definition 2. I8

Theorem 2.20. Let | € Cy. Then the cycle M, is the closure of a top dimensional component of Gr(y).
The map | — M provides a canonical bijection from Cy to T).

Theorem 2200 is proved in Section [0.4l It implies Theorem 2.6l

2.2.5 Constructible equations for the top dimensional components

We have defined the cycles M; as the closures of the images of the cells C. Now let us define the cycles M;
by equations, given by certain constructible functions on the space Conf, (Gr). These functions generalize
Kamnitzer’s functions H;, . ;, for G = GL,, ([K1]).

Constructible function Dp. Let R be a reductive algebraic group over C. We assume that there is a
rational left algebraic action of R on C". Let C(x1,...,x,) be the field of rational functions on C". We get
a right algebraic action of R on C(x1,...,z,) denoted by o.
Let KC(x1,...,2,) be the field of rational functions with K-coefficients. The valuation of K* induces a
natural valuation map
val: K(xy,...,2,)¢ — Z.

Let F,G € K(21,...,2,)". The valuation map has two basic properties

val(FG) = val(F) + val(G), (105)
val(F + G) = val(F), if val(F) < val(G). (106)

The group R(K) acts on K(x1,...,2,) on the right. We have the following
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Lemma 2.21. Let F € K(z1,...,2,)%. If h € R(O), then val(F o h) = val(F).

Proof. For any k € K*, we have (kF') o h = k(F o h). Therefore it suffices to prove the case when val(F) = 0.
Note that the group R is reductive. It is generated by

zi(a) € U, wy;i(b) e U™, alc) € H, where i € I and o € Hom(G,,, H).

Since the action of R is algebraic, for any f € C(z1,...,x,)”, we have f o z;(a) € C(z1,...,2,,a)”. Note

that f ox;(0) = f. Therefore we get

f+afi+...+ alfl

fowxi(a) = m
1+ agi +...+amgm

Ifa € C, then fox;(a) € C(x1,...,2,). Moreover foz;(a) is non zero. Otherwise, f = (fox;(a))ox;(—a) = 0.
If a € tO, then by the basic property ([I06]), we get val(f o x;(a)) = val(f) = 0.

Let a =ag+b=ag+ait +ast?+ ... € O. Then fowz;(a) = (fozi(ag)) o z;(b).

Note that f o x;(ag) € C(z1,...,2,)* and b € tO. Combining the above arguments we get

val(f ox;(a)) = val(f o x;(ag)) =0 =val(f), VaecO. (108)
Now let F' € K(z1,...,x,)™ such that val(F) = 0. Then F can be expressed as
_ fot+bifi+...+bfi
L+cgi+.. .+ cmgm

. where fj,g; € C(z1,...,2y). (107)

Here fo, fp,9q € Clz1,...,2n)%, bp,cq € KX, val(b,) > 0, val(cqy) > 0,. By definition, we have

foozi(a) +bifioxi(a) +...+bifiowxi(a)
1+ cigioxi(a) + ...+ emgmoxi(a)

Fouzi(a) =

Let a € O. By (I0]), we get

val(fo o z;(a

)
val(by fp o zi(a))
)

val(cqgq © xi(a

0,
val(b,) + val(f, o z;(a)) = val(b,) > 0,
val(cq) + val(gq © xi(a)) = val(cq) > 0.

By the basic property ([I06]), we get val(F o x;(a)) = val(fy o z;(a)) = 0. Hence we prove that

val(F o z;(a)) = val(F), Vae O.
By the same argument, we show that
val(F oy; (b)) =val(F), Vbe O, val(Foac))=val(F), VeceO*.
Note that R(O) is generated by the elements z;(a), y:(b), a(c), a,b€ O,c € O*. The Lemma is proved. O

Let X be rational space over C, i.e., C(X) = C(x1,...,,). Similarly, there is a valuation map val :
K(X)* — Z. We assume that there is left algebraic action of R on X. Lemma [221] implies

Lemma 2.22. Let F € K(X)*. If h € R(O), then val(F o h) = val(F).

Constructible equations for top components. Let X := A" and let R := G". Let F' € C(A") and let
(g1,---,9n) € G™. Then G™ acts on C(.A™) on the right:

(Fo(gimgn) (A1, An) == F(g1- A1, ongn - An), V(AL . A,) € A™ (109)
By definition, a nonzero rational function F € C(Conf, (A)) is also a G-diagonal invariant function on A™
F(gAq,....,gA,) = F(Aq1,..., A,).
There is a Z-valued function

Dr:GK)" —Z,  Dp(gi(t), s gu(t)) := Val(Fo (91(1), ...,gn(t))). (110)
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Lemma—Construction 2.23. The function D is invariant under the left diagonal action of the group

G(K) on G(K)", and the right action of the subgroup G(O)™ C G(K)™. Therefore D descends to a function
Conf,,(Gr) — Z which we also denote by Dp.

Proof. The first property is clear since F' € C(.A™)%. The second property is by Lemma 222 O

Let Q4 (Conf, (A)) be the semifield of positive rational functions on Conf,,(A). Take a non-zero function
F € Q4 (Conf,(A)). Therefore it gives rise to a function Dp on Conf, (Gr). Meanwhile, its tropicalization
F' is a function on Conf, (A)(Z").

Theorem 2.24. Let | € Conf; (A)(Z") and F € Q1 (Conf,(A)). Then Dp(x(C7)) = F'(I).

Theorem 2.24] is proved in Section It implies that the map in Theorem is injective. It can be
reformulated as follows:

For any [ and F as above, the generic value of Dg on the cycle M; is F(l). (111)

When G = GL,,, one can describe the set C, by using the special collection of functions on the space
Conf, (A) defined in Section 9 of [FGI]. The obtained description coincides with Kamnitzer’s generalization
of hives |[K1]. He conjectured in that the latter set parametrizes the components of the convolution
variety for GL,,. Therefore Theorems and imply Conjecture 4.3 in [K1].

2.3 Mixed configurations and a generalization of Mirkovié-Vilonen cycles

In this Section we discuss several other examples. Each of them fits in the general scheme of Section [[L21 We
show how to encode all the data in a polygon.

2.3.1 Mixed configurations and the map «

Definition 2.25. i) Given a subset I C [1,n], the moduli space Confi(A;B) parametrizes configurations
(1, .oy Tp), where x; € A if i €1, otherwise z; € B.

ii) Given subsets J C 1 C [1,n], the moduli space Confc1(Gr; A, B) parametrizes configurations (1, ..., Tn)
where

v, eGr if iel, x,€AK) if iel-J, w;€B(K) otherwise.
We set Confy(Gr; B) := Confrc1(Gr; B).

A positive structure on the space Confy(A; B) is defined in Section[63] This positive structure is invariant
under a cyclic twisted shift. See Lemma for the precise statement.

Definition 2.26. Let J C I C [1,n]. A configuration in Confi(A; B)(K) is called O-integral relative to J if
1. For allj € J and k # j, the pairs (A;,By) are generic. Here By = w(Ay) if k € L.
2. The lattices Lj := L(A;,By) given by the above pairs only depend on j.

Denote by CoanOU(.A; B) the moduli space of such configurations.

By the very definition, there is a canonical map
% : Conf§-((A; B) — Conf;c1(Cr; A, B). (112)

It assigns to A; the lattice L; when j € J and keeps the rest intact .
Recall u; € Ua; in (). The potential Wj on Confi(A; B) is a function

Wi = > xa,(uj). (113)

jed

Positivity of Wj is proved in Section
Next Theorem generalizes Theorem 217 Its proof is the same. See Section
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Theorem 2.27. Let | € Confi(A; B)(Z"). A configuration in C; is O-integral relative to J if and only if
W) >0

Denote by Confj_;(A; B)(Z') the set of points I € Confy(A; B)(Z") such that W¥(l) > 0. Set
M} = k(C?) C Confyc1(Gr; A, B), 1€ Confj q(A;B)(Z"). (114)
These cycles generalize the Mirkovié-Vilonen cycles, as we will see in Section
2.3.2 Basic invariants
Recall the isomorphism (83):
Qo COIlf* (A, .A) ; H7 O[(Al . hl,AQ . hg) = h;le(hg)OZ(Al,Ag). (115)
Given a generic triple {A1, Ba, As}, we choose a decorated flag As over the flag Bo, and set
/L(Al, Bo, A3) = a(Al,Ag)a(A3, Ag)_l € H.

Due to ([IIH), it does not depend on the choice of Ap. We illustrate the invariant p by a pair of red dashed
arrows on the left in Fig

Given a generic configuration (A1, B2, B3, Ay), see the right of Fig 9 choose decorated flags Ao, A3 over
the flags Bo, B3, and set

(A1, Ba, B, Ay) = a(As, Ar)aa(Az, As) ta(Ay, Ag) € H.

These invariants coincide with a similar H-valued p-invariants from Section [[4]

Figure 19: The invariants p(A1,Ba, As) € H and pu(Aq,B2,Bs, Ay) € H

There are canonical isomorphisms:

mar : Conf(Gr, Gr) — P,
agy : Conf(A, Gr) — P,
ag, : Conf(Gr, A) — P. (116)

The first map uses the decomposition G(K) = G(O) - H(K) - G(O):

)
Conf(Gr, Gr) = G(O)\G(K)/G(0) = W\H(K)/H(O) = P~.

The second map uses the Iwasawa decomposition G(K) = U(K) - H(K) - G(O):

Conf(A, Gr) = G(IC)\(G(IC) JU(K) x G(K) /G((’))) — U(K)\G(K)/G(O) = H(K)/H(O) = P.
The third map is a cousin of the second one:

o (L, A) := —wo(ac: (A, L)).
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Remark. These isomorphisms parametrize G(O), U(K) and U~ (K)-orbits of Gr. Each coweight A € P =
H(Z') = H(K)/H(O) corresponds to an element ¢* of Gr. Then

mar([l],9- 1) = A, Vg € G(O);
ac:(U,u-tY) =\, Yu e UK);
g (vt - U) =), Ve e U (K). (117)
We define Grassmannian versions of p-invariants:
par @ Conf(Gr,B,Gr) — P, gy : Conf(Gr, B,B,Gr) — P
per(Li, Ba, Ls) i= ag, (L1, A2) — ag, (Ls, As) € P.
par(L1, Ba, B, Ly) := agr (A2, L1) — val o a(Ag, Az) + ag, (La, Ag) € P.

Let pr : B~ (K) — H(K) — P be the composite of standard projections. The first map has an equivalent
description:
pce([b1],B7, [ba]) = pr(by 'ba), b1,ba € B7(K).

More generally, take a chain of flags starting and ending by a decorated flag, pick an alternating sequence

of arrows, and write an alternating product of the a-invariants. We get regular maps
w: Conf* (A, B*"+1 A) — H, (118)

(A1, Asz) a(As, Ag)  a(Azny1, Aonyia)
(A3, Az) a(As, Ag) " (Aznys, Agnya)
p : Conf*(A, B* A) — H, (119)
Oé(AQ, Al) Oé(A4, A3)
Oé(AQ, Ag) Oé(A4, A5)

Given a cyclic collection of an even number of flags, there is an invariant which for n = 2 and G = SLg
recovers the cross-ratio:

(A1,Ba, ..., Bopyo, Aopys) —

(Alsz, ---,BQn+1,A2n+2) —

e a(A2n+2, A2n+1).

Oé(Al,Az) Q(AB,A4) Q(AanlaAQn)
a(As,Ag) a(As,Ay) 7 a(Aq,Agy)

One gets Grassmannian versions by replacing A by Gr, and « by one of the maps (I1G).

CODf;n(B) — H, (Bl, ey Bgn) —

Figure 20: Generalized MV cycles M; € Gr® = Conf,, (A, Gr*, B).

These invariants provide decompositions for both spaces in (I14).

Let us encode all the data in a polygon, as illustrated on Fig Let | € Confj_{(A; B)(Z). We show
on the left an element of C7. Flags or decorated flags are assigned to the vertices of a convex polygon. The
vertices labeled by J are boldface. Note that although we order the vertices by choosing a reference vertex,
due to the twisted cyclic invariance the story does not depend on its choice.

The solid blue sides are labeled by a pair of decorated flags. There is an invariant A\ € P assigned to
such a side E. It is provided by the tropicalization of the isomorphism (II5)) evaluated on . The collection
of dashed edges determines an invariant p € P.

Recall the cone RT C P generated by positive coroots. The O-integrality imposes restrictions on basic
invariants, summarized in Lemma 228 and illustrated on Fig 211
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Lemma 2.28. i) Let (A1, A9, B3) € CF C Conf®(A, A, B). Then val o a(A1,Ay) € PT.
ii) Let (B1,A2,B3) € CP C ConfO(B,A, B). Then val o u(A2,B1,Bs, As) € RT.

Proof. Here i) follows from Lemma [6:14] and ii) follows from Lemmas & [64K4). O
A2 A2
I,\\
A Il \\
I, |J \\
' \
A1 B3 By 7T ~ Bs

Figure 21: One has A € P and pu € R™.

Applying the map x, we replace the decorated flag at each boldface vertex by the corresponding lattice.
Others remain intact. We use the notation A for the decorated flags which do not contribute the character
xA to the potential — they are assigned to the unmarked vertices. For example, we associate to the polygons
on Fig 20| the following maps

k1 CP — Conf(A,Gr®,B), 1€ Conft(A, A% B)(Z).
7 : Conf*(A, A% B) — H3,  u: Conf*(A4, A B) — H,
(7', ut) : Conft (A, A3 B)(Z') — P x (PT)?> x P, (120)
(7Grs i) : Conf(A, Gr®, B) — P x (P1)2 x P.

It is easy to check that the targets of the invariants assigned to configurations of flags are the same as the
targets of their Grassmannian counterparts.

2.3.3 Generalized Mirkovié¢-Vilonen cycles

Let us recall the standard definition of Mirkovié-Vilonen cycles following [MV], [A], [K].
For w € W, let U, = wUw™!. For w € W and u € P define the semi-infinite cells

St = U, (K)t". (121)
Let A, u € P. The closure S N Sty is non-empty if and only if A—p € RY. In that case, it is also well known
that S} N S, has pure dimension ht(A — ) := (p, A — p).
Definition 2.29. A component of S} N Sk, C Gr is called an MV cycle of coweight (\, ).

Since H normalizes U, for each h € H(K) such that [h] = ¥, we have h - St = StF¥. Therefore if V is
an MV cycle of coweight (A, 1), then h-V is an MV cycle of coweight (A + v, u + v). The H(K)-orbit of an
MYV cycle of coweight (A, i) is called a stable MV cycle of coweight X\ — p.

Let A= (A1,...,A,) € (PT)™. Consider the convolution variety
Gry ={(Ly,Lo, ..., L) | [1] 25 Ly 225 . 2% L} € G (122)
Let pr,, : Gr"™ — Gr be the projection onto the last factor. Set
Grj :== Gry N pr;, (S ). (123)

When n=1, under the geometric Satake correspondence, the components of Gry give a basis (the MV basis)

for the weight space VA(” ), see [MV], Corollary 7.4]. Tt is easy to see that they are precisely MV cycles of
coweight (A, p) contained in Gry, see [Al Proposition 3].

Now we restrict constructions in preceding subsections to four main examples associated to an (n42)-gon.
The n = 1 case recovers the above three versions of MV cycles. In this sense, the following can be viewed as
a generalization of MV cycles.
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Example 1: J=[2,n+ 1] C I = [I,n+ 1]. Let Conf,, (A, Gr",B) C Conf;c1(Gr;.A, B) be the substack
parametrizing configurations (A1, Lo, ..., Ly4+1, Bri2) where (Ay, B,,42) is generic.
Recall F¢ in Definition Then
Confy, (A, Gr", B) = G(K)\(Fa(K) x G™).
Since Fg is a G-torsor, we get an isomorphism

i: Gr™ — Conf,,(A,Gr",B), (Li,...,L,)— (U,Ly,...,L,,B7). (124)

From now on we identify Gr™ with Conf,, (A, Gt", B).
There is a map, whose construction is illustrated on the right of Fig

mar : Confy, (A, G B) — P :=P x (P+)n71 <P

Its fibers are finite dimensional subvarieties Gr’)f; Al
Gr" = H Gry.,, where (A A,pu) € P x (PH" ! xP. (125)
By ([IT) we see that
Griy = {(Li,...,.Ly) €Gr" [ Ly 2% ... 25 Ly, Ly €S, Ly €S}, A= (Aa,..n, M),

When n = 1, it is the intersection S} N Sk,- Note that the very notion of MV cycles depends on the choice
of the pair H C B. We transport the MV cycles to Confy,, (A, Gr, B) by the isomorphism ([I24). It is then
independent of the pair chosen. In general we define

Definition 2.30. The irreducible components of Grk., are called the generalized Mirkovié-Vilonen cycles of
coweight (A, A, ).

Similarly the left of Fig 20 provides a map
7t Conf™ (A4, A", B)(Z)) — P x (PT)""! x P. (126)
Let Py, = Conf™ (A, A", B)(Z")X.,, be the fiber of map (I26) over (\, A, u). Then
Conf™ (A, A", B)(Z") = [[ P4,  where (A A p) €Px (PT)"' xP. (127)
By definition 7’ o val and 7, o k deliver the same map from C; to P. Thus we arrive at
My :=M; C Gy, 1€Pk, =Confl (A A" B)Z"),. (128)
Theorem 2.31. The cycles [I28) are precisely the generalized MV cycles of coweight (A, A, 1).

Example 2: J=1=[2,n+1]. Let Conf,,(B,Gr",B) C Confyc1(Gr; A, B) be the substack parametrizing
configurations (By,La, ..., Lyt1, Bpta) where (By, Byy2) is generic.
Similarly, we get an isomorphism of stacks

is : HK)\Gr™ — Conf, (B,Gr",B), (Li,...,L,) — (B,L1,...,L,,B7). (129)

Here the group H(K) acts diagonally on Gr™. Let h € H(K). If [h] = t*, then h-GrY , = Griiﬁ,\. It provides
an isomorphism between the sets of components of both varieties. B

Definition 2.32. The H(K)-orbit of a generalized MV cycle of coweight (A, A\, v) is called a generalized stable
MYV cycle of coweight (A, —v).
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When n = 1, it recovers the usual stable MV cycles. The generalized stable MV cycles live naturally on

the stack H(K)\Gr"™. The isomorphism ([[29)) transports them to Conf,,, (8, Gr", B).

The solid blue arrows and the triple of dashed reds on Fig22] provide a canonical projection

(7', ut) : Conf™ (B, A™, B)(Z') — (PT)" " x P.
Let AY = Coanr(B,A",B)(Zt)g be its fiber over (A, ). Then
Conf™ (B, A™, B)(Z') = HAZ where A€ (PT)""! ueP.

On the other hand, our general construction provides us with the irreducible cycles

M = M; C H(K)\Gr" = Conf,, (B,Gt™,B), l€ Ag.

Theorem 2.33. The cycles (IZ1]) are precisely the generalized stable MV cycles of coweight (A, ).

Aj L 3

\ u 1 \ u 1
AY , AY
B1 """ Bsg B1\'""’,'35

Figure 22: Generalized stable MV cycles M; C Conf(B, Gr*, B) = H(K)\Gr®.

Example 3: J=1=[1,n+ 1]. By Iwasawa decomposition we get an isomorphism

i : BT(O)\Gr™ — Conf(Gr"™',B), (Li,...,Ln) — ([1],L1,...,L,, B7).

There are two projections, illustrated on Fig 23t
(Taes ) : Conf(Gr™ ' B) — (PH)" x P,
(wt, ') : Conft (AT, B)(Z!) — (PT)™ x P.
Their fibers over (), ) € (P*)™ x P provide decompositions

Conf(Gr"*", B) = [ [ Conf(Gr"**, B)S.
A

Conf ™ (A", B)(Z') = [ ] Conf™ (A", B)(Z")}.

A p

By definition, these decompositions are compatible under the map k. We get irreducible cycles

My := M7 C B7(O)\Gr" = Conf(Gr"**,B), 1 € Bf := Conf" (A", B)(Z")}.

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

The connected group B~ (O) acts diagonally Gr". It preserves components of subvarieties Gry in (IZ3).
Hence these components live naturally on the stack B~(0)\Gr™. We transport them to Conf(Gr"**, B) by

(@32).

Theorem 2.34. The cycles (I37) are precisely the components of B_((’))\G—rg.
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Figure 23: Generalized MV cycles M; C Conf(Gr*, B) = B~(0)\Gr”.

Example 4: J=1=[1,n+2]. There is an isomorphism
ig: GO\Gr" T = Conf,2(Gr), (Li,...,Lut1) — (1], L1, .., Log1).

We arrive at irreducible cycles defined in Definition
M; = M? € G(O)\Gr™"! = Conf,,2(Gr) 1€ C, := Conf, (A)(Z").

This example recovers Theorem

Ao

Figure 25: Stable Mirkovié-Vilonen cycles M; C Conf,, (B, Gr, B) = H(K)\Gr.
Specializing Theorems 2311234 to n = 1, we get
Theorem 2.35. 1) Mirkovié-Vilonen cycles of coweight (X, p) are precisely the cycles
M; C Gr, 1€Ph:=Conf"(A4 A B)Z")Y for W=xa,.
2) Stable Mirkovié-Vilonen cycles of coweight p are precisely the cycles
M; CH(K)\Gr, 1€ A, :=Conf"(B,AB)Z")" for W =xa,.
3) Mirkovié-Vilonen cycles of coweight (\, ) which lie in Gry C Gr are precisely the cycles

M; C B-(O)\Gr, [€Bj:=Conf" (A AB)ZY for W=xa, +Xa,
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Figure 26: MV cycles which lie in Gry are the cycles M7 C Conf(Gr, Gr, B)x = B~ (O)\Gra.

Ay Lo

AL Ag L, Ly

Figure 27: Generalized MV cycles M; C Conf(Gr, Gr, Gr).

Theorem [2.35] is proved in Section Q.11

Note that there is a positive birational isomorphism Conf (13, A, B) = U. Thus we identify Conf™ (B, A, B)(Z!)
with the subset of U(Z') used by Lusztig |[J, [L1] to parametrize the canonical basis in Lemma [FIl Then
Theorem is equivalent to the main results of Kamnitzer’s paper [K]. Our approach, using the moduli
space Conf(B, A, B) rather than U, makes parametrization of the MV cycles more natural and transparent,
and puts it into the general framework of this paper.

To summarize, there are four different versions of the cycles relevant to representation theory related to
mixed configurations of triples, as illustrate on Fig 2427

2.3.4 Constructible equations for the cycles M7

Let F be a rational function on the stack Confy(A; B). We generalize the construction of Dp from Section
As an application, it implies that the cycles M7 in (1)) are disjoint.

Given J C I C [1,n], let m be the cardinality of J. We assume J = {j1,...,Jm}

Consider the space

G if 1 € J,
X =Xix...xX,, whereX;=<¢ A ifiel-1J,
B otherwise.
Let X, be its subset consisting of collections {x1,...,z,} whose subcollections {z;,,...,z;, . }, is € J, are
generic.
Given a rational function F' on Confi(A; B), each x = {z1,...,2,} € X.(K) provides a function F, on

A™ whose value on {A;,,...,A; } €A™ is

. Yy / / yoxy Ay ifjeld,
Fp(Aj,,...,Aj,)=F(,...,z,) e K, ;= { 2 otherwise. (139)
Then F, € K(A™)
Recall the map val : K(A™)* — Z. We get a Z-valued function
Drp:%X,(K) —Z, Dp(z):=val(F,). (140)
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Recall the right action of G™ on C(A™). Thanks to Lemma 222 and the fact that F' € Q(Confi(A; B)),
we have
Vg € G(K), Vh € G(O)™, val(Fy.z 0o h) = val(F}y). (141)
Thus D descends to
Dy : Confj(Gr; A, B) — Z. (142)
Here Conf}-;(Gr; A, B) is a subspace of Confsc1(Gr; A, B) consisting of the configurations whose subconfig-
urations of flags and decorated flags are generic.

By definition, My in (II4) are contained in Conf};(Gr; A, B). The following Theorem is a generalization
of Theorem See Section [§ for its proof.

Theorem 2.36. Let | € Confj(A; B)(Z). Let F' € Q4 (Confi(A; B)). Then Dp(M7) = Fi(l).

2.4 Canonical bases in tensor products and Conf(A", B)

Recall that a collection of dominant coweights A = (A1, ..., A,) gives rise to a convolution variety Gry C Gr".
It is open and smooth. Its dimension is calculated inductively:

dim Gry = 2ht(}) :=2(p, A1 + ... + ). (143)

The subvarieties Gry form a stratification S of Gr™. Let IC, be the IC-sheaf of Gry. By the geometric Satake
correspondence,
H*(ICA) :VA =V ®...0 V. (144)

Let pr,, : Gr" — Gr be the projection onto the last factor. Recall the point t* € Gr. Set
S, = pr,  (U(K)t") c Gr™, T, :=pr, (U (K)t") C G".

The sum of positive coroots is a cocharacter 2p" : G,, — H. It provides an action of the group G,, on Gr"
given by the action on the last factor. The subvarieties S, and T, are attracting and repulsing subvarieties
for this action. Set

Grh := GryNS,.

Lemma 2.37. If Grg s mon-empty, then it is a subvariety of pure dimension
dim Gry =ht(A;p) = (p, M1 + ...+ Ay + ). (145)

Denote by Irr(X) the set of top dimensional components of a variety X, and by Q[Irr(X)] the vector
space with the bases parametrised by the set Irr(X).

Theorem 2.38. There are canonical isomorphisms
H*(Gr",1C,) = @, HZ"0)(S,,,10,) = ©,Qlrr(Gr})).

Proof. Theorem 238 for n = 1 is proved in [MV] Section 3]. The proof for arbitrary n follows the same line.
For convenience of the reader we provide a complete proof.

Let m : C*x X — X be a map defining an action of the group C* on X. Let D(X) be the bounded derived
category of constructible sheaves on X. An object F € D(X) is weakly C*-equivariant, if m*F = LK F for
some locally constant sheaf L on C*.

Recall the action of G, on Gr" defined above. Denote by Ps(Gr™) the category of weakly C*-equivariant
perverse sheaves on Gr” which are constructible with respect to the stratification S.

Lemma 2.39. The sheaf IC} is locally constant along the stratification S. It belongs to the category Ps(Gr™).

Proof. Given a subgroup G’ C G, denote by Gfk,n] C G"™ the subgroup of elements (e, ...,e,g,...,g), with
(n—k+1) of g € G'. Denote by G(L) the subgroup stabilising a point L € Gr. The group G(L ),y preserves
the category Ps(Gr™). Take two collections (Ly, ..., Ly,), (M, ..., M) € Gr", with L; = M; = [1] and in the
same stratum. We can move (L1, ..., L,,) by an element of G(L1)[1 ), getting (My, Mo, Ly, ..., L,). Then we
move it by an element of G(My)z ), getting (M1, M, Ms, ..., L), and so on, using subgroups G(Ly, )k, for
k=3,4,..n — 1. In the last step we get (M, ..., M,,). The C*-equivariance is evident. [l

o1



Proposition 2.40. For all P € Ps(Gr™) we have a canonical isomorphism
H} (S, P) — Hf (Gr",P). (146)

2ht

Both sides vanish if k # 2ht(u). The functors F), == He (H)(S;u —): Ps(Gr"™) — Vect are exact.

Proof. Tsomorphism ([48) follows from the hyperbolic localisation theorem of Braden [Br]. Let us briefly
recall how it works.

Let X be a normal complex variety on which the group C* acts. Let F' be the stable points variety. It is
a union of components Fi, ..., Fi,. Consider the attracting and repulsing subvarieties

X,j ={z e X [limot-z € F}, X, ={zecX |lim ot -z € F},
Let X* (resp. X ™) be the disjoint union of all the X, (resp. X, ). There are projections
at . XT S F at(z) =limy_ot -2, 7 (z) = limy_o0t - 2.

Let ¢g& : X* < X be the natural inclusions. Given an object F € D(X), define hyperbolic localisation
functors

Fr= (@t (gt F, Fre=()(g7) F
Combining Theorem 1 and Section 3 of [Br], we have the following result, which implies (T44]).
Proposition 2.41. If F is weakly C*-equivariant, the natural map F* — F*' is an isomorphism.
Let us prove the vanishing. One has H’j(Grg, Q) =0 for k> 2dimGrg = 2ht(A; ). Due to perversity, the
restriction of any P € Ps(Gr") to Gr)y lies in degrees < —dimGry = —2ht()). So
HY(Gry,P) =0 if k > 2ht(u). (147)

Although S, is infinite dimensional, we can slice it by its intersections with the strata Gry. Since the estimate
(IZT) on each strata does not depend on A, a devissage using exact triangles j1j*A — A — ii* A tells that

HY(S,,P) =0 if k > 2ht(p).
Applying the duality, and using the fact that *P = P, we get the dual estimate
HY (G, P) =0 if k < 2ht(u).
Combining with the isomorphism (I46]), we get the proof. The last claim is then obvious. [l

Proposition 2.42. We have natural equivalence of functors
H* = @Heptht(“)(SM, —): Ps(Gr"™) — Vect.

Proof. The proof of Theorem 3.6 in [MV] works in our case. Namely, the two filtrations of Gr” by the

closures of S, and T, give rise to two filtrations of H*, given by the kernels of H* — H’(S,, —) and the
images of H%M(Gr", —) — H*. The vanishing implies HZ**(* (Sp,—) = tht(“)(SH, —) and H%T(”)(Gr", -) =

H?r}:f(“) (Gr™, —), and the composition H?F}Lt(“)(Gr", —) — H2ht) Hiht(”(su, —) is an isomorphism. So the
two filtrations split each other. [l
Corollary 2.43. The global cohomology functor H* : Ps(Gr™) — Vect is faithful and exact.

Denote by HP ., F the cohomology of an F € D%(Gr™) for the the perverse t-structure. Let j : Gry < Gry
be the natural embedding, 7i(}, Q) := Hy,, (7#Q[dimGr,]), and T, (A, Q) := HY,(j«Q[dimGr,]). The following
Lemma is a generalisation of Lemma 7.1 of [MV].

Lemma 2.44. The category Ps(Gr™) is semi-simple. The sheaves Ji(\, Q), Jx(A, Q), and FJ.(A, Q) are

isomorphic.
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Proof. Let us prove first the parity vanishing for the stalks of the sheaf Ji.(A,Q): the stalks could have
non-zero cohomology only at even degrees. For n = 1 it is proved in [L4]. Tt can also be proved by using the
Bott-Samelson resolution of the Schubert cells in the affine (i.e. Kac-Moody) case, as was explained to us by
A. Braverman. Let F be a Kac-Moody flag variety. Take an element w = wy...w,, of the affine Weyl group
such that [(w) = l(w1) + ... + (wy,). Denote by Fy, ... w, the variety parametrising flags (Fy = [1], Fa, ..., F},)
such that the pair (F;, F;41) is in the incidence relation w;. Choose reduced decompositions [w1], ..., [w,] of
the elements wy, ..., w,. Their product is a reduced decomposition [w] of w. It gives rise to the Bott-Samelson
variety X(,). By its very definition, it is a tower of fibrations

X([wi], ey [wp]) — X (w1, -y [Wn—1]) — ... — X ([w1]).

The Bott-Samelson resolution of the affine Schubert cell Gry is a smooth projective variety X, with a map
Bx: Xy — Gry which is 1 : 1 at the open stratum, and which, according to [Gaul], [Gau2], has the following
property. For each of the strata Gr, C Gry, there exists a point p, € Gr, such that the fiber B;l(pu)
of the Bott-Samelson resolution has a cellular decomposition with the cells being complex vector spaces.
Therefore the stalk of the push forward S .Qx, of the constant sheaf on X, at the point p, satisfies the
parity vanishing. By the decomposition theorem [BBD], the sheaf IC) is a direct summand of the push
forward Bx.Qx, of the constant sheaf on X,. Indeed, the latter is a direct sum of shifts of perverse sheaves,
and it is the constant sheaf over the open stratum. Therefore the stalk of the sheaf ICy at the point p,
satisfies the parity vanishing. Since the cohomology of ICy is locally constant over each of the stratum Gr,
we get the parity vanishing. The general case of Gr) is treated very similarly to the case of Gry.

The rest is pretty standard, and goes as follows. The strata Gry are simply connected: this is well known
for n = 1, and the strata Gr) is fibered over Gry with the fiber Gry, , where A = (), \,,). Since the strata
are even dimensional over R, this plus the parity vanishing implies that there are no extensions between
the simple objects in Ps(Gr™). Indeed, by devissage this claim reduces to calculation of extensions between
constant sheaves concentrated on two open strata. Thus there are no extensions in the category Ps(Gr"),
i.e. it is semi-simple.

Let us show now that Ji(), Q) = Ji.(A, Q). Since Hb, (1Qar, ) = 0 for p > 0, there is a map jiQqr, —
HY. (71Qar, ) = (A, Q). If 7i(A, Q) # Jix(A, Q), since the category Ps(Gr™) is semisimple, there is a non-
zero direct summand B of Ji(A, Q) supported at a lower stratum. Composing these two maps, we get a
non-zero map 51Qgy, — B. On the other hand, given a space X and complexes of sheaves A and B supported
at disjoint subsets A and B respectively, one has Hom(ji.A, B) = 0, where j : A < X. Contradiction. The
statement about J, follows by the duality. O

Lemma 2.45. There are canonical isomorphisms

F[7i(A, Q)] = Q[Irr(Grh)] = Fu[Z.(A, Q)]

Proof. We prove the first claim. The second is similar. We follow closely the proof of Proposition 3.10 in
IMV]. Set F := 7(A, Q). Let Gr, be a stratum in the closure of Gry. Let i, : Gr, — Gry be the natural
embedding. Then i} F € DgfdimGrEd(Grﬂ). Indeed, we use i;71Q = 0, and HE_ j1Q[dimGry] = 0 for p > 0
and apply i, to the exact triangle

— TS_l(ng[dimGrA]) — 71Q[dimGr,] — ngr(jg@[dimGrﬂ) — ...

per

Due to dimension counts ([Z3) and ([ZH), we have H*(Gr,, NS, F) = 0 if k > 2ht(u) — 2. Thus the devissage
associated to the filtration of Gr™ by Gr, tells that there is no contribution from the lower strata Gr, to

H2MW) e, tht(“)(su,]—') = Hiht(“)(GrA NS,,F). Now we can conclude:

2dim(Grk
HE (Grf, F) = 20020 (g, @) = B O (6, )
The last cohomology group has a basis given by the top dimensional components of Gri . O

Lemma 240 implies that there is a canonical isomorphism 2 ) (S, ICy) = Q[Irr(Grh)]. Combined with
Proposition [Z42] we arrive at Theorem 2.38 h O
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Parametrisation of a canonical basis. Since the group B(O) is connected, the projection

p: Gri — B(0)\Gr} = Conf(Gr"*!, B)}

identifies the top components. So Theorem 234 tells that the cycles p~*(M7), | € BY, see (I37), are the

top components of Gry. Theorem 238 plus ([44) implies that they give rise to classes [p~!(My)] € Vj.
Moreover, the y is the weight of the class in V. So we get the following result.

Theorem 2.46. The set BY parametrises a canonical basis in the weight p part V)\(“ ) of the representation
Va, @...@Vy, of G. This basis is given by the classes [p~*(M,)], | € BX.

3 The potential 1V in special coordinates for GL,,

3.1 Potential for Conf;(A) and Knutson-Tao’s rhombus inequalities

Recall that a flag F, for GL,, is a collection of subspaces in an m-dimensional vector space V,,:

Fo=F CF,C...CF,_1CF,, dimF; = i.

A decorated flag for GL,, is a flag F, with a choice of non-zero vectors f; C F;/F;_1 for each i = 1,...,m,
called decorations. It determines a collection of decomposable k-vectors
f(l) = fi1, f(g) =f1NAfo, ..., f(m) =fANNA .

A decorated flag is determined by a collection of decomposable k-vectors such that each divides the next
one. A linear basis (fi, ..., fm) in the space V,,, determines a decorated flag by setting Fy := (f1, ..., fx), and
taking the projections of fi to Fi/Fj—_1 to be the decorations.
Recall the notion of an m-triangulation of a triangle [FGIl Section 9]. It is a graph whose vertices are
parametrized by a set
Ty :={(a,b,c) |a+b+c=m, a,bc€Z>p}. (148)

Let (F,G,H) € Conf3(A) be a generic configuration of three decorated flags, described by a triple of linear
bases in the space V,,:

F= (fl,...,fm), G= (gl,...,gm), H= (hl,...,hm).
Let w € det VX be a volume form. Then each vertex (a, b, c) € (I48) gives rise to a function
Agpe(F, G H) = (fa) A gy A hey,w)-

There is a one dimensional space L%¢ := F,,1 N (G @ He.).
Let e2¢ € LY such that e%¢ — f,1 € F,. It is easy to see that eltle—l —ebe ¢ LZtll’c. Therefore there

. . _ b+1
exists a unique scalar a%¢ such that e2tle—1 — b = ag’ceatl’c.

Lemma 3.1. One has

CYZ’C _ Aa—l,b-i—l,cAu,-i-l,b,c—l ' (149)
Aa,b,cAa,bJrl,cfl
Proof. Set
aimabe, g Baebe . Bebrien (150)
Aa—i—l,b,c—l Aa—i—l,b,c—l

By definition,

fa) = Fflany AN el

f(a+1) = f(a) A eg’c = f(a) A eg_l’c"’l,
9@y N he) = Bel® A gy Abe-1),
o1y AN e—1y = 1€ T A gy Ahe-ny.
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Figure 28: Zig-zag paths and bases for the decorated flag F.

Therefore,
Io+1) A hiey = 1e5T T A gy A e
— B,_Yequl,cfl /\eb,c /\g(b) A h(c—l)
_ B,_Y( b+1l,c—1 _ b,c) /\eb’c/\g(b) /\h(c—l)
= BvaebJrl CAebe A 9y N he—1y-
So
Ja—1) N g1y N ey = aByfary AN gw) A Bie—1)-
Therefore,
Aafl b+1,c
afy = —————.
7 AaJrl,b,cfl
Go back to ([I50), the Lemma is proved. O
As shown on Fig 28 each zig-zag path p provides a basis E,, for F. For example,
E; —{eon O.n— 1,...,62&1, T.—{e el 11,...,6711’91

are the bases provided by the very left and very right paths.
Given two zig-zag paths, say p and ¢, there is a unique unipotent element u,, stabilizing F, transforming
E, to E;. Recall the character xr in section 1. For each triple (p, g, 7) of zig-zag paths, we have
XF (Upg) = —XF(Ugp),
XF(Uupr) = XF(Upq) + XF (Ugr)-
If p, g are adjacent paths, see the right of Fig 28] then by Lemma [3.1]

Y (u ) o Oéb’c o Aa—l,b-i—l,cAa-i-l,b,c—l
F\lUpg) = ¢ — .
Aa,b,cAa,qul,cfl

One can transform the very left path to the very right by a sequence of adjacent paths. Let u € Up
transform E; to E,.. Then

Ag 1,041,680 41,b,0—1
XF(U): E: ag,c: § a—1,b+1,c=2a+1,b,c )

AgpeA _
(a,b,c)€T ,,a#0,c#0 (a,b,c) €Ty ,a#0,c£0 a,b,c=a,b+1,c-1
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Its tropicalization

t : t t t t
= min A A - A - A

XF (a,b,c)EFn,a;éO,c;éO{ a—1,b+1,c + a+1,b,c—1 a,b,c a,b-l—l,c—l}

delivers 1/3 of Knutson-Tao rhombus inequalities. Clearly, same holds for the other two directions. By

definition,
W(F, G, H) = xr + xc + xn-

Our set Conf7 (A)(Z!) coincides with the set of hives in [KTJ.

4"\1.
(a+1,6-1,¢)
I—>.
(a,0-1,¢+1)  (a,b.¢)
® [ J
B.‘-! 4"\')

Figure 29: Calculating the potential YW on Conf(A, A, B) in the special coordinates for GL,,.

In Sections B233 we show that the potential on the space Conf(A, A, B) for GL,,, written in the special
coordinates there, recovers Givental’s potential and, after tropicalization, Gelfand-Tsetlin’s patterns.

3.2 The potential for Conf(A4, A, B) and Givental’s potential for GL,,

Let G = GL,,. Recall the set T',,, see (I4]]). For each triple (a,b,c¢) € T, there is a canonical function
Agpe @ Confs(A) — Al. Consider the functions A,y . with (a,b,¢) € Ty, — (0,0,m), illustrated by the
e-vertices on Fig Bll For each triple (a,b,c) € T'y,—1, let us set

A
Rapc = —ubtbe (151)
T Aa-l—l,b,c

The functions R, 5, are assigned naturally to the o-vertices on Fig Each of them is the ratio of the
A-functions at the ends of the slant edge centered at a o-vertex. They are functions on Conf(A, A, B) since
Rab,c(A1, A2, As - h) = Ry pc(A1, Ao, Ag) for any h € H. The functions Ry, form a coordinate system on
Conf(A, A, B), referred to as the special coordinate system.

The functions {Rq 0} provide the canonical map

Conf(A, A, B) — Conf(A, A) = (G,,)"™*. (152)

Figure 30: The Givental quiver and special coordinates on Conf (A, A, B) for GLy.
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Consider now the Givental quiver I',,—1, whose vertices are the o-vertices, parametrised by the set I',,_1,
with the arrows are going down and to the right, as shown on FigBQl For each arrow connecting two vertices,
take the sourse/tail ratio of the corresponding functions. For example, see Fig 29 the vertical arrow «
connecting (a 4+ 1,b—1,¢) and (a,b — 1,¢+ 1) provides

Ra —1,c Aa c Aa —1,c
Qu = b—Tl,c41 be+18a+2,b—1, (153)

Ra+1,b—1,c Au,-l—l,b—l,c-i—lAu,-i-l,b,c

Recall the function xa,, xa, on Conf(A, A, B). Taking the sum of @, over the vertical arrows «, and a
similar sum over the horizontal arrows g, and using (I53)), we get

XA = Y. Qa Xxa= Y, Qp

a vertical 8 horizontal

Relating to Givental’s work. Givental [Gi2], pages 3-4, introduced parameters T; ;, 0 < i < j < m,
matching the vertices of the Givental quiver:

To,0

Tor Tig

Too Thio 1o

Tos Tiz Tz23 T33

He treats the entires on the main diagonal a = (T.0,7% 1, ..., Tm,m) as parameters, and defines the potential
as a sum over the oriented edges of the quiver:

Wa = Z (eXp(TiJ' — Tiyjfl) + exp(Ti_j — EJFLJ')) .

0<i<j<m
Let Y, be the subvariety with a given value of a. Then Givental’s integral is

n i—1

F(a,h) = /Y exp(-Wa/h) \ N\ dT:;.

i=15=0
Givental’s variables T; ; match our coordinates Ry, where a +b+4+c=m — 1:
Rin—i—1,j,i—j = exp(Ti ;).

Observe that Y; is the fiber of the map ([I52) over a point a = (Ri—1,0, Rm-2.1 .., Ro,m—1). Givental’s
potential coincides with ya, + xa,. Givental’s volume form on Y, coincides, up to a sign, with ours since

n i—1
/\ /\ dTl; ; = + /\ dlogRap.c-
i=15=0 a+b+c=m—1,c>0

3.3 The potential for Conf(A, A, B) and Gelfand-Tsetlin’s patterns for GL,,
Gelfand-Tsetlin’s patterns for GL,, are arrays of integers {p; ;}, 1 <1 < j < m, such that

Dij+1 S Pij < Dit1,5+1- (154)

Theorem 3.2. The special coordinate system on Conf(Agry, ., AcL,,, BcL,,) together with the potential W =
XA, + Xa, provide a canonical isomorphism

{Gelfand-Tsetlin’s patterns for GL,,} = Conf"(Aqr,,, Aqw,,,Baw,, )(Z).
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Figure 31: Gelfand-Tsetlin patterns for GL4 and the special coordinates for Conf(A, A, B).

Proof. The space Conf(Ay ,wp) of GLy-orbits on A%y~ x detV,; has dimension Mémﬂ) It has a
coordinate system given by the functions A, ., a + b+ ¢ = m, parametrized by the vertices of the graph
Iy, shown on the left of Fig BIl The coordinates on Conf(Agt,,, AqL,,,Bar,,) are parametrized by the
edges E of the graph parallel to the edge A;As of the triangle. They are little red segments on the right of
FigBIl They are given by the ratios of the coordinates at the ends of the edge E, recovering formula (I51).
Notice that the edges F are oriented by the orientation of the side A;jAs. The monomials of the potential
XA, + XA, are paramerized by the blue edges, that is by the edges of the graph inside of the triangle parallel
to either side BsA; or BgAy. We claim that the monomials of potential xa, + xa, are in bijection with
Gelfand-Tsetlin’s inequalities. Indeed, a typical pair of inequalities (I54) is encoded by a part of the graph
shown on Fig The three coordinates (Py, P2, Q) on Conf(Agr, , AcL,,, BaL,,) assigned to the red edges
are expressed via the coordinates (A, B, C, D, F') at the vertices:

B C E
P =— P,=—= = —.
1 A ) 2 B ) Q D
The monomials of the potential at the two blue edges are g—g and g—g. Their tropicalization delivers the

Figure 32: Gelfand-Tsetlin patterns from the potential.

inequalities p; < q,q < ps. O

4 Proof of Theorem 2.17]

Let T be a split torus. Let g := Zan*(T) ga X be a nonzero positive polynomial on T, i.e. its coefficients

Jda > 0 are non-negative. The integral tropical points | € T(Z!) = X,.(T) are cocharacters of T. The
tropicalization of g is a piecewise linear function on T(Z!):

g'()= min {{l,a)}.

a | ga>0

Fix an [ € T(Z"). Set

Agii={a € X*(T) | ga >0, (La)y=g'()},  gri= Y gaX™

OLGAg,l

The set A, ; is non-empty. Therefore g; is a nonzero positive polynomial. If f and g are two such polynomials,
so is the product f-g. We have (f - g); = fi - g for all | € T(Z").
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Let h be a nonzero positive rational function on T. It can be expressed as a ratio f/g of two nonzero
positive polynomials. Set h; := f;/¢g;. Let h = f’/¢’ be another expression. Then

fla=11d = f-d=f 9= fi-g=Ff 9 = fila="Ffla
Hence h; is well defined.
Lemma 4.1. Let h, | be as above. For each C € T, such that[? hi(in(C)) € C*, we have
val(h(C)) = h'(1), in(h(C)) = h(in(C)). (155)
Proof. Assume that h is a nonzero positive polynomial. By definition
VC €T, h(C)=h(in(C)t" D + terms with higher valuation.
If 1y (in(C)) € C*, then ([I55) follows. The argument for a positive rational function is similar. O

Let f = (f1,---,fx) : T — S be a positive birational isomorphism of split tori. Let I € T(Z!). We
generalize the above construction by setting f; := (f14,..., fry) : T — S.

Lemma 4.2. Let f, | be as above. Let C' € T}. Then

val(f(C)) = (1), in(f(C)) = fi(in(C)). (156)
Let h be a nonzero positive rational function on S. Then
in(h ) f(C’)) = hye(p (in(f(C))). (157)

Proof. Here (I56) follows directly from LemmaB.Il Note that Ao f; is a nonzero positive rational function
on T. Since C is transcendental, we get

hft(l) (m(f(C))) = hft(l) o fl(ln(C)) e C*.
Thus ([I57) follows from Lemma [Z11 O

Proof of Theorem [Z:T1l It suffices to prove f(T}) C S¢(1)- The other direction is the same.

Let C = (C1,...,Cx) € T}, Let f(C) := (Cy,...,C}). By ([@&8), we get f(C) € Syiy and the field
extension Q(in(C1),...,in(Cy)) C Qn(Ch),...,in(Ck)).

Let ¢ = (g1,.--,9x) : S — T be the inverse morphism of f. Then C; = g; o f(C) for j € [1,k]. The
functions g; are nonzero positive rational functions on S. Therefore

in(C;) = in(g; o (€)= g, 51y (in(£(C))) € Qin(CY). ..., in(C})).
Therefore Q(in(C1), . ..,in(Cx)) € Q@n(CY),...,in(C},)). Summarizing, we get

Q(in(C1),...,in(Ck)) = Q(in(CY), . . ., in(C})). (158)

Therefore f(C) is transcendental. Theorem [ZTT] is proved.

5 Positive structures on the unipotent subgroups U and U~

5.1 Lusztig’s data and MV cycles

Lusztig’s data. Fix a reduced word i = (iy,, . ..,41) for wy. There are positive functions

F‘i)j U — Al, T, (am) <Xy (al) — aj. (159)

12Every transcendental point C € T} automatically satisfies such conditions.
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Their tropicalizations induce an isomorphism f; : U(Z*) = Z™, p — {F{(p)}.
Let N ={0,1,2,...}. Lusztig proved that the subset

fTHN™) CU(Z) (160)
does not depend on i, and parametrizes the canonical basis in the quantum enveloping algebra of the Lie
algebra of a maximal unipotent subgroup of the Langlands dual group G.

Lemma 5.1. The subset U (Z") := {l € U(Z") | x'(I) > 0} is identified with the set (I6Q).

Proof. Note that x = 77" | F; ;. It tropicalization is mini <<, {F},}. Let [ € U(Z"). Then
X'(1) >0 F/,;(1) >0, Vj € [1,m] < fi(l) e N™.

Let I € U(Z"). Recall the transcendental cell C; C U(K).
Lemma 5.2. Let u € C. Then u € U(O) if and only if | € UL (Z*).
Proof. Set u = x;,, (ap,) ...z (a1) € CP. Note that u is transcendental. Using Lemma [2ZT3] we get
X'(D) =val(x(w);  F;(1) = val(a;), ¥j € [1,m].

If | € US(Z"), then val(a;) = F{;(1) > 0. Therefore a; € O. Hence u € U(O).
Note that x is a regular function of U. So u € U(Q), then x(u) € O. Therefore x*(I) = val(x(u)) > 0.
Hence | € U} (Z"). O

The positive morphism 3. Let [g]o := h if g = uyhu_, where uy € U, h € H. Define
8:U—H, ur—— [Eou]o. (161)
Let i = (i, ...,i1) as above. Let w} := s;, ...s;, € W. Let 8} := wi_, (o)) € P. The following Lemma
shows that g is a positive map.
Lemma 5.3 ([BZ, Lemma 6.4]). For each u = x;,, (am) ... 7 (a1) € U, we have [Woulo = [[1, Bi(a; ).
Let [ € U(Z'). The tropicalization 3* becomes 5(1) = —Y_" | F{, (1)B}..
Note that S}, € P are positive coroots. If | € Uf(Z"), then —f(l) € R*. Hence
Uiz = | | Ay, Axi={1eUl(Z") | - B'(1) =)} (162)
AeR+

The set A is identified with Lusztig’s set parametrizing the canonical basis of weight A [L1].

Kamnitzer’s parametrization of MV cycles. Kamnitzer constructs a canonical bijection between
Lusztig’s data (i.e. UY(Z") in our set-up) and the set of stable MV cycles. Let us briefly recall Kamnitzer’s
result for future use.

Let Uy, :=UNB wyB™ and let U, = U™ N BwgB. There is an well-defined isomorphism

n: U = U, ur— n(u). (163)
such that n(u) is the unique element in U~ N Bwou. The map n was used in [FZ1]. Set
KKam : Ux(K) — Gr, u — [n(u)]. (164)
Let [ € U(Z'). Then C C U,(K). Define
MV, := figam(C;) C Gr. (165)

The following Theorem is a reformulation of Kamnitzer’s result.

Theorem 5.4 ([Kl, Theorem 4.5]). Let I € Ay. Then MV, is an MV cycle of coweight (X, 0). It gives a
bijection between Ay and the set of such MV cycles.

A stable MV cycle of coweight A has a unique representative of coweight (A,0). Therefore Theorem [l
tells that the set A parametrizes the set of stable MV cycles of coweight .
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5.2 Positive functions y;, £;,R; on U.

Let i € I. We introduce positive rational functions x;, £;, R; on U, and x; , £;, R; on U™
Let i = (i1,...,4,) be a reduced word for wy. Let

=z (a1)...z; (ay) €U,

Using above decompositions of = and y, we set

Xi(z) = Z Qp,s

p | ip=i

Yy = yzl(bl) .. yzm(bm) S U-.

X; (y) = Z bp-

p | ip=i

By definition the characters x and x~ have decompositions x = .., x; and x™ = > ../ x; -
We take i which starts from i; = 7. Define the “left” functions:

Li(x) = ay,

L (y) = b1

We take i which ends by i, = i. Define the “right” functions:

Ri(z) == am,

It is easy to see that the above functions are well-defined and independent of i chosen.

For each simple reflection s; € W, set s;« such that wys; = s;wy.
Set Ad,(g) :=vgv~!. For any u € U, set u := Adg,(u=t) € U™.

Lemma 5.5. The map u +— u is a positive birational isomorphism from U to U~. Moreover,

Xi(uw) = xq (@), Li(u) =R (w), Ri(u)=Li(u) Viel.

Proof. Note that Adg,(zi(—a)) = yi-(a). Let u=x;,(a1)...2;,, (am) € U. Then

u = Adg, (uil) = Yir, (am) - - Yiz (a1).

Clearly it is a positive birational isomorphism. Identities in ({I66) follow by definition.

Lemma 5.6. Let he H, x € U andy € U~. For any i € I, we have

Xi(Adp(2)) = xi(2) - i(h),  Li(Adn(z)) = Li(x) - ai(h), Ri(Adp(z)) = Ri(x) - oi(h).

Xi (Adn()) = xi(y)/ei(h), L7 (Adn(y)) = L7 (y)/ci(h), R; (Adw(y)) = Ry (y)/cui(h).

Proof. Follows from the identities Ady, (z;(a)) = x;(ac;(h)) and Ady, (vi(a)) = yi(a/ai(h)).

5.3 The positive morphisms ¢ and 7

We show that each x; is closely related to £; by the following morphism.

Definition 5.7. There exists a unique morphism ® : U~ — U such that

u_B = ®(u_)wyB.

Lemma 5.8. For eacht € I, one has

1/£;ino(1)7
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Example. Let G = SL3. We have

babs3
2(51 + b3

1 by + b3 b3
5 B

b1bo )
by + b3

) = wz<é>x1<%>xz<£—gg>.

y = y1(b1)y2(b2)y1(b3) = Jy1 (b1 + b3)ya(

®(y) = 21 (

1/L7 (y) = x1(2(y)) = % 1/L5 (y) = x2(2(y)) = blbf;jg'

1/x7 (y) = L1(@(y)) = b1 + b3, 1/x5 (y) = L2((y)) = bo.

The proof was suggested by the proof of Proposition 3.2 of [L2].

Proof. We prove the first formula. The second follows similarly by considering the inverse morphism ®~1 :
U — U~ such that uB~ = &~ ! (u)woB~.
Let i € I. Let w € W such that its length [(w) < I(s;w). We use two basic identities:

yi(b)xi(a) = zi(a/(1 + ab))y; (b(1 + ab)) e (1/(1 + ab)). (171)
yi(D)wB = 2;(1/b)s;wB. (172)

By ([IZ2)), one can change y;(b) on the most right to x;(1/b). By ([I]), one can “move” y;(b) from left to the
right. After finite steps, we get

Yir (01)Yis (b2)--Yi,,, (b)) B = i, (b1) @i, (@) i,y (am—1) - - @iy (a2)83, - - - 54, B. (173)
The last step is to move the very left term y;, (b1) to the right. Let
fs(ersea, oo em) = @iy (Cm) @iy (Cm—1) iy (Co1) Wi (€1) 23, (C5) - - iy (C2) S0 - - - 80, B

We will need the relations between {c¢;} and {c,} such that

fs(cryea, .o iem) = foo1(ch, chyoonychy)
By ([ITI)-([@72), if i1 # is, then ¢, = c; for all p. If i1 = 4, then
c;/ofcp forp=s+1,...,m;
c=cs/(1+cics), ¢ =ci(1+cics);
¢ =cp(1+ clcs)7<a1'v1’aip> forp=2,...,5s—1.
For each ¢ = fs(c1,¢a,...,¢m), we set

1
h(q) := — g .
(q) o + 2 Cp (174)
p | ip=ti1, p>s

If is = il, then

1 , 1 s !
‘ ’ Z »= c1(1 + cics) - 1+ cics " Z A - Z v

p | ip=ti1, p>s—1 p | ip=i1, p>s p | ip=i1, p>s

Same is true for is # i1. Therefore the function (I74]) does not depend on s.
Back to (I73), we have

uB = y;, (b1)yi, (b2)...y;,,. (bm)B
=y, (b)), (am)...Ti, (a2)Siy...8;, B
=x;, (Cm)-Tiy (C2)yi, (C1)Siy.-.8:, B
=x;, (Cm)- iy (02)17“(1/61)8“ i, B
O (u)woB
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Hence ®(u) = x;,, (¢m)..- 4, (c2)2i, (1/¢1). Then

@)=+ Y g=hB)= =

C1 .=
p | ip=i1, p>1

O

Lemma 5.9. The morphism ® : U~ — U is a positive birational isomorphism with respect to Lusztig’s

positive atlases on U™ and U.

Proof. According to the algorithm in the proof of Lemma [B.8] clearly @ is a positive morphism. By the same

argument, one can show that ®~! is a positive morphism. The Lemma, is proved.
The morphism 7 in ([IG3) is the right hand side version of ®, i.e. B-u = B~ won(u). Similarly,
Lemma 5.10. The morphism n: U — U~ s a positive birational isomorphism. Moreover,

Viel, 1/Ri=x;on 1/xi=R; on

5.4 Birational isomorphisms ¢; of U

Let ¢ € I. Define
zi(a) == o (a)yi(—a), 2z (a) = a;(1/a)yi(1/a).
Clearly z;(a)z(a) = 1.

Lemma—Construction 5.11. There is a birational isomorphism
¢ USU, wur—3-u- zz(xz(u))
Remark. The map ¢; is not a positive birational isomorphism.
Proof. We need the following identities:
Sizi(a)zi(a) = zi(—1/a).

zH(a)zi(b—a)z;i(b) = x;(1/a — 1/b).

If j # i, then ,
2 (@)z;(b)zi(a) = j(ba™ @)

Let i = (i1,42,...,%m) be a reduced word for wy such that i; = i. For each s € [1,m], define
IM={pe|l,s]|ip=i}.

Let u = (a1) ... 2, (am) € U. Set dg := Ekeli,i ag. In particular, di = a1, d,, = xi(u).
Let us assume that u € U is generic, so that ds # 0 for all s € [1,m]. By (I71)-(I79), we get

¢i(u) =5 - @i, (a1)i, (a2) - @i, (am) - 2i (Xi(w))
:(Eiwil (al)zi(dl)) . (Z: (dl)xiz (az)zi(dg)) Lt (Z;k(dm_l)l'im (am)zi(dm))
=i, (a))2iy (a3) . . i, (a,)-

Here af = —1/d;y. For s > 1,
agdy U g £
Thus ¢;(u) € U. The map ¢; is well-defined. By (I&1]), we have x;(¢;(u)) = —1/x:(u). Therefore

biodi(u) =5; -5 -u-zi(xi(u) - zi(=1/xi(u)) =352 -u-52.

Since 5} = 1, we get ¢+ = id. Therefore ¢; is birational.

y _{ 1/ds_y —1/dg, ifis =1,
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Let A € PT. Recall t* € Gr. Recall the G(O)-orbit Gry of #* in Gr.
Lemma 5.12. Let | € U(Z'). For any u € C}, the element u - t* € Gry if and only if | € UT(Z").

Proof. If | € U} (Z"), by Lemma B2 we see that u € U(O). Hence u - t* € Gr.
If x'(1) = minjer{xt()} < 0, then pick ¢ such that x!(l) < 0. Set u := X — xi(l) - /. Since
yi(t4N /xi(u)) € G(O), we get

2 (xi(w) - = o (1 xa(w)) - - (Y xa(w) = of (1 xi(w)) - £ = 2. (182)
Recall the U, (K)-orbit S¥ of t* in Gr. We have

o ) 5!

-t = uz(i) - 2 ) = (i) - $i(u)s; - ¢ € S5, (183)

It is well-known that the intersection S% N Gry is nonempty if and only if # € Gry. In this case t%(#) ¢ Gr,.
Therefore S5 N Gr,, is empty. Hence u -t ¢ Gry. O

6 A positive structure on the configuration space Confi(A; )

6.1 Left G-torsors

Let G be a group. Let X be a left principal homogeneous G-space, also known as a left G-torsor. Then for
any x,y € X there exists a unique g, , € G such that = g, ,y. Clearly,

9r,y9y,z = Gz,z5 99,y = 99z.ys Gz,gy — gz,yg_l, g€ G. (184)

Given a reference point p € X, one defines a “p-distance from = to y”:
gp(x,y) = gpagy,p € G (185)
If i, : X — G is a unique isomorphism of G-sets such that i,(p) = e, then g,(z,y) = i,(z) " Li,(y).

Lemma 6.1. One has:

9p(,9)9p(y, 2) = gp(, 2). (186)
9p(97, 9y) = gp(2,9), g€G. (187)
y=09p(p,y) - p- (188)

Proof. Indeed,
9p(T,Y)9p(Ys 2) = Gp,2Gy,pIp,y9zp = Ipazp = Ip(T; 2),

_ 124 1 _ _
9p(97, 9Y) = Gp.gegyp = Gpz9  99y.p = Ip.ay.p = Ip(T,Y),
Y=0yp D= 9ppdyp P =9p(D,y) P

Recall F¢ in Definition From now on, we apply the above construction in the set-up
X=Fs, p={U,B7}

Pick a collection {Aq, ..., A, } representing a configuration in Conf, (A). We assign A; to the vertices of
a convex n-gon, so that they go clockwise around the polygon. Each oriented pair {A;, A;} provides a frame
{A;,B,}, shown on Fig B3] by an arrow with a white dot.
6.2 Basic invariants associated to a generic configuration

We introduce several invariants that will be useful in the rest of this paper. We employ - to denote the action
of G on (decorated) flags.
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Az @, —»Bl

Figure 33: A frame {A;,B,}.

The invariant ugf,Bg € U. Let (B1,A2,B3s) € Conf(B, A, B) be a generic configuration. Set

uéf,33 = gqu,s-1({A2,B1}, {A2,Bs}).

By (I7), the invariant ugf‘Bg is independent of the representative chosen. Clearly, ug;BQ e U.

(189)

The invariant ha, a, € H.  Let (A;, A3) be a generic configuration. There is a unique element ha, a, € H

such that
(A17A2) = (U, hAl,A2w0 . U).

Using the notation (I8H), we have

hay,a.Wo = gqu,B-y({A1, B2}, {A2, B1}).
The invariant bg;"Az € B~. Let (A1, As,Bs) be a generic configuration. Define
A1,Ax —
bp."* == gru,s-y({A1,B3},{A2,B3}) € B™.

Relations between basic invariants. Let (Aq,...,A;) € Conf}, (A). Set

) A g ALA, B
hij == ha, a; € H, qu =ug' g, €U, sz = ka 7eB.

We denote these invariants by dashed arrows, see Fig[34

\J/ —
hs1wg

Figure 34: Invariants of a configuration.
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Lemma 6.2. The data {I92) satisfy the following relations:
1. h12Woh21Wo = 1.
2. udsul, = udy, in particular ulzul, = 1.
3. bi2b3 =bl3.
4. b2 = ulyh1oWouls = hisWoui Wy hay -
5. uéthgwou%Bh%Uou%lhmEO =1.
Proof. We prove the first identity of 4. The others follow similarly. Let p = {U,B~}. Let
x1 = {A1,Bs}, 2 = {A1,Ba}, 23 ={A3,B1}, 24 = {A3,Bs}.
As illustrated by Figure 341
b3® = gp(w1,24), Uy = gp(w1,%2), h12Wo = gp(2, 73), Uig = gp(w3, 74).

By ([B4), we get gp(x1,24) = gp(21, 72)gp(w2, 23)gp(73, 24). O

Lemma 6.3. Let * € Conf(A, A, B) be a generic configuration. Then it has a unique representative
{A1, Ay, B3} with {A1,Bs} = {U,B~}. Such a representative is

{U, ujsh1owo - U, B~ }. (193)

» B;

Figure 35: Invariants of a configuration (A, As, Bs).

Proof. The existence and uniqueness are clear. It remains to show that it is (I93]). By Fig B3l
gqu.B-3({A1,Bs}, {A2, B1}) = ugyh12®o. (194)
If {A;,B3} = {U,B™}, then by (IZ8]), we get

{A2,B1} = grus-3({A1, B3}, {A2,B1}) - {U,B™} = {ugyhiomwo - U, B}.
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Each b € B~ can be decomposed as b = y; - h = h -y, where h € H, y;,y, € U~. Thus B~ has a positive

structure induced by positive structures on U~ and H. There are three positive maps

ﬂ-laﬂ-?” : Bi — Uiv Th * Bi — Ha ﬂ-l(b) = ylv ﬂ-”r’(b) = y’r‘; Trh(b) - h

These maps give rise to three more invariants.

The invariant ug;’Az € H. For each generic (A1, Ag, B3), we define

,ug;’Az = ﬂ'h(bS; ’Az).

The invariant TE;’AQ € U~. For any h € H, we have
Ap-hh Ay A1,A2
by, =h-bg, "

Thus we can define )
Bi,Ay Ay Agy Ap,A -
rp. 0= e (bp, ?) =m (b, ) €U,
The invariant lg;’BQ € U~. For any h € H, we have
b A2 = b2 .
Define
A1,B A1,A0-h Ag,A -
gy 2 =m(bgy ™) = m(bgr™?) € U,
For simplicity, we set

ij AA, ij Bi A, _ ij A:B; -
py =g €l v =g €UT, I =g €U

Recall that @ = Wou~'w, '. By Relations 3, 4 of Lemma 62 we get

12 23 13

My g = Hy -
12 _ 412,12 12,12 _ 1 — 92 _ 3 -1
b3” = 137pu3” = p3°r3” = ugphi2Wouys = hizuz hog

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

Recall the morphisms ®,  and 3 in Section Bl By the definition of these morphisms, we get

Lemma 6.4. We have
L uby = B(I1).
2. 7%2 = n(ufg).
3. ugl = Adh;; (1%2) = Adh;; (T’%Q) .
4o 13’ = h2B(uis) = hishas',  B(ufs) = hishys hyy -

Proof. By (203)), we have
I5°p5? = ugy(hasWouds).

The first identity follows. Similarly, the second identity follows from

1y rs? = (ulyh13Wo)uls
The third identity follows from
13°13% = husudi hog = Adpy, (ud))hishog 17 r3% = haghyg Adp,, (r3?).

67



The identity pi? = hi2B(u?;) follows from

12,12 1 — 2
P33 = uzohia - (Wouts).

The identity pu3? = hizhss follows from

15°13 = Adp,, (u3; ) hashsg

O
Lemma 6.5. We have ; as(ns) s (ras)
) = L 7, T LRG3, 20y
ai(h12) = aj(ha1), Viel. (205)
Proof. Use Lemmas (.5 [6.4] and , we get
) = x () = (Ady 3 (82) = sty (1) = 30§00,
il iel T2
By the same argument, we get the other identity in (204). By Relation 1 of Lemma 5.8 we get
hiy = Wohy' W, - s
Then (208) follows. O

6.3 A positive structure on Confi(A; B)

Let I C [1,n] be a nonempty subset of cardinality m. Following [FGI, Section 8], there is a positive structure
on the configuration space Confy(A; B). We briefly recall it below.

Let = (x1,...,2,) € Confi(A; B) be a generic configuration such that
x; = A; € A when i € I, otherwise z; = B; € B. (206)
Set B :=m(A;) when j € I. Let i € I. For each k € [2,n], set
ul () = USZM,BH;PN where the subscript is modulo n. (207)

For each pair 7,5 € I, recall

- ._ hAz',A'v if i < j,
mij () "{ heoa,, ifi> ] (208)

Lemma 6.6. Fizi € 1. The following morphism is birational
a;: Confi(A;B) — H™ ' x U2z ({m;(2)}, {uk(x)}), jel-{i}, ke2,n—1].
Example. Fig[B0 illustrates the map oy for I={1,3,5} C [1,6].
Proof. Assume that i =1 € I. Clearly a; is well defined on the subspace
ég/an(A; B):={(x1,...,2,) | (x1,zx) is generic for all k € [2,n]}.

Note that (/3_0\11/1’1(./4; B) is dense in Confy(A; B). We prove the Lemma by showing that aq is a bijection from
Conf(A; B) to H™ =1 x Un—2,

Let y = ({h;},{ux}) € H" 1 x Un2. Set u), := 1. Set u} = up_1...u; for k € [2,n — 1]. Let
x = (21,...,2,) € Confi(A; B) such that

1 :=U; zj:=ujhjwy-Ue A, jel-{1}; zp:=u,-B e€B, k¢l (209)
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B, As

A, Ba
Figure 36: The map oy for I ={1,3,5} C [1,6].

Clearly a;(x) = y. Hence ay is a surjection.

Let z € (To\n/fI(A; B) such that a;(x) = y. Note that x has a unique representative {z1,...,z,} such
that {z1,2,} = {U,B"} if n ¢ I, and {21, 7(z,)} = {U,B~} if n € I. By Lemma [63] each z; is uniquely
expressed by ([209). The injectivity of a; follows. O

The product H”~! x U2 has a positive structure induced by the ones on H and U.
When I = [1,n], we first introduce a positive structure on Conf, (A) such that the map «ay is a positive
birational isomorphism. Such a positive structure is twisted cyclic invariant:

Theorem 6.7 ([FGIL Section 8|). The following map is a positive birational isomorphism
t: Conf, (A) = Conf,(A), (A1,...,A,)— (Aa,...,Ap, A1 sG).

Each «; determines a positive structure on Conf,, (A). Theorem [6.7 tells us that these positive structures
coincide. We prove the same result for Confy(A; B), using the following Lemmas.

Lemma 6.8. Let Y be a space equipped with two positive structures denoted by Y' and Y?. If for every
rational function f on ), we have

f is positive on Y <= f is positive on V>,
then Y1 and Y? share the same positive structure.

Proof. 1t is clear. O

Lemma 6.9. Let Y, Z be a pair of positive spaces. If there are two positive maps v :Y — Z and : Z — )
such that o~ =idy, then for every rational function f on Y we have

[ s positive on Y <= [*(f) is positive on Z.

Proof. If f is positive on Y, since § is a positive morphism, then 5*(f) is positive on Z.
If 5*(f) is positive on Z, since v is a positive morphism, then v*(5*(f)) = f is positive. O

Lemma 6.10. Every «; (i € 1) determines the same positive structure on Confy(A; B).

Remark. Lemmal[6.10]is equivalent to say that for any pair ¢, j € I, the map ¢; ; := ;0 a;

is a positive
birational isomorphism of H™~1 x Un~2,

Proof. Let us temporary denote the positive structure on Conf;(X;)) by Confi(A;B) such that a; is a
positive birational isomorphism.

There is a projection 8 : Conf, (A) — Confi(A; B) which maps Ay to A if £ € I and maps Ay to w(Ag)
otherwise. By Lemma [6.7] 3 is a positive morphism for all Conff (A; B).
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Fix i € 1. Each generic x = (1,...,z,) € Confi(A; B) has a unique preimage v'(x) := (A1,...,A,) €
Conf,, (A) such that

A; = z; when j € I, otherwise A; is the preimage of z; such that m;; (7 (x)) = 1.

Clearly ' a positive morphism from Conf}(A; B) to Conf,, (A). By definition 8o~ = id.
Let f be a rational function on Confy(A; B). Let i,j € I. By Lemma [6.8]

f is positive on Conf}(A; B) <= 5*(f) is positive on Conf,, (A) <= f is positive on Conf{(A; B).
This Lemma follows from Lemma O

Thanks to Lemma [610, we introduce a canonical positive structure on Confi(A; 5). From now on, we
view Confi(A; B) as a positive space.

Given k € Z/n, we define the k-shift of the subset I by setting I(k) := {i € [1,n] | i+ k € I}. The following
Lemma is clear now.

Lemma 6.11. The following map is a positive birational isomorphism

t : Confr(A; B) — Confy1y(A;B),  (z1,..., %) — (T2,...,%n, T1 - 5Q)-

An invariant definition of positive structures. We have defined above positive structures on the
configuration spaces using pinning in G, which allows to make calculations. Let us explain now how to define
positive structures on the configurations spaces without choosing a pinning. When G is of type A,,, such a
definition is given in [FGI] Section 9]. In general, given a decomposition of the longest Weyl group element
wo = Sy, - .- Si,, for each generic pair {B, B’} of flags, there exists a unique chain

] ] in* ‘n
B=By > B =2 ...2348B,; = B,=08.

Here Bj_1 ALY By indicates that {Bg_1, B} is in the position s;,. The positive structure of Conf(B5,.4, B)
can be defined via the birational map

Conf(B,A,B) — (G,,)", (B,A,B') — (x°(Bo, A, B1),x°(B1,A,Bs), ..., x°(Bn_1,A,By)).
Each generic pair {A, A’} € A? uniquely determines a pinning for G such that
zi(a) € Ux, xa(zi(a)) =a, wi(a) €Un, i€l

The pinning gives rise to a representative Wy € G of wy. There is a unique element h € 7(A) N7(A’) such
that
A’ = hwy - A.

Such an element h gives rise to a birational map from Confs(.A) to the Cartan group of G, determining a
positive structure of Confs(.A). The positive structures of general configuration spaces are defined via the
positive structures of Confy(A) and Conf(B, A, B).

6.4 Positivity of the potential 1V; and proof of Theorem [2.27]
Let J C I C [1,n]. Consider the ordered triples {3, j, k} C [1,n] such that

j€J, and ¢, j, k seated clockwise. (210)

Let = € Confi(A; B) be presented by (206). Define p;.; () := ugf_'ﬁBk. In particular, we are interested in
the triples {j — 1,4,7 + 1}. Set

Aj .
pJ(ZE) = Pjg—-1,5+1 = uB;71,Bj+1’ Vj cJ. (211)
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Lemma 6.12. The following morphisms are positive morphisms
1. m;; : Confy(A;B) — H, Vi, jel
2. pjak : Confr(A; B) — U, V {i,7,k} € 2I0).
Proof. The positivity of m;; is clear. By Relation 2 of Lemma [6.2] we get

Aj A Aj Aj
UB;,By = UB;,Bi_1UBi_1,Bi_a " uBk+1,Bk'

The product map U x U — U, (u1,u2) +— uius is positive. The positivity of p;.; » follows. O

Positivity of the potential ;. Recall the positive function x on U. Let € Confi(A; B) be a generic
configuration presented by ([206). By Lemma[6.3] each generic triple (B;—1,A;,B;;1) has a unique represen-

tative {B_,U,ugjith+1 -B7}. In this case u; in (@) becomes p;(z). Therefore x4, (u;) = x o pj(x). The
potential W; of Confy(A; B) becomes
Wi = Zxopj (212)
jel
Since p; are positive morphisms, the positivity of Wy follows.

By Relation 2 of Lemma [6.2] we get

X ©Pj = XODPj;j—1,i T XODPjik + XODjkj+1 (213)

All summands on right side are positive functions. By (2IZ), the set Conf}(A; B)(Z') of tropical points
such that WY} > 0 is the set

{1 € Confy(A; B)(ZY) | (1) € US(ZY) for all {i,j, k} € @IW)}. (214)

Proof of Theorem Recall the moduli space Conf§(A; B) in Definition 2226

Lemma 6.13. A generic configuration in Confi(A; B)(K) is O-integral relative to J if and only if ugin €

U(O) for all {i,j,k} € @10).
Proof. By definition L(A;, Bx) = [94a, B,}.{u,B-}] € Gr. Let {3,, k} €@2I0). Then
L(Aju Bk) = L(Aijl) — g{Alj7Bi}1{UyB—}g{Aj)Bk}){UJ?,*} = uBink (S G(O)
The Lemma is proved. O

Let | € Confi(A;B). Let « € C; be presented by (206). By Lemma [5.2] “gf,Bk € U(O) if and only if
Pl (1) € UL (Z"). Theorem 227 follows from Lemma 613 and (214).

Tropicalizing the morphism (208), we get 7}, : Conf(A; B)(Z") — H(Z') = P.
Lemma 6.14. Leti,j € J. If | € Confj_(A; B)(Z"), then w};(I) € PT.

Proof. Since (1) = —wo(n%;(1)), we can assume that there exists k such that {i,j,k} € (ZI0). Otherwise

we switch i and j. Set A := 7};(1), u1 := pl,. (1), ug = ph; ,(1). We tropicalize (204):

X' (u2) = min{ () = R (un)}: (215)

If I € @I4), then x*(u1) > 0, x*(u2) > 0. By the definition of R, and x, we get RL(u1) > x*(u1). Therefore
R'(uy) > 0. Hence

vrel, (\ag) >\ a)—RE(u) > x'(ug) >0 = X ePT.
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7 Main examples of configuration spaces

As discussed in Section [l the pairs of configuration spaces especially important in representation theory are:
{Conf,(A4), Conf,(Gr)}, {Conf(A™ B), Conf(Gr",B)}, {Conf(B,A" B), Conf(B,Gt", B)}.

In Section [ we express the potential YW and the map & in these cases under explicit coordinates.

7.1 The configuration spaces Conf,(A) and Conf, (Gr)

Recall h;j, ufj in (I92). Recall the positive birational isomorphism

ay : Conf,(A) = H" ' x U2 (Ay,...,A,) — (hia,.. ., hln,uéﬁz, . 7u711,'n,71)' (216)

The potential W on Conf,,(A) induces a positive function W,, := Woa; ! on H* 7! x Un=2.
Theorem 7.1. The function

|
—_

K a;(hy) i(hji1
Wey (ha, .o hp,ug, o up—1) = x(uj) + I+ . (217)
' = (xte ; Ri(uj) = Li(uy) )
Proof. By the scissor congruence invariance (92), we get W(Aq,...,A,) = 27;21 W(A1,Aj,Aj1). The rest
follows from (2I2) and Lemma O

Let us choose a map without stable points which is not necessarily a bijection:
a:[l,n] —[1,n], k) #Ek.
Let z = (Ay,...,A,) € Conf?(A). Define

wi () := [gqu,B-} ({A1, Bn}, {Ar, Bagy })] € Gr. (218)
By the definition of Confg (A), the map wy is independent of the map « chosen. Define
w = (wg,...,wpn) : ConfQ(A) — Gr" ' 2+ (wa(x),...,wn(x)). (219)

Consider the projection
ip: Gr" ' — Conf, (CGr), {La,...,L,} — ([1],La,...,L,)
Lemma 7.2. The map « in [I0Q) s i1 o w.
Proof. Here wi(x) = gru,B-1,{A:,B,} L(Ak, Ba(ry). In particular wy(x) = [1]. The Lemma follows. O

Below we give two explicit expressions of w based on different choices of the map a. We emphasize that
although the expressions look entirely different from each other, they are the same map. As before, set
= (Ay,...,A,) € Confo(A).

1. Let a(k) = k — 1. Tt provides frames {A;, B;_1}, see the first graph of Fig[37 Set

gk = g{U)B*}({Alm Bk—l}u {Ak+17 Bk}) ; ugz,l,Bk+1hAk7Ak+lmO' (220)
See Fig Bl for proof of . By (I80), we get
wi(r) = [gpus—1({A1L, B}, {Ar, Be1 )] = lg1-. - gr-1], k€[2,n] (221)
Therefore
w(@) = ([g1], -, [91---gn-1]) € G2 . (222)
2. Let a(k) = n when k # n. Let a(n) = 1. See the second graph of Fig B1l Set
b =" ke [Ln—2;  hy = haa,.
Then
wi(7) = [9us-y({ALBu} {ARBa)l = b1 bka], k€ [2,n = 1] wa(z) = [hn]. (223)
Therefore
w(x) = ([br], -, [b1 .. bn_a], [hn]) € G 1. (224)
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. —O———>™

Figure 37: The map w expressed by two different choices of frames {A;, Bo i}

7.2 The configuration spaces Conf(A", B) and Conf(G1", B)

Consider the scissoring morphism
s : Conf(A™ 1 B) — Conf(A™*!, B) x Conf(A"*!, B),
(A, Apgng1,Bo) — (Ar, o A1, Bo) X (Amgts -+, Apgng1, Bo)- (225)

By Lemmas [6.6] [6.10, the morphism s is a positive birational isomorphism.
In fact, the inverse map of s can be defined by “gluing” two configurations:

% : Conf*(A™" B) x Conf*(A" !, B) — Conf(A™ " B), (a,b) — a*b. (226)

By Lemmal[6.3] @ has a unique representative {A1, ..., A,,, U, B}, b has a unique representative {U, A},..., A/, B~ }.
We define the convolution product axb:= (A1,...,An, U, AL, ..., Al B7). The associativity of the convolu-
tion product is clear.

A,

Ay
As Ay As Aj
A, Ay A, s
B;
Bs Bs

Bs

Figure 38: A map given by scissoring a convex pentagon.

Recall b in ([02). Recall the morphisms 7., 7 in (I5).

Theorem 7.3. The following morphism is a positive birational isomorphism

c¢: Conf(A™,B) — (B7)" ™1, (Ar,.., Ap, Brgr) — (b2, b i), (227)

Proof. Scissoring the convex (n+1)-gon along diagonals emanating from n+1, see Fig B8 we get a positive
birational isomorphism Conf(A™, B) = (Conf(A?, B))n_l. The Theorem is therefore reduced to n = 2. Recall
as in Lemma[6.8 By Lemma [64] it is equivalent to prove that H x U=H x U™, (h,u) — (B(u)h,n(u)) is a
positive birational isomorphism. Since 77 is a positive birational isomorphism, and [ is a positive map, the

Theorem follows. O

The potential W on Conf(A", B) induces a positive function W, = Woc™! on (B7)" L
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Lemma 7.4. The function

We(br, - .. ZZ — Rio‘zr(bj)) (228)

. O
j=1 i€l 1 ﬂ—l

Proof. Note that

n—1 n—1
W(Ala"'vAnaBnJrl) - ZW(A AJJrla nJrl) = Z (X( n+1 g+1)+X( gi—zlJrl))
=1 j=1
The Lemma follows directly from Lemma 5.8 (I70) and Lemma [6.4 O

Figure 39: Frames assigned to (A1,...,Apn, Bpt1).

Define
7 Conf@ (A", B) — Gr" ™1, (Ar,...,Ay) — {b021], ., [} (229)

Consider the projection
iy : Gr" ! — Conf(Gr™,B), {La,...,Ln} — ([1],La,...,L,,B7).
Recall the map x in (I12)). As illustrated by Fig B9l we get
Lemma 7.5. When J =1=[1,n] C [1,n+ 1], we have Kk =iy oT.

7.3 The configuration spaces Conf(B, A", B) and Conf(B, Gr", B)
Recall rfj in (207)). Similarly, there is a positive birational isomorphism
p: Conf(B, A", B) — U™ x (B7)""1,  (B1,As,..., Api1, Buga) — (ryie, bo2s, o b0 (230)

The potential W on Conf(B, A", B) induces a positive function W, := Wop~' on U~ x (B7)"~!. We have

1
W, (r1,ba, ... by) = = + ) = Ri_om(bj)). (231)

o
iel 2<j<n 1€l 1 ﬂ—l

Recall the map « in (I12). Define

Ts - Confgo ("47 an'A) — Grnv (Blv LU An+17Bn+2) — ([ 11142-2] [ 11142-2b121-i3-2] ) [ 11142-217121-:-1;_1]) (232)
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Ai—O0——

n+2

Figure 40: Frames assigned to (B, A, ..., Apt1,Bni2). Here m(AY) = By.

Consider the projection
is : Gr" — Conf,,, (B,Gr",B), {La,...,Lpy1}+— (B,La,...,Ly11,B7).

Let * = (By,Ag,...,Api1,Brye) € Conff?,o (A, B™ A). Let A7 € A be the preimage of By such that

bgi’f; = r,ll’f_Q. As illustrated by Fig @0, we get

Lemma 7.6. When J=1=[2,n+ 1] C [1,n+ 2], we have k = is 0 Ty.

8 Proof of Theorems [2.24] and [2.36]

8.1 Lemmas

Let Y = V) X ... X Y be a product of positive spaces. The positive structure on ) is induced by positive
structures on ;. Let y; € Y2 (K). Let (yi1,-.-.,¥in,) be the coordinate of y; in a positive coordinate system
¢;. Define the field extension

Q-+ y) == Q(In(y1,1)s - - (Y101 - - Yk, ) - (233)
Thanks to (I5]), such an extension is independent of the positive coordinate systems chosen.
Recall the morphisms 7, 7, in (I95]).

Lemma 8.1. Fizi € I. Let (b,c) € (B~ X G;,,)°(K). Recall y;(c) € U~ (K). Then V' :=b-y;(c) € (B7)°(K).
Moreover, if val(R; o m,.(b)) < val(c), then val(b') = val(b) and Q(V',c) = Q(b, ¢).

Proof. Let b = h-y. Fix a reduced word for wg which ends with 4, = i¢. It provides a decomposition
y=1yi(c1)...yi,(cm). Then b =h-y; (c1)...y;, (cm + c). The rest is clear. O

Lemma 8.2. Let (b,h) € (B~ x H)°(K). Then b’ :=b-h € (B7)°(K).
Moreover, if h € H(C), then val(b') = val(b) and Q(b', h) = Q(b, h).

Proof. Let b =1y - hy. The rest is clear. O
Lemma 8.3. Let (b,p) € (B~ x B7)°(K). Assume p € B~ (C).

1. Ifval(R; omp(b)) <0 for alli € I, then b-p is a transcendental point. Moreover

val(b - p) = val(b), Q(b-p,p) = Q(b,p).
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2. If val(L; om(b)) <0 for alli € I, then p~! - b is a transcendental point. Moreover
val(p™ -b) =val(h),  Q(p~" - b,p) =Q(b,p).

Proof. Combining Lemmas RIHR2l we prove 1. Analogously 2 follows. O

8.2 Proof of Theorem

Our first task is to prove Theorem 230 for the cases when I = [1,n] C [1,n + 1].
Let J = {j1,...,jm} C L. Recall Wy in (II3). Let [ € Conf(A", B)(Z") be such that Wi(l) > 0.
Let x € C7. Recall the map ¢ in Theorem [[3 Set ¢(x) := (by,...,b,—1) € (B7)""1(K).

Lemma 8.4. For every i € I, we have
1. val(L; om(bj)) <0ifjel,n—1]NJ,
2. val(R; omp(bi—1)) <0 ifk e [2,n]NJ.

Proof. Let j € [1,n — 1] N J. By definition b; = b5’"**'. By Lemmas B8, 6.4, we get

B
val(£7 o m(b;) = —val(xi(up! ,, 5,.,)) € =Xk, () < 0.
The second part follows similarly. O
As illustrated by Fig B9 we see that
x=(01-U,92-U,...,9,-UB7), ¢g1:=1, gj:=b1...bj_1, j € [2,n].
If j € J, then L; :== L(g, - U,B™) = [g;] € Gr. Therefore

ifjel,

_ 9j
K(x) = (T1,.., 20, B7), :{ [ngJU otherwise.

Let {Aj,,...,Aj, } € A™(C) be a generic point in the sense of algebraic geometry. Define

(Al AY / — n. o gj'Aj if j €,
y:=(A1A;, ... )A,,B7) € COHf(A : B), Aj = { 9 U otherwise.

Let F € Q4 (Conf(A™; B)). By the very definition of Dy, we have Dp(k(x)) = val(F(y)).

Since {Aj,,..., A, } is generic, it can be presented by

{Ajw"'vAjm}:: {pjl ‘U, D 'U}7 p:{pjw"'vpjm}e(B_)m((c)' (234)
We can also assume that (x, p) is a transcendental point, so that
(e(x),p) € (B)" " 1)*(K). (235)

Set p; =1 for j ¢ J. Keep the same p; for j € J. Then
Yy=(g1p1-U,. o gapn - U,B7); e(y) = (b, buo1), by i=pj 'bipjs1 € B7(K).
By Lemmas B3H84l we get

Q(C(X)ap) = Q(b17" '7bn—17pi17' "7pim) = Q(glu' -'7bn—17pi17" '7pim) — ...

=Q(b1,- - bo1,Dir 55 0i,) = Qely), P). (236)

val(b;) = val(b;), Vje[l,n—1]. (237)
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Therefore (c(y),p) € ((B’)er”*l)o(lC). Thus ¢(y) is a transcendental point. Since val(c(y)) = val(c(x)) =
ct(l), we get y € Cf. By Lemma [Z13] val(F(y)) = F*(I). Theorem 236 is proved.

Now consider the general cases when J C I C [1,n]. Consider the positive projection

dy = prod: Conf(A™; B) % Conf,, (A) 25 Confy(A; B).

Here the map d kills the last flag B, 1. The map p; keeps A; intact when ¢ € I, and takes A; to m(A;)
otherwise.

Lemma 8.5. Let | € Conf]_[(A;B)(Z!). There exists ' € Conf(A™; B)(Z) such that Wi(l') > 0 and
di(l') = 1.

Proof. We prove the case when J contains {1, n}. In fact, the other cases are easier. Let z = (A1,..., A, Bri1).
Consider a map u : Conf(A™; B) — U given by x — ugiﬂ g, - Then

Wi(z) = Wi(Ar,..., An) + W(AL A, Bn+1> Wildi(2)) + x(ug?,, 5,) + X5, )
= Wi(di(2)) + )+ Y Tim dI( (238)
iel

By Lemma 614 we have A := n} , (I) € PT. Clearly there exists I’ € Conf(A"; B)(Z") such that df(I') =
and u!(l') = 0 € U(Z"). We tropicalize ([233):

Wi(l') = min{Ws (1), x'(0), min{(A, ai) = R;(0)}} = min{W;s(1), 0, min{(X,a;)}} = 0.
O

Let 1,1’ be as above. Let x € Cp. Clearly there exists z € C such that di(z) = x. For any F €
Q4 (Confi(A; B)), we have

Dp(k(x)) = Droa, (k(z)) = (Fod)'(I') = F' o di(I') = F'(1).

The second identity is due to the special cases discussed before. The rest are by definition.

9 Configurations and generalized Mircovi¢-Vilonen cycles

9.1 Proof of Theorem

In this Section we use extensively the notation from Section [62] such as ugf By ’I”g; A2 ¢ U=, We identify
the subset A, in Theorem 235 with the subset A, C Uf(Z) in [I62) by tropicalizing

a: Conf(B,A,B) = U, (Bi,As,Bs) — up®y,. (239)
Thanks to identity 4 of Lemma [6.4] the index v for both definitions match.

Proof of Theorem[2.30. 2). Let | € A,. Let x = (B1,A2,B3) € C{. By Lemma [6.4] TBI Az n(ugf By )-
Recall kkam in [I64]). Recall is in (I29). By Lemma [[.6 we get

r(x) = (B, [rpy "], B7) = (B, fikam (up? p,)s B7) = i (KKam (())). (240)
Recall MV, in ([I63). Then M; = is(MV;). Thus 2) is a reformulation of Theorem G4
1). Recall the map

p; : Conf(A, A, B) — U, (A1,As,B3) — “B1+2 B (=12 (241)
Recall the map 7 defined by (229)
7: Conf(A, A, B)(K) — Gr, (A1, As,B3) — [bp 2], (242)
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Note that pj induces a bijection from P4 to Ax_,. The MV cycles of coweight (X — 1, 0) are

KKam Opg(clo) = HKam(C; (l)) = MVPW), le P'L)f

}
Let = (A1,A3,B3) € CP. Note that

7(x) = [by2 2] = [t A2 re2 ™) = u(z) - kxam (p2(2)),  where [u(x)] = [ugt™?] = .

We get 7(Cp) = tH - MV, ). They are precisely MV cycles of coweight (A, ). Recall the isomorphism 7 in
(@24). Clearly M; =i(7(C;)). Thus 1) is proved.

3). The set BY is a subset of PY such that pj(BY) C Uf(Z"). By Lemma BI4, BY is empty unless
A € Pt. So we assume A € P*. Let [ € PA. Let © = (A1, A2,B3) € C7. By Lemma[6.2]

(@) = by ] = [up! g, ha, A, Toup? 5] = pa(z) - . (243)

The last identity is due to p5(l) € Uf(Z*) (hence “gf,Bs € U(0)).
By Lemma B.I2 7(x) € Gry if and only if pi(l) € Uf(Z"). Therefore

7(CP) € Gry <= pi(l) € U (Z') <=1 € BY. (244)
The rest follows from Lemma [T5] O

9.2 Proof of Theorems [2.37], 2.33], [2.34]

By Theorem 2.35] we have
stonsy=J N, st nGrn=J M, (245)
lePy leBf
Here N; (resp. M;) are components containing 7(C;) as dense subsets. They are all of dimension (p, A — ).
The closures N; = 7(Cf) are MV cycles.

Proof of Theorem [2.3T] Scissoring the convex (n+2)-gon along diagonals emanating from the ver-
tex labelled by n+2, see Fig B8 we get a positive birational isomorphism between Conf(A"*! B) and
(Conf (A2, B))n Its tropicalization provides a decomposition

Piy= || PYxBY.xBLY A=(,.. M) € (P (246)
prit.Fpun=p
Let I = (l1,...,l,) € Pg‘&. We construct an irreducible subset
Cp = {([ba), [baba],- .., [b1ba ... by]) € Gr™ | b; € BT(K), [b1] € Ny, [bs] € My,, i € [2,n]}.

By induction, C; is of dimension (p, A\ + Ao + ... + A, — p).
Lemma 9.1. Recall the subvariety Grh , in ([I28). We have Gry , = UC; where | € P ,.

Proof. Thanks to the isomorphism B~ (K)/B~(0) = Gr, eachz € Gry , can be presented as ([b1], [b1ba] ..., [b1. ..

where b; € B7(K) for all i € [1,n]. By the definition of GrY ,, we have
[b;] € Gra,, Vi€ [2,n]; [b1] €S), [b1...bn) €S, .

Let pr : B7(K) — H(K) — H(K)/H(O) = P be the composite of standard projections. Set pr(b;) := p;.
Then [b;] € St .

When i =1, [b1] € St N'S2. Thus [b1] € Ny, for some l; € PA".

When i > 1, [b;] € Sii N Gry,. Thus [b;] € My, for some [; € BY'.

Note that pq + ...+ pn = pr(b1) + ... + pr(by) = pr(bi...by) = p. Thus I := (l,...,l,) € Py . By
definition x € C;. Therefore Grﬁy \ G UleP‘;,ACl- The other direction follows similarly. O
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Let I € P} ,. Recall the map

75 Conf(A™, B) — G, (Av,o, Angr, Buga) — (03247, (054 )).

Clearly 7(Cy) is a dense subset of C;. Recall the isomorphism ¢ in (I24). Following Lemma [Z5] the isomor-
phism ¢ identifies 7(Cy) with M7. By Theorem 236 the cells M are disjoint. Theorem 23] follows from
Lemma

Proof of Theorem The group H(K) acts diagonally on Gr". Let h € H(K) be such that [h] = t¥.

Then h - Grk,, = Gr‘;iz;&. One can choose h such that [h] = t7#. The rest follows by the same argument in

the proof of Theorem 2311

Proof of Theorem [2.34. By definition Bl)fl,& _____ x, C P‘;l;)\2 77777 x,- The Theorem follows by the same
argument in the proof of Theorem .31

9.3 Components of the fibers of convolution morphisms

Let A = (M,...,A,) € (PT)". Recall the convolution variety Gry in (I22). By the geometric Satake
correspondence, IH(Gry) = V) ==V, ®...®@ V).

Set |Al :== A1 +...+ Ay. Set ht(X; 1) := (p, |A| — p). The convolution morphism my : Gry — Gryy| projects
(L1,...,Ly) to Ly,. It is semismall, i.e. for any p € PT such that t* € Gr|y|, the fiber my H(t*) over t" is of

top dimension ht(A; u). See [MV] for proof.
By the decomposition theorem [BBD], we have

IH(Gry) = D F, © H(Gx,).

Here the sum is over p € PT such that t* C Gr|y|, and Fy, is the vector space spanned by the fundamental
classes of top dimensional components of m;l(t”). As a consequence, the number of top components of
mgl(t“) equals the tensor product multiplicity ¢ of V, in Vj.

Recall the subsets C4 in (§7). By Lemma[GT4l the set C4 is empty unless (11, A) € (P*)"*!. Recall the
map w in ZI9). In this subsection we prove

Theorem 9.2. Let T be the set of top components of mgl(t“). For each | € CX, the closure w(CP) € T}.
It gives a bijection between C§ and TY.

First we prove the case when n = 2. In this case, the fiber mgll A, () is isomorphic to

{LeGr|[(L,t") € Gry, a, } = Gry, Nt*Gryy.
Here Ay := —wo(A\2) € P*. The following Theorem is due to Anderson.

Theorem 9.3 ([Al). The top components of Gry, Nt"Gryy are precisely the MV cycles of coweight (A1, ji—Az)
contained in Gry, Nt Gryy.

Recall the positive morphisms
pi: Confs(A) — U, (A1, A, A3) —up’ 5, i €Z/3
Let us put the potential condition on two vertices, see the left of Fig Il getting

]~3f\L1,,\2 := {l € Conf3(A)(Z") | (m12,m23,m13)" (1) = (A1, A2, ), Pi(I) € US(Z'), ph(1) € UL (Z")}.
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A1

Bs

A]_' ,U/
Figure 41: The projection 73 induces a bijection 7§ : ]§§17A2 — B‘/\L:M.

Consider the projection 3 : Confz(A) — Conf(A?, B) which maps (A1, A2, A3) to (A1, A2, Bs). Its tropical-
ization 7% induces a bijection [ from B, ,, to B‘)fl_)‘z. Recall wo in (223)). By ([244), the cycles

wa(C) = 7(C2, ), mﬁgm

w5 (1)

are precisely MV cycles of coweight (A1, p — A2) contained in Gry, .
Let [ € BY ,,. Let x = (A1, Ag, A3) € C7. By identity 2 of Lemma [6.2]

wa() = [m13(x)To - (pa(x)) " maz(w)],  where [mia(w)] = ¢, [msa(w)] = 2.
Therefore
wa(z) € t'Gryy <=t "wa(z) € Gryy < f“mg(x)wo{(pg(:z:))71#32(3:)] € Gryy < (pg(x))il-t)‘g € Gryy.

Here the last equivalence is due to the fact that ¢~ #m3wo € G(O). Therefore for any [ € ﬁﬁhh,
w2(CP) C t'Cryy <= (p3(C7)) -t C Trny
By Lemma [5.2] Lemma 512 and the definition of Cl)fl,&’ we get
oy) —1 Y e oy) —1 o
(p3(CP)) -t € Gray <= (ps(C?)) € U(O) <= ps3(C?) € U(O) <= p4(1) e U (Z") <= 1€ Cf_,,.

Let | € Cf ,,- Let z = (A1,A2,A3) € C7. Note that ws(z) = [ha,,a,] = t*. Therefore w(z) =
(wa(z),ws(x)) € m/(ll)/\Q (t*). The rest is due to Theorem [@.3

Now let us prove the general case. Consider the scissoring morphism

¢ = (c1,¢2) : Conf,i1(A) — Conf,,(A) x Confz(A),
(Al, ceey An+1) — (Al, ceey Anfl, An+1) X (Anfl,An,AnJrl) (247)

Due to the scissoring congruence invariance, the map ¢’ induces a decomposition

An T |_| Cl;\l An_ow X CKn—ly)\n' (248)

..........

veP+

Proposition 9.4. The cardinality of Cg is the tensor product multiplicity cg of V, in V.

13 There is a positive Cartan group action on Confs(A)(Z?) defined via
H x Confg(A) — Confg(A), h x (Al,AQ,Ag) — (Al,Az,Ag . h).

Its tropicalization determines a free H(Z!)-action on Confs(A)(Z!). By definition, one can thus identify the H(Z!)-orbits of
Confg(A)(Z!) with points of Conf(A, A, B)(Z!). Note that each element in BF;:)‘2 has a unique representative in Bg\‘l \,+ Hence

the map 7r§ is a bijection.
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Proof. Decomposing the last tensor products in Vi, ® ... ® (Vi , ® V3, ) into a sum of irreducibles, and
tensoring then each of them with V), ® ... ® V), ,, we get

H — E H v
C>\1)~~~7)‘n - C)\1;~~~7)\n72;1’c)‘n*17)‘n.
vepPt+

As a consequence of n = 2 case, |C§ | =X ,. The Lemma follows by induction and (248]). O
Lemma 9.5. Forl € CY, the cycles w(C}) are disjoint.

Proof. By Lemma[.2 x(C7) =41 o w(Cy). The Lemma follows from Theorem [2.24] O
Lemma 9.6. For any | € C4, we have w(CP) C m; ().

Proof. Let x = (A1,...,Anq1) € C. Recall the expression ([222). We have
A o] — A i ;
[gi] = [uBi,l,BthAi,AiJrle] = UB, ;Bi41 " th e Gry,, i€ [lvn]'

Thus w(z) € Gry. Meanwhile my ow(z) = [ha, A, ,] = t*. The Lemma is proved. O

Lemma 9.7. Letl € Cg. The closure w(Cy) is an irreducible variety of dimension ht(X; ).

Proof. By construction, w(C;) is irreducible. Note that mgl(t”) is of top dimension ht(A; ). By Lemma[0.0]
dim w(Cp) < ht(A; i). To show that dim w(Cp) > ht(A; i), we use induction.

Set 7}, 1 ,41(l) := v. Recall ¢ = (c1,¢2) in 247). Then ¢{(1) € C,
the projection

ch(l) € C¥ |y, Consider

»»»»» An—2,V?

pr:w(C’) — Gr" ', (Ly,...,Ly_1,L,) — (L1,..., Ln_2,Ly)
Its image pr(w(Cy)) = w(Cé’w)). Let b= (Ly,...,Lp—2,L,) € w(Cé’i(”). The fiber over b is

pr (b)) :={L € Gr | (Li,...,L,2,L,L,) €w(C)}.

Al;Anfl
Bn+1

Let y = (Ay,...,An_1,Ap41) € Cji(l) such that w(y) = b. Set b, :== b
c1(x) =y, we have pr(w(z)) = w(y) = b. By ([223)), we have

w1 () = [bp1 A" = by - wa(ca()) € prt(h).

. For any = € C; such that

Then it is easy to see that b, - wa(C? (l)) C pr~1(b). Therefore

t
C2

dim w(Cp) > dim W(ng(l)) + dim w(Cé’%(l)).

The case when n = 2 is proved above. The Lemma follows by induction. [l

Proof of Theorem[Z2 By Lemmas[.6] 0.7, the map C§ — T4, | — w(Cy) is well-defined. By Lemma [3.5]
and the very construction of the cell C}, it is injective. Since |CY| = |T%| = ¢4, the map is a bijection. [

9.4 Proof of Theorem

We focus on the case when p = 0 for C4. Consider the scissoring morphism

¢ = (c1,¢2) : Conf,q(A) — Conf,,(A) x Confs(A),
(Al, A ,An, An+1) — (Al, A ,An) X (Al, An, An+1).

Due to the scissoring congruence invariance, the morphism (cf, cb) induces a decomposition
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Note that Cy , is empty if v # \,. Moreover |CY, , |=1. Thus ¢f : C] — C, is a bijection.
Consider the shifted projection
ps : Gt — Conf,(Gr), {Li,..., Ly} — (Ln, L1, ..o Leq).
Lemma 9.8. Let | € CY. Then psow(Cy) = K(Co 1))-

Proof. Let x = (A1,...,Anq11) € CP. Then u := u§;+17Bn € U(O). Let y :=c1(z) € C;’tl(l).
Recall w; in 2I8). Then wy,4+1(x) = [1]. For i € [2,n], we have

wi(r) = [9gu-y ({A1, Bnia} {Ai, Bi})] = w - [9qus-y ({A1, Bu} {Ai, Bi})] = w - wi(y).
Therefore
ps 0 w(@) = (Wnt1(2),u - wa(y), . u-wa(y)) = (1, w2(y), ..., waly)) = K(y).
Here the last step is due to Lemma [L2l Since ¢, (C}) = C%(l)’ the Lemma is proved. g

Recall Gr.(y) and the set T of its top components in Theorem 220l The connected group G(O) acts on
Gre(y)- It preserves each component of Gre(y). So these components live naturally on the stack Conf,(Gr) =

GO\ ([1] x Gz ).
Recall the fiber m;l([l]) and the set T} in Theorem Note that ps (m;l([l])) = G(O)\Gry) C
Conf,,(Gr). Tt induces a bijection T} — Tj.

Proof of Theorem By Theorem and above discussions, there is a chain of bijections: C) —
C{ = T — T,. By Lemma[0.8 this chain is achieved by the map x. The Theorem is proved.

10 Positive G-laminations and surface affine Grassmannians

A decorated surface S comes with an unordered collection {s1, ..., s, } of special points, defined up to isotopy.
Denote by 05 the boundary of S. We assume that 95 is not empty. We define punctured boundary

98 := 05 — {51, ..., S} (249)

Its components are called boundary circles and boundary intervals.

Let us shrink all holes without special points on S into punctures, getting a homotopy equivalent surface.
Abusing notation, we denote it again by S. We say that the punctures and special points on S form the set
of marked points on S:

{marked points} := {special points s, ..., $,, } U {punctures}.

Pick a point *s; in each of the boundary intervals. The dual decorated surface xS is given by the same
surface S with the set of special points {*s1, ..., *s,}. We have a duality: ** S = S.
Observe that the marked points are in bijection with the components of the punctured boudary 9(xS5).

10.1 The space Ag g with the potential W

Twisted local systems and decorations. Let T'S be the complement to the zero section of the tangent
bundle on a surface S. Its fiber T/ at y € S is homotopy equivalent to a circle. Let x € T} S. The fundamental
group m1 (TS, z) is a central extension:

0 — m (T, S, x) — m(T'S,z) — m(S,y) — 0, m(T,S,z)=72. (250)

Let £ be a G-local system on T'S with the monodromy sg around a generator of (T} S,z). Let us
assume that G acts on £ on the right. We call £ a twisted G-local system on S. It gives rise to the associated
decorated flag bundle L4 := L xg A.

Let C be a component of 9(xS). There is a canonical up to isotopy section o : C — T'C given by the
tangent vectors to C directed according to the orientation of C. A decoration on L over C is a flat section of
the restriction of £4 to o(C).
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Definition 10.1 ([FGI]). A twisted decorated G-local system on S is a pair (L, ), where L is a twisted

G-local system on S, and « is given by a decoration on L over each component of 5(*5’)
The moduli space Ac,s parametrizes twisted decorated G-local systems on S.

Abusing terminology, a decoration is given by decorated flags at the marked points.

Remark. Since the boundary 95 of S is not empty, the extension (250) splits:
7T1(TIS, JJ) = T (T;S, ,T) X T (S, y)

However the splitting is not unique. As a space, Ag g is isomorphic, although non canonically if sg # 1, to
its counterpart of usual unipotent G-local systems on S with decorations. The mapping class group I'g acts
differently on the two spaces. For example, when S is a disk D,, with n special points on the boundary, then
I'p, = Z/nZ. Both moduli spaces are isomorphic to the configuration space Conf, (A). The mapping class
group Z/nZ acts on the untwisted moduli space is by the cyclic rotation (Aq,...,An) — (An, A1, .. A1),
while its action on Ag p~ is given by the “twisted” rotation

(Al,Ag, .. ,An) — (An . S(;,Al, R ,An_l).

Theorem 10.2 (loc.cit.). The space Ag,s admits a natural positive structure such that the mapping class
group I's acts on Ag.s by positive birational isomorphisms.

Below we give two equivalent definitions of the potential W on Ag 5.

Potential via generalized monodromy. A decorated flag A provides an isomorphism
TA UA/[UA, UA] = @aenAl. (251)

Let ¥ : ®aenA! — A! be the sum map. Then ya = Y ois. This characterizes the map .

Let us assign to each component C of 5(*5) a canonical rational map, called generalized monodromy at
C: pc : Ag.s — DaecnAl. There are two possible cases.

(i) The component C is a boundary circle. The decoration over C is a decorated flag Ac in the fiber of
L 4 on C, invariant under the monodromy around C. It defines a conjugacy class in the unipotent subgroup
Ua, preserving Ac. So we get a regular map

Mt AG7S — UAC/[UAcuUAc] ZA:C EBaEHAl-

(ii) The component C is a boundary interval on a hole h. The universal cover of h is a line. We get an
infinite sequence of intervals on this line projecting to the boundary interval(s) on h. There are decorated
flags assigned to these intervals. Take an interval C’ on the cover projecting to C. Let C’_ and C’_ be the
intervals just before and after C'. We get a triple of decorated flags (A_, A, A ;) sitting over these intervals.
There is a unique u € Up such that By = «-B_, where By = 7(A4) € B. Projecting u to Upa/[Ua, Ua], we
get a map e : Ag.s — DacnAl. It is clear that puc does not depend on the choice of C'.

Composing the generalized monodromy pc with the sum map @qerAl — A, we get
We:=Xouc: Aas — Al (252)
called the potential associated with C.

Definition 10.3. The potential VW on the space Ag,s is defined as

W= > We. (253)
components C of 5(*S)
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Potential via ideal triangulations.

Definition 10.4. An ideal triangulation of a decorated surface S is a triangulation of the surface whose
vertices are the marked points of S.

Let T be an ideal triangulation of S. Pick a triangle ¢ of T'. The restriction to ¢ provides a projectio
m from Ag,s to Confs(A). Recall the potential W5 on the latter space.

Definition 10.5. The potential on the space Ag. s is defined as

W = Z Wg O Ty. (254)
triangles t of T

Changing T by a flip we do not change the sum (254) since the potential on a quadrilateral is invariant
under a flip (Section 2]). Since any two ideal triangulations are related by a sequence of flips, the potential
([254) is independent of the ideal triangulation T' chosen.

The above definitions are equivalent. There is a natural bijection between the marked points, that is
the vertices of T', and the components of J(xS). Working with definition ([254]), the sum over all angles of the
triangles shared by a puncture is the potential W assigned to the corresponding boundary circle. A similar
sum over all angles shared by a special point is the potential W¢ assigned to the corresponding boundary
interval. Thus the potentials (253) and ([254]) coincide.

Positivity of the potential W. In the positive structure of Ag g introduced in [FGI], the projection
7+ Ag,s — Confs(A) is a positive morphism. By Theorem 2.5 and (254), we get

Theorem 10.6. The potential YV is a positive function on the space Ag,s.

Positive integral G-laminations. We define the set of positive integral G-laminations on S:
Al s(Zh) = {1 € Acs(Z") | WH(I) > 0}. (255)

By tropicalization, the mapping class group I's acts on Ag, s(Z"). The potential W is I'g-invariant. Thus
s acts on the subset A¢ ¢(Z").

Partial potentials. Given any simple positive root c, there is a component x4, of the character x4 so
that xa = > ,cip X4,a- Let S be a decorated surface. Then to each boundary component C' € J(xS) one
associates a function We . It is evidently invariant under the action of the mapping class group I's of S.

Theorem 10.7. Let S be a surface with n holes and no special points. Then the algebra of regular I'g-
invariant functions on the space Ag.s is a polynomial algebra in nrk(G) variables freely generated by the
partial potentials We o, where C run through all boundary circles on S, and o are simple positive roots.

Proof. 1t is well known that the action of the mapping class group I's on the moduli space Locg'y of
unipotent G-local systems on a surface S with holes is ergodic. So there are no non-constant ['g-invariant
regular functions on this space. On the other hand, there is a canonical I'g-invariant projection given by the
generalised monodromy around the holes:

Acs — [ @HiL
holes of S

Its fiber over zero is the space Locgg. O

H1f the vertices of t coincide, one can first pull back to a sufficient big cover §~of S, and then consider the restriction to a
triangle t C S which projects onto t. Clearly the result is independent of the pair ¢ C S chosen.
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10.2 Duality Conjectures for decorated surfaces

Definition 10.8. The moduli space Locg g parametrizes pairs (L,v), where L is a twisted G-local system
on S, and vy assigns a decoration on L to each boundary interval of O(*S).

It is important to consider several different types of twisted G-local system on S which differ by the data
assigned to the boundary. Recall that components of the punctured boundary 9(xS) are in bijection with
the marked points of S. There are three options for the data at a given marked point, which could be either
a special point, or a puncture:

1) No data.

2) A decoration, that is a flat section of the associated decorated flag bundle £ 4 near m.

3) A framing, that is a flat section of the associated flag bundle L3 near m.

In accordance to this, there are five different moduli spaces:

e Ac s: decorations at both special points and punctures.

e Locg,s: no extra data.

e Locg,s: decorations at the special points only. No extra data at the punctures.
e P s: decorations at the special points, framings at the punctures.

e X s: framings at the special points and punctures.

If S does have special points, it is silly to consider Locg, s since it ignores them.
If S has no punctures, then (besides Locg,s) there are three different moduli spaces:

Ag,s =Locgs, Pas, AXas.
If S has no special points, i.e. it is a punctured surface, there are three different moduli spaces:
Ag,s, Locag,s =Locgs, Pas=4Xa,s.

Duality Conjectures interchange a group G with the Langlands dual group G%, and a decorated surface
S with the dual decorated surface xS Here are some examples.
If S has no special points, the dual pairs look as follows:

Ag,s isdualto Pgr.s = Xge .s, (Ag,s, W) isdual to Locgr g = Locgr ,s.
If S does have special points, the moduli space Xg s plays a secondary role. The key dual pair is this:
(Aa,s,W) isdual to Locgr .g-

There are plenty of other dual pairs, obtained from this one by degenerating the potential, and simulateneously
altering the dual space. Let us discuss some of them.

Generalisations. Let us assign to each marked point m of S a subset I,,, C I, possibly empty.

First, let us define a new potential on the space Ag s. Observe that any non-degenerate additive character
x of U is naturally decomposed into a sum of characters parametrised by the set of positive simple roots:
X = >_;ez Xi- Then, replacing in the definition of the potential at a given marked point m the nondegenerate
character x by the character >, 1,, Xi> we get a new function Wi, r,, at m, and set

Wity o= > W1, (256)
marked points m on S
Next, let us define a modified moduli space Pélfti 5
Recall that for each simple positive root «; there is a G-invariant divisor in B x B. Let D; be its preimage
in A x A. We say that a pair (A1, As) € A x A is in position I — I, if (A1, As) € A X A— Uier—1,, D;.
Recall that C, is the boundary component of %S matching a marked point m on S.

15 Although the decorated surface %S is isomorphic to S, the isomorphism is not quite canonical.
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Definition 10.9. The moduli space ngn*}s paramatrizes twisted G -local systems on S plus

a) A reduction of the structure group G¥ near each puncture m to the parabolic subgroup of type I — I,.
b) A decoration at every boundary interval Cy, of xS such that

e The decorated flags at the ends of the boundary interval C,, are in the position I — I,.
So if I = I, the data a) is empty, and the condition b) is vacuous.

Finally, we consider the largest subspace
.A{I m} C .AG,S

on which the potential Wy 1 is regular. This condition is vacuous at punctures, and boils down to the
e-condition from Definition [0.9 at boundary intervals of *S. So if I,,, = () at every special point m, then

A = Aas.

Conjecture 10.10. (Ag{g},w{m}) is dual to P({;ILMES.

Let us now formulate what the Duality Conjecture tells about canonical bases for the most interesting
moduli space Locger g, leaving similar formulations in other cases as a straightforward exercise.

Duality Conjecture for the space Locgr .s. The group I's acts on the set Aé_’S(Zt), and on the space
O(Locgr .g) of regular functions on Locgr .s.

Conjecture 10.11. There is a canonical basis in the space O(Locge .g) parametrized by the set Aé_’S(Zt).
This parametrization is I'g-equivariant.

Example. If S is a disc D,, with n special points on the boundary, then I'p = Z/nZ. Theorem
provides a I'p_-equivariant canonical basis. Thus Conjecture [[0.11] is proved.

If G = SLy (or G = PGLy), then [FGI] provides a concrete construction of the I'g-equivariant parametriza-
tion, using laminations.
The following Theorem tells that the set Aa 5(Z") is of the right size.

Theorem 10.12. Given an ideal triangulation T of a decorated surface S, there is a linear basis in O(Locgr )
parametrized by the set Aas(Zt).

Remark. The parametrization depends on the choice of the ideal triangulations. In particular, it is not
I"s-equivariant.

Proof. The graph I' dual to the triangulation 7" is a ribbon trivalent graph homotopy equivalent to S. An end
verter of I' is a univalent vertex of the graph. It corresponds to a boundary interval of 9S. Let Locgr 1 be
the moduli space of pairs (£, ), where £ is a G-local system on I', and ~ is a flat section of the restriction
of the local system L 4 to the end vertices of T

Choose an orientation of the edges of T'. Let V(T") and E(T') be the sets of vertices and edges of I'. Pick
an edge E = (v1,vy) of T, oriented from vy to ve. Given a function A : E(I') — P, we assign irreducible
GL-modules to the two flags of E, denoted Vi, B

Vi, By = Wam),  Viws.B) = Vowe(r(B)) -
According to [FGI] Section 12.5, (12.30)], there is a canonical isomorphism

L

OLocger) = @D 0% ((X) V(w2 ) (257)

{ME(D)— P} veV(D) (v,E)

The second tensor product is over all flags incident to a given vertex v of I'. By Applying Theorem
parametrizing a basis in the G'-invariants of the tensor product for each vertex of I, it follows that
O(Locgr r) admits a linear basis parametrized by ‘AJC:, 5(Z"). Note that the central extension (250) is split.
Following the remark after Definition [[0.I] the moduli space Locgz g is isomorphic to Locgz p. The Theorem
is proved. O
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10.3 Canonical basis in the space of functions on Locgy, s

Given any decorated surface .S, there is a generalisation of integral laminations on S.

Definition 10.13. Let S be a decorated surface. An integral lamination | on S is a formal sum

| = an [Ozl] + ij [ﬂj]a Mg, My S Z>0. (258)
2 J

where {a;} is a collection of simple nonisotopic loops, {B;} is a collection of simple nonisotopic intervals
ending inside of boundary intervals on OS — {s1,...,8,}, such that the curves do not intersect, considered
modulo isotopy. The set of integral laminations on S is denoted by Lz(S).

Figure 42: An integral lamination on a surface with two holes, with 2 + 3 special points.

Let Mon, (£, @) be the monodromy of a twisted SLa-local system (£, «) over a loop « on S.

Let us show that a simple path $ on S connecting two points x and y on ds gives rise to a regular function
Aﬁ on LOCSLg,S-

Let (£, a) be a decorated SLa-local system on S. The associated flat bundle £4 is a two dimensional
flat vector bundle without zero section. Let v, and v, be the tangent vectors to 95 at the points x,y. The
decoration o at x and y provides vectors I, and [, in the fibers of £ 4 over v, and v,. The set Sg of non-zero
tangent vectors to § is homotopy equivalent to a circle. Let us connect v, and v, by a path p in Sz, and
transform the vector [, at v, to the fiber of £4 over v, getting there a vector I,. We claim that A(l,1,) is
independent of the choice of p. This uses crucially the fact that £ is a twisted local system. So we arrive at
a well defined number A(1,1,) assigned to (£, «). We denote by Ag the obtained function on Locsy,,s.

Given an integral lamination [ on S as in (258), we a regular function M; on Locgr, s by

M(L,a) = H Tr(Mony! (£, a)) H Agzj (L, ).

Theorem 10.14. The functions My, 1 € Lz(S), form a linear basis in the space O(Locgr,,s)-

Theorem 10.15. For any decorated surface S, there is a canonical isomorphism
‘A;’FGLQ,S(Zt) = EZ(S)-

Theorem [[0.15] is proved similarly to Theorem 12.1 in [FGI]. Notice that ApgL, s is a positive space for
the adjoint group PGLsy, the potential W lives on this space and is a positive function there. Theorem [0.14]
is proved by using arguments similar to the proof of Theorem and [FGIl Proposition 12.2].

Combining Theorem [[0.14] and Theorem [[0. 15 we arrive at a construction of the canonical basis predicted
by Conjecture [[0.I1] for G = PGLs.

10.4 Surface affine Grassmannian and amalgamation.

The surface affine Grassmannian Grg g. Given a twisted right G(K)-local system £ on S, there is the
associated flat affine Grassmannian bundle L, := £ X ¢(x) Gr. Similarly to Definition [0} we define

87



Definition 10.16. Let S be a decorated surface. The moduli space Grg,s parametrizes pairs (L,v) where
L is a twisted right G(K)-local system on S, and v a flat section of the restriction of Lg, to the punctured

boundary 5(*5) .

Abusing terminology, the data v is given by the lattices L, at the marked points m on S.
The moduli space Grg g parametrizes similar data (£, v), where £ is a twisted G(K)-local system on S

trivialized at a given point of S. So one has Grg g = G\(Z“Qs.

Example. Let D, be a disc with n special points on the boundary. Then a choice of a special point

provides isomorphisms N
Grg,p, = Conf, (Gr), Grgp, = Gr".

Cutting and amalgamating decorated surfaces. Let I be an ideal edge on a decorated surface S, i.e.
a path connecting two marked points. Cutting S along the edge I we get a decorated surface S*. Denote by
I’ and I” the boundary intervals on S* obtained by cutting along I.

Conversely, gluing boundary intervals I’ and I” on a decorated surface S*, we get a new decorated surface
S. We assume that the intervals I’ and I” on S* are oriented by the orientation of the surface, and the gluing
preserves the orientations.

More generally, let S be a decorated surface obtained from decorated surfaces Si, ..., S, by gluing pairs

{13, 1}, ..., {1, I} of oriented boundary intervals. We say that S is the amalgamation of decorated sur-
faces Si,...,S,, and use the notation S = Si * ... * S,,. Abusing notation, we do not specify the pairs

(T 1) AT T )

Amalgamating surface affine Grassmannians. There is a moduli space Grg 1 related to an oriented
closed interval I, so that there is a canonical isomorphism of stacks

Grg,1 = Confy(Gr).

Definition 10.17. Let ', I” be boundary intervals on a decorated surface S*, perhaps disconnected. The
amalgamation stack Grg g«(I' * I") parametrises triples (L,~,g), where (L,v) is the data parametrised by
Grg, s+, and g is a gluing data, given by an equivalence of stacks

g: GYGJ/ L> Gl“GJ//. (259)
This immediately implies that there is a canonical equivalence of stacks:
GI‘G75 L) Grg_’S* (I/ * IN). (260)

Given decorated surfaces Sy, ...,.S, and a collection {I},1{}, ..., {I,,, I} of pairs of boundary intervals,

generalising the construction from Definition [0.I7 we get the amalgamation stack
Gra,s,+...+8, = Gra,spw.s, I I T 1),
Applying equivalences ([260) we get
Lemma 10.18. There is a canonical equivalence of stacks:
Grg.s — Gra sy« x5, (T 1), .. T %10, (261)

Let T be an ideal triangulation of a decorated surface S. Let ¢1, ..., t, be the triangles of the triangulation.
Abusing notation, denote by ¢; the decorated surface given by the triangle ¢;, with the special points given
by the vertices. Denote by I} and I/ the pair of edges obtained by cutting an edge I; of the triangulation ¢,
it =1,...,m. Then one has an isomorphism of stacks

Gl“(;7s = GrG,tl*...*tn (I/l * 1/1/, e ,I;n * le) (262)
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10.5 Top components of the surface affine Grassmannian
10.5.1 Regularised dimensions

Recall that if a finite dimensional group A acts on a finite dimensional variety X, we define the dimension of
the stack X/A by
dim X/A := dim X — dim A.

Our goal is to generalise this definition to the case when X and A could be infinite dimensional.

Dimension torsors t”. Let us first define a rank one Z-torsor t. The kernel N of the evaluation map
G(O) — G(C) is a prounipotent algebraic group over C. Let N be its finite codimension normal subgroup.
We assign to each such an N a copy Zyy of Z, and for each pair Ny C N, such that N»/N; is a finite
dimensional, an isomorphism of Z-torsors

iNl,N2 :Z(Nl) —)Z(Nz), T — x + dim NQ/Nl. (263)

Definition 10.19. A Z-torsor t is given by the collection of Z-torsors Z(yy and isomorphisms in, n,. We
set t™ ;= t®" for any n € Z.

In particular, t° = Z. To define an element of t” means to exhibit a collection of integers dy assigned to
the finite codimension subgroups N of N related by isomorphisms (263]).

Example. There is an element dim G(O) € t, given by an assignment
dim G(O) := {N +— dim G(O)/N € Zn} € t.
More generally, there is an element
n dim G(O) := {N +— dim (G(O)/N)" € Zny} € t".
For example, the stack */G(0O)™, where * = Spec(C) is the point, has dimension

dim * /G(O)" = —n dim G(O) e t7™.
If X and Y have dimensions dim X € t" and dim Y € t™, then dim X x Y € t*™™,

Dimension torsors t%. We generalise this construction by replacing the group G(O) by a pro-algebraic
group A, which has a finite codimension prounipotent normal subgroup Then there are the dimension
torsor ta, its tensor powers t%, n € Z, and an element dim A € to. One has ta» = t}. Moreover,

ndim A €th, ti={m+ndimA},melZ.

Regularised dimension. Given such a group A, we can define the dimension of a stack X under the
following assumptions.

1. There is a finite codimension prounipotent subgroup N C A such that

N™ acts freely on X.

2. There is a finite dimensional stack ) and an action of the group A™ on ) such that

V/A™ = XN (264)

3. There exists a finite codimension normal prounipotent subgroup M C A such that the action of A™ on
Y restricts to the trivial action of the subgroup M™ on ).

16Taking the quotient by a unipotent group does not affect the category of equivariant sheaves. This is why we require the
prounipotence condition here.
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The last condition implies that we have a finite dimensional stack V/(A/M™). The stack Y/A™ is the
quotient of the stack V/(A/M™) by the trivial action of the group M™.
In this case we define an element of the torsor t}~" by the assignment

(N, M) — dim(Y/A™) + dim (N") := (n —m) dim A 4+ dim Y —n dim(A/N) ety ™. (265)
Definition 10.20. Assuming 1) — 2), the assignment (263) defines the regularised dimension
dim X et} .

Remark. Often an infinite dimensional stack X does not have a canonical presentation (264), but rather
a collection of such presentations. For instance such a presentation of the stack M7 defined below depends on
a choice of an ideal triangulation 7" of S. Then we need to prove that the regularised dimension is independent
of the choices.

10.5.2 Top components of the stack Grg s
Suppose that a decorated surface S is an amalgamation of decorated surfaces:
S=81*%...x5,. (266)
Definition 10.21. Given an amalgamation pattern (266]), define the amalgamation
A5, (Z % ..ox A s, (Z1) == {(l1, ..., 1n) € Ag.5,(Z") x ... x Ac,s, (Z") | ([267) holds} :
ﬂ'f;c 1;) = wf;c, (1;) for any boundary intervals I) C S; and I} C S; glued in S. (267)
Lemma 10.22. Given an amalgamation pattern (2606]), there are canonical isomorphism of sets
Ags(Z') = Ac,s,(Z') % ... x Ac s, (Z").
AJC:,S(Zt) = AE,SI( DRI AE,STL( ).

In this case we say that [ is presented as an amalgamation, and write [ =11 % ... % [,.
Let us pick an ideal triangulation 7" of S, and present S as an amalgamation of the triangles:

S =t %...xl,. (268)
By Lemma [I0.22 any [ € Aa 5(Z") is uniquely presented as an amalgamation
l=ly*...%l,, I EAJ(S,ti( b). (269)
Recall that given a polygon D, there are cycles
M} = k(C}) C Grg,p,, l€ASp (Z).

Definition 10.23. Given an ideal triangulation T' of S and an | € AES( ) we set, using amalgamations

(268) and (269),
MGy =M % x ME . My = Zariski closure of Mx,.
Thanks to Lemma [6.14] the restriction to the boundary intervals of S leads to a map of sets

{boundary intervals of S}
AG (2 — PF :
It assigns to a point [ € AaS(Zt) a collection of dominant coweights Ap,,...,A;, € P at the boundary
intervals Iy, ..., I, of S.
For any decorated subsurface 7 : S C S there is a projection given by the restriction map for the surface
affine Grassmannian: rg, : Grg,s — Grg,s’. There are two canonical projections:

Aé 5(Z)) Grg,s
rh $rar (270)
Conff; 5 (A)(Z") Grg,s1)
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Theorem 10.24. Let S be a decorated surface.

i) The stack Mt does not depend on the triangulation T. We denote it by M,.

ii) Letl € Aas(Zt). Let {1y, ...,1,,} be the set of boundary intervals of S, and Ay, ..., A1, are the dominant
coweights assigned to them by . Then

dim M; = (p, A1, + ...+ A1) — x(S) dim G(O) € tX), (271)

iti) The stacks My, 1 € AL o(Z"), are top dimensional components of Grg s.
iv) The map | — M, provides a bijection

AE)S(Zt) — {top dimensional components of the stack Grg.s}.

This isomorphism commutes with the restriction to decorated subsurfaces of S.

Proof. Let us calculate first dimensions of the stacks M7, and show that they are given by formula 7).
We present first a heuristic dimension count, and then fill the necessary details.

Heuristic dimension count. Let us present a decorated surface S as an amalgamation of a (possible
disconnected) decorated surface along a pair of boundary intervals I', 1", as in Definition [0.I71 The space of
isomorphisms ¢ from (259 is a disjoint union G(K)-torsors parametrised by dominant coweights A, since the
latter parametrise G(K)-orbits on Gr x Gr. Pick one of them.

Let Ly 2 L} (respectively Lg 2 LY) be a pair of lattices assigned to the vertices of the interval I’
(respectively I”). Then the gluing data is a map ¢ : (L{,, L}) — (L{,LY). Let G be the subgroup stabilising

the pair Lj, 2 L. The space of gluings is a Gx-torsor. The group G, is a subgroup of codimension 2(p, \)
in Aut Lo = G(O). So
dim G, = dim G(O) — 2(p,\) = dim G(O) — dim Gr) »v.

Take the stack M7, assigned to a triangle ¢ and a point [ € Conf3 (A)(Z). Let A1, Aa, A3 be the dominant
coweights assigned to the sides of the triangle by I. Then M3, is an open part of a component of the stack
Gr>\1,>\2,)\3/G(O)' Thus

dim M3, = (p, A\ + A2 + A3) — dim G(0) € t. (272)

Let us calculate now the dimension of the stack M5 ;. Let |7| be the number of triangles, and &yt
(respectively Eext) the set of the internal (respectively external) edges of the triangulation 7. Then the
dimension of the product of stacks assigned to the triangles is

S (e Ae)+2 > (pAg) — |T] dim G(0) € t7/7.

E€Eoxt E€é&ing

Gluing two boundary intervals into an internal edge E, with the dominant weights Ag associated to it,
we have to add the dimension of the corresponding gluing data torsor, that is

dim G(O) — 2(p, \g) € t.

So, gluing all the intervals, we get

> (pAB) + (1€ = |T]) dim G(O) = > (p,Ag) — x(5) dim G(0) = @TI).

E€Ecxt E€&ext

Notice that [Eint| — [T| = —x(S). Indeed, the triangles ¢ with external sides removed cover the surface S
minus the boundary, which has the same Euler characteristic as S.
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Rigorous dimension count. For each of the triangles ¢ of the triangulation 7" there are three dominant
coweights A(t) := A1(t), A2(t), A3(t) assigned by [ to the sides of t. Pick a vertex v(t) of the triangle t. We
present the stack Grg,; as a quotient of the convolution variety

Gl“(;ﬂg = Gra(t)/G(O). (273)

Namely, choose the lattice L, at the vertex v(t) to be the standard lattice L) = G(O).

There exists a finite codimension normal prounipotent subgroup N;; C G(O) acting trivially on Gry).
It depends on the choice of coweights A(t), and, via them, on the choice of the ¢t and I. We assign to each
finite codimension normal subgroup Ny, C N;; a finite dimensional stack

Gry)

G(O)/N{,
Its dimension is (p, A1 + A2 + A3) — dim G(O)/Ny;. This just means that we have formula [@272).

There is a canonical surjective map of stacks

GI"G75 — H Grg_’t = H GI‘A(t)/G(O). (274)

teT teT

Its fibers are torsors over the product over the set &y of internal edges E of T' of certain groups G\(g)
defined as follows. Let A(E) be the dominant coweight assigned to E by [. Consider the pair E’', E” of edges
of triangles glued into the edge E. For each of them, there is a pair of the lattices assigned to its vertices.
We get two pairs of lattices:

Lz "Bty and Ly L),
Choose one of the edges, say E'. Set Gyg) := Aut (L, /\(—EQ LE,). Therefore we conclude that

The fibers of the map (274)) are torsors over the group H GE)-
Eegint

For each E, choose a finite codimension subgroup Nyg) C Gy(g). Then we are in the situation discussed
right before Definition [0.20, where

X = M?v A= G(O)v N := mEE&ntN)\(E)a M = thé.,la n= |gint|, m = |T|

So we get the expected formula for the regularised dimension of M7 .

The resulting regularised dimension does not depend on the choice of ideal triangulation 7" — the trian-
gulation does not enter to the answer.

Alternatively, one can see this as follows. Any two ideal triangulations of S are related by a sequence of
flips. Let T — T" be a flip at an edge E. Let Rg be the unique rectangle of the triangulation T with the
diagonal E. Consider the restriction map 7 : Grg,s — Grg,,s. So one can fiber M; over the component
M;f(l)' The dimension of the latter does not depend on the choice of the triangulation of the rectangle.

A similar argument with a flip of triangulation proves i). Combining with the formula for the regularised
dimension of M., we get ii).

iii), iv). Present S as an amalgamation of the triangles of an ideal triangulation. It is known that the
cycles M, are the top dimensional components of the convolution variety, and thus the stack Grg ¢, assigned
to the triangle. It remains to use Lemma T0.18

O

11 The Weyl group actions on the space & ¢ are positive

11.1 The moduli space Xg g

In Section [l G is a split semisimple algebraic group over Q with trivial center. Given a right G-local system
L on S, there is the associated flag bundle Lz := L x¢g B.
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Definition 11.1 ([EGI]). The moduli space Xg s parametrizes pairs (L, 3) where L is a G-local system on
S, and B a flat section of the restriction of Lg to the punctured boundary O(xS).

If S is a disk D,, with n-special points on its boundary, then Xg p, = Conf,,(B).
We briefly recall the positive structure of X g introduced in loc.cit. Let T' be an ideal triangulation of
S, T the set of the triangles of T', and &y the set of the internal edges of T'. There is a birational map

T . ngs — HteTCOnfg(B) X Hee&ntH- (275)

The map to the first factor is defined by restricting Xg s to the triangles ¢ € 7. Recall the basic invariants
in Section 232 If S = Dy, then the map to second factor is

Oé(Al s Ag) Oé(Ag, A4)

: f H B,,B>,B5.B
Pz : Confa(B) — H, (B1, By, Bs, 4)'_)0<(A3,A2)0<(A1=A4)7

where A; € A and w(A;) = B;.

In general, one can go to a finite cover of S if needed, and construct a similar map from Xg g to Il.cg,, H.
Note that both Conf3(B) and Il.eg,,, H admit natural positive structures. The positive structure on Xg g is
defined such that w7 is a positive birational isomorphism. It is proved in loc.cit that the positive structure

on Xg s is independent of the triangulation 7" chosen.

Let g € G be a regular semisimple element. It is well known that the set B, of Borel subgroups containing
g is a W-torsor. Let C be a boundary circle of S. Given a generic pair (£, 3) € Xg,s, the monodromy around
C preserve the flat section §|¢ restricted to C. In particular, if we trivialize £ at the fiber £, over a point
x € C, then the flat section §|¢ becomes a Borel subgroup containing the monodromy g. This defines a Weyl
group action on Xg g.

Definition 11.2 (loc.cit). For each boundary circle C of S, there is a rational Weyl group action on Xg,s
by altering the flat section over C.

In the rest of this Section, we prove

Theorem 11.3. The Weyl group acts on Xg s by positive birational isomorphisms.

11.2 A positive Weyl group action on Conf(A, A, B)

The G-orbits of B x B are parametrized by the Weyl group. Two flags B, Bo are called of distance w, denoted
by By = Ba, if {B1, By} belongs to the orbit parametrized by w. Let us fix a flag B~. Let B,, be the set of
flags B such that B~ = B’. Then we have B = | |, ;- Bw. In particular, the flags ;(c) - B~ (c € Gy,) are in
Bs, .

Let g € G be a regular semisimple element. As stated in Section [Tl the set By of Borel subgroups
containing ¢ is a W-torsor. For example, if b € B~ is a regular semisimple element, then in each cell B,,,
there exists a unique Borel subgroup containing b.

Let x = {A1,A3,B3z} € A x A x B be a generic point. There is a unique by € B3 taking A; to As. Since
the subset of regular semisimple elements in G is Zariski open, we can assume that by is regular semisimple.
Let BY be the unique Borel subgroup containing bx such that Bs = BY. Set

w(x) = {Al, Ag, B;f}

It defines a rational Weyl group action on A x A x B. Such an action commutes with the G-diagonal action.
Thus it descends to an action on Conf(A, A, B).

Theorem 11.4. The Weyl group action on Conf(A, A, B) is a positive action.

First we recall the following basic facts.

1) The set of conjugacy classes of parabolic subgroups of G is in bijection with the subsets of I. Let ¢ € I.
Denote by P; the space of parabolic subgroups corresponding to {i}. For any Borel subgroup B, there is a
unique P € P; containing B. Denote by Bp the space of Borel subgroups contained in P. Then Bp = P!. It
consists of B and Borel subgroups which are of distance s; to B.
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2) Let P, := P! — {y1,y2} be the projective line without two points. Consider the cross ratio

(21 —y1)(22 — ¥2)

,  where 21, 29 € P,.
(21 = y2)(22 — 1) b '

(21, 2291, Y2) =

Since 7(z1, 22; Y1, Y2)1 (22, 23; Y1, y2) = (21, 23; Y1, Y2), it gives rise to a G,,-action on P, such that
Ve € G, Vz €Py,  r(z,¢- 2301,Y2) = C.

Let P € P;. Since Bp = P!, each pair of distinct Borel subgroups contained in P will give rise to a rational
G,,,-action on Bp.

3) Let w = wywy be such that [(w) = I(wy) + I(ws). For any pair B % B’, there is a unique Borel
subgroup B; such that B ©} B; %8 B’. In particular, if {B,B’} is of distance wp, then each reduced word
i=(i1,...,4m) for wy gives rise to a unique chain

Si2

B=By 4B, 22 .. . Ynp, =B.

Let A € A be a generic decorated flag. Set ay := x(ug, | p,). It is easy to see that ug, 5 = x;, (a). It
recovers Lusztig’s coordinate: ug_’B, =z (a1) ...z, (am).

Let x = {A1,A2,B3} € A x A x B be a generic point. Let ¢ € I. Set B}, B) such that
Bz 25 B, "X n(Ay), k=1,2. (276)

Let P € P; contain Bs. Note that B}, B, € Bp. They give rise to a G,,-action on Bp. Denote by ¢ - Bs the
image of Bs under the action of ¢ € G,,. Set

ef(x) == {A1, Az, c- Bs}. (277)

It defines a rational G,,-action on A x A x B. There is a unique «} in the stabilizer of A; transporting Bs
to BY. There is a unique u) in the stabilizer of A, transporting B} to Bs. Set

li(x) = xa, (uh),  ri(x) = XA, (uh). (278)
Since e}, l;, r; commute with the G-diagonal action, we can descend them to Conf(A, A, B).
Theorem 1.4l is a direct consequence of the following Lemmas.
Lemma 11.5. The functions l;,r; are positive functions. The action e} is a positive action.

Proof. Let i = (i1,...,4m) be a reduced word for wy which starts from i1 = ¢. Let x = (A1,A2,B3) be a
generic configuration. We associate to x two chains of Borel subgroups:

B; =B, -5 B, 22 .. In B —n(Ay), w(A)) =B/ Im 25 BY 2L BY = B, (279)
Set
hi=haga, €H ap=x(ug! ) be = x(ug) g ). (280)

Recall the left and right functions £; and R;. By definition,

li(@) = Li(ug! g,) = a1, 7i(x) = Ri(up®p,) = bi, (281)
The positivity of [;, r; follows. By definition, we get

li(ef(z)) = cli(x) = car, ri(ef(z)) =ri(x)/c=bi/c. (282)

Recall the birational isomorphism p : Conf(A, A, B) — B~ mapping (A1, A2, B3) to bg;’Az. Using (279) (280),
we get a decomposition
p(x) = x4, (a1) ...z, (am)hWox;,, (b)) - .. 24, (b1). (283)

94



Note that the action ef only changes By, B{j to ¢- Bs in [279). Combining with ([282)), we get
p(es(x)) = xiy (car) ...y, (am)hWox;,, (b)) . .. 24, (b1 /c). (284)

It multiplies the first term by ¢, divides the last term by ¢, and keeps the rest intact. Thus it defines a
positive rational G,,-action on B~. Since p is a positive birational isomorphism, the positivity of the action
e; follows. O

Lemma 11.6. Leti € I. For each generic v € Conf(A, A, B), we have

si(x) = et (), where ¢; = ri(x)/1;(z). (285)

3

Proof. Note that x has a representative x = {U, p(x) - U,B~} € A x A x B, where p(x) has a decomposition

@83). So ¢; =b1/ay. Set u := z;(a; — by). By 284,
p(ef’(x)) = Ady-1(p(x)) = i, (b1) .. . @i, (A ) WWos,, (br) - .. @i, (a1) € B™.
Therefore p(x) € u-B~. Note that B~ 2% « - B~. Then s;(x) = {U,p(z) - U,u - B~}. Therefore
si(x) = (U,p(z) - U,u-B7) = (U, Ady-1 (p(2)) - U,B7) = €" (x).
O

There is a natural projection Conf(A"*1, B) — Conf(A, A, B) sending (A1,...,A,+1,B) to (A1, A,41,B).
The Weyl group action on Conf(A, A, B) induces an action on Conf(A"*! B). The following Corollary is
clear.

Corollary 11.7. The induced Weyl group action on Conf( A"t B) is a positive action.

11.3 Proof of Theorem 1.3

Let us shrink all holes without special points on S into punctures, getting a homotopy equivalent surface
denoted again by S. Let D} be a punctured disk with one special point on its boundary. Let Lg py be the
moduli space parametrizing the triples (£, a, 8) where £ is a G-local system on D7, « is flat section of £ 4
restricted to the neighbor of the special point, and ( is a flat section of Lz restricted to the loop around the
puncture.

Taking a triangle with two A-vertices and one B-vertex, see Fig 43 and gluing it as shown, we obtain a
birational isomorphism:

COnf(A, .A, B) = ‘CG,DI . (286)
Let us elaborate (286]). Let {A1, A, B} be a generic triple. Let b € G be the unique element such that

Aq Ao
v ~ ) A ‘:I B
B
A

Figure 43: Birational isomorphism of moduli spaces Conf(A, A, B) ~ Lg,ps.

b-{B,A1} = {B,Az}. Then b € B. We glue the sides {B, A;} and {B, A3}, matching the flags. We get a disc
with a special point s and a puncture p. There is a G-local system on the punctured disc, trivialized over
the segment connecting the points s and p (the dashed segment in the disc on Fig [A3]), with the clockwise
monodromy b. It has an invariant flag at the puncture — the flag B. It also has a decorated flag at the special
point s. Another configuration {gA;, gAs, gB} provides an isomorphic object. Thus it provides a rational
map Conf(A, A, B) = Lg, p:. Its inverse map is obtained by cutting D} along this dashed segment.
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Note that there is a natural projection Lg p; — X p:. Composing with the isomorphism (288]), we
obtain a positive rational dominant map p : Conf(A, A, B) — Xg p:. By definition, it commutes with the
Weyl group actions on both spaces. It is easy to show that a rational function f of Xg p; is positive if and
only if the function p*(f) of Conf(A, A, B) is positive. By Theorem [T.4} the W-action on Xg p: is positive.

Let D;, be a punctured disk with n special points on its boundary. Similarly the W-action on Xg p- is
positive. For arbitrary S, we take a triangulation T of S and consider the triangles with the vertex at p. Go,
if needed, to a finite cover of S to make sure that the triangles near p form a polygon, providing an ideal
triangulation of a punctured disc D}. The action of the Weyl group affects only this polygon, and so it is
positive. Theorem [[T.3is proved.

12 Cluster varieties, frozen variables and potentials

12.1 Basics of cluster varieties

Definition 12.1. A quiver q is described by a data (A, Ao, {e;}, (%, %)), where

1. A is a lattice, Ao is a sublattice of A, and {e;} is a basis of A such that Ao is generated by a subset of
frozen basis vectors;

2. (x,%) is a skewsymmetric 1Z-valued bilinear form on A with (e;,e;) € Z unless e;, e; € Ag.

Any non-frozen basis element ej provides a mutated in the direction e quiver q’. The quiver q’ is
defined by changing the basis {e;} only. The new basis {e}} is defined via halfreflection of the {e;} along the
hyperplane (eg,-) = 0:

L e; + [Eik]Jrek; if 7 75 k
¢ '_{ —ep it ik (287)

Here [a]4 := a if @ > 0 and [a]4+ := 0 otherwise. The frozen/non-frozen basis vectors of the mutated quiver
are the images of the ones of the original quiver. The composition of two mutations in the same direction k
is an isomorphism of quivers.

Set €;; := (e;,¢e;). A quiver can be described by a data q = (I,Ip,€), where I (respectively Iy) is the
set parametrising the basis vectors (respectively frozen vectors). Formula (287)) amounts then to the Fomin-
Zelevinsky formula telling how the e-matrix changes under mutations.

—Eij ifke {Z,j}
E;: 1= €ij if Eik€kyj S 0, k € {Z,]} (288)
€5 + |5ik| - Ekj if Eik€kj > 0, k& {Z,]}

We assign to every quiver q two sets of coordinates, each parametrised by the set I: the A'-coordinates
{X;}, and the A-coordinates {4;}. Given a mutation of quivers uy : q — d’, the cluster coordinates
assigned to these quivers are related as follows. Denote the cluster coordinates related to the quiver q’ by
{X!} and {A}}. Then

Al =[] A7+ [ A A=A, i#k (289)

jler; >0 Jler; <0

If any of the sets {jlex; > 0} or {jlex; < 0} is empty, the corresponding monomial is 1.

X, ifi=k
X/ = k _sen(e, 290
i { Xi(1+ X, 8Ew)y—eu if g £k, (290)
The tropicalizations of these transformations are
aj, := —ap + min Z Ekjj, Z O RE a;=a;, i+#k. (291)

j‘ak]‘>0 jISkj<0
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r._ ) —Tk ifi=k
S { r; — egmin{0, —sgn(e;p)rr}  if i £k, (292)

Cluster transformations are transformations of cluster coordinates obtained by composing mutations.
Cluster A-coordinates and mutation formulas (287) and (289) are main ingredients of the definition of cluster
algebras [FZI]. Cluster X-coordinates and mutation formulas (290) describe a dual object, introduced in
[FG2] under the name cluster X -variety.

The cluster volume forms [FG5]. Given a quiver q, consider the volume forms
Vol :=dlog Ay A ... Adlog A, Vol} :=dlog X1 A ... Adlog X,,.
Cluster transformations preserve them up to a sign: given a mutation q — q’, we have
Voljl = —Vol%, Vol}, = —Vol§.

Denote by Orp the two element set of orientations of a rank n lattice A, given by expressions i1 A ... A l,
where {l;} form a basis of A. An orientation ory of A is a choice of one of its elements. Given a basis {e;} of
A, we define its sign sign(eq, ...,e,) by e1 A ... A e, = sign(ey, ..., e, )ory. A quiver mutation changes the sign
of the basis, and the sign of each of the cluster volume forms. So there is a definition of the cluster volume
forms invariant under cluster transformations.

Definition 12.2. Choose an orientation ory for a quiver q. Then in any quiver obtained by from q by
mutations, the cluster volume forms are given by

Vol 4 =sign(ey, ...,e,n)dlog Ay A ... Adlog A,,,  Voly =sign(ey,...,e,)dlog X1 A ... Adlog X,.

Residues of the cluster volume form Vol4 and frozen variables. Take a space M equipped with a
cluster A-coordinate system {A4;}.

Lemma 12.3. Let us assume that k € I — 1y is nonfrozen, and 5 # 0 for some j. Then
Resy, —o(Vol4) = 0. (293)

Proof. We have Resa,—o(Vola) = £+ A, dlog A;. Since k is nonfrozen, there is an exchange relation (289).

It implies a monomial relation on the locus Ay = O: HJ— A;’“j = —1. Since ¢y, is not identically zero, this
monomial is nontrivial. Thus /\1.7&,C dlog A; = 0 at the Ax = 0 locus. O

Corollary 12.4. A coordinate Ay, with ei; # 0 for some j, can be nonfrozen only if we have (293), i.e. the
functions Ay, ..., Ag, ..., A, become dependent on every component of the A = 0 locus.

If we define a cluster algebra axiomatically, without referring to a particular space on which it is realised,
then any subset of an initial quiver can be declared to be the frozen subset. However if a cluster algebra is
realised geometrically, we do not have much freedom in the definition of frozen variables, as Corollary 12.4]
shows. This leads to the following geometric definition of the frozen coordinates.

Definition 12.5. Let M be a space equipped with a cluster A-coordinate system. Then a cluster variable A
is a frozen variable if and only if the residue form Resa(Vola) is not zero.

Non-negative real points for a cluster algebra. The space of positive real points of any positive space
is well defined. Let us define the space of non-negative real points for a cluster algebra.

Let {A}, i € I, be the set of all cluster coordinates in a given quiver q. The cluster algebra O, (A) is
the algebra generated by the formal variables {A2}, for all quivers q related by mutations to a given one,
modulo the ideal generated by exchange relations (289):

Z[AF
(exchange relations)

Oat(A) = (294)
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This ring is not necessarily finitely generated. Let A,g be its spectrum. Then the points of A,g(R>) are just
the collections of positive real numbers {a;! € R>(} satisfying the exchange relations. The positive boundary
is defined as the complement to the set of positive real points:

0Aa(R>0) = At (R>0) — Aagt(R>0).

Let Ay be a frozen variable. Then {A; = 0} NOAagx(R>0) is of real codimension one in A.g(R>¢). Indeed,
the frozen A-cluster coordinates do not mutate, and so the codimension one domain given by the points with
the coordinates Ay, =0, Aj‘ > 0 where j is different then f; is a part of the intersection.

Let A} be a non-frozen variable. It is likely, although we did not prove this, that in many cases

{AY =0} NOA.a(R>o) is of real codimension > 2 in A.g(R>o). (295)
Indeed, the exchange relation for the A}, restricted to the A7 = 0 hyperplane, reads
g €kj —Chkj
0-A¢ = [ A+ ] 4.
Jlek; >0 Jler; <0

So both monomials on the right, being non-negative, are zero, and each of them is non-empty: the empty
one contributes 1, violating 0 on the left. So we get at least two different cluster coordinates equal to zero.
It is easy to see that then in any cluster coordinate system at least two of cluster coordinates are zero.

12.2 Frozen variables, partial compactification .Z, and potential on the X-space
Potential on the X-space

Lemma 12.6. Any frozen f € 1y gives rise to a tropical point 1y € A(Z") such that in any cluster A-coordinate
system all tropical A-coordinates except ay are zero, and ay = 1.

Proof. Pick a cluster A-coordinate system « = {Ay,...} starting from a coordinate A;. Consider a tropical
point in A(Z") with the coordinates (1,0,...,0). It is clear from (Z9I)) that the coordinates of this point are
invariant under mutations at non-frozen vertices. Indeed, at least one of the two quantities we minimize in
@91) is zero, and the other must be non-negative. O

The potential. Let us assume that there there are canonical maps, implied by the cluster Duality Conjec-
tures for the dual pair (A, X'") of cluster varieties:

Li: AZY) — LX), Ly: XY(ZY) — Ly(A).
Here L1 (XV) and L (A) are the sets of universally Laurent functions.

Definition 12.7. Let us assume that for each frozen [ € 1y there is a function
va)f = ]IA(lf) € L.,.(XV)

predicted by the Duality Conjectures. Then the potential on the space X is given by the sum

WXV = Z WXV,f'

fely

Partial compactifications of the A-space. Given any subset I{; € Iy, we can define a partial completion
Al—lfelg Dy of A by attaching to A the divisor Dy corresponding to the equation Ay = 0 for each f € If,.
The duality should look like
(A || D) <=> (XY, > wy).
felg fexy
The order of pole of Iy (1) at the divisor Dy should be equal to W4 (1). In particular, Tx (1) extends to A| | Dy
if and only if it is in the subset {I € XV(Z") | Wi(1) > 0} € XV(Z").
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Canonical tropical points of the X-space. Let i € I. Given a cluster A'-coordinate system, consider a
point ¢; € X(Z") with the coordinates ¢j;, j € L

Lemma 12.8. The point t; is invariant under mutations of cluster X -coordinate systems. So there is a point
ti € X(Z) which in any cluster X-coordinate system has coordinates €;;, j € 1.

Proof. Given a mutation in the direction of k, let us compare, using ([292)), the rule how the X-coordinates
{€ji}, j € I change with the mutation formulas ([288)) for the matrix &;;.

Let us assume that k & {i,j}. Then, due to formula ([292)) for mutation of tropical X-points, we have to
prove that

o L £j; — ejxmin{0, —sgn(e,x)eki }- (296)
Let us assume now that ;55 < 0. Then sgn(—¢jx)er; > 0. So min{0, sgn(—¢;x)er; } = 0, and the right
hand side is €;;. This agrees with ¢; = ¢;;, see (288)), in this case.
If £jkeR; > 0, then sgn(—e, i )ex; < 0. So the right hand side is

Eji — ajkmin{(), sgn(—ajk)ski} =&ji — Ejksgn(—sjk)ski = &ji + |5jk|5ki-

Comparing with ([288), we see that in both cases we get the expected formula ([298]).
Finally, if k € {7, j}, then €}; = —¢;;, and by formula [292]), we also get —¢;;. O

Let us assume that, for each frozen f € I, there is a function Iy (tf) € Ly (AY). predicted by the duality
conjectures. Then we conjecture that in many situations there exist monomials My of frozen A-coordinates
such that the potential on the space A is given by

W_Av = Z Mj H_)((tf)

fely

A Geometric crystal structure on Conf(A", )

We construct a geometric crystal structure on Conf(A™, B). See [BK3] for definition of geometric crystals.
By the positive birational isomorphism p : Conf(A%, B) — B~, it recovers the crystal structure on B~ defined
in Example 1.10 of loc.cit.

Using machinery of tropicalization, the subset B C Conf(A?, B)(Z") becomes a crystal basis. We refer
the reader to Section 2 of loc.cit. for details concerning the tropicalization of geometric crystals. Braverman
and Gaitsgory [BG| construct a crystal structure for the MV basis. As a direct consequence of this paper,
the MV basis are parametrized by the set BY. Therefore we give a direct isomorphism between the crystals
of [BK2l Theorem 6.15] and [BG] without using the uniqueness theorem from [J].

The tensor product of crystals can be interpreted as tropicalizations of the convolution product % from
Section Given the geometric background of the configuration spaces, definitions/proofs become simple.

A.1 Geometric crystal structure on Conf(A", B)
Let x = (A1,...,An,Byy1) € Conf(A™, B). Let ¢ € I. Recall the following positive maps:
e p: Conf(A™, B) — B~ such that p(z) = bgiﬁ".
o 4 : Conf(A™, B) — H such that p(x) = ugiﬁ”.
o i, &, W : Conf(A",B) — Al such that
pile) = Lilug!, 5,)s cilz) = Ri(uglp,,,)s W)= xlug!  s,,,)
k=1

Here k is modulo n+1.
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e ¢;: Gy, x Conf(A", B) — Conf(A", B), where e¢(Ay, ..., Ap,Bpy1) = (A1, ..., An,Bpy1) is such that
€E(A1, A"7 Bn+1) = (A17 An7 En—i—l)
The action e; on Conf(A?, B) is defined by (Z77).
Theorem A.1. The 6-tuple (Conf(A", B), 1, W, i, e5,€5li € I) is a positive decorated geometric crystal.
Warning. The maps ¢;, ; are the inverse of those ¢;, €; in [BK3] Definition 1.3].

Proof. By [BK3l, Definitions 1.3 & 2.7], it remains to show the following Lemmas.

Lemma A.2. Let o) and «; be the simple coroot and simple root corresponding to i € I. Let x =

(Ai,....An,Boi1). Let ¢ € Gy Then
1. p(ef (@) = o (c)u().

2. ei(@)ai(p(x)) = ¢i(2).

3. pi(ef(2)) = cpi(z), ei(ef(x)) = ¢ le;().

4. W(eg(@)) = W(z) + (¢ — Dgiz) + (7! = Dei(z).

Proof. We pick A1 such that 7(A,.1) = Bps. By (E),

ai(hAlyAn+l) - ai(hAmAn+1)

A = A '
Li(ug! ,5,) Rilugl's,.,)

A,
Xi* (uBn TBII ) =

Therefore,
A
Pi (:E) _ Li (uBiJrl ,Bn )

eilr) R, (UQ?,B

= ai(has,an b, ) = 0i(u(®). (297)

n+1)

The last identity is due to Property 4 of Lemma Thus 2 follows.

Recall the proof of Lemma [IT.Hl Let i = (i1,...,%,) be a reduced word for wy such that ¢; = i. Assume
p(z) is expressed by (283). Recall the positive coroots 5;9 in Lemma 53l In particular 81 = «). By Lemma
and property 4 of Lemma [6.4] we have

) = ha, a Bupt s ) =h ][] B0
k=1

Similarly, by ([284]), we have

p(es(x) = hpi(eby ) [T AL 1) = o ()u(x).
k=2
Thus 1 follows. By ([284) and definitions of the functions &;, ¢;, W, we get 3 and 4. O

Lemma A.3. For two different i,j € I, set a;j = (o, oz}/>. We have the following relation

eitel? =efel’  if a;; = 0; (298)
eftef! el = efe]' et if ajy =aj = -1 (299)
o ;fq zi:1c2e;2 = 6‘;265162@;?02651 if a;; = =1, a;; = —2; (300)
1{31 ;?CQ f?cz ;fc% 5102652 — 65265102€§§Cg Z?fcz ;{?Cze;?l Zf aij = _1, aji = _3. (301)

Proof. By the definition of the action e;, it is enough to prove the case when n = 2, i.e. Conf(A, A, B). By
[284), we reduce the Lemma to the case when G is of rank 2. The first identity is clear. For the second
identity, one can check for G = PGLg3 case directly. The third and the fourth identities can be reduced to
simple-laced case by “folding”. See [BKI] Section 5.2] for details. O
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O

Theorem A.4. Let a € Conf*(A™! B) and let b € Conf™ (A", B). Recall the convolution product % from
Section[7.3 The following identities hold

1. plaxb) = p(a)p(b), pla*b) = u(a)u(d).
2. W(a*xb) =W(a) +W(b).

3. pi(axb) = pi(a)pi(b) ei(axb) = ei(a)ei(b)

gi(a)+pi(b)”’ g;(a)+pi(b)
c c c i(a)+cpi(b i(a i (b
4. €S(axb) = et (a)*e*(b), where ¢ = %, co = %.

Proof. 1-2. Follow from Lemma

3. We prove the second formula. The first one follows similarly. By Figure 4] it suffices to prove the
case when a = (A1, Ay, By),b = (Ag, A3, By) € Conf(A%, B). Then axb = (A1, Ay, Az, By). Pick Ay € A such
that w(A4) = B4. By @97), a;(hay,a,) = i(ha, a,)pi(b)/ei(b). By (204), we have

) Ay o ai(hAs-,A4) ) Ay - o‘i(hA2-,A4) o ai(hA37A4)(pi(b) ) Ay - a(hAs-,A4)
Xi (UB37B2) = — Ei(b) y  Xi (UBQ-,BI) — Ei(a) - Ei(a)gi(b) s Xi (uBg-,Bl) — Ei(a—* b) .

Since (ug:_’Bl) = X~ (u§§732) + X+ (ug;‘_’Bl), the formula follows.

4. Tt suffices to prove the case when a = (A1, A2,By),b = (Az, Az, By). Let ef(axb) = (A1, As, A3, B)).
Recall the definition of e; by cross ratio in Section[Adl Let P € P; be the parabolic subgroup containing By
and B). Let Bf,BY, Bs € Bp such that

B, 25 B, ¥ n(Ay), k=1,2,3.

We have
c = r(B4,B); B, B}) = (B4, By; B}, BY)r(By, By; By, BS) = cica. (302)

Note that
i) + 0i(0) = x(ut )+ x(u ) = X(u ) = XU )+ x(uit ) = 7 'eula) + capi(B). (303)

Combining (B02) B03), we get 4. O

Remark. This Theorem recovers the properties in [BKIl Lemma 3.9]. It is analogous to the tensor
product of Kashiwara’s crystals.

Ay - A 1 A 1

"'\'m 2

A AnH—n +1
SmAn+]

Bm+n+2 Bm+n+2

Figure 44: Convolution products of configurations.
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A.2 A simple illustration of tensor product of crystals.
Recall the subsets Bg and C¥. We tropicalize the map
141 - Conf(A™ B) — Conf,,,1(A) x Conf(A?,B),

(Ala s aAn+1a Bn+2) — (A17 s 7An+1) X (AlvAn+17Bn+2)'

It provides a canonical decomposition
By =| |CX x BL. (304)

Recall the decomposition ([246]). As illustrated by Figure @5 we get

Theorem A.5. There is a canonical bijection

M1 Hn __ v n
|| By x...xBi"=||CX ., xB
Pt =p v

We show that BY parametrizes a crystal basis. Figure @5lillustrates the tensor product of crystals. When
n = 2, it recovers [BG, Theorem 3.2].

A1 As

v
patpetus

Figure 45: Tensor product structure of the crystal basis

B Weight multiplicities and tensor product multiplicities
The following Theorem is due to Section 8]. We provide a simple proof by using the set BY.
Theorem B.1 ([L]). The weight multiplicity b\ := dim V" is equal to the cardinality of the subset
{le Ax_, | LL1) < (N ), Vie I} C U;(Zt). (305)
Proof. Recall the positive birational isomorphism
ay = (m12,p2) : Conf(A* B) — Hx U, (A1, Az, Bs) — (ha, A, up’ g, )-

The potential W on Conf(.A?; B) induces a positive function W,, = Woay': Hx U — Al. By Lemma [65]
we get
(6753 (h)

Wa, (ha u) =
icl
Its tropicalization becomes
W(ig ()\a Z) = 11161}1{<A, ai*> - Ef(l)v Xt (Z)}

Therefore, under the map p5, the set BY is identified with the set ([B05]). Note that the set B parametrized
the MV basis of the weight space V{" of V. Therefore the weight multiplicity b4 is equal to the cardinality
of the set BX. O
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Below we give a (rather simple) proof of [BZ, Corollary 3.4] based on Proposition [0.4l
Theorem B.2 ([BZ]). The tensor product multiplicity Cf\LW is equal to the cardinality of the set
{leAnpu_p | L) < (A aix) and Ri(1) < (v,a4) for alli € I} € UL (Z) (306)
Proof. Recall the positive birational isomorphism
Qg = (7T12,p2,7T23) : COng(A) ;> Hx U x H, (Al,Ag,Ag,) — (hAhszugf,ByhAz,As)'

By Theorem [T1] the function W, = W o a; ' becomes

W (h1,u, ha) = z(lz;i +x(u)+ > ai(hz) (307)
ier "

We tropicalize (307):
W};2 (A, 1, v) = min { mi}l{()\, a) — LLHDY, xH), mi}l{(u, ;) — Rf(l)}}
1€ 1€

Therefore, under pj, the set C¥  is identified with (B06). The rest is due to Proposition [0:41 O

C Cycles assigned to Conf} (A", B, B)(Z)
Given an element w € W, there are moduli spaces
Conf,, (A", B, B) € Conf(A",B,B), Conf(A",B,B) c Conf® (A", B,B)

determined by the condition that the last two flags belong to the G-orbit (B x B),, C B x B parametrised by
w. So there are decompositions into disjoint unions

Conf(A",B,B) = [] Conf,(A",B,B), Conf®(A",B,B)= [[ Confy (A", B,B).
weW weWw
Similarly there are moduli space Conf,,(Gr", B, B), and a canonical map
ko - ConfQ (A", B, B) — Conf,,(Gr", B, B).
The subgroup B, := BN wBw™! is a stabiliser of the group G acting on (B x B),,. So one has
Conf, (Gr™, B, B) = B, (K)\Gr", B, :=BnwBw . (308)
For w = e we get
Conf.(Gr™, B, B) = Conf(Gr", B). (309)

The space Conf, (A, B, B) is birational isomorphic to a subgroup Uy, := UN w™'B~w C U. The latter
has a positive structure defined by Lusztig [[] using reduced decompositions of w. Combined with the
standard construction, we arrive at a positive atlas on Conf,, (A", B, B).

There is a potential W on Conf,, (A", B, B), defined by restriction of the usual one. So the set Conf,} (A", B, B)(Z!)
is defined. The canonical map k., provides a collection of cycles

M C Conf, (Gr",B,B), 1€ Confl (A" B,B)(Z"). (310)

Notice that our approach makes the map x transparent, and allows to avoid any kind of explicit parametri-
sations in its definition. It makes obvious a parametrisation of generalized MV cycles, defined as components
of S} NSk, for arbitrary w € W — one needs to use the whole configuration space Conf(A, B, B), not only its
generic part.
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Constructible functions Dp. Let F be a rational function on A" x (B x B),, invariant under the left
diagonal action of G. Using the isomorphism Q(A" x (Bx B),,)¢ = Q(A")B», we realize F as an B,-invariant
rational function on A”. Define a function D on G(K)" by

Dp(g1(t), ..., gn(t)) :=val F(g1(t)A1,...,gn(t)A,) for some Ay, ..., A, € A(C). (311)
It is left By, (K)-equivariant, and right G(O)™-equivariant, and so descends to a function
Dp : B, (K)\Gt" — Z.

Remark. The function Dp assigned to a positive rational function F' on Conf(A™, B, B) is not a function
on the whole space Conf(Gr", B, B), only on its generic part. One has

Conf(Gr",B,B) = [] Confu(Gr",B,B),

weWw

and one needs to use the positive rational functions on the strata Conf,, (A", B, B) to define constructable
functions on the strata Conf,, (Gr™, B, B).

Theorem C.1. Let | € Conf] (A", B, B)(Z!), and F € Q. (Conf, (A", B,B)). Then we have

Dp(M7) = FH(1).
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